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INVARIANT MEASURES AND STATISTICAL SOLUTIONS OF
THE GLOBALLY MODIFIED NAVIER-STOKES EQUATIONS

TOMAS CARABALLO, PETER E. KLOEDEN, AND JOSE REAL

ABSTRACT. We obtain regularity results for solutions of the three dimensional
system of globally modified Navier-Stokes equations, and we investigate the
relationship between global attractors, invariant measures, time-average mea-
sures and statistical solutions of these system in the case of temporally inde-
pendent forcing.

1. Introduction. The aim of this paper is to continue with the analysis of the
globally modified Navier-Stokes equations, which was initiated recently in the pa-
pers [2] and [8]. In fact, we are interested in several aspects related to the statistical
analysis of these equations, since statistical solutions have proven to be very use-
ful in the understanding of turbulence in the case of Navier-Stokes equations (see
Foias et al. [5]). The main reason is that the measurements of several aspects of
turbulent flows are actually measurements of time-average quantities.

Although there exists an extensive literature on statistical hydrodynamics in fluid
mechanics and physics (see, e.g., Kolmogorov [11, 12], Kraichnan [13], Landau and
Lifshitz [14], Dubois et al. [3], ...), on the mathematical side, we would like to
mention the contribution of Hopf [6], the pioneering work of Prodi [18], the book
by Vishik and Fursikov [22], and the recent paper by Lukaszewicz [16].

Let us now describe our model.
Let Q C R3? be an open bounded set with regular boundary I', and consider the
following system of globally modified Navier-Stokes equations (GMNSE)

O vaut Fy (Jul) [(u- V)] + Vp = f(1) in (0, +00) x 9
V.u =0 in (0,+00) x Q, (1)

u=0 on (0,400) x T,
u(0,2) = up(z), =z €9,

where N € (0, +00) is given and Fy : [0, 4+00) — (0, 1] is defined by

Fx(r) = min {1, ]:} . 1€ [0,400).
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The GMNSE (1) is indeed a global modification of the Navier-Stokes equations
(NSE) on © with a homogeneous Dirichlet boundary condition

% —vAu+ (- V)u+Vp=f(t) in (0,+00) x 2,

V-u =0 in (0,400) x £,
u=0 on (0,+00) x I,
u(0,z) = up(z), =z €Q,

where v > 0 is the kinematic viscosity, u is the velocity field of the fluid, p the
pressure, ug the initial velocity field, and f(¢) a given external force field.

The modifying factor Fiv (|[ul|) depends on the norm |Jul| = ||Vul|(z2(q)ysxs, which
in turn depends on Vu over the whole domain € and not just at or near the point
x €  under consideration. Essentially, it prevents large gradients dominating the
dynamics and leading to explosions. It violates the basic laws of mechanics, but
mathematically the GMNSE (1) are a well defined system of equations, just like
the modified versions of the NSE of Leray and others with other mollifications of
the nonlinear term, see the review paper of Constantin [1]. These modifications are
local in character, whereas ours is global and essentially reduces estimates of the
nonlinear term to those of the two dimensional NSE when the norm of the velocity
gradient exceeds a given threshhold. Moreover, unlike in other modifications, the
solutions of the GMNSE coincide with those of the NSE as long as this theshold
is never exceeded. (We mention in passing that Flandoli and Maslowski [4] used
a global cut off function involving the D(AY*) norm for the two dimensional sto-
chastic NSE).

The GMNSE are interesting in themselves, but, more importantly, can be used to
obtain useful information about the NSE. In particular, they were recently used
as an intermediate step by Kloeden and Valero [10] to prove that the attainability
set of the weak solutions of the 3-dim NSE which satisfy an energy constraint is
compact and connected set in the weak topology. The present paper is the first
in a systematic investigation of statistical solutions of the GMNSE with the long
term aim to use their properties to obtain a new understanding of the statistical
solutions of the three dimensional NSE.

In this paper we first prove some regularity properties of the solutions of our
GMNSE. This ensures that the global attractor for the dynamical system Sy gen-
erated by (2) (when f(¢) = f does not depend on time t) is a bounded set of the
domain of the Stokes operator (sections 3 and 4). Some properties for the invariant
measures associated to Sy are proved in Section 5. In particular, we show that
any invariant measure is supported by the attractor. Finally, in the last sections
we prove the existence of invariant measures and the relationship with the concepts
of time-average solutions, statistical solutions and invariant measures. Indeed, we
first prove the existence of time-average measures associated to any solution of
(2) with initial value in the phase space V (see Section 2 for the definition of V).
Then, the existence of invariant measures is obtained from the existence of certain
time-average measures. Our analysis in this article is finalized by proving that the
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invariant probability measures are statistical solutions of our GMNSE. A proof that
statistical solutions of the GMNSE are invariant probability measures will be given
in [9], since it requires the development of new estimates which are too lengthy to
include here. In a future paper we will investigate what information can be obtained
about the statistical solutions of the three dimensional NSE on a bounded domain
from the results of this paper for the GMNSE. This is not a trivial undertaking in
view of the still unresolved problem of uniqueness of strong and weak solutions of
the three dimensional NSE, which requires the use of set-valued dynamical systems
as in [10].

2. Preliminaries. To set our problem in the abstract framework, we consider the
following usual abstract spaces (see Lions [15] and Temam [20, 21]):

= {u € (C°(0)? : divu = o},

H = the closure of V in (L?(£2))3 with inner product (-,-) and associate norm ||,
where for u,v € (L?(2))3,

(o) =3 [ wlayesa)d.

Jj=1

V = the closure of V in (H}(£2))? with scalar product ((-,-)) and associate norm
|-l , where for u,v € (H}(£2))3,

3 Buj 811]-

(wv)= > s de.

,j=1

It follows that V ¢ H = H' C V', where the injections are dense and compact.
Finally, we will use |||, for the norm in V" and (-, -) for the duality pairing between
V and V.

Now we define the trilinear form bon V x V x V by

3
b(u,v,w) = Z/Quig:jwjdx, Yu,v,w €V,

4,j=1

and we denote

by (u,v,w) = Fx(|lv|)b(u, v,w), Vu,v,weV.
The form by is linear in v and w, but it is nonlinear in v. Evidently we have
by (u,v,v) = 0, for all u,v € V. Moreover, by the properties of b (see [19] or [20]),
there exists a constant C; > 0 only dependent on €2 such that

[b(u, v, w)| < O [Jull[oll[w] >, Vu,v,w eV, 3)
[b(u, v,w)| < Cu ful P [oll w4 [w]*2, Vu,0,w €V, (4)
[b(u, v, w)| < Co lull[[ol[[w]],  Vu,v,weV. ()

Thus, if we denote

<BN(U7U)7w> :bN(U,’U,’LU), VU,U,’LUEV,
we have for example
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| By (u, ) ||« < NCq|ul|l, Yu,veV. (6)
We also consider the operator A : V' — V' defined by (Au,v) = ((u,v)). Denoting
D(A) = (H?(2))3 NV, then Au = —PAu,Yu € D(A), is the Stokes operator (P is
the ortho-projector from (L2(£2))? onto H).
We recall (see [20] and [19]) that there exists a constant Cy > 0 depending only on
Q such that

[b(u, v, w)| < ColAul|[v]||w], Vue D(A),veV,weH, (7)
b, 0, 0)] < Colul V4| Auf*" 4 [olul, Vue D(A)veViweH,  (8)
b(u, v, w)| < Collul*?|Au|?||lv|||w|, Yue D(A),veV,we H, (9)

Definition 1. Let ug € H and f € L*(0,T;H), for all T > 0, be given. A weak
solution of (1) is any u € L*(0,T;V) for all T > 0 such that

{ u'(t) + vAu(t) + By (u(t), u(t)) = f(t) in D'(0, +o0; V'),
u(0) = uyo,

or equivalently
(u(t),w) + Z//O ((u(s),w))ds +/0 by (u(s),u(s),w) ds

t
= (uo,w)—i—/ (f(s),w) ds, forallt>0andalwelV.
0

Remark 2. Observe that if u € L?>(0,T; V) for all T > 0 and satisfies the equation
uw'(t) + vAu(t) + By (u(t),u(t)) = f(t) in D'(0,+o0; V'),

then, as a consequence of (6), u'(t) € L*(0,T;V’), and consequently (see [21])
u € C([0,+00); H) and satisfies the energy equality

lu(t)|* — |u(s)]® + 2u/ |w(r)||? dr = 2[ (f(r),u(r))dr forall0<s <t (10)

In [2] we proved that if ug € V and f € L?(0,T; H), then there exists a unique
solution u of the GMNSE with «(0) = ug, and v € L2(0,T; D(A))NC([0,T]; V) for
all T > 0. Consider the Galerkin approximations for the GMNSE, given by
Ulyn+VAum+PmBN(umaum) = Pnf, um(o) = Ppuo, (11)

where wy, = Y00 U by, Aum = D001, Ajt, by, with A; and ¢; being the cor-
responding eigenvalues and orthonormal eigenfunctions of the operator A, and P,
being the projection onto the subspace of H spanned by {¢1,...,¢mn}. From the
proof of Theorem 7 in [2] and the uniqueness of u, it follows that if ugp € V and
f € L?(0,T; H), then among other things,

U — u  strong in L2(0,T;V),

um — u  weak in L2(0,T; D(A)), (12)

ul, —u'  weak in L*(0,T; H),
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for all T > 0.

It was also proved in [2] that if ug € H\V, and f € L*(0,+o0; H), then there
exists a solution u of GMNSE with «(0) = wug, but we do not know if it is unique.
Nevertheless, in this last case, we know that every solution u of the GMNSE with
u(0) = ug satisfies u € L?(e, T; D(A)) N C([e,T]; V) for all 0 < e < T.

3. Regularity of the solutions. Existence of an absorbing ball in D(A).
Let f € L*(0,4o00; H), and denote |f|oc = || fl £ (0,4-00;5)-

Suppose first that ug € V, and let u = u(t) be the corresponding solution of the
GMNSE.

For the Galerkin approximations u,, we easily have

d t))?
%|um(t)|2 + VA1 |um () < |fy()\)1| , t>0,
thus multiplying by e”*'* and integrating, one obtains
2 > ot 2
[t (B)]7 < |ug|"e™ "M + VT;\; for all ¢ > 0. (13)
1

If we now take the inner product of the Galerkin ODE (11) with Au,, () we obtain
forall t >0
1d
5 g 1tm O + v Aum @O + bx (wn (), wm (8), Aup (1)) = (f(£), Aum (£)).  (14)
Evidently,
(F(0), A ()] < ¥ Au (1) + L2

Taking into account that Ai||upm, (¢)||* < [Aum(t)|? and that, by (8),
|7 (2 (£t (£), At (0)] < N Cofuan (8) 4] At (8)] 74,

we obtain

% (15)

d 2
S lum @17 + v [um ()11 < 2| f[3 + Cfum (1)

with CY) given by

(N) o (NCQ)877
297

Substituting the bound (13) for |u,,(t)|? in the differential inequality (15) gives

c (16)

d 2 2 (N) [, |2~ VA1 /12 ot
da < VA1 1J 1co 2 .
gilltm O + Al (O < CuoPemrt 4225 (24 25

Integrating this inequality then gives the solution estimate

[t ()] < (||uo]|? + CMtug|?)e™ 21 + 175 2+ o vt >0, (17)
- v2\; vA? )’ -

On the other hand, by (9) and Young’s inequality, one obtains
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1 (i (£), i (8), At (8))] < N[ (8)['?| Aty (8) /2

v
Z‘Aum( )|2 + C(N)||um(t)‘|2a
with ( )4
27(NC
Thus (14) simplifies to
d 2
%llum(t)\\Q + v Aunm (1) * < ;lflio +2Cw) lum@®)]* ¢ > 0. (19)

Let us fix 0 < € < 1. Integrating (19) between t and ¢ + ¢, we obtain in particular

t+e ) t+e
v [ () ds < 217+ 200 [ () ds + un (@] Ve o0,
t t

and then, by (17), one obtains

t+e
/ | Ay, (5)|? ds (20)
t
1+2C
< —— " (Jluo]l? + O™ (¢ + Dfug|?)e
14
| £ |2 1+42Cn cw)
> |2 2 Vt>0 Vm>1.
e 12 + e > m >

Suppose now that f’, the time derivative of f, also belongs to L>°(0,+o0; H). In
[8] it is proved that

1d

5 77 4 (D17 + Vil ()] (21)
—(EN ([l (0)]1)) 0t (t), um ()
= (g (£), tm (), iy (1)) + (f

—~ 3
~
:\

3

—~
~

~—

~
~+
\Y
=

where

(E(lun @] < T 20 xo0(0) ac. in (0.400), (22)

with
O ={te(0,+00): [lum(®)| = N}.
From (3), (22) and Young’s inequality, we have

[20EN ([ (8) 1)) D (e (£), i (£) 10, (1))
2N [ury (IO (8)1 ()]
= 2NCi|up, (O], (6)] 7 (23)

7
O + (4 ) 2OVl 0

IN

IN
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By (4) and Young’s inequality again

1265 (11, (£), i (), 13, (1))
2N Gy fu, (8)] 2y, ()2

(NG (1) (24)

IN

IN

vl (D17 +

Thus, if we denote

L(N):1+ l 725(NC )8+ 27 (NC )4
8v Yo es Y
from (21), (23) and (24) we easily obtain
L (P < LWt (OF +17B V120 Ym>1 (25)

If we integrate this inequality between s € [t,t 4 €] and ¢ + &, we have
t+e
lul, (t 4 €)|? < |ul,(s)]* + L(N)/ [l (r)|?dr +elf'|?2 VO<t<s<t+e,
S

for all m > 1. Integrating now this last inequality for s between ¢ and t + €, we
obtain

t+e
Jup, (t+€)]* < (7 +L(N))/ | () ds + | '3 V>0, (26)

¢
for all m > 1.
Now, observe that by (11), the definition of Fy and (7),

()] < | At (£)] + [ B (t (), 1 ()] + |£2)]
U] At ()] + T bt (8), i (£), )] + [

[[wm (8) ]
< (v+ NCY)|Aum ()| + |floo, t >0,

IN

and therefore
t+e t+e
/ lul, (s)|* ds < 2|f\§o+2(u+NC’2)2/ | A (s)|*ds Vit >0, (27)
t t

for all m > 1.
From (20), (26) and (27), it is clear that there exist two positive constants C}N)

and D;N), independent of €, ug, t and m, and increasing with |f|o and |f’|c, such
that

! (t+e)? < (1+e7h) [c}m + D™ (Juol? + (¢ + 1)\u0|2)e_”>‘1t] . (29

forallt >0, m>1,e€ (0,1, ug € V.
Again, by (11) and (9),

v[Aum ()] < g, (0] 4 1B (um (£), um ()] + | (2)]
<l (8)] + NCollum ()12 | A (8) 2 + | floo
N2C3
< IU’m(t)lJrglAum(t)H um@) + 1 floe,  t20,

2v
and therefore
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12 3N*Cq
[Aun () < Sl (OF + = llum @I +120f1%, vVE>0,  (29)
for all m > 1.
From (17), (28) and (29), one finds that there exist two positive constants K;N)
(N)

and Ry, independent of €, ug, t and m, and increasing with |floo and | f’|oo, such
that
|Aum ()2 < (1+e71) [R‘f“ + KM +t)||u0||2e%1t} Vt>e,  (30)

forallm >1, e € (0,1], ug € V.
Let t > € be fixed. By (30) we obtain

|Aup ()2 < (1+e7Y) [R}M + KN 24 t)HuOHQe_”’\lt] Vseltt+1], (31)

for all m > 1.
Now, we will make use of the following result (see [19] for a proof).

Lemma 3. Let X CY be Banach spaces such that X is reflexive and the injection
of X inY is compact. Suppose that {uy} is a bounded sequence in L>(to, T; X ) such
that w, — u weakly in LP(tg,T; X) for some p € [1,+00) and u € C°([tg, T];Y).
Then, u(t) € X for allt € [to,T] and

[u(t)]lx < sup lunllLo(to,m;x), VYt € [to, T]. (32)
=

From this lemma, inequality (31) and convergences in (12), we have

u(t) € D(A), |Au(t)]? < (147 R§N)+K§N)(2+t)||u0||26%ﬂ} Vt>e, (33)

where the inequality is valid for all ug € V and all € € (0, 1].

Suppose now that uy € H and u(t) is a solution of the GMNSE with initial datum
ug. We know that u(t) € V for all t > 0.
Let € € (0, 1] be fixed and let v(t) be the unique solution of the GMNSE with initial

~

datum u(e) and forcing term f(t) = f(¢t +¢). By (33),
u(t) € D(A) and |Av(t)]? < (1+e7Y) [R;N) + KM 24 t)||u(s)||2e%11 Vi e

But, by uniqueness, v(t) = u(t+e¢) for all t > 0, and thus, from the above inequality
we have

u(t) € D(A) Vit > 2e, (34)
|Au(t)2 < (1+&1) [R;N) + KM@+ t)||u(e)|\2e*“1<t*1>} Vi>2e  (35)

Now let w(t) be the unique solution of the GMNSE with initial datum u(e/2) and
forcing term f(t) = f(t + &/2). By uniqueness we know that w(t) = u(t + ¢/2) for
all ¢t > 0.
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From estimate (39) in Proposition 15 in [8] we have

1/2

1/2 . -
e/2w(1/2)|* < Kne™™ <U(€/2)|2 +/0 f(s)I? +/0 |f’(8)|2d8> :

where K > 0, is a constant depending only on C7, N, v and A;. Consequently,

lu(e)]* < 267 Kne™ (Jule/2)* + |13 + %) - (36)

Finally, the estimate

FOF <,

d
— |u(®)|? % <
GHOF el < S >0,

is well known and, in particular, implies that

2
u(e/2)? < fuof? + L. (37)
V)\l
From (36), (37), (33) y (35), we obtain the following result.
Proposition 4. Suppose that f € W1°°(0, +oc; H), and let u = u(t) be a solution
of GMNSE. Then
u(t) € D(A) Vit>0, (38)

and there exist two positive constants KJ(CN) and M}N), independent of €, ug and t,
and increasing with |f|eo and |f'|co, such that

a) if u(0) € V, then
[Au(t) < (147 [RYY + MM 1+ DllugPe ™| vize  (39)

for all e € (0,1];
b) in general, if u(0) € H, then

[Au(®)? < 1+ HRM + e 1+ e HYMP (1 + (1 + e, (40)

forallt > 2e,0 < e < 1. In particular, there exists a To = To(|ug|) depending
only on |uol, | fleos |f/|eos C1, Ca2, N, v and Ay such that

[ Au(t)? < 2R vt > To(juol). (41)

Remark 5. Observe that (40) implies that if f € W1°°(0,+o0; H), then every
solution of the GMNSE belongs to L (e, +00; D(A)) for all € > 0. If, moreover,
the initial datum ug € D(A), then it can be proved that the corresponding solution
u = u(t) of the GMNSE belongs to L>°(0,+o00; D(A)), and, more ezxactly,

sup |Au(t)| < +o0.
>0
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4. An estimate for |Au|’. We now derive an a priori estimate for the solutions
of the GMNSE, which is like the a priori estimate (A.43) obtained for NSE in [5]
in the case 8 = 2/3.

Lemma 6. Suppose that f € L*°(0,4o00;H), and ug € H. Let u = u(t) be a
solution of the GMNSE with u(0) = ug. Then, for each 0 < 8 < 1, there exists a
constant Cg > 0, independent of T', such that

/T |Au(t)|Pdt <Cs(1+T) VT >0. (42)
0

Proof.- We know that u € L?(e, T; D(A)) N C([e, T]; V) for all 0 < ¢ < T. Let us
fix € > 0. By the energy equality, we have

& u0)? 4+ v () + b (u(t) u(t), Au(0) = (1), Aut)) ¢ (43)

Evidently,
(700, Au(t))] < XA 4 e
In addition, by (9) and Young’s inequality, one obtains

(b (u(t), u(t), Au(t))] < NCol|u(t)|'/?| Au(t)]>?

v
< 714u@®)F + Cow lu®)I?,
with C(xy given by (18).

Thus (43) simplifies to

d 2
%IIU(UII2 +vlAu(t)® < ;Iflio +20w)lu@®)® t=e. (44)

Let us fix 0 < 8 < 1, and denote 6 = (2 —28)/6 > 0.

2
Evidently, taking C, = max (| fl%, 2C(ny ) > 0, we have a constant independent
v

of € such that

2
;|f|c2>o + 20y [lu(®)|?

Oy (L + [[u®)]?)
Oy +[lu@®)?)*e t>e.

IN

IN

From this inequality and (44) we have

1 d ,
W@HUU)H +

Integrating between ¢ and T we obtain

] Au(t)]? ,
L S > e,
A+ @2y =Cn t=2e

1 T v Au(t)?
O(L+ [[u(e)]?)° +/s (1 + [lu()]?)+° “
1
O(L+ [[u(T)]?)°
1

5t CNT,

IN

L ONT

IN
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and in particular,

T vAu(t))? 1
I ifehet S N < Z /
/E A s = 5+ OnT

for all 0 < e < T. Thus, making € — 0 in the last inequality, we obtain

T v| Au(t)|? 1 ,
/0 —(1+Hu(t)||2)1+5 dt < 5+C’NT VT > 0. (45)
But
T T 8
8 g |Au(t)| 2\8(146)/2
| o a = [ e e (1 ol 2 an,

and taking p = 2/4 in the Holder inequality, by (45) and the choice of 4, we obtain

T
/O | Au(t)]? dt (46)

o (2-8)/2
T 2 T

|[Au(t)] / B8 /(2

= dt 1+ u(®)|2)P0+9/@=8) g

= </0 L+ [a(t)2) T+ @)

(2-8)/2
I A )
< —+ — 1 t dt
< (S0 ([ asmaor
for all T > 0.
On the other hand, the estimate
d 2 2 _ @)1
—lu(t t < t>0
@+ vl < DO5 ¢z 0,
is well known and implies that
Eee 2 |1
v [lu(t)]|* dt < |upl* + ==T VT >0. (47)
0 Z//\1
Now, (42) follows easily from (46) and (47). [ |

5. The attractor in the autonomous case is a bounded subset of D(A).
We now assume that the forcing term f does not depend on time. Then, for each
N > 0 and uy € V, we denote Sy (t)ug = u(t,up), where u(t,up) is the unique
strong solution of (1) with initial datum wug.

It is known (see [2]) that, {Sn(t)}+>0 is a C° semigroup in V, i.e., Sy(t) maps V
into V for each t > 0, and

(a) Sn(0) = I, the identity map on V,
(b) Sn(t+s)=Sn(t)Sn(s) for all s, t > 0,
(¢) The function (t,up) € [0,400) X V — Sy (t)ug € V is continuous.
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It was also shown in [2] that the semigroup in V here is asymptotically compact
and hence that the GMNSE has a unique global attractor Ay in V for each N > 0,
i.e., a compact subset Ay C V such that

Sn(t)An = Ay for all t > 0, (48)

and
, ligl disty (Sn (t)D, Anx) =0 for all bounded subset D C V, (49)

where disty (D1, D) is the Hausdorff semidistance in V' between D; and Da, i.e.

disty (D1, D3) = sup inf |jv—w| for D1,Dy C V.
veD; w€E Do
From the results in [8] we know that the fractal dimension of Ay is finite, and
also that it attracts all solutions of the GMNSE starting in H. More exactly, for
each ug € H, let us denote Sy (t)ug the set of values u(t) at time ¢ > 0 of all weak
solutions u(-) of the (1) with initial datum wg, then

. ligl disty < U §N(t)u0,AN> =0 for all bounded subset D of H.  (50)
upg €D

Observe that (41) implies that the closed ball By in D(A) defined by
By = {ve D(A): |Av]* < 2RV}, (51)

is absorbing for the semigroup {Sn(¢)}:>0. Moreover, by the compactness of the
injection of D(A) into V, as By is bounded in D(A), it is relatively compact in
V. Suppose that v, € By is a sequence such that v,, — v in V. As By is a
bounded subset of D(A), we can extract a subsequence v,, of v,,, weakly convergent
in D(A), i.e., v, = w weakly in D(A), but then v, — w weakly in V, and so w = v.
Consequently, v € D(A) and |Av|? < ngf_&f) |Av,|? < R;N), and so v € By. Hence,

we have proved that the set By is a compact subset of V.

Thus, in fact, the existence of Ay is a consequence of Proposition 4. Moreover,
from (41) and the invariance property (48), a new regularity property for the global
attractor follows.

Corollary 7. The global attractor Ay is a bounded subset of D(A).

6. Sy-invariant measures in the autonomous case. Henceforth we will sup-
pose that f € H is independent of time ¢. By a probability measure on H we will
understand a probability measure on the o-algebra of Borel subsets of H.

We recall that a Borel set in V' is a Borel set in H and that a set £ C V is a Borel
subset of V if and only if there exists a Borel subset F' of H such that E = FNV.
The same properties follow with D(A) instead of V' (see [5]).

Definition 8. Let pu be a probability measure on H. We will say that p is Sy-
invariant if

u(VY=1 and u(E) = u(Sn()"'E) vi>0, (52)
for every Borel subset E of V.

An interesting property of Sy-invariant probability measures is the following.
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Lemma 9. Let p be an Sy-invariant probability measure on H and let E be a
measurable subset of V' such that for all v > 0 exists a t,. > 0 such that

Sn(tr)ug € E for all ug € V such that |lug] <.

Then,
w(E) = 1.
Proof.- Let us denote By (r) = {v € V : |v| < r}. We know that for each r > 0
there exists ¢, > 0 such that Sy(t,)By(r) C E. Hence By (r) C Sy(t,) *(E), and
0
u(By (r)) < p(Sn(t,) " (E)) = p(E) < 1.

Now observe that, V' = J,.,Bv(r), and that By(r) is increasing with r, so
w(By (r)) — uw(V) = 1. Hence p(E) = 1. [ |

Now we will prove that the support of an Sy-invariant measure on H is included
in the global attractor Ay.
We recall that By is a compact set of V' which is absorbing for the semigroup
{SN(t)}t20~ Thus
t>0s>1

where the closure is taken in V. In [5] it is proved that

Ay = [ Sn(tx)Buw, (53)

k>1

where t; is any sequence of positive numbers such that ¢t — +o00 as k — +oc.

Theorem 10. The support of any Sy-invariant measure on H is included in the
global attractor Ay .

Proof.- Let Ty > 0 be such that Sy (¢)By C By for all t > Tj. Hence, the sequence
of sets Sy (kTo)Bn is decreasing, and thus, by (53),

pn(AN) = Jim (SN (kTo)By). (54)

Since By is Sy-absorbing, the set Sy (kTp)Bn is also Sy-absorbing and is, more-
over, a subset of D(A), so, by Lemma 9, u(Sy(kTo)Bny) = 1. Consequently,
uw(Ayx) = 1 by (54). Since Ay is compact in V, it is closed in H and thus in-
cludes the support of p, which is the smallest closed subset of H of py-measure
equal to 1. [ ]

7. Time-averages solutions in the autonomous case. Let us denote B([0, 00))
the space of all bounded real-valued functions on [0, 00), and B4 ([0, 00)) the space
of all functions g € B([0, c0)) such that g(s) > 0 for all s > 0.

Definition 11. A generalized limit is any linear functional, denoted LIMy_. o, on
B([0,00)) such that

a) LIMy_g(T) >0 Vg e By([0,00));
b) LIM7_og(T) = Tlim g(T) for all g € B(]0,00)) for which the usual limit

Tlim g(T) exists.
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For the existence of generalized limits see [5], where the following properties are
also proved

¢) liminf g(T) < LIM7—ocg(T) < limsup g(T), Vg € B([0,00));
—oe T—o0
d) |[LIM7p_sg(T)] < 1i;nsup lg(T)| < sup lg(T)], YgeB([0,00));

1 T+ 1 T
0 0

L°°(0, 00).
From now on we suppose we have fixed a generalized limit, denoted LIM7_, .

Let u(t) be a solution of the autonomous GMNSE. We remember that, by Propo-
sition 4, there exists a Ty = To(|u(0)]) > 0 such that u(t) € By for all ¢t > T.
Then, as u € C([0,+00); H), if p € C(H), the function ¢(u(t)) is a continuous and
bounded real function on [0,400), and consequently the function T' € [0, 4+00) —

1 /7T
T/ o(u(t))dt € R, with the convention 0/0 = 0, is well defined and bounded,
0

1 /7
and therefore the generalized limit LIMTHOOT / o(u(t)) dt is defined.

Observe that, if u(0) € V, then u € C([0, +00); (‘)/') and by the same argument as
above the generalized limit LIMT_,OO% /0 ' p(u(t))dt is also defined for all ¢ €
c(V).

Definition 12. Let u(t) be a solution of the autonomous GMNSE. A time-average

measure of the solution u(t) is any probability measure p on H such that C(H) C
LY(H,u) and

1 /7
UMrog [ wlu®)dt= [ p@)duv) Yoecw).  (9)
0 H
Before proving the existence of time-average measures, we prove the following result.

Proposition 13. Any time-average measure p of a solution u(t) of the autonomous
GMNSE is carried by D(A), i.e.,

u(D(A)) =1. (56)
Proof.- Let u(t) be a solution of the autonomous GMNSE, and consider a time-
average measure p of a u(t).
Let us consider the projections P, onto the subspace of H spanned by {¢1, ..., dm},
¢; being the orthonormal eigenfunctions of the operator A.
Let us fix 0 < 3 < 1. It is clear that for any m > 1 the function |AP,,v|? is
continuous on H and consequently

1 T
/ |AP,v|° du(v) = LIMp_ 00 — / | AP, u(t)|? dt. (57)
H T 0

On the other hand, |AP,,v|® / |Av|? as m — +oco for all v € H, with the con-
vention that |Av| = +oo for all v € H \ D(A). Thus, by the monotone convergence
theorem,

/|Av|5d,u(v): lim / |AP,,v|? du(v). (58)
H m—o0 [
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If we prove that

1 T
LIM7 o0 / | AP, u(t)|? dt
0

remains bounded when m — 400, by (57) and (58) we will obtain that

[ 14ol? du(w) <
H

and consequently u(H \ D(A)) = 0.
Recall that by Lemma 6 there exists a constant Cg > 0, independent of 7', such
that

T
/ |Au(t)|Pdt < Cs(1+T) VT >0.
0

Then, since u(t) € D(A) for all t > 0, and consequently |AP,u(t)| = |PpnAu(t)] <
|Au(t)|, we obtain

1 /T
T/ |AP,u(t)|? dt <205 YT >1.
0
Therefore,
1 (T
lim sup —/ |AP,,u(t)|? dt <203,
T—+4o00 T 0
for all m > 1, and by the properties of generalized limits,

1 T
LMy oo / | AP u(t)|? dt <204,
0

for all m > 1, as desired. u

In the case of an initial datum uy € V, we can obtain existence of more regular
time-average measures.

Proposition 14. For any solution u(t) of the autonomous GMNSE such that
u(0) € V there exists a time-average measure p of this solution such that more-
over C(V) C LY(H,pn) and

My [ elu®)dt = [ o)aut) voeow) (59)

Proof.- Let u(t) be a solution of the autonomous GMNSE with (0) € V. We have
seen that there exists a Ty = To(|u(0)]) > 0 such that u(t) € By for all t > Tp, By
is a compact subset of V', and

T
L(p) = LIMT_,OO% /0 o(u(t)) dt

is well defined as a real number for all ¢ € C'(H) U C(V).

Moreover, for any ¢ € C(H)UC(V), the value L(p) depends only on the restriction
of ¢ to By. Indeed, if ¢ € C(H)UC(V) is another function such that ¢(v) = @(v)
for all v € By, then ¢(u(t)) = @(u(t)) for all ¢ > Ty, and therefore, by the linearity
of LIMy_. oo,
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1 T

@)= L@) = WM [ (o) - Bu(v)) e
1 [T

= Mg [ (o) = Bue) @

Thus L(y) = L(®).

Let now ¢ € C(By), where By is considered as a metric subspace of H. As By
is a closed subset of H and % is continuous and bounded, we can extend % to a
continuous function ¢ € C(H). By the considerations above, the value L(¢p) is the
same for any ¢ € C(H) U C(V) such that ¢, = 1. Therefore, we can define a
functional [ on C(By) by I() = L(p), where ¢ € C(H) U C(V) is any continuous
extension of ).

It is evident that [ is a positive linear functional on C(By), and because By is
compact, it follows from Kakutani-Riesz representation theorem (see [5]) that there
exists a positive measure p on By such that

W)= | @)du(v) V¢ e C(Bn).

By

The measure p can be extended to a measure on H by setting u(F) = u(F N By)
for all Borel measurable subset F' of H. It is clear that u(H \ By) = 0, and observe
that if o € C(V), then ¢, € C(By) (if v, — vo in By, then, as By is a compact
subset of V| v, — vp in V, and therefore ¢(v,) — ¢(vp)).

Consequently for any ¢ € C(H) U C(V) we have

T
LIMr o / pu®)dt = L(g) =g, )
_ / P, (0) dp(v)
Bn

/H (o) du(v).

Finally, note that taking ¢ = 1, we deduce that u(H) = LIM7_ 1 =1, so that u
is a probability measure on H. [ |

Remark 15. With an almost identical proof to that of the preceding theorem,
one can prove that there exists a time-average measure of any solution of the au-
tonomous GMNSE.

Now, we can obtain existence of Sy-invariant measures.

Proposition 16. Let u(t) = Sy (t)ug be the solution of the autonomous GMNSE
corresponding to ug € V, and let u be a time-average measure of u(t) such that
C(V) C LY(H, u) and (59) is satisfied for all o € C(V). Then u is an Sy-invariant
measure.
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Proof.- Let ¢ € C(H) and 7 > 0. The function ¢ o Sy (7) : v — ¥ (Sn(7)v) is also
continuous in V, and by (59) with ¢ replaced by 1 o Sy (1), we have

1 T
/H U(Sw () du(v) = LMror, /0 WS (E + T)uo) dt

1

T+7
= LIMroor / (S ()uo) dt

T
= LIM7y_o % / V(SN (t)uo) dt
0

T+t T
+7 /T U(S (o) dt — /O zp(sN(t)uo)dt],

But, observe that Sy (t)ug belongs to a compact set of V', and hence also of H, for
all ¢ > 0. Therefore ¥(Sn(t)up) remains bounded for all ¢ > 0, so

T+ T
LIM7_ %/T V(SN (t)uo) dt — %/0 ¢(SN(t)U0)dt] =0.
Thus,
1 T
[ wsxmdu) = LM [ (Sy(tuo)de
" 0

I
T
<
=
QU
=
3

for all 7 > 0 and any ¢ € C(H). By density, we then obtain

/ S(Sw (1)) du(v) = / o(v) du(v) Vo e L'(H, p).
H H

In particular, taking the characteristic function of any measurable subset E of V,
we then have

H(E) = u(Sn() ') V7 >0,

and the Sy-invariance of p follows. ]

8. Stationary Statistical Solutions of the GMNSE in the autonomous
case.

Definition 17. We define T as the set of real valued functionals ® = ®(v) on H
such that
(i) ¢ == sup |®(v)| < 400 for all 7 > 0;
[v|<r
(ii) for any v € V there exists ®'(v) € V such that
[®(v+w) — P(v) — (P'(v), w)|

|w]

—0 as|w| — 0withweV; (60)

(iii) the mapping v — D' (v) is continuous and bounded as function from V into

V.
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Let us denote ||v|| = 400 if v € H\ V. With this convention, if p is a probability
measure on H and [}, [|[v||? du(v) < 400, then p(H \ V) =0.
We define
Gn(v) = —vAv— By(v,v)+ f VveW (61)
Taking into account (5) and that
r|Fn(r) — En(s)| <|r—s| Vrs>0,
it is easy to obtain that
BN (v, 0) = By (u, u) ||« < NC12[Jv[| + [[ul)]lv = ul YVu,v eV,
and therefore the mapping Gy : V — V’ is continuous. Also, by (6),
IGN ()]« < (v + NC)wll + A7 2| YoeV. (62)
Thus, if ® € 7,
(G (v), @' ()| < [(v+ NCy) o]l + A—1/2/f]] sup 2" ()|l YveV,
we
and consequently, if ; is a probability measure on H with [, [lv|| du(v) < oo,
then the integral [, (Gn(v), ®'(v))du(v) is finite.

Definition 18. A stationary statistical solution of the GMNSE is a probability
measure p on H such that

) [ ol dn(o) <+
(ii) /H<GN(U)7 &' (v)) du(v) =0 for any ® € T;
(iil) / {v|v||?> = (f,v)}du(v) <0 for any 0 < a < b < +oc.
{a<lo|2<b}

We have the following result

Theorem 19. Any Sy-invariant probability measure on H is a stationary statis-
tical solution of the GMNSE.

Proof.- Let u be a Sy-invariant probability measure on H. We know by Propo-
sition 4 and Lemma 9 that u(H \ By) = 0. The set By is a compact subset of V
and hence the function ||v|| is bounded on By. Thus, for any 5 > 0,

'Uﬁ v) = ’Uﬁ v 0
/Hn 1? du(v) /BNH 1% dp(o) < +oo,

and in particular condition (i) in Definition 18 holds.
Let us fix 0 < a < b < +0o0, an let us denote
E={veV:a<?<b} F={veH: a<|v?<b}

Since y is Sy-invariant, and by (i) the function v — v||v||? — (f,v) is u-integrable,
we have

/F Wil = (£,0)] du(o) (63)
/ wllol = (f, )] du(w)
E

/E WIS (O] — (. S (£)o)] duu(v) Vit > 0.
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Now, observe that reasoning as in the proof of Lemma 6 one can obtain that
2
1SN (t)v]|* < (|f|2 + ||v||2> S (64)
v

for any v € V. Consequently, taking into account condition (i), we can integrate in
(63) and apply Fubini’s theorem, to obtain

/F[uuvn2 — (f,v)] du(v) (65)
N %/O /E[VHSN(t)UH2_(faSN(t)U)]du(v)dt

1 T
- ?/E/O wlSn (t)v]|* = (f, Sw(t)v)] dt dp(v)

for all T' > 0.
But we know that for all v € V and all T' > 0,

T

T
Sw(@)ol? = o + 20 [ SwtplPde=2 [ (. Sw0w) dr
0 0
and hence, by (65),

Lol = ol ) = 57 [ (ol = 185Dy dute) vT >0 (60

Now observe that

|f1?
+ V222
Suppose first that b < +o0o. Then, from (66) and (67), and making T — +oo0, we
find that

1SN (t)v]? < |v]?e VMt Vt>0 YvelV. (67)

/ llol2 = (£, )] du(w) = 0.
F

If b = 400, it is enough to consider a sequence b, / +oo. Thus we have proved
that p satisfies condition (iii) in Definition 18.

Finally, we must prove that p satisfies condition (ii) in Definition 18.

Let ® € 7 be given. For each integer m > 1, denote

b, (v) = ®(Ppv) VveH.

It is easy to see that ®,, € C*(H), with ®/ (v) = P,,®'(P,,v) for all v € H.
Evidently,

sup [®m (v)] < sup |[®(w)] = ¢, < +oo,
lv|<r |w|<r

and the mapping v — @/ (v) is continuous and bounded as a function from V into
V. Thus (see for example [17] Theorem 4.2, page 65) for any m > 1 and all v € V
we have

T
B, (Sn (T)v) — By (v) = /O (Gn(Sn(t)w), @ (Sx(t)w))dt YT >0.  (68)

Since p is Sy-invariant,

/ (G (v), B, (0) dia(v) = / (G (Sw(£)0), Bl (Sx (£)0) du(v)
H 1%
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for all ¢ > 0. Now we integrate, and taking into account (62), (64) and condition
(i), we can apply Fubini theorem, and we obtain

I _ 1 r /
[ @xoe @) = [ [ @y o sy ) a

1 T )
- T/v/o (Gn(Sn(t)v), L, (Sn(t)v)) dt du(v),
and thus, by (68),

T
Taking 7" — 400 in the last equality, and using the mean value theorem, the
boundedness of @/, on V, and the inequality (67), we obtain

[ (630, #,@)dn(0) = 1. [ [@n(Sy(T)0) - O] du(w) VT >0
H 1%

| (@), 20,0 dute) =0, (69)
Now, observe that

127, (v) = @' (v)]

[P ® (Pv) — @' (v)]]

[P @ (Prnv) = P @ (0) | + [| P @ (v) — @' ()]
19" (Pyv) = @' ()| + | Pn @' (v) — @ (v)]].
Therefore, by the continuity of ® on V', we obtain

<
<

@), (v) —®'(v)|| =0 asm — +oo for all v € V. (70)

Finally, by (62), the boundedness of ® and @/, on V, and (70), from (69) we have
that

/ (G (0), ' (v) du(v) = 0.
H

As a direct consequence of Proposition 16 and Theorem 19, we have

Corollary 20. Let p be a time-average measure of a solution u(t) of the GMNSE
such that C(V) C L*(H,u) and (59) is satisfied for all ¢ € C(V). Then u is a
stationary statistical solution of the GMNSE.

Remark 21. Letug € V.. Let uy be for each N > 0 a time-average measure of the
solution Sy (t)ug of GMNSE. We know that there exists a subsequence of solutions
S (t)ug that converges in an adequate sense to a solution u(t) of NSE (see page
432 in [2]). To our knowledge, the question remains open if the pun: converge in
some sense to a measure related to u(t).
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