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ABSTRACT. The aim of this paper is to describe the structure of global attrac-
tors for infinite-dimensional non-autonomous dynamical systems with recurrent
coefficients. We consider a special class of this type of systems (the so—called
weak convergent systems). We study this problem in the framework of general
non-autonomous dynamical systems (cocycles). In particular, we apply the
general results obtained in our previous paper [6] to study the almost peri-
odic (almost automorphic, recurrent, pseudo recurrent) and asymptotically al-
most periodic (asymptotically almost automorphic, asymptotically recurrent,
asymptotically pseudo recurrent) solutions of different classes of differential
equations (functional-differential equations, evolution equation with monotone
operator, semi-linear parabolic equations).

1. Introduction. The objective of this paper is to analyze the well-known Seifert’s
problem for several types of infinite-dimensional non-autonomous dynamical sys-
tems with weak convergence. To be more precise, consider a differential equation

x = f(t,SC), (1)
where f € C(R xR"™,R™). Assume that the right-hand side of (1) satisfies hypothe-
ses ensuring existence, uniqueness and extendability of solutions of (1), i.e., for all
(to, o) € R x R™ there exists a unique solution x(t;to,x0) of equation (1) with

initial data tg, zg, and defined for all ¢t > t,.
Then, we can establish the following interesting problem.
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Seifert’s Problem (see [16] for more details): Suppose that equation (1) is
dissipative and the function f is almost periodic (with respect to time). Does
equation (1) possess an almost periodic solution?

Fink and Fredericson [16] and Zhikov [29] established that, in general, even when
equation (1) is scalar, the answer to Seifert’s question is negative.

Denote by C(R x R™,R™) the space of all continuous functions f : R x R — R"”
equipped with the compact-open topology. Equation (1) (respectively, the function
f) is called regular if, for all zyp € R™ and g € H(f) := {f,; : 7 € R} (where the
bar denotes the closure in the space C(R x R™,R"™) and f,(¢t,z) := f(t + 7, z) for
all (t,z) € R x R™), the equation

¥ =gt z)
has a unique solution ¢(t,x, g) passing through the point 2 at the initial moment
t =0, and defined on Ry := {t € R| t > 0}.

In our previous paper [6], we included several comments concerning some aspects

related to this problem, and some relevant references dealing with it. In addition,

we showed that if equation (1) is weak convergent (i.e., there exists a positive num-
ber L such that , ligl lo(t, 21, 9) — @(t,22,9)| = 0 for all ;| < L (i = 1,2) and
— 100

g € H(f)), and f is pseudo recurrent with respect to the time variable (in partic-
ular, f is recurrent, almost automorphic, Bohr almost periodic or quasi periodic),
then, equation (1) admits a unique pseudo recurrent (respectively, recurrent, almost
automorphic, Bohr almost periodic, quasi periodic) solution. If this solution is Lya-
punov stable, then the Levinson center (the compact global attractor) is a minimal
almost periodic set. If it is not Lyapunov stable, then the Levinson center contains
a minimal almost periodic set, but it is not minimal (this means, in particular, that
equation (1) admits a family (more than one) of solutions which are bounded on
R). In [7] we generalize this result to the case of difference equations.

In this paper we will carry out a similar analysis to prove analogous results for
the following three classes of differential equations:

- Functional differential equations (FDEs)

= f(t,x) (2)
with finite delay.
- Evolution equations ' + Az = f(t) with monotone (generally speaking non-
linear) operator A.
- Semi-linear parabolic equations z’ + Az = F(t,x) with linear (unbounded)
operator A.

We present our results in the framework of general non-autonomous dynamical
systems (cocycles) and we apply our abstract theory mainly developed in [6] to the
three classes of differential equations mentioned previously.

In order not to be repetitive with our previous papers on this topic, especially
[6, 7], we will skip to recall preliminary definitions and results which are necessary
for our analysis and refer the reader to these already published papers.

The paper is organized as follows.

Section 2 is devoted to the study of asymptotic behavior of non-autonomous
FDEs with finite delay. In particular, we give a description of the structure of
the compact global attractor for weak convergent FDEs (Theorem 2.5). We study
the almost periodic and asymptotically almost periodic solutions (Subsection 2.1),
uniformly compatible (by the character of recurrence with the right—hand side)
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solutions of strict dissipative equations (Subsection 2.2), convergence and weak
convergence for functional-differential equations (FDEs) with finite delay, and also
the problem of existence of almost periodic solutions of uniformly dissipative FDEs
are studied (Subsection 2.3).

In Sections 3 and 4 we present some results about convergence and/or weak con-
vergence of two classes of infinite-dimensional differential equations with unbounded
operators: evolution equations 2/ + Az = f(t) with monotone operator (generally
speaking non-linear) A, and semi-linear equation z’ + Ax = F(¢t,z) with linear
(unbounded) part A, respectively.

2. Functional differential equations (FDEs) with finite delay. Let us first
recall some notions and notations concerning functional differential equations (see
[17] for more details). Let r > 0, C([a,b], R™) be the Banach space of all continuous
functions ¢ : [a,b] — R™ equipped with the sup—norm. If [a,b] = [—r,0], then we
set Cy := C([-r,0,R™). Let T € R, A >0and u € C([r —r,7 + A],R"). We will
define u; € C,. for all ¢t € [, 7+ A] by the equality u:(0) := u(t +0), —r < 0 < 0.
Consider a functional differential equation

u:f(taut)a (3)
where f : R x C,, — R" is continuous.
Let us set H(f) :={fs: s € R}, where f,(t,-) = f(t+s,-) and by bar we denote
the closure in the compact-open topology on C'(R x C,.,R™).
Along with equation (3) let us consider the family of equations

0= g(t,ve), (4)

where g € H(f).
Below, in this section, we suppose that equation (3) is regular.

Remark 2.1. 1. Denote by @(t,u, f) the solution of equation (3) defined on Ry
(respectively, on R) with the initial condition u € C,, ie., ¢(s,u, f) = u(s) for
all s € [—=r,0]. By p(t,u, f) we will denote below the trajectory of equation (3),
corresponding to the solution ¢(¢,u, f), i.e., the mapping from R (respectively, R)
into C,, defined by o(t, u, f)(s) := @(t + s,u, f) for all t € Ry (respectively, t € R)
and s € [—r,0].

2. Taking into account item 1. in this remark, we will use below the notions of
“solution” and “trajectory” for equation (3) as synonymous concepts.

2.1. Weak convergent FDEs with finite delay. Consider a differential equation

u = f(O’(t, y)vut) (y € Y)7 (5)

where f € C(Y x C,.,R™), and (Y, R, o) is a dynamical system.
It is well known [3, 27] that the mapping ¢ : Ry x C, x Y +— R™ possesses the
following properties:

(i) ¢(0,u,y) =u for allu € C, and y € Y;

(il) ot +7,u,y) = (t, (T ,u,y),0(r,y)) for all t, 7 € Ry, u € C, and y € Y
(iii) the mapping ¢ is continuous.

Thus, the triplet (Cy, ¢, (Y,R,0)) (or shortly ¢ is a cocycle (non-autonomous
dynamical system) which is associated to (generated by) equation (5). In this
case the dynamical system (Y,R,o) is called base dynamical system (or driving
system). Denote by X := C, x Y and (X,R;,7) the skew-product dynamical
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system generated by the cocycle ¢, i.e., w(t, (u,g)) = (o(t,u,g),0(t,g)) for all
teRy and (u,9) € Cr x H(f) = X.

Example 2.2. We consider equation (3). Along with equation (3) consider the
family of equations (4), where g € H(f) := {f,: 7 € R} and f; is the 7-shift of
f with respect to time, i.e., fr(t,u) := f(t + 7,u) for all (¢t,u) € R x C,.. Suppose
that the function f is regular [27], i.e. for all g € H(f) and u € R™ there exists
a unique solution ¢(t,u, g) of equation (4). Denote by Y = H(f) and (Y,R,0) a
shift dynamical system on Y induced by the Bebutov dynamical system (C(R x
Cr,R"),R, o). Now the family of equations (4) can be written as

u'=F(o(t,y),u) (yeY)

if we define F € C(Y x C,,R™) by the equality F(g,u) := g(0,u) for all g € H(f)
and u € C,.

Below we suppose that equation (5) is regular. Equation (5) is called dissipative
(see [8]), if there exists a positive number r such that

limiup ot u, y)|| <7 (6)

for all w € C, and y € Y, where || - || is the norm in C,.

In this section we give a simple geometric condition which guarantees existence
of a unique almost periodic solution and this solution, generally speaking, is not
the unique solution of equation (5) which is bounded on R.

A function f € C(Y x C,,R™) is said to be completely continuous if for any
bounded subset A C C,. the set f(Y x A) C R is relatively compact.

Lemma 2.3. Let H(f) be compact. The following statements hold:
(i) for any point x € X := C, x H(f) there exist a neighborhood U, of the point
x and a positive number 1, > 0 such that w(l,,U,) is relatively compact, i.e.,
the dynamical system (X, Ry, 7) is locally compact;
(i) if the function f is completely continuous, then for any bounded and positively
invariant subset A C X there exists a positive number to = to(A) such that
7(to, A) is a relatively compact subset of X.

Proof. This assertion follows from Lemma 6.1 and Corollary 6.3 in [17, Ch. III] and
from the compactness of H(f). O

Corollary 2.4. Under the conditions of Lemma 2.3 the dynamical system (X, R4,
) s asymptotically compact.

We can now state the main results in this section.

Theorem 2.5. Suppose that the following conditions are fulfilled:

(i) the function f is completely continuous;

(i) equation (5) is reqular and dissipative;
(iil) the space Y is compact, and the dynamical system (Y, R, o) is minimal;
(iv) forallyeY

tl}gloo ||50(t7u17y) - QO(t, Uz, y)” = 05 (7)

where p(t,u;,y) (1 = 1,2) is a solution of equation (5) which is bounded on
R.

Then,
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(i) if the point y is T—periodic (respectively, quasi periodic, Bohr almost periodic,
almost automorphic, recurrent), then equation (5) admits a unique T—periodic
(respectively, quasi periodic, Bohr almost periodic, almost automorphic, re-
current) solution o(t,uy,y) (uy € Cr);

(i) every solution ¢(t,u,y) is asymptotically T—periodic (respectively, asymptot-
ically quasi periodic, asymptotically Bohr almost periodic, asymptotically al-
most automorphic, asymptotically recurrent)

Proof. Let (C,, ¢, (Y,R,0)) be the cocycle associated to equation (5). Denote by
(X, R4, m) the skew-product dynamical system, where X := C,. XY and 7 := (¢, 0).
Consider the non-autonomous dynamical system ((X, Ry, 7), (Y, R, o), h) generated
by the cocycle ¢ (respectively, by equation (5)), where h:=prg: X — Y. Since YV
is compact, it is evident that the dynamical system (Y, R, o) is compact dissipative
and its Levinson center Jy coincides with Y. Now we will show that the skew-
product dynamical system (X, R, , ) is point dissipative. Indeed. Let z := (u,y) €
C, x Y = X be an arbitrary point. Notice that the set Y7 := U{n(t,z)| t €
Ry} is relatively compact. To this end, it is sufficient to show that the set A :=
pri(5) = ULe(t,u,y)| t € Ry} is relatively compact in the phase space C,.. But
the last statement follows from the completely continuity of f, the boundedness
of ¢(t,u,y) on Ry, and the Arzeld-Ascoli Theorem. Thus, the w-limit set w, of
the point x is a nonempty, compact and invariant set of (X,Ry, 7). Denote by
Ox = J{ws| x € X}. Tt is easy to see from our assumptions that Qx is a compact
set. Indeed, it is sufficient to note that the set pri(w,) = {v € Cr| (v,y) € w,} is a
bounded set because, according to the dissipativity of equation (5), we have

o] <7 (8)

for all v € pri(w,) and = € X, where r is the positive number appearing in (6).
Taking into account (8), the invariance of the set Qx, and the complete continuity
of f, we conclude that the set A = pri(Qx) is relatively compact in C, and,
consequently, the set Qx is relatively compact in X. Thus, the dynamical system is
point dissipative. Since, thanks to Lemma 2.3, (X, Ry, 7) is locally dissipative, then
by Theorem 1.10 in [8, Ch. 1], it is compactly dissipative. Denote by Jx its Levinson
center and I, := pri(Jx (1 Xy) for all y € Y, where X, :== {z € X : h(x) = y}.
According to the definition of the set I, C C, and Theorem 2.24 in [8, Ch. 2,
p. 95], u € I, if and only if the solution (¢, u,y) is defined on R and relatively
compact (i.e., the set (R, u,y) C C, is compact). Thus I, = {u € C, : such that
(u,y) € Jx}. Tt is easy to see that condition (7) means that the non-autonomous
dynamical system ((X,R,7),(Y,R,0),h) is weak convergent. Now, to finish the
proof of the theorem, it is sufficient to apply Theorem 3.5 in [6], Theorem 2.2.2
[10, Ch.II,p.21], Lemma 6.5.19 and Corollary 6.5.20 from [11, Ch.VI,p.195] to the
non-autonomous system ((X,R;,7), (Y,R,0),h) generated by equation (5). O

Remark 2.6. 1. Taking into account Remark 2.1 (item 1) it is easy to see that
condition (7) is equivalent to
lim |¢(t5 u1, y) - @(ta U2, y)| =0. (9)

t——+oo

2. Under the assumptions in Theorem 2.5, there exists a unique almost periodic
solution of equation (5), but equation (5) may have more than one solution defined
on R and relatively compact.
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2.2. Convergent FDEs with finite delay. Let ¢(-, ¢, g) denote the solution of
(4) passing through the point ¢ € C,. for t = 0 defined for all ¢ > 0.

Let Y := H(f) and denote by (Y,R, o) the dynamical system of translations
on H(f). Let X :=C, xY, (X,Ry,7) be the dynamical system on X defined in
the following way: m((¢,9),7) := (¢(7,¢,9),9-). We prove now a very important
property of the non-autonomous dynamical system <(X Ry, 0), (Y,R,0), h>, where
h=pry : X — Y. Namely, we can establish the following result.

Theorem 2.7. Suppose that the following conditions are fulfilled:
(i) equation (3) is regular;
(ii) for every bounded subset A C C, the set f(R x A) is bounded in R™;
(iil) the function f is pseudo recurrent, i.e., the shift dynamical system (H(f), R,
o)) is pseudo recurrent;
(iv) equation (3) is strictly dissipative, i.e.,

(g(t’ ¢1) - g(t’ ¢2)a ¢1 (O) - ¢2(0)> <0 (10)

for all g € H(f) and ¢; € C, (i =1,2) with ¢1(0) # ¢2(0);

(v) equation (3) admits a solution ¢(t,uo, f) which is bounded on R.

Then,

(i) equation (3) is convergent, i.e., the non-autonomous dynamical system <(X, Ry, 0), (Y,R,0), h>
generated by equation (3) is convergent;

(i) if the function f is T—periodic (respectively, quasi periodic, almost periodic,
almost automorphic, recurrent, pseudo recurrent), then the equation (3) ad-
mits a unique T—periodic (respectively, quasi periodic, almost periodic, almost
automorphic, recurrent, pseudo recurrent) solution.

Proof. Let ¢(t,u;,9) (i = 1,2) be two solutions of equation (4) defined on Ry
(respectively, on R) and denote by a(t) := |@(¢,u1,g) — @(t, uz, g)|? for all t € Ry
(respectively, on R), then by (10) we have

PO — iyttt 1,0)) — o0, 9(1,u3,9), 61, 1,0) — Bt u ) <O (1)
for all t € Ry (respectively, t € R) and consequently we obtain
a(ta) < a(ty) (12)
for all t1,t5 € Ry (respectively, t1,ta € R) with to > t;. From (12) it follows that
Bt u1,9) — @(t, uz, g)| < |ui(0) — u2(0)] (13)

for all uy,us € C,., g € H(f) and t > 0.

Notice that, under our assumptions, every equation (4) admits at least one solu-
tion which is defined and bounded on R. Indeed. Since f is pseudo recurrent then,
in particular, f is Poisson stable and, consequently, wy = H(f), where wy is w-limit
set of the function f in the Bebutov dynamical system (C(R x C,.,R™),R, o). Thus
for every g € H(f) there exists a sequence t,, — 400 such that f;, — gasn — +oo.
Since the solution (¢, ug, f) is bounded on R, without loss of generality, we can
assume that the sequence {¢(7,,up,9)} is convergent and denote by v its limit.
Then, we have o(t + 7, uo, f) = @(t, o(Tn, uo, f), fr,) — ©(t,v,g). It is clear that
the solution ¢(t,v,g) of equation (4) is defined and bounded on R. From this fact
and inequality (13) it follows that every solution of every equation (4) is bounded
on R;. From Corollary 2.4 it follows that every positively semi-trajectory of the
skew-product dynamical system (X, R, 7) is relatively compact.
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Consider the non-autonomous dynamical system ((X,Ry,7), (Y,R,0),h) gener-
ated by equation (3). We define the function V : X x X +— R as follows:

V((u1,9), (u2,9)) = [fur — us|| (14)

Note that under the conditions of the theorem, and by the facts established above,
the following conditions are fulfilled:
(i) by Corollary 2.4, the dynamical system (X, R, 7) is asymptotically compact;

(ii) by (13), the non-autonomous dynamical system ((X,R;,7),(Y,R,0),h) as-
sociated to equation (3) is V-monotone, where V : X x X +— R, is defined by
(14);

(iii) if &(t,ui,g) (i = 1,2) are two solutions of equation (4) which are bounded
on R, then, by Theorem 4.10 in [9, p. 677], the trajectories ¢(t,u;, g) (re-
spectively, the solutions ¢(t, u;, g)) (i = 1,2) are jointly Poisson stable. Since
the function a(t) := ||¢(t,u1, g) — ©(t, us, g)|| (for all t € R) (respectively, the
function &) is Poisson stable and monotone, then, it is a constant, i.e.,

[Pt ur, 9) = p(t ug, g)| = [ua(0) —uz(0)] (VIeR)

(respectively,

lo(t, w1, 9) — p(t,uz, g)|| = [lur —uz|| (Vt€R)); (15)

(iv) the positive semi-trajectory Z;ro, where zg := (uo, f) € Xy ={(u,f): v e
C,}, is relatively compact in X;

(v) the dynamical system (Y, R, o) if pseudo recurrent.

If uy # ug, then it follows from (15) that u1(0) # u2(0).
Now we will establish that, for uy,us € C, (u1(0) # u2(0) and (u;,g9) € Lx
(1=1,2))
le(t, u1, g) — @(t, uz, )| < [Jur — uall,

for all ¢ > 0, where || - || is the norm on the space C,. Indeed, consider the
function & : R — R, defined above. Since u; # usg, then from (15) it follows
that u1(0) # u2(0) and @(t,u1, g) # @(t,u1,g) for all t € R. Then, from (10) and
(11) it follows that

dé(t)
dt

for all ¢ € R and, consequently the function & is strictly monotone decreasing on R.
Note that

- 2<g(t, @(tvulvg)) - g(ta @(tvu%g)v@(taulag) - @(tvu%g» <0

||(P(t, Ul,g) - (P(t, u2,g)|| = _E%a;)io |()5(t + S’ulag) - (ﬁ(t + S’u2’9)| =
|Q(t + s¢,u1,9) — @t + 5¢,u2,9)| < |P(8¢,u1,9) — P56, u2,9)| < [Jur — ual|,
for all t > 0, g € H(f) and uy,us € C, (u1 # ua),
(depending on t) in the segment [—r,0] .
Now, to finish the proof, it is sufficient to apply Corollary 3.12 in [6]. O

where s; is some number

Remark 2.8. Theorem 2.7 remains true if we replace the standard scalar product
(-,-) on the space R™ by an arbitrary scalar product (u,u)w = (Wu,u), where
W = (wij)} =1 (wij € R) is a symmetric and positive defined n x n-matrix.
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2.3. Uniform dissipative FDEs with finite delay. Below we will show that
if we replace assumption (10) by a stronger condition, then Theorem 2.7 is true
without the requirement that there exists at least one solution which is bounded on
R,. Namely, we will establish the following theorem.

Denote by C(Y,C,) the Banach space of all continuous mappings v : ¥ — C.
endowed with the norm ||y|| := r;lea;<||7(y)||cr.

Theorem 2.9. Suppose that the following conditions are fulfilled:

(i) equation (3) is regular;
(ii) for every bounded subset A C C, the set f(R x A) is bounded in R™;
(iii) the function f is pseudo recurrent, i.e., the shift dynamical system (H(f), R,
0)) is pseudo recurrent;
(iv) equation (3) is uniformly strictly dissipative, i.e., there exists a number 3 such
that

{g(t.d1) — gt d2), 1(0) — $2(0)) < —B]$1(0) — $2(0)/? (16)
forallt e Ry, g€ H(f) and ¢; € C, (i =1,2) with $1(0) # ¢2(0).
Then, the following statements hold:

(i) there exists a unique mapping v € C(Y,C,) such that v(o(t,g)) = ©(t, v(9),
g) forallg e H(f) andt € Ry;
(i) the equality

i le(tu, g) = (t,7(9), 9)Il = 0
holds for all g € H(f) and v € C,.
Proof. According to (16) we have

do(t)
dt

- 2<g(t, @(ta u1,g)) - g(ta @(tvu%g)v @(ta ulag) - @(tvu%g»
< 2651 (t) — E2(1)]

for all ¢ € R4 and, consequently,

a(t) < |ui(0) — uz(0)|* exp (—Bt) (17)
for all t € R4. From (17) we obtain

it 11,9) — olt.us, )| = max B¢+ 5,01,9) Bt + s,us, )| (18)
= |¢(t+ Staulvg) - @(t =+ St7u25g)|
< |¢(Staulag) - @(Stau%g)' eXp (_ﬁt)

< ||ur — usl| exp (—pt),

forallt >0, g € H(f) and uy,us € C,, where s; is some number (depending on ¢)
in the segment [—7,0] .

Consider the cocycle (Cy, ¢, (Y,R,0)) generated by equation (3), where ¥ =
H(f) and ¢(t,v, g) is a unique solution of equation (4) passing through v € C, at the
initial moment ¢ = 0. For all t € Ry we define a mapping S* : C(Y,C,) — C(Y,C,)
by the equality

(S*n)(9) = (t,n(g), 9-+) (19)
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foralln € C(Y,C,),g € H(f) =Y and t € R;. Tt is clear that, under the conditions
of our theorem and thanks to (19), we can define correctly a continuous mapping
St (t € Ry) from C(Y,C,) into itself and the equality

Sto 8T = S§ttT (20)

holds for all t,7 € R, , where o is the composition of mappings S* and S™. Equality
(20) means that the family of nonlinear operators {S*}icr, forms a commutative
semigroup. Let now v; € C(Y,C,.) (i = 1,2). Then, according to inequality (18),
we have

[[S'y1 — S'ys|| = max ||o(t,v1(9), g—t) — ¢(t,72(9), g—1)|| (21)
geH(f)

< _Bt -
< exp ( ﬂ)gg}%)llw(g) y2(9)lle,

= exp (—ft)[|71 — 72|l

for all t € Ry and 71,72 € C(Y,C,). From (21) it follows that Lip(S*) < exp (—/ft)
(Lip(F) is the Lipschitz constant of F') and, consequently, for ¢ > 0 the mapping
S* is a contraction. Since the semigroup {S*}ier, is commutative, then it admits
a unique fixe point v, i.e., y(o(t,g)) = ©(t,v(g),g) for all g € H(f) and t € Ry.
Thus the first statement of our theorem is proved.

The second statement follows from the inequality (18). In fact, we have

lle(t,u, g) = (t,7(9), 9l < llu—y(g)l exp (=5¢) (22)
for all g € H(f), t € Ry and u € C,. Passing to the limit in (22) we obtain the
necessary statement. The result is completely proved. O

Corollary 2.10. Under the conditions of Theorem 2.9 the following statements
hold:

(i) equation (3) is convergent;

(ii) if the function f is T—periodic (respectively, quasi periodic, almost periodic,
almost automorphic, recurrent, pseudo recurrent), the equation (3) admits a
unique T-periodic (respectively, quasi periodic, almost periodic, almost auto-
morphic, recurrent, pseudo recurrent) solution and every solution of equation
(8) is asymptotically T—periodic (respectively, asymptotically quasi periodic,
asymptotically almost periodic, asymptotically almost automorphic, asymptot-
ically recurrent, asymptotically pseudo recurrent).

Proof. This statement follows from Theorem 2.9. O

Remark 2.11. 1. Actually Theorem 2.9 establishes the convergence of equation

(3).
2. Theorem 2.9 remains true if we replace (16) by a more general condition:
there are numbers § > 0 and § > 0 such that

(g(t, 1) — g(t, d2), $1(0) — ¢2(0)) < —B|p1(0) — $2(0)[*T2°

for all ¢ € H(f), t € Ry and ¢1,¢2 € C,.. More information about different
generalizations of this type can be found in the work [12]. Below we will prove this
fact which is not based on the ideas used in the proof of Theorem 2.9.

Theorem 2.12. Suppose that the following conditions are fulfilled:

(i) equation (3) is regular;

(ii) for every bounded subset A C C, the set f(R x A) is bounded in R™;
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(iil) the function f is pseudo recurrent, i.e., the shift dynamical system (H(f), R,
0)) is pseudo recurrent;
(iv) equation (8) is uniformly strictly dissipative, i.e., there exist numbers 3 > 0
and 6 > 0 such that
{g(t,61) = g(t, $2). $1(0) = $2(0)) < —B|¢1(0) — $2(0)*** (23)
forallt e Ry, g€ H(f) and ¢; € C, (i =1,2) with ¢1(0) # ¢2(0).
Then,
(1) equation (3) is dissipative;
(i) there exists a unique mapping v € C(Y,C,.) such that v(o(t,g)) = o(t, v(g),

g) forallg e H(f) andt € Ry ;
(iii) the equality

i le(t u, g) = (t,7(9), 9)Il = 0
holds for all g € H(f) and v € C,.

Proof. First, we will show that equation (3) is dissipative. Indeed, denote by w(t) :=
|@(t,u, g)|>. Then, according to (23), we have

) 2(g(t, o(t,u, 9)) — g(t,0), &t u, 9)) + 2(g(t,0), B(t, u, g))  (24)

dt
< =281(t, u, 91" + 2M |3(t, u, g)|
for all t € Ry, where M :=sup|f(¢,0)| > sup|g(t,0)| (for all g € H(f)). Consider
the scalar differential equatiéiR <
&' = =282 P 4 2Mx1/? (25)

on the semi-axis Ry . It is easy to check that this equation possesses two fixed points
2o =0, 11 = (%)2/(1”5) and the segment [x¢,x1] is the global attractor for (25).
This means, in particular, that

lim sup ¢(t, x) < 1o (26)
t——+oo
for all x € Ry, where ry := 27 and by ¢(¢,2) we denote the unique solution of

equation (25) with initial condition ¢(0,z) = = (x € Ry). Note that from (24) and

(25) it follows that
Bt u, g)| < Vo(t, [u(0)?)

for all t € Ry and, consequently,

. _ M. 1/(1+28
limsup | @(t,u. g)| < ()", (27)
t——+oo 6
From (27) we obtain
. . - M 1/(1+28)
timsup (¢, 9)]| = Hmsup [B(t +5.,u.9)] < ()77 (2s)

where s; € [—r, 0] is some number depending on ¢. Taking into account (28) and the
fact that (M)l/(Hw)
B
Consider the non-autonomous dynamical system ((X,Ry,7), (Y,R,0),h) gener-
ated by equation (3). Note that, owing to our assumptions and the facts established
above, the following conditions are fulfilled:

is an absolute constant, we conclude that (3) is dissipative.
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(9(t, 1) — g(t, ¢2),91(0) — ¢2(0)) <0
forallt e Ry, g € H(f) and ¢; € C, (i = 1,2) with ¢1(0) # ¢2(0).
(ii) by Lemma 2.3 the skew-product dynamical system (X, Ry, 7) associated to
equation (3) is locally compact;
(iii) by Corollary 2.4 the dynamical system (X, R, 7) is asymptotically compact;
* where == (u,9) € Xy = {(u,9) : u €

x "’

(iv) every positive semi-trajectory
C, }, is relatively compact in X;
(v) the dynamical system (Y, R, o) if pseudo recurrent.
Now to finish the proof of our theorem it is sufficient to apply Corollary 3.12 in
[6] and Theorem 2.7. O

Remark 2.13. Theorem 2.12 remains true if we replace condition (23) by

(g(t, d1) — g(t, d2), 61(0) — $2(0)) < —¢(|p1(0) — 2(0)[*),
where ¢ € K possessing the following properties:
(i) 2712¢(z) — 400 as x — +oo;
(ii) the differential equation 2’ = —2¢(x) + Mz'/? defines a semi-flow on R, (M
is a constant defined in the proof of Theorem 2.12).

This statement can be proved using the same reasoning as that in the proof of
Theorem 2.12.

3. Convergent evolution equations with monotone operators. Let H be
a real Hilbert space with inner product (-,-) and norm |-| = /(-,-), and E be a
reflexive Banach space contained in H algebraically and topologically. Furthermore,
let E be dense in H, and here H can be identified with a subspace of the dual E’
of E and (-,-) can be extended by continuity to E’ x E.
Let A be an operator (generally speaking, nonlinear) with the domain of defini-
tion D(A) C H.
Recall (see [2, 24]) that the operator A is said to be
- monotone, if
<AU1 — A’LLQ,’LLl — ’LL2> Z 0
for all uy,us € D(A);
- strictly monotone, if
(Auy — Aug,ug —ug) >0

for all uy,ug € D(A) (uy # uz);

- semi-continuous, if for each u,v € D(A) and w € H the function ¢ : R - R
defined by the equality ¢(t) := (A(u + tv),w) (for all t € R) is continuous;

- uniformly monotone, if there exist positive numbers « and p > 2 such that

(Auy — Aug,ug — ug) > alu — v|P
for all u,v € D(A).

Note that the family of monotone operators can be partially ordered by including
graphics. A monotone operator is called maximal, if it is maximal among the
monotone operators.

Let (Y,R,0) be a dynamical system on the metric space Y. In this subsection
we suppose that Y is a compact space. We consider the initial value problem

u'(t) + Au(t) = f(o(t,y)) (y€Y) (29)
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u(0) = u, (30)
where A : F — E’ is bounded (generally non-linear),
|Aulpr < Clully "+ K,u € E,p> 1,
coercive,
(Au,u) > aluly,,u € E,a >0,
monotone,
(Auy — Aug,uy — ug) > 0,ug,us € E,

and semi-continuous (see [25]).
A nonlinear “elliptic” operator given by

"9 ou
Au = — —) inDCR"
v ; axi (b(al'l) Hl <

u =0 on dD,

where D is a bounded domain in R, ¢(-) is an increasing function satisfying

Bli—1.0) =0, cl]P <D &d(&) < ClEfP (for all [¢] > 2),
i=1

provides an example of such kind of operator with H = L?(D), E = Wol’p(D), E =
W=tr(D), p' = Sk

The following result is established in [25] (Ch. 2 and Ch. 4). If € H and
feCQE), p= ﬁ, then there exists a unique solution ¢ € C(Ry, H) of (29)
~ (30).

Let (R,; ) be a space where p is a Radon measure and 9% is a Banach space
with norm | - |.

Let 1 < p < +o0. By LP(R; B, 1) we denote the space of all measurable functions
(classes of functions) f : R — 9B such that |f| € LP(R; R; ), where |f|(s) = |f(s)]-
The space LP(R;B; i) is endowed with the norm

A llze = (/]R £ (s)[Pdp(s)'/? and || f]loc = ess sup,ex|f(s)]. (31)

LP(R;B; ) with norm (31) is a Banach space.

Denote by LI (R;%B;u) the set of all function f : R — 9B such that f; €
LP([-1,]] N R;B; ) for every | > 0, where f; is the restriction of the function
f onto [—1,I]]NR.

In the space L?

7o (R;B; 1) we define the following family of semi-norms || - [|;, :

e = Il fill Lo —tnnr;B) (0> 0). (32)

These semi-norms in (32) define a metrizable topology on L} (R;B; ). The metric
given by this topology can be defined, for instance, by

© 1 =Wl
d =S - = ¥llnp
P00 = D T ol

Let us define a mapping o : L (R;B;u) x R — L (R;B;u) as follows:
o(f,7) = fim for all f € L] (R;B;pu) and 7 € R, where fi-y(s) := f(s + 1)

loc
(s eR).
Lemma 3.1. [10, Ch. 1] (L], .(R;B; u), R, 0) is a dynamical system.
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Let Y := H(f) = {f| 7€ R}, where by bar it is denoted the closure in
LY(R,H). By (Y,R,0) we denote the dynamical system of shifts on Y induced
by the dynamical system (L}, (R, H),R,0). Put X := D(A) x Y and define
m: Ry xD(A)xY — D(A)xY by the equality 7(¢, (v, 9)) := (¢(t,v,9),g;) and h :=
pro: X — Y. As it is shown in the work [19], the triplet ((X,Ry,7), (Y,R,0),h) is
a non-autonomous dynamical system.

Applying the general theory developed in [6] to the constructed non-autonomous
dynamical systems, we obtain the corresponding statements for equation (29). Let
us establish some of them.

Theorem 3.2. Suppose that the following conditions are fulfilled:

(i) equation (29) is compact dissipative, i.e., the cocycle ¢ (or equivalently, the
skew-product dynamical system generated by equation (29)) generated by equa-
tion (29) is compact dissipative;

(i) the space Y is compact, and the dynamical system (Y, R, o) is minimal;

(iii) forallyeY

lim |50(t7 Ui, y) - @(ta Uz, y)| = 07 (33)

t——4o0

where p(t,u;,y) (1 = 1,2) is solution of equation (29) passing through u; at
the initial moment t = 0 which is relatively compact on R.

Then,

(i) if the point y is T—periodic (respectively, quasi periodic, Bohr almost periodic,
almost automorphic, recurrent), then equation (29) admits a unique T—periodic
(respectively, quasi periodic, Bohr almost periodic, almost automorphic, recur-
rent) solution ¢(t,uy,y) (uy, € D(A));

(i) every solution o(t,x,y) is asymptotically T—periodic (respectively, asymptot-
ically quasi periodic, asymptotically Bohr almost periodic, asymptotically al-
most automorphic, asymptotically recurrent)

Theorem 3.3. Let (Y,R,0) be pseudo recurrent, operator A be strictly monotone,
and there exists at least one solution ¢(t,xo,y) of equation (29) which is relatively
compact on R .

Then,

(i) equation (29) is convergent, i.e., the cocycle ¢ associated to equation (29) is
convergent;

(ii) for all y € Y, equation (29) admits a unique solution (t,x,,y) which is
relatively compact on R and uniformly compatible, i.e., My C My 2, 45
(iii) if the point y is T—periodic (respectively, quasi periodic, Bohr almost periodic,

almost automorphic, recurrent), then

(a) equation (29) has a unique T—periodic (respectively, quasi periodic, Bohr
almost periodic, almost automorphic, recurrent) solution;

(b) every solution @(t,x,y) is asymptotically T—periodic (respectively, asymp-
totically quasi periodic, asymptotically Bohr almost periodic, asymptoti-
cally almost automorphic, asymptotically recurrent);

(c) tlgg) lo(t, z,y) — o(t,zy,y)] =0 for all x € D(A) and y € Y.

Remark 3.4. If we suppose that operator A is uniformly monotone, then Theorem
3.8 is also true without the requirement that there exists at least one solution which
is relatively compact on Ry. Below we will prove this statement.
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Let ¢ : Ry — R4. Denote by o(tg+0) := , %iI?>t o(t) if the last limit exists.
—10, 0

The mapping ¢ is called upper semi-continuous from the right at the point ¢y €

Ry, if there exists limsup ¢(t) < p(to).
t—to,t>t0

The mapping f : X — X is called a ¢-contraction, if p(f(z1), f(x2)) < o(p(z1,22))
for all x1,z9 € X, where ¢ is some mapping from R to itself.
Then, we recall the following well-known result which will be useful in our proofs.

Theorem 3.5. [1, 4, 22] Let f : X — X be a p-contraction. Suppose that the
mapping ¢ : Ry — Ry satisfies the following conditions:

(G1) @(t) <t forallt >0

(G2) ¢ s monotonically increasing, i.e. t1 <ty implies p(t1) < p(t2);

(G3) ¢ is right continuous on Ry, i.e. p(to+0) = p(to) for all ty € Ry.

Then f has a unique fized point xo and nlin;o f™(x) =z for all x € X.

We can now establish the following result.

Theorem 3.6. Let (Y, R, o) be pseudo recurrent and operator A be uniformly mono-
tone.
Then,

(i) equation (29) is convergent, i.e., the cocycle ¢ associated to equation (29) is
convergent;

(ii) for all y € Y, equation (29) admits a unique solution (t,x,,y) which is
relatively compact on R and uniformly compatible, i.e., My C My 2, 45
(iii) if the point y is T—periodic (respectively, quasi periodic, Bohr almost periodic,

almost automorphic, recurrent), then

(a) equation (29) has a unique T—periodic (respectively, quasi periodic, Bohr
almost periodic, almost automorphic, recurrent) solution;

(b) every solution @(t,x,y) is asymptotically T—periodic (respectively, asymp-
totically quasi periodic, asymptotically Bohr almost periodic, asymptoti-
cally almost automorphic, asymptotically recurrent);

(c) tlgg) lp(t, z,y) — o(t,zy,y)| =0 for all x € D(A) and y € Y.

Proof. Let u; € W (i = 1,2) and ¢(t,u;,y) be a unique solution of equation
(29). By uniform monotony of operator A we have
dlo(t, u1,y) — ¢(t, uz, y)|?
dt

= —2(A(p(t, u1,y)) = Alp(t, uz, y), o(t, ur, y) — @(t, u2,y))

< —2alp(t, u1, y) — o(t, ug, )|
for all t € Ry. Denote by w(t) := |p(t,u1,y) — ¢(t,uz,y)|?, then from (34) we
obtain

(34)

W'(t) < —2aw(t)P/?. (35)

We will consider two cases.

1. If p = 2, then from (35) we have |p(t,u1,y) — @(t, u2,y)| < e~ *|u; — usg| for
all t € Ry, uj.ug € D(A) and y € Y. To finish the proof in this case it is necessary
to use the same reasoning as in the proof of Theorem 2.9.

2. Let now p > 2. Thanks to inequality (35) we obtain

|u1 — g

|<P(tau1ay) - @(tau%y” < (36)

2

p=2 2
(1+ |ur —ua| 7 a(p —2)t)7=>
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for all t € Ry, ug,uz € D(A) and y € Y. Thus we have

|50(t7u17y> - w(t7u25 y)| < w(tv |’U,1 - ’U,2|) (37)

for all t € Ry, uy,us € D(A) and y € Y, where

2

pP—=2 _ _2
w(t,r) =r(l1+alp — 2)tluy —ug| 7 ) 72 (38)
is the function with the following properties:

(i) w(0,7) =7 for all r € Ry;

(i) W'(t) = —2aw(t);
(iii) the mapping w(t,-) : Ry +— Ry is strict increasing;
(iv) w(t,r) <rforall t >0 and r > 0.

Let C(Y,D(A)) be the Banach space of all continuous v : ¥ — D(A) with the
sup-norm. Now we define for all t € R, a mapping S* from C(Y, D(A)) into itself
by following rule (S*v)(y) := o(t,v(y),o(—t,y)) for all y € Y. Tt easy to check that
the family of maps {S'};>¢ forms a semigroup with respect to composition (more
exactly S'S™ = ST for all t,7 € Ry). Notice that from (37) and the fact that

w(t,-) is increasing we have

A(S'v1,S's) = maxlelt, v (y),o(~,9)) — plt,va(y). o (~4p))
< maxw(tn(y) - v20))) < wlt.dv, )

for all t € Ry and vq,v5 € C(Y, D(A)).

Note that for all t > 0 the operator S? acting on the complete metric space
(C(Y,D(A)),d) is a p—contraction possessing the properties (G1) — (G3), where
¢ = w(t,-). Let to > 0. According to Theorem 3.5 S has a unique fixed
point v € C(Y, D(A)). Since the semi-group {S*};>0 is commutative, then + is
a unique common fixed point of this semi-group. This means, in particular, that
o(t,v(y),y) = v(o(t,y)) for all t € Ry. Thus, equation (29) possesses at least one
relatively compact on R solution ¢(t,v(y),y). In addition we have

sup [t u,y) — @t y(y),y) e sup Ju—r(y) =0 (39)

[u[<ryeYy [u[<ryeYy
as t — oo for every r > 0. From (39) it follows that the cocycle ¢ is compact
dissipative. Now to finish the proof it is sufficient to apply Theorem 3.2. O

Remark 3.7. Theorem 3.6 generalizes and make precise Theorem 7.10 in [12].

4. Semi-linear parabolic equations. Let H be a separable Hilbert space with
inner product (-,-), and associated norm | - | := (-,-)}/2 and A be a self-adjoint
operator with domain D(A).

An operator is said (see, for example, [13, Ch. II]) to have a discrete spectrum
in the space H, if there exists an orthonormal basis {ej} of eigenvectors, such that
<€k,€j> = 0;, Aer = Aper (k,j = 1,2,...) and 0 < Ay < X < ..., < ..., and
A — +oo as k — +oo.

One can define an operator f(A) for a wide class of functions f defined on the
positive semi-axis as follows:

D(f(A)) :={h=>3 " cker € H: > o ci[f(Mr)]* < +o0},
f(AR =32 enf(Mr)ex, he D(f(A)). (40)
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In particular, we can define operators A® for all @ € R. For o« = —f < 0 this
operator is bounded. The space D(A™?) can be regarded as the completion of the
space H with respect to the norm |- |5 := A7 -|.

The following statements hold [13, Ch. II]:

(i) The space F_g := D(A~P) with 3 > 0 can be identified with the space of
formal series Y ;- ; cxey such that

oo

Z ck)\,;w < +0o0;
k=1

(ii) For any 3 € R, the operator A% can be defined on every space D(A%) as a
bounded operator mapping D(A%) into D(A*~?) such that

AﬁD(AO‘) — D(AO‘_B), AP B2 — AP pB2

(iii) For all a € R, the space F := D(A®) is a separable Hilbert space with the
inner product (-, ), := (4%, A%) and the norm |- |, :=|A%* - |.
(iv) The operator A with the domain Fi4, is a positive operator with discrete
spectrum in each space F,.
(v) The embedding of the space F, into Fg for o > (3 is continuous, i.e., F, C Fp
and there exists a positive constant C' = C(«, ) such that |- [g < C| - |a.
(vi) Fq is dense in Fjs for any o > (3.
(vil) Let ay > o, then the space F,, is compactly embedded into F,,, i.e., every
sequence bounded in F,, is relatively compact in F,,.
(viii) The resolvent Ry(A) := (A — AI)™%, X # )\; is a compact operator in each
space F,, where [ is the identity operator.
According to (40) we can define an exponential operator e=*4, ¢t > 0, in the scale
spaces {F,} . Note some of its properties [13, Ch. IIJ:

a. For any a € R and ¢ > 0 the linear operator e~*4 maps F,, into ) Fp and

B>0
le~aly < e Mzl, (41)
for all z € F,.
b. e tidet2A = e=(itt2)A for all £ty € Ry;
c.
le=2 —e |5 — 0 (42)

ast — 7 for every z € Fg and § € R;
d. For any 3 € R the exponential operator e~ ‘4 defines a dissipative compact
dynamical system (Fg,e~t4);

e t4n] < [(552)" 77 4 AT e 1A%, a > 8
|[A%e~t4]] < (2)%e™, t >0, a > 0. (43)

Let (Y, p) be a compact complete metric space and (Y,R,0) be a dynamical
system on Y. Consider an evolutionary differential equation

u + Au= F(o(t,y),u) (yeY) (44)

in the separable Hilbert space H, where A is a linear (generally speaking unbounded)
positive operator with discrete spectrum, and F' is a non-linear continuous mapping
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acting from Y x Fy into H, 0 < 6 < 1, possessing the property
|F(y,u1) = F(y,us)| < L(r)|A® (w1 — uz)| (45)

for all uy,us € Bp(0,7) := {u € Fyp : |ulg < r}. Here L(r) denotes the Lipschitz
constant of F' on the set By(0,7).

A function w : [0,a) — Fp is said to be a mild solution (in Fy) of equation (44)
passing through the point z € Fy at the initial moment ¢ = 0 (notation ¢(t, x,y))
if u € C([0,T], Fp) and satisfies the integral equation

u(t) = ey + / ei(tiT)AF(O'(T, y),u(r))dr (46)
0

forallt €[0,7] and 0 < T < a.

In the book [13, Ch. II], it is proved that, under the conditions listed above,
there exists a unique solution (¢, z,y) of equation (45) passing through the point
2 at the initial moment ¢ = 0, and it is defined on a maximal interval [0, a), where
a is some positive number depending on (z,y) € Fy X Y. Below we will generalize
this result.

Theorem 4.1. Let xg € Fy, r > 0 and the conditions listed above be fulfilled. Then,
there exist positive numbers 6 = §(xg,r) and T = T(xo,r) such that equation (44)
admits a unique solution o(t,x,y) (v € Bglxo,d] = {x € Fp | |xr—xolo < }) defined
on the interval [0, T] with the conditions: ©(0,x,y) = x, |p(t,x,y) — xolg < r for
all t € [0,T] and the mapping ¢ : [0,T] x Blxo,d] XY — Fy ((t,z,y) — @(t,x,y))
18 continuous.

Proof. Let g € Fg, 7 >0, § > 0 and T" > 0. We consider the space Cy, 51 Of
all continuous functions v : [0,7T] x By[zo,d] X Y — Bylxo,r] equipped with the
distance

d(wlaw2) = Sup{|w1(t,x,y) - w(t’x’y”@ 0<t<T,z € B9[$0’6]ay € Y}

which is a complete metric space.
We define the operator ® acting onto Cy, , s by the equality

(DY) (¢, z,w) = e My 4+ /0 eiA(tfs)F(o(T,y), U(s,x,y)))ds.

There exist 1 = d1(zo,7) > 0 and T3 = T1(xo,7) > 0 such that ®Cyy 510 C
Cyyror forall § € (0,61] and T € (0,71]. In fact,

|(@¢)(ta$aw) 7$0|.7:9 < | ZL'*:C()|]:9

1] / (o(r,9), (5,2, )))ds| 7,

IN

+ / [(%)G + XJdr s, [F(o(r,), (7, 2, ) H7)

where m(8, T) := sup{|e 2 — 2|7, : t €[0,T],x € By[zo,7]}.
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Note that
m(6,T) := sup{le "z — xo|7, : t€[0,T],z € Bglzo, 7]}
<sup{le Mz — e Muglr, : t €[0,T),2 € Bylzo, 7]}
+ ez — x| £,

< A ~Hg — 48
s OléltaSXTHe ||0+021%XT|€ Ty — ol (48)

and by properties (41),(42), and from (48) we obtain m(5,7) — 0 as T+ — 0.
Now we will estimate the second term in inequality (47). Notice that
|F(o(m,y), ¥ (7, 2,))| < |F(o(r,9), (7, 2,y)) — F(o(7,y), z0)|
+ |F(U(Ta y),x0)|
L("TO' + T)|¢(Ta$ay) - 'T0|9 + My,
L(|zo| + 6)0 + My, (49)
for all 7 € [0,T], x € By[0,0] and y € Y, where M, := mea;<|F(y,x0)|9. Thus,
y

<
<

it follows from (49) that the second term of the right—hand side of inequality (47)
tends to zero as well, as 6 + T — 0 and, consequently, the necessary statement is
proved.

Let now 1,9 € Czo,T,J,T7 then

|((I)w1)(ta xaw)) - ((I)wQ)(ta £Caw))|9

= |/ e_(t_T)A[F(UTa wl(Taxay)) - F(UT7 wQ(TN/L‘ay))]dTb
0

t
SLE+ll s et = et | (25" + Al

0<t<T,2€ By[z0,0],y€Y t

and, consequently, d(Py, Pips) < L(x,0,T)d()1,1)2), where

t
_ 0 0 0
L(:CO,(S,T)_L(|x0|+6)0r£%XT/O ()" + AJdr

and L(xg,6,T) — 0 as T — 0. Thus there exists To = Ta(x0,0) > 0 such that
L(z0,6,T) < 1 for all T € (0,T5]. Denote by 6(xo,7) := d1(x0,7) and T (xo,r) :=
min(Ty(xo, 1), To(x0,7)), then the mapping ® : Cy, 5,7 — Cuy.r.s,1 IS a contraction
and, consequently, there exists a unique function ¢ € Cy, s 1 satisfying equation
(44) on the interval [0,T]. The theorem is proved. O

Remark 4.2. Theorem 4.1 holds true for the following equation
u + Au = F(o(t,y),u)
if the continuous function F 1Y X Fg — H satisfies the following conditions:
(i)
sup{|F(y,0)|7, : yeY} <o

(Y, generally speaking, is not compact);
(ii) F is locally Lipschitz, i.e., for every r > 0 there exists L(r) > 0 such that

|F'(y, u1) — Fy, u)|7, < L(r)|us — ualz,
for all uy,ug € Fy with the condition that |u;|z, <7 (i =1,2).
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In the sequel, we suppose that the function F' € C(Y x Fy, H) is regular, i.e.,
for any u € Fp and y € Y there exists a unique solution (¢, u,y) of equation (44)
passing through the point v at the initial moment ¢ = 0, is defined on R} and the
mapping ¢ : Ry X Fg x Y — Fp is continuous

Lemma 4.3. Let (Fy, ¢, (Y,R,0)) be the cocycle generated by equation (44) and
M C Xy := Fog x Y positively invariant (with respect to the skew-product dynamical
system (X, Ry, ), where m := (p,0)) and bounded. Then, there exists a relatively
compact set K C X, (o € (0,1)) such that

, ligrn B(r(t, M), K) =0,

where B(AaB) = SUEPQ(G,B), pa(aaB) = blgg pa(aab); pa(aab) = p(yaayb)+|xa_
aec
:Cb|a; a = ('ravya) and b := (xbvyb)‘

Proof. Let M C Xy be a positively invariant and bounded set in (Xy, Ry, 7), then
there exists a positive number R such that

lo(t,z,y)lo < Ro
for all t € Ry and (z,y) € M. Let [ be a positive number. Since p(t + 1, z,y) =
o(l,o(t,x,y),o(t,y)) for all (x,y) € M and ¢t € Ry, then from (46) we obtain

l
go(t+l,:v,y)=€*“‘so(t,w,y)+/ e DAR(o(t + T, y), ot + 7, 2,y)))dr. (50)
0

From (50) and (43) we obtain
|A%p(t +1,2,y)| < |A%(t, 2, y)] (51)
l
+ [ 1A+ ), o+ rn)lar
0

< (a—0)* e @ Do(t,z,y)lo

! (0]
T / (2 )2 F(o(t + 7,y), olt + ., y)))|dr.
0

Note that
|F(o(t,y), o(t,2,y)| < [Flot,y), e, z,y))) — F(o(t,y),0)|
+|F(o(t,y),0)]
< L(Ro)Ro + My (52)
for all t € R} and (z,y) € M and, consequently, from (51) and (52) we obtain
[A%p(t + 1,2, y)| < Ra
for all t € Ry and (z,y) € M, where
1-2«
11—«
Since the space F, is compactly embedded in Fyp (a € (,1)), then the set M; :=
{r(t,(x,y)) : t > I, (x,y) € M} C M is a relatively compact set in Fp and,

consequently, the omega limit set w(M) is a nonempty, compact and invariant set
of the dynamical system (Xp, Ry, 7) and

tiigloo B(m(t, M),w(M)) = 0.

Ry = (a— )P (@O Ry 4 o*

Our lemma is completely proved now. O
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Equation (44) (equivalently, the cocycle ¢ generated by equation (44)) is said
to be dissipative if there exists a positive number Ry such that for all » > 0 there
exists a positive number | = [(r) such that

lp(t, 2, y)lo < Ro
for all t > I(r), ||z]l <rand y €Y.

Theorem 4.4. If equation (44) is dissipative, then it admits a compact global attrac-
tor, i.e., there exists a nonempty, compact and invariant subset J C Xg = Fg X Y
which attracts every bounded subset M C Xg. This means that

tl}+moo B(m(t,M),J)=0
for all bounded subset M from Xy.

Proof. Let (44) be dissipative and Ry be the positive number appearing in (52).
Denote by My := {(z,y) € Xp: |x|o < Rp and y € Y'}. Then, by the dissipativity
(44) and the choice of Ry, there exists a positive number Iy such that [J{= (¢, Mp) :
t > 1o} C Moy, i.e., the set Mg := J{n(t, M) : t > lp} is bounded and positively
invariant. According to Lemma 4.3 there exists a nonempty and compact subset
Xp which attract the set My. Denote by J := w(My). The set J is nonempty,
compact, invariant and attract the set M.

Now, let M be an arbitrary bounded subset of Xy. Then, there exists a positive
number r = r(M) such that M C Byl0,7] x Y. By the dissipativity of (44) there
exists a positive number [ = I(r) such that 7(¢t, M) C By[0,r] x Y for all ¢ > I(r)
and, consequently, the set M is also attracted by J. O

The following result follows directly from Theorem 4.4 and Theorem 2.24 in [8,
Ch. 2, p. 95].

Corollary 4.5. If equation (44) if dissipative, then the following statements hold:
(i) the set

I, .= {x € Fy| the solution of equation (44) o(t,x,y)
is defined on R and sup |p(t, z,y)]s < +oo}
teR

is not empty, compact and connected for each y € Y ;

(ii) o(t, Iy, y) = Iy(t,y) for allt € Ry and y €Y;

(iii) T:= U{Iy| y € Y} is compact and connected if Y is compact and connected
as well;

(iv) the equalities

lim ﬁ(‘P(ta M, U(_ta y))’ Iy) =0

t——+oo

and
Jim Ble(t, M,y),I) =0
take place for all y € Y and bounded subset M C Fy.

Finally, we can establish the next result.

Theorem 4.6. Suppose that the following conditions are fulfilled:

(i) Y is minimal, i.e., H(y) =Y for ally €Y, where H(y) := {n(t,y)| t € R};
(il) equation (44) is dissipative;
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(iil) for all pair of solutions o(t,x;,y) (i = 1,2) of equation (44) defined and
bounded on R we have

lim |(P(t, $1,y) - go(t,xg,y)|9 =0. (53)

t——+oo
Then,

(i) if the point y is T—periodic (respectively, quasi periodic, Bohr almost periodic,
almost automorphic, recurrent), then equation (44) admits a unique T—periodic
(respectively, quasi periodic, Bohr almost periodic, almost automorphic, recur-
rent) solution o(t,xy,y) (x, € Fo);

(i) every solution o(t,u,y) is asymptotically T—periodic (respectively, asymptot-
ically quasi periodic, asymptotically Bohr almost periodic, asymptotically al-
most automorphic, asymptotically recurrent)

Proof. Let (Fy, p, (Y,R,0)) be the cocycle associated to equation (44). Denote by
(Xg,R4, ) the skew-product dynamical system, where Xy := Fy x Y and 7 :=
(p,0) (e, 7(t, (x,y) == (¢, z,y),0(t,y)) for all (z,y) € Fg xY and t € Ry).
Consider a non-autonomous dynamical system ((Xg, Ry, 7),(Y,R,0),h) generated
by the cocycle ¢ (respectively, by equation (44)), where h := pro : X — Y. Since Y
is compact, it is evident that the dynamical system (Y, R, o) is compact dissipative
and its Levinson center Jy coincides with Y. According to Theorem 4.4, the skew-
product dynamical system (X,Ry,7) is compact dissipative. Denote by Jx its
Levinson center and I, := pri(Jx () X,) for all y € Y, where X, := h~!(y).
According to the definition of the set I, C Fp and Theorem 2.24 in [8, Ch. 2,
p. 95], u € I, if and only if the solution ¢(¢,u,y) is defined on R and relatively
compact (i.e., the set p(R,u,y) C Fp is compact). Thus I, = {u € Fy : if and
only if (z,y) € Jx}. It is easy to see that condition (53) means that the non-
autonomous dynamical system ((X,R.,7), (Y,R,0),h) is weak convergent. Now,
to finish the proof of the theorem, it is sufficient to apply Theorem 3.5 in [6] for the
non-autonomous system (X, R, ), (Y,R,0),h) generated by equation (44). O

Remark 4.7. Some interesting ideas and results related to the theory developed in
our paper can be found in [23].
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