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ABSTRACT. In this paper we study the asymptotic behaviour of solutions of
a lattice dynamical system of a logistic type. Namely, we study a system of
infinite ordinary differential equations which can be obtained after the spatial
discretization of a logistic equation with diffusion. We prove that a global
attractor exists in suitable weighted spaces of sequences.

1. Introduction. Lattice differential equations arise naturally in many real situ-
ations where the spatial structure possesses a discrete character. These systems
are used to model, for instance, cellular neural networks with applications to im-
age processing, pattern recognition, and brain science [15, 16, 17, 18]. They also
appear in modeling the propagation of pulses in myelinated axons where the mem-
brane is excitable only at spatially discrete sites (see for example, [5], [6], [35], [34],
[26, 27]). We can also find lattice differential equations in problems related to chem-
ical reaction theory [20, 25, 30] as well. Additionally, it can appear after a spatial
discretization of a differential equation, as is the case we will analyze in the present
paper. More specifically, we are interested in a spatial discretization of a logistic
reaction-diffusion equation to be described later on.

In the mathematical literature, one can find many works on deterministic lattice
dynamical systems. Some studies on traveling waves can be found in [11, 31, 12, 41,
1, 2] and the references therein. The chaotic properties of solutions for such systems
have been investigated by [11] and [14, 36, 13, 19]. The existence and properties
of the global attractor for lattice differential equations have been established, for
example, in [4], [7], [32], [33], [38], [39], [42], [43], [44].
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Also, one can find several papers considering stochastic versions of lattice dynamical
systems (see, e.g., [3], [8], [9] [10], [23], [24]).
In the paper [38], Wang considered the following lattice differential equation:

d .
;z = v (ui-1 — 2u; + ui1) — h(u;) — g =0, t >0, i € Z,
g (1)

u;(0) =Y, i € Z,

where (u;)iez is a sequence, v is a positive constant, g = (g;)iez is given, the
nonlinear term described by h is a smooth function which satisfies, for some positive
constants «, 0 and v

h(uw)u < —au® 4+ 3, K (u) <v, forucR. (2)

It is then proved that this system generates a lattice dynamical system in a suitable
weighted space of sequences. However, the assumptions imposed on the nonlinearity
h is restrictive enough so that some interesting examples cannot be covered by the
results proved in [38]. For instance, one simple case which needs a separate study
is the one given by the following logistic equation

= (wim1 — 20 + uipr) —rui (1) (1 — Sui (1) =0, £ >0, i € Z,

u;(0) =u?, i €Z,

where r,b > 0 are constants. System (3) can be considered as a discrete approxi-
mation of the logistic equation with diffusion
ou  *u

1

uw(0) =u’(z), z €R,

1
It is easy to see that the function h(u) = ru(l — Zu) does not satisfy (2), and this

motivates the analysis carried out in the present paper. Although our analysis can
be extended for more general nonlinear term h, we have preferred to develop this
case due to the importance of this logistic model in applications.

The content of the paper is as follows.

First, in Section 2 we state the problem in a suitable framework and prove the
existence and uniqueness of non-negative solutions in the space of sequences £2,
which is important due to the biological meaning of the variable u; as a population.
However, the space ¢2 is not appropriate to study the long-time dynamics of the
system, as the equation is not dissipative enough in this space. We observe also
that the fixed point % given by @; = b, for all i, does not belong to ¢2, although it
plays a relevant role in the dynamics. Then, following [38], we consider a suitable
weighted space 2. We then extend the semigroup defined in ¢? to a new one in the
weighted space.

Next we prove the existence of the global attractor of our problem in Section 3. It is
important to remark here that, using an appropriate weighted space, the quadratic
term %uz dominates the linear term ru, which is not the case in the space ¢2. The
reason is that in non-weighted spaces we have the chain of inclusions ¢* C £2 C £3 C
..., whereas in our weighted spaces £ we have the opposite: Eg D E% D €§ D...
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In Section 4 we prove some properties on the regularity of the solutions and the
attractor, proving that the attractor is compact in any ¢§, p > 2, and also that
the attracting property holds with respect to the norm of these spaces. Finally,
some open problems concerning the stability properties of the stationary points are
stated.

2. Statement of the logistic lattice system. Our aim in this paper is to study
the following logistic system

i (wim1 = 2u; + ui1) —ru (t) (1 — 7l (t)=0,t>0,i€Z, @
u;(0) =Y, i € Z,

where r,b > 0 are constants.
We consider the separable Hilbert space (2 = {v = (v;);cz : 2 sz V7 < 00} with

norm ||v|| = />, c, v? and scalar product (w,v) = Y, wiv;.

1
We define the operator f : ¢> — ¢ by (f (v)), = fi (v;) = —rv;(1 — gvl) for i € Z.

For any v € €2, as |v;| < ||v]| for all i € Z, we have

il < 7 sl = 3w

1
<r <1 + 3 ||U|> [vs] -

This implies that f is well defined and

17 @I <r (143 1o0) ol

Also,

2r?
<2r? v —w|* + 7 maxfv; + wi|? [|v — wl|?

7 2 2 2
<25 (07 + 2ol + 2 fw)?) o — wll*.

This implies that the map f is Lipschitz in bounded sets of £2.
We define the operator A : £2 — (2 by
(AU)Z = —vi—1 + 2v; — vy, t € Z.

Also, we define the operators B, B 022 by
(E’U)l = UVj41 — Uy, (E*’l}) = V-1 — U;.

i
It is easy to check that

A=B'B=BTH,
(B'w,v) = (w,Bv),

and also that A is a globally Lipschitz operator.
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Then the operator F : £2 — ¢? is defined by
F o) = —dv— f(v)

and (4) can be rewritten as

du
— =F(u), t >0,
u (0) = u°

Hence, the operator F is also Lipschitz in bounded sets of ¢2. Standard results
for differential equations in Banach spaces [40] ensure the existence of a unique
local solution u € C([0,),¢?) of problem (4) for every initial datum u® € (2
where [0, @) is the maximal interval of existence of the solution. Moreover, for two
solutions u (+) ,v (-) defined in the interval [0, a] (for 0 < a < «) we can obtain that

5= () = v @)1 < 8(M) u(t) —v (O],

for some (M), where M > 0 is such that ||u ()|, ||v (®)|| < M for all t € [0,al.
Then, using Gronwall’s lemma we obtain that

|u () — v ()] < PPt |u (0) — v (0)] for all ¢ € [0, a]. (7)

Due to the biological meaning of the variable w (which is a population) we need
to consider only non-negative values of u;, so that we shall not define a semigroup
in the space ¢2. Therefore, we have to establish first that for any initial value u°

satisfying u9 > 0, for all i € Z, the solution u (¢) is also non-negative for any ¢ > 0.

Lemma 1. Let u® € ¢ be such that ul > 0 for all i € Z. Then, the unique solution
u(-) of (4) satisfies u; (t) > 0 for alli € Z and t € [0, ). Moreover, u () is globally
defined in time, that is, o = +o00.

If u®, 00 € 22 are such that u?,v? > 0 for all i € Z, then the corresponding solutions
satisfy

u(t) —v ()] < e Huo —0°|| for all t > 0. (8)

Proof. Let zt = max{z,0}, 2~ = max{—z,0}. For v € £2, v* = (Ui Obvi-

ez

ously, z =zt — 2.
1 2\ - . du + 1 d n 2

We note that u(-) € C* ([0, ), %) implies that { —, (—u)™ ) = —=—[[(—=u)T|

dt’ 2 dt
(see [21, Lemma 2.2]). Also,
(A(=v), (=0)") = (A(=v)", (=v)7) = (A(=v) 7, (=v)T) (9)
= (B(-v)",B(-v)")
= (i)™ = (=01)7) ((—vig) T = (—0))T)
il
= (B(~v)", B(-v)™)
+ Z(_Ui)_(_vi+1)+ + Z(—Ui+1)_(—vi)+ >0, Vv el

I€EL i€Z
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and
(f (), (—u) Z u; ( — i () (—ui) ™ (1)
ZEZ
= rll* @ =5 D w (0 (u) " )
i€EZ

<’ <b+max|uz ) (=) @)

Notice that in any compact interval [0,@] C [0,«) there exists Mgz such that
max;ez |u1 (t)] < Mz for all t € [0,@]. Then

Sl 1 = (<5 ) = = (A (0) + () (0))

t
[|(—u)* (t)H2 < |l(=w)* (O)H2 + %TUH— Ma)/ [|(—u)* (s)||2ds if0<t<a.
0
Hence, from the Gronwall lemma we have
—u)" (t < (- tifo<t<a.
[0t @ < ot @] 0

Since u; (0) > 0, we obtain that ||(—u) (0)|]] = 0, and therefore ||(—u)™ (t)|]| = 0
for 0 <t <@ Thus, u;(t) > 0forallie€Zandte [0,@. As[0,@] C [0,q) is
arbitrary, it follows that w; (t) > 0 for all ¢ € Z and ¢ € [0, ).

Further, we shall obtain an estimate of non-negative solutions. From u; (¢) > 0 we
have that

() u ) =S uso) (1= gu 0) w0 < rllu @)
Then

th Dl = (~Au @), u @) = (F @®) u®) < rlu @)

and
2 2 2r
llu (@)]7 < [lu (0)]7 . (10)
Now, a standard result [40, p. 79] implies that o = +o0.
Finally, for two solutions u (-),v (-) corresponding to non-negative initial data we
have

1d
7 lu () = v <= (f(u(®) = F @), u(t)—v (D)
:rHv—sz— Z v; 4+ w;i) (v; — w;)?
ZEZ
<rlv—wl|?,
and (8) follows from the Gronwall lemma. O

Denote now E = ¢2 and Et = {veFE:v >0, VieZ} Thanks to Lemma 1 we
can define a semigroup of operators S : Rt x E* — E¥ by the rule

S (t,uo) =u(t),
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where u (+) is the unique solution to (4) with initial datum u (0) = u® € E*. Also,

(8) implies that S is continuous with respect to the initial value u°.

As it can be easily seen in our analysis below (see also [38]), we will not be able to
deduce the existence of a global attractor for the semigroup S working in the space
£2. In order to solve the problem, we will need to extend this semigroup to a new
one in a suitable weighted space.

In a similar way as it was done in [38], we consider the following weighted space

-1
B={v=(ohicz: Yy (1+10if)  Juf* < oo},
i€L
where 0 < § < 1, with norm
2\ 7! 2 '
lells = (Z (1+167) o )
€L

and scalar product

(v,w); = Z (1 + |5i|2>71 VjW;.

i€z
We define the function gs : R — R by

g5 (@) = (1 + [6z]*)~".
Then, by straightforward computations, one can check that
1416 £ 1)) §3(1+|5¢|2), for all i, (11)

whence

1+ |5i <3 (1 F15G+ 1)|2) . for all 4. (12)
Thanks to (11)-(12), it is not difficult to prove that the function g satisfies:

< 26% |z (1 + 62]*) "2 < 8gs (x), for all z € R, (13)

d
@
371gs (i) < gs (i £ 1) < 3g5 (i), for all i € Z, (14)
lgs (i £ 1) — g5 ()] = 1g5 ()] < 0gs (§) < 3dgs (i), for some § and all i € Z, (15)

’(E(gé(i))ieZ)i’ < 3095 (i), |(B (gs(1))icz)i| < 30gs (i), for all i € Z. (16)

We note that the operators A and B can be defined also in the space 6%, although
we will keep the same notation for these operators. For any v € Eg it is proved in
[38, Eq. (5.4) in p. 237] that

1= 27
(Av,0)5 > 5 || Boll; = 6% [loll;. (17)

Consider also the weighted spaces £§ = {v = (vi)iez : D ;e (1 + 10i]) 7% |ui|” < o0},
p > 1, where 0 < § < 1, with norm

lolles = (Z (1+ |5¢|2)—1 |m|p> .

1€Z
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We define now the operator f : (2 — I} by (f (v))Z = fi (v;) = —rv (1 —

1
gvi) for

i € Z. Note that ¢2 C £} with continuous embedding, and denote by Cs the constant

satisfying
||v||¢§ < Csllvlls, for all v € £2.

Since
1 @l < rloil + 507,
this operator is well defined, bounded and
17 @l < rlivlly + 7 lloll3-
Then, the operator F : £2 — £} is defined by
F(v) = —Av—F (v)
and (4) can be rewritten as

du —
— =F t
dt (u)7 > 07

u (0) = ul.
Lemma 2. The maps f: (2 — 0} and F : (3 — (} are continuous.

Proof. The continuity of f follows from
_ _ r ,
IF @) = F @)l <rlv=wly +5 > 95 () (Jval + [wil) [vi — wy|

icZ
r
< 7G5 lJo —wlls + 3 Cs [lv — wlls ([vll5 + [lwll5) -
Also, notice that A : (2 — £} satisfies

[Av = Awlly < g5 (i) ([vis1 — wisa| + 2 |or = wi| + 0oy = wia])
i€Z
<8ljv —wllp
< 8Cs lv—wlls,

so that it is continuous. Then, the operator F : £2 — ¢} is also continuous.

Now, we establish a Lipschitz property for the solutions in the space 8(25.

(19)

Lemma 3. Let u(-),v(:) be two solutions of (/) with corresponding initial data

u® 00 € Et, respectively. Then, there exists a constant 3 (r,8) > 0 such th
u(t) —v(t)] 5 < POt |u® — voHé for allt > 0.

Proof. First, for v,w € E™, we have that

at

(21)

(f () = f(w),v—w)s = —%Zga (i) (b (vi — wy) = (v} — w})) (v —w;)

i€EZ
r .
= —rllv—wl; + : > g5 (4) (vi +w;) (v — w;)
i€EZ

2
> = o —wl;.

2
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Thus, by (17) we obtain

1d 2 27 2 2
Z _ < _
510 =00l < (52 +7) It~ 0 0.
and the result follows by applying the Gronwall lemma. O

Let us now denote E; = ¢2 and Ef = {v € Es:v; >0, Vi € Z}.

Theorem 4. The semigroup S can be extended to a semigroup Ss : RT x E;’ — E;’
satisfying

||S’5 (t,uo) — Ss (t,vo)Hé < Bt Huo — ’UOH5 for allt > 0. (22)
Thus, it is continuous with respect to the initial data.

Proof. Let T > 0 and let G : E — C([0,T], Ef), with domain D(G) = E*, be the
map defined by G(u®) = u (-), where u (-) is the unique solution of problem (4). In
view of (21), this map is continuous. It is easy to see that EV is dense in E;‘, SO
that G can be extended uniquely to a map G : Ef — C([0,T], Ef) with domain
D(G) = E;, and such that g~(u0) =G (u°) for u® € ET. Moreover, ifg(uo) =u(")
and QN(UO) = v (+), then (21) holds. Hence, we set Sj (¢,u’) = QN(uO) (t). O

Corollary 5. For any initial data v’ € Ef we have
HS(t,uO)H(S < Prmo)t HUOH5 for allt > 0. (23)

Proof. The result follows from (22) by taking the constant solution Sj (¢,v°) =
Ss (t,0) = 0. O

A natural question which arises is the following: is the function u (-) = Ss (~, uo) a
solution of (4) is some sense? The following theorem provides a positive answer.

Theorem 6. For any u’ € E;, the map u (-) = S (-,uo) satisfies the following
properties:
(1) u(-) € C([0,00), ¢
(2) u() € Cl([0,00),
(3) The equality

)
5):

2
)
14

w(t) =ud + /0 F(u(r))dr (24)

du
holds in €} for all t > 0. Hence, ditt =F (u(t)) in £}.

Conversely, if a function @ (-) satisfies properties (1)-(3) and u (0) = u® € E, then

U()=u()=8(,u’).

Proof. Let u(-) = S5 (-,u%). First, the fact that u(-) € C([0,00),¢3) was proved in
Theorem 4. We take a sequence u®" € ET such that u®™ — u? in £2. It follows
from Theorem 4 that u” (-) = S (-,u®™) converges to u (-) in C ([0,T7],¢3) for any
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T > 0. Hence, by (19) and (20) there exist Ki, K3 (T) > 0 such that

/OtF(u(r))dT—/OtF(u” (1))dr

£5
< [IF @) -F @), ar
<K / lu (7) = ™ ()5 (L [l ()5 + [ ()]l) dr

t
< K, (T)/ lu(7) = u™ (7)|s dr — 0 for t < T.
0

Thus, (24) is proved and u(-) € C*([0, 00),£}) follows.
Let now @ () satisfy properties (1)-(3) and @ (0) = u® € E}f . Since u(-) = S5 (-, u°)
also satisfies (1)—(3), we have

I (t) = u ()l < / [F @ (7)) = F (w(n))]y dr

t
<K (M) [ ) —u @) dr
The Gronwall lemma implies that @ (-) = u (). O

3. Existence of the global attractor. In this section we will prove the existence
and topological properties of the global attractor for the semigroup Ss. For this
aim, we first recall some well-known results of the general theory of attractors for
semigroups of operators in metric spaces.

Let S : RT x X — X be a semigroup in the complete metric space X with metric
p. The set By C X is called absorbing for the semigroup S if for any bounded set
B there is a time T (B) > 0 such that S (¢, B) C By for any ¢t > T.

The semigroup S is asymptotically compact if for any bounded set B such that
Us>7(B)S(t, B) is bounded for some T'(B), any arbitrary sequence y,, € S (tn, B),
where t,, — 00, is relatively compact.

Recall that dist(C, B) = sup,¢¢ infyep p(x —y) is the Hausdorff semi-distance from
the set C to the set B.

The set A is called a global attractor of S if it is invariant (S(¢,.A) = A for any
t > 0) and attracts any bounded set B, that is, dist (S(¢, B), A) — 0 as t — oo.
The function z (-) : R — X is said to be a complete trajectory of S if x (t+s) =
S(t,z(s)) for any s € R, t > 0. A complete trajectory is said to be bounded if
User® ($) is a bounded set.

We state a well-known result about the existence and properties of global attractors.

Theorem 7. ([29] and [22]) Let X > = — S(t,x) be continuous for any t > 0.
Assume that S is asymptotically compact and possesses a bounded absorbing set
By. Then there exists a global compact attractor A, which is the minimal closed set
attracting any bounded set. The attractor A is the union of all bounded complete
trajectories of S. If, moreover, the space X is connected and the map t — S (¢, x)
is continuous for any x € X, then the set A is connected.

Therefore, in order to prove the existence of the global attractor we need to obtain
a bounded absorbing set and the asymptotic compactness of the semigroup Sy in
the complete metric space X = E;.
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Lemma 8. For any initial data u° € E , it follows that
H55 (t,uo) H5 < HuOH5 et + Ky for allt >0, (25)
where Ko = Ko (0, 7,b) is a constant. Thus, the ball

Bo={ve:vll; < VIt Ko}

is an absorbing bounded set and the set g (B) = Uy>0Ss (t, B) is bounded in Ej
for any bounded set B C E;.

Proof. First, let u® € E* and u (t) = S(t,u’) = Ss(t,u®). We multiply the equation
n (4) by u (t) in the space ¢2. Hence, by (17) we have

5 Tl = = (A (1), ()5 + 5 > g 0) (o (1) — 2 (1)

€L
1= 27
< -3 |Bu)]; + (252 —l—r) > o5 @ u ()= 7> g5 () !
1€EZL i€

By Young’s inequality ab < ea? 4+ C.b? with p = % =3and e = we

( & +r+ )ng ug (t) ,szga (26)
i€L
( & 41+ )c > g5 (i)

i€EZ

obtain

Denote Ko = Ky (6, , b) =2(Z&%+r+1)C->c595 (). Then

2
% ull + [lu (£)]5 + Zga ) < Ko (27)
zEZ

and by from Gronwall’s lemma
2 - 2 -
lu@)Il5 < e u ()5 + Ko (1 —€7"),

so that (25).
If u® € Ef, then we take a sequence u® — u° in ¢2, u? € ET. Since (22) implies
that Ss(t,ul) — Ss(t,u) in £2, we obtain that (25) holds. O

To prove the asymptotic compactness we need some estimates of the tails. Let us
take a smooth function 6 (s) satisfying 0 < 0 (s) < 1, for s > 0, and

0(s) =0, if0<s<1,
O(s)=1, if s >2.

Lemma 9. For any bounded subset B C E;’ and € > 0, there exist K(¢,B) > 0
and T'(e, B) > 0 such that

Z 95 (i) (Ss (t,uo))? <eift>T, (28)

li|>2K

for any u° € B.
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Pmof First, let u® € E* and u (t) = S(¢,u’) = Ss(¢,u’). We multiply the equation
n (4) by (vi (1));ez = ( ( ) ) in the space ¢2. Then

2dt29(||>95 +29<|> (A(u®);uit) (29

icZ €L
IS ('k') g5 (i) (b2 () - (1)).
1€EL

For the second term we use the following estimate for an arbitrary u € (%

>0 ('k') g5 i) (Aw); o

zga(m) 7+1§9< |> )u2_, (30)
+i€ZZ <|;>95(Z)U12

>—2;0(@)95(i)u?+2;<0<@>—0<i;1|)>95(i)u?
(R ()

> 2520 () o000 - g S0 @10 @ 0

2—2%9(@) 05 ()2 = 2 a2 (31)
S

where we have used (14) and |¢’ (s)| < C; for all s. Using (31) in (29) we obtain

MZ (Mawwo<enTo()uwro

1€EZL
r i . 3C
x () uw o o,
i€Z
Arguing as in (26) we obtain

<2+r+ );9(||>g5 _bZG(H)ga u; (t)

1€Z
Il :
+Dr,bze (k gs (7')’
i€Z
where D, is a positive constant depending on r and b. Also, by (25) there exists
C (B) such that 3C ||lu (¢ )||§ < C(B) for all t > 0. Thus, we have

dtZe)(ll)% +29(||)g(s t)§2Dr7b29<|zj|>gg(i)+20k53)'

€L iE€EZ
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Thus, for any € > 0, there exists K (¢, B) such that

] , €
20,30 () asti) < 5,

€L

The Gronwall lemma implies now that

IR GEHOED I, ('K) g5 (3) w2 (t)

li|>2K ez
< e_tZG ] gs (i) u? (0) + -
- ‘ K ’ 2
€L

<e,
ift>T(e,B).
Finally, if u° € E;‘, we take a sequence ul) — u® in ¢2, u9 € E*. Since (22) implies
that Ss(t,ul) — Ss(t,u’) in £2, we obtain that (28) holds. O

Lemma 10. The semigroup Ss is asymptotically compact.

Proof. Let " € S5 (tn, B), where t,, — oo and B is a bounded set. In view of
Lemma 8, the sequence {£"} is bounded. Then, passing to a subsequence, £" — ¢
weakly in £3. Lemma 9 implies that, for any £ > 0, there exist K (¢, B) and N (¢, B)
such that

D g5 (0) (&) <,

li|>2K

3 g5 (i) (&) <eifn>N.

li|>2K

Then, a standard argument implies that é® — ¢ strongly in ¢2, and the lemma is
proved. O

On account of Lemma 8, Lemma 10 and Theorem 7 we obtain the following.

Theorem 11. The semigroup Ss possesses a global compact connected attractor A,
which is the union of all bounded complete trajectories of Ss.

4. Regularity of solutions and the attractor. Further, we shall prove some
regularity properties of the solutions and the attractor in the space £§.

Theorem 12. For any u® € EJ, the solution u (-) = S5 (-,u°) satisfies

1
lu (t+ )2 < K, (TH (1 + |\u0||§) + 1) , forall >0, (32)

for some constant K, > 0, where p > 2,p € N, and 0 < 7 < 1 are arbitrary. Also,
u(-) € C1((0,00),68) for all p > 2.
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Proof. For p = 2, inequality (32) was proved in Lemma 8. We will prove it for
p=>3,peN
Let u® € E*. Tt follows from (27) that

[ @y do < K= )+ Ju G (33)

for some K> 0. We note that u (-) € C* ([0,00),¢?) C C* ([0,00),£5), for all p > 1,
so that we can multiply the equation in (4) by u? (-) in £2. Then

e Zga a (04 a5 (6) (Au (1) 07 (1) = v D a5 () (0)—5 D g5 () ut (1)
1€ZL €L i€Z

Now, for any u € £3, from the Young inequality and (14) we can deduce

Zg(g ) (Auy) u = Zg(g uH_lu? + 2u‘;3 — ui_lu?)
1EZL 1E€EZ
. 2 .
>—*Zgé Uiy — Zga (z)u?,1+§Zg(; (1) u
i€EL iEZ 1€EZ
> -2 Z 95
1EZL
Then

%Zg,;(z‘) 295 )<3(r+2)> gs(i)ul (t).

iE€EZ iE€EZ €L

Also, by applying again the Young inequality ab < gaP + C.b? with p = %, q=4

and € = m we obtain
d .
azga(l +*Zg5 <Crbzg§ = K3, (34)
€L I€EZL I€EZL

for some Ko > 0. For 0 < 7 < 1,let 0 <t < s < t+ 7. Integrating the last
inequality over (s,t+ 7), it follows

3 3
¢+ 7) 2 < Il ()] + Kor.

Integrating now over (t,¢+ 7), and using (33) and (25), we obtain

1
hu(t 4+ )iy < — (Kar + Kor® + Ju (s)]3)

< K ( (14 l17) + ), Wt > 0, (35)

for some constant K3 > 0. After another integration in (34) over (¢ + 7,t + 27), and
using (35), we have

t+27 4 b 3
()l ds < 5= (Jlu (¢ 4+l + Ko ) (36)
t+7
bK bK.
<5 (3 (0 ) 1) + 5

<K (2 (14 1)) +1).
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Let p > 4, p € N. Assume that
1 0112
lu(t+ (=350 < Kyt (55 (1 [0]7) +1) (37)
t+(p—2)7 . - 1 0112
/ ()1 ds < K (p_g (1 + ||u ||6) + 1) V>0, (38)
t+(p—3)T T

as the induction hypothesis, which is satisfied for p = 4. We will prove that (37)-(38)
holds if we substitute p by p 4+ 1 for all natural numbers p > 4.
We multiply the equation in (4) by u?~! () in 2. Then

pdtzg‘5 (1) +_ 95 () )l () =71 gs (i) ul (t)

1€EZ 1€EZ €L

_729 p+1t'

€L

First, for any u € ¢£, by the Young inequality once more and (14), we have

295 ) (Aug)u? ™' = 295 (i) (—Ui+1uf_1 + 2ub — ui—1uf_1)

i€EZ €L
27*295 ng up g+ = Zga
ZEZ ’LEZ ’LEZ
> —— Z 9s ( (39)
zeZ
Then

G a0+ 5w 0 <o (r 2) a0l ).

i€EZ €L

I

Also, by Young’s inequality ab < eaP +C.b? with p = prl, qg=p+lande =

bp(r+3)
we obtain
d . p—1)r
a0+ LS g iy (0 < Oy Y () = Ky (40)
iz = iz

Let t+(p — 3) 7 < s < t+(p — 2) 7. Integrating the last inequality over (s,t + (p — 2) 7)
we have

lu(t+ @ —=2) )l < llu(s)lg + Kpr

Integrating now over (t + (p — 3) 7,t + (p — 2) 7), and using (37) and (38), we arrive
at

11 _
hu(t+ (=2 )l < Fporo <7p—3 (14 0)2) + 1> + K,
1
K, <Tp_2 (14 ]2) + 1> Vit >0, (41)

IN
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for some constant K, > 0. Also, integrating in (40) over (¢t + (p —2) 7, t + (p— 1) 7),
and using (41), we deduce

t+(p—1)7 o1 b » .
,,1d5§7 w(t+ (p—2)7)||» + K,7 42
Lo, IOl s < oo (e + (0= 207l + For) (42)

<oty (7 (4 I10) + 1)+ 525

<%, ( (1 o) + 1)

Thus, (41) is satisfied for all p > 3, p € N. Subtltutlng 7 by —/ we obtain (32).

Now, let v € Ef and u®" — w0 in £2, where u®" € E7. Smce u™(t) = Ss(t,ud) —
Ss(t,u®) in €2, (41) implies that u” (t) — u(t) Weakly in /% for any ¢t > 0. Thus,
(32) follows.

Finally, we will verify that u (-) € C* ((0,00),¢%). Let [¢,T] C (0,00) be arbitrary.
In view of (32), we have that u" (-) is bounded in L (g, T ¢%) for all ¢ > 2. When
q ¢ N, this follows by taking § > ¢,q € N, and using the continuous embedding
(% 0% Also,

du™ —
[ %50 =170 @y <l @ + 5 1o @
143
du™ . . . du™ U
so that is bounded in L (¢, T;¢5) as well. Then v — u, — — — weakly

dt
star in L (,T;4%), and u (-) € Who (e, T;48) C C ([r, T, £%) for all p > 2. Since

the map v — F( ) is continuous from E?p onto 5 (this can be proved similarly as

in Lemma 2), F(u(-) € C([r,T),£%). Hence, u(-) € C* ((0,00),%). O

d

Corollary 13. The global attractor A giwen in Theorem 11 is bounded in €§ for any

p > 2. Hence, it is the union of all complete trajectories of Ss which are bounded in
.

Proof. First, let p > 2,p € N. Let y € A. Since A =S8, (1,.A), there exists z € A
such that y = « (1) and w(-) = S5 (-, 2). In view of (32) with 7 =1 and ¢t = 0 we

have
lu (I, < 55 ((1+11213) +1) < ¢,

since A is bounded in #%.
Now, if p > 2 is arbitrary, then we take p > p,p € N, and the boundedness of A
follows from the continuous embedding ¢ C ¢%. O

We can prove in fact that A is compact in £§. To this end, we will obtain an estimate
of the tails in the space £%.

Lemma 14. For any bounded set B C E;’, p > 2 and € > 0, there exists
R(e,B,p) >0 and T'(e, B,p) > 0 such that

> 95 (@) (S5 (tuf))] <cift>T, (43)

i|>2R

for any u° € B.



16 TOMAS CARABALLO, FRANCISCO MORILLAS AND JOSE VALERO

Proof. Let v’ € B and u(t) = Ss(t,u’). We multiply the equation in (4) by
(i (t);e2 = (9 (l |) (t)) . in the space ¢2. Then
ic

pdt — <|Z|) B (£) + ;9 (',i') 95 () (A(u(D));uf ™" (8)  (44)
_ 529 <|Z|

1€Z

) a5 0 0 0) = 2™ ()

=|

Since, by Theorem 12, we know that u(-) € C*((0,00),¢%) for all ¢ > 2, these
computations are correct for t > 0.
We note that, using (14) and |#’ (s)| < Cy, for all s, we have

Z@ < |> 95 Auz) !
i€L
Z 0 <|]i|) gs ( (—ui_Huf_l +2uf — ui_luf_l)

i€EZL

2_229@)95 b, — gf;(H) P+ 2 %9( )

(£ () o5
2 (57) (7)) wioe

> 30 () w00t = 0 @4 G as 0

>_;‘;Ze)(|k| g5 i) u? = L ulfy

Therefore, we obtain

s (B (5 (o
o (M) ot o+ o,

i€Z

By applying once again the Young inequality ab < ea?+C.b? with p = %, q=p+1
J— T M
and € = Wrir) it follows

ORI O

€L €L

F Dy Y00 (k') 9 ()

1€EZL
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Also, (32) implies that there exists C (B) such that 6C} ||U(t)||§g < C(B) for all
t > 1. Thus,

dtZ (|k|) +Z9(||>95 ()<prrbZ(9(||) 5 (1)

Y/ €L

if t > 1. For any € > 0, there exists R (e, p) such that

pDsrp Y 0 ('lk') g6 (i) <

€L

| ™

0

C(B)
k

Then, Theorem 12 and the Gronwall lemma imply

S g (i)ul ()< 36 ('R') gs (i) (1)

li|>2R i€Z

(1) lil NP e
S0 (W) s yur 1) +
1EZL

C(B)e~ (=1 4 %

<-—,ifk>R.

.

IN

IN

&,

ift>T(e,B,p). O

Theorem 15. The global attractor A given in Theorem 11 is compact in €5 for any
p > 2. Moreover, for any bounded subset B C E;', we have

dister (Ss (¢, B) , A) — 0 as t — 4o, (45)
where distzg denotes the Hausdorff semi-distance with respect to the metric in (5.

Proof. Arguing by contradiction, if (45) did not hold, then there would exist £ > 0
and a sequence " € S5 (tn,, B), with ¢, — +00, such that

distyr (€7, A) > e. (46)

By Theorem 12 and Corollary 13, {¢"} and A are bounded in #5. Since dist (£, A) —
0, we can assume that £" — ¢ € A in £2. By Lemma 14, for any o > 0, there exist
ng (o) and K (o) such that

dE <o > (&)

lil>K lil>K

Then, reasoning in a standard way, one can check that £&” — ¢ in 5, which is a
contradiction with (46).

In order to prove the compactness of A in £§, we take an arbitrary sequence {{"} C
A. Since " € S5 (t,, A), where t,, — 400, the same argument proves that £" —
¢ € Ain £§. Thus, A is compact in £5. O
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Finally, we will state some facts concerning the fixed points (equilibria) of the system

(4).
The point 7 € ¢? is said to be a fized point (also stationary point or equilibrium)
for Sy if S5(t,@) = u for any ¢t > 0. Denote by Z the set of stationary points of S.

Lemma 16. A point u € Egr is a fized point of Ss if and only if
F(u) = Au+ f (u) =0 in (5. (47)

Proof. Tt is obvious that if (47) holds, then u (¢t) = @ satisfies properties (1)—(3) in
Theorem 6. Hence, S5 (¢t,w) = u for all ¢t > 0.

Conversely, if S5 (t,@) = @ for all ¢ > 0, then, by Theorem 6, we have that u (-) =7
satisfies

¢
/ F(u)dr =tF(u) =0 for t > 0.
0
Thus, (47) holds.

Lemma 17. The semigroup Ss possesses, at least, the following fived points:

ul =0,
u? =b.
We note that u* € Et, but u> ¢ E+.
Proof. It follows from Au/ + f (uj ) =0 and Lemma 16. O

Remark 18. [t is worth mentioning that there are some interesting open problems
related to these fized points. However, it seems that a more sophisticated analysis
is meeded in order to solve them. We plan to study those in the near future.

1. Are u',u? the only fized points in the space (3?
2. Are the points u',u? stable or unstable? The natural conjecture (inspired in
the finite dimensional case) is that u' could be unstable, whereas u® stable.

An answer to these questions would provide a very useful information about the
structure of the global attractor.
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