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The long-time behavior of an integro-differential parabolic equation of diffusion type
with memory terms, expressed by convolution integrals involving infinite delays and
by a forcing term with bounded delay, is investigated in this paper. The assumptions
imposed on the coefficients are weak in the sense that uniqueness of solutions of
the corresponding initial value problems cannot be guaranteed. Then, it is proved
that the model generates a multivalued non—autonomous dynamical system which
possesses a pullback attractor. First, the analysis is carried out with an abstract
parabolic equation. Then, the theory is applied to the particular integro-differential
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1 Introduction

The aim of this paper is to analyze the long-time behavior of solutions of an
integro-differential parabolic equation of diffusion type with memory terms,
expressed by convolution integrals involving infinite delays and by a forcing
term with bounded delay, which represent the past history of one or more
variables. In particular, we focus on the following non-autonomous reaction-
diffusion equation with memory

% —Au+/t v (t—s)Au(x,s)ds+ g (x,t,u(z,t)) = f1 (z,t,u(z,t —h)),

1)
with Dirichlet boundary condition, where x belongs to a bounded domain
O C R with smooth boundary,t € R, the functions f; and g satisfy suitable
assumptions (see Section 4), and ~ is given in a standard way as y(t) =
—yoe~ %! with dy > and vy > 0. For the definition and properties of the
coefficients see below.

It is well known that many physical phenomena are better described if one
considers in the equations of the model some terms which take into account
the past history of the system. Although, in some situations, the contribution
of the past history may not be so relevant to significantly affect the long time
dynamics of the problem, in certain models, such as those describing high
viscosity liquids at low temperatures, or the thermomechanical behavior of
polymers (see [15], [28] and the references therein) the past history plays a
nontrivial role.

On the other hand, it is sensible to assume that the models of certain phe-
nomena from the real world are more realistic if some non-autonomous terms
are also considered in the formulation. Moreover, even if we consider an au-
tonomous model with certain kind of memory, unless the delay is constant,
then the systems is better described by a non-autonomous differential equa-
tions (e.g. systems with variable delays, distributed delays, etc.).

The asymptotic behavior of a stochastic version of Eq. (1) (with an additive
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noise) and with conditions ensuring uniqueness of the Cauchy problem was
studied in [2].

In the papers [20], [21], [25], [26] it is considered a general system of reaction-
diffusion equations (without delay) in which the nonlinear term satisfies dissi-
pative and growth conditions which are not sufficient to ensure the uniqueness
of the Cauchy problem. In this way, important applications as the complex
Ginzburg-Landau equations can be also considered (see [20], [21] and also
[31]). Using the theory of attractors for multivalued semiflows or processes,
the asymptotic behavior of solutions is studied. For the same kind of systems,
the existence of trajectory attractors is proved in [10], [11]. In [9], using also the
method of trajectory attractors, the authors present a global scheme for the
construction of connected trajectory and global attractors for heat equations
with linear fading memory and with non-linear heat sources.

In [8], a linear integro-differential equation for a class of memory functions
in a Hilbert space arising from heat conduction with memory is considered.
In particular, sufficient and necessary conditions for stability and exponen-
tial stability in both finite and infinite dimensional cases are established. In
[16], the authors are able to construct a Lyapunov functional associated with
the dynamical system in an appropriate history phase space. The existence of
global attractors for reaction-diffusion systems with finite delay and unique-
ness of the Cauchy problem has been considered in [34]. Trajectory attrac-
tors for reaction-diffusion equations with an infinite-delay memory term and
uniqueness of solutions have been proved to exist in [7].

We extend the results of these previous papers to equation (1) by considering
a similar nonlinear term ¢ (as in [20]-[21]), not ensuring uniqueness of the
Cauchy problem, when some delays are present. Also, as the terms appear-
ing in the equation are non-autonomous, we construct a multivalued process
associated to the problem and study the existence of pullback attractors for
it.

From the technical point of view some new and challenging difficulties ap-
pear with respect to all these works. One memory term involves an infinite
(unbounded) delay which is given by a convolution term and second order
partial derivatives. The other one containing a bounded (finite) delay is a
general continuous term satisfying very weak restrictions. Due to these facts,
we study the existence of the global attractor in the space H given by measur-
able functions t — u(t) € H}(O) with [°_ [, e**|Vu[?dzds < oo such that
their restriction on [—h, 0] has a version in C([—h,0]; L*(O)), where \; is the
first eigenvalue of —A in H}(O). The main difficulty appears when we have
to prove the asymptotic compactness of the multivalued process, as the usual
methods of the energy inequality or the monotonicity method (used for ex-
ample in [20], [21], [25]) do not seem to work for the convergence in the norm



|||z - Also, due to the absence of uniqueness it is also not possible to obtain
suitable estimates in more regular spaces, as given in [2]. Nevertheless, as we
will see later, the linearity of the infinite delayed term helps us to overcome
these difficulties in other way.

Now we will describe how our model appears. The starting point for our con-
siderations is the following heat conduction model.

Let O be a regular enough bounded domain in RY. We denote by v = v(x,t)
the temperature at position € O and time ¢. Following the theory developed
by Coleman & Gurtin [13], Gurtin & Pipkin [17] and Nunziato [27] we assume
that the density e(z,t) of the internal energy and the heat flux ¢(z,t) are
related to the temperature and its gradient by the constitutive relations:

e(z,t) = bov(z,t), teR, €0
and

t _
q(z,t) = —coVu(x,t) +/ v(t = s)Vou(z,s)ds, teR, xze€O.

Here the constants by > 0 and ¢y > 0 are called respectively the heat capacity
and the thermal conduction, ~ is the heat flux relaxation function (recall that
the standard example is v(t) = —ype %! with dy > 0 and vy > 0).

The energy balance for the system has the form
Ore(z,t) = —divg(x,t) + f(x, t,v(x,t)), teR, x€0,

where f(x,t,v) is the energy supply which may depend on the temperature.
Thus we arrive at the following non-autonomous heat equation with memory

boOyv(x,t) = coAv(z,t) — /too v(t — s)Av(z, s)ds + f(x,t,v(x,t)),

where t > 0, x € O. We also need to impose some (natural) boundary condi-
tions for v(z,t).

However, on some occasions it is sensible to think that the external forcing
term f may depend not only on the temperature at present time ¢ but also
on some previous instant ¢ — h (for a positive h > 0). This kind of situations
come out very often in problems related to feedback control. Consequently,
one may assume that, instead of the previous f, it could be better to consider

filz, t,v(x, t —h)) — g(x, t,v(x,t)),

which yields the initial formulation of our problem (1) (for by = ¢y = 1).



The article is organized as follows. In Section 2 the definition of a multival-
ued non—autonomous dynamical system is stated. In particular, we introduce
the concept of pullback attractor for this kind of non-autonomous dynamical
systems. To follow our purpose to investigate the long-time behavior of the
system (1) we proceed as follows. Instead of working directly with our prob-
lem, we first introduce in Section 3 an abstract non-autonomous PDE (which
contains in particular our model) with coefficients satisfying weak conditions.
These coefficients contain finite and infinite delay terms. In particular we do
not assume Lipschitz continuity of all these coefficients. Then we show the ex-
istence of at least one weak solution for (1). The set of all weak solutions forms
a multivalued non—autonomous dynamical system. The existence of pullback
attractor is established in Section 4. Finally, in the last section we apply the
general theory to our problem (1).

2 Preliminaries

We will recall the general theory of pullback attractors for multivalued non—
autonomous dynamical systems as given in [5] (see also [3] for the theory of
multivalued non—autonomous systems in terms of cocycles).

Let X = (X, dx) be a Polish space. Denote by P(X) the sets of all non-empty
subsets of X, and by Ry = {(t,7) e R* : ¢t > 7}.

We now introduce multivalued non—autonomous dynamical systems.

Definition 1 A multi—valued map U : Ry x X — P(X) is called a multival-
ued non—autonomous dynamical system (MNDS) or a process if the following
properties hold

i) U(r,T,-) =idy, for all T € R,
i) U(t,r,x) CU(t,s,U(s,7,x)) forall 1<s<t,xelX.

It is called a strict MNDS if, moreover, U(t,7,xz) = U(t,s,U(s,T,z)) for all
T<s<tzelX

In order to define the concept of attractor we need to recall some other defi-
nitions.

Let D : R — P(X) denote a multivalued mapping. D is said to be negatively
(resp. strictly) invariant for the MNDS U if D(t) C U(t,7,D(1)) (resp. =),
for (t,7) € Ry.

Let D be a family (or universe) of multivalued mappings (D(7)),cr. We say



that a family K is pullback D-attracting if for every D € D

lir}ra distx(U(t,t —7,D(t —71)),K(t)) =0, for all t € R,

where by distx (A, B) we denote the Hausdorff semi-distance of two non-empty
sets A, B: distx (A, B) = sup,e4 infyep dx(z,v).

B is said to be pullback D-absorbing if for every D € D and t € R there exists
T =1T(t,D) > 0 such that

Ut,t —7,D(t—7)) C B(t), forall 7 > T.

Throughout this work we always consider a particular system of sets as in
[30]. Namely, let D be a set of multivalued mappings D : 7 — D(1) € P(X)
(i.e. with non-empty images) satisfying the inclusion closed property: suppose
that D € D and let D" be a multivalued mapping D' : 7 — D'(1) € P(X)
such that D'(t) € D(r) for 7 € R, then D" € D. It is remarkable that in
considering such a system of sets, we will be able to prove the uniqueness of
the pullback attractor in D.

For some element B € D, an MNDS is said to be D-asymptotically compact
with respect to B if for every sequence 7,, — +o0o and t € R, it holds that
every sequence y, € U(t,t — 7, B(t — 7,)) is pre-compact.

Let us define a global pullback D-attractor.

Definition 2 A family A € D is said to be a global pullback D-attractor for
the MNDS U if it satisfies:

i) A(t) is compact for any t € R;
ii) A is pullback D-attracting;
i11) A is negatively invariant.

A is said to be a strict global pullback D-attractor if the invariance property
in the third item is strict.

Now we can formulate the following theorem, proved in [5] (see also [3] for a
more general non-autonomous and random framework).

Theorem 3 Suppose that the MNDS U(t,T,-) is upper—semicontinuous for
(t,7) € Ry and possesses closed values. Let B € D be a multivalued map-
ping such that the MNDS is D-asymptotically compact with respect to B. In
addition, suppose that B is pullback D—absorbing. Then, the set A given by

A =N UU@Et—sB({t—s))

T7>0s>T



is a pullback D-attractor. Furthermore, A is the unique element from D with
these properties. In addition, if U is a strict MNDS, then A is strictly invari-
ant.

3 Existence of solutions of the integro-differential equation

We intend now to introduce a setting to find a solution of the problem (1).
However, instead of working directly with our model, we will consider an
abstract problem (which contains our problem as a particular case) and with
a little additional work, we will cover other equations at the same time.

Let O be a bounded domain in RY with smooth boundary. On this set we
introduce the space LP(Q) with norm |- |, for p > 1. We denote by (:,-), the
pairing between L(0) and LY(0O), ¢+~ = 1. The space L*(O) is also denoted
by H and its norm and scalar product are denoted by || - ||, (+,-). We also have
the Sobolev spaces W5 (O) = H*(O) of functions with generalized derivatives
up to the order s € N in L?(0O) (see [24] for the definition in the case where s
is not an integer). Let H3(O) be the closure of C§°(QO) with respect to these
norms in H*(O) and denote V = H}(O).

We now consider uniformly elliptic differential operators of second order

N

A(z, D) = — Y Di(a;j(x))D;

ij=1

with homogenous Dirichlet boundary conditions u|sp = 0 defined on suffi-
ciently smooth functions. In particular, we suppose that a;; = a;; € C*°(O).
Then we know that we can extend the above differential operator to a pos-
itive operator A defined on H}(O) N H?*(O). This operator has a compact
inverse with respect H. Hence this operator has a discrete positive spectrum
0 <A <A <--- of finite multiplicity and

lim A, =
n—oo
with associated eigenelements of A denoted by ey, es, - - - generating a complete
orthonormal system in H.
We also define the spaces
o
={u e D'(0): Z ei, Ui = (u, e;)pr(oy, |JullZ = Z)\a|ul\2 < o0},

where, as usual, D'(O) denotes the distributions space over 0. We have V? =
H, V! =V, V-1 =V’ The duality between V* and V- = (V) is denoted



by (-,-). By a bootstrap argument it follows that e; € V* for a € R. In
particular, we have

(Au,u) = ||lul]] for u e V. (2)

The following embedding theorem is well known (see [32, Lemma 2.1 in Chap-
ter 4]):

Lemma 4 (i) Suppose that p > 2, and

s> N(1 — 1)
2. p
Then we have the continuous embedding H*(O) C LP(O).

(ii) Suppose that o > s for s € N. Then we have the continuous embedding

Ve c H3(0).

As a consequence or Lemma 4 (see also [29, Section 8.2]) it follows that e; €
Vs C H*(O) C L (O),fors > N (% — ;1)), and {e;}32, is complete in Hj(O)N
LP (0).

Let C([a,b]; H) be the space of continuous functions u : [a,b] — H, a < b € R
equipped with the standard supremum norm. In particular, we consider this
space often for a = —h and b = 0 which is then denoted by Cj with norm
|- lle,- By L*(a,b; V*), —00 < a < b < oo we denote the space of measurable
mappings u : (a,b) — u(t) € V such that

b

2oy = [ Nlu(r)l2dr < oc.
A mapping ¢ (t) € V for a.e. t € (—oo,T') is an element of the space L? (—oo, T; V)
if

2 T A1s 2

1012y = [ € [0 (@)l ds < oo.

We also use the abbreviation L} = L?(—o0,0; V).
For a function u € L*(—oo,t; V) we will write u; = u(t + -) € L% for t € RT.
The following space is the state space investigating the dynamics of (1). Let
h be a positive constant and p > 2. We set ‘H to be the space of functions

in L2, such that their restriction on [—h, 0] has a version in Cj,. This space is
equipped with the norm

lullz, = llullze + lullg,-

It is straightforward that this space is a separable Banach space.



We aim to analyze the following non—autonomous evolution equation

Wt Au= Bt u) H R u) -G, ulrts) =(s) fors <0, (3

where 7 € R, the operator A has been introduced at the beginning of this
section, 1) € 'H and

G R x LP(O) — LY(0),
FliRXCh—)H, (4)
F:Rx L — V),

are continuous operators satisfying the following assumptions: for some posi-
tive constants 7, p and positive functions ¢y, ¢ € L} (R), it holds

<G(t> 'U)v U>q > 77|U|§ - Cl(t)7
|G (t,v)|F < plv]h + cat), for v e LP(O).

(5)
We also assume

[E2(t, O < es(t) + ca®) [l for & € Cn, (6)

where c3, ¢4 are positive functions such that ¢, ¢4 € Lj,.(R). On the other
hand, we assume that there is a d € (0, 1) and a positive function ¢ € L}, (R)
such that

t t t
2 [ A Fafs u) s < [ Moes(syds + o [ Mt u()ids, (1)

for all 7 € R, ¢t > 7 and u € L?*(—o0,t; V). In addition, there exist a K > 0
and a positive function ¢ € L}, (R) for which

2AE(t )2, < 6 () + K[l , for ¥ € L2, andfor t R, (8)

Assume that for a sequence (u"),en the convergences u™ — w in L* (7, T; H) ,

u™ — u weakly in LP (1, T; L? (O)) and u" — u weakly in L*(—oo,T; V') imply
that

G(u"(-)) = G(-, u(-)) weakly in L7 (1, T L (O)), (9)

Fy(-,u™) — Fy(-,u.) weakly in L* (1, T; V'), (10)

and

ds, (11)

for every € Rand T > 7.



We also need the following assumption: for allt > 7, 7 € R, u, v € L*(—o0,t; V)
we have

¢ b rt
2/ 6)\18||F2(5,U3) _ F2(57U5)||%1d3 < 5/ e)\lsHu(S) — ’U(S)H%ds’ (12)
where 0 < b < 1.

Definition 5 A function u defined on R is said to be a weak solution, with
initial function ¢ € H, to the non-autonomous evolution equation (3) if for

every t > 7 we have that uy € H, the restriction of u on any interval [1,T] is
in LP(7,T; LP(O)), u has a derivative dyu in L*(7,T; V') + Li(7, T; LY(O)), so
that

t
u(t) — u(ty) = ; Owu(s)ds holds for 7 <ty <t <T,

and u satisfies the equation for everyt > 7, i.e.
t t
u(t) — u(7) +/ Au(s)ds = / (EFy(s,us) + Fi(s,us) — G(s,u(s)))ds, (13)

where the equality is understood in the sense of V' + L1(O). In other words,
for any ej, 7 > 1, it holds

(u(t),e;) = (u(r),¢e;) + /:(—Au(s) + (Fa(s, us) + Fi(s, us) — G(s,u(s)), e;)ds.

Notice that {e;};>1 is a dense set in V' N LP(O).
Since d”“g)"Q = 2(0uu(t),u(t))y a.e. t € [r,T], where (-,-)y denotes pairing
between Y = V' + L1(O) and V N LP(O) (see [10], [11]), it holds the energy
equality

dllu(t)]*

7 +2[u()]F = 2(Fa(t, ue), u(t)) +2(F1(t, ue), u(t) —2(G(t u(t)), u(t))q,

(14)
for a.a. t € [1,T]. Also, the function w : [7,T] — H is continuous.

We will use the notation u(-;7,1) to denote a weak solution of (3), but we
will simply write u(-) when no confusion is possible.

We now formulate the main theorem of this section.

Theorem 6 Assume conditions (4)-(10). Then, for every initial function ¢ €
H there exists at least one weak solution u to equation (3). In particular, we
have uy € H for every t > 7 and the restriction of u on [r,T] is contained

w € LP(1,T; LP(O)) for T > .

10



The proof of this theorem is divided into several lemmata.

Let P, : V¢ — V% a € R, be the orthogonal projection onto the space
spanned by the first n eigenelements of the basis introduced above. The asso-
ciated linear space is denoted by V,,. We consider the Galerkin approximations
to (3).

For every fixed n we define
u'(t) = 3 ;) (t)e;,
j=1

where the coefficients 77" are required to satisty the following system:

%(U”(t% ¢;) + (Au™(t), ¢;) = (Fa (8, uf) + Fy (8 w)) = G (L, u"(1), ¢5),

Y (s+71)=Pup(s), for s <, (15)

for 1 < j < n. Following [18, Theorem 1.1, page 36] the properties on
P, F;, P,G, P,F;, P,A ensure the following:

Lemma 7 There exists at least one local solution to (15) in the space H,, =
L2(—OO, _h; Vn) X C([_h’7 0]7 Vn)

To conclude that these solutions are global we need some a priori estimates
for these solutions with respect to the interval of existence. However we only
present here a method to prove that if solutions for the original problem (3)
exist, then these solutions satisfy special a priori estimates. This method can
be also used for the Galerkin approximations to see that any solution of (15)
is global.

Note at first that, by Young’s inequality for p > 2 and for every p > 0, there
exists €, > 0 such that

Julfy > pJul* = Cy, for u € LP(O). (16)
When p = 2 the same estimate is true with =1, C,, = 0.

Lemma 8 Under conditions (5)-(7), every weak solution u of (3) satisfies the
estimates:

s 12

t
|2, < 2eMET=0E

0 0 e)\ h
n 26)\1h/ 6)\1s+fs 4 n:_ci(tJrr)dTC(S + t)ds, (17)
T—t

11



and

t e>\1h
P M L TP

>\1h 0 e)‘ h
A0 el SRRy s, (18)
— T—t

()

for allt > 7, where k >0, c(t) =nC), + c5(t) + 2¢1 () + —;’M—, and p, C, are
defined by (16).

Proof. Using (14), (2), (5) and (6) we derive, for ¢ > 7, the following energy
inequality

dull®
dt

1
+ Allll® + flullt + 2nfuly < 2AFa(t w) 21 + S llulli +2e0 (1)

+2 (s (1) + ca () el ) lull. - (19)
Hence, from (16), for t > 7,

dull®
dt

1
+ Mflull® 4 ull 4+ nlulf < 2)| R, w)]?, + 5||u||? + 2¢ (1)
202 (t 2¢2 (t
3(1) , 24(1)
np

+ 10+ luelles, - (20)

Then, for C, , = nC), and t > 7, Gronwall’s lemma yields

1t s
lu(@)l +35 [ e u(s) s

t
O +2 [ D By, )2 ds

¢ 2c2 2c
_'_/T ef)\l(tfs) <Cn,,u+2cl (8)—'— IZT(] ) 4( ) ” ”C )

By (7) we have

t
2/€“Wﬂwwum&@
< [[emteey(syis+ 5 [~ ““ﬂMHWHd/ e fu(s) [

d
< [ ey(s)ds 1 ge Il + 5 [ e NI uls)lds,

12



and thus

HMMP+£§QL%”W*WMQWm
= )P+ 5 [ A (o)l
Se”ﬂ*”W¢mm2+;wm@>5[e”ﬁﬂ>@@>+%%$ﬁmﬂa)da

203 (t)

for t > 7, where c(t) = C,,, + c5(t) + 2¢1(t) + . Then

d
2 — —_T—
ludlle, < el 0))? + Slvlz:)
t 9¢2
Y VST CHFAN
T ny

for t > 7+ h. We note that if 7 < ¢ < 7+ h, then we can obtain the same
estimate for supge_( Hu(t+9)|] and for suppe(_j, - ]Hu(t+9)|]
SUDer—pr [[u(s)]|* < WHch < e T2, . Then

d
2 — —_T—
luelle, < e MM (lplg, + 5“#}”%@)
t 92
+ eAlh/ e~ M=) (C(S) + () ||u5||éh> ds,
T ny

for all ¢ > 7, and we can conclude that

2 T
el + 252 [ )
SKM“T“@M%%+MWMH

t 1—d (0
pet [ (o) 44 (g, 4 150 [ depufar) ) as

The Gronwall lemma implies for any ¢t > 7,

1—d 0
2 T
|17, +T/r—t M ||lu(r)||3dr
_ S taeth 2y
< e MET W (2, dlj(s)]12s )
+2eMh / (e [ AR s o ) gy
T t e>‘ h
< ge Mlmroh+ 13 n ci<8>d8||¢||2

+2eMh / e LR
T—t

We have therefore proved (17).

13



On the other hand, as a direct consequence of (17), for any ¢ > 7,

1—d

= 25 / Mt + 5 — 7)fids + T / M () s
1—d
< ——¢

- 2

+2ehh/0 i (G L
T—1

4e

Ny (=1 — T— 23 s
MO |2, 4 2e M TR A 2

and then (18) is also proved. m

Throughout all the next results, C' denotes a generic positive constant, whose
value is not so important and that may change from line to line. We write
C'(+) if the dependence of some parameters is crucial.

Corollary 9 Under conditions (5)-(8), for every bounded set B in 'H and for
any T > T, there exists a positive constant C' = C(T, B) such that for every
weak solution u(-;7,1) of (8) corresponding to the initial data 1 € B we have

|u(+; 7 V)| Lo(rriLr0)) < €, Vb € B.

Proof. By Lemma 8 every weak solution u is bounded in L?*(—oo, T; V), with
|utl|, uniformly bounded, for any 7" > 7 and t € [r, T]. Further, by (8) w:
obtain that Fy(+,u.) is bounded in L? (7, T;V"). The estimate therefore follows
by integrating (20). m

Lemma 10 Under conditions (5)-(8), every weak solution u(-,7;1) of (3)
with initial data i € B, a bounded set of H, satisfies the inequality

t
Hu(t)H2 < Hu(r)H2 + C/r (c7(s)+ 1)ds, forallt<r<t<T,T>rt, (21)

where ¢z (t) = Yieq1346 Ci (1) and C = C(T, B) > 0.

Proof. Arguing as in (19), using (6) and that by Lemma 8 [lu(?)|| < [Ju/[, <
C =C(T,B), for t > 7, we obtain

dull®
dt

Al 4l + 2nfuly < 2(Fa(t, ue), u) + 2e1(t) + 2C(es(t) + Cea(t))

<2||Fp(t, ug) |2, + §||U||1 +2¢1 (1) +2C(es(t) + Cea(t)).
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By Gronwall’s lemma, for 7 < r <t we have

1t s
(@) + 5 [ e u(s) s
t
< M) 242 [ (s, ) 2, ds

t
42 / e~ M=) (¢ (5) + Ces(s) + Cea(s)))ds.
Note that from (8) it follows

t t
2 [[ eI By w)|Pds < [ e ey(s)ds
t 0
F K e [ (p) | Bdpds
t
g/ e M s (s)ds
t

FR@=) [ e u(p) .

for 7 < r < t. Therefore, as from (18) we have [*__ e (t=P)||ju(p)|2ds < C, it
yields

1t o,
@)+ 5 [ e u(s)|3ds
t
< eMEu(r) 2+ [ e e(s)ds

FEC(-r)+2 [ "M (0 () + Cles(s) + Ceals)))ds
< lu()|? +C/: ( {Z }ci(s) + 1) ds.

The proof is then complete. m
We also need the following technical result.

Lemma 11 Lett > J, (t),t — J(t), t € [1,T], be continuous non-increasing
functions such that J,, (t) — J (t) for a.a. t asn — oco. Then for all ty € (1,T)
and any sequence t, — ty we have

lim sup J, (t,) < J (to) .

If, moreover, J,,(T) — J(7), then the result is true also for ty = T.
Proof. Take ty € (7,7]. Let 7 < t,, < to be such that J, (t,,) — J (t;n)

for every m € N and t,, — to. We can assume that ¢,, < t,. Since J,, are
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non-increasing, we obtain
In (tn) = J (o) < [ (tm) = J (tm)| + [T (tm) — J (t0)] -

Thus for any € > 0 there exist t,, and ng (t,,) such that J, (¢t,) — J (to) < €,
for all n > ng, and the result follows.

The last result follows in the same way by using ¢, = 7. ®

As we have mentioned, all the estimates obtained in Lemmas 8 and 10, and
Corollary 9 are also true for the Galerkin approximation introduced in (15).
This allows to conclude that these solutions u™ exist globally on every interval
[7,T]. In addition, we note that the bounds for v are uniformly in n € N.
Also, we have:

Lemma 12 Assuming conditions (5)-(8), the sequence

()
dt neN

is bounded in LI(T,T; H™" (O)), for any T > 7, where r fulfills

r Zma:zc{l,]\f(1 —1> }
q 2

Proof. By (5) and Corollary 9, the sequence (G(:,u")),en is bounded in
Li(7,T; L%(O)) and by (8) we obtain that (Fy(-,u™))nen is bounded in the
space L*(7,T;V’). Also, condition (6) implies that (Fy(-,u™))nen is bounded
in L?(7,T; H), and then in L*(7,T;V’). Hence, the equality

dun(t)
dt

= Po(—Au"(t) + Fa(t, uf) + Fu(t, uf) — G(t,u" (1)),

together with the fact that || P,v|| _; <||v||_; (due to the choice of the special

basis, see [29, Lemma 7.5] for the particular case of the Laplacian operator),

imply that (%) is bounded in L*(7,T; V') + L(7,T; L1(O)).
neN

From the Sobolev embedding theorem (see Lemma 4) we obtain that the
d n
embedding LY(O) C H"(0O) is continuous. Thus, <%> is also bounded
neN
in L7, T; H"(O)). =

We now can conclude that there exists a subsequence of solutions of the
Galerkin approximations, denoted also by (u™),en, with u™ € L?(—oc0, —h; V},) x
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C([—=h,T]; V,,), such that for some u

u" — u weakly star in L (7, T; H),
u" — u weakly in L?(—o0, T; V) and LP(r,T; LP(O)),
du™ du

o2 in L g
prald weakly in LY(7,T; H"(0)),

(22)

for every T' > 7. Also, a standard compactness theorem (see, e.g. Chapter 5.2
in [23]) implies that

u" — u strongly in L*(7,T; H). (23)

To obtain the conclusion of Theorem 6 we show the following

Lemma 13 Under conditions (5)-(10), the limit point u given in (22) and
(23) is a weak solution of (3).

Proof. Due to the choice of the special basis of eigenfunctions, by the prop-
erties of the projections P, it is easily seen that (P, (-))nen tends to ¢ in
H. Indeed, it is easy to see that P,i) — ¢ in C([—h,0], H) and, since by the
choice of the basis we have |P,ul,, < ||ull,, [29, Lemma 7.5], for any € > 0
one can find T'(¢) < 0 and N(e,T) such that

T T
[ NPl ds< [ o)l ds <e.

0
J NP (&) =0 @)} ds <&, ifn > N,
so P,y — 1pin L? (—00,0; V) .

By conditions (9)-(10) we have straightforwardly G (-, u"(-)) — G(-, u(-)) weakly
in L7, T; LY(0O)), Fy(-,u™) — Fy(-,u.) weakly in L*(r,T;V").

On the other hand, condition (6) implies that F (-, ™) is bounded in L?(7, T; H),
so that

Fy(-,u™) — ¢, weakly in L*(7,T; H). (24)
Then passing to the limit we obtain that u is a weak solution of the following
equation

d
d_ztt + Au = Fy(t,uy) + ¢ — G(t,u), Vt>T.

We have to show that Fy(-,u.) = (u(-) € C([, T); H).

Firstly, let us prove that for any sequence t, — t, we have u™(t,) — u(to)
weakly in H. The boundedness of (u"(t,))neny in H implies the existence of
a subsequence converging weakly in H to some ¢ € H. If we check that
then every subsequence contains a subsequence with limit point u(ty), then a
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standard argument would imply that the whole sequence converges weakly to
u(tp), i.e. £ = u(to). Indeed, let u™(t,,) — € weakly in H. Integrating in (15)
we have that for any e; for n, > j,

tny,

(W™ (t,), €;) = / (—Au™ (£) + Fy(t,ul™) + Fi(t, ul*) — G(t, u™), e;)dt

T

+ (u"(7), ;)
= (u(r), e5) + / "(—Au(t) + Fylt, ) + Go — G(t, ), e;)dt,

as n — oo. Then
(& e5) = (u(r),e;) + /:O(—Au(t) + Fy(t, we) + G — G(t,u), e;)dt.

As the system {e;};>1 is dense in V' N LP(O) we have
to

£ = 9(0) + / (—Au(t) + Fy(t, us) + Cn — G(t,u))dt in V/ + LI(O),
But then equality (13) for u (replacing F; by () implies that & = wu(to).
Next, let us check that u™(t,) — wu(ty) strongly in H for any sequence t, —
to, tn,to € [7,T]. This would imply, as u : [7,T] — H is continuous, that
u" — w in C([1,T]; H). We know that u™(t,) — u(ty) weakly in H. To see
the strong convergence it is enough to prove that limsup [[u™(t,)| < ||u(to)||,
because then lim ||u"(¢,)|| = ||u(to)||, which gives u"(t,) — wu(to) strongly in

H.

Arguing as in Lemma 10 we can obtain the estimate (21) for the solutions of
(15), which means that

t
u™ ()% < |lu™(r)||* + C/ (cz(s)+1)ds, forT7 <r<t<T.
We can then define the functions
t
Ja(t) = " (@) = € [ (er(s) + 1),

which are therefore non-decreasing and continuous. Notice that by (6) and
(24) we have

/: 1Ca(s)]| ds < hmmf[ Iy (s,um)|| ds < /Tt (cs(t) + e (£)C) s, (25)

for [r,t] C [r,T], since ||u"(t)|| < C for t € [r,T]. Then, we can repeat the
same lines of Lemma 10 obtaining that

T = [u(@)? = € [ (exls) + 1) ds
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is also a continuous and non-decreasing function. From (23) we obtain that
Jn(t) — J(t) for a.a. t € [7,T] and it is clear that J,(7) — J(7), as n — oo.
Then by Lemma 11 we have lim sup J,,(¢,) < J(tp) and then lim sup ||u"(¢,)]] <
|lu(to)]], as m — oo.

Finally, u™ — w in C([r, T]; H) implies by (6) that ¢, = Fi(-,u.). Hence u is a
solution of (3). m

4 Existence of the pullback attractor

In this section we define a multivalued non-autonomous dynamical system
generated by the solutions of (3) and prove the existence of a global pullback
attractor for it. We observe here that every weak solution of (3) can be ex-
tended to a globally defined one (i.e. for all ¢ > 7, 7 € R) by concatenating
solutions.

Let S(#,7) be the set of all globally defined solutions u(-; 7,v) to (3) corre-
sponding to initial data ¢» € H and 7 € R. We define the multivalued map
U:Ry X H — P(H) as follows

Ut,r,¢) ={uy s u(-7,9) € S(¥,7)} € H. (26)

The next lemma can be proved in a similar way as in [6, Proposition 4] or [3,
Lemma 5.1].

Lemma 14 U defined by (26) satisfies the strict process property U(t, 7,1) =
U(t,s,U(s,1,)) for all 7 <s <t andp € H. Hence, U is a strict MNDS.

Now we additionally assume the following condition: there exist ¢ > 0 and
Ry > 0 such that .
lim sup ‘/ ci(s)ds — o7| < Ry, (27)
T—+400 -7

where the function ¢4 has been introduced in (6). We assume also that

4oeth
A —

—A>0. (28)

Note that if p > 2, then (28) is satisfied by choosing p > 0 large enough
in (16). If p = 2, then (28) is satisfied when o is small enough or 7 is large
enough.

Finally, we also assume that for A given by (28), we have
t

lim eMe(s)ds = 0, (29)

t——00 ) _~o
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where the function ¢ has been defined in Lemma 8.

Remark 15 Observe that a sufficient condition implying (29) is that

0
/ e*e(s)ds < +oo.

—00

Indeed, thanks to the fact that

¢ 0 0
/ eMc(s)ds :/ eMe(s)ds —/ eMe(s)ds,
oo —0 t

for any t <0, we can take now limits ast goes to —oo, and obtain the result.

For R > 0, denote by By/(0, R) the closed ball in H centered at 0 with radius
R. In the sequel, let us consider the system D given by the multi—valued
mappings D : R — P(H) with D(s) C By(0, o(s)), which is supposed to
satisfy

lim o%(s)e™ = 0.

§— —00

Of course, D satisfies the inclusion closed property (see Section 2).

Define

Ah t .
$(0) = [N ),

and assume that

12eMh 10 0 4 1h
S%(0) = 1 - d / Mt [ A e (s)ds c(r)dr < . (30)

Then, for every t € R,

eAh Ah Ah
SQ(t) :e—)qt_fto 4;m c4(s)ds (SQ 126 — )\ +J~T0 4 u$ ci(s)dsc(r)dr) <

because of (30) and ¢, ¢ € L},.(R).

loc

Let us prove the existence of an absorbing set in the space H.

Lemma 16 Assume conditions (5)-(10) and (27), (28), (29), (30). Then the
family of balls B = (B(s))ser, B(s) = Bx(0,5(s)) is pullback D-absorbing in
‘H. In addition, B € D.

Proof. To see that B is absorbing we have to prove that for every D € D and
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for every t € R, there exists T'= T'(t, D) such that

sup el < S2(2), (31)
Uy € U(t,t-T,”Lp)
Y eDt—T)

for 7 > T. We know from Lemma 8 that the left hand side of (31) can be
estimated by

(e t 4&1’1c S)ds 6€>\1h 0 o [0 g€t r)dr
e M+ [, A=cis)d sup W’”?PLl d/ st G eitrnd c(t+s)ds
YeED(t—7) T

for some appropriate positive constant k > 0, and for any 7 > 0.

Clearly, the second term of the right hand side is bounded by (1/2)5%(t), for
any 7 > 0, since making a change of variable we also can write

4eM1h

AMh o 0
= 12¢7 6>\13+f: un cﬁ(t+r)drc(t+8)d$.

2
57t = 1—d J-

On the other hand, thanks to (27), for big enough 7 it holds

A hE
4e MR, toge
0y [*de

eiAl(T*h)Jr np 0

t A1h
o SO o At

h
c? (s)dsef)n—
’

where Ry > Ry, and therefore

t Ah
=X (t=h)+ Al 2 (t+s)ds 2
ke S 5 sup o]
YeD(t—7)
4eMPR t ger1h
< kTt fy Ml ()ds —ar

e sup l[* =0
YeD(t—T)

when 7 — oo, because D € D.

It remains to prove that B € D. By condition (27), for every £ > 0 there exists
T, > 0 such that

0
—aT—RO—z—:S/ c(s)ds < —oT+ Ry +e, for 7< T,

T

Then, for r < 7 < —T, we obtain

/TT c2(s) ds = /0 c2(s) ds — /TO c2(s) ds

< —o(r—=71)+2(Ro +¢),
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and, consequently,

12 AT  A1h T 40N
S (1) = 716 ed e M)A C?‘(S)dsc(r)dr
AT ALh

<Lz *Aw*rw%ovf 2 (Rt ) iy
- 1-d J

19 A Aih+8— (R0+5)
< c° 1—d [00 e AT e(r)dr

12¢ A1h+86 (Ro—l—a) -
< T4 / eMe(r)dr, for T < T..

Finally, condition (29) implies that B € D. =

After the next auxiliary lemma, we shall prove that the process U given by
(26) is pullback asymptotically compact.

Lemma 17 Assume the conditions of Lemma 16 and also (11) and (12).

(i) Let "™ € B, where B is bounded in H, and Y™ — v weakly in L}, ™ (0) —
¥ (0) weakly in H. Then for any sequence u™(-, ;™) there exists a subsequence
u™ and a function u such that u™ converges to w in C ([r,T);H) for all
T <r < T. Moreover, u™ — u weakly in L (7,T;V) for all T > 7.

(i1) If moreover "™ — 1 in Cy, then u™ — w in C ([t — h,T]; H), for all
T > 7, and u is a solution of (3) corresponding to the initial data . In
addition,

1
lim sup [Juz — ur|7 < T3¢ e M limsup " — |72, (32)

n—oo ]_ - n—oo
so that if Y™ — v in L%, then wi* — up in L} for any T > 7.

Remark 18 In statement (i) of the last lemma we note that, in particular,

uy® — wuy in Cy, for all t > h + 7, so that we have obtained a compactness

property in the space Cy, fort > h + 1. In addition, taking into account that

il = [ e (s)Rds + 7 (o)l

we obtain that uy* is bounded in L3, and then one can prove that uy* — wuy
weakly in L3 for allt € [1,T], where uy(s) = (s) for s < 0. Hence, u™ — u
weakly in L*(—oo,T; V).

Proof. The proof follows the lines of the proof of Lemma 13. For the sake of
completeness we write here the main steps.

In view of inequality (17) the sequence u" is bounded in L* (7,7;H) N
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L*(1,T;V), and ||lu}|s, is uniformly bounded in [r,T]. Further, by Lemma
9 and arguing as in the proof of Lemma 12 we obtain that u™ is bounded
in LP (7, T;LP(O)) and Fy(-,u™), Fi(-,u™) and G(-,u"(-)) are bounded in
L2 (7, T; V"), L? (1, T; H) and L% (7,T; L7 (0O)), respectively. Hence, the equal-
ity

d n
—r = = A+ By (b)) + B (t) - G ()
implies that (%) is bounded in L?(7,T; V') + L4 (1, T; L1 (O)). If we
neN
d n
choose r > maz{1, N (é — %)}, then <%> is bounded in L9 (7, T; H™" (O)).
neN

In the sequel, we will denote by (u"),eny a sequence and any of its subse-
quences. Notice that because of the previous boundedness, we also get the
same convergences as in (22) and (23). Moreover,

Fy(t,ul') — ¢, weakly in L*(1,T; H).

In view of conditions (9)-(10), we have that G (-, u"(-)) — G (-, u(-)) weakly in
Li(7,T; L1(0)), F5(-,u") — Fy(-,u.) weakly in L? (7,T; V"), see Remark 18.

Since [|u" (t)]] is uniformly bounded in [r, T'| and the embedding H C H~" (O)
is compact, using the Ascoli-Arzela theorem we can show that v" — w in
C([r,T],H " (0)). Then a standard argument implies that u" (¢,) — u (o)
weakly in H for any sequence t,, — tg, t,,to € [1,T].

Now, we need to check that u” (t,) — u(ty) strongly in H for any sequence
(tn)nen, tn, to € [r, T, for any r € [, T] . This would imply, as u : [r, T] — H is
continuous, that ™ — w in C ([r, T|, H). As mentioned in the proof of Lemma
13 for this it is enough to obtain

lim sup [ ()| < [[u (o)l - (33)
In view of Lemma 10 the continuous functions
t
Ja(t) = " @) = € [ (er(s) + 1y,

are non-increasing in [7,7T]. Passing to the limit we obtain that w(-) is a
solution of the following problem:

d
_U + Au = Fz(t,ut) + gh - G(tau)a

dt
uy(1) = (0), up = in L}
We note F(s,u”) — ¢, weakly in L?(7,T; H) implies that ¢, satisfies (25).

Then repeating the same calculations of Lemma 10 we obtain that the con-
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tinuous function .
J(t) = @I = C [ (ex(s) + 1)ds

is also non-increasing in [r,T]. Moreover, (23) implies, passing to a subse-
quence, that J,,(t) — J(t) for a.a. t € (7,7T). Therefore, by Lemma 11 we have
(33).

Applying now a diagonal argument we prove that the result is valid in an
arbitrary interval 7 < r < T.

Assume now that, in addition, ¢ — 1 in C}. Then arguing as before one
can check that " — w in C' ([t — h,T]; H) . Hence, it follows from (4) that
Fy (t,us) = (p, and then w is a solution of (3) corresponding to the initial data

0.

Assume finally that " — ¢ in L%, and let us check that v — uz in L% for
any T' > 7. In order to prove that, we want to get the estimate (32). Indeed,
the difference v" = u" — u satisfies

d n|2 n||2 n||2 n 1 n
2 10+ Ao+ o™ 1y < 2015 (8 ') — Fo (8, w) [ Sllv I3

+ 2(Fy(t,ul)) — Fi(t, ug), v™)
—2(G (t,u") — G (t,u),v"),.

Then Gronwall’s lemma and (12) imply

o @)+ 2 [ e (o)) s
< NI () 4 2 [ N () ds (34)
+2 / D e NI (B (5, un) = Fy(s, ), 0" (s))ds
—9 / e N (s, u(s)) — G, u(s)), 0"(s)) ods.
By 4" (0) — 1 (0) in H we obtain that

lim e_/\l(T_t)||v”(7')||2 =0,

n—oo

and by (22) and (23),

T
lim e M=) (Fy(s,u") — Fi(s,us),v"(s))ds = 0,

n—oo T

and
T

lim e MT=0(G (s, u(s)), v"(s))gds = 0.

n—oo T
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Finally, by (9) and (11) we have

lim sup ' e MT= (G (s, u™(s)), u"(s) — u(s)),ds

= /TT e MT=0(G (s, u(s)), u(s))yds

T
— lim inf e MT=(G (s, u™(s)), u"(s))4ds < 0.

n—0o0 T

Then, from (34), we get

: r A1 (T-s) ||,,n 2
limsup [ e 0™ ()] ds

n—oo T

< T3 lim sup e M(T—s) ||Un(5)||? ds
b n,\ C>TO N LY 2
= ﬁe* ((T—=) limsup/ e ||y (r) — Qﬁ(T)Hl dr

and, because of

n|2 _ 0 A1 n 2 d 7T A1 n 2 d
lozllz2 = e lup(s)[ly ds + e [log(s)[; ds
T— —00

T
= [T e () s+ T 1N () 2,
then we have
timsup [0 2y < e T tmsup [T A ) — (o)l dr =0,
and therefore the result is completely proved. m
Corollary 1 The map U has compact values.

Now we are ready to prove the asymptotic compactness.

Lemma 19 Assume the conditions of Lemma 16 and also (11) and (12).
Then the MNDS U is pullback D-asymptotically compact.

Proof. Let y, € U (t,t — 7,, D (t — 7,,)), where D € D and 7,, — +00. Then
we have to prove that the sequence 1y, is pre-compact in H. Let us first choose
a large enough 7" > 0 such that U(t,t — T, D(t — T)) C B(t), where B is the
absorbing family. Then, for this fixed T, there exists ¢ (D,t — T') > 0 such that
forall 7, > T+t (D,t —T), we have

U(t—T,t—1,, D(t—7)) = Ut—T,t—T—(7—T), D{t—T—(r,—T))) € B(t—T).
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On the other hand, we also have, for 7,, > T +¢(D,t —T),

Ult,t =70, Dt —1,))=Ut,t =T, Ut —T,t — 7, D(t — 72,)))
cU(t,t—T,B(t—T)).

Then y, € U(t,t — T,&), where §I' € B(t —T). Let u™ be a sequence of
solutions such that u? = ¢I and u? = y,. Observe that y, (- —T) = &L (+)
in H. Also, it is clear that u™ depends on T, but we omit this for simplicity
of notation.

Since B (t —T') is bounded in H we can assume (up to a subsequence) that
& — &7 weakly in L2, Also, since y, € B (t) (for sufficiently large n), we
have y,, — y weakly in L, and y (- — T) = £7 (+) in H.

In a similar way as in the proof of Lemma 17 it follows that u™ converges to
some function u in the sense of (22), (23). Also, it is clear from the above
convergences that u(s) = y(s—t), for a.a. s < t, and then u;, = y in
L?(—00,0; H). Lemma 17 implies, moreover, that

u = uwin C([rt], H), forallt = T < r < t.

Hence, if we take T' > h, then we obtain that y, = u} converges to y = u; in
Ch, so u; =y in H.

Finally, we need to prove that y, — y strongly in L?,. Thanks to (32), and
taking into account that 7', ¢T € B(t —T), we get

. n 2 . 2
hin_)sogp l|uy — UtHL%, = hin_)sogp lyn — ?/HL%/
1
< 1—_b€_A1T hfln_igp ||§;{ - §T||ig
< ——e TSt - T).
< e M- T)

Notice that the right hand side of the last inequality can be made smaller
than 1/m for some T' = T,, because A\; > A and B € D. Therefore, by a
diagonal argument, we obtain a sequence y,,  converging strongly to y in L}
for T'— +o0.

Lemma 20 Assume the conditions of Lemma 16 and also (11) and (12).
Then the map 1 +— U (t, T,1) is upper semicontinuous for fived T € R, t > 7.

Proof. Assume the existence of v € H, of a neighborhood U of U (¢, 7,v)
and of a sequence £" € U (t, ,9"), where ¥ — 9 in 'H, such that " ¢ U.
Lemma 17 implies that, up to a subsequence, " — & € U (¢, 7,%) in H. This
is a contradiction. m
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As a consequence of Lemmas 14, 16, 19, 20, Corollary 1 and Theorem 3 we
have:

Theorem 21 Assume the conditions of Lemma 16 and (11) and (12). Then
the MNDS generated by (3) possesses a pullback D-attractor A in H, which is
strictly tnvariant.

5 Application. Main result.

Now we aim to analyze our motivating example (1). We will first state the
assumptions on the functions appearing in the equation. Then we will check
that all the assumptions established for the abstract equation are fulfilled in
this particular case.

Let p > 2 and q = z%' We consider a function g : O x R x R — R, which

is measurable with respect to x € O and jointly continuous with respect to
(t,v) € R?, and such that

gla,t,v)v = nlv” = 61(t),

35
gz, £,0)[7 < plol? + (1), (35)

where 7, p are positive constants, and d1, 5 are positive functions which belong
to L},.(R). Define G : R x LP(O) — L1(O) as G(t,v)(z) := g(z,t,v(x)), for
veLP(O)and t € R, z € O. Then

(Gltv),0), = [ glo,tv@)e(@)dn

> n/@ |v(x)|pdx—51(t)/odx
= nlvlpdz — 6:.(4)|0, (36)

and

= 5,(0)|0] + ol (37)
and therefore (5) holds.
Let us consider now condition (9). By u™ — u in L?(0,T; H) we know that

u (t,z) — u(t,z) for a.a. (t,z) € (7,7) x O. Hence, the continuity of the
map v — g(x,t,v) implies that g (x,t,u" (t,x)) — g(z,t,u (t,z)) for a.a. (¢, ).
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Then (37) implies that

T
GG " (N o rizaioy < /T (02()[O] + plu™(B)[5)dt < C,
and also that G(-,u(-)) € LY (7,T; L?(0O)). Hence, a standard lemma (see e.g.
[23]) implies that G(-,u"(:)) — G(-,u(-)) weakly in L4 (7,T; L9 (O)). There-
fore, (9) is satisfied.
We check now condition (11). It follows from (35) that
g (z, t,u" (t,x))u” (t,x) > —6,(t),

and then Lebesgue-Fatou’s lemma (see [33]) implies

T
lim inf e MT=(G(t, u"(s)), u"(s))4ds

n—oo T

T
= liminf < / / e Mg (z,tu (¢, 7)) u™ (¢, ) d:cds)
T (@]

n—oo

n—oo

= /TT /O €_>\1(T—S)g (x, t,u (t, :L’)) U (t’ LL’) drds
= /TT e MT=(G(t,uls)), u(s))4ds,

so that (11) holds.

T
Z/ / eI liminf (g (z, t, u" (t,z)) u" (t, z))dzds
T JO

The map (t,v) — G(t,v) is continuous, which follows from the continuity of
(t,v) — g(z,t,v), condition (35), the convergence u™ — u in L?(7,T; H) and
Lebesgue’s theorem.

Let f1 : O x R x R — R be a continuous function such that

[f1(t, 2, 0)| < 05() + da(t) 0], (38)

where 3, 0, are positive functions such that 63, 67 € L}, .(R). Thus F; : R x
Cj, — H given by

Fi(t,&)(x) == fi(x,t,§(—=h,x)), x€O, &€,
is such that
IFEOIE = [ 1ot ¢(~h2)Pdo

< 2/0(5??(75) +03(1)]€*(=h, z)[)dx
= 203(1)|O| + 285 (D) I€1IZ,,
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and therefore (6) is clearly satisfied.

Arguing as in the previous case, we obtain that the map (¢,€) — Fi(¢,&) is
continuous.

Define Fy : R x L — V', as
(Bo(t ), 0) = = [ (= s)(D(s — 1), 0)ds (39)

-/ </_; (it — 5)Vib(x, 5 — t)ds) Vo(z)dz,

for v € V, where the function v is the standard kernel defined as
7(0) = —y0e=%, 0 > 0, (40)
for some constants 79 > 0 and dy > A\ such that

il

do(do— ) (o — ) <1, (41)

which holds provided dj is large enough or ~, is sufficiently small. We observe
that the condition vy > 0 is not essential for the further calculations, but we
keep it due to the physical motivation of the function v (see the Introduction).

Then,
|[(F2(t, ¥), v)|
. /2
S/_ |v(t — s (/ |Vip(z,s —t) 2dx> (/ |Vou(x |d:p> ds
— [ b= o)llts — Ol ollds, for ve v (42)
and

[F5(E, )1 = sup [(F3(E,9),v)]

vl <1

t

< [ e (s — tlhds
0

= [ 0e® p(s)lhds

0 1/2

< ([ crmmmias) ol
- 1/2

= (e gas) ol

U i — V2N
S (2d0 _ )\1)1/2||w||LV P K ||77Z)||LV7
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where we have used dy > \;. Therefore,
2N Fylt, ), < 2K 625, for v € 12,

o (8) holds.

In addition, from (39),

2
t t s
2 [N Fyls, w2 yds <2 [ ( / %ed0<“>||u<r>||1dr) ds
t s s
<23 [ ( / edO(s”)dr>< [ e utr >||%dr)ds
2 2 t s
<2 o ed°<“>uu<r>u%dr)ds
0o J7 —00
2R
=20/ (/ N u(r) [3ds ) di
- / ([ et utr) [2as )
2 t
T ( [ eas ) dr
+/ dm’”u ||2 (/ (AM— do)sd$> dT}
2

T t
= @4073 ) [ et + [ etore o ju(r) far|

294 [/T dor (M —do) 2 Y 5
<7 3 e e M T lu(r dr‘i‘/e”u'r’ d"’}
i L Ju(r) e + [ ()l

275 /t A 2
< —/——7—— u(r)||7dr
— dO (d(] . )\1) _ ” ( )Hl

and thus calling

d 2%
2 do(do — \)
(

A1),

In addition, it is clear from the above estimates that considering u,v €
L*(—00,T; V), for t > 7 we have that

condition (7) holds in view of

t 272 t
2 A1s F S — F 5 2 ds < 0 / )\17" 2d
[ s 1) = Ba(s, v s < 20 [ N ule) = (),

and thus (12) also holds taking b = d.

30



The continuity of (t,v) — F; (t,1) follows from

[F2(t,02) — Fa(t, )] -1 < /too Yoo~ I (s — ) — i (s — £)]l1ds
0
=0 [ e ia(r) = va () adr
- 1/2
< 70(/0 6_(2d0—)\1)rdr> ||,¢)2 o ¢1||L%,
W2 — |2 -

— L,
(2do — M)172

For condition (10) we note that for any v € L? (1,T;V),

[ Bt ) s ds = 0 [ [ e () dr, g () drds

T r0
= _70/ / 6>\1r<Aun (7“ + S) : e(do—)\l)rw (s))drds.

For a.a. s € (0,T) we have e(®=*1)4) (s) € L? and then u"(-+s) — u(-+s)
weakly in L?, implies

/_OOO M (AU" (1 + 8), e DAY (5))dr — /_OOO M (A (1 + 5), e DAY (5))dr,
Also, by (42) and the boundedness of u™ in L?(—oc0,T; V') we have
(a2, 0 | <70 [ e ) )

=0 [ (e + )l (o)l

o 0 1/2
<o [T ra ) ([ et el
0 —00

< Ga ol e)

By Lebesgue’s theorem we obtain that
T T
[ (Bals,ut).vls)yds — [ (Fas, ), 0(s) ds,

so that (10) holds.

Finally, as all conditions in Theorem 21 are satisfied we can reformulate the
Cauchy problem for (1) with Dirichlet boundary conditions in the space H in
the abstract form (3) and obtain the main result of the paper.
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Theorem 2 Assume conditions (35), (38), (41). Then the MNDS generated
by (1) with Dirichlet boundary conditions possesses a pullback D-attractor A
in the space H, which is strictly invariant.

Remark 22 [t is not difficult to see that, considering a general continuous
function v, we could obtain the assumptions for the corresponding operator Fy,
just assuming that

max{/o e)‘13|fy(s)|ds,/0 M2 (s)ds} < oo

4(/0% |7(T)|dr> </0°° e)‘“"|7(r)|dr> <1.

and
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