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Introduction

The mathematical theory of fluid dynamics began in the seventeenth century with the
work of Isaac Newton, who was the first to apply the mechanical laws to flow movements.
Afterwards, Leonhard Euler wrote for the first time (1755) the differential equations that
govern the motion of an ideal fluid, that is, in absence of dissipation due to the interaction
between molecules. And finally, Claude-Louis Navier (1822) and, independently, George
Gabriel Stokes (1845) added into the model the viscosity term and reached the so-called
‘Navier—Stokes equations’.

The Navier—Stokes equations are the fundamental partial differential equations that
describe the motion of incompressible fluids (or equivalently, divergence-free fluids). They
may be used to model the weather, ocean currents, water flow in a pipe and air flow around
a wing. Moreover, these equations in their full and simplified forms help with the design of
aircraft and cars, the design of power stations, the analysis of pollution, and many other
things. Actually, they are also of great interest in a purely mathematical sense. As we
will take up again in the next paragraph, although mathematicians have already achieved
many results on the study of the solutions to these equations, somewhat surprisingly,
given their wide range of practical uses, the existence and regularity of global in time
classical solutions (which are required to satisfy the equations in a pointwise sense), when
the space dimension is three, are long standing open problems of fluid dynamics. These
are called the Navier—Stokes ezistence and smoothness problems. The Clay Mathematics
Institute has called this one of the seven most important open problems in mathematics
and has offered a one million dollar prize for a solution or a counterexample.

The first contribution to the mathematical study of the initial value problem for the
non-stationary Navier—Stokes equations is contained in a series of remarkable papers of
Jean Leray published in 1933 and 1934 (c.f. [57,58,/59]). Once he obtained the existence
of classical solutions for regular data during a short interval of time (0,7"), Leray found
himself with a problem: he was not able to control a priori the increase of the velo-
city and its derivatives as time goes on, which ruined any chance of coming up with a
global solution. Facing this difficulty, he decided on the procedure already followed by
Hilbert while dealing with the Dirichlet problem for the Laplacian operator, and set out
the problem within the frame of the so-called weak or turbulent solutions (that satisfy
the Navier—Stokes equations in an average sense) in the Sobolev spaces. In fact, Leray
was able to show the global existence of classical (in dimension two) and weak solutions,
but the uniqueness of weak solutions in dimension three remains as an open problem.
Since the first paper by Leray was published, a number of authors have again become
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interested in these equations and have obtained numerous results with the aid of various
methods from modern functional analysis (see Constantin and Foias [21], Foias et al. [25],
Lions [61], Temam [87], and the references therein).

On the other hand, the asymptotic behaviour of dynamical systems is an interesting
and challenging problem, since it can provide useful information on the future evolution
of the system. To this respect, much attention has been paid over the last few decades to
the theory of attractors, with the aim of going further in the analysis of complex dynami-
cal systems and of dealing with some open problems as the understanding of turbulence.
Actually, much significant information can be obtained with this theory, such as finite
fractal and Hausdorff dimensions, determining modes and nodes, inertial manifolds and
finite-dimensionality behaviour, among others (see [87,25,78] and the references therein).

Although the concept of global attractor has become a powerful tool in the asymp-
totic analysis of autonomous dynamical systems, the appearance of more complex and
realistic models that aimed to deal with terms depending non-trivially on time involved
substantial changes and additional difficulties. Namely, this is the case when the model
is non-autonomous. The theory of global attractors for autonomous partial differential
equations is deeply developed in works of many mathematicians with books like Hale [39],
Temam [87], Ladyzhenskaya [54], Babin and Vishik |4], Vishik [8§], Robinson 78] or Sell
and You [83]. Roughly speaking, a global attractor is an invariant compact set in some
metric space, and which attracts all the trajectories of the dynamical system, uniformly
on bounded sets. To show the existence of the global attractor one usually needs to verify
that there exists a bounded attracting set, that is, a bounded set such that the distance
from any orbit to this set tends to zero when the time goes to co. Conditions for the
existence of such global attractors and examples can be found in [4,39,187,88].

However, as it was pointed out above, most cases need of a non-autonomous model
to describe the system and, consequently, a non-autonomous technique is necessary to
handle the problem. A first and natural approach to extend the notion of global attractor
to the non-autonomous case was that of uniform attractor defined by Chepyzhov and
Vishik (see [15,16] and the references therein). Nevertheless, this kind of attractor is only
valid for some situations and it need not be invariant unlike the global attractor for au-
tonomous systems. Afterwards, other different approaches appeared to allow unbounded
time-depending terms and processes, as random or stochastic models.

Being possible various options to deal with the problem of attractors for non-auto-
nomous systems (kernel sections [16], skew-product formalism [82], etc.), the notions of
pullback and forward attractors seem to be general ways to extend results in this direc-
tion (see [14] for a comparison of these two last concepts). In this work we have chosen
that of pullback (or cocycle) attractor (see Schmalfuf [80,[81], Crauel et al. [23], Kloeden
and Schmalfuf} [5253], Langa and Schmalfufl [56]) since it allows to handle more general
non-autonomous terms, and it works under the presence of random environments as well
(e.g. see [24]).
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In connection with the above, it is clear from applications that in order to establish
the existence of pullback attractors of bounded sets for the dynamical system associated
to one problem, it is sometimes useful to go up to a bigger framework, replacing the usual
universe of autonomous bounded sets by a universe of families of time-depending sets,
that we will denote by D. This more general concept of D-attractor is better adapted
to different situations (e.g. see Chueshov [19] and the references therein), and easier
to obtain, even when the existence of the usual attractor is unclear. In examples, this
D-attractor is usually related to a tempered universe, that is, where the families of time-
depending sets are given by a tempered condition on their growth in time. Actually, it
usually happens that the universe of autonomous bounded sets is a subset of the tempered
universe. More precisely, as it was studied in Marin-Rubio and Real [70], the existence
of the pullback D-attractor provides a sufficient condition that ensures the existence of
the pullback attractor for fixed bounded sets. Although the cases of an ODE or a PDE
in a bounded domain do not usually require this way of proceeding, in other situations
where compactness of the (semi-)process does not hold or is unknown, this approach is
helpful. Even in the random case, where the relation between both objects is well known
(they coincide, or at least in a probability sense, cf. [22]), it is sometimes useful to study
the previous existence of a random D-attractor in order to obtain a sufficient condition
that ensures the existence of the random attractor in the sense of Crauel, Debussche,
and Flandoli (for fixed bounded sets). In the non-random case, which will be treated
in Chapter [} in particular we will obtain sufficient conditions that guarantee that these
two objects are in fact the same. Therefore, we can claim that the attractor for fixed
bounded sets, previously considered only the attractor of bounded sets, attracts in fact
more objects.

This work is structured in six chapters. The first chapter is devoted to present the
abstract theory of pullback attractors for non-autonomous dynamical systems within the
framework of universes. In the rest of the chapters, this theory will be applied to several
models based on the incompressible Navier—Stokes equations, in order to analyze the exis-
tence and relationships among different families of minimal pullback attractors for them.

Chapter [1] is divided into two sections. In Section [1.1| we recall some abstract results
in order to construct pullback attractors for a dynamical system or process associated to
a problem via the solution operator. Actually, in Theorem and Corollary [I.13] we
provide results on the existence of minimal pullback attractors for the two possible choices
of the attracted universes introduced before, namely, the standard one of fixed bounded
sets, and secondly, one given by a tempered condition. Moreover, based on the paper by
Marin-Rubio and Real [70], these two notions of attractors are related in Corollary [1.13]
and in Remark we show that under a simple additional assumption they generate
in fact the same object. Finally, in Theorem [1.15| we establish a result comparing two
families of attractors associated to the same process but with different phase spaces and
universes.

On the other hand, as we will also see in Section [1.1] one of the ingredients necessary
for obtaining the pullback attractor is the asymptotic compactness of the corresponding
process. To verify this property one can either proceed directly, or make use of a split-
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ting of the solutions into high and low components. Such a splitting is a very common
technique in the study of the qualitative behaviour of solutions for PDEs problems, in
particular when considering the long-time behaviour of dynamics, as in the construction of
invariant manifolds [17,41] and inertial manifolds [18,28], the squeezing property [26,87],
the notion of ‘determining modes’ [27,42], and the theory of attractors [63]. In the context
of proofs of the existence of attractors it was formalized by Ma, Wang, and Zhong [63] as
their celebrated ‘condition (C)’. A more descriptive terminology, ‘the flattening property’,
was coined by Kloeden and Langa [48], and we will adopt this terminology here. However,
it is worth making the observation that this is not so much a ‘property’ as a (powerful)
technique for obtaining the asymptotic compactness of a flow, be it autonomous or non-
autonomous. With regard to this, in Section [[.2] we will introduce the concept of the
flattening property in a Banach space and, in Proposition [1.18] we will prove that it im-
plies the asymptotic compactness of the corresponding process.

In Chapter 2] we consider the incompressible two-dimensional Navier—Stokes equations

%—VAU—}-(U-V)U-}-V}):f(t) V.u=0

in a bounded domain 2 C R?. The existence of minimal pullback attractors in H (essen-
tially L?) and in V (essentially H') is established for both different kinds of universes cited
above, and when the forcing term has the minimal regularity required to obtain solutions
that evolve continuously in these phase spaces, namely, f € L} (R; V') and f € L} (R; H)
respectively. In this chapter, the existence of such attractors will be shown by proving the
pullback asymptotic compactness of the process associated to our problem, via an energy
method which relies on the continuity of the solutions. Nevertheless, since the asymptotic
behaviour in H was already established in Caraballo et al. 7], in Section we only
summarize the main facts in this phase space. Actually, in [7] the authors deal with a
more general case in which the domain is unbounded. However, to our knowledge, a richer
structure on the asymptotic behaviour of the solutions to this non-autonomous problem
when the initial datum also belongs to V' has not previously been studied. In Section
2.2.2l we prove the existence of pullback attractors in V norm and, thanks to regularity
properties, the relations between these families of attractors and the corresponding in H
are successfully obtained. Finally, in Sections and [2.4] we also study some regularity
properties for the attractors, such as the H2-boundedness and the tempered behaviour in
V and H?, when time goes to —oo.

Chapter [3] is also devoted to analyze the existence of minimal pullback attractors in
H and in V for the same non-autonomous 2D Navier—Stokes model stated in Chapter 2]
but by verifying the flattening property.

On the one hand, in Section we show that when f € L2 (R;V’) — which is the

loc

minimum regularity of f consistent with weak solutions that have u € L% _(R;V) and

du/dt € L (R; V') — the process is pullback asymptotically compact. We do this using

loc
again the same energy continuous method developed in the previous chapter, and also
show as a consequence that the process satisfies ‘Condition (C)’. With only a little more

regularity of f, namely f € L} (R;V’) for some p > 2, in Section we are able to

loc



13

show, using the semigroup approach of Fujita and Kato [29] and ideas from the e-regularity
theory developed by Arrieta and Carvalho [2], that in fact there is a compact pullback
absorbing family in H. In particular, in the autonomous case it follows that for f € V'
there is a compact absorbing set.

On the other hand, in Sectionwe treat attractors in V when f € L2 (R; H), which

loc

is significantly more straightforward. One can seek to prove asymptotic compactness di-
rectly, as in Lemma [2.14], but this is little easier than the analysis we present here for the
phase space H. In fact in this case use of the Fourier splitting technique (‘the flattening
property’) makes the analysis significantly simpler, and the argument is much shorter
than that in Chapter . Finally, in Section , with a little extra regularity (again,
f e Li (R;H) for some p > 2) the semigroup approach yields — in this case very quickly
— the existence of a compact pullback absorbing family in V.

In Chapters 4] and [5| we consider the incompressible two-dimensional Navier—Stokes
equations including a finite delay term:

%—I/Au—i—(u-V)u+Vp:f(t)+g(t,ut) V-u=0,
where we denote by u; the function defined on (—h,0) by the relation u(s) = u(t + s),
s € (—h,0), and h is the time of memory effect. Observe that in this problem the external
force term ¢ contains some hereditary features. These situations may appear when we
want to control the system (in a certain sense) by applying a force which takes into account
not only the present state of the system but also the history of the solution.

The importance of physical models for fluid mechanics problems including delay terms
is related, for instance, to real applications where devices to control properties of fluids
(temperature, velocity, etc.) are inserted in domains and make a local influence on the
behaviour of the system (e.g. cf. [64] for a wind-tunnel model).

On the other hand, the study of Navier-Stokes models including delay terms — existen-
ce, uniqueness, stationary solutions, exponential decay, and other asymptotic properties
such as the existence of attractors — was initiated by Caraballo and Real in the references
[9,10,|11], and after that, many different questions, as dealing with unbounded domains,
and models (for instance in three dimensions for modified terms) have been addressed
(e.g. cf. |381/65],66,67,69,[71,72,76] among others).

However, to our knowledge, in all finite delay frameworks the assumptions for the
delay terms used to involve estimates in L? spaces, which in turn means some restrictive
conditions on the operators and on the function driving the delayed time. As long as
the solution for the problem (without delay) in dimension two is continuous in time, it
seems natural to develop a theory just considering a phase space only requiring continuity
in time. In Chapter [4] we treat a relaxation on the assumptions for the delay operator
involved, removing a condition on square integrable control of the memory terms, which
allows us to consider a bigger class of delay terms (for instance, just under a measurability
condition on the delay function leading the delayed time). More precisely, in Sectionwe
obtain a result of existence and uniqueness of solution to our model under less restrictive
assumptions than in [9, Theorem 2.1]. Our method to prove existence of solution in
this new framework requires more technicalities than in previous papers, namely, an
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energy method for continuous functions. Moreover, in Sections and [4.3] we deal with
dynamical systems in suitable phase spaces within two metrics, the L? norm and the
H' norm, respectively. Actually, we prove that, under suitable assumptions, pullback
attractors not only of fixed bounded sets but also of a set of tempered universes do exist.
Finally, from comparison results of attractors we establish relations among them and,
under suitable additional assumptions, we conclude that these families of attractors are
in fact the same object.

Our goal in Section [5]is to keep all usual conditions for the delay operator and to com-
pare both kind of attractors, for both possibilities of phase spaces (continuous in time,
or just square integrable in time). Observe that in the autonomous framework this issue
would be almost immediate since one inclusion is clear by continuous embedding, and the
other is obtained after an elapsed time as long as the memory effect. However, in the
non-autonomous case (that we will treat in this chapter) this is not the case at all. Using
the theory of attraction for universes studied in Chapter [T, we deal with different families
and again under two different metrics, namely, the L? norm and the H! norm. Further-
more, we also improve some results previously obtained in Caraballo and Real [11], since
we can consider the phase space V x L?*(—h,0; V) and not only H x L*(—h,0; H). Finally,
and as in the previous chapter, we establish that all these families of attractors coincide.

To conclude, in Chapter [6] we analyze the asymptotic behaviour of the solutions for
the incompressible three-dimensional Navier—Stokes—Voigt equations

%(u—oﬁAu)—uAu+(u-V)u+Vp:f(t) V.u=0,
when the initial datum belongs to both V' and D(A) phase spaces.

The Navier—Stokes—Voigt (NSV) model of viscoelastic incompressible fluid, introduced
by Oskolkov in |74], gives an approximate description of the Kelvin—Voigt fluid (see [75,
55|), and recently was proposed as a regularization of the three-dimensional Navier—Stokes
equations for the purpose of direct numerical simulations in [5].

The extra regularizing term —a2A% changes the parabolic character of the equation,
which makes it so that in 3D the problem is well-posed (forward and backward), but
one does not observe any immediate smoothing of the solution, as expected in parabolic
PDEs. Moreover, the generated semigroup is only asymptotically compact, similarly to
damped hyperbolic systems.

One of the studied topics about the problem is the inviscid question in some different
senses. It is also worth observing that when v = 0, the inviscid equation that one recovers
is the simplified Bardina subgrid scale model of turbulence. The relationship between the
original and inviscid models was also addressed in [5]. On other hand, some questions on
the inviscid regularization have been recently used for the study of a 2D surface quasi-
geostrophic model (cf. [47]).

The long-time dynamics of the autonomous model was studied by Kalantarov [43]
and Kalantarov and Titi [45]. Namely, the existence of global compact attractor was
proved, and estimates on its fractal and Hausdorff dimensions, and upper bounds on the
number of determining modes were given. Other related results are the Gévrey regularity
of the global attractor (again for the autonomous model) when the force term is analytic
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of Gévrey type, and the establishment of similar statistical properties (and invariant
measures) as the three-dimensional Navier—Stokes equations (cf. [441|60L(77]).

On the other hand, the difference of this model in comparison with the standard two-
dimensional Navier—Stokes (NS) model is that there exists a regularizing effect in the
Navier—Stokes model (in 2D), while not here. For NS a continuous energy method can be
applied thanks to the extra estimates that holds in higher norms (e.g. cf. [71]), which does
not seem to hold for the Navier—Stokes—Voigt model. Some of the proofs in the previously
cited references about NSV (e.g. cf. [45]) rely on splitting the problem in two, one with
exponential decay, and the other with good asymptotic properties in the domain of a
suitable fractional power of the Stokes operator. However, in this chapter we will provide
a simpler proof, which does not require the above-mentioned technicalities, but a sharp
use of the energy equality, and the energy method used by Rosa in [79]. Moreover, it is
worth pointing out that our results in Section do not use the regularity assumption
on the boundary of the domain at all, and the force term may take values in V' instead
of in L? as appears in [45].

We may also cite in this non-autonomous framework the paper [89], where the existence
of uniform attractor for a Navier—Stokes—Voigt model is studied. However, there appears
the same treatment with the fractional powers of the Stokes operator, and they require
more regularity in the non-autonomous case that we need here.

Our main goal in this chapter is to obtain sufficient conditions such that the minimal
pullback attractors for the process associated to our Navier—-Stokes—Voigt problem do
exist. As we pointed out above, in order to prove the asymptotic compactness of this
process we will apply an energy method used by Rosa in [79]. As a second goal, we
analyze some additional properties of the obtained attractors. Namely, in Section 6.3,
extra regularity is deduced by using a bootstrapping argument, which now does rely on
fractional powers of the Stokes operator, similarly as done in [45] for the autonomous
case. Finally, the attraction in D(A) norm is also proved in Section 6.4 by using the same
energy method as before and previous results on strong solutions.






Spanish Summary

Una de las ramas de la Fisica mas interesantes y complicadas de investigar es la Mecanica
de Fluidos, que estudia el comportamiento de los fluidos en reposo (Estética de Fluidos)
o en movimiento (Dindmica de Fluidos), asi como las aplicaciones y mecanismos de inge-
nierfa que utilizan fluidos. La Mecéanica de Fluidos es primordial en campos tan diversos
como la aerondutica, la ingenieria quimica, civil e industrial, la meteorologia, las cons-
trucciones navales y la oceanografia.

Las ecuaciones fundamentales de la Dinamica de Fluidos son las ecuaciones de Navier—
Stokes, las cuales describen el movimiento de fluidos incompresibles. En el ltimo siglo
y medio, estas ecuaciones han sido aplicadas por fisicos e ingenieros con apreciable éxito
en muy variados campos, entre ellos la hidraulica, la meteorologia y la aerondutica, y
sin ellas resultaria mateméaticamente imposible describir, por ejemplo, los flujos de aire
turbulento o los remolinos que se forman cuando el agua discurre por una tuberia.

Por otra parte, en las tultimas décadas también se ha prestado una considerable
atencion a la teoria de atractores, la cual se ha convertido en una interesante y eficaz
herramienta en el estudio del comportamiento asintotico de los sistemas dindmicos, tanto
auténomos como no autéonomos. Por ejemplo, dado un problema diferencial auténomo
para el que tengamos asegurada, para cada dato inicial, unicidad de soluciéon definida
para todo instante futuro, cabe preguntarse cémo evoluciona en el tiempo dicha solucion.
La teoria de atractores para sistemas dindmicos auténomos nos permite garantizar, bajo
ciertas condiciones minimas, la existencia de atractor global, que de forma muy general
viene a ser un conjunto compacto e invariante, tal que atrae todas las trayectorias del
sistema dinamico, uniformemente en conjuntos acotados.

No obstante, la aplicacién préactica de modelos basados en ecuaciones diferenciales,
tanto ordinarias como en derivadas parciales, revela que las fuerzas externas utilizadas
para su modelizacién han de depender explicitamente del tiempo. Mientras que dicho fac-
tor no supone un cambio esencial en el estudio en intervalos finitos de tiempo, si ocurre que
aparecen diferencias sustanciales al examinar la evolucién del modelo para todo tiempo.
De esta manera, los sistemas dinamicos no auténomos han generalizado el tipo de respues-
tas posibles, dando lugar a nuevos conceptos tales como el de atractor pullback (desde
atrds). La teorfa de atractores pullback ha progresado profundamente en los iltimos anos
y ha sido aplicada para intentar dar solucién a una amplia variedad de problemas prove-
nientes de distintas ramas de la Ciencia como Quimica, Fisica y Biologia, y por supuesto
para abordar varios modelos relacionados con las ecuaciones de Navier—Stokes.
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Este trabajo estd dividido en seis capitulos. En el Capitulo [1| presentamos algunos
resultados abstractos que garantizan la existencia de atractores pullback minimales para
sistemas dindmicos no auténomos en un marco teérico que puede depender de distintos
universos como ‘campos de fase’. Esta teoria sera aplicada en el resto de los capitulos
a diversos modelos basados en las ecuaciones de Navier—Stokes no auténomas, con la fi-
nalidad de obtener la existencia de distintas familias de atractores pullback para dichos
modelos.

En el Capitulo [1| generalizamos la teoria sobre atractores globales para sistemas dina-
micos auténomos al marco no auténomo. Mds concretamente, en la Seccién [1.1] definimos
algunos conceptos basicos y estudiamos varios resultados abstractos relativos a la teoria de
atractores pullback, los cuales nos permitiran garantizar, bajo ciertas hipdtesis minimas,
la existencia de dichos atractores para un proceso evolutivo asociado a un determinado
problema y para dos tipos diferentes de universos, el de los conjuntos acotados fijos y otro
universo formado por familias parametrizadas en tiempo y definido en términos de una
condicién temperada. Dicho resultado sobre la existencia de atractores pullback minima-
les corresponde al Teorema [I.11] Ademds, en el Teorema [[.15] establecemos también un
resultado que nos permitird comparar atractores pullback en distintos espacios de fase y
universos. Finalmente, en la Seccién definimos el concepto de propiedad flattening y
probamos que la compacidad asintética del correspondiente proceso evolutivo, necesaria
para la existencia de atractor pullback, puede obtenerse a partir de esta propiedad (véase

la Proposicién [1.18)).

En el Capitulo [2] consideramos las ecuaciones de Navier-Stokes bidimensionales y no
auténomas en un dominio acotado y estudiamos el comportamiento asintético de las solu-
ciones cuando el dato inicial del problema pertenece a distintos espacios de fase. Haciendo
uso de la teoria desarrollada en el capitulo anterior, en la Seccién probamos la existen-
cia de atractores pullback minimales en los espacios H y V', para varios universos de los
dos tipos citados anteriormente y bajo condiciones minimas de regularidad sobre el campo
de fuerzas f, que aseguren la existencia de soluciones débiles y fuertes respectivamente.
Cabe senalar que la compacidad asintética en V' del proceso asociado a nuestro modelo
se obtiene mediante un método de energia basado en la continuidad de las soluciones y
en ciertas funciones no crecientes (véase el Lema . Asimismo, aplicando de nuevo
la teorfa dada en el Capitulo [I} establecemos algunas relaciones entre los atractores pull-
back definidos en H y en V. Finalmente, en las Secciones y [2:4] analizamos algunas
propiedades de regularidad para dichos atractores, tales como la acotacién en H? y su
comportamiento temperado en los espacios V' y H2.

A continuacién, en el Capitulo |3| establecemos nuevamente la existencia de atractores
pullback minimales en H y en V para el mismo modelo considerado en el Capitulo [2]
pero mediante la propiedad flattening (aplastamiento). Cabe destacar que, mientras que
en el caso del espacio de fase H, una prueba directa de la compacidad asintética del
proceso conlleva el mismo esfuerzo que verificar la propiedad flattening, en el caso del
espacio V, es notablemente mas inmediato obtener la compacidad asintdtica a partir de
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la propiedad flattening que mediante el método de energia utilizado en el Lema [2.14]
Ademas, en la Seccién , exigiendo mds regularidad sobre el campo de fuerzas (en
concreto, suponiendo que f € L (R; V') para algin p > 2), y basdndonos en el enfoque
sobre la teoria de semigrupos llevado a cabo por Fujita y Kato [29] y en algunas ideas
sobre la teorfa de la e-regularidad desarrollada por Arrieta y Carvalho [2], obtenemos la
existencia de una familia compacta y pullback absorbente en H. Analogamente, en la
Seccién [2.2.2] también probamos la existencia de una familia compacta y pullback ab-
sorbente en V', imponiendo que f € L} (R; H) para algin p > 2.

Por otro lado, en los Capitulos 4] y [5| consideramos las ecuaciones de Navier—Stokes
no autéonomas cuando el problema contiene términos con retardo finito, en un dominio
acotado de R?. En ambos capitulos obtenemos resultados similares relativos a la exis-
tencia de atractores pullback minimales y algunas relaciones entre ellos. No obstante,
las hipdtesis que suponemos sobre el término que contiene el retardo son distintas y es
por ese motivo por el que llevamos a cabo el estudio de este modelo en dos capitulos por
separado.

En el Teorema [4.5] de la Secciéon 4.1 probamos un resultado sobre existencia, unicidad
y regularidad de solucion para el modelo considerado, pero bajo hipdtesis menos restric-
tivas sobre el operador con retardo que en Capitulo [}l Més concretamente, eliminamos
hipétesis relacionadas con estimaciones en la norma del espacio L? sobre el término que
contiene el retardo. No obstante, esto nos obliga a restringirnos al espacio de fase de las
funciones continuas en tiempo. En contraposicién, como una ventaja a tener en cuenta,
podemos considerar una mayor clase de operadores con retardo. De hecho, en esta seccion
exponemos también un ejemplo en el que sélo exigimos medibilidad sobre el término con
retado, sin necesidad de que sea de clase C! con derivada acotada, tal y como se impone
en algunos articulos previos que tratan el mismo problema. Por otro lado, y de nuevo ha-
ciendo uso de la teoria desarrollada en el Capitulo[I} en las Secciones 4.2 y 4.3 probamos la
existencia de atractores pullback minimales en los espacios H y V respectivamente, para
el universo de los conjuntos acotados fijos y para diversos universos temperados (véanse
los Teoremas y . Para ello, en la Proposicién y en el Lema probare-
mos previamente la compacidad asintética del correspondiente proceso en ambos espacios
de fase, de nuevo mediante el mismo método de energia ya usado en el Lema [2.14. Por
ultimo, en la Seccién 4.3 establecemos también algunas propiedades de regularidad para
dichos atractores y, bajo determinadas hipotesis, veremos que todos ellos coinciden.

En el Capitulo [5| mantenemos todas las condiciones usuales sobre el término con re-
tardo, incluidas aquellas relativas a estimaciones en norma L?. En las Secciones y
[.3] establecemos de nuevo la existencia de atractores pullback minimales en H y en V
respectivamente, tanto para el espacio de fase de las funciones continuas en tiempo como
para el de las funciones de cuadrado integrable en tiempo (véanse los Teoremas
y . Ademas, bajo determinadas hipdtesis, obtenemos algunos resultados de regulari-
dad para estos atractores, tales como la atraccion en el espacio de las funciones continuas
(en tiempo) con valores en V', y analizamos las relaciones existentes entre dichas familias
de atractores, lo que nos conduce finalmente (véase el Teorema a relaciones con los
atractores obtenidos en el Capitulo [4]
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Por ultimo, en el Capitulo [6] consideramos el modelo de Navier-Stokes-Voigt para
fluidos viscoeldsticos e incompresibles, el cual fue introducido por Oskolkov en [74] para
describir de manera aproximada un fluido del tipo Kelvin—Voigt. Maés concretamente,
analizamos el comportamiento asintético de las soluciones de un problema no auténomo
para las ecuaciones de Navier-Stokes-Voigt en un dominio acotado de R?, cuando el dato
inicial pertenece a distintos espacios de fase. En la Seccion (6.1 probamos un resultado
sobre existencia, unicidad y regularidad de solucion, haciendo uso de las aproximaciones de
Galerkin y algunos resultados de compacidad. Una vez mas, el principal objetivo de este
capitulo es obtener condiciones suficientes con las que podamos garantizar la existencia
de atractores pullback minimales para el proceso evolutivo asociado a nuestro modelo.
Estos resultados seran expuestos en las Secciones [6.2] y Dicho analisis se llevara a
cabo en el espacio V' y en el dominio del operador de Stokes D(A), de nuevo para dos
tipos de universos distintos. Debido a que dicho modelo no posee efecto regularizante
(al contrario que en las ecuaciones de Navier—-Stokes bidimensionales), para probar la
compacidad asintética del proceso no podemos utilizar el método de energia aplicado en
los capitulos anteriores, pues necesitariamos mejores estimaciones para las soluciones del
problema. En su lugar hacemos uso de otro método de energia, desarrollado por Rosa
en [79] (véanse los Lemas y [6.26]). Finalmente, en el Teorema de la Seccion
analizamos algunas propiedades de regularidad para estos atractores usando un argumento
de bootstrapping, el cual se basa en las potencias fraccionarias del operador de Stokes.



Chapter 1

Abstract Results on Minimal
Pullback Attractors. Pullback

Flattening Property

The theory of pullback attractors for non-autonomous dynamical systems has been ex-
tensively developed in the last years in a vast range of problems (e.g. cf. [20,/50]). This
approach studies under minimal requirements not only the future of the dynamical sys-
tem but what are the current attracting sections when the initial data come from —oo.
Namely, it has been applied in many different situations as for instance those coming from
chemical, physical, and biological motivations, and also for several models related to the
Navier—Stokes system (e.g. cf. [23,24,|361/69,70,73]).

Recent advances in the theory of non-autonomous dynamical systems include the con-
sideration of universes of initial data changing in time (usually in terms of a tempered
growth condition), instead of the universe of autonomous bounded sets, accordingly to
the intrinsically non-autonomous model (e.g. cf. [8,/19]). Nevertheless, it usually happens
that the universe of autonomous bounded sets is a subset of the tempered universe. How-
ever, many questions remained open in this direction, as for instance a proper comparison
between pullback attractors in the classical sense and the so-called pullback D-attractors
(this problem was addressed in [70]).

In this chapter we present some definitions and abstract results in order to ensure the
existence of minimal pullback attractors in a general universe. Moreover, we point out
some relations between two possible families of attractors, each of them associated with
the two cited types of universes, that of fixed bounded sets, and another one given by a
tempered condition. An abstract result comparing two families of attractors associated to
the same process but with different phase spaces and /or universes will be also established.
Finally, we will recall the concept of the flattening property in a Banach space, and we
will show that the asymptotic compactness of a dynamical process can be obtained via
the Fourier splitting method, that is, by verifying the flattening property.

All the above results can be found in [31}35,70].
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1.1 Existence and comparison of minimal pullback
attractors

The results in this section are a slight modification and generalization of those presented
in [70] (see also [§] and [7]). In particular, we consider the process U being closed (cf. [62],
see below Deﬁnition. The proofs are not difficult, but some of them are given explicitly
for the sake of completeness.
Consider given a metric space (X, dy), and let us define R2 = {(t,7) € R? : 7 < t}.
A process U on X is a mapping RZx X 5 (t,7,2) — U(t,7)x € X such that U(r, 7)x =
x for any (7,2) € Rx X, and U(t,r)U(r,7)x = U(t,7)zx for any 7 < r <t and all x € X.

Definition 1.1. Let U be a process on X.

a) U is said to be continuous if for any pair T < t, the mapping U(t,7) : X — X is
continuous.

b) U is said to be strong-weak continuous if for any pair T < t, the mapping U(t,T) :
X — X transforms sequences converging in the strong topology into sequences converging
in the weak topology.

c) U is said to be closed if for any 7 <'t, and any sequence {x,} C X, ifx, > v € X
and U(t,7)x, —y € X, then U(t,T)z =y.

Remark 1.2. [t is clear that every continuous process is strong-weak continuous, and
that every strong-weak continuous process is closed.

Let us denote by P(X) the family of all nonempty subsets of X, and consider a family
of nonempty sets Dy = {Dy(t) : t € R} C P(X) (observe that we do not require any
additional condition on these sets as compactness or boundedness).

Definition 1.3. We say that a process U on X 1is pullback ﬁg—asymptotically compact if
for any t € R and any sequences {7,} C (—o0,t] and {x,} C X satisfying 7,, - —o0 and
xn, € Do(7,) for all n, the sequence {U(t,,)x,} is relatively compact in X .

Denote the omega-limit set of ZADO by

R X
A(Do,t) = (V| J Ut 7)Do(r)  VtER, (1.1)
s<tT<s
where {---} is the closure in X.
Given two subsets of X, O; and O, we denote by distx (01, Os) the Hausdorff semi-
distance in X between them, defined as

distx (O;,0s) = sup inf dx(z,y).
z€0; Y€O02

The following result is standard, and it does not use any continuity assumption on U

(e.g. cf. [8,70]).
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Proposition 1.4. If the process U on X is pullback ﬁo—asymptotically compact, then for
any t € R, the set A(Dy,t) given by is a nonempty compact subset of X, and
lim disty (U(t,7)Do(7), A(Do, 1)) = 0. (1.2)
T——00
Moreover, the family {A(Bo,t) :t € R} is minimal in the sense that if@ ={C(t):te
R} C P(X) is a family of closed sets such that
lim distx(U(t,7)Do(7),C(t)) =0,

then A(Dy,t) C C(1).

Proof. Let us fix t € R, and consider two sequences {7,} C (—oo,t] and {z,} C X
satisfying 7,, — —oo and z,, € Dy(7,) for all n. Since the process U is pullback lA)O—
asymptotically compact, there exist two subsequences {7,,} and {z, }, and an element
y € X, such that U(t, 1)z, converges to y in X. Then, y € A(lA)g,t) and therefore
A(ﬁo, t) is a nonempty subset of X.

On the other hand, by construction it is evident that the set A(ﬁo, t) is closed. Then,
in order to prove that this set is compact, it is sufficient to prove that it is relatively
compact in X. To this end, let us consider a sequence {y,} C A(Dy,t). We must prove
that it is possible to extract a convergent subsequence of {y,} in X.

From the characterization of A(Dy,t), for each integer n there exist 7, < t — n and
x, € Do(1y,), such that dx(y,,U(t,7,)z,) < 1/n. Again, since the process U is pullback
ﬁo—asymptotically compact, from the sequence {U (¢, 7,)z,} we can extract a convergent
subsequence in X. Thus, it is clear that the corresponding subsequence of {y,} also
converges to the same element in X.

Now, we prove by a contradiction argument. Suppose that there exists t € R
such that does not hold. Then, there exist £ > 0, and two sequences {7,,} C (—o0, 1]
and {z,} C X satisfying 7, = —o0 and z,, € Dy(7,) for all n, such that

dx (U (t, 7p) 2, A(Do, ) > Vn>1. (1.3)

Since U is pullback ﬁo-asymptotically compact, from the sequence {U(t, 7,)z,} we can
extract a subsequence that converges to an element x € A(Dy,t). And this is a contra-

diction at light of (1.3)).
Finally, consider a family C'= {C(¢) : t € R} C P(X) of closed sets such that

lim distx (U(t,7)Do(7),C(t)) = 0. (1.4)
T——00
Let € A(Dy,t) be given. Then, there exist sequences {7,} C (—oo,t] with 7, — —o0,
and x, € Dy(r,) for all n, such that U(t,7,)x, converges to x in X. By ((1.4) we have
xz € C(t) = C(t), and therefore A(Dy,t) C C(t). =

Assuming also that U is closed, we obtain the invariance of the family of sets {A(ﬁo, t):
t € R}.
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Proposition 1.5. If the process U on X is pullback ﬁo—as mptotically compact and closed,
then the family of sets {A(Do,t) : t € R}, defined by , s invariant for U, that is

A(Dy,t) = U(t, 7)A(Do,7) V7 <t

Proof. Consider 7 < ¢ and y € A(Dy, 7). Then, there exist sequences {7} C (—o0, 7]
and {z,} C X satisfying 7,, = —o0 and x,, € Dy(7,) for all n, such that U(r, 7,)x, — y.
On the one hand, from the pullback ﬁo—asymptotic compactness of the process U, the
sequence {U(t, 7,)x,} is relatively compact, so there exists a subsequence U(t, T )z, —
2 € A(Dy,t). Since U(t,,) = U(t, 7)U(7, ) for all n, from the fact that U is closed, we
deduce that z = U(t,7)y. The inclusion U(t, 7)A(Do,7) C A(Dy, t) is thus proved.

On the other hand, consider z € A(Dy,t), and {r,} C (—oc0,7] with 7, — —o0
and z, € Dqy(r,) for all n, such that U(t,7,)x, — z. By using the concatenation
property of the process, it holds that U(t,7,) = U(t,7)U(1,7,) for all n. Now, since
the sequence {U(r, Tn)/if‘n} is also relatively compact, for a subsequence we deduce that

U(r, T )xw — y € A(Dp, 7). Again, since U is closed, it holds that z = U(t,7)y. Thus,
we have proved the inclusion A(Dg,t) C U(t,7)A(Dy, 7). ®

Let D be a nonempty class of families parameterized in time D = {D(t) :t e R} C
P(X). The class D will be called a universe in P(X).

Definition 1.6. It is said that Dy = {Do(t) : t € R} C P(X) is pullback D-absorbing for
the process U on X if for any t € R and any D € D, there exists 1o(D,t) <t such that

U(t,7)D(1) C Do(t) V7 < 70(D,1).
Observe that, in the definition above, 130 does not belong necessarily to the class D.

Proposition 1.7. If 130 15 pullback D-absorbing for the process U on X, then
A(D,t) c A(Do,t) VD eD, teR.
In addition, if ﬁg € D, then
A(Do,t) C Do) VteR.

Proof. Let D € D and t € R be fixed. If A(ﬁ, t) is nonempty, for any y € A(lA), t) there
exist two sequences {7,} C (—o0,t] and {z,} C X, with 7, - —oc0 and z,, € D(7,) for
all n, such that U(t, 7,,)x, — y.

Since lA)O is pullback D-absorbing for the process U, for each integer & > 1 there exists
T, € {0} with 7, <t —k, and y,, = U(t — k, 7, ), € Do(t — k). As U(t,t — k)y,, =
U(t, Tp, )T, — y, then y € A(Dq, t).

Finally, let ¢ € R be given, and suppose that DyeD. If A(ﬁo, t) is nonempty, observe
that for any y € A(Dy,t), there exist sequences {r,} C (—o0,#] and {z,} C X, with
T, — —oo and x, € Dy(,) for all n, such that U(t,7,)z, — y. Since 130 is pullback
D-absorbing for the process U, from certain n € N, U(¢t, 7,,)x,, € Do(t). Thus, y € mx'
[
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Definition 1.8. A process U on X is said to be pullback D-asymptotically compact if it
1s pullback D-asymptotically compact for any D € D.

As a consequence of Propositions [I.4] and [I.5], we have the following result.

Proposition 1.9. Assume that the process U on X is closed and pullback D-asymptotically
compact. Then, for each D €D and any t < R, the set A(D t) is a nonempty compact
subset of X, invariant for U, and attracts D in the pullback sense, that is
lim disty(U(t,7)D(7), A(D,t)) = 0. (1.5)
T—+—00

Moreover, for each D € D, the family {A(D,t) : t € R} is minimal amongst all the
families of closed sets that satisfy .

Proposition 1.10. Assume that Dy = {Dy(t) : t € R} C P(X) is pullback D-absorbing
for the process U on X, and U is pullback Dy-asymptotically compact. Then, the process
U s also pullback D-asymptotically compact.

Proof. Consider fixed ¢ € R, D € D, and sequences {7,} C (—o0, ] and {z,} C X, with
T, — —oo and z,, € D(7,) for all n. We must prove that from the sequence {U(t, )z, }
we can extract a subsequence converging in X.

Observing that D, is pullback D-absorbing for the process U on X, we deduce that
for any integer £ > 1 there exists 7,, € {7,} such that 7,, < ¢t —k, and y,, =
Ut — k, 70, )Tn, € Do(t — k). As U is pullback Bo—asymptotically compact, from the
sequence {U(t,t — k)yn, } we can extract a subsequence {U(t,t — k")y,,, } converging in
X. But U(t,t — k' )yn,, = U(t,t = K)U(t = k', 7,,)Tn,, = U(t, T, )2p,,. This finishes the
proof. m

With the above definitions and results, we obtain the main result of this section.

Theorem 1.11. Consider a closed process U : R2 x X — X, a universe D in P(X), and
a family Dy = {Do(t) : t € R} C P(X) that is pullback D-absorbing for U, and assume
also that U is pullback ﬁo-asymptotically compact.

Then, the family Ap = {Ap(t) : t € R} defined by

=X
Ap(t)= | J A(D,t) teR,
Dep
has the following properties:

(a) for any t € R, the set Ap(t) is a nonempty compact subset of X, and Ap(t) C
A(Do, ),

(b) Ap is pullback D-attracting, i.e., lim,, . distx(U(t,7)D(7), Ap(t)) = 0 for all
D e D, and any t € R,

(¢c) Ap is invariant, i.e., U(t, 7)Ap(T) = Ap(t) for all (t,7) € R3,
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(d) if Dy € D, then Ap(t) = A(Dy,t) C Do(t) for all t € R.

The family Ap is minimal in the sense that if C = {C(t) : t € R} C P(X) is a family of
closed sets such that for any D = {D(t) :t € R} € D,

lim distx(U(t,7)D(7),C(t)) =0,

T——00

then Ap(t) C C(t).

Proof. As 130 is pullback D-absorbing for U, from Propositionwe know that A(ﬁ, t) C
A(Dy,t) for any t € R and D € D, and if moreover Dy € D, then A(Dy,t) C mx for
all t € R.

Since U is pullback ﬁg—asymptotically compact, by Proposition the set A(IADO, t)
is a nonempty compact set for any ¢t € R.

By Proposition [.10, U is also pullback D-asymptotically compact. Thus, by Propo-
sition [1.9] for any ¢ € R and D € D, the set A(D,t) is nonempty and compact.

These considerations prove (a) and (d).

Moreover, as evidently

distx (U (¢, 7)D(r), Ap(t)) < distx (U(t, 7)D(r), A(D, t))

for any De D, (b) is also a consequence of Proposition .
Now, in order to prove (c¢) we observe that by Proposition it also holds

U(t,7)A(D,7) =A(D,t) V7 <t DeD. (1.6)

If y € Ap(t), there exist two sequences {D,} C D and {y,} C X, such that y,, € A(D,, )
and y, — y. But by , Yy, = U(t,7)x,, with z, € A(lA)n,T) C Ap(r). By the
compactness of this last set, there exists a subsequence {x,/} C {x,} such that z,, — z €
Ap (7). But then, as U is closed, y = U(t, 7)x, and this proves that Ap(t) C U(t, 7)Ap(7).
The reverse inclusion can be proved analogously.

Finally, the minimality is also easy to obtain taking into account Proposition and
the definition of Ap. =

Remark 1.12. A family Ap that satisfies properties (a)-(c) in Theorem[1.11)is called a
minimal pullback D-attractor for the process U.
If Ap € D then it is the unique family of closed subsets in D that satisfies (b) and (c).
Sufficient conditions in order to have Ap € D are

(i) Dy € D,
(i) the set Dqo(t) is closed for allt € R, and

(iii) the universe D is inclusion-closed, i.e., if D € D, and D' = {D'(t) : t € R} C P(X)
with D'(t) C D(t) for all t, then D' € D.
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We will denote by Dp(X) the universe of fixed nonempty bounded subsets of X, i.e.,
the class of all families D of the form D = {D(t) = D : t € R} with D a fixed nonempty
bounded subset of X. In the particular case of the universe Dr(X), the corresponding
minimal pullback Dp(X)-attractor for the process U is the pullback attractor defined by
Crauel, Debussche, and Flandoli |23, Theorem 1.1, p. 311], and will be denoted by Ap,.(x).

Now, it is easy to conclude the following result.

Corollary 1.13. Under the assumptions of Theorem if the universe D contains the
universe Dp(X), then both attractors, Ap,(x) and Ap, exist, and the following relation

holds:
.ADF(X)(t) C Ap(t) VteR.

Remark 1.14. It can be proved (see [70]) that, under the assumptions of the preceding
corollary, if for some T € R, the set Uy<rDy(t) is a bounded subset of X, then

ADF(X)(t) = .AD(t) Vi <T.

Now, we establish an abstract result that allows us to compare two attractors for a
process under appropriate assumptions.

Theorem 1.15. Let {(X;,dx,)}iz12 be two metric spaces such that X, C Xy with con-
tinuous injection, and for i =1, 2, let D; be a universe in P(X;), with Dy C Dy. Assume
that we have a map U that acts as a process in both cases, i.e., U : R2 x X; — X; for
1 =1, 2 is a process.

For each t € R, let us denote

Aty= |J MDit)  i=1.2,
D;eD

D

i

where the subscript i in the symbol of the omega-limit set \; is used to denote the depen-
dence of the respective topology.

Then, A;(t) C As(t) for allt € R.

If in addition

(i) Ai(t) is a compact subset of X; for allt € R, and

(ii) for any Dy € Dy and any t € R, there exist a family D, € Dy and t*f)l <t (both

possibly depending on t and 132), such that U is pullback ﬁl—asymptotically compact,
and for any s < t"‘ﬁ1 there exists T, < s such that

U(s, T)Do(T) C D1(s) V1 <74,

then Ay (t) = As(t) for allt € R.
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Proof. Since the omega-limit set is characterized as

Ai(ﬁi,t) ={reX,;:3In, - —o0,z, € Di(1,), 2 = X; —limU(t, 7))z},

by the continuous injection of X; into X, it holds that Al(lA)l,t) C Az(ﬁl,t), for all
D, € D; and any t € R. This implies that

U mdutyc |J MDDty | As(Dayt)

ﬁlé'Dl D1 €D, EQGDQ

Again from the continuous injection of X; into X5, we obtain one inclusion:
— X1 — X2
At)= | MDDty c | Aa(Dat) = A1),

ﬁ1 €D, 52 €Doy

For the opposite inclusion, assuming (i) and (ii), consider Dy €Dyand t € R given.
For any @ € Ay(Ds,t) there exist two sequences {r,} and {z,} with 7, < ¢ for all n,
satisfying 7, = —o0, x, € Dy(1,), and x = Xy — lim,, U(t, 7,) . By assumption (ii),
there exist a D1 € D; and an integer k5 > 1 such that U is pullback D1 asymptotically
compact, and for any k£ > k:Al there eX1st Tp, € {x,} and 7, <t — k such that

As U is pullback ﬁl—asymptotically compact, there exists a subsequence of the sequence
{zy, } (relabelled the same) such that

X1 - lllgll U(t,t - k)ynk =z E Al(ﬁl,t).

But taking into account that U(t,t — k)y,, = U(t, 7, )Zn,, by the continuous injection of
X into X5, we deduce that z = x. Thus, = € Al(lA?l, t).
Consequently,
U Ae(Doty € | Ai(Dit) € Au(t).
Do€Ds DieDy
As A, (t) is compact in X, from the continuous injection, it is also compact in X5, and

in particular, closed. Taking closure in X, in the above inclusion, we conclude that
Ay(t) C Ay(t). The proof is finished. =

Remark 1.16. In the preceding theorem, if instead of assumption (ii) we consider the
following condition:

(ii’) for any lA)Q € Dy and any sequence T, — —o0, there exist another family 131 S
and another sequence 1), — —oo with 7, > T, for all n, such that U is pullback
D1 -asymptotically compact, and

U(7),72)D2(7) C Di(7)) Vn,

then, with a similar proof, one can obtain that the equality A;(t) = As(t) also holds for
allt € R.

Observe that a sufficient condition for (ii’) is that for each t € R, there exists T =
T(t) > 0 such that for any Dy € Ds, there exists a Dy € Dy satisfying that U is pullback
Dy -asymptotically compact, and U(t + T,7)Dy(7) C Di(r +T) for all 7 <t —T.
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1.2 Pullback ﬁo-ﬂattening property

Now, we introduce a notion which is a slight modification of Ma, Wang, and Zhong’s
“Condition (C)” [63] (renamed the “flattening property” by Kloeden and Langa [48]),
after Definition 2.24 in the book by Carvalho, Langa, and Robinson [12], where P. need
not be a projection operator.

Definition 1.17. Assume that X is a Banach space with norm ||-||x, and Dy = {Do(t) :
t € R} € P(X) is a given family. We will say that the process U on X satisfies the
pullback ﬁg—ﬂattenmg property if for any t € R, and € > 0, there exist 7. < t, a finite
dimensional subspace X. of X, and a mapping P. : X — X, all depending on Dy, t and
g, such that

{P.Ut,T)u" : 7 < 7., u” € Dy(7)} is bounded in X

and
(I —P)U(t,T)u"||x <e forany T <1 u” € Dy(T).

Similarly to the results in [63] and [48] (see also [12]) we will see that to show that
a process U is pullback Dg-asymptotically compact, it is enough to verify the pullback
Dy-flattening property given in the definition above.

Proposition 1.18. Assume that X is a Banach space and Dy = {Dy(t) : t € R} C P(X)
is a gwen family such that the process U on X satisfies the pullback Do-flattening property.
Then the process U s pullback Dy-asymptotically compact.

Proof. Let t € R, a sequence {7,} C (—o00,t| such that 7, — —oo, and a sequence
{z,} C X such that z,, € Dy(r,) for all n, be fixed.

For a fixed integer £ > 1, by the pullback ﬁo—ﬂattening property, there exist N >
1, a finite dimensional subspace X; of X, and a mapping P, : X — X}, such that
{PU(t, 7))z, : n > Ni} is a bounded subset of X}, and therefore a relatively compact
subset of X, and ||(I — P)U(t, )zl x < 1/(2k) for all n > Ny. Thus, {U(t, 7,)x, :
n > 1} can be covered by a finite number of balls in X of radius 1/k. As k is arbitrary,
it is not difficult to check that {U(t,7,)z, : n > 1} possesses a Cauchy subsequence in
X. Since X is complete, this subsequence is convergent, whence {U(t, 7,)x, : n > 1} is
relatively compact in X. m

Remark 1.19. It can be proved (see (17, Theorem 2.25, p. 37] or [35]) that, reciprocally,
when X is a uniformly convex Banach space, if the process U 1is pullback Dy-asymptotically
compact, then it satisfies the pullback Dg-flattening property.






Chapter 2

Pullback Attractors for
Non-Autonomous 2D Navier—Stokes
Equations

The Navier—Stokes equations have received very much attention over the last decades due
to their importance in the understanding of fluids motion and turbulence. These equa-
tions have been the object of numerous works since the first paper by Leray was published
in 1933 (e.g. cf. [21,25,51,61,87] and the references therein).

The main aim of this chapter is to analyze the asymptotic behaviour of the solutions
to a non-autonomous 2D Navier—Stokes model in a bounded domain, when the initial
datum belongs to H or V (defined below precisely). We will prove the existence of min-
imal pullback attractors in these two different phase spaces, when the non-autonomous
forcing term is taken with the minimal regularity required for the existence of weak and
strong solutions, namely, in L (R;V’) and L2 _(R; H) respectively. Actually, we will be

able to obtain these pullback attractors not only of fixed bounded sets but also of a set
of universes given by a tempered condition.

Moreover, we will present a study on the regularity of these different families of pull-
back attractors. On the one hand, in Section we will show a general result about the
(H?(2))*NV-boundedness of invariant sets for the associated evolution process. Then, as
a consequence, we will deduce that, under suitable assumptions, the pullback attractors
for our non-autonomous 2D Navier—Stokes problem are bounded not only in V' but also in
(H?(€2))%. On the other hand, in Section 2.4} two results about the tempered behaviour
in V and (H%(2))? of the pullback attractors, when time goes to —oo, will be obtained.

The results in this chapter can be found in [7}30,31,61.(78,87].

31
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2.1 Statement of the problem

Let Q C R? be an open bounded set with smooth enough boundary 952, and consider an
arbitrary initial time 7 € R, and the following Navier-Stokes problem:

( %—I/Au—l—(u-V)u—l—Vp:f(t) in Qx(1,00),
divu=0 in 2 x (7,00), (2.1)

u=0 on 00 x (7,00),

\ w(z,7) =u"(x), x€Q,

where v > 0 is the kinematic viscosity, u = (u1, us) is the velocity field of the fluid, p is the
pressure, u” is the initial velocity field, and f is the external force term depending on time.

To set our problem in the abstract framework, we consider the following usual function
spaces in the variational theory of Navier—Stokes equations:

V= {ue (C()*: divu =0},

H = the closure of V in (L?(2))? with the norm | - |, and inner product (-, -), where for
v € (LA(Q))%,

(u,0) = Z [ wtaes (o de.

V' = the closure of V in (H}(€))? with the norm || - || associated to the inner product
((,+)), where for u,v € (H}(2))?,

= Ou; Ov;
j OUj
= dr.
(=3 | G52
We will use || - ||« for the norm in V' and (-, -) for the duality between V' and V. We

consider every element h € H as an element of V', given by the equality (h,v) = (h,v)
for all v € V. It follows that V' € H C V', where the injections are dense and compact.

Now, define the operator A: V — V' as
(Au,v) = ((u,v)) Vu,veV.

Let us denote by D(A) = {u € V : Au € H} the domain of A. By the regularity of 052,
one has D(A) = (H*(2))>NV, and Au = —PAu for all u € D(A) is the Stokes operator
(P is the ortho-projector from (L*(2))* onto H). On D(A) we consider the norm |- |pa
defined by |u|p(ay = |Au|. Observe that on D(A) the norms | - ||(#2(q))2 and | - |pa) are
equivalent (see [13] or [86]), and D(A) is compactly and densely injected in V.
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Let us also define )
ov;
b = i_J i d 5
(u,v,w) ”ZZI/Qu &ciwj T

for all functions u, v, w : Q — R? for which the right-hand side is well defined.

In particular, b makes sense for all u,v,w € V, and is a continuous trilinear form on
VxVxV.

Some useful properties concerning b that we will use throughout the following chapters
are (see [78] or [87]):

bu,v,w) = =blu,w,v) Yu,v,w eV, (2.2)
bu,v,v) = 0 Vu,veV, (2.3)
[b(u, v,w0)] <272 2|l o] w2 w2 Y0, w €V (2.4)

and there exists a constant C; > 0, depending only on €2, such that
b(w, v, w)| < Cylul*?|Aul?|jv|||w] Yu e D(A), veV, we H, (2.5)
and
|b(u, v, w)| < C1|Aul||v|||w] Yue D(A), veV, we H. (2.6)
In fact, (2.4) is a slight improvement of Lemma 3.3 in [86, p. 291] (see [36]).

For any u, v € V, we will also denote by B(u,v) the operator of V' given by
(B(u,v),w) =b(u,v,w) YweV
and B(u) = B(u,u).

Assume that v € H and f € L% _(R; V).

loc

Definition 2.1. A weak solution to is a function u that belongs to L*(7,T;V) N
L>®(7,T;H) for all T > 7, with u(1) = u”, and such that for allv € V,

%(u(t),v) + v(Au(t),v) + b(u(t), u(t),v) = (f(t),v), (2.7)

where the equation must be understood in the sense of D'(T,00).

Note that for the right-hand side to be defined we certainly require f(t) € V' for
almost every (a.e. for short) ¢ > 7; we choose f € L _(R;V’) so that we can interpret
the initial condition and obtain an energy equality for solutions. Indeed, if u is a weak

solution to (2.1) and f € L2 _(R; V") then from (2.7) we deduce that for any T' > 7, one

loc

has v’ € L*(,T; V"), and so u € C([r,00); H), whence the initial datum has full sense.
Moreover, in this case the following energy equality holds:

lu(t)]* + 21// lu(r)||? dr = |u(s)|? + 2/ (f(r),u(r))ydr V7 <s<t.
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In Section we will prove the existence of pullback attractors in H with this
(minimal) regularity requirement on f, coupled with the boundedness condition

0
/ |1 £(s) 2 ds < oo 2.8)

for some g € (0,2vX1), where A\; = infyev g0y [|v]|?/[v]? > 0 is the first eigenvalue of the

Stokes operator A.

A notion of more regular solution is also suitable for problem ({2.1)).

Definition 2.2. A strong solution to problem 15 a weak solution u to such that
u belongs to L*(7,T; D(A)) N L=(7,T;V) for all T > 7.

If f e L. (R;H) and u is a strong solution to (2.1)), then v’ € L2(r,T; H) for all

loc

T > 7,and so u € C([r,00); V). In this case the following energy equality holds:
¢ ¢
||u(t)||2 + 2v |Au(r)|2 dr + 2/ b(u(r),u(r), Au(r)) dr
¢
= ju(s)||* + 2/ (f(r), Au(r))dr V71 <s<t. (2.9)

We study pullback attractors in the space V' in Section [2.2.2] again taking the minimal
regularity requirement on f for the existence of such solutions, along with a condition

parallel to (2.8), namely
0
/ | f(s)|? ds < oo (2.10)

for some p € (0,2v\).

2.2 Existence of minimal pullback attractors

In this section we define a suitable process U associated to problem , and, by ap-
plying the abstract theory studied in Chapter [I| we are able to obtain the existence of
minimal pullback attractors in both H and V spaces for several universes, under suitable
assumptions. Furthermore, some relations among these attractors will be also analyzed.

2.2.1 Pullback attractors in H norm

Results concerning existence and uniqueness of weak solutions for problem (2.1]), and
continuity with respect to the initial condition, summarized in the following theorem and
proposition, are well known (see [61,|78,87], for example).
Theorem 2.3. Let f € L2 _(R; V') be given. Then, for each 7 € R and u™ € H, there
exists a unique weak solution u(-) = u(+;7,u") to (2.1).

Moreover, if f € L2 (R; H), then

loc
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(a) ue C([t+&,T;V)NLA*1+¢,T; D(A)) for allT > 71 +¢ > 7.
(b) If u™ € V, u is in fact a strong solution to (2.1)).

Therefore, when f € L2 (R; V'), we can define a process U : R2 x H — H as

loc
Ut,T)u” = u(t;,u”) ¥(t,7) € R} u” € H, (2.11)

and if f € L2 (R; H), the restriction of this process to R? x V is a process on V.

loc

Proposition 2.4. If f € L2 (R; V"), for any pair (t,7) € R%, the map U(t,T) is contin-

uous from H into H. Moreover, if f € L} _(R; H), then U(t,7) is also continuous from
V into V.

The following result guarantees the existence of a pullback absorbing family for the
process U on H.

Lemma 2.5. Let f € L2 (R; V') be given and consider any fized p € (0,2v);). Then,

loc

for any T € R, and u” € H, the solution u(-) = u(-;7,u") to satisfies

e—ut t

WO < S [ vz (212)
2v— /“L>‘1 T

Proof. By the energy equality we have

d, o )
()P + 20u(O)]* = 2(/(0), u(0), ae. 0>

and therefore,

L)) + 20 ()| = pe uB) + 221 (), u(6), ac. 0>

Observing that by Young’s inequality,

21(£(6). u(8)) #Hﬂe)u%<2u—uA11>uu<e>uz,

| <
2v —
from above we deduce

(o)) < —

(&
=IO e 6>
B QV—M)\I_le( )H*7 a.e T,

and thus, integrating in time,
t 2 T, 7|2 1 ! 0 2
M u®)]* <eWTT + s——= [ 7IfO)Ld0 V=T,
2v — lu)‘l T
So, from this last inequality we obtain (2.12)). m

Once the above estimate has been established, we introduce the following universe in

P(H).
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Definition 2.6. For any p > 0, we will denote by D, (H) the class of all families of
nonempty subsets D = {D(t) : t € R} C P(H) such that

lim (e‘” sup \v|2) = 0.
T—r—00 ’UED(T)

Accordingly to the notation introduced in the previous chapter, Dp(H) will denote
the class of families D = {D(t) = D : t € R} with D a fixed nonempty bounded subset
of H.

Observe that for any p > 0, Dp(H) C D,(H), and that the universe D,(H) is
inclusion-closed.

Corollary 2.7. Suppose that f € L% (R; V") satisfies

loc

0
/ " ||f(s)||2ds < oo for some p € (0,2v)). (2.13)
Then, the family lA)g,N = {Dyu(t) : t € R} defined by Dy, (t) = Bu(0, Ru(t)), the closed
ball in H of center zero and radius Ry (t), where

B =1+ [ epeizas
2U — uAt S -

is pullback D, (H)-absorbing for the process U on H given by (and thus pullback
Dp(H)-absorbing too), and Dy, € D,(H).

The asymptotic behaviour in H is also well known, and again we only summarize
the main facts (e.g. cf. [8,[7]). Actually, the results in this case can be obtained in an
analogous way, but simpler, to that which we will use later for the asymptotic behaviour
in V.

Lemma 2.8. Under the assumptions of Corollary the process U defined by 18
pullback D, (H)-asymptotically compact.

Combining all the above statements, we obtain the existence of minimal pullback

attractors for the process U : R2 x H — H defined by (2.11)).
Theorem 2.9. Suppose that f € L2 (R; V') satisfies the condition . Then, there

loc
exist the minimal pullback Dp(H)-attractor Ap, ) and the minimal pullback D,(H)-
attractor Ap,my for the process U on H given by . The family Ap, ) belongs to

D,(H), and it holds that
Ap,. ) (t) C Ap,m)(t) C Bu(0,Ru(t)) VteR. (2.14)

Proof. The existence of ADH( my and Ap,(m) is a direct consequence of the abstract results
given in Theorem [1.11] and Corollary respectively, since all the assumptions, closed
process (continuous in fact, by Proposition, pullback absorbing family (Corollary
and pullback asymptotic compactness (Lemma , are satisfied.

Then, the claim that Ap, ) belongs to D, (H) follows from Theorem and Remark
since the universe D, (H) is inclusion-closed, the family ﬁO,,u belongs to D,,(H), and
the set Dy ,(t) is closed in H for all ¢ € R.

Finally, the first inclusion in ED is a consequence of Corollary since Dp(H) C
D,(H). The last inclusion in (2.14) follows again from Theorem [1.11] m
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2.2.2 Pullback attractors in V norm

The goal of this Section is to prove analogous results to those given above, but concerning
to the map U defined as a process on V.

From now on we assume that f € L2 (R; H), and satisfies

0
/ e"s|f(s)[*ds < oo for some u € (0,2v\;). (2.15)

Now, we have the following result in which we establish several estimates in finite
intervals of time when the initial time is sufficiently shifted in a pullback sense.

loc

teRand D € D,(H), there exists T1(D,t) <t — 3, such that for any T < 7 (D,t) and
any u” € D(7), it holds

Lemma 2.10. Suppose that f € L2 _(R; H) satisfies the condition . Then, for any

( lu(r; 7, u™)[* < pi(t) Vre[t—3,1,

u(r;mun) || < po(t)  Vre[t—2,1,

/T; | Au(0; 7,u")|? df < ps(t) Vret—1,t), (2.16)
\ /T; [u/ (0; 7, u") > df < pa(t) Vret—1,t),
where
;) = 1+ % /; e\ £(6)|2do, (2.17)
plt) = v () + 42 [ (r@)pan)
X exp {QV_lC(”)pl(t) (pl(t) + v I\ /t ; | f(9)|2d9)], (2.18)
wt) = v ()2 [ @R +200 00 ),
p(t) = vty +2 [ 5O+ 20800500, (2.19)
and
CW = 27CH (4%~ (2.20)

Proof. Let 71(D,t) < t — 3 be such that
e My T2 <1 VT < n(D,t), u” € D(r).

Consider fixed 7 < 71(D, t) and u™ € D(7).
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First estimate in follows directly from , using the increasing character of
the exponential.

In order to obtain the rest of the estimates, we will proceed with the Galerkin approx-
imations and then passing to the limit.

For each integer m > 1, we denote by u™(t) = u™(¢; 7,u") the Galerkin approximation
of the solution u(¢; 7,u”) to (2.1]), which is given by

u™(t) = Zam,j(t)wj,

where the upper script m will be used instead of (m) for short, since no confusion is
possible with powers of u, and where the coefficients «,, ; are required to satisfy the
system

%(um(t), w;) + (W (t), w;)) + 0w (), ™ (), wy) = (f(t), w)),

(u™(1),w;) = (u”,wy), 7=1...,m,

(2.21)

where {w; : j > 1} C D(A) is a Hilbert basis of H formed by ortho-normalized eigen-

functions of the Stokes operator A. Observe that by the regularity of €2, all w; belong to
(H*())*.

Multiplying in (2.21)) by (), and summing from j = 1 to m, we obtain

1d 2 m 2 _ m
5 g OF + vl @) = (fl(t),u (t))
s HOF £ 5AOF, ae t>7 (222)

where we have used Young’s inequality.
Integrating, in particular we deduce that

T 1 T
1// ™ ()| df < |u™(r — 1)|* + T/ 1f(O)*d0 VT <r—1. (2.23)
r—1 VAL Jr—1

Now, multiplying in (2.21)) by Ajou, ;(t), where ); is the eigenvalue associated to the
eigenfunction w;, and summing from j = 1 to m, we obtain

1d

57" OIF +v[Au™ () + b(w™ (0),u™(0), Au™(0)) = (f(6), Au™(6)),  (2.24)

ae. 0> 7.
Observe that

1 v
|(£(6), Au™(0))] < —|f(O) + | Au™ ()],
and by and Young’s inequality,
[b(u"™(0), u™(0), Au™(0))]

IN

O™ (9)]'7 [ (9) | A (6)] 2
A O + O @) Pl @), (2.25)

IN
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where C®) is given by (2.20)).
Thus, from (2.24)) we deduce

2
illum(Q)IIQ +v|Aum(O)F < —|f(O)° + 20 ™ (0) "l (@), ae. §>7.  (2.26)

From this inequality, in particular we obtain

2 T T
l™ ()1 < Jlu™ ()11 + —/_1 |[F(O) db + 20(”)/ ™ (0) *[lu™ (9) | df

v

for all 7 <r —1 < s <r, and therefore, by Gronwall’s lemma,

@ < (@I + 2 [ 1P o) exp (209 [ o) @) do)

forall T <r—-1<s<r.
Integrating this last inequality for s between r — 1 and r, we obtain

el < ([ lwelrds+2 [ 1s)ra)

< exp (20 / PRORPROIRD
r—1

forall 7 <r —1.
From this, jointly with and the first estimate in for u™, we deduce that
for any m > 1,
|u™(r; o u")||? < po(t) Vrelt—2,1]. (2.27)
So, taking inferior limit when m goes to infinity in , and using the well-known
facts that u™ converges to u(-; 7, u™) weakly-star in L>(t —2,¢; V) and u(-; 7, u”) € C([t —
2,t]; V), we obtain the second estimate in ([2.16]).

On other hand, from ([2.26]) we also have

v [ AP < o - [ Ise)Ras
r—1 r—1

+20<V>/ WO 2 @) d0 VT < —1.
r—1

Therefore,
,,/ Au™(0: 7, )2 d6 < ps(t) Vr € ft—1,4). (2.28)
r—1

Thus, taking inferior limit when m goes to infinity in (2.28)), and by the well-known
fact that u™ converges to u(-;7,u™) weakly in L*(t — 2,t; D(A)), we obtain the third
inequality in (12.16]).

Finally, multiplying in (2.21) by a7, ;(t), and summing again from j = 1 to m, we
obtain

+ 5o O + (™ (0), u™(9), (u™)'(0)) = (f(6), (™) (), ae. 6>
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Observing that by Young’s inequality and ({2.6]),

IN

|(£(0), (w™)'(0))| %I(WY(@)I2 +1fO),
[b(u™ (0), u™(6), (™) ()] < CilAu™(0)[[[u™(O)[]](u™)' ()]
(W™ (O)° + CF[Au™ (0)*[[u™ (0)]7,

IN

IN

! |
4
we obtain that

d
(@Y @) +vglla™ @) < 2f(O)F + 207 [ Au™ @) [ (O], ae. 6 >7.  (2.29)

Integrating above, we conclude

[ amy@ras < e vz [ e

1

+2012/ |Au™(0)P||u™(0)]]*d0 VT <r—1.
r—1

From the first estimate in (2.16]) for «™, (2.27) and (2.28)), we deduce that

/; [(u™) (0;7,uT) [P dO < pa(t) Vr e[t —1,t]. (2.30)

Thus, taking inferior limit when m goes to infinity in (2.30]), and using the also well-
known fact that (u™)" converges to u/(-;7,u™) weakly in L?*(t — 2,¢; H), we obtain the

fourth inequality in (2.16). =

Now, we introduce the following universe in P (V).

Definition 2.11. For any p > 0, we will denote by DX(H) the class of all families ﬁv
of elements of P(V) of the form Dy = {D(t) NV :t € R}, where D = {D(t) : t € R} €
D,(H).

Again, accordingly to the notation in the previous chapter, we denote by Dg(V') the
universe of families (parameterized in time but constant for all ¢ € R) of nonempty fixed
bounded subsets of V.

Observe that for any p > 0, Dp(V) C D) (H) C D,(H). It must also be pointed out
that the universe D} (H) is inclusion-closed.

We establish now some results on absorbing properties of U : R2 x V' — V. The first
one is a consequence of Corollary

Corollary 2.12. Under the assumptions of Lemma the family 1507“7\/ = {Dov(t):
t e R} C P(V), where
D07M7v(t) - BH(O, RH(t)) N V,
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belongs to D) (H) and satisfies that for any t € R and any D e D,(H), there exists a
T(ﬁ,t) <t such that

U(t,7)D(1) C Doy (t) V7 <7(D,t).

In particular, the family 130%‘/ 15 pullback DX(H)—absorbing for the process U : R2xV —
V.

Lemma 2.13. Suppose that f € L2 _(R; H) satisfies the condition . Then, for any
D € D,(H) and any r > 0, the family D" = {D")(r) : 7 € R}, where D™(1) =
U(r +7,7)D(7), for any T € R, belongs to Dy (H).

Proof. From ([2.12), we deduce

ur T4+7r

sup (@uf?) < e sup (@7 fof) + 5 [ (o) ds
we D) (1) veD(r) UM —

which jointly with the regularity property (a) in Theorem and (2.15]), conclude the

proof. m

Now, we apply an energy method with continuous functions (e.g. cf. [46,/68,71]) in
order to obtain the pullback asymptotic compactness in V' for the universe DX(H ).

Lemma 2.14. Suppose that f € L _(R; H) satisfies the condition . Then, the
process U : R2 x V — V is pullback Dl‘j( )-asymptotically compact.

Proof. Let us fix t € R, a family D € D} (H), a sequence {7,,} C (—00,] with 7, = —o0,
and a sequence {u™} C V with u™ € D(7,) for all n. We must prove that the sequence
{u(t; 7, u™)} is relatlvely compact in V. For short, let us denote by u™(s) = u(s; 7, u™).

From Lemma [2.10| we know that there exists a 7‘1(D t) < t — 3, such that the sub-
sequence {u" : 7, § Tl(D,t)} C {u™} is bounded in L>(t — 2,t; V) N L%(t — 2,t; D(A))
with {(u")'} also bounded in L?*(t — 2,t; H). Then, using in particular the Aubin-Lions
compactness lemma (see [3], [61] or [84]) there exists an element u € L®(t — 2,£; V) N
L*(t — 2,t; D(A)) with «' € L*(t — 2,t; H), such that for a subsequence (relabelled the
same) the following convergences hold:

ut =y weakly-star in L>(t — 2,t; V),

Ut — weakly in L?(t — 2,t; D(A)),

(u™) — weakly in L2(t — 2,t; H), (2.31)
u" — u strongly in L?(t — 2,t; V),

u™(s) — u(s) strongly in V, a.e. s € (t — 2,t).

Observe that u € C([t — 2,t]; V), and due to (2.31)), u satisfies the equation in the
interval (¢ —2,1).

From we also deduce that {u"} is equi-continuous on [t — 2, t] with values in H.
Thus, taking into account that the sequence {u"} is bounded in C([t — 2,¢]; V'), by the
compactness of the injection of V' into H, and the Ascoli-Arzela theorem, we obtain that

u" — u  strongly in C([t — 2,t]; H). (2.32)
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Again by the boundedness of {u"} in C([t —2,t]; V'), we have that for all sequence {s,} C
[t — 2,t] with s,, — s, it holds that

u™(s,) = u(s.) weakly in V] (2.33)

where we have used (2.32)) to identify the weak limit.
Actually, we claim that

u" — u strongly in C([t — 1,t]; V), (2.34)

which in particular will imply the relative compactness.
Indeed, if (2.34]) does not hold, there exist € > 0, a sequence {t,,} C [t — 1,¢], without
loss of generality converging to some t, € [t — 1,t], and such that

|u™(t,) —u(ts)|| > Vn>1. (2.35)
From ([2.33) we already have

Juu(t.) | < tim inf [l (£, (2.36)
n—oo

On the other hand, using the energy equality (2.9)) for u and all ©", and reasoning as
for the obtention of (2.26)), it holds that for all t — 2 < s1 < 59 < ¢,

a4 v [ A ar

S1

S92 2 S2
< ool 200 [Pl a2 [

S1 S1

and

M@MP+v/ Au(r)P dr

1

< sl +269 [Pl e+ 2 [ 1P an

S1 S1

In particular we can define the functions

o) = )l -20 [Pl eta-2 [ i,

2

Ie) = )P =202 [ uPlat)ltar=2 [ (56

It is clear from the regularity of v and all u™ that these functions are continuous on [t—2, t],
and from the corresponding inequalities above, both .J,, and J are non-increasing.
Observe now that by the last convergence in (2.31), and (2.32)), ||u™(s)| — |Ju(s)|| and
[u™(s)2[lu(s)[|* — |u(s)|?||u(s)||, a.e. s € (t —2,t). Moreover, as the sequence {u"} is
bounded in L (t—2,t; V) C L>(t—2,t; H), it holds that the sequence {|u™(s)[*||u"(s)|*}
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is bounded in L>(t—2,t). Therefore, from the Lebesgue’s dominated convergence theorem
we deduce that

t/|umum uww+/ AP dr Vs € [t — 2,1,
t
Thus,

Ja(s) = J(s) ae. s€(t—2,t).

Hence, there exists a sequence {f,} C (t — 2,t,) such that ¢, — t, when k — oo, and

n—oo

Fix an arbitrary value 6 > 0. From the continuity of J, there exists ks such that
|J(ts) — J(t.)| < 0/2 VEk > ks.
Now consider n(ks) such that for all n > n(ks) it holds
ty >ty and  |J,(ty,) — J(te,)| < /2.
Then, since all J,, are non-increasing, we deduce that for all n > n(ks)

In(tn) = J(t:) Tuts) — J(t.)
[ a(te;) = J ()]

(
[ a(trs) = I (Erg) |+ 1 (B,) — T ()] < 0.

INIAIA

This yields that
limsup J, (t) < J(t.),

n—o0

and therefore, by (2.31)),
lim sup [[u” (£0)]] < [Ju(t)]l;

n—oo

which joined to (2.36) and (2.33)) implies that u"(¢,) — wu(t.) strongly in V', in contradic-
tion with (2.35). Thus, ([2.34) holds and the relatively compactness of {u(t;7,,u™)} in V
is proved. m

As a consequence of the previous results, we obtain the existence of minimal pullback
attractors for the process U on V.

Theorem 2.15. Suppose that f € L2 (R; H) satisfies the condition . Then, there
exist the minimal pullback Dp(V)-attractor Ap,y and the minimal pullback D) (H)-
attractor AD;{(H) for the process U : RA x V. — V defined by , and the following
relations hold:

-ADF(V) (t) C ADF(H)(t) C ADM(H)(t> = AD“{(H)(t) VteRR. (2.37)
In particular, for any De D,(H), the following pullback attraction result in V' holds:
lim disty (U(t,7)D(7), Ap,m)(t)) =0 VieR. (2.38)

T——00
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Finally, if moreover f satisfies

sup <e_“s/ e £(9))? d@) < 00, (2.39)
SSO —00
then
Ap(v)(t) = Appa)(t) = Ap,m)(t) = Apy ) (t) Vi e€R. (2.40)

Proof. Since the process U is continuous on V_by Proposition [2.4] there exists a pullback
absorbing family ﬁo,u,v € DX(H ) by Corollary[2.12} and the process U is pullback DX(H )-
asymptotically compact by Lemma 2.14] the existence of AD;Y( m) and Ap, vy follows from
Theorem and Corollary respectively.

In , the inclusions follow from Corollary Theorem El, and the fact that
Dp(V) C Drp(H). The equality is a consequence of Theorem [1.15] and Remark [L.16] by

using Lemma with T'=r = 1.
The property 1} is a consequence of Lemma [2.13 since for any D € D,(H) and
any 7 <t —1,

disty (U(t,7)D(r), A, (1) = disty (U(t,7 + D(U(r + 1,7)D(r)), Ap, ) (1)
= disty (U(t, 7 + 1)D(1)(T), -ADX(H)(t))'

If moreover f satisfies (2.39)), then the equality Ap,. ) (t) = Ap, ) (t) is a consequence

of Remark |1.14] and the equality Ap,)(t) = Ap,m)(t) holds by applying once more
Theorem and the second estimate in ([2.16)), since ([2.39)) is equivalent to

sup /S |f(0)|* df < oo. (2.41)

s<0 Js—1

Remark 2.16. Observe that if f € L2 (R; H) satisfies the condition (2.19]), then it also
satisfies

0
/ e”*|f(s)|?ds < oo Vo € (u,2v)\).

Thus, for any o € (u,2vA\1) there exists the corresponding minimal pullback Dy(H)-
attractor Ap, (m).
By Theorem since D,(H) C D,(H), it is evident that, for any t € R,
-ADH(H)(t) - -AD,,(H)(t) Vo e (u,2vA).
Moreover, if [ also satisfies (2.39), then by , for any o € (u,2v)\),

Appmy(t) = Ap,m)(t) = Ap,an(t) VteER,
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2.3 H?-boundedness of the pullback attractors

In this section we prove that, under suitable assumptions, any family of bounded subsets
of H which is invariant for the process U, is in fact bounded in (H*(€2))? N V. In partic-
ular, we will obtain that any pullback attractor A for U satisfies that A(t) is a bounded
subset of (H?(0))2NV, for every t € R (for similar results for reaction-diffusion equations
see [1], and for related results for Navier-Stokes equations see [37]).

First, we recall a result (cf. [78]) which will be used below.

Lemma 2.17. Let X, Y be Banach spaces such that X is reflexive, and the inclusion
X CY is continuous. Assume that {u,} is a bounded sequence in L*(ty,T; X) such that
Up, — u weakly in Li(tg, T; X) for some q € [1,00), and u € C([to,T];Y).

Then, u(t) € X and |Ju(t)||x < h,?iiol.}f |wnl| Loo (t0,7:x), for all t € [to, T7.

Let us consider again the Galerkin approximations defined by ([2.21)), already used in
Lemma [2.10] For short, denote by u™(-) = u™(+; 7, u") the Galerkin approximation of the
solution u(+; 7,u") to problem ({2.1)).

We first prove the following result.

Proposition 2.18. Assume that f € L2 _(R; H). Then, for any bounded set B C H, any
TER, anye >0 and any t > 7 + ¢, the following three properties are satisfied:

i) The set {u™(r;T,u”) :r € [T +¢,t], u” € B, m > 1} is a bounded subset of V.

i) The set of functions {u™(:;7,u”) : u™ € B, m > 1} is a bounded subset of L*(T +
e, t; D(A)).

iii) The set of time derivative functions {(u™)'(-;7,u”) : u™ € B, m > 1} is a bounded
subset of L*(T +¢,t; H).

Proof. Let us fix a bounded set BC H, 7€ R, e >0,t>7+¢,and u” € B.
Integrating in ([2.22)) between 7 and r, we obtain

T 1 t
lu™(r)|? + y/ |u™(0)|* df < |u™|* + T/ If(O)Pdo Yrelrt],m>1 (2.42)
T VAL Jr
On the other, from (2.26) in particular we deduce

)17 < )17+ 2 [ 1s0R ao+ 200 [ r@)no) as

for all 7 < s <r <t, and therefore, by Gronwall’s lemma,

@l < ()P + / FO)P ) exp (20 / P )] a9

forall T <s<r<t.
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Integrating this last inequality for s between 7 and r, we obtain

=P < [ sy as + 2 /:\f<9)\2d9>

1%
X exp (2(3(”) / ™ (0) 2w ()2 d@)
for all 7 <r <, and in particular,

e < ([ s+ 2 o)
X exp <2c<v> / t\um(0)|2||um(9)||2d9> (2.43)

for all T 4+¢ <r <t for any m > 1.

From ([2.42)) and (2.43)), the assertion in i) holds. Moreover, by (2.26)),
t
u/ |[Au™(0)|?d0 < |Ju™(T +&)|]* + /|f )|? do

+e

#2009 [ o) o) .

and therefore, by 1), the assertion in ii) holds.
Finally, integrating in (2.29), we deduce that

/ (™) (0)*do < V||um(7'+€)|]2+2/ 1F(0)]* do

+e

t
1202 sup [ (O)] / Au™(6)[2 db,

Oe[r+e,t] +e
and therefore iii) follows from i) and ii). =

Corollary 2.19. Assume that f € L2 (R; H). Then, for any bounded set B C H, any

TeR, anye >0, and any t > 7+ ¢, the set U U(r,7)B is a bounded subset of V.
re[r+e,t]

Proof. This is a straightforward consequence of Lemma , assertion i) in Propo-
sition [2.18] and the well-known fact (e.g. cf. [61}[78,]87,[36]) that for all u™ € B the
Galerkin approximations u™(-;7,u”) converge weakly to u(-;7,u”) in L*(7,t; V), and
u(Tu”) € C([r,t; H). =

Assuming additional regularity for the time derivative of f, we can improve the above
results.

Proposition 2.20. Assume that f € W”(R H). Then, for any bounded set B C H,

loc

any T € R, any € > 0, and any t > 7 + ¢, the following two properties are satisfied:
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iv) The set of time derivatives {(u™) (r;T,u”) 1 r € [T+ ¢&,t],u” € B,m > 1} is a
bounded subset of H.

v) The set {u™(r;T,u”) :r € [T +¢,t], u” € B, m > 1} is a bounded subset of D(A).

Proof. Let us fix a bounded set BC H, 7€ R, e >0,t>7+¢,and u” € B.

As we are assuming that f € T/Vlif (R; H), we can differentiate with respect to time in

(2:21), and then, multiplying by a;, ;(¢), and summing from j = 1 to m, we obtain

579! OF + V@) (O)° + (™)' (), w™(8), (u™) () = (f'(6), (w™)(8)),

a.e. 0>
From this inequality, taking into account that

(£O). YO < TNV O + 5, - |F OF,

and that by

B((™)Y (0), u™(6), (™Y (@) < 27 2| @)Y @)™ (9)]

< DY@ + 1wy 6Pl ),

we deduce

Liwmy@F < 170 + L1y @R @), ae 657 (2.44)

do 2N 2v o ’ ’
Integrating in the last inequality,

@Y () < [ |2+—/ (0 |2d0+—/| 0)2/|um(6)|]? do

forall T <s<r <t
Thus, again by Gronwall’s lemma,

oyl < (1 e+ o [ 1rora) e (g [ o)

forall T +¢/2 <s<r<t.
Now, integrating this inequality with respect to s between 7+ ¢/2 and r, we obtain

()2 d@)

t

(r—7— /2| < (/ W (s)

T+e/2

1
— do
s (2V /7"+E/2 ||u ( )H )
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(6))2 d@)

for all 7 +¢/2 <r <t, and any m > 1. Thus, in particular

WY OP < 3(/ @Y ()2 ds

€ T+e/2

1 t
— ™ (0)]|? a6
<o (5 [ o) )

forall T4+¢e <r <t, and any m > 1.

From this inequality and properties i) and iii) in Proposition , we obtain iv).

On the other hand, multiplying again in by Ajau, j(t), and summing once more
from j = 1 to m, we obtain

(™) (r), Au™(r)) + v[Au™ (r)[* + b(u™ (r), u™ (r), Au™(r)) = (f(r), Au™(r))  (2.45)

for all » > 7. But

2 Aum ()2,

(@) (), A1) < 2|y ()2 +

and 5
m v m
[(F(r), Au™ ()] < ~If ()" + Sl Au™ (r) "
Therefore, taking into account ([2.25)), we deduce from ([2.45)) that

v 2
1A ()2 < S (@) () + [F()F) + O Pl ()]t ¥ =7 (246)
Finally, since in particular f € C(R; H), from i) in Proposition [2.18 iv) and inequality

([2.46), we deduce v). =

As a direct consequence of the above, we can now establish our main results.
Theorem 2.21. Assume that f € WlQ(R H). Then, for any bounded set B C H, any

loc
TR, anye >0, and any t > 7 + ¢, the set U U(r,7)B is a bounded subset of
re[r+e,t]
D(A) = (H*(Q))*NV.
Proof. This follows from Lemma Proposition [2.20] and the well-known facts that
u™(+;7,u”) converges weakly to u(-;7,u") in L*(7,t; V), and u(-; 7, u") belongs to C([T +
g, thV). m
Theorem 2.22. Assume that f € L (R;H), and A = {A(t) : t € R} is a family of
bounded subsets of H, such that U(t,7)A(T) = A(t) for any 7 <t. Then:
i) For any Ty < T3, the set U A(t) is a bounded subset of V.
tE[Tl,TQ]
(R; H), then for any Ty < Ty, the set U A(t) is a bounded
te[T:[,TQ}

i) If moreover f' € L?

loc

subset of (H*(Q))>NV.
Proof. It is enough to observe that if 7 < 77 — 1 is fixed, then

U Avc | venA@).

tE[Tl,TQ} tE[T-f—l,TQ}

Now, apply Corollary and Theorem [ ]
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2.4 Tempered behaviour of the pullback attractors

The tempered behaviour in H of the pullback attractor Ap,(z) is given by Theorem .
Indeed, under the assumptions of that result, Ap, ) € D,(H), i.e. one has

lim (e“t sup |v|2) = 0.
t=—o0 vEAD,, () (t)

In this section we obtain two results about the tempered behaviour of Ap, ), in V'
and (H?(2))?, when time goes to —oo. In fact, we will obtain the tempered behaviour
for any invariant family belonging to D, (H).

Proposition 2. 23. Suppose that f € L2 (R; H) satisfies the assumption in Theo-

rem 2.]5, and let D € D, (H) be invariant with respect to the process U defined by
(i.e. such that D(t) = U(t,7)D(7) for all T <t). Then,

lim (e“t sup H’UHZ) = 0.
t——00 vED(2)

Proof. The result is a consequence of the invariance of 13 the second estimate in 1 in
Lemma and the tempered character of the expression (2.18)), since for f € L2 (R; H),

the condltlon is equivalent to (2.41)). m

Assuming now that f € L2 (R; H), we can obtain the tempered behaviour in (H?(12))?
for any invariant family belonging to D,,(H). We first prove the following result, which
completes the estimates obtained in Lemma [2.10}

Proposition 2.24. If f e le(R H) and satisfies , then for each t € R and

loc

DeD W(H), there exists 7(D,t) < t — 3 such that
JAU(r, 7)™ P < po(t) Vr €[t — 1,1, 7 < mu(D,t), u” € D(r),

where
polt) = w7 (ps(t) + max |f(1)F) +2071CW pu(H)p (1) (247)

reft—1,1]

with ps(t) defined by

)= (o0 00 [ r@pan) e (1em). @

and where the p;(t), i =1, 2, 4, are given in Lemma |2.10,

Proof. We consider again the Galerkin approximations used in the proofs of Lemma

and Proposmons - 2.18 and 2.20]
Integratlng in , we obtain

@Y OR < @Y OF + o [ 17O+ o [ 1y OF @) ds
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forall t<r—-1<s<r.
Thus, by Gronwall’s inequality,

@) < (1Y ©F + o [ rors)es (g [ e o)

vA1 Jrq

forallt<r—1<s<r.
Now, integrating this inequality with respect to s between » — 1 and r, we obtain

el < ([ wyeopass - [ reps)

1 '
< exp (2— / 1|rum<e>|r2d9)

for all 7 <r — 1 and any m > 1, and therefore, by (2.27)) and (2.30) we deduce that for
any m > 1,

|(u™) (r;7,u")|? < ps(t) Vrelt—1,t, 7 < Tl(ﬁ,t), u” € D(7), (2.49)

where ps(t) is given by ([2.48)).
Finally, since in particular f € C(R; H), from inequality (2.46)), the first estimate in
(2.16) for u™, (2.27)), and (2.49)), we deduce that for any m > 1,

[Au™ (") < polt) V€[t —1,d], 7 < n(D,t), u” € D(r), (2.50)

where pg(t) is given by (2.47)).

The result now is a consequence of Lemma and (2.50)), taking into account the
well-known facts that u™(-;7,u") converges weakly to u(-;7,u”) in L?(t — 1,¢; V), and
u(muT) e C([t—1,t; V). m

Now, we may conclude a result about the tempered behaviour in (H?%())?.

Proposition 2.25. Suppose that [ € VV;?(R, H) satisfies the assumption in The-
orem |2.15, and moreover

lim (e"t /t \f’(6)|2d9) =0, (2.51)
t——o0 -1

and
im (e™f(t)]*) = 0. (2.52)

Then, for every family De D, (H) invariant with respect to the process U defined by
2.11), one has

: ut 2 —
dm ( Ugglgt)||vl|<m»2) 0.
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Proof. Observe that

1/2

sol<tse- i+ ([ ropas) vrep-i

Thus, taking into account (2.51)) and 1) the result follows from the invariance of ZA),

Proposition [2.24}

2.17

, (2.18)), (2.19)), and again the fact that, as we observed in the

proofs of Theorem
[ |

2.15

and Proposition [2.23] the condition (2.39) is equivalent to (2.41)).






Chapter 3

Pullback Flattening Property for
Non-Autonomous 2D Navier—Stokes
Equations

Our goal in this chapter is to obtain the flattening property for the non-autonomous
2D Navier—Stokes model stated in the previous chapter, in different norms, namely in
H and V, when the forcing has again the minimal regularity for generating weak and
strong solutions, respectively. As a consequence of such flattening property, we will also
obtain the asymptotic compactness of the associated evolution process, and therefore the
existence of minimal pullback attractors in these two different spaces.

While in the case of H a direct proof of asymptotic compactness is no harder than a
proof of the flattening property, in V' a proof of asymptotic compactness via the flattening
property is significantly shorter than the one given in Lemma which was based on
more involved inequalities. This is due to the fact that there are stronger estimates
available for the nonlinear term in V' than in H:

b, w, @) < clulllullllgll, — [blu, u, Ag)| < ellull[ul?[[Vul /2| Vql,

(see properties (2.4)) and (2.5)) in Chapter [2).

The analysis in the space H for u™ € H and f € L% _(R;V’) is carried out in Section
. Furthermore, by using the semigroup approach of Fujita and Kato [29] and ideas from
the e-regularity theory developed by Arrieta and Carvalho [2], we obtain the existence
of a compact pullback absorbing family in H if we strengthen the regularity of f to
fe Ly (R; V') for some p > 2.

loc

We then establish additional regularity results in Section 3.2, under the assumption
that f € L2 (R;H) and the integrability condition (2.10). We obtain the flattening

loc
property in the V norm, which implies the asymptotic compactness of the corresponding
process in this norm. Again, in this section we are able to show the existence of a compact
pullback absorbing family in V' if we strengthen the regularity of f to f € L (R; H) for

loc
some p > 2.

The main results in this chapter can be found in [35].

33
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3.1 Pullback flattening property in A norm

In this section we prove that the process U on H defined by satisfies the pullback
flattening property. As already pointed out, the proofs of the flattening property and the
asymptotic compactness of this process in this space are in fact very similar (indeed, we
will obtain both from Lemma [3.2] the asymptotic compactness following almost immedi-
ately).

First, we establish several estimates for the process U in finite intervals of time when
the initial time is sufficiently shifted in a pullback sense.

Lemma 3.1. Assume that f € L% _(R;V’) satisfies . Then, for any t € R and

loc

D € D,(H), there exists 71(D,t) < t — 2, such that for any 7 < 7(D,t) and any
u™ € D(7),

(a2 < R Yrelt- 21, (3.1)

v/ la@; 7 a7)|2d0 < pAr) ¥relt— 11 (3.2)
r—1

/'mma@mmwes Rt Vrelt—1,1, (3.3)
r—1

where

t

e[| F(O)I1% do,

14 e #2020 — A H7! /

pi(t)

A = a0+ [k,

p3(t)

A0 = 30 + Y

' 2
g 3 [ U@z a.

Proof. Let 7(D,t) < t — 2 be such that
e M yT2 <1 V7 < 7(D,t), u” € D(7).

Consider fixed 7 < 71(D, t) and u™ € D(7).

The estimate follows directly from (2.12]), using the increasing character of the
exponential.

Now, observing that

d%W(@)F +2u@)* < v O + Vi@, ae 0>, (3-4)

and using (3.1]), we obtain ((3.2)).
Finally, from (2.2)), (2.4)), (2.7)), and the fact that A is an isometric isomorphism, we

have

1/ O« < vlw@ + 272 (@) @] + 1 F @), ae. 6>,
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and therefore,

, 3
[ O)11Z < 302 [[w(@)” + S @) Pw@) I + 3 F O, ae. 6>,

whence, using (3.1)) and (3.2)), the estimate (3.3]) follows. =

Now, in order to prove the pullback ﬁo,u—ﬂattening property for the process U on H,
where the family Dy, was defined in Corollary , we need the following auxiliary result.
The proof is similar to that in Lemma [2.14

Lemma 3.2. Under the assumptions of Lemma for any t € R, D e D,(H), and
sequences {1,} C (—oo,t — 1] and {u™} C H such that 7, — —oo and u™ € D(r,) for
all n, the sequence {u(-; T,,u™)} is relatively compact in C([t — 1,t]; H).

Proof. Consider fixed t € R, a family D € D,(H), and sequences {7,} C (—oo,t — 1]
with 7, = —o0, and {u™} with u™ € D(r,) for all n. For simplicity of notation we write
u"(+) = ul; T, u™).

From Lemma and compactness arguments, there exist a value 7'1(13, t) <t—2and
a function w € C([t — 2,t]; H) N L*(t — 2,t; V) with «’ € L*(t — 2,¢; V'), such that for
a subsequence of {u" : 7, < (D, t)} C {u"}, which we relabel the same, it holds that
u" > u weakly-star in L(t — 2,t; H), u™ — u weakly in L?(t — 2,; V), and (u") — o/
weakly in L%(t — 2,t;V’). Therefore, again up to a subsequence (relabelled the same),
u™ — u strongly in L?(t — 2,¢; H), and u™(s) — u(s) strongly in H a.e. s € (t —2,t).

From these convergences, the function v satisfies in the interval (t — 2,1).

By the Ascoli-Arzela Theorem, we deduce that ™ — u in C([t — 2,¢]; V), and so, for
any sequence {s,} C [t — 2,t] with s, — s,, we have

u™(s,) — u(s.) weakly in H. (3.5)
We claim that
u" —u in O([t — 1,t; H), (3.6)

which in particular will imply the relative compactness. If this were not true, there would
exist a subsequence {u"} (relabelled the same), € > 0, and {t,} C [t — 1,t] with ¢, — ¢,
such that

lu™(t,) —u(t,)| >€ Yn>1. (3.7)
Recall that by (3.5 we already have

|u(ts)| < liminf [u"(t,)]. (3.8)

n—o0

On the other hand, applying the energy equality to z = " and z = u, and reasoning as
in (3.4)), we obtain in particular that

|2(52)]* < |2(s0)]* + Vl/ If(O)?df Vt—2<s <sy<t

S1
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We may now define the functions
Ju(s) = () — v / 7O .
t—
J(s) = Ju(s)P — v / 7O .
t—

Observe that J and all J, are continuous functions on [t — 2,t], non-increasing, and
Ja(s) = J(s) a.e. s € (t—2,t).
Take now {t,} C (t — 2,t,) such that # 1 t, and lim,, o J,(tx) = J(t;) for all k > 1.
Fix an arbitrary value n > 0. There exists k, such that |J(#;) — J(t.)| < n/2 for all
k > k,. Now consider n(k,) such that for any n > n(k,) it holds that

t, > Ekn and |Jn(t~]€n) — J(fkn)| < 77/2.
Then, since all J, are non-increasing, we deduce that for all n > n(k,),

altr,) = J(t.)
[ a(tr,) — J (£

(
|Jn(fk,7) J(~kn)| + |J(t~kn) — J(t)] <n.

Thus, we conclude that limsup,, ., |u"(t,)| < |u(ts)], with joined to (3.5) and (3.8)),
proves that (3.7 is absurd, and so claim (3.6)) is true. This finishes the proof. =

In(tn) = J(L.)

IA A CIA

Note that the asymptotic compactness of U is an immediate corollary of this result.

However, in order to prove the pullback flattening property directly (it is known that
it is equivalent to asymptotic compactness in any uniformly convex Banach space, see
[12/35]) we need to do a little more, beginning with the next corollary of Lemma [3.2]

Corollary 3.3. Under the assumptions of Lemma foranye > 0,t € R, and D e
D,(H), there exists § = 0(e,t,D) € (0,1), such that

v u(t T un) P = ut = s;mun)]P < e/2 Vs e0,0], T < 7(D,t), u" € D(7), (3.9)

where Tl(ﬁ, t) is given in Lemma .
In particular,

t
/ |u(0;7,u")||*df < e V7 <7(D,t), u” € D(r). (3.10)
t—5

Proof. First at all, observe that if we consider t € R and D € D,(H), for any 6 € (0,1)
and 7 <t — 1, an integration in (3.4)) with any u™ € D(7) yields

t t
V/ (@57, uT)[* dO < Ju(t — 857, u")[* = |ut; 7,u"7)* + l/_l/ LF(0)1]% dp.
t—48 t—6

Therefore, since f € L2 _(R; V"), (3.10) is a consequence of (3.9).
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We prove now ([3.9)) by a contradiction argument. If (3.9) were not true, there would
existe > 0, ¢t € R, afamily D € D, (H), and sequences {7, } C (—oo,t—1] with 7,, = —o0,
{sp} with 0 <'s,, < 1/n, and {u™} with u™ € D(7,) for all n, such that

v |ult; o, ™) P = ult = sps T, u™) P > €/2 V> 1,

which is absurd, since from (3.6) we know that for a subsequence (which we relabel the
same) it holds that u(t; 7,,, u™) and u(t — sp,; 7, u™) converge to u(t). m

We will also use the following result, whose proof is analogous to that of [49, Lemma
12].

Lemma 3.4. If f € L2 (R; V") satisfies the condition , then, for any t € R,

loc

t
lim ept/ e £(s)|2ds = 0.

p—00

Now, we are able to prove the pullback ﬁo,u—ﬂattening property for the process U on
H defined by 1} Actually, we will prove that U satisfies the pullback D-flattening
property for any D € D,(H).

Proposition 3.5. Under the assumptions of Lemma for any e > 0, t € R, and
D € D,(H), there exists m = m(e,t,D) € N, such that the projection P,, : H —
H,, :=spanjwy, ..., wy,] (where {w;};>1 is a Hilbert basis of H formed by ortho-normalized
eigenfunctions of the Stokes operator A) satisfies the following properties:

{P, U, 7)D(1): 7 < Tl(lA),t)} is bounded in H, (3.11)

(I = P)U(t, 7| <& for any 7 < (D, t), u” € D(7), (3.12)

where Tl(ﬁ, t) is given in Lemma .
__In particular, the process U on H satisfies the pullback D-flattening property for any
DeD,(H).

Proof. Let e >0, ¢t € R, and D € D, (H) be fixed.

Since P,, is non-expansive and taking into account , property is automati-
cally satisfied for any m € N. Therefore, we concentrate on proving .

Consider fixed 7 < 7(D,t), u” € D(7), and let us define u(r) = U(r,7)u” and
Gm(r) = u(r) — Puu(r).

Then, using the energy equality, for each m > 1 we have

3 () + vllan ()| + b(u(r), ), an () = () an(r)), e, v > 7

Observing that by (2.2), (2.4]), and Young’s inequality,
[o(u(r), u(r), gm(P)] < 272 u(r)[[[u(r) || [lgm (7))
1
< Zlgn ()P + S lu() a1,
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we obtain
d 2 2 1 2 2 1 2
oGNP+ vl an ()" < v ulr)Fllu)[” + 207 f (I ae r> 7.

Consequently, as || ¢ (r)]|* > Mnt1lgm(7)|?, where A, 1 is the eigenvalue associated to the
eigenfunction wy,.1, we deduce that

d _ .
5\%(7")\2 + VAmt|gn ()] < v u(e)Plu() ) + 20 [ f (I ace v >

Thus, multiplying this last inequality by e**=+1" integrating in [t — 1,], and again taking
into account (3.1]), we obtain

t
e?mitlg (W) < e g (- 1)) + u‘lpf(t)/ e u(r) | dr
t—1
t
+2V_1/ e || f ()| dr
t—1

Therefore, from Lemma [3.4] and since |g,,(t — 1)]* < |u(t — 1)|* < p}(t) and A,, — oo as
m — oo, in order to have , it suffices to check that for the previously fixed ¢ > 0,
teR, and D € D, (H), there exists m = m(e, t, lA)) € N, such that for any 7 < Tl(lA),t)
and u™ € D(7),

ev

3pi(t)
Take 6 = 5(%,2@ ﬁ) € (0,1) as in Corollary . Then, using 1) for each m > 1 we

have

t
e—u)\m+1t / el/)\m+17"||u(/r; T, UT) ||2 dr < (3.13)
t—1

t
6—l/>\m+1t / 6”Am+1r|lu(7’)”2 d?“
t

-1

t—9 t
_ eu)\m+1t/ 1 €V)\m+lr||u<7’)||2 dr + el/>\m+1t/ 6 eu)\mﬂrHu(r)H? dr
t— -

t—6 t
< et [ a0 ut)Far
t t—

-1

t
< et g 4 [t P
t—9

By taking now m = mf(e, ¢, D) such that e **»+15,712(t) < 2 jointly with (3.10) in

607 (t)”
Corollary we conclude (3.13). m

As a consequence of the above result and Proposition [1.18], we obtain the asymptotic
compactness of the process U defined by in the H norm, and therefore the same
statements claimed in Theorem about the existence of minimal pullback attractors in
H, are also satisfied.
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3.1.1 A compact pullback absorbing family using semigroup the-
ory

With only a slightly more stringent requirement on the forcing function f, namely that

fell (R;V) for some p > 2

loc

we can in fact use the semigroup approach of Fujita and Kato [29] (see also [41]) to show,
using Corollary again (and hence Lemmaonce more) that in fact there is a compact
pullback absorbing family in H. Our analysis is inspired by the paper by Arrieta and
Carvalho [2] on the e-regularity method for proving existence and uniqueness of semilinear
problems.

In order to state the result precisely we need to define the fractional power spaces
D(A%) (o > 0) as the domains of the operators A%, where

A%y = Z A (u, wy)wy,
j=1

where as usual )\; and w; are the eigenvalues and eigenfunctions of the Stokes operator.
We recall the key estimate
|AYe ™ Ay| < etz (3.14)

for any 0 <~y < 1 (e.g., see Henry [41]). In the proof we write
[ulls = [A®ul,
and in particular we have || - |lo = |- |, [| - iz = - |l, and || - [|=1/2 = || - ||

Theorem 3.6. Suppose that f € L} (R; V") for some p > 2 and that

loc

0
/ e ||f(s)||?ds < oo for some p € (0,2vA\;).

Choose € < % —
D € D,(H),

%. Then there exists a function p. : R — R such that for any t € R and

|Au(t; 7, u™)| < pe(t) forall u” € D(7), 7 < Tl(ﬁ,t),

where 71(13, t) is the same as in Lemma ' hence there is a compact pullback absorbing
family in H. In particular if f € LS (R; V') then we obtain a bounded absorbing family

loc

in D(A®) for any € < 1/2; this holds therefore in the autonomous case when f € V'.

Proof. Given the improved regularity assumption on f, any weak solution u to (2.1
satisfies the variation of constants formula

u(t) = e Au(s) + / e~ A [B(u(r)) + £(r)] dr
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for all 7 < s <t (see [41]). We use this formulation to find estimates on v in D(A€). The

key observation (after [2]) is that B : D(A€) — D(A~(1729)) which can be seen by taking
w € D(A'™%) and using Holder’s inequality to obtain
[(B(u), w)]| = [(B(u,w),u)]

< ||U||%2/<1—2e>

< Celfull?flw

vaLl/(Qe)

’1—267
from which it follows that
IB(u)]|~(1-20) < EllulZ. (3.15)

~

Lemma guarantees that for any D € D,(H) and any t € R there exists a 7 (D, t) <
t — 2 such that for any r € [t — 2, 1],

lu(r;T,u”)| < pi(t) V" € D(r), T < i(D,1). (3.16)
FixteR, D e D 1< Tl(ﬁ,t), and u” € D(7) and write
Uy (s) =u(o+ s;7,u’) and fo(s) = flo+9).

We can now rewrite the variation of constants formula in the notationally convenient form
(for o > 1)

Uy (s) = e M u,(0) + /OS e A6 B(ug(r)) + fo(r)]dr Vs e[0,t—al, (3.17)

noting from (3.16)) that
lus(s)| < p1(t)  Voel[t—1,t], se[0,t—a]. (3.18)

Pick o € [t — 1,], let s <t — o, then take the norm of (3.17) in D(A®) and multiply
by s€ to obtain

$uns)le < e O+ [ e Bluglr)) + folr)],
< cluf0) + s [ 5= 1) N Blunr)ll--20 dr
Fapes” [ 5= UL dr
<o)+ tenes” [ (=) )2

T C1ppest / (s — 1) Y2 o () di
0

using (3.14)), (3.15)), and (3.18)). The second term on the right-hand side can be bounded
by
5601656/ (5 = )"0 g () 122 ()2 g ()|
0

1—e/2

< (e ([ =y P e ar)
0



3.1. Pullback flattening property in H norm 61

where

1/2—e s €/2
R(s) = éer. . < sup |ua(r)]> ( / ||ug(r)\|2d7‘)
0<r<s 0
t €/2
< Eeey_epr ()/3E (/ ||u(7“)||2dr> =: P(o,1).

Setting X (s) = s¢||uy(s)||c we obtain an integral inequality for X (s):

1—€/2

X(s) <d(s)+ P(o,t)s° (/ (5 — )~ (=0 (=e/2)p.=3¢/(2=€) ¥ (1:)3/(2=¢) dr) . (3.19)
0
wherd]

5(5) = eprlt) + cupanes” [ (5= 1) 2 1ol
0
s 1-(1/p) s 1/p
<enlt) + s ([ = nremeon g ) (g pear)
0 0

<ent)+ o ([ Mrotzar)” = a0,

using Holder’s inequality and the choice of € which ensures that p(1/24¢€)/(p — 1) < 1.
In order to find an upper bound on X (s) it suffices to find a continuous function Y ()
with X (0) < Y(0) that is a supersolution of (3.19)), i.e. that satisfies

1—e/2

Y(S) > q)(t) + P(U, t)Se (/ (S _ ,r)*(176)/(1—6/2)T*36/(2—6)Y(r>3/(2—6) d?”) (320)
0

for all s € [0,t — o], to conclude that X(s) < Y(s) for all s € [0,¢ — o]|. Indeed, if
it were not true, there would exists § € (0,t — o] with Y(5) < X(8) and so we may
define 0 < § = sup{s € [0,t — o] : X(r) =Y (r) < 0Vr € [0,s)}. Then, we would have
X(s) <Y(s) for all s € [0,8) and X (5) =Y (3) (by continuity), but therefore

H 1—e/2
Y(3) > ®(t) + Plo,t)3 ( / (5 — 1) 1=9/0=e/2) =36/ ()3/2-0) dr)
0

1—¢/2

> ®(t) + P(o,1)5° (/ (5 — )~ (1m9/(0=e/2)p=36¢/2¢) x (1)3/(2=¢) dr)
0
> X(5),

ie. Y(5) > X(3), a contradiction.

!Note that in fact &(s) is simply a bound on s¢U(s 4 o,0) in D(A€), where U(s, o) is a solution of
the linear equation u; + Au = f(t) with initial data u(o) = u,(0); this where we require the additional
regularity for f, so it has nothing to do with the nature of the nonlinear term. We return briefly to this
issue in the Conclusion.
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Now, we will prove that Y (s) = 2®(t) satisfies for s € [0,t — o], i.e. we need to
ensure that
s 1—e/2
20(t) > B(t) + 2V2P (0, 1) D% (1) </ (5 — 1)~ 170/ (1=e/2)=3¢/(2=) dr)
0

for all s € [0,¢ — o]. This holds if

1—e€/2

2V2P (0, 1) DY (t)s¢ (/ (5 — 1)~ (1=9/(1=e/2) =3¢/ (2=¢) dr) <1 Vsel0,t—oa]
0

By substituting » = s one can see that

S 1—6/2
5¢ </ (S . ,r,)7(176)/(176/2)70736/(276) dT)
0

1
_ & < / s~ (1=9/(1=e/2) (] _ g)~(1-0)/(1=¢/2) =3¢/ (2- g3/ (2= dg)
0

1—¢/2

1—€/2

1
— (/ (1 . 0)—(1—6)/(1—6/2)0—36/(2—6) d@) — Ce-
0
So in order to guarantee that X (s) < 2®(¢) for s € [0,t — o] it suffices to ensure that
2V2P(0,t)®V2(t) < C71. (3.21)
Now, recall that
t €/2
Plo) = vt ([ Jular)
and that it follows from Corollary that for any ¢ > 0, t € R, and De D, (H), there
exists a 0 = o(e,t, D) € (t — 1,t), such that

t
/ |u(@;7,u")||?dd <e V7 <7(D,t), u” € D(7),

(this was (3.10))). We can therefore satisfy the condition (3.21]), and deduce that
|Au(t; T,u”)| = (t—0) X (t—0) < 2(t—0) “D(t) =: pe(t) Vu" € D(r), 7 < (D, 1).

Since D(A¢) is compactly embedded in H, the existence of a compact pullback absorbing
family in H follows immediately. m

3.2 Pullback flattening property in V norm

The goal of this section is to show a sharper conclusion than above. More precisely, we
will prove the flattening property for the process U defined on V', and as a consequence,
we will obtain the pullback asymptotic compactness for this process in V', which was
already proved by using an energy method in Lemma [2.14] but here with a shorter proof.

We have the following result, which is similar to Lemma [2.10]
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loc

De D, (H), there exists 71(D,t) <t —2 (the one given in Lemma , such that for any

~

7 < 1(D,t) and any u™ € D(7),

Lemma 3.7. Suppose that f € L2 _(R; H) satisfies . Then, for any t € R and

lu(r; T, uT)|2 < R%(t) Vret—2,t, (3.22)

||u(r; T, uT)||2 < Rg(t) Vrelt—1,t, (3.23)
¢

v / \Au(b:r,uT)2d < R2(D), (3.24)
-1

where

t

| f(0)[ b,

oy
— o
—
~
S—
I

14 e =2 (2p), — ,u)l/

B0 — v (R0 +2) [ (o)
X exp [2y—10<V>R§(t) (Rf(t) + I\ /t t2 1 £(0)]? d@)] ,

B0 = B+ [ fOFas 0 BOR,

with C™) defined by .

Proof. The first estimate follows immediately from .

On the other hand, the estimates and can be obtained analogously as the
second and third estimates in (2.16). In fact, thanks to the regularity result (a) in The-
orem and by applying the energy equality , we do not need to use the Galerkin
approximations. m

Now, we will prove that the process U : R% x V — V satisfies the pullback lA)O%V—
flattening property. In fact, we will prove that U satisfies the pullback D-flattening
property for any D € D,(H).

Analogously to Lemma we have the following result.

Lemma 3.8. If f € L} (R; H) satisfies (2.15), then, for anyt € R,

loc

t
lim ¢! / e £()[2 ds = 0.

p—+00

Proposition 3.9. Under the assumptions of Lemma for any e >0 and t € R, there
exists m = m(e,t) € N such that for any D € D, (H), the projection P, : V — V,, :=
spanwy, ..., wy,] satisfies the following properties:

{P U, 7)D(7) : 7 < 71(D, )} is bounded in V,
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and
(I = P)U® T <e  for any T < 71(D,t), u € D(7),

where Tl(ﬁ, t) is given in Lemma .
__1In particular, the process U on V' satisfies the pullback D-flattening property for any
DeD,(H).

Proof. Let ¢ >0, ¢t € R, and D € D,(H) be fixed.

Since {w,};>1 is a special basis, P, is non-expansive in V. From this and , we
deduce the boundedness in V of the set {P,U(t,7)D(7) : 7 < (D, 1)}, for all m > 1.

On the other hand, let us fix 7 < 7 (D, ), u” € D(7), and let us define again u(r) =
U(r,7)u™ and q,,(r) = u(r) — Puu(r).

Then, by and Lemma , for each m > 1 one has

()P + A = D), ulr), Agu(r) + (F(7), Ag(r)

o

14

Ra(t) B3 (t)| Aul(r)]

IA

21 Agu(r)? + L F(P +

ae t—1<r<t.
Consequently, as |Ag,(7)]* > Ani1lgm(r)||?, from above we deduce that

d _ _
%qu(r)ll2 + Vg llgm (M) 1* < 207 F(r) P 4 2CT 0™ Ry (8) R (t) | Au(r))|
ae. t—1<r<t.

Thus, multiplying this last inequality by e**»+1", integrating from t—1 to ¢, and taking
into account Lemma [3.7] we obtain

t
A an(OF < e D g - D42 [ e ar
t—1

t
202 Ry (1) RA() / e Au(r)| dr
t—1

t
< el’)‘m“(t_l)Hu(t o 1)”2 + 2V_1 / €V>‘m+1r|f(7“)|2 dr
t—1
; 1/2 ¢ 1/2
120201 R, (1) R(1) ( / ¢t dr) (/ |Au(r)|2dr>
t—1 =1
t
S ey)\m+1(t—1)Rg (t) + 2]/—1 / 61/)\m+17“|f(r)|2 dr
t—1

+2CT0 2 Ry (t) R3 () Ry (t) (20 A yr ) /2t

Therefore, from Lemma 3.8 and since A,, — 00 as m — 00, we conclude that there exists
m = m(e, t) € N such that ||(I — P,)U(t,7)u"|| < e for all 7 < 7 (D,t), u” € D(7). m

As a consequence of the above result and Proposition [1.18], we obtain the asymptotic
compactness in the V' norm. It is worth pointing out that in this way the proof is much
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shorter than that of Lemma [2.14] in Chapter 2 Moreover, observe that, under the as-
sumptions of Lemma [3.7] all the statements asserted in Theorem [2.15| are also true, and
so we obtain again the existence of minimal pullback attractors for the process U on V.

In light of the fact that our analysis in H required a similar amount of work to obtain
asymptotic compactness or the flattening property, one might ask if one could ‘simplify’
the direct proof of asymptotic compactness in V' from [31] by using some ideas from the
above ‘flattening’ analysis. It then becomes apparent that the idea of ‘direct’ proof in this
case simply means trying to prove asymptotic compactness with resorting to a splitting
of the solution into high and low modes; this serves to emphasize that the ‘flattening
property’ can more rightly be thought of as a technique (splitting) that is always available
should we require it.

3.2.1 Compactness of the process in V' via semigroups

Finally we show that in V', too, a little more regularity of f yields the existence of a
compact pullback absorbing family. To this end we assume that

fell (R;H) for some p > 2.

loc

With this assumption we show that there is a bounded absorbing family in D(A'/?*9) for
an appropriately chosen ¢ > 0.

Theorem 3.10. Suppose that f € Lt (R; H) for some p > 2 and that

loc

0
/ e"*|f(s)|*ds < oo for some p € (0,2v)).
Fiz § < 3 — 1. Then, for any t € R and De D, (H), there exists 71(D,t) (the one given
in Lemma , such that for any T < Tl(lA),t) and any u” € D(1),

|AY2 0t 7, u™)| < Rs(t),
where Rs(t) is given below.

Proof. The analysis in V' is significantly simpler than in H. Indeed, for any ¢ > 0 the
nonlinear term maps V' into D(A™°): taking the inner product of B(u) with w € D(Af)
we obtain

[(B(w), w)] < [lull /e
Ay

< ecllul?flwlle,

Vul| g2 [lw|| L2/0-20

’wHL2/(1725)

since D(A®) C (L*1=29(Q))%. Thus

1B ()|l < eflull®
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Given a solution u(t) = u(t; 7,u”) we write
¢
u(t) = e Mu(t — 1) +/ e A=) (B(u(s)) + f(s)) ds.
t—1
Take the norm in D(A'?%9), using (3.14) and choosing € so that § + ¢ < 1/2, we obtain
t
A2 0u(t)] < csllu(t — 1)]| + 5501/2+6+e/ (t = )" 2 I lu(s)[| ds
t—1

t
+ 01/2+5/ (t—s)"2D|f(s)| ds
t—1

1/p

~ t
CeC o+e
< ctlt) + T2 (0 + G ([ 1£0P ) = Ra(0)

the first term is bounded using Lemma 3.7} the second since (¢ — s)~(1/279%+€) ig integrable
and |lu(s)||* < R3(t) uniformly for s € [t —1,t] (Lemma|3.7|again); and for the third term
we can argue as in the proof of Theorem using Holder’s inequality since 6§ < % — %. ]

We note in particular that in the autonomous case this gives a very quick method of
proving the existence of a compact absorbing set in V' when we assume only f € H. As
in the more complicated case in H, the higher regularity of f is the same as would be

required to obtain a similar result for the linear problem w; + Au = f(t).

Conclusion

We have shown the existence of pullback attractors in H and V' under minimal regularity
assumptions on the forcing f, proving asymptotic compactness of the dynamical process
via the Fourier splitting method, i.e. a proof of ‘Condition (C)’/‘the flattening property’.
With a little additional regularity we have been able to use the semigroup approach to
prove the existence of a compact pullback absorbing family in both cases.

It is interesting that in order to obtain the compact pullback absorbing family we
require the same regularity of f as we would in the purely linear problem. One can see
that this is to be expected if we consider solutions given by the variation of constants
formula

t
ult) = e A(s) + / A B(u(r) + F(r)] dr,
noting that the expression

t
Ult,s) = e Au(s) + / e M f(r) dr

is simply the solution of the linear equation

vt Av=f(t),  v(s)=uls)
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at time t. So we could write the following variation on the variation-of-constants formula,
N t
u(t) = Ul(t,s) +/ e A B(u(r)) dr.

For the analysis in H, the key step was the estimate (3.19)), which we can write as

1—¢/2

X(S) S SE|A€[7(S+O', O')|+P(O’, t)se (/ (S _ r)—(1—6)/(1—6/2)T—3e/(2—e)X(r)3/(2—e) dT’)
0

Conclusion of the argument requires a bound on |A“U(s + o, ¢)| uniform for o € [t — 1, 1],
s € [0,t — o], i.e. relies on solutions of the linear equation.
Similarly, if we estimate u in D(A"/?*%) as in Section [3.2.1] then we obtain

t
A2y ()] < JAV2ROTT (1t — 1)] + Eecrjasape / (t = )~ W2 fu(s) || ds
t—1

< A1/2+5 " 6601/2+6+€ Rgt
—’ v()|+1/2_5_€ 2()7

and the key point is again an estimate on U, i.e. smoothness for the linear equation.






Chapter 4

Pullback Attractors for 2D
Navier—Stokes Equations with Finite
Delay

In this chapter we consider a bounded domain Q C R? with smooth enough boundary
0€), and the following non-autonomous functional Navier—Stokes problem:

% —vAu+ (u-V)u+ Vp= f(t)+ g(t,us) in Q x (1,00),
divu=0 in QX (7,00), (4.1)

u=0 on I x (1,00),
w(x, 7+ 8) = ¢(x,s), =€, se[-h0],

\

where f is a non-delayed external force field, g is another external force containing some
hereditary characteristics, and ¢(x,s — 7) is the initial datum in the interval of time
[T — h, 7], where h > 0 is the time of memory effect. For each ¢ > 7, we denote by w,; the
function defined on [—h, 0] by the relation u:(s) = u(t + s), s € [—h,0].

As it was pointed out in the Introduction, to our knowledge, in all finite delay frame-
works the assumptions for the delay terms used to involve estimates in L? spaces. The
goal of this chapter is to generalize the conditions on the delay terms in the model by
allowing just continuous (in time) spaces, which will require less restrictive conditions on
the involved operators. Although this implies to restrict the phase space to continuous
functions instead of square integrable in time, the delay functions driving the delayed
time within this theory can be taken just measurable, without any additional assumption
as continuity nor C! with bounded derivative, as usual in the literature. Actually, we
will provide a simple example where the delay function leading the delayed time is just
measurable (cf. Example and Remark below, for more details).

In Section we obtain a result on the existence, uniqueness, and regularity of the
solution to (4.1)). Section[d.2]is devoted to prove the existence of pullback attractors in the
H norm, with respect to two different universes, via asymptotic compactness, and using an
energy method which relies strongly on the energy equality associated to the problem. The

69
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main results of the chapter are given in Section [4.3] There, we strengthen the regularity of
solutions and a second energy equality for them, in order to obtain additional attraction,
namely, in the V' norm instead of H. Different families of universes (tempered and non-
tempered) are introduced. Now, a second (and more involved) energy method is employed
to prove asymptotic compactness in the new metric. We finish analyzing the relationships
among all these families. Actually, we are able to prove that, under suitable assumptions,
in fact all these objects coincide. The results can be found in [33].

4.1 Existence and uniqueness of solution

In this section we prove existence, uniqueness, and regularity of solution to problem (4.1J).

To start, we establish some appropriate assumptions on the term in (4.1)) containing
the delay.

Let us denote by Cy = C([—h,0]; H), the space of continuous functions from [—h, 0]
into H, with the norm

ble, = e |p(s)]-

Let us consider over the delay operator from (4.1)) that is well defined as g : R x Cy —
(L?(92))?, and it satisfies the following assumptions:

(I) for all £ € C, the function R 3 ¢+ g(¢,&) € (L*(2))? is measurable,
(IT) ¢(¢,0) =0, for all t € R,

(III) there exists L, > 0 such that for all ¢ € R, and for all £, n € Ch,
9. &) — gt m)| < Lyl¢ = nlcy -

Observe that (1) — (/1) imply that given T > 7 and u € C([r — h,T|; H), the function
Gu : [1,T) — (L3(2))? defined by g,(t) = g(t,u;) for all ¢ € [r,T], is measurable and, in
fact, belongs to L>=(7, T; (L*(Q))?).

It is worth pointing out that any condition involving L? norms of the memory term
in ¢ is assumed (e.g. cf. conditions (IV) and (V) in the following chapter).

Example 4.1. Consider a globally Lipschitz function G : H — (L*(Q))?, with Lipschitz
constant Lg > 0, and such that G(0) = 0, and a measurable function p : R — [0, h].
Then, it is not difficult to check that the operator g : R x Cy — (L*(2))?, defined by

R Cu 3 (t,§) = g(t,€) = G(E(=p(1)))
satisfies the assumptions (I)—(III) given above.

Remark 4.2. (a) Observe that the only assumption on p is that it is measurable, in
contrast with the usual conditions appearing in the previous literature, i.e. C1, with
derivative p'(t) < p. <1 (e.g. cf. [30]).
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(b) The example above can be generalized in several senses. The most immediate gener-
alization is to take into account more than one delay term in the problem. Namely,
consider measurable functions p; : R — [0, h] fori =1,...,m, a measurable map-
ping G : R x H™ — (L*(Q))? such that G(t,-) is globally Lipschitz in H™ uni-
formly with respect to time, and with G(t,0) = 0 for all t € R. Then, consider
g1 RxCy = (L2(Q))? given by g(t,€) = G(t,{(=p1(t)),- .., &(=pm(t))). This
operator g also satisfies conditions (I)—(III).

Assume that ¢ € Cy, and f € L2 (R;V’).

loc

Definition 4.3. A weak solution to is a function u € C([T — h,00); H) such that
w € LA(1,T;V) for all T > 7, with u(t) = ¢(t — 7) for allt € [T — h, 7], and such that for
allv eV,

d

5 (), v) + v{Au(t), v) + b(u(t), u(t), v) = (f(t),v) + (9(t, ), v), (4.2)

where the equation must be understood in the sense of D'(T,0).

Observe that if u is a weak solution to (4.1]), then from (4.2]) we deduce that for any
T > 7, one has u' € L*(,T; V"), and the following energy equality holds:

t
u@®)* +2v [ Ju(r)|*dr
t

= |u(s)]* + 2/ [(f(r),u(r)} + (g(r, ur),u(r))]dr Vr<s<t. (4.3)

As in Chapter [2| we can also define a notion of more regular solution for problem

(D).

Definition 4.4. A strong solution to 15 a weak solution u to such that u €
L*(1,T; D(A)) N L>(1,T;V) for all T > 7.

Note that if f € L2 _(R;(L?(Q))?) and u is a strong solution to (4.1)), then u' €

L*(r,T;H) for all T > 7, and so u € C([r,00);V). In this case the following energy
equality holds:

lu(®)|]? +2v [ |Au(r)|? dr + 2/ b(u(r),u(r), Au(r)) dr

= ju(s)||* + 2/ (f(r)+ g(r,u.), Au(r))dr V71 <s<t. (4.4)

Concerning the existence and uniqueness of weak solution for (4.1)), we have the fol-
lowing result, which improves, in the case of initial datum ¢ € Cy and dimension two,
Theorem 2.1 in [9] (see also |36, Theorem 2.3]). In fact, in the theorem below, we neither
assume hypotheses (IV) nor (V) of [9].
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Theorem 4.5. Let f € LE (R; V'), and g : R x Cy — (L*(Q))? satisfying (I)-(1II), be
given. Then, for each 7 € R and ¢ € Cy, there exists a unique weak solution u(-) =

u(+; 7, 9) to
Moreover, sz €L

lOC(R; (LZ(Q))Q)i then
(a) ue C([r+¢&,T;V)NL*(1 +¢,T; D(A)) for allT > 7+ > 1.
(b) If $(0) € V, w is in fact a strong solution to ({.1)).

Proof. The uniqueness of solution can be obtained in the following way. Consider two
weak solutions for (4.1)), v and v, with the same initial data, and denote w = u — v. We

note that by (2.4)),

[b(u(s), u(s), w(s)) = bv(s), v(s), w(s))| = [b(w(s),uls),w(s))|
< 272w (s)|llw(s) ().

Then, from the equation satisfied by w and the energy equality, we obtain for all ¢t > 7
that

w(t)]? + 20 / ()| ds
= —2/ b(w(s),u(s),w(s))ds+2/(g(s,us)—g(s,vs),w(s))ds
< o2 / jw(s)|[[w(s)|[u(s)] ds + 2L, / il [w(s)] ds. (45)

Observe that w(f) = 0 if 7 — h < 6 < 7, and therefore,

|ws|cpy, = max |w(r)| for 7 <s.
ré€(T,3]

So, from (4.5)), using Young’s inequality, we deduce
t
W) + 2 [ u()ds
t ! t
< 21/2/ |w(8)|||lU(S)||IIU(S)||d3+2Lg/ max jw(r)||w(s)|ds
t 1 t
< I// Hw(s)”zds%—g/ \]u(s)]\Qlw(s)Ist—i—QLg max lw(r)|* ds

. relns

for all t > 7, and therefore,

max ) < (50 +2, ) [ (14 o)) ma (o) o

re(r,t]

for all £ > 7. Thus, using Gronwall’s lemma, we finish the proof of uniqueness.

For the existence, we split the proof in two steps.
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Step 1: Galerkin scheme. A priori estimates. Let us consider again {w;};>1 C
D(A), a Hilbert basis of H formed by ortho-normalized eigenfunctions of the Stokes
operator A. Denote V;,, =span|wy, ..., w,,| and consider the projector P,, of H onto V,,
given by P,v = 377 (v, w;)w;, for all v € H. Observe that by the choice of the basis
{w;}j>1, the restriction P, of P, to V belongs to L(V), and || Py, ||z < 1 for all
m > 1.

Define also

lv

a8 =D g (),
j=1
where the coefficients +,, ; are required to satisfy the system

d
2 (W (8), wy) + v((u"(t), wy)) + b(u™(2), u™ (1), wj)
= (f(t),w;) + (g(t,u)"),w;), ae t>71, 1<j<m, (4.6)
and the initial condition

u™(T+s) = P,o(s) Vse[-h,0]. (4.7)

The above system of ordinary functional differential equations with finite delay fulfills
the conditions for existence and uniqueness of local solution (see for example [40]).

Next, we will deduce a priori estimates that in particular assure that the solutions u™
do exist for all time ¢ € [T — h, 00).

Multiplying in (4.6)) by 7y, ;(t), summing from j = 1 to j = m, we obtain

%\um(t)!Q+2V|\um(t)|!2 = 2(f(1), u™(1)) + 2(g(t, w"), u™ (1))

< @1 + v O + 2L, ae t> T

Hence,
t
W OF +v [ lun )| ds
t
< DOF+ [ GO+ 2L, ) ds VezT (48)
From this inequality, in particular one deduces that

t
" < 161, +/ (HIF N+ 2L u ) ds Yt =T,

and therefore, by Gronwall’s lemma we have

t
W2, < et (|¢|éH LG ds)

for all t > 7, and any m > 1.
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Then, by (4.8), we deduce that for each T > 7 and R > 0, there exists a positive
constant C(7, T, R), depending on the constants of the problem v, L, and f, and on 7, T'
and R, such that for all m > 1

W, + [0 By < O TR) VEE [T, [oley < R (19)
In particular, this implies that
{u™} is bounded in L>®(7 — h, T; H)N L*(7,T;V) VT > 7. (4.10)
From , , and because of the choice of the basis, we obtain
I@™Y @l < v @) +27 2l Olla™ Ol + 1 F Ol + A7 Plou)], ae t>7,

which combined with (II), (III), (4.9) and (4.10)), implies that
{(u™)'} is bounded in L*(7,T;V') VT > . (4.11)

Step 2: Energy method and compactness results. Now, we combine some well-
known compactness results with an energy method (already used in Lemmas and
to pass to the limit in a subsequence of {u™} to obtain a solution for (4.1).

First we observe that

u™ g =Pnd—¢ inCh. (4.12)

From the assumptions on the operator g and Step 1 we deduce, using the compactness
result [61, Theorem 5.1, p. 58] and |86, Lemma 1.2, p. 260], that there exist a subsequence
(which we relabel the same) {u™}, a function u € C([r — h,00); H), with u__, . = ¢,
uwe L*(r,T;V)and v € L*(7,T; V') for all T > 7, and an element & € L> (7, T; (L*(2))?)
for all T' > 7, such that

umn oy weakly-star in L>°(1,T; H),

u™ = u weakly in L*(7,T; V),

(u™) — ' weakly in L*(1,T; V"), (4.13)
u™ — U strongly in L?(7,T; H),

g(-,u™) > & weakly-star in L (7, T; (L*(Q))?),

forall T > 7.
Using (4.13]) we can also assume that

u™(t) — u(t) strongly in H a.e. t € (1,00), (4.14)

which nevertheless is not enough to deduce that £(-) = g(-, u.).
However, we can obtain convergence for all ¢ > 7 with a little more effort and in a
more general sense. Observe that

u™(t) —u™(s) = / (W™ (r)dr in V' Vs,t€[r,00),

and by (4.11) we have that {u™} is equi-continuous on [, 7] with values in V', for all
T>T.
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Since the injection of V into H is compact, the injection of H into V' is compact too.
So, from (4.10) and the equi-continuity in V', by the Ascoli-Arzela theorem and (4.13]),

we have that (again, up to a subsequence)
u" = u in C([r,T;V') VT > (4.15)

This, jointly with (4.10)), allows us to claim that for any sequence {t,,} C [r,00), with
t,, — t, one has
u™(ty,) = u(t) weakly in H, (4.16)

where we have used (4.15)) in order to identify which is the weak limit.
Our goal now is to prove that in fact
u" —su inC(r,T;H) VT >rT. (4.17)
If it were not so, then taking into account that u € C([r, 00); H), there would exist T' > T,
g0 > 0, avalue tg € [r,T], and subsequences (relabelled the same) {u™} and {¢,,} C [r,T],
with lim,, , t,, = to, such that

|u™ (t) — u(te)] > 9 Vm > 1.

To prove that this is absurd, we will use an energy method.
Observe that the following energy inequality holds for all u™:

1, e vV t m 9
s @F 5 [ el ar
< %|um(s)]2+/(f(r),um(?"))dr—l—C(t—s) Vr<s<t<T, (4.18)

D
22U\

where C' = and D corresponds to the upper bound

t
[latuipar <pe—s) vr<s<i<t,

by (I1), (I11I) and (4.9)). On the other hand, observe that by (4.13)), passing to the limit
in (4.6), we have that u € C([r, T]; H) is a solution of a similar problem to (4.1)), namely,

d

5 (), v) +v((u(t), v) +bu(t), u(t), v) = (f(t),v) + (£(t),v) VveV,

fulfilled with the initial datum u(7) = ¢(0). Therefore, it satisfies the energy equality
t
lu@)* +2v [ [u(r)|® dr
t

= IU(S)I2+2/ ((f(r),ulr)) + (€(r),u(r)) dr V7 <s<t<T.
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On other hand, from the last convergence in (4.13|) we deduce that

¢
/|§(r)|2dr < hmlnf/ lg(r, u™) | dr
D(t

< —s) Vr<s<t<T.

So, u also satisfies inequality (4.18]) with the same constant C.
Now, consider the functions J,,, J : [7,T] — R defined by

In®) = S0 = [ {50 um ) dr - C

1 t
IO = 3lu®F = [ () ulr)) dr = .
with C the constant given in (4.18). From (4.18]) and the analogous inequality for w, it is

clear that J,, and J are non-increasing (and continuous) functions. Moreover, by (4.13)

and (I.19),

In(t) = J(t) ae. te(r,T). (4.19)
Now we are ready to prove that
u™(ty,) — u(ty) strongly in H. (4.20)
Firstly, recall from that
u™(tym) — u(ty) weakly in H. (4.21)

So, we have that
|u(to)] < liminf [u™(t,,)].

m—r0o0

Therefore, if we show that
lim sup |u" ()] < |u(to)], (4.22)
m—00
we obtain that lim,, . [t (t;)] = |u(to)|, which jointly with implies (4.20).

Now, observe that the case ty = 7 follows directly from (4.12)) and (4.18)) with s = 7.
So, we may assume that tg > 7. This is important, since we will approach this value ¢,
from the left by a sequence {t;}, i.e., limy oo tr  to, being {f,} values where
holds. Since J(-) is continuous at ty, for any ¢ > 0 there is k. such that

|J(te) — J(to)| < e/2 Yk > k..

On other hand, taking m > m(k.) such that t,, > t;_, as .J,, is non-increasing and for all
tr the convergence (4.19)) holds, one has

Jn(tm) = J(to) < |Jn(te.) = J(E)] + [T (t.) = I (to)],

and obviously, taking m > m/(k.), it is possible to obtain |J,(tx.) — J(t.)] < /2. It can
also be deduced from (4.13) that

/:m<f (), (r)) dr = / ()0t
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so we conclude that (4.22) holds. Thus, (4.20) and finally (4.17) are also true, as we

wanted to check.
This also implies, thanks to (4.12)), that

" —u inCyg Vt>T.

Therefore, we identify the weak limit ¢ from (4.13), and indeed, from the above conver-
gence and since g satisfies (/11), we have

g(-,u™) = g(-,w) in L*(r,T; (L*(Q))*) VT > .
Thus, we can pass to the limit finally in (4.6) concluding that u solves (4.1]).

Finally, the regularity in (a) and (b) is a consequence of the well-known regularity
results stated in Theorem[2.3]and the fact that, if f € L2 (R; (L(£2))?), then the function

loc

f defined by f(t) = f(t) + g(t,u), t > 7, belongs to L2 (1, 00; (L*(Q))2). =

loc

Remark 4.6. Observe that by the uniqueness of the weak solution to , the conver-
gences in hold for the entire sequence {u™} of the Galerkin approzimations defined

by (@) and (@

We also have the following result on continuity of solutions with respect to the initial
datum ¢.

Proposition 4.7. Let f € L} _(R; V'), g : Rx Cy — (L*(Q))? satisfying (I)-(III), T € R,
and ¢, ¥ € Cy, be given.

Let us denote w = u(+;7,¢) and v = v(-;7,%) the corresponding weak solutions to
. Then, the following estimate holds:

e — w2, < 16— w2, exp{ [ (@ e +21,) ds}

forallt > 1.

Proof. Let us denote w = u — v. Analogously to the obtention of (4.5 in the proof of
uniqueness of weak solution to (4.1]), we obtain that

w(t)]? + 20 / Jo(s)|? ds

< |¢(0)—¢(0)!2+21/2/ Iw(S)IIIw(S)IHW(S)IIdS+2Lg/ w5, [w(s)] ds

forall t > 7.
So,

w(t)[? + 20 / ()| ds

< 1600) = O +2 [ fusley [u() (o) ds + 2L, [ fuif?, ds

IN

t
.

16(0) — HO)? + v / leo(s)|? ds + / (20) M uls)|? + 2L, w2, ds
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for all t > 7, and in particular

w(t)]* < [6(0) = (0)]* + / (@) luls)I1? + 2Lg) [wsle,, ds (4.23)

forallt > 7.
Taking into account that

lw(t +8)]> < |¢p— g, Vse[—h,0],

from (4.23) we deduce

t
i, <100l + [ () (o) + 2L, ds

for all t > 7.
From this inequality and Gronwall’s lemma, we can conclude the result. =

4.2 Existence of minimal pullback attractors in H
norm

Now, by the previous results, we are able to define correctly a process U on C'y associated
to (4.1)), and to obtain the existence of minimal pullback attractors.

Proposition 4.8. Let f € L (R; V'), and g : R x Cyg — (L*(Q))? satisfying (I)-(III), be
given. Then, the bi-parametric family of mappings U(t,7) : Cxg — Cyg, with 7 < t, given
by

Ult,7)¢ =, (4.24)

where u(-) = u(-;7,¢) is the unique weak solution to ({4.1), defines a continuous process
on Cy.

Proof. It is a consequence of Theorem [4.5] and Proposition 4.7, =

We establish now several estimates for the solution to problem (4.1]).

Lemma 4.9. Consider that the assumptions of Proposition [{.§ are satisfied and let p
be such that 0 < p < 2vAy. Then, for any ¢ € Cy, the following estimates hold for the

solution to forallt > 7:

|Ut|?;H < euhe_(“_Qeuth)(t_T)|¢|?)H

t
et =) [ Rt s, (429

T

t t t
v [ Pds < )P +vt [ Eds 2L, [, ds @20
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Proof. Take a p such that 0 < p < 2vA;. By the energy equality (4.3)), one has

(o) + 20u(r)|?

= < (t), u(t)) + 2(g(t, ue), u(t))
21 f @[l + 2Lglurloy [u(t)]
(2v = pA D) + Qv = pAT ) @O + 2Lg e, ae t> 7.

IA A

Thus,

d

P + plu@F < v =A@+ 2Lglwle,,  ae t>7,
and therefore,

t
e u(t)[2 < e fu(r)|? + / e (20 — AT F I + 2L lu 2, ) ds VE>
From this inequality, we deduce
t
g2, < el + e / e (20 — AT N F(IE + 2L lusl2, ) ds Vit > 7.

Then, by Gronwall’s lemma we obtain that (4.25) holds.
Finally, observing that

d
Z@OF + 2v[u@®)]?

20 £ lalt) | + 2Ly o (o)
V@I + v O + 2Lglul?,, ae. t >,

VANRVAN

we conclude (4.26). =

From now on we will assume that
there exists 0 < p < 2vA; such that 2e""L, < p, (4.27)
and

0
/ W2 | £ (5)||2 ds < oo. (4.28)

Remark 4.10. If we assume that f € L% _(R; V'), assumption 18 equivalent to

t
/ (=2 L3 ()2 ds < o0 Vi € R.

—00

Having in mind the estimate (4.25]), we define the following universe in P(Cg).



80 Chapter 4. Pullback Attractors for 2D Navier—Stokes Equations with Delay

Definition 4.11. For any o > 0, we will denote by D,(Cy) the class of all families of
nonempty subsets D = {D(t) : t € R} C P(Cy) such that

: oT 2
TEI—IIOO <6 vggl()T) |/U‘CH) 0.
Once again, accordingly to the notation introduced in Chapter |1} Dp(Cy) will denote
the class of families D = {D(t) = D : t € R} with D a fixed nonempty bounded subset
of OH
Observe that for any o > 0, Dp(Cy) C D,(Cy), and that D,(C) is inclusion-closed.
From now on, for brevity, we will denote

o, =p—2e"L,. (4.29)
Now, we obtain the existence of a pullback absorbing family for the process U on Cy.

Corollary 4.12. Under the assumptions of Propositz'on if moreover conditions
and are satisfied, then the family Dy, = {Dy,(t) : t € R}, with Dy ,(t) =
Bey, (0, pu(t)), the closed ball in Cy of center zero and radius p,(t), where

t

g =L+ et — ) [ e ) s,

—00

is pullback Dy, (Cy)-absorbing for the process U defined by . Moreover, ﬁl,ﬂ €
D, (Cy).
“w

Proof. It follows immediately from Lemma[£.9] =

By applying again an energy method, we establish the pullback asymptotic compact-
ness of the process U : Rfl x Cyg — Chy.

Proposition 4.13. Under the assumptions of Corollary [4.19, the process U defined by
(M/ is pullback D, ,-asymptotically compact.

Proof. Let us fix ty € R. Let {u"} with u” = u™(-; 7., ") be a sequence of weak solutions
to (4.1), defined in their respective intervals [7,, — h, 00), with initial data ¢™ € Dy ,(7,) =
By, (0, pu(12)), where {7,,} C (—00, ) satisfies that 7,, — —o00 as n — oo. We will prove
that the sequence {u} } is relatively compact in Cy, i.e., we will see that there exist a
subsequence, relabelled {uf }, and a function ¢ € Cy, such that up — ¢ in Cj.

Consider an arbitrary value T > h.

It follows from (4.25]) and that there exists ng(tp,T') such that 7,, < tq — T for
n > ny(to, 1), and

lup|z,, < R(to,T) Vte€[to—T,to), n>nolty,T), (4.30)

where
to

R(to,T) = 1+ e (20 — pAy ) ~te oo™ / e[| f(s)]1% ds,

—0o0
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so that, in particular,
lu"(t)]> < R(ty, T) Vt€ [to—T,to], n > ng(te, T). (4.31)

Let us denote
y'(t) =u"(t+to—T) Vtel0,T].

In particular, by (4.31)), the sequence {y"},>nqt,1) is bounded in L>(0,T; H).
On the other hand, for each n > ngy(ty, T'), the function y" is a weak solution on [0, 7]
of a problem similar to (4.1)), namely with f and g replaced by

f&)=f(t+to—T)and g(t,") =gt +te—T,-), te(0,T),

respectively, and with yi = v} _p and y7 = up. By (4.30), |y5lg, < R(to,T) for all
n > ng(to, T'). From (4.26]) we have

HynH%Q(O,T;V) < K(t07T> Vn > nO(t07T)7

where

T
K(ty,T) = v R(ty, T) + v2 / 17 ()12 ds + v "2L, R(ty, T)T.
0

Hence, the sequence {y"},>no(r) is also bounded in L?(0,T;V), and the sequence of
time derivatives {(y") }nsno(to,r) is bounded in L*(0,7; V). Thus, up to a subsequence
(relabelled the same), for some function y we have

Yy weakly-star in L>°(0,7T; H),
Yt =y weakly in L?(0,T;V),

(y") = weakly in L?(0,T; V"),

Yy =y strongly in L?(0,T; H),

y"(t) = y(t) strongly in H, a.e. t € (0,7).

Observe also that y € C([0,7]; H), and that for every sequence {t,} C [0,7] with
t, — t., one has

y"(t,) — y(t,) weakly in H, (4.32)

which follows from the boundedness of the sequences {y"}y>no (0, and {(¥") }nzno(to,1)
in L>(0,T; H) and L*(0,T;V") respectively, and the compactness of the injection of H
into V' (see the proof of Theorem [4.5] for a similar argument).

Also, by (II), (I11), and (4.30)), we obtain

t
/ (s, y2)|* ds < Ct,
0

where C' > 0 does not depend neither on n nor ¢ € [0,T]. Thus, eventually extracting a
subsequence, there exists £ € L?(0,T; (L*(2))?) such that

gl y") — € weakly in L*(0,T; (L*(2))?),
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and therefore

/ Gr )P dr < Ct — s),
s (4.33)

t t
/ () dr < liminf / Gry) P dr < Clt — s),

foral0<s<t<T.
Then, in a standard way, one can prove that y(-) is the unique weak solution to the
problem

. %_yAu—i-(u-V)u—l—Vp:f(t)—i—f(t) in Qx(0,7),

V-ou=0 in Qx(0,7),
u=0 on 002 x (0,7),
u(z,0) = y(z,0), =€l

\

By the energy equality and (4.33]), we obtain that

SIA0F < 36+ [ dr Cli—s) VOS5 <tsT

where C' = C(4vA)~', and z = y" or z = y. Then, the maps J,,J : [0,7] — R defined
by

Iy = 3@ = [ gy - ce

t
0

It = WP - [ (o)) -t

are non-increasing and continuous, and satisfy

Jo(t) = J(t) ae. te(0,T). (4.34)

We can use the functionals .J, and J to deduce that y" — y in C([6,T]; H), for any
0 < 6§ < T. If this is not true, then there exist 0 < §, < T, ¢ > 0, and subsequences
{y™} C{Y" buzno(to,r) and {tn} C [04, T], with t,, — t,, such that

[y (tm) —y(ts)] > VYm > 1. (4.35)

Let us fix € > 0. Observe that t. € [0.,T], and therefore, by (4.34)) and the continuity
and non-increasing character of J, there exists 0 < t. < t, such that

~ ~ A

lim J,,(t) = J(t.), (4.36)

m—0o0

and
0<J(t)—J(t,) <e (4.37)
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As t,, — t,, there exists an m, such that ¢, < t,, for all m > m,. Then, by ,
T (t) — J (L) Im(t) — J(t,)
i) = (G0 + | (E) = Te.)
[ Jm(te) = J(tc)] + €
for all m > m,, and consequently, by ,
limsup J, (t,) < J(t.) + ¢

m—r0o0

IA A IA

Thus, as € > 0 is arbitrary, we deduce that
lim sup Jp, (t) < J(t.). (4.38)

m— 00

Taking into account that t¢,, — t,, and

[y [T i

from (4.38) we deduce that

limsup |y™ (tm)| < |y(t.)].

m—o0

This last inequality and (4.32]), imply that
y" (tm) — y(t.) strongly in H,

which is in contradiction with (4.35)).
We have thus proved that y" — y in C([0,T]; H), for any 0 < 6§ < T. As T > h, we
obtain in particular that u, — ¢ in Cy, where ¢ (s) = y(s +T), for s € [~h,0]. m

Joining all the above statements we obtain the existence of minimal pullback attractors
for the process U on Cj associated to problem (4.1)).

Theorem 4.14. Assume that f € LIOC(R; V"), and g : R x Cy — (L*(Q))? satisfying the
assumptions (1)—(1II), {4.27) and (4.28), are given. Then, there exist the minimal pullback
Dp(Cy)-attractor Ap,c,) and the mz’nimal pullback Dy, (Crr)-attractor ADUM(CH) for the
process U defined by (4.24)). The family AD%(CH) belongs to D,,(Cy), and the following
relations hold:

-ADF(CH)(t) C ADgu(CH)(t) C ECH (O,p“@)) VteR. (4.39)

Proof. The existence of ADU“ (Cy) 18 a consequence of Theorem since U is continuous
(cf. Proposition and therefore closed, the existence of a pullback absorbing family
was given by Corollary , and in Proposition we have proved the pullback f)1,u-
asymptotic compactness.

By Corollary , the case of fixed bounded sets follows immediately since Dp(Cy) C
D,,(Cr). Then, we also deduce the first inclusion in (4.39).

Finally, Theorem also implies the last inclusion in and the fact that
Ap,  (cy) belongs to Dy, (Crr), since the sufficient conditions in Remark hold. Namely,

D,,(Cy) is inclusion-closed, by construction D ,(t) is closed in Cy for all ¢ € R, and

ZA)LH belongs to D, (Cx) (cf. Corollary . [ |
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Remark 4.15. (i) If, additionally, we assume that

sup / e=on=9| £ (5)|2 ds < oo,

T’SO —00
where o, is given by (4.29)), then, taking into account Remark we deduce that

Appem(t) = ADUH(CH)@) Vit eR.

(ii) Observe that a natural question concerning the existence of more families of pullback
attractors is to strengthen the conditions on the parameter p that satisfies
and (4.28). More exactly, if o < ¢, then D,(Cy) C D,(Cp). Therefore, in order to
obtain attractors for bigger universes, we would wonder if there exists p' € (0,2vA;)
such that o,y > 0,. In such a case, conditions and would be satisfied
automatically. The key point for having o,, > 0, is to analyze the growth behaviour
of the map p +— o,. Namely, if the map p — o, is non-decreasing, we look for
p < 1/ < 2v); (this may involve a smallness condition on the delay); otherwise, we
seek for 0 < y/ < p. Under any of these conditions, we would obtain new families
of pullback attractors and new relations among them (see Remark in Chapter
or [6, Remark 5] for similar results in a simpler context).

4.3 Attraction in VV norm and some regularity results
for the pullback attractors

Now, we strengthen the regularity of solutions and a second energy equality for them in or-
der to obtain additional attraction, namely, in the H* norm instead of L? as in Section .

For any h € [0, h], let us denote
Cp" ={p €Cu: sy € B(~h0;V)},

where B([—h,0]; V) is the space of bounded functions from [—h,0] into V. The space
C;LI’V is a Banach space with the norm

lellny = lelen + sup [l0(@)]-
0e[—h,0]

Observe that the space Cy = C([—h, 0]; V) is a Banach subspace of C};".

Proposition 4.16. Assume that f € L _(R;(L*(Q))?), and g : R x Cy — (L*(Q))?

satisfying the assumptions (I)—(111), are given. Then, for any bounded set B C Cy, one
has:

(i) The set of weak solutions to {u(:;7,¢) : ¢ € B} is bounded in L= (T +¢,T;V),
for any e >0 and any T > 7+ €.
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(i) Moreover, if {¢(0) : ¢ € B} is bounded in V, then {u(-;7,¢) : ¢ € B} is bounded in
L>(7,T; V), for all T > T.

Proof. By (4.4) and the regularity property (a) in Theorem [4.5 we obtain

| =

(@) + v]Au(®)]? + b{u(®), u(6), Au(6))
1(8) + 910, ua), Au(9))
(£ OF +190, w)P) + | Au@®)P, ace. 9>,

-l VI
—~
> D

<

NI

where we have used Young’s inequality.
Since the trilinear term b can be estimated using (2.5)) as

[b(u(6), u(®), Au(9))] < Cilu(@)?[u(@)]l|Au(®)*?
< ZIAU(@IQ+C(”)IU(9)IQIIU(9)H4,

where C) is defined by (2.20)), this, combined with the above and the properties of g,
gives

d 2 2
gl + v Au(0)]
2

4 AL
< JfOF + —Flule, + 20Nu(@)Pllu@)],  ae. 6> 7. (4.40)

Integrating, in particular we deduce that for all 7 < s <r

el < o+ 2 [ orw st [, a
420 [ O)Plu(e)] o,

By Gronwall’s lemma we obtain again that for all 7 < s <r

e < (e + 2 [ @ras 2 [, )

X exp (20(”)/ |u(0)|2||u(9)||2d9). (4.41)
Integrating once more with respect to s € (7,7), it yields

(= D
< ([ weas+ =2 [ igopan s BT [ g, a0)

T

T
X exp <2C'(”)/ |u(«9)|2||u(9)||2d9) Vr<r<T.
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In particular, for 7+ ¢ < r < T, it holds

lu)? < %(/jnu(s)y\?dw@/jlf(mlzdm‘W%T)/TTWI%H d@)

Kexp (2()(”) /TT 1u(6)]2]|u(0) 2 d@).

Taking into account (| and ( - the claim (i) is proved.

The proof of claim (ii) is simpler. If ¢(0) belongs to V, then from (4.40) one deduces
that for all 7 <r < T,

lu()I? < ()2 + / FOF a2 / fugl2, df+ 20V / u(8)][u(6)]* do.

Therefore, one may apply directly Gronwall’s lemma and proceed analogously as before
to conclude (ii). m

Corollary 4.17. Under the assumptions of Proposition the process U defined by
satisfies that U(t, ) maps bounded sets of Cy into bounded sets of Cy, for all
t>T.
Moreover, for any h € [0, h], the family of mappings U(t, T)’C;ly, with t > 7, 1s also a
H

well defined process on C’Z’V, and maps bounded sets of C’Z’V into bounded sets of C’IZ’V.

Proposition 4.18. Assume that f € L (R;(L*(Q))?), and g : R x Cy — (L*(Q))?
satisfying the assumptions (I)—(II1), are given. Let us denote u = u(-;7,¢) and v =
v(+;7,%) the solutions to corresponding to initial data ¢ and 1 € C’?jv. Then, the
following estimate holds:

lu(s) = v(s)II*

L2 t
< (160 = O + 2 [ uo— uf?, d0)
X exp [/ | (20N @)1 + i

Lo )HAv(&)\)d&] Vr<s<t, (4.42)
v
where C™) is given in . ~ ]
As a consequence, for all h € [0,h] and any T < t, the mapping U(t,T) : C’ﬁ,’v — C'Ihjv
given by , is continuous.

Proof. In order to prove the statement, we only have to check (4.42)) and combine it with
Proposition and claim (ii) in Proposition [4.16]
Let us denote w = u — v. If we apply the energy equality to w, we obtain
1
5w + v Aw(®)? + b(u(t), u(t), Aw(t)) — b(v(t), v(t), Aw(t))
= (9(t,w) = g(t, v), Aw(t))

|Aw( )?, ae t>T,

IA
I
g
aQw
I
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where we have used Young’s inequality and the property (III) of g.
The trilinear terms can be estimated, using ([2.5)), as follows:

[b(u(), u(t), Aw(t)) = b(v(t), v(t), Aw(t))|
[b(w(t), u(t), Aw(t)) + b(v(t), w(t), Aw(t))]
< Crlw®)Ylu() | Aw ()P + Cilo()[ V| Av(t)[V2|lw(t) || Aw(t)]

< COW@ P lu@®)|* + %w(t)lIAv(t)Illw(t)ll2 + %IAw(t)lZ.

Therefore, from above we obtain that

2072 L?

d v
Ol < 20O lu®l* + =+ Ol Av@)l[[w@)* + —Fwelz,,  ae t>7.

Integrating, it yields for all 7 < s <'t,
L2 s
loI? < @) + =2 / w2, db
/ ()| (2037 (@) +

From this inequality, using Gronwall’s lemma, we deduce (4.42)). =

2 (o)1 40(0) ) .

We introduce the following universes in P(CZ’V).

Definition 4.19. For any o > 0 and h € [0, h], we will denote by D™V (Cy) the class of
families D = {D(t) : t € R} € D,(Cy) such that for any t € R and for any ¢ € D(t), it
holds that ¢|_j o € B([—h,0]; V).

Analogously, we will denote by D%V(C’H) the class of families D = {D(t)=D:teR}
with D a fized nonempty bounded subset of Cy such that for any ¢ € D, it holds that
elino € B([=h,05; V). )

Finally, we will denote by Dp(Cl") the class of families D={D{t)=D:teR}
with D a fixed nonempty bounded subset of C’IZ’V.

Remark 4.20. The chain of inclusions for the universes in the above definition and the
universes introduced in Section[{.3, is the following:

Dr(ClyY) € DY (Cy) € DY (Cy) € Do(Ci),
and B .
h,V h,V
DF(OH ) C Dy (CH) C DF(CH) - DJ(OH),

for all 0 > 0 and any h € [0, h).

It must also be pointed out that the universe DE’V(CH) is inclusion-closed, which will
be important (cf. Remark[1.13)

Finally, it is clear that ZfO < hi < hy < h, then

Dp(Cl2V) C Dp(ClY), DI2Y(Cy) C DY (C), DIY(Cy) € DY (Ch).
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We establish now some results on absorbing properties of U : R? x CZ’V — C?I’V.

Proposition 4.21. Let g satisfying assumptions (I)-(III) be given. Assume that f €

L} (R; (L*(2))?) satisfies that there exists 0 < p < 2v\; such that u > 2e*"L,, and
0
/ e f(s)]* ds < oo, (4.43)

where o, is given by . ]
Then, for any h € [0, h], the family lA)l’M’;l ={D,,;(t):teR} C P(CEY), with

Dl,u,ﬁ(t) - Dl,#(t> N C]vaa

where Dy ,(t) is defined in Corollary |4.1, is a family of closed sets of C’Z’V, which is
pullback DZ;V(CH)-absorbmg for the process U : R3 x C’Ih{’V — CZ’V given by (4.24).
Moreover, ﬁl,u,h belongs to Dg;lV(CH).

Proof. It is a consequence of Corollary |

Lemma 4.22. Under the assumptions of Proposition for any D e D,,(Cy) and
any r > h, the family D™ = {D") (1) : 7 € R}, where D™ (1) = U(r 4 r,7)D(7), for any
7 € R, belongs to DY (Cr).

Proof. From (4.25)), we deduce

sup (emﬂwj%h) S eﬂhﬂm?‘ sup (€UMT|¢|%H)
»eD) (1) ¢eD(T)

T+
+(2v\ — ,u)_le“h_”’”/ 5| f(s)]* ds.

From this inequality, property (a) in Theorem and assumption (4.43]), we deduce
the result. m

Now, we establish several estimates in finite intervals of time when the initial time is
sufficiently shifted in a pullback sense (cf. Lemmas and for similar results in a
context without delays).

Lemma 4.23. Under the assumptions of Proposition for any t € R and D €
D,,(Ch), there exist 7 (D,t,h) < t—2h—2 and functions {p;};—, depending ont and h,
such that for any T < 7 (D,t,h) and any ¢" € D(1), it holds

( lu(r;m, ¢") 2 < pi(t) V7€t —2h— 2,1,
[u(r; 7, ¢ < p2(t)  Vre[t—h—11],

u/’“ |Au(8;7,¢7)|*d6 < ps(t)  Vre[t—h,t], (4.44)
r—1

/ (07,670 < palt) Ve [t — R,
\ r—1
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where

t
p(t) = 1+e2uN — u)_le_a“(t_Qh_Q)/ 7| f(s)|* ds,

—00
t

pa(t) = (y—l (L4207 AT L2 +4L2) po(t) + 07! (4—|—21/‘1)\1‘1)/t o

oy
X exp {2u10(”)p1 (t) {(1 + 20 ALY i () + 207 ALY /:H 1£(6)) d@} } :

pa(t) = pa(t) + 20V pi(D)p3(1) + ALGv pa (1) + 4v ! /t ih_l [f(0)]* o,

pa(t) = vpa(t) +4Lgpi(t) + 2T pa(t)ps(t) + 4 /t jh_l £ (0)]* b,

and C¥) is given in .

Proof. Let 71(D,t,h) <t — 2h — 2 be such that
e“he_aﬂ(t_gh_2)60“7|¢7|%H <1 V7 <n(D,th), ¢ € D(T).

Consider fixed 7 < 71(D,t, h) and ¢™ € D(7).

First estimate in follows directly from , using the increasing character of
the exponential.

Now, for the rest of the estimates, let us consider again the Galerkin approximations
already used in Theorem [4.5| and denote for short u™(r) = u™(r; 7, ¢").

Multiplying in by Ym,;(t), and summing from j = 1 to m, we have

1d

5[ OF + IO = (F(6) + g(t,u"), u™ (1))

1
—(If O + gt w)?) + =M [u™ (@), ae. t> T,
I/)\l 2

where we have used Young’s inequality. Now, by the assumptions (II) and (III) on g, we
obtain

d m m 2 m
SR WE v @ < S=(FOF + L), ae >

Integrating, in particular we deduce that
T 2 T
1// |lu™(0)]]* do < \um(r—l)\z—i—x/ (]f(&)\Q—l—Lf]mg"%H) dd V1 <r—1. (4.45)
r—1 1 Jr-1

Now, observe that the first estimate in (4.44)) and the estimates obtained in the proof
of Proposition also hold for the u™.
From (4.41)), integrating with respect to s € (r — 1,7), and using the first estimate in

(4.44), we obtain
lu™ ()] < (/ Hum(S)H2d8+4V1/ \f(e)\2d9+4L§V1p1(f))
r—1 r—1

XeXp(QC(”)pl(t)/ ||um(c9)||2d0> Vrelt—h—1,t.
r—1
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From this, jointly with and the first estimate in for u™, one deduces
|u™(r; 7, ¢")|1* < po(t) Vrelt—h—1,1]. (4.46)
From this inequality and Remark [4.6] we deduce that
u™ S ou(7,¢7)  weakly-star in L°(t — h — 1,8 V).
So, taking inferior limit when m goes to infinity in , and using the fact that

u(;7,¢7) € C([t — h — 1,t]; V), we obtain the second estimate in (4.44]).
On other hand, from (4.40)) we also have

y/ LAu™(0)2 db
r—1
< = [ 5@ +200 [ e @Ple o)t
r—1 r—1
—|—4L§y_l/ lug'le, dd V7T <r—1.
r—1

Therefore,

V/T |Au™(0;7,¢7)2dO < ps3(t) Vr €[t —h,t]. (4.47)

-1

From Remark [4.6| and (4.47), we deduce that
u™ —u(-;7,¢7) weakly in L*(r — 1,7; D(A)), Vr € [t — h, ).

Thus, taking inferior limit when m goes to infinity in (4.47)), we obtain the third inequality
in (4.44]).

Finally, multiplying in (4.6) by 7, ;(t), and summing from j = 1 to m, we obtain
(™Y O + 5 5 [ O + b(w™(8), u™ (0), (u™)'(6))
= (F(0), (") (0)) + (9(0, 1), (™) (8)), ae. 0> 7

Observing that by Young’s inequality and ({2.6]),

(GO, @O < Sl O)F +2056)
(g0, WY@ < L@ O)F + 21906, up)l
o (0),w(0), @Y O] < Col A @) )™ O)

IN

i,(um)'(e)ﬁ + Cf[Au™(0)[Ju™ (0) 1%,

we obtain that

/ d m m m m
(@™ @)+ llu™ @) < 4 f(O)F +4lg(6, u")[* +2C¢ | Au™ @)l (O], a.e. 6> .
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From the properties of g, and integrating above, we conclude
|y as
< =0+ [ 1fOFd+act [ @R @) df
+4L7 /7:1 lug'le, d§ V71 <r—1.
From the first estimate in for u™, (4.46) and , we deduce that
/7‘1 [(u™)' (0;7,07)[7df < pa(t) Vre[t—h,t]. (4.48)

From Remark and (4.48), we deduce that
(u™) =/ (5;7,¢7) weakly in L*(r — 1,7, H), Vr € [t — h,t].

Thus, taking inferior limit when m goes to infinity in (4.48)), we obtain the fourth inequal-

ity in (4.44]). m

Now, we can prove the DE;V(C' 1 )-asymptotic compactness of the process U restricted

to the space C}l[’v. The proof relies on an energy method with continuous functions, which
is similar to that used in the proof of Proposition 4.13] but starting with the energy
equality (4.4), as in Lemma [2.14} we reproduce it here just for the sake of completeness.

Lemma 4.24. Under the assumptions of Proposition and for any h € [0, h], the
process U : R? x C’Z’V — CJ}ZI’V 1s pullback DgLV(CH)—asymptotically compact.

Proof. Let h € [0, h] be fixed. Since, taking into account Proposition , the asymptotic
compactness in the norm of C'y was already established in Proposition we only must
care about the sup norm in B([—E, 0]; V). So, let us fix t € R, a family D = {D(t) : t €
R} € Dg;V(CH), a sequence {7, } C (—o0,t] with 7,, — —o0, and a sequence {¢™} C O}V,
with ¢™ € D(r,) for all n.

For short, let us denote u™(-) = u(-;7,, ™). It is enough to prove that the sequence
{u"(t + )} is relatively compact in Cy .

By the asymptotic compactness in the norm of Cy and using a recursive argument

in a finite number of steps, we may assume without loss of generality that there exists
¢ € C([—2h — 1,0]; H) such that

u(t+-) — &(-) strongly in C([—-2h —1,0]; H). (4.49)

From Lemmawe know that there exists a value 7 (D, t, h) < t—2h—2 such that the
subsequence {u" : 7, < (D, t,h)} is bounded in L®(t—h—1,t; V)NL2(t—h—1,t; D(A))
with {(u™)'} bounded in L?(t—h—1,t; H). Moreover, using the Aubin-Lions compactness
lemma (e.g. cf. [61]), and taking into account (4.49), we may ensure that if we denote
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u(t+7r)=E&(r) forallr € [-2h —1,0], then u € L®(t —h—1,t; V)N L*(t—h—1,t; D(A))
with ' € L*(t — h — 1,t; H), and for a subsequence (relabelled the same) the following
convergences hold:

u' S weakly-star in L°°(t —h—-1,%V),

ut = weakly in L2(t —h — 1,¢; D(A)),

(u™) — o/ weakly in L2(t — h —1,t; H), (4.50)
u" = u strongly in L*(t —h — 1,t; V),

u™(s) — u(s) strongly in V, a.e. s € ( 1,t).

Indeed, u € C([t — h — 1,t]; V) satisfies, thanks to (4.49) and (4.50)), the equation ({.2)
n(t—h—11).

From the boundedness of {u"} in C([t —h — 1,t]; V), we have that for any sequence
{sn} C [t — h—1,t] with s, — s,, it holds that

u™(s,) = u(s.) weakly in V] (4.51)
where we have used (4.49) to identify the weak limit. We will prove that
u" — u  strongly in C([t — h,t]; V), (4.52)

using an energy method for continuous functions analogous to that employed in the proof

of Proposition but starting with the energy equality as in Lemma .
Indeed, if is false, there exist ¢ > 0, a value t, € [t — h,t], and subsequences

(which we relabel the same) {u"} and {t,} C [t — h,t], with lim,_, ¢, = t., such that

|lu™(t,) —u(ts)] > Vn>1. (4.53)
Recall that by (4.51) we have
lu(t)]] < Tim inf [ju"(£,)]]- (4.54)

On the other hand, using the energy equality (4.4)) for v and all «", and reasoning as for
the obtention of (4.40]), we have that for all t —h —1 < 51 < 59 < ¢,

o (sa) P+ v [ JAu )P e

S1

n 2 (v) . n 21,1 4 4 * 2 4L£27 2 n|2
< )l +200 [P @ ar [ R S [ gz, ar
s S1

S1 1

and

M@MF+v/ |Au(r)? dr

IN

y S2 4 S92 4L2 S2
JuCsi)IP +209 [ )Pl e+ [ 150 Pdr =2 [,
51

S1 S1
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In particular, we can define the functions

T v ° n n 4 ’
I = =20 [ @Rl = [ R
t—h— t—h—
4172
_9 n2 g
v t_h_1|UT‘CH T’
-~ , S 4 S
Hs) = TP =20 [ Pl e = [ e
t—h— t—h—
4172
__9 2
” t—h—l‘UT’CH dr.

These are continuous functions on [t —h —1,t], and from the above inequalities, both .J,
and J are non-increasing. Moreover, by (4.49) and (4.50), we have

Jo(s) = J(s) ae s€(t—h—1,t).
So, there exists a sequence {#;} C (t — h — 1,t,) such that #;, — t,, when k — oo, and

n—oo

Fix an arbitrary value 6 > 0. From the continuity of .J, there exists ks such that
|J(tr) — J(t.)| < 6/2 Yk > ks
Now, consider n(ks) such that for all n > n(ks) it holds
tn >ty and | J,(t,) — J(tr,)] < 6/2.
Then, since all J,, are non-increasing, we deduce that for all n > n(k;s)

jn(tn> - j@*)

n J(t
In (t 5) — J(t)]
In — ()| + [T (Ers) — J ()] < 6.

IN A IA

This yields that
limsup J,(t,) < J(t.),

n—o0

and therefore, by (4.49) and (4.50)),

limsup [[u" (t,)]] < [|u(ts)]],

n—o0

which joined to (4.54) and (4.51]) implies that u™(t,) — u(t,) strongly in V, in contradic-
tion with (4.53). Thus, (4.52)) is proved as desired. =

Now, we can establish the main result of this section.
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Theorem 4.25. Consider given g satisfying assumptions (I)-(I1II). Assume that f €
L} (R; (L*(Q))?) satisfies for some 0 < p < 2vA; such that p > 2~€“th. Then, for
any h € [0,h], the process U on Cl" possesses a minimal pullback DZLV(C’H)-attmctor

A a minimal pullback D;?V(C’H)-attmctor A and a minimal pullback

DhY (Crr)’ DIV (Crr)’
DF(CZ,’V)-attmctor A’DF(C}_"V)' Besides, the following relations hold:
H
ADF(CZV>(t) = AD}@'V(CH)@)

- ADF(CH)(t)
€ Apiy g (1) = Apeyicn ()
Cc Cy VteR, (455)

and for any family De D,,(Cr),
lim diste, (U(t, 7)D(7), Ap,, (cx)(t)) =0 VteR. (4.56)

P
Finally, if moreover f satisfies

sgg) (e”“s /8 0| £(0))? d9> < 00, (4.57)
then all attractors in comcide, and this family is tempered in Cy/, in the sense that
lim (e"“t sup ||v]|2cv) =0, (4.58)

t——00 ’UE.A’DUH(CH)(t
where for v € Cy,
Jolle, = max ()]

Proof. Let us fix h € [0, h]. The existence of A

is a consequence of Theorem |1.11],

DEY (Cn)

since the process U on C’I]}’V is continuous (cf. Proposition [4.18]) and therefore closed, the

existence of a pullback absorbing family was given by Proposition 4.21} and in Lemma

4.24) we have proved the pullback D(’}LV(CH)—asymptotic compactness.

T'he existence of A_j v and A i.v. follows from the above facts, and the inclu-
D" (Cu) Dr(Cy ")

sions Dp(C;") € DR (C) € DRV (Chy).

In (4.55), the chain of inclusions follows from Corollary , Theorem , and
Remark [£.20] The equality is a consequence of Theorem and Remark [I.16] by using
Lemma with T =7 = h + 1. The last inclusion is a consequence of the regularity
result (a) in Theorem [4.5]

The property is a consequence of Lemma , and the fact that by the regularity
result (a) in Theorem , for any D € D,,(Cy) and any 7 <t —h —1,

diste, (U(t, 7)D(7), Ap,, (0x) (1))
< distory (U(t, 7+ h+1)(U(r + h+1,7)D(1)), Ap,, ) (1))
= diStcz,v<U<t, T+h+ 1)17(th1)(7')7 ADg,V(CH)(t)).
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The coincidence of all attractors in (4.55)) under the additional assumption (4.57)) hold

by applying once more Theorem [1.15] and the second estimate in (4.44)), since (£.57) is
equivalent to ([2.41)).

The tempered condition (£.58) comes from ([£.57) (and therefore (2.41)) and the ex-
pression of py(t) given in Lemma :4.23l ]

Remark 4.26. (i) Observe that, under the assumptions of Theorem one has

= AD{:LV(CH) for any h € [0,h], i.e., the pullback attractor A’DE;LV is

AD@;V(CH) Y (Cw)

independent of h.
Actually, if f also satisfies (4.57]), then A

= AD?V(CH), and ADF(

DY (Ch) o'y

ADF(CQ;V)-

(ii) Observe that since ﬁl%h € DQLV(C'H), and that for each t € R, Dy, (1) is closed in
™Y from Remark [1.12{ and Remark |4.20, we deduce that Apiv o) € DgLV(C'H).

Remark 4.27. We can also consider, for each 0 < h < h, the class D%(C’Z’V) of all
families D = {D(t) : t € R} C P(C%Y) such that

lim (e sup |jv|? ):0.
T_)_OO< veD(T) || ||h’V

For this universe we have the chain of inclusions
Dr(Ch;") € Dy, (Cf) € DEV(Cir) € Do (C)-

Under the assumptions of Theorem 4.25) we deduce the existence of the minimal

pullback DUH(C’I@V)—attractor A . Moreover, this pullback attractor satisfies

o (CY)

A C AD ;;,V)(t) C ADgu(CH)(t) Vit eR.

IDF(C;LI,V) (t) o4 (CH

In fact, if assumption (4.57)) is satisfied, then AD chvy = AD%(CH).

ou\“H







Chapter 5

Regularity of Pullback Attractors for
2D Navier—Stokes Equations with
Finite Delay

In this chapter we strengthen some results on the existence and properties of pullback
attractors for a 2D Navier-Stokes model with finite delay formulated in Caraballo and
Real [11]. Contrary to Chapter , here we will keep all usual conditions for the delay
operator of the problem (see conditions (IV) an (V) below).

The chapter is splitted into three sections. In Section [5.1] we will recall some general
definitions and some well-known results on the existence of weak and strong solutions to
our problem. Moreover, we will see some regularity properties for them.

Section is devoted to establish several possible pullback attractors for two different
phase spaces (continuous in time, or just square integrable in time) but taking into account
the H norm in space. Moreover, we will be also able to compare both kind of attractors,
for both possibilities of phase spaces.

Finally, our main results, established in the higher norm V' (in space), will be given in
Section [5.3] Thanks to regularity results, the attraction from different phase spaces will
also happen in C([—h,0]; V). In this last section, again an energy method that relies on
the continuity of the solutions and some non-increasing functions will be used to prove
the asymptotic compactness of the associated processes in the respective universes. More-
over, relationships among all these objects will be analyzed and, at the end of the section,
in Theorem [5.23] we will actually establish some relations with the attractors previously
obtained in Chapter [l

The results presented in this chapter can be found in [9}/10,/11,34.|69}|71].

97
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5.1 Statement of the problem

Using the same notation as in the previous chapters, consider the following functional
Navier—Stokes problem:

( au .

i vAu+ (u-V)u+ Vp = f(t) + g(t,u;) in Qx (7,00),
divu=0 in QX (1,00),

u=0 on I x (1,00), (5.1)
u(z,7) =u"(x), x €L,

\ U(I7T+ 8) - ¢($,8), YRS Q7 S (_h70)7

where u” and ¢(x,s — 7) are the initial data in 7 and (7 — h, ) respectively. For each
t > 7, we denote by u; the function defined a.e. on (—h,0) by the relation u;(s) = u(t+s),
a.e. s € (—h,0).

Now, let us denote by L% = L?*(—h,0; X) for X = H, V. On the delay operator from
(5.1), we consider again that is well defined as g : R x Cy — (L*(Q2))?, and it satisfies the
following assumptions (recall that in Chapter [4] we only assumed conditions (1) — (/11)):

(I) for all £ € Cy, the function R 3 ¢ + g(t,&) € (L*(2))? is measurable,
(IT) ¢(¢,0) =0, for all t € R,
(III) there exists L, > 0 such that for all ¢ € R, and for all £, n € Ch,

|g(tvf) - g(tan)| < L9|§ - 77|CH7

(IV) there exists Cy > 0 such that for all 7 <, and for all u, v € C([r — h,t]; H),
¢ ¢
[ ot = gts,0)Pas <€ [ Juts) = o() ds
T T7—h

As we pointed out in the previous chapter, given 7" > 7 and v € C([r — h,T]; H), the
function g, : [7,T] — (L*(R2))? defined by g,(t) = g(t,u;) for all ¢ € [r,T], is measurable
and belongs to L=(7,T; (L*(Q))?).

Now, thanks to (IV), the mapping

G:uecC(r—nhT);H) = g, € L*(7,T; (L*(Q))?)

has a unique extension to a mapping G which is uniformly continuous from L?(7—h,T; H)
into L2(7,T;(L?(2))?). From now on, we will denote by g(t,u;) = G(u)(t) for each
u € L*(1 — h,T; H), and thus property (IV) will also hold for all u, v € L*(7 — h,T; H).

Assume that u” € H, ¢ € L%, and f € L (R; V).

loc
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Definition 5.1. A weak solution to is a function u that belongs to L*(t — h,T; H)
N LA, T;V) N L®(r,T; H) for all T > 7, with u(t) = u™ and u(t) = ¢(t — 1)
t € (tr—h,7), and such that for allv €V,

d
dt
where the equation must be understood in the sense of D'(T,00).

Once more, if u is a weak solution to (5.1)) and f € L% _(R; V), then we deduce that

loc
u € C([r,00); H), whence the initial datum u(7) = u” has full sense. Furthermore, in this

case the energy equality (4.3) also holds.

a.e.

(u(t), v) + v{Au(t), v) + b(u(t), u(t),v) = (f(t),v) + (9(t, w), v), (5.2)

On the other, we define a strong solution to (5.1 in the same way as in the previous
chapters, and again, if u is a strong solution to (5.1) and f € L% _(R;(L*())?), then
u € C([r,00); V), and it satisfies the energy equality (4.4]).

Concerning the existence and uniqueness of weak and strong solutions for , we
have the following result which can be proved similarly as [9, Theorem 2.1] or [10, Theorem
2.5] (see also [36], Theorem 2.3] for a more general case). Actually, as we have proved in
Chapter 4], if we restrict to the phase space of continuous in time functions Cy, it is

also possible to obtain existence, uniqueness, and regularity of solutions to our problem
without conditions (IV) or (V) on the delay operator g (see Theorem [4.5]in Section [4.1)).

Theorem 5.2. Let us consider u™ € H, ¢ € L%, f € L2 (R; V"), and g : R x Cyy —

loc

(L2(Q))? satisfying (I)-(IV). Then, for each T € R, there exists a unique weak solution

U() = U(, T,u’, ¢) to '
Moreover, if f € L (R;(L*(Q))?), then
(a) ue C([r+&T;V)NLA*1+¢,T; D(A)) for alT >71+¢ > 7.
(b) Ifu™ €V, u is in fact a strong solution to (5.1)).

Before establishing the original results about the regularity of pullback attractors, we
recall the main existence results previously studied in the literature.

5.2 Previous results on processes and pullback at-
tractors in H norm

In this section we recall some known results (cf. [11,/69}/71]) on the existence of minimal
pullback attractors in the H norm for suitable processes associated to problem (/5.1]).

In order to apply the abstract theory of pullback attractors studied in Chapter |1| (e.g.

see the above cited references), we may consider the Banach space Cy, and the Hilbert
space M? = H x L?, with associated norm

0
67 D = WF + [ jol)Pds for (u7,0) € M,



100 Chapter 5. Regularity of Pullback Attractors for 2D NSE with Finite Delay

We can define two processes for problem ((5.1)).
Proposition 5.3. Assume that f € L2 (R;V’), and g : R x Cyg — (L*(Q))?* satisfies

loc
(I)-(IV). Then, the bi-parametric families of mappings U(t,7) : Cy — Cyx and S(t,7) :
M% — M% given respectively by

U(t,7)p = u(;7,6(0),0) for ¢ € Cy, 7 <t, (5.3)

and
S(t)T)(uTv gb) = (u(t; T, uTu ¢)7ut('; T, uTu ¢)) fOT (uTv ¢) S M12{7 T < t, (54)

where u is the unique weak solution to , are well defined continuous processes on Cy
and M?% respectively.

Proof. The result follows from Theorem above, and from [11, Theorem 9]. =

Now, in order to establish asymptotic estimates for the solutions to (/5.1]), we impose
a fifth assumption on ¢ and f.

(V) Assume that vA; > Cy, and that there exists a value € (0,2(vA; — C,)) such that
for every u € L*(1t — h,t; H),

t t
/ e|g(s,us)|*ds < 092/ e|u(s)|*ds for any 7 <t, and
T T—h

0
/ U f(s)|2ds < o

Lemma 5.4. Suppose that f € L2 (R; V"), and that f and g : R x Cy — (L*(Q))? satisfy

loc

(I)-(V). Then, for any (u”,p) € M3, the following estimate holds for the solution u to

forallt> 1:

[u@®)? < e max{1, Cy}|(u", 9)lI32 + 5_16_“/ ™| f(s)II% ds, (5.5)

T

where
B=2v—(n+20,)\". (5.6)

Proof. By the energy equality (4.3) and Young’s inequality, we have
L) + 20 u(@) 2
Slu(t) + 20 Juo)]
< Bllu@)® + B8O + Colu®)? + CF Mgt w) [’ ae. t >

Thus,

LM u®)) + e (20 = 5~ (0 + CA) (D)

< "B+ emCo gt w) P, ae. t >,
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and therefore, integrating above and using property (V), we obtain

() + (20— B — (n+ Cy)A) / e lu(s)|? ds

t
T—h

t
< Pt [ erisetasC, [ erluts)Pas
’ t t
< T max(1LCHW ) + 57 [ I)Eds+ €, [ erluts)ds
for all t > 7, and from this last inequality and (/5.6)), in particular we deduce (5.5)). =

After the above result, it turns out appropriate the introduction of the following
tempered universe.

Definition 5.5. We will denote by D, (M7) the class of all families of nonempty subsets
D ={D(t):t € R} C P(M%) such that

lim ( sup ||<w,so>||%4,a)=0-

T (w,p)eD(7)

Furthermore, we will also consider the universes D, (Cy) and Dp(Cy) already defined
in Chapter {4 (see Definition 4.11)), and Dp (M%) will denote the universe of fixed bounded
sets in M%.

Remark 5.6. (i) The choices of the above universes are right and convenient to keep,
in the sense that, on the one hand, M?% is more general as phase space for the initial
data of problem . On the other hand, the reqularity of the solution to (cf.
Theorem makes that, after an elapsed time h, every solution is continuous with
values on H. Indeed, as it was observed in [11], in the case of the universes of fized
bounded sets, pullback attractors in both spaces do exist, and they are intrinsically
related through the canonical embedding j : Cy — M% defined by j(¢) = (¢(0), p)

(see Theorem below).

(ii) The universes D, (Cy) and D, (M%), which are inclusion-closed, contain respectively
the universes Dp(Cy) and Dp(ME).

Now, we obtain pullback absorbing families for U : RZx Cy — Cy and S : RZx M7 —
M2,

Corollary 5.7. Under the assumptions of Lemma the family 1317,7 ={D,(t) : t e
R} C P(Ch) defined by Dy, (t) = B, (0,1,(t)), the closed ball in Cy of center zero and

radius 1,(t), where
t

e[| f(s)IZ ds,

with B given by (@, is pullback D, (Cy)-absorbing for the process U on Cy defined by
(and therefore pullback Dp(Cy)-absorbing too), and D, belongs to D,(Cy).

P2(t) = 14 fle 0D /
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_ Analogously, the family l/igm = {Dy,(t) : t € R} C P(M}) defined by D ,(t) =
Bz (0, Ry(t)), the closed ball in M3 of center zero and radius R,(t), with

t

R%ﬂ=1+ﬁ*ﬂ+hﬁﬂfm/ &1 £ (s)2 ds,

is pullback D, (M%)-absorbing for the process S on M3 given by (and thus also
pullback Dy (M})-absorbing), and D, belongs to D,(M%).

Since it will be useful in order to compare the pullback attractors defined in the spaces
Cy and M, we consider the bi-parametric family of mappings U(t, 7) : M% — L2 defined
as

U(t7 T)(UT7 ¢) = ut(.;T’ UT,¢) for (UT7 ¢) e MI2{7 T S t'

Remark 5.8. Observe that ﬁ(t, 7) maps M} into Cy if t > 7+ h, and therefore we can
write

S(t.7)(u",0) = j(U(t,7)(u", ) for (u,0) € Mjy, t > 7 +h,
where S(-,-) is given by (5.4).
Moreover, it is clear that

Ut, 7)o =U(t,7)j(¢) fordeCpy,t>T,

with U(-, ) defined in (5.5).

Lemma 5.9. Under the assumptions of Lemma for any De D, (M}) and anyr > h,
the family D™ = {D") (1) : 7 € R}, where D) (1) = U(t + r,7)D(7) for any 7 € R,
belongs to D,(Ch).

Proof. From (j5.5)), we obtain

sup  (e"W[E,) < e M max{l, G} sup  (e7[(u,9)]132)
»peD) (1) (uT,9)eD(7)

T+T
s [ e o) as.
From this inequality and assumption (V), we deduce the result. m

Now, we are able to establish the main result of this section.

Theorem 5.10. Assume that f € L _(R;V’), and that f and g : R x Cyg — (L*(Q))?
satisfy (1)-(V). Then, there exist the minimal pullback attractors Ap.c,), Ap,cu);
ADF(M;{), and .ADW(M?J), in Cy and M¥% respectively, for the universes of fized bounded
sets and for those with tempered condition given in Definition 5.5,

Besides, the following relations hold:
Appc)(t) C Ap,cy)(t), and ADF(M?{)(t) C ADn(M?{)(t) VteR, (5.7)
J(Appc)(t)) C ADF(MIQ{)(t) VteR, and (5.8)
J(Ap,cn)(t)) = ADn(Mﬁ)(t) vVt eR, (5.9)
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where the map j is the canonical injection of Cy into M% defined in Remark (i).
Finally, if f also satisfies

sup (6_"5 /s e”ﬂ\f(@)”fdﬁ) < 00, (5.10)

s<0
then, the inclusions in and (@ are in fact equalities.

Proof. For the existence of the four minimal pullback attractors see |11, Theorem 17,
Remark 18], [69, Theorem 20], and |71, Theorem 4].

The relations in follow from Corollary [1.13| and the inclusion in can be
proved analogously as in |71} Theorem 5]

Now, we analyze the equality in . On the one hand, the inclusion j(Ap, ) (t)) C
Ap, (2 )(t) can be obtained again in a s1m11ar way as in [71 Theorem 5]. On the other

hand, from Remark and Lemma , we have that for any D € D, (M}) and any
T<t—h,

distysz (S(t, 7)D(7), 5 (Ap,(c)(t)))
= distyg (S(t, 7+ h)(S(1+ h, 7)D(7)), §(Ap, ) (1))

= distyg (S(t, 7 + W) (U (7 + 1, 7)D(7))), §(Ap,(cin)(1)))
= distyz (j(U(t, 7+ h)D(7)), j(Ap,ci) (1))
< (1+ h)Y2diste, (Ut 7+ h) D™ (1), Ap, e (1)),

where in the last inequality we have used that j € L(Cy, M%) with HjHﬁ(CH,MIz{) <

(14 h)Y2. Therefore, the inclusion Ap,uz)(t) C j(Ap, ) (t)) follows since Ap, (rs2)(?)
is the minimal closed set in M2 that attracts any family D € D, (M%) in the pullback
sense.

Finally, if moreover f satisfies (5.10f), the coincidences of the pullback attractors in
is a consequence of Remark , and the fact that is equivalent to have that
Sup;<p 7 (t) and sup,.p R, (t) are bounded for any 7" € R, with r,(¢) and R, (t) defined in
Corollary Now, from these identities and , the equality in follows. m

Remark 5.11. Under the assumptions of Theorem as a consequence of Remarks

and (i), and Corollary we have that Ap,(cy) and Ap sz belong to the
universes D, (Cy) and D,(M}) respectively.

Actually, if in addition f satisfies , one can see that for each T € R, the sets
{Ap, i) (t) : t < T} and {Ap, (a2 (t) : t < T} are bounded in Cyr and My respectively.

5.3 Regularity of pullback attractors and attraction
in V norm

Now, we will improve in a certain way the main result of the previous section, Theorem
5.10, in the sense that we will establish the existence of minimal pullback attractors in
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the V norm. Moreover, we will check that under suitable assumptions all these families
of attractors are in fact the same (here Theorem will play an essential role).

For each h € [0, h], we consider the Banach space C’ZV already defined in Chapter ,
and the Hilbert space M2 =V x L% with associated norm

0
I Dl = 1o+ [ o) ds for (. 0) € M.

We have the following result.

loc

fies (I)=(IV). Then, for any h € [0, h], the bi-parametric families of mappings U (t, )|

Proposition 5.12. Suppose that f € Li (R; (L*(Q))?), and g : Rx Cy — (L*(Q))* satis-
chv
and S(t, 7')|M‘2/, with T < t, are well defined continuous processes on C;}’V and M3 respec-

tively.

Proof. The fact that, for any h € [0,h] and 7 < t, U(t, 7)| av and S(t,7)[a2 are well
H

defined processes follows from Theorem [5.2l The continuity can be proved similarly as
Proposition [4.18 using property (IV) instead of (III). m

We introduce the following universes in P(M2).

Definition 5.13. We will denote by D) (Mp) the class of families D={D():teR}e
D, (M}) such that for any t € R and for any (w, ) € D(t), it holds that (w,p) € M.

Moreover, we will denote by Dr(M2) the class of families D= {D(t) =D :teR}
with D a fized nonempty bounded subset of M.

Remark 5.14. The relations among the universes introduced above and those in P(M%)
defined in Section|5.2, are the following:

Drp(My) € D (Mj) € Dy(Mpy),

and
Dp(MZ) C Dp(ME) C Dy(ME).

Observe also that Dy (M3) is inclusion-closed.

Furthermore, for any A € [0, h], we also consider the universes Df;‘vV(CH), D%’V(CH),
and Dp(C1"), introduced in Chapter 4| (see Definition 4.19)).

Now, we establish the existence of pullback absorbing families for the processes U :
R2 x OV — CFY and S : R% x M2 — M.
Proposition 5.15. Assume that f € Li, (R; (L*(2))?), and that f and g : R x Cy —
(L*(Q))? satisfy (I)~(V). Then, for any h € [0,h], the family D,,; = {D,, ;(t) : t €
R} ¢ P(CEY), with )
Dy,i(t) = Diy(t) N CgY,
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where Dy, (t) is defined in Corollary s a family of closed sets of CZ’V, which is
pullback DZ’V(CH)-absorbing for the process U on C’QI’V given by , and ﬁlmﬁ belongs
to DZ’V<CH)
Besides, the family 1327,7,‘/ ={Dy,v(t) : t € R} C P(M}), where
Dy, v (t) = Dy,y(t) N M,

with Do, (t) also given in Corollary is a family of closed sets of M, that is pull-
ba‘flg Dg)(M%I)—absorbmg for the process S on M defined by , and D, v belongs to
D) (Mz).

n H

Proof. It is a direct consequence of Corollary 5.7, =

The following result can be obtained analogously as Lemma [4.23]

Lemma 5.16. Under the assumptions of Proposition for any t € R and D €
D, (M}), there exist T1(D,t,h) <t —3h —2 and functions {p;}}_, depending on t and h,
such that for any T < (D, t,h) and any (u”,p) € D(1), it holds

( lu(rim,um, @)* < pi(t)  Vr €t —3h—2,1],

u(r;T,u™, 9)||2 < pa(t)  Vr €t —2h—1,1],

I//Tl\Au(H;T, u”, @)[*do < ps(t) Vr e[t —2h,t], (5.11)
/rl\u'(e;f, LGP0 < pult) V€ [t =208

where

p0) = 147t [ o as

pa(t) = <1/_1 (L4207 AT L2 +4L2) po(8) + v (4420710 /t ) |£(0)]? d@)
t—2h—2

xexp{2y_10(”)p1(t) { (L4 207"\ L2) pu(8) + 200 /t ) 1£(0)]? d@} },

t—2h—2

t

ps(t) = polt) + 40! / SO 8+ AL (1) + 20 ),
t—2h—1
t

pa(t) = vpa(t) + 4/ | £(0)1?df + 4L () + 2CTv " pa(t) ps(2),

t—2h—1
with B and C¥) given by @ and respectively.

Now, we proceed in a similar way as in Lemma by applying the same energy
method, in order to obtain the pullback asymptotic compactness in CZ’V and M for the
universes DIV (Cy) and D) (MF) respectively.
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Lemma 5.17. Under the assumptions of Proposition for any t € R, any D e
D, (M%), and any sequences {1} C (—o0,t] and {(u™,¢")} C M% such that 7, — —o0
and (u™,¢") € D(1,) for all n, the sequence {u(-;7,,u™,¢")} is relatively compact in

C([t = h,t]; V).

Proof. Let us fix t € R, a family D € D, (M}), and sequences {1} C (—oo,t] with
T, — —oo, and {(u™,¢")} with (u™,¢") € D(r,) for all n. Denote for short u"(-) =
(e T, u™, O").

From Lemma we have that there exists a 7 (D, t,h) < t — 3h — 2 such that the
subsequence {u" : 7, < 7(D,t,h)} C {u"} is bounded in L®(t — 2h — 1,¢; V) N L3(t —
2h — 1,t; D(A)) with {(u™)'} also bounded in L*(t — 2h — 1,t; H). Therefore, using in
particular the Aubin-Lions compactness lemma (e.g., cf. [61]), there exists a function
we L®(t—2h—1,t V)N LAt —2h — 1,t; D(A)) with o/ € L*(t — 2h — 1,¢; H) such that,
for a subsequence which we relabel the same, the following convergences hold:

ut oy weakly-star in L>®°(t — 2h — 1,t; V),

u" —u weakly in L2(t — 2h — 1,t; D(A)),

(u™) — o weakly in L2(t —2h — 1,¢; H), (5.12)
Ut = u strongly in L2(t — 2h — 1,t; V),

u™(s) = u(s) strongly in V, a.e. s € (t —2h — 1,1).

Observe that u € C([t —2h — 1,t]; V) satisfies, thanks to (5.12)), the equation in the
interval (t —h — 1,1).

Moreover, from we can also deduce that {u"} is equi-continuous on [t —2h — 1, {]
with values in H. Thus, since {u"} is bounded in C([t — 2h — 1,¢]; V) and the injection
of V into H is compact, by the Ascoli-Arzela theorem, we obtain that (once more, up to
a subsequence)

u" — u strongly in C([t —2h —1,t]; H). (5.13)

Indeed, again from the boundedness of {u"} in C([t — 2h — 1,t]; V'), one has that for any
sequence {s,} C [t —2h — 1,t] with s,, — s, it holds that

u"(sp) — u(s,) weakly in V|

where we have used (5.13)) to identify the weak limit.
Our goal is to show that

u" — u strongly in C([t — h,t]; V),

which in particular will imply the relative compactness.

Now, the proof follows the same lines as the proof of Lemma by using a contra-
diction argument and the same continuous and non-increasing functions J,, and J defined
in that lemma. m

As an immediate consequence of the previous lemma, we have the following result.

Corollary 5.18. Under the assumptions of Lemma[5.17, it holds:
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(a) For any h € [0,h], the process U : R? x C’;}’V — CZ’V is pullback Dg’V(CH)—
asymptotically compact.

(b) The process S : R2 x ME — M2 is pullback DT‘]/(MI%,)-asymptotically compact.

We establish now the following result about the existence of minimal pullback attrac-

tors for the process U on C’IZ’V, which can be proved in a same way as Theorem |4.25,

Theorem 5.19. Assume that f € L2 (R;(L*(Q))?), and that f and g : R x Cy —

(L2(Q))? satisfy (I)-(V). Then, for any h € [0, h], the process U on C}:}’V possesses a

manimal pullback D,’}V(C’H)—attmctor ADE‘V(C )’
n H

A’DH’V(C . and a minimal pullback Dp(CTY)-attractor A
F H

relations hold:

a minimal pullback D?;V(C’H)—attmctor
Dr(CY)" Besides, the following
ADF(CZ,V)(t) C A'D?V(CH)(t>

C Ap,e ()

C ADE’V(CH)(t) - ‘ADn(CH)(t)

Cc Cy VteR, (5.14)

and for any family D € D, (Ch),

lim diste, (U(t, 7)D(7), Ap,cy)(t)) =0 VteR.

T——00

Finally, if moreover f satisfies

sup (e‘"s /s e"9|f(9)\2d9> < 00, (5.15)

s<0

then all attractors in coincide, and this family is tempered in Cy, in the sense that

lim (e"t sup . HUHQCV) =0.

t——o00 UEAD7,(CH) )

Remark 5.20. Under the assumptions of Theorem|5.19, since ﬁl,n,h belongs to DZ’V(C’H),

the set Dy, () is closed in C’IZ’V for allt € R, and the universe DZ’V(C’H) is 1nclusion-
closed, from Remark and the equality in , we deduce that Ap, ;) belongs to
DQ’V(CH).

In fact, if in addition f satisfies , then for each T € R, the set { Ap,c,)(t) : t <
TY is bounded in Cp" .

We are also able to obtain the existence of minimal pullback attractors for the process
S on M.
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Theorem 5.21. Suppose that f € L% _(R;(L*(Q))?), and that f and g : R x Cy —
(L2(2))?* satisfy assumptions (I)-(V). Then, there exist the minimal pullback Dp(MZ)-
attractor Ap,z), and the minimal pullback DX(M%)—attmctor AD%/(M?;) for the process

S on M, and the following relations hold:

In particular, for any family D € D, (M%),

lim_distyz (S(t, 7)D(7), Ap, a2 (1)) =0 Vi € R. (5.17)

T——00

Finally, if f also satisfies , then
Ap,u2)(t) = Appuz)(t) = Ap,uz)(t) = Apyarz)(t) VieER,

and this family is tempered in M2, i.e.,

lim (e"t( sup H(w,cp)lﬁwa) = 0. (5.18)

t——00 w,(p)eADn(M%I) (t)

Proof. From Proposition we know that the process S on M is continuous, and
therefore closed. R

From Proposition |5.15, we have that the family D,y C P(My) is pullback D) (M7)-
absorbing for the process S on M.

From Corollary . we also have that S is pullback D} (M} )-asymptotically compact.

Therefore, we may apply Theorem [I.11] and Corollary [1.13] to conclude the existence
of .ADV Mz and Ap, (M2)-

In , the inclusions follow from Corollary [1.13} . Theorem , b, and the fact that
DF(M‘%) C DF(M 2) (see Remark [5.14). The equality is a consequence of Theorem [1.15]
and Remark [1.16] by using Lemma with T'=r = h+1, since, by the regularity result
(a) in Theorem [5.2] it is clear that the family {j(D"*V (7 )) TE lR} belongs to Dy (M7).

The pullbaok attractlon result - comes from Rernark - Lemma and the
fact that by the regularity property (a) in Theorem |5.2, for any DeD (M 2) and any
T<t—h-—1,

distar (S(¢,7)D(7), Ap, (a2)(t))
= distyz (S(t, 7+ h+ 1)(S(T+h+1,7)D(7)), Ap, a2 (t))
= distyz (S(t, 7+ h+ 1)(j (U4 h+ 1,7)D(7))), Ap, a2 (1))
= distMg(S(t 7+ h+1)((D" (7)), Apy sz (1))

If moreover f satisfies , the equality Ap, M%)(t) = Ap,(a2)(t) follows from Re-
mark [1.14] and the equality prz)(t) = Ap,uz)(t) is again a consequence of Theorem

1.15] by using the second estimate in ([5.11)), since 15 15)) is equivalent to ([2.41)).

Lastly, the tempered property ([5.18)) comes from ([5.15)) (and therefore (2.41))) and the
tempered character of py(t) defined in Lemma [5.16, =
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Remark 5.22. Under the assumptions of Theorem |5.21], reasoning analogously as in
Remark one has that Ap, vz belongs to Dy (Mp).

To conclude, we relate the minimal pullback attractors obtained in CJ;" and M2
through the canonical injection j.

Theorem 5.23. Assume that f € L2 _(R;(L*(2))?), and that f and g : R x Cy —

loc

(L*(Q))? satisfy (I)-(V). Then, the following relations hold:

J(Ap ey (1) C Appz)(t) VEER, and (5.19)
I A oy @) = Aprag)(®) Vhel0,h], teR. (5.20)

Actually, if f also satisfies , then, for any h € [0, A,

Proof. In order to prove the inclusion in (5.19) we proceed similarly as in [71, Theo-
rem 5], taking into account that the map j is continuous from CZ’V into M2, and that
J(De(CY)) € Dr(M2).

The equality in is a consequence of property in Theorem , using the
equalities in and @

Finally, the equalities in :'5.21 ) follow from ([5.20])) and the known facts that, under the
additional assumption (5.15)), all attractors in (5.14) and (5.16)) coincide. =







Chapter 6

Pullback Attractors for the
Non-Autonomous 3D
Navier—Stokes—Voigt Equations

In this chapter we consider a non-autonomous 3D Navier—Stokes—Voigt model, to which a
continuous process can be associated. We study the existence and relationships between
minimal pullback attractors for this process again in two different frameworks, namely,
for the universe of fixed bounded sets, and also for another universe given by a tempered
condition.

This model was introduced by Oskolkov in [74] as a model for a viscoelastic incom-
pressible fluid and gives an approximate description of the Kelvin—Voigt fluid. Moreover,
recently it was proposed as a regularization of the three-dimensional Navier—Stokes equa-
tions for the purpose of direct numerical simulations in [5]. It is also worth pointing
out that, since the model does not have a regularizing effect (in contrast to the two-
dimensional Navier—Stokes model), to obtaining asymptotic compactness for the process
is a more involved task. In this chapter we prove this in a relatively simple way just by
using an energy method. Our results simplify — and in some aspects generalize — some
of those previously obtained for the autonomous and non-autonomous cases, since for
example in Section [6.2] regularity is not required for the boundary of the domain and the
force may take values in V. Under additional suitable assumptions, regularity results for
these families of attractors are also obtained, via bootstrapping arguments. Finally, we
also conclude some results concerning the attraction in D(A) norm.

The structure of the chapter is the following. In Section we state our problem in
an abstract setting, and we prove the existence and uniqueness of weak solution for such
problem, and a regularity property. Two continuous dependence results with respect to
the initial datum, in the weak and strong senses, are also provided. In Section[6.3we prove
that the conditions in order to ensure the existence of minimal pullback attractors in V'
norm are fulfilled. To be more precise, both — pullback absorbing and pullback asymptotic
compactness properties — are obtained from a rather general condition on the V' norm of
f, square integrable in (—o0, 0) with an exponential weight. As a consequence two families
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of pullback attractors, and relations among them, are obtained. In Section regularity
results for the obtained attractors will be deduced thanks to splitting the solution in sum
of two solutions for two different problems, using carefully a bootstrapping argument that
involves fractional powers of the Stokes operator. Finally, in Section the problem
of the attraction in D(A) norm is studied, and indeed under suitable assumptions, all
attractors are proved to coincide. All these results can be found in [32].

6.1 Existence and uniqueness of solution

Let Q C R3 be a bounded domain with, unless otherwise indicated, smooth enough (e.g.
C?) boundary 9.

We consider the following problem for a system of non-autonomous Navier—Stokes—
Voigt equations,

(
%(u—oﬂAu)—I/Au—l—(u-V)u-l-Vp:f(t) in Q% (7,00),
divu=0 in Qx (1,00), (6.1)

u=0 on 00 x (7,00),
w(z,7) =u"(x), x€Q,

\

where as usual u = (ug, us, u3) is the unknown velocity field of the fluid and p is the un-
known pressure, and we are given the kinematic viscosity v > 0, a length scale parameter
a > 0, characterizing the elasticity of the fluid (in the sense that the ratio o /v describes
the reaction time that is required for the fluid to respond to the applied force), an initial
velocity field u” at the initial time 7 € R, and an external force term f depending on time.

In this section we analyze existence, uniqueness, and regularity properties of the so-
lutions to problem (6.I). At least, part of these results may be found in [74], but for
convenience of the reader, they are developed here. In order to proceed, we need previ-
ously to pose the problem in an abstract setting, recalling some definitions of functional
spaces, operators, and some of their properties.

Throughout this chapter we will consider again the usual function spaces V, H, and
V', the trilinear form b, and the operators A and B, already introduced in Chapter [2 but
taking into account that we are now in dimension three.

Recall that we are denoting by {w;};>1 C D(A) a Hilbert basis of H formed by ortho-
normalized eigenfunctions of the Stokes operator A (Aw; = A\jw,, and |w,| = 1).

For each 8 > 0 we define

D(AP) = {u €H: i)\gﬁ(u,wj)Q < oo},

J=1
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and .
APy = Z)\f(u,wj)wj Yu € D(AP).
j=1
Observe that w; € D(AP), with APw,; = /\fwj, for all 5> 0 and any j > 1.
Endowed with the inner product

(u,v) peasy = (A%u, A%v) Vu,v e D(AP),

D(AP) is a Hilbert space. In particular, D(A%) = H, D(AY?) =V and D(A') = D(A).
It is also possible to define negative powers of A. For each 8 > 0 and u € H, we define

00 1/2
[ulpa-s) = (Z%—w(% wj)2> ;
j=1

and
[o¢]

APy = Z )\;*B(u, wj)w,.

Jj=1

Then, we define D(A~?) as the completion of H for the norm | - | p(a-#), and we continue
denoting by A~ the continuous extension of this linear operator to D(A~#). The space
D(A7P) is identifiable with the dual of D(A4#). In particular, D(A~Y/2) = V"

One has (cf. [87]),

D(AP2) ¢ D(APYY c HC D(A™") € D(A™P2) V0 < B < f3,

with compact injections.
Also observe that we have the following inclusions with continuous injection (cf. [85]
Chapter III, Lemmas 2.4.2, 2.4.3])

D(AP) c (LYB=4)(Q))® VY0 <3 < 3/4, (6.2)
D(A**Y) c (LP(Q))? V1< p< oo, (6.3)

and
D(AP) c (L=(Q))® V3/4<p<1. (6.4)

Important properties concerning b that will be used later are that there exists a con-
stant Cy > 0 such that

[b(w, v, w)| < Colfullfjvfl[lw]] Vu,v,weV, (6.5)

and, using Agmon’s inequality (e.g. cf. [21]), we can assure that there exists a constant
C'5 > 0 such that

b(u, v, w)| < Cs|Aul|?||u||Y?||v|||w] Yu e D(A),veV,we H. (6.6)

Thus, by (6.3),
IB@). < Callull® VueV, (6.7)
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and in particular, by and the identification of H' with H, if u € D(A), then B(u) €
H, with
|B(u)| < Cs|Aul'?|Jul*’* Vu € D(A). (6.8)

In fact, from (6.4), one also deduces that if u € D(AP) with 3/4 < B8 < 1, then
B(u) € H, and more exactly

|B(u)| < Cig)|Aulllul| Yue D(AP), V3/4<pB<1. (6.9)

Analogously, if 0 < 3 < 3/4, from (6.2)) one obtains that if u € D(A?) NV, B(u) €
D(AP=3/%) " and more exactly
| AP B(u)| < Cigy| APulllul| Yue DA)NV, VO0<B<3/4. (6.10)

Finally, in the case 3 = 3/4, from (6.3) one can see that if u € D(A3*), then B(u) €
D(A=°%) for all § > 0, and more exactly

AT B(u)| < Clajas| A ul|lu]| Yue DAY, V§>0.

Before studying , we treat the autonomous equation v + a?Au = g.
From Lax-Milgram lemma, we know that for each g € V’ there exists a unique u, € V'
such that
ug + o’ Auy = g. (6.11)
The mapping C: u € V — u+ a?Au € V' is linear and bijective, with C™1g = u,.
From ([6.11)), one has

[ugl* + o?|fugl|* = (g, ug)
< llgllsllugll

and in particular,
lugll < a™*[lg]l-

ie.,
lc™ gl < a”*llgll. Vge V" (6.12)
Observe that by the definition of D(A), we also have that
C™'(H) = D(A),
and reasoning as for the obtention of (6.12)), we deduce that
|Aug| = a”?lg - Ug|
< 2a7%lg] Vg€ H. (6.13)

Assume that u™ € V and f € LZ_(R; V).

loc

Definition 6.1. [t is said that u is a weak solution to if w belongs to L*(1,T;V)
for all T > 71, and satisfies
%(u(t) + ?Au(t)) + vAu(t) + B(u(t)) = f(t), in D' (1,00, V"), (6.14)

and
u(r) =u’. (6.15)
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Remark 6.2. If u € L*(1,T;V) for all T > 7 and satisfies (6.14), then the function v
defined by
v(t) = u(t) + o Au(t) t>r, (6.16)

d
belongs to L*(7,T; V') for all T > 7, and by , v =" ¢ LY 7, T; V") for all T > 7.
4
Consequently, v € C([1,00); V'), and therefore, by , u € C([r,00); V). In par-
ticular, makes a sense.
Moreover, again by and , v € L2(1, T; V') for all T > 7, and therefore, as
u' = C~ W, we deduce that u' € L*(7,T;V) for all T > 7.

From these considerations, it is clear that u is a weak solution to if and only if
it 18 a solution to the problem

(uwe C([r,00); V), W €L, T;V) forall T > T,

u(t) + a? Au(t) + /t(VAu(s) + B(u(s))) ds

t
=u” + 2 Au” + / f(s)ds (equality in V'), for all t > T.

\

We have the following energy equality for the solutions to (6.1)).

Lemma 6.3. If u is a weak solution to , then
57 (@ + ®[lu@®)|?) + vlu®)|® = (f(t),ult)), ae t>T. (6.17)

Proof. We know from Remark @l that w € WY2(r,T;V) and v € WH2(7, T; V') for all
T > 71, where v is given by (6.16]). Thus,

%@(t),u(m = (1), u(®) + (W), W (), ae t>T. (6.18)

But observing that C is self-adjoint, and using the fact that v(¢) = Cu(t) and v'(t) = Cu/(t),
we have

(0(t),u'(t)) = (Cu(t), (1))

Thus, by (6.18)), we have

d /
E@(t)’u(t» =2(v'(t),u(t)), ae t>rT.

From this identity, taking into account ([2.3|) and (6.14)), we obtain (6.17) . m

With respect to the existence and uniqueness of solution to (|6.1f), we have the following
result.
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Theorem 6.4. Let f € L2 (R;V’) be given. Then, for each 7 € R and u™ € V, there
exists a unique weak solution u(-) = u(-;7,u”) to (6.1).
Moreover, if f € L _(R; H) and u™ € D(A), then the weak solution u(-) = u(-;7,u")

to (m 0.1) satisfies

u € C([r,00); D(A)), ' € L*(1,T; D(A)) for all T > 1, (6.19)
and
;(i(ﬂu( I + | Au(t)]?) + v|Au(t)] + (B(u(t)), Au(t)) = (f(t), Au(t)),  (6.20)
a.e. t>r.

Proof. We divide the proof in four steps, according to the claims of existence, uniqueness,
regularity, and the energy equality (/6.20)).

Uniqueness.

Let Y and u® be two weak solutions to (6.1)), corresponding to the same data f, 7
and u”. Let us denote & = v —u®, and 0 = 4 + a?Ad.
We have that v € C([r, 00); V'), with

o(t) = —y/ Ais) ds—/ (B (s)) — Bu®(s))ds V¢>r  (6.21)
Observe that by ,
|B(u(s)) — B(u® ())\

= sup  [b(uV(s) -
weV,||w||=1

< G ()| + [[u@ () u (5) = u®(s)].

*

|
@ (s), uM (s), w) — b (s), u® (5) — ulV(s), w)|

Thus, if we fix an arbitrary 7’ > 7, and denote by Ry = Co maxe,71(||u (s)[|+|u®(s)]),
we have

1B (s)) = Bu®(s))ll. < Rellu™(s) —u®(s)l| Vs € [r,T]. (6.22)

Then, as
[Aa(s)]l. = [la(s)l],

from (6.21]) and (6.22)) we deduce that
t
o). < -+ Re) [ ll(s)lds Ve e nT)
and therefore, by (6.12)),

la(t)| < a‘Q(u+RT)/ la(s)||ds VYt e[r,T].
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From this inequality, by Gronwall’s lemma, we deduce that ||a(t)|| = 0 for all ¢ € [7,T7,
and therefore, the uniqueness of weak solution to (6.1)) holds.

Existence.

We can prove the existence of weak solution to reasoning as in [5, pp. 844-846],
but then with this method of proof, we do not know how to obtain the regularity result
. We will proceed by using a Galerkin scheme.

Let f € L2 (R; V'), 7 € R, and u™ € V, be given.

For each integer m > 1, let define

m
u™(t) =) am(thw;,
j=1
where the coefficients a,, ; are required to satisfy the system

%(um(zﬁ) + a2 Au™(t), w;)
= —(VAU"(t) + B(u™(t)) — f(t),w;), ae t>71, 1<j<m, (6.23)

and the initial condition
u™ (1) = Puu,

where recall that P,u” = 37" (u”,w;)w;, is the orthogonal (in H and in V') projection
of u” onto the space V,,, =spanfwy, ..., w,].

The above system of ordinary differential equations fulfills the conditions of the Pi-
card’s theorem for existence and uniqueness of local solution.

Next, we will deduce a priori estimates that assure that the solutions u™ do exist for
all time ¢ € [T, 00).

Multiplying in by @y, ;(t), summing from j = 1 to m, and taking into account
, we obtain that a.e. ¢t > T,

%(W“(t)!2 +a?um(O))) + 2vl[um (@O = 2(f(t),u" (1))

< O + v IO

and in particular,
t
™ ()] + @2 lu™ () ||* < [Py’ |* + || Py || + Vl/ 1f(s)II% ds
for all t > 7, and any m > 1.

Observe that as u™ € V, one has that |P,u”| < |[u7|, ||Pru”|| < ||u7||, and lim |ju” —
m—0o0

P,u"|| = 0. Thus, the sequence {u™} is bounded in C([r,T]; V) for all T' > 7.
Now, observe that by ((6.23)), v = Cu™ satisfies

%(vm(t)) = P, (—vAu™(t) — B(u™(t)) + f(t)), ae. t>T, (6.24)
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where
(Png,w) = (g, Ppw) YgeV' weV.

Consequently, as || Py,||z7) < 1 for all m > 1, we deduce that the sequence {dv™/dt}
is bounded in L?(7,T; V") for all T > 7, and therefore, taking into account that du™ /dt =
C~1 (dv™/dt), we have that the sequence {du™/dt} is bounded in L*(7,T; V) for all T > .

Thus, by the compactness of the injection of V' into H and the Ascoli-Arzela theorem,
we deduce that there exist a subsequence {u™ } C {u™} and a function u € W2(r, T; V)
for all T' > 7, such that

(w5 oy weakly-star in L (7, T3 V),
u™ — u strongly in C([r,T]; H),

u™ — uae. in Q x (1,7),

(6.25)
du™ du 5
— weakly in L*(1,T; V),
dv™ du™ du
\ 7 C< pr ) C(dt) weakly in L*(7,T; V"),

forall T > 7.

As in particular H}(Q) C L*(Q) with continuous injection, for each 1 <i,j < 3, the
product u?lu}”' of the corresponding components of ™ is bounded in L>(7,T; L*(Q)),
for all T' > 7, and by , ugnlu;”/ — w;uj a.e. in Q x (7,7). So, by [61, Chapter 1,
Lemma 1.3], we deduce that u;”/u;"/ — w;u; weakly in L2(Q x (7,T)), for all T > 7.

Therefore, taking into account , if we L*1,T;V),

/ (B(u™ (), w(t))dt = — / b(u™ (1), w(t),u™ (t)) dt

= // (x,t)u xt)a

zgl

— //u,a:tu]mtaa (x,t)dz dt

i,j=1

(a: t) dz dt

- / (Bu(t)), w(t)) dt.

T

Hence, B(u™) — B(u) weakly in L?(,T; V"), for all T > .
From all the convergences above, and (6.24)), we can take limits and we obtain that u

satisfies (6.14)).

Observe that u(7) = lim ™ (1) = lim Pu” =" Thus, u is the weak solution to
m/—00 m/—00
ED).

Regularity.
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Assume now that v € D(A) and f € L2 (R; H).

loc

Multiplying in (6.23)) by ;o ;(t), and summing from j = 1 to m, we obtain that

d m 2 2 m 2 m 2
(™ O + o[ Au™ (D)) + 20| Au™ (1)

= —2(B(u™(t)), Au™(t)) +2(f(t), Au™(t)), ae. t>T. (6.26)

But by and Young’s inequality,

2/(B(u™ (1)), Au™ ()| < 2Cs|[u™ ()| Au (1)

Cullu™@®)]° + v|Au™ (2)]%,

where C, = 27C5(16v3) 7.
Also,
2|(f(1), Au™(t))] < v Au™ (O + v f ()]

Thus, observing that |AP,u"| < |Au"| and ||P,u|| < ||u7]], from (6.26) we deduce in
particular that

t
AP < | + o2 A+ v / F&)Pds+ Colt — ) sup ™ (s)]°

SE[T,t]

for all t > 7, and any m > 1.

Consequently, as {u™} is bounded in C([r,T];V), we have that {u™} is bounded
in C([r,T]; D(A)), for all T > 7, and therefore, extracting a subsequence weakly-star
convergent in L>®(7,T; D(A)), we see that u € L>(7,T; D(A)), for all T' > .

But then, v = u + o?Au € L>®(7,T; H), with v/ = —vAu — B(u) + f € L*(7,T; H),
for all "> 7, and therefore, v € C([1,00); H).

Thus, Au = a %(v—u) € C([r,00); H), i.e., u € C([r,00); D(A)).

Moreover, as v' € L*(7,T; H), by (6.13), then v’ = C™%' € L?(r,T; D(A)), for all
T>rT.

Identity ((6.20)).

If ww € D(A) and f € L2 .(R;H), we have seen that v € Wh2(7,T; D(A)) and

loc

v=_Cu€& WY2(r,T; H), for all T > 7. Then,

d 9 or
%yy(t” =2(V'(t),v(t)), ae. t>rT,
and
d d
S, 00) = Hulo).Culh)
= 2(u(t),Cu'(t))
= 2(u(t),v'(t)), ae t>r1



120  Chapter 6. Pullback Attractors for 3D Navier—Stokes—Voigt Equations

Thus,

S, 0(0) = a7 (wlt) — ult), oft)
= 20700, v(t)) — 20720/ (0) u(0)

= 2(V'(t), Au(t)), ae. t>T.
From this equality, we have (6.20). m

Remark 6.5. Observe that in the above proof, using the uniqueness of solution for the
problem, for any T > 7 the whole sequence of the Galerkin approximations satisfies that
u™ converges tow in C([1,T]; H), and actually, all convergences in , except the third
one, hold for the whole sequence. Analogously, one also deduces that for any t € [1,T],
u™(t) — u(t) weakly in V.

Moreover, if u € D(A) and f € L (R;H), then in fact for any T > T the se-
quence u™ converges to u in C([1,T]; V), and weakly-star in L>°(1,T; D(A)), for any
te[r,T], u™(t) = u(t) in D(A), and the sequence du™/dt converges to du/dt weakly in
L*(1,T; D(A)).

Now, we establish a result on the sequential weak continuity of the solutions to (6.1))
with respect to the initial datum .

Theorem 6.6. Let f € L2 (R;V') and 7 < t be given. Consider a sequence {u™"} C V

loc
weakly converging to u™ in V. Then, the following convergences hold for the sequence of
solutions u(-;T,u™) towards the solution u(-;T,u”):
w7, u™") 2 u(e T, U weakly-star in Lo(1,t;, V),
u(- T, u™™) — u( T, u”) strongly in C([1,t); H),

u(t; T, u™") — u(t; T, u") weakly in V.

Moreover, if f € L2 (R; H) and the sequence {u™"} C D(A) converges weakly to u”

loc

in D(A), then, in fact,
u(; 7, u™") > u(- T, u") weakly-star in L(7,t; D(A)),
(T, u™™) = u(; T, u”) strongly in C([r,t]; V),
uw(t; T, u™") = u(t; T, u”) weakly in D(A).

Proof. The proof can be done analogously to that of Theorem [6.4] since the a priori
estimates follow exactly the same. The fact that the whole sequence satisfies the above
convergences is a consequence of the uniqueness of solution for the problem (cf. Remark

5. =

Remark 6.7. Although the above result will be enough for our purposes, let us observe
that the solution also depends continuously of the initial datum in the strong topology
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of V. Moreover, when f € L% _(R;H), the solution depends continuously of the initial

loc

datum in the strong topology of D(A). Indeed, this can be proved similarly to the proof of
uniqueness of weak solution to , considering the difference of two solutions and using
Gronwall’s lemma.

Remark 6.8. Observe that actually in the existence and uniqueness part of Theorem [0.4)
and also in the first part of Theorem[6.0 we do not need any reqularity assumption on the
boundary of the domain. This assumption is only required for the additional reqularity
results.

6.2 Existence of minimal pullback attractors in V
norm

Now, by the previous results, we are able to define a process U on V' associated to ,
and under suitable assumptions on f, we can obtain the existence of minimal pullback
attractors. As pointed out at the beginning of the chapter, in the results of this section
we do not require any regularity assumption on 0f2, and the force term may take values
in V' instead of in L? as appears in [45].

Proposition 6.9. Assume that f € L2 (R; V") is given. Then, the bi-parametric family

loc

of mappings U(t,7) : V — V, with T < t, given by

U(t, 7)u” = u(t;T,u"), (6.27)
where u = u(-; 7,u”) is the unique weak solution to , defines a closed process on V.
Proof. It is a consequence of Theorem and Theorem [6.0, =
Remark 6.10. Observe that, by Remark[6.7, U is in fact a continuous process on V.

For the obtention of a pullback absorbing family for the process U, we have the
following result.

Lemma 6.11. Assume that f € L2 (R; V') and u™ € V. Then, for any

loc

0<o<2v(\t+ad) ™, (6.28)

the solution u = u(-;7,u") to satisfies
t
u®] + 072 [ e Ou(s)| ds

t
< (1+ 0472)\171)60(7-715)’@7“2 +a 2%t / e"(s’t)Hf(s)Hf ds (6.29)

T

for all t > 7, where
e=v— %(A;l +a?). (6.30)
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Proof. By (6.17)), for all £ > 0,

d

a(egt\u(t)ﬁ + o?e||u(t)||?)

= oe”|u(t)]? + oPoe” Ju(t)||” — 2ve” |lu(t)||* + 2e7 (f(t), u(t))

< o\t Ha?) =2 Feteul) )P+ e f(0)]2, ae. t > T

Thus, if o satisfies ((6.28)), then e given by (6.30)) is positive, and for this ¢ we have

d g g g - g
(€ @) + e u(®)]*) +ee”u(®)]* < 7' @I ae t>T.

From this inequality we obtain ((6.29). m

Taking into account the estimate (6.29), we define the following universe.

Definition 6.12. For any o > 0, we will denote by D,(V') the class of all families of
nonempty subsets D = {D(t) : t € R} C P(V) such that

lim (e‘” sup ||v||2) =0.
T veD(T)

Once more, accordingly to the notation introduced in Chapter , Dp(V) will denote
the class of families D = {D(t) = D : t € R} with D a fixed nonempty bounded subset
of V.

Observe that for any 0 > 0, Dp(V') C D,(V), and that the universe D, (V') is inclusion-
closed.

As an evident consequence of Lemma [6.11} we have the following result.

Corollary 6.13. Assume that f € L2 _(R; V') satisfies that

loc

0
/ e”*|If(s)||2ds < oo for some 0 < o < 2v(A\[* +a?) . (6.31)

Then, the family Dy = {D,(t) : t € R} defined by
Do(t) = FV(Q Ro(t))7 (632)

the closed ball in V' of center zero and radius R, (t), where
¢
R2(t) = 1+ a2 te! / eI £(5)]12 ds, (6.33)

with € given by , is pullback D, (V')-absorbing for the process U : R2x V — V given
by (and therefore Dp(V')-absorbing too), and D, € D, (V).
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In order to prove that the process U is pullback ﬁg—asymptotically compact, we will
apply an energy method used by Rosa (cf. [79], see also [69]), which does not require
any additional estimate on the solutions in higher norms in contrast with the energy
continuous method already used in several results of Chapters , , and | (e.g. cf.
Lemmas , , or , or the method used in [45] with the fractional powers
of the operator A. Our proof here relies on a sharp use of the differential equality that
leads to the existence of an absorbing family, the use of weak limits in V' in a diagonal
argument, and the fact that the process is sequentially weakly continuous.

Lemma 6.14. Assume that f € L _(R; V') satisfies . Then, the process U defined
by (6.27) s pullback ﬁa—asymptotically compact, where D, = {D,(t) : t € R} is defined
in Corollary[6.13

Proof. Let t € R, and 7,, = —oo with 7,, <t and u™ € D,(7,) for all n, be given. We
must prove that the sequence {U (¢, 7,)u™} is relatively compact in V. By Corollary [6.13]
for each integer k > 0, there exists 75 (k) <t — k such that

Ut —k,7)D,(1) C Dy(t — k) V1< Tf)g(k).
Recall that each D, (t), defined in (6.32)), is a bounded set of V. From this and a diagonal

argument, we can extract a subsequence {u™'} C {u™} such that
Ut — k,Tp)u™ — ), weakly in V, Vk >0, (6.34)

where W, € D,(t — k).
Now, applying Theorem on each fixed interval [t — k,t] we obtain that

wy = V —weak lim U(t, 7, )u™
n’—o0
= V —weak lim U(t,t — k)U(t — k, 7 )u™
n’—o0
= U(t,t—k) [V —weak lim U(t — k, 7,y )u™
n’—o00
= U(t, t — k)wy.

In particular, observe that
o] < i inf [0t 7 o™ .
We will prove now that it also holds that
lim sup ||U (¢, 7 )u™" || < ||y, (6.35)
n/—oo

which combined with for k = 0, will imply the convergence in the strong topology
of V', and the asymptotic compactness.

Observe that, as we already used in Lemma [6.11], for any pair (,u") with u™ € V, the
solution wu(+; 7,u"), for short denoted by wu(-), satisfies the differential equality

d g g
(€T () + *e”lu(®)]])

= e’ |ut)]* + 2o’ |lu(t)||* — 2ve||u(t)||® + 2e7H{f(t),u(t)), a.e. t > 7.(6.36)
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Since we have chosen o satisfying (6.28)), observe that [-], with
o] = (2v — o?o)|Jv]* - o v,

defines an equivalent norm to || - || in V.

We integrate the above expression in the interval [t — &, t] for the solutions U+, 7,/ )u™
with 7, <t — k, which yields

Ut 7 )u™ > + U (t, 7 )u™ ||
Ut = KUt =k, )u™ [+ o®(JU (L, = KU (¢ = k, 7 )u™ |*
et (Ut = kym)u™ [P+ Ut — b, m)u™ )

t
#2 [ D9, Usst = U b)) ds
t—k
t
_/ DU (5,1 — KU (E — b, 7 Ju™ ]2 ds. (6.37)
t—k

On other hand, by (6.34) and Theorem [6.6] we deduce that
U(,t— kUt —k,m)u™ = U(-,t — k)@,  weakly in L*(t — k,t; V).

From this, as e?C= f(-) € L2(t — k,t; V'), it yields
t

lim eI (f(s), U(s,t — k)U(t — k, T )u™ ) ds

n/ —o00 —k

- /t jk eI (f(s),U(s, t — k)y,) ds. (6.38)

Since [ e”¢=[u(s)]?ds defines an equivalent norm in L(t — k,; V), we also deduce
from above that

t
/ e EIU (s, — k)g)? ds
t—k

t
< liminf / O[T (5,8 — K)U(t — b, 7 Jum' ]2 dis. (6.39)
t—k

n/—o00

From (6.37)—(6.39)), taking into account (6.34) with & = 0, the compactness of the
injection of V into H, (6.32)), we conclude that

o |? 4 o lim sup ||U (£, 7 )Ju™ |2
n’/—o00

t
< e+ a®)Ro(t— k) + 2 / e”C70(f(5), U(s, t — k)i) ds
t—k

t
- / eTCD[1 (5, ¢ — )iy ds.
t—k
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Now, taking into account that wy = U(t,t — k)wy, integrating again in (6.36]), we
obtain

t
[l + o?[do® = e (lwwl* + o®[ln*) + 2/ ([ (s), Us,t — k)uy) ds
t—k
¢
—/ e?CDU (s, t — k)iy)? ds.
t—k

Comparing the above two expressions, we conclude that in particular

]w0|2 + o lim sup U (¢, 7 )u"™ ||2 < e_”k()\l_l + a2)R(2,(t —k)+ ]11)0|2 + oz2||ﬁ)0|]2.

n/—o00

But from (6.33) and (6.31)), we have that lim e "*R?(t — k) = 0, so (6.35) holds, and the

k—o00

proof is finished. m

As a consequence of the above results, we obtain the existence of minimal pullback
attractors for the process U : R2 x V — V defined by (6.27)).

Theorem 6.15. Assume that f € L2 _(R; V') satisfies . Then, there ezist the min-
imal pullback Dp(V)-attractor Ap, ) and the minimal pullback D,(V)-attractor Ap, v
for the process U defined by , Ap, vy belongs to D,(V'), and the following relations
hold:

Ap,n(t) C Ap,v)(t) C By (0, R,(t)) VteR, (6.40)
where R, s given by .

Finally, if f satisfies the stronger requirement

sup (6_‘"/ e”8||f(s)||ids) < 0, (6.41)
r<0 —0
then
ADF(V) (t) = ADU(V) (t) Vit eR. (6.42)

Proof. The existence of Ap_ () and Ap, vy is a direct consequence of Theorem m,

Corollary [1.13] Proposition [6.9, Corollary [6.13] and Lemma [6.14]
The inclusions in (6.40]) are a consequence of Theorem and Corollary [1.13]

Finally, the equality (6.42) is a consequence of Remark and the fact that (6.41))
is equivalent to have that sup,.; R,(t) is bounded for any 7' € R. =

Remark 6.16. Observe that, as it can be easily proved, in general, if g € L (R; X), with

loc
X a Banach space with norm || - ||x, the three following conditions are equivalent:

(1) sup (e‘"/ e”*lg(s) % ds) < 00, for some o > 0.

T’SD —00

(2) sup [ ) ds < oc.
r—1

r<0



126 Chapter 6. Pullback Attractors for 3D Navier—Stokes—Voigt Equations

(3) sup (e_&r/ e |lg(s)||% ds) < 00, for all 6 > 0.
r<0

In fact, in Chapters @ and@ it was already observed the equivalence among ,
£, 613, and (2.41)

Remark 6.17. Observe that if f € L2 _(R; V') satisfies , then it also satisfies

loc
0 ~
/ N f(s)|2ds <00 Vo e (0,200 +a?) ).
So, there exists the corresponding minimal pullback Ds(V')-attractor Ap, v).
In fact, since Dy (V) C Ds(V'), for any t € R,
-ADU(V)(t) - AD&(V)(t) Vo e (O’, 21/()\1_1 + a2)_1).

Moreover, if also holds, then we conclude by and Remark that for
any 6 € (0,2v(A\{ " +a?)7h),

Ap.v)(t) = Ap,v)(t) = Ap,(v)(t) VteR.

Thus, Ap,vy is the minimal pullback Dpe.(V')-attractor, where

Dmam(v) = U D&(V)

0<6<2v(A] 1 +a2)-1

6.3 Regularity of the pullback attractors

The main goal of this paragraph is to provide some extra regularity for the attractors
obtained in the previous section. This will be obtained by a bootstrapping argument,
and making the most of a representation of the solutions to the problem splitting it in
two parts, the linear part with an exponential decay, and the nonlinear part with good
enough estimates. In order to achieve these results, we will use the fractional powers of
the Stokes operator, introduced in Section [6.1

Observe that for every 7 € R, any u” € V, and f € L _(R; V"), by Theorem , there

loc

exists a unique weak solution u to problem (6.1)). Moreover, let us point out that the
following representation of the solution holds:

ult) =Ut, )" =Y (t,7)u" + Z(t, T)u” V>,
where y = Y (-, 7)u” and z = Z(-,7)u’, are solutions of
y € C([r,00); V),

%(y(t) + a2 Ay(t)) + vAy(t) =0, in D'(1,00; V"), (6.43)

y(r) =",
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and
z € C([r,00); V),
%(z(t) + 02Az()) + vAz(t) = f(t) — B(u(t)), in D/(r,00;V"), (6.44)
(1) =0,

respectively.

The existence and uniqueness of weak solution to (6.43)) and to (6.44)) can be obtained
reasoning as in the proof of Theorem [6.4]

For the problem ([6.43)) we have the following result.

Lemma 6.18. Forany 7 € R, u™ € V, and o fulfilling the assumption , the solution
y=Y(,T)u" to satisfies

1YV (t, 7)u™]|? < (14 a 22N I |lu||> V> (6.45)
Proof. It is analogous to the proof of (6.29), and we omit it. =

For the study of the problem ((6.44]), we will make use of the following lemma.
Lemma 6.19. Assume that g € L2 (R; D(A™?)) with 0 < 8 < 1/2. Then, for each 7 € R

loc

and o satisfying the assumption , the unique solution z to the problem

2 € O([r,00); V),

%(z(zﬁ) + 02Az(t)) + vAz(t) = g(t), inD(r,00;,V"), (6.46)

2(1) =0,
satisfies

z € O([r,00); D(ATF)), (6.47)

and .

AP ()2 < a2 / 70|40 g(s) P ds Wt > 7. (6.48)
where € is given by .

Proof. We give a formal proof, the rigorous one should be made using the Galerkin ap-
proximations constructed with the basis {w;};>1 of eigenfunctions of the Stokes operator

A.
Multiplying in (6.46|) by A'=2°z(¢), we obtain

1d o B _ ) B
57 (AT 2O + o2 AP (0)) + v AP0 = (A77g(1), AP (1)),

a.e. t>T.
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Thus,
% {e”t (]14(1_25)/22(15)|2 + 042|A1_Bz(t)|2)} + 2ve”t | AP 2 (1))?
= get (|A(1_25)/2,z(75)|2 + a2|A1_52(t)|2) + 26”(14_69(25), Al_ﬁz(t)), (6.49)
a.e. t>T.

Now, using that
2e7|(APg(t), A 02(1))] < ee™| AT + el AT (1)),
and

A = AV A2 )2
> A4S

from (6.49)) and the fact that z(7) = 0, we obtain (6.48)).
Now, from ((6.48) we have v = z+a? Az and its derivative v’ belong to L2(7, T; D(A=F))
for any T > 7. So, it holds that v € C([r,00); D(A7?)), whence using the mapping C,

(6.47) follows. m

Now, we can prove the following regularity result for the pullback attractors in V
norm.

Theorem 6.20. Assume that f € L2 (R; D(A™P)) for some 0 < 3 < 1/2, and that

loc

sup/ £ (s)]|2 ds < oc. (6.50)
r<0 Jr—1
Then:
(1) If f also satisfies
0
/ e |ATPf(5)[2ds < 0o for some 0 < o < 2v(\{' +a?) 7, (6.51)

and

sup/ AV B f(5)2ds < 0o, if0 < B < 1/4,
r<0 Jr—1

- (6.52)
sup/ A0 f(s)|*ds < 0o for some 0 < & < 1/4, if B =0,

r<0 Jr—1

then the pullback attractor Ap,,..v) = Ap. fulfills that for any t, < t,,

U Ap,..(v)(t) = U Ap,(t) is a bounded subset of D(A'™F). (6.53)

t1<t<ts t1 <t<to
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(2) If f also satisfies
sup/ AP f(s)|>ds < oo, (6.54)
r<0 Jr—1

then for any ty € R,

U Ap,e () (1) = U Ap,.(t) is a bounded subset of D(A'™F). (6.55)

t<ty 1<ty

Proof. Let us fix t € R and v € Ap_(v)(t) = Ap,(t). By (6.40)), (6.50) and Remark
we see that

| Ap,1/(r) € By (0, R (1)), (6.56)
r<t
where )
B(1) =1+ a % tsup ( [ e ds),
r<t —00o
with € given by ((6.30)).

Let {r,} C (—o0,t] be a sequence with 7, - —o0 as n — oo. By the invariance
of Ap,(v), for each n > 1 there exists u™ € Ap,(v(7,) such that v = U(t, 7,)u™, and
therefore,

v=Y(t,m)u™ + Z(t, 1) u™.

From (6.45) and (|6.56)) we deduce that ||Y (¢, 7,)u™|| — 0 as n — oco. Thus,
lim || Z(t, m)u™ —v|| = 0. (6.57)
n—oo

Let us denote
up(r) =U(r,mp)u™, r>1, n>1L1

By (6.56]) and the invariance of Ap, (v,
un(r) € Ap,)(r) € By (0, R,(t)) V7 <7<t VYn>1. (6.58)

Now we distinguish three cases.

Case 1. If 1/4 < p < 1/2.
In this case, from (6.10)), the continuous injection of V in D(A%4=%) and (6.58)), we
deduce that

A B(un(m)] < Clapa—p)| A 1 (1) [|un (7)]

Cisja—p) [|tn(r)|?
CaupR2(t) V1, <r<t, ¥Yn>1.

ININ DA

Thus, if we assume (6.51)), from Lemma we obtain that

AP Z(t ma)u™ P < M2 4(t), (6.59)
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where .
M2 4(t) = 2a251< / DA ()2 ds +a*15(23 /4_5@3(75)).

—00

From (6.57)), (6.59) and the weak lower semi-continuity of the norm, we deduce that
Ve ED(Alfﬁ)(()? Mg’g(t)),

and therefore ((6.53]) holds.
Moreover, if f satisfies (6.54]), then (/6.55]) holds, and more exactly,

U Ap, () C Bpai-#)(0, M, 45(t;)) Vi, € R, (6.60)

t<tg

where

¢
Miﬁ(tg) =2a %! (Sup/ e"(s_“|A_f8f(s)|2 ds + 0_10(23/4_5)]%3(752)).

t<t2 J—o0

Case 2. [f 0 < f < 1/4.
In this case, if f satisfies (6.52), as 1/4 < 1/4+ f < 1/2, from we have

| Ap,1)(r) € Bpasia-s)(0, My jas5(1))-

r<t

Thus, by (6.10) and (6.58)), we obtain that

AT Bun(r)] < Clajag)| AP (r) un (7))
< CiujapMorjirs(®)Ro(t) Y1, <r<t, ¥Yn>1.

Thus, if we assume (6.51)), from Lemma we deduce that
(AP Z(t, m)u™ P < RS 4(1), (6.61)

where

t —_—
2 o(0) =20 ([ O ) s 07 W2 (OFED )
Again, from (6.57)), (6.61)) and the weak lower semi-continuity of the norm, we deduce
that
vE ED(Al—ﬂ)(ov RU,B(t))a

and therefore (6.53]) holds.
Moreover, if f satisfies (6.54]), then (/6.55]) holds, and more exactly,

| Ap, ) (t) C Bpai-)(0, Rop(ta)) Vi €R, (6.62)

t<to
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where

t
Rgﬁ(tQ) 202! (sup/ e?CVATPf(s)|? ds + 0_10(23/4_5)]\/[371/4%(152)Ri(@)) :

t<tg

Case 3. If g =0.
In this case, if f satisfies (6.52)), as 0 < 0 < 1/4, from (6.62]) we see that

U-AD ) C Bp(a-s)(0, Rys(t)).

r<t

So, by and ([6.58)), we deduce that
|B(un(r))] < Crag)| A" un(r)|lun(r) |
< Cu—pRos()Rs(t) Y7 <r<t, V¥Yn>1

Thus, if we assume (6.51)), from Lemma we deduce that
[AZ (¢, 7 )u™ [ < g 5(t), (6.63)

where

t
R, (t) = 2a—25—1( / e“<s-f>|f<s>|2ds+o-1ca_5>R3,5<t>R3<t>).

Again, from (6.57)), (6.63)) and the weak lower semi-continuity of the norm, we deduce
that
v € Bpa)(0, Ros0(t)),
and therefore (6.53]) holds.
Moreover, if f satisfies (6.54]), then (6.55]) holds, and more exactly,

UAD V) CBD(A (0 Rggo(tg)) Vi, € R,

t<to

where

. t
Resofte) =207 (sup [ 019 ds 4 o7 Ch g REs(t ) ).

t<to

6.4 Attraction in D(A) norm

By the prev1ous results, when f € L2 (R; H), the restriction to D(A) of the process U
defined by (/6.27]) is a process on D(A). Now, we will prove that under suitable assumptions
on f, we can obtain the existence of minimal pullback attractors for U on D(A).

Proposition 6.21. Assume that f € L _(R; H) is given. Then, the restriction to D(A)
of the bi-parametric family of mappings U(t, ), with T < t, given by , 15 a closed
process on D(A).
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Proof. It is a consequence of Theorem and Theorem [6.6 =

Remark 6.22. Observe that, by Remark[6.7, U restricted to D(A) is in fact a continuous
process on D(A).

In order to obtain a pullback absorbing family for the process U restricted to D(A),
we first establish the following result.

Lemma 6.23. Assume that f € L% _(R;H) satisfies (6.5(0). Then, for any 7 € R,
u™ € D(A),
0<o<2v(\t+a®)™, and 0<a<o/3, (6.64)

the solution u = u(-;7,u") to satisfies
t
lu(®) + o?[Au@)]* < T O(JuT]|* + o[ AuT ) + 267 / e 0| f(s)]” ds
+4C.C3 (0 — 3g) " (e—?@(t—ﬂ ™| + ijg) (6.65)

for allt > 7, where € > 0 is given by ,

C. = 27C5(2e%) 71, (6.66)
O’ —1
C, = a ?max {(a2 + Y, (I/ - 3()\1’1 + 042)> }, (6.67)
and .
Mo =sup [ e f(s)| ds. (6:68)
T_t —00

Proof. Let 7 € R, u” € D(A), o and ¢ satisfying (6.64]) be fixed. From Lemma we
deduce in particular that v = u(-;7,u") satisfies

lu(s) 2 < Co (=72 + M) ¥r<s <t (6.69)
On the other hand, by (6.20)),

%(fﬁ"t\lu(lﬁ)l\2 +a’e” | Au(t)[) + 2ve” [Au(t)|® + 2¢7(B(u(t)), Au(t))

= oe”|u()||* + oPoe” | Au(t)|* 4+ 2e7(f(t), Au(t)), ae. t>T.
Thus, taking into account that ||u(t)||? < A\ Au(t)[?,
2|(B(u(t), Au(t))| < 2Cslult)|*?| Au(t)*?

3
< Cellu®]® + 5l Au(@)],

and
2(£(6), Au(e)] < 2170 + 5l Au(o),
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we deduce that

t
lu@)I* + o[ Aut)]* < 6"(7_”(HUTH2+02|AUT\2)+2€‘1/ e 0| f(s)]” ds

T

t
—|—C’€/ eV |u(s)||®ds Vit >

From this inequality and (6.69), we easily obtain (6.65). =

We introduce now the following tempered universe in P(D(A)).

Definition 6.24. For any o, g > 0, we will consider the universe Dy(D(A)) N Dy (V)
formed by the class of all families of nonempty subsets D = {D(t) : t € R} C P(D(A))

such that
lim (e‘” sup ]Av|2) = lim (e‘” sup HUHZ) = 0.
T veD(T) T——00 vED(T)

Moreover, Dy(D(A)) will denote the class of families D = {D(t) = D : t € R} with
D a fixed nonempty bounded subset of D(A).

Note that for any o, ¢ > 0, Dp(D(A)) C Dy(D(A)) N D,(V), and that the universe
D,(D(A)) N D, (V) is inclusion-closed.

As a consequence of Lemma [6.23] we have the following result.

Corollary 6.25. Assume that f € L2 (R; H) satisfies and

loc

0
/ e”*|f(s)|*ds < oo for some 0 < o < 20\t +a®) 7t (6.70)

Then, for any 0 < g < 0 /3, the family lA)c,’g ={D,,(t):t € R} defined by
Do (t) = Bpa)(0, Ry (t)), (6.71)

the closed ball in D(A) of center zero and radius R, ,(t), where

¢
Riﬁg(t) =2 <1 + 271 / e”(s_t)|f(s)|2 ds + 40602(0 - 3g)_1Mga) , (6.72)

—00

withe, C., C, and M, ,, given by (6.30)), (6.66), (0.67) and (6.68), respectively, is pullback
Dy(D(A)) N D, (V')-absorbing for the restriction to D(A) of the process U given by
(and therefore Dp(D(A))-absorbing too).

Now, we prove that the process U is pullback D,(D(A)) ND,(V)-asymptotically com-
pact. We will apply, with obvious necessary changes, the same energy method used in the
proof of Lemma

Lemma 6.26. Assume that f € L2 (R; H) satisfies and . Then, for any
0 < o < /3, the restriction to D(A) of the process U defined by is pullback

Dy(D(A)) N D,(V)-asymptotically compact.
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Proof. Let us fix 0 < g < 0/3. Let D € D,(D(A)NDy(V), t € R, 7, — —oo with 7, < ¢
and u™ € D(r,) for all n, be given. We must prove that the sequence {U(t,7,)u™} is
relatively compact in D(A). By Corollary , for each integer £ > 0, there exists
75(k) <t — k such that

Ut —k,7)D(1) C Dyt — k) V1 < 715(k). (6.73)
From this and a diagonal argument, we can extract a subsequence {u™'} C {u™} such

that
Ut —k,m)u™ — yp  weakly in D(A), Vk >0, (6.74)

where Wy, € D, ,(t — k).
Now, applying Theorem on each fixed interval [t — k,t] we obtain that

wy = D(A)—weak lim U(t, 7, )u™

n/—o00

= D(A) —weak lim U(t,t — k)U(t — k, 7 )u™

n! =00
= U(t,t—k) [D(A) weak 11_r>n Ut — k, Ty )u”™ ’]
= U(t,t — k)wy. e
In particular, observe that
| Ag| < lillgioréf |AU (t, T )u™'|.
We will prove now that it also holds that
lim sup |AU (¢, 7, )u™

n'—o0

< | Ao, (6.75)

which combined with for k = 0, will imply the convergence in the strong topology
of D(A), and the asymptotic compactness.
Observe that, as we already used in Lemma[6.23] for any pair (7, u") with u™ € D(A),
the solution u(-; 7,u"), for short denoted by u(-), satisfies the differential equality (6.20).
Since 0 < o < 2v(A\[' + a?)71, we observe that [[]], with

[0]]* = (2v — ®0)|Av]* — o v,

defines an equivalent norm to | - [pcay in D(A).

We integrate (6.20)) in the interval [t — &, t] for the solutions U (-, 7,/ )u™', which yields

Ut 7)™ | + oAU (¢, 7 Ju™ |
= ||U (t,t — kK)U(t — k, 7o )u™ ||* + o?|AU (t, t — k)U(t — k, 7 )u™ |?
“IU (= Ry m)u™ |2 + 0| AU(E = b, 7)™ )

t
+2 / e?C(f(s), AU (s,t — k)U(t — k, 7 )u™" ) ds
2/ U(s,t — K)U(t — e, mYum), AU (s, £ — YU ( — &, 7)™ ) dis

/ (5.t — KU (t — b, o)™ ]2 ds. (6.76)
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From and Theorem , we have

U t—k)U(@t —k,mp)u™ — U(-,t — k)wy, strongly in C([t — k,t]; V),
and also

Ut — kUt —k,7)u™ — U(-,t — k)i, weakly in L*(t — k,t; D(A)).

Then, it is not difficult to see that
t

lim e"C(B(U(s,t — k)U(t — k, mp)u™ ), AU (s,t — kYU (t — k, 7 )u™ ) ds

n'—=oo Ji_ 1
t
= / e“C(B(U(s,t — k)iy), AU (s, t — k)iy) ds. (6.77)
t—k
Also, as eV f() € L3t — k,t; H), it yields
¢

lim e?CO(f(s), AU (s, t — kYU (t — k, 7 )u"™' ) dss

n/—o0 —k
t
= / e’ (f(s), AU (s,t — k)i ds. (6.78)
t—k

Finally, as [ e?¢=)[[u(s)]]>ds defines an equivalent norm in L*(t — k, t; D(A)), we also
deduce from above that

t
/ eSO (5, £ — k)iig]]? ds
—k
t

< liminf e?CI([U (s, t — B)U(t — k, 7 )u™']) ds. (6.79)

From (6.73), (6.74) with k& = 0, the compactness of the injection of D(A) into V, and
(6.76), (6.77)—(6.79), we conclude that

||ID0H2 + a?lim sup |AU(t7 Tn’>UT"/ |2

n/—o00

t
< e+ QPR (t— k) + 2/ e” D (f(s), AU (s,t — k)iy,) ds
- t—k
t
—2/ e“C(B(U(s,t — k)idy), AU (s, t — k)iy,) ds
t—k

t
- / O[T (5, ¢ — )iy ds.
t—k
Now, taking into account that wy = U(t,t — k)wy, integrating again in ([6.20]), we obtain

t
|o||? + o?|Ao|® = e 7R (||in]|? + o®| A |*) + 2/ ) e?CV(f(s), AU (s,t — k)iy) ds
t_
t
—2/ e C(B(U(s,t — k)y), AU (s, t — k)iy,) ds
t—k

— /t; e?CI[U (s, t — k)] ds.



136 Chapter 6. Pullback Attractors for 3D Navier—Stokes—Voigt Equations

Comparing the above two expressions, we conclude that

Hﬁ)o]|2 + o?lim sup |AU (t, T )u™ ’2

n’/—oo

< O+ @) REL(t = k) [labo||* + 0| Addol* — e (gl * + o[ A ).

But from ([6.72)), we have that lim e_"kRgg(t — k) =0, so (6.75) holds. m

k—oo

In general, the pullback absorbing family ﬁmg defined by l} does not belong to
D,(D(A)) ND,(V), and we do not know if U is pullback D, ,-asymptotically compact.

Thus, we cannot apply Theorem to the family ﬁg,g. Nevertheless we can prove the
following result.

Theorem 6.27. Assume that f € L _(R; H) satisfies and . Then, for any
0 < o < /3, the family of sets

—D(4)
Xoo(t) = U Ap(ay (D, ) t €R, (6.80)
DeD,(D(A)NDy (V)

has the following properties:
(a) lim distpay(U(t,7)D(7), Xox(t)) = 0 for all t € R and any D € D,(D(A)) N
T——00 =
D, (V') (pullback attraction).

(b) It is minimal in the sense that if C = {C(t) : t € R} C P(D(A)) is a family of
closed subsets of D(A) such that lim distpay(U(t, 7)D(7),C(t)) =0 for allt € R
T——00

and any D € D,(D(A)) N Dy(V), then Xoo(t) C C(t) forallt € R.
(c) Ut,7) X0 0(T) = Xo5(t) for all 7 < t (invariance).

Proof. The assertion (a) is an easy consequence of Proposition and Lemma m
For the proof of (b), assume that C' = {C(t) : t € R} C P(D(A)) is a family of closed
subsets of D(A) such that lim distpa)(U(t,7)D(7),C(t)) = 0 for all t € R and any
T——00

D € D,(D(A)) N D, (V). Now, let us fix £ € R. In this case, it is easy to see that, for
any © € Ap(a (D t), with D € Dy(D(A)) N D,(V), one has that distpay(z, C(t)) =
Thus, as C(t) is closed in D(A), we deduce that Apa (D t) C C(t), and therefore,
Xoo(t) C C(1).

Finally, let 7 < ¢ be fixed. In order to prove (c) we observe that by Proposition ,
we also have that

U(t, 7)Apay(D,7) = Apeay(D,t) for any D € Dy(D(A)) N Dy(V). (6.81)

If y € X,,(t), there exist two sequences {D,} C D,(D(A))N D,(V) and {y,} € D(A),
such that y, € Apy(Dy,t) and y = D(A) — lim y,. But by (6.81), v, = U(t, 7)xn,
—00

with z,, € AD(A)(ZA)TL, 7) C Xy 4(7). By Corollary |6.25] we can also deduce that X, ,(7) C
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Bpa)(0, Ry »(7)), and therefore, by the compactness of the injection of D(A) into V,
Xo5(7) is a compact subset of V. Thus, there exists a subsequence {z,/} C {z,} such
that z,, — = € X,,(7) in V. But then, as U is a closed process on V, y = U(t,7)z,
and this proves that X, ,(t) C U(t,7)Xs (7). The reverse inclusion can be proved anal-
ogously. m

Under the additional assumption

sup/ |f(s)]*ds < oo, (6.82)

r<0 Jr—1

the pullback absorbing family ﬁmg defined by 1) does belong to D,(D(A)) N D,(V),
whence we can apply Theorem [1.11] and actually we have the following result.

Theorem 6.28. Assume that f € L2 _(R; H) satisfies . Then, for any 0 < o <

loc

(AT +a?) ! and 0 < o < 0/3, we have that:

(a) The family of sets X,,(t) defined by is the minimal pullback D,(D(A)) N
D, (V)-attractor, and in fact is a family of compact subsets of D(A).

(b) Xo0(t) = Ap.(t) for all t € R.

(c) Indeed, Ap, v is the unique family of closed subsets for the norm of D(A) in any
universe of the form D,(D(A)) N D, (V) that is invariant for U and attracts any

D € D,(D(A)) N D, (V) in the pullback sense.

Proof. Let us fix 0 < 0 < 2v(A\{'+a?)'and 0 < g < 0/3.
Observe that under the above assumptions on f, the family D,, = {D,,(t) : t € R}

defined by (6.71)—(6.72) belongs to D,(D(A)) N Dy(V).

Therefore, the assertion (a) is a direct consequence of Theorem m, Proposition m,

Corollary [6.25], and Lemma [6.26]
Now, let us fix t € R. It is evident that by (6.82)),

Xg,g(t) - U AD(A)(ﬁ,t)

= Ap,)(t)
= ADF(V) (t)

On the other hand, again by (6.82), from Theorem [6.20| we have that UADF(V)(T) is a

r<t

bounded subset of D(A), and therefore,
distoga) (Ut ) | Aoe (1), Xag (1))

r<t

< distpay <U(t, ) U Ap,v) (1), Apay ( U Appv (1), t)) :

r<t r<t
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From this inequality, Proposition [[.4) Lemma [6.26 and the invariance of Ap, ), we
deduce that

diStD(A) (ADF(V) (t)a Xayg(t)) = 07
and therefore
.ADF(V) (t) - Xo,g(t)'

Thus, (b) is proved.
Finally, (c) is a direct consequence of Remark [1.12| m

Remark 6.29. Observe that in particular, if f € L} _(R; H) satisfies , by Remark
the minimal attractor Ap,(p(ay) does exist, and it also coincides with the family
Ap,vy. Moreover, this last family attracts in the pullback sense in the norm of D(A) to

all the famailies of the universe

Dinaa(D(A),V) = U D,(D(A)) N Dy(V).

0<U<2V()\fl +a2)~1
0<og<o/3
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