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Sine-Gordon ratchets with general periodic, additive, and parametric driving forces
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We study the soliton ratchets in the damped sine-Gordon equation with periodic nonsinusoidal, additive, and
parametric driving forces. By means of symmetry analysis of this system we show that the net motion of the
kink is not possible if the frequencies of both forces satisfy a certain relationship. Using a collective coordinate
theory with two degrees of freedom, we show that the ratchet motion of kinks appears as a consequence of a
resonance between the oscillations of the momentum and the width of the kink. We show that the equations of
motion that fulfill these collective coordinates follow from the corresponding symmetry properties of the
original systems. As a further application of the collective coordinate technique we obtain another relationship
between the frequencies of the parametric and additive drivers that suppresses the ratchetlike motion of the
kink. We check all these results by means of numerical simulations of the original system and the numerical
solutions of the collective coordinate equations.
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I. INTRODUCTION

Transport phenomena of ratchet type in nonlinear systems
are a topic of interest in many fields of physics. Although
this phenomenon has been proposed first to explain the unidirectional motion of molecular motors taking place inside
the cells 关1兴, nowadays the net motion of fluxons in long
Josephson junctions 共JJs兲 关2–6兴 or vortices in superconductors 关7兴, the motion of cold atoms in optical lattices 关8兴, the
rectification of Brownian motion 关9,10兴, just to name a few
examples, can be analyzed within the framework of this phenomenon.
The motion of particles or solitons when the average of
external forces is zero appears, in general, as a consequence
of the breaking of certain symmetries in each particular system, which should be at nonequilibrium 关11,12兴. The asymmetry can be induced by a ratchet potential, whereas an ac
force is used simultaneously in order to get out of the equilibrium of the system 关13–15兴. On the other hand, using a
biharmonic force that takes the system out of equilibrium
and at the same time breaks certain temporal symmetries,
instead of spatial ones, seems to be more appropriate from
the experimental point of view 关5,8,16兴. Both kinds of
ratchet systems have been extensively studied in the case of
particles or solitons using symmetry analysis 关13,17兴, collective coordinates in the case of extended models 关18–21兴,
numerical simulations, and also experimental realizations
关5,6,8,22–24兴. More complex ratchet systems appear when
the asymmetry is introduced using both a ratchet potential
and a biharmonic force 关25,26兴.
In a recent paper 关27兴 using a collective coordinate technique we have studied the ratchet motion of a kink in a
damped sine-Gordon 共SG兲 system, driven by two ac 共sinusoidal兲 forces, both single harmonics, one was added as a

parametric perturbation and the other one in an additive way.
The results from the symmetry analysis carried out in 关18,28兴
cannot be applied to this system because of the parametric
periodic force. The goal of the present work is to provide a
symmetry analysis in order to predict the appearance of the
ratchet phenomenon in this kind of system and also to generalize the previous studies on the sinusoidal driving forces
关18–20,27–29兴 to the case of nonsinusoidal ones.
With this aim in mind we study the ratchet effect in a
damped sine-Gordon system with generic additive and parametric periodic driving forces, where the analysis will not be
restricted to the case of sinusoidal driving forces. In this
regard recent studies using most general periodic functions
共including elliptic functions兲 关25,30兴 have been done with the
aim to optimize the transport in ratchet devices.
The damped sine-Gordon system with generic additive
and parametric periodic driving forces is represented by the
following equation:

tt − xx +

dU
关1 + ⑀1g共t兲兴 = − ␤t + ⑀2 f共t兲,
d

where the subindices denote the partial derivatives of the
field with respect to space x and time t, U共兲 = 1 − cos共兲 is
the sine-Gordon potential, ⑀1 and ⑀2 are the amplitudes of the
parametric and additive T1- and T2-periodic forces, g共t兲 and
f共t兲 respectively; and ␤ is a damping coefficient. To fully
specify the problem, this equation must be amended by initial conditions for 共x , 0兲 and t共x , 0兲 and boundary conditions. In particular we use the aperiodic boundary conditions
given by
lim 共x,t兲 = lim 共x,t兲 + Q,

x→+⬁

x→−⬁

lim x共x,t兲 = lim x共x,t兲,

x→+⬁
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共1兲

x→−⬁

共2兲

where Q = 2 is the so-called topological charge. Denoting
A共t兲 = limx→−⬁ 共x , t兲 one can check that this function satisfies
066601-1
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Att +

dU
共A兲关1 + ⑀1g共t兲兴 = − ␤At + ⑀2 f共t兲.
d

2m
1
,
=
2 2n + 1

共3兲

Note that the invariance of our system under certain symmetry transformations requires not only that Eq. 共1兲 does not
change under the symmetry transformations but also that
Eqs. 共2兲 and 共3兲 remain invariant 关31兴. This model is also of
interest because we can recover from it the soliton ratchets
induced either by a biharmonic force 关18,20,28兴 or by parametric and additive ac forces 关19,27,29兴. Once the working
model is defined, in the next section a symmetry analysis is
provided to obtain the necessary conditions that must be fulfilled by the two periodic forces to get a net motion of the
kink. Further on in Sec. III a collective coordinate 共CC兲
theory with two collective variables, namely the position X共t兲
and the width l共t兲 of the kink, is used with the aim, first, of
obtaining the mechanism underlying this kind of soliton
ratchets and, second, of providing a symmetry analysis for
the collective coordinate equations. In the next section some
further applications related to this technique are presented. In
Sec. V we verify our analytical results by means of direct
numerical simulations. Finally, to conclude the paper in Sec.
VI we summarize the main results of the previous sections.
II. SYMMETRY CONDITIONS FOR ZERO
VELOCITY

In this section, by using a symmetry analysis of our working model, we obtain the necessary conditions that must be
fulfilled by the forces g共t兲 and f共t兲 to get a net motion of the
kink.
Generalizing the symmetry transformations proposed in
关18,28兴 for a damped SG equation driven only by a biharmonic force, it is easy to check that the following symmetry
transformations,
x → − x,

具V典 = lim

→+⬁

1
Q

冕

−⬁

only if
U共 − Q/2兲 = U共−  + Q/2兲,

共6兲

f共t + mT1兲 = − f共t兲.

共7兲

Notice that Eq. 共6兲 is always fulfilled for SG potential. If we
assume that the T2-periodic force f共t兲 also satisfies
f共t + T2/2兲 = − f共t兲,

共8兲

as has been considered in 关19,27,29兴, the condition 共7兲 is
equivalent to

冕



共10兲

dtV共t兲,

0

The symmetry approach carried on in the previous section, although useful for predicting the unidirectional motion
of the kink in the system modeled by Eqs. 共1兲–共3兲, does not
provide information about the mechanisms underlying the
soliton ratchets. In many problems of soliton ratchets type
the CC technique has allowed not only to find out why the
soliton moves under an external force with zero time average, but also provides an approximate expression for the average velocity. To this end, in Refs. 关18,19,32兴 an ansatz for
an approximate solution was used, which depends on the
center of the kink and its width. Thus using collective coordinate theories 关33,34兴 it has been possible to obtain the
equations of motions that satisfy these variables.
In order to solve Eq. 共1兲 we can use the Rice ansatz 关32兴

冉 冋

共x,t兲 = 4 arctan exp

x − X共t兲
l共t兲

册冊

,

共11兲

as the approximate kink solution of the perturbed SG equation; where X共t兲 represents the center of the kink and l共t兲 its
width. Following, for instance, the Lagrangian formalism developed in 关34兴 we obtain the oridinary differential equations
共ODEs兲
M 0l 0
M 0l 0
M 0l 0
Ẋ − Q⑀bf共t兲,
Ẍ −
Ẋl̇ = − ␤
l共t兲
l共t兲
l共t兲2

共4兲

共5兲

1


III. SYMMETRY ANALYSIS OF THE CC EQUATIONS

␣关l̇2 − 2␤ll̇ − 2ll̈兴 −

冉

共12兲

冊

l2 l20 2
l2
Ẋ
+
1
+
1
−
⑀ag共t兲 = 0,
l20 l2
l20
共13兲

+⬁

dx xxt ,

共9兲

is expected to be zero. Or, if f共t兲 does not fulfill the condition
共8兲 and/or the relation 共9兲 between the two frequencies 1
and 2 does not hold, a net motion of the kink could appear.

leave Eqs. 共1兲–共3兲 unchanged and change the sign of the kink
velocity
V=

n = 0,1,2, . . . .

Hence if the frequencies of g共t兲 and f共t兲, 1 and 2, respectively, satisfy Eq. 共9兲, the time-averaged velocity defined as

t → t + mT1 ,

 → −  + Q,

m = 1,2,3, . . . ;

where we have introduced the factors a ⬅ ⑀1 / ⑀ and b ⬅ ⑀2 / ⑀,
⑀ being a rescaling parameter. For SG ␣ = 2 / 12, M 0 = 8, and
l0 = 1 are the mass and the width of the kink at rest, respectively. It should be stressed that Eqs. 共12兲 and 共13兲 also hold
for the 4 system, where the potential U共兲 = 共1 / 4兲共1 − 2兲2,
the Rice ansatz reads 共x , t兲 = tanh兵关x − X共t兲兴l共t兲其 and the corresponding parameters are given by ␣ = 共2 − 6兲 / 12, Q = 2,
M 0 = 4 / 共3冑2兲, and l0 = 冑2, and so a similar analysis can be
done for the 4 model.
Recently we have studied the ratchet dynamics of the kink
induced by a biharmonic force in the case of sine-Gordon,
which does not have any internal mode 关35,36兴, and the net
motion of the kink in the 4 model 关37兴, which has an inter-
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nal mode. In both systems we found out not only the same
ratchet mechanism for the net motion of the kink, but also
that the average velocity as a function of the biharmonic
force and the damping coefficient exhibits the same qualitative behavior. Because of this we do not expect any new
findings if we work with a 4 potential instead of the sineGordon potential, and therefore, although this theory can be
applied straightforwardly to the 4 equation, from now on
we will study in detail only the sine-Gordon model represented by Eq. 共1兲.
Note that after the change of variable
dX P共t兲l共t兲
=
,
dt
M 0l 0

共14兲
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To proceed we assume that, after the transient time, l共t兲
oscillates around the unperturbed initial width l0 of the static
kink. Then this function is expanded in powers of ⑀ around
l 0,
⬁

l共t兲 = l0 + 兺 ⑀nln共t兲.

Note that despite the sine-Gordon equation does not have
any internal mode, the oscillations of the width of the kink
are related to the excitation of certain phonon modes 关36兴.
After that, the solution of Eq. 共15兲 and Eqs. 共14兲 and 共18兲 are
inserted in Eq. 共13兲 and a hierarchy of equations in powers of
⑀ is obtained. In order O共⑀兲

+⬁
dxxt represents the momentum of the
where P共t兲 ⬅ −兰−⬁
system, Eq. 共12兲 becomes a linear equation for P共t兲,

dP
= − ␤ P共t兲 − q⑀bf共t兲,
dt

共15兲

Ll1 = −

冕

Lln+1 =

If f共t兲 satisfies the time-shift symmetries 共7兲 and 共8兲, after a
transient time t  1 / ␤, we note that the symmetry transformations proposed in Eq. 共4兲 leave invariant Eq. 共13兲, but
simultaneously the solution P changes its sign. Therefore if
the frequencies of both drivers satisfy Eq. 共9兲, the timeaveraged velocity
→+⬁

1


冕



0

P共t兲l共t兲
dt,
M 0l 0

2l0

共16兲

共17兲

also changes its sign and so a net motion of the kink is not
possible.
It is important to remark that even when the Rice ansatz
共11兲 does not satisfy the boundary conditions 共2兲 of Eq. 共1兲
this theory has allowed us to establish that the nonlinear
coupling between the momentum P共t兲 of the kink and the
internal oscillations l共t兲 of the kink width is the main mechanism of this kind of soliton ratchet 关see Eq. 共17兲兴 关20,27,37兴.
Moreover, from Eq. 共12兲 it is clear that, although the additive
periodic force f共t兲 has zero average, the center of the kink
feels an effective periodic force with a time average different
from zero 关37兴.
Since the symmetries of the system are a very important
issue regarding the ratchet phenomenology, the fact that the
CC theory succeeds in representing the corresponding symmetry properties of the original system is crucial for the correct description of the phenomena. In this regard, another
important issue to remark is related with the fact that this
collective coordinate theory is equivalent to the variation of
the momentum and the energy of the system 关38兴. Further
analysis of the CC equations of type 共13兲–共15兲 has been performed in 关27兴, where a perturbation theory has been used in
order to find l共t兲 and finally to obtain an approximate expression for the average velocity.

共19兲

冋兺

n

−

n

0

具V典 = lim

兺m=1 l̇ml̇n+1−m
n

t

d exp关␤共 − t兲兴f共兲.

⍀R2 al0
g共t兲,
2

and for the next-order corrections 共n ⱖ 1兲 straightforward
calculations show that

which can be solved exactly, yielding after a transient time
t  1 / ␤,
P共t兲 = − q⑀b

共18兲

n=1

⫻

m=1
n

lmln+1−m +

⍀R2
␤
l
l̇
−
兺 m n+1−m 2l0
l0 m=1
1
M 20

冉兺

n−1

m=0

ag共t兲⍀R2
1
− 兺 lml̈n+1−m −
l0 m=1
2l0

冊册
冉兺 冊
lmln−1−m P̃2
n

lmln−m , 共20兲

m=0

where L ⬅ d2 / dt2 + ␤d / dt + ⍀R2 is a second-order linear differential operator, ⍀R = 1 / 冑␣l0 is the so-called Rice frequency
关32兴, and P̃ = P / ⑀. It is easy to verify that after the symmetry
transformations t → t + mT1, this hierarchy of equations remains unchanged for all ln if f共t兲 fulfills the condition 共7兲 and
therefore the aforementioned symmetry properties are preserved after using this perturbation theory. Other interesting
consequences of the CC technique are presented in the next
section.

IV. FURTHER APPLICATIONS OF THE CC TECHNIQUE

Coming back to the condition 共9兲 for the suppression of
any net motion, a remarkable question arises: Can any other
relationship between these two frequencies suppress the unidirectional motion of the kink?
On the other hand, this condition predicts a zero-average
velocity when 2 = 1 / 2, however, interchanging the two frequencies in Eq. 共9兲 and choosing 1 = 2 / 2 a net motion of
the kink can appear as has recently been shown in 关27兴. In
this sense we can say that these two frequencies are not
equivalent. For the following we define that the parametric
and additive periodic forces are equivalent if it is possible to
interchange them and to obtain in both cases the same approximate nonzero average velocity. The other question that
we would like to address here is the following: Under which
restrictions can the parametric and additive periodic forces
be considered equivalent?
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A. Zero average velocity under
not commensurable frequencies

B. Conditions of equivalence between additive
and parametric forces

If the additive T2-periodic force also satisfies f共t兲 = −f共t
+ T2 / 2兲 we show that it is necessary to break the condition
共9兲 for the appearance of a net motion of the kink. This
condition implies that the relation between the frequencies of
the parametric and additive drivers is equal to a certain rational number. In this section we will show, by using the CC
equations derived in the previous section, that the ratchet
effect in Eq. 共1兲 does not appear when the frequencies of the
two periodic forces g共t兲 and f共t兲 关f共t + T2 / 2兲 = −f共t兲兴 are related by

With the aim of investigating whether the interchange of
the two forces does not affect the ratchet velocity, we use the
Fourier series of g共t兲 and f共t兲, given by Eqs. 共22兲 and 共23兲,
respectively. Nevertheless, we will not restrict our study to
the case where the additive periodic force f共t兲 satisfies f共t兲
= −f共t + T2 / 2兲, so all the coefficients a2k and b2k in the Fourier series for f共t兲 cannot vanish simultaneously.
The solution 共16兲 for P共t兲 now reads

2
= s 僆 I.
1

P共t兲 = − b⑀Q 兺

p=1

共21兲

+

Formally, the Fourier series of the T1- and T2-periodic forces,
g共t兲 and f共t兲, respectively, can be written as
⬁

g共t兲 = 兺 ck sin共k1t兲 + dk cos共k1t兲

共22兲

k=1

and
共23兲

l1 = −

where the coefficients a2k = 0 and b2k = 0 due to f共t兲
= −f共t + T2 / 2兲. The solution for P共t兲 in Eq. 共16兲 now reads

+

k=1

~

P共t兲 = − bQ⑀ 兺

p=1

+

冑␤

ap
2

+ 共p2兲

2

冑␤2 + 共p2兲2 sin共p2t + p兲,

m1, k 僆 Z,

bp

冑␤2 + 共p2兲2 sin共p2t + p兲,

dk

冑

关⍀R2

− 共k1兲2兴2 + 共k1␤兲2

R

共24兲

共25兲

which is a contradiction because r 僆 Z. Thus we have shown,
within the framework of the CC, that the time-averaged velocity, given by Eq. 共17兲, is zero when the frequencies of g共t兲
and f共t兲 satisfy Eq. 共21兲. Bear in mind that if f共t兲 ⫽ −f共t
+ T2 / 2兲, at least one of the coefficients in the Fourier series,
either a2k or b2k, should be different from zero. This implies
that P共t兲 oscillates with frequencies p2, where p 僆 N 共p
⫽ 0兲, while l2 oscillates with frequencies 2p2 due to the
term P2 in Eq. 共20兲. Therefore since P共t兲 and l2 share common frequencies, they could resonate and induce a net transport of the kinks, even if 1 and 2 satisfy either the relation
共9兲 or 共21兲.

共26兲

⍀R2 l0a
ck
sin共k1t + k兲
兺
2
冑
2 k 关⍀R − 共k1兲2兴2 + 共k1␤兲2

k␤

˜
where 兺 denotes the sum over odd numbers p = 2k + 1 with
 p
k = 0 , 1 , 2 , . . ., ␦ p = −arctan共 ␤2 兲,  p = arctan共 p␤2 兲. This implies
that P has harmonics with frequencies 共2k + 1兲s1, k 僆 Z. At
the same time, from Eqs. 共19兲 and 共20兲 it can be shown that
the frequencies of any l j belong to the set 兵共r + 2m1s兲1其,
where r , m1 僆 Z. Hence using the expression 共17兲 for the average velocity, one realizes that a nonzero average velocity
appears, if first the oscillatory functions P共t兲 and l共t兲 have at
least one common frequency; but this implies that
r = s关2共k − m1兲 + 1兴,

sin共p2t + ␦ p兲

sin共k1t + k兲,

where k = −arctan共 ⍀2 −共k1 兲2 兲 and  p = arctan共

sin共p2t + ␦ p兲

bp

+ 共p2兲2

where p is any integer in contrast to the expression 共24兲
where p is odd.
Substituting Eq. 共22兲 in Eq. 共19兲, it is straightforward to
show that the first-order correction of the kink width reads

⬁

f共t兲 = 兺 ak sin共k2t兲 + bk cos共k2t兲,

冑␤

ap
2

1

⍀R2 −共k1兲2

k␤1

共27兲

兲. Sub-

stituting Eqs. 共26兲 and 共27兲 in Eq. 共17兲, after some straightforward calculations the average velocity reads
具V典 =

⑀2abQ⍀R2
4M 0
⫻兺
k

1

冑关␤2 + 共k1兲2兴兵关⍀R2 − 共k1兲2兴2 + 共␤k1兲2其

⫻兵akqck cos共␦kq − k兲 + akqdk cos共␦kq − k兲
+ bkqck cos共kq − k兲 + bkqdk cos共kq − k兲其 + O共⑀3兲,
共28兲
where we have assumed that 1 = q2, being q 僆 Q; the sum
k
runs over k such that kq 僆 Z, ␦kq = −arctan共 ␤ 1 兲, and kq
␤
= arctan共 k1 兲. Note that, if q = 2m / 共2n + 1兲 共n = 0 , 1 , 2 , . . . and
m = 1 , 2 , . . .兲 the average velocity in order O共⑀2兲 vanishes as
is expected from the symmetry analysis carried out in Sec. II.
Interchanging the parametric and additive forces, the collective variables X共t兲 and l共t兲 and the momentum P共t兲 satisfy
Eqs. 共12兲, 共13兲, and 共15兲, respectively, with f and g interchanged. The equation for the first order of l共t兲 reads as Eq.
共19兲 exchanging b for a and f for g. Therefore the solutions
for P共t兲 and l1共t兲 are represented by Eqs. 共26兲 and 共27兲, respectively, interchanging a with b, and 2 with 1. Taking
into account that 1 = q2, straightforward calculations show
that the average velocity reads
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⑀2abQ⍀R2
4M o
⫻兺
p

1
0.5

1

冑关␤2 + 共p1兲2兴兵关⍀R2 − 共p1兲2兴2 + 共␤p1兲2其

0

⫻兵a pqc p cos共˜␦ p − ˜ pq兲 + c pb pq cos共˜␦ p − ˜ pq兲
−0.5

+ a pnd p cos共˜ p − ˜ pq兲 + b pqd p cos共˜ p − ˜ pq兲其 + O共⑀3兲,
共29兲

−1

where the sum runs over p such that pq 僆 Z and

冉
冉

˜ = − arctan
pq
= − arctan

冉

冊

⍀R2

␤ pq2
− 共pq2兲2

⍀R2

␤ p1
= p ,
− 共p1兲2

冊

冊

(a)

冉

1
0.5

冊

0
−0.5
−1

冉 冊

␤
=  pq .
p1

50

t

1.5

−1.5

˜␦ = − arctan p1 = ␦ ,
p
pq
␤

冉 冊

0

2

⍀2 − 共pq2兲2
⍀2 − 共p1兲2
˜ pq = arctan R
= arctan R
= p ,
␤ pq2
␤ p1

˜ = arctan
p

−50

(b)

共30兲

−50

0

FIG. 1. Evolution of nonsinusoidal functions h共t , 兲 共dotted line
in the top panel兲, −2z共t , 兲 共solid line in the top panel兲, and
y共t ,  , m兲 共bottom panel兲. Parameters:  = 0.1 and m = 2.

冦
冦

Since Eqs. 共28兲 and 共29兲 agree with each other, we have
shown that in the first-order approximation, the average velocity obtained by the CC theory is invariant if we interchange the additive and parametric forces, q = 1 / 2 being a
rational number different from 2m / 共2n + 1兲 共n = 0 , 1 , 2 , . . .
and m = 1 , 2 , . . .兲. On the contrary, if q = 2m / 共2n + 1兲 and 1
= q2, the symmetry analysis of the partial differential equation 共PDE兲 shows that the average velocity should be zero.
However, interchanging these frequencies the kink can move
with a nonzero ratchet velocity as has been recently shown in
关27兴.

h共t, 兲 =



2
2

⬍t⬍
t − 3,




cos共t兲,

0ⱕtⱕ

 1

t− ,
0ⱕtⱕ
 2

z共t, 兲 =
2
 3 
− t+ ,
⬍t⬍
 2 

40

y共t, ,m兲 = 兺

V. RESULTS OF SIMULATIONS

k=1

It should be stressed that, although the results obtained in
Sec. II by using a symmetry analysis for Eqs. 共1兲–共3兲 are
exact, they only predict whether our general parametric and
additive periodic forces could induce a ratchet motion, i.e.,
from this symmetry analysis we obtain only a necessary condition for the appearance of unidirectional motion of the
kink. On the other hand, the results obtained in Secs. III and
IV by means of collective coordinate calculations are only
approximate. Therefore in order to check the validity of our
analytical results we must carry out numerical simulations
for Eqs. 共1兲–共3兲.
To fully specify our system we must define explicitly the
functions g共t兲 and f共t兲. In particular, we define the following
periodic functions 共period T = 2 / 兲:

50

t

冧
冧

,

共31兲

,

共32兲

1
关sin共kt兲 + cos共kt兲兴,
km

共33兲

where h共t , 兲 and z共t , 兲 are extended periodically in time,
h共t + T / 2 , 兲 ⫽ −h共t , 兲, y共t + T / 2 ,  , m兲 ⫽ −y共t ,  , m兲 共Fig.
1兲. Contrary to that, z共t , 兲 is defined in such a way that it
fulfills z共t + T / 2 , 兲 = −z共t , 兲 共top panel of Fig. 1兲. From this
set of three functions we choose independently the nonsinusoidal driving forces g共t兲 and f共t兲.
In our first numerical test we check that, if f共t + T2 / 2兲
= −f共t兲, a net motion of the kink could appear only when the
condition 共9兲, implying 1 / 2 = 2m / 共2n + 1兲 with m
= 1 , 2 , 3 , . . . and n = 0 , 1 , 2 , . . ., is violated. To this end, we
take g共t兲 = z共t , 1兲 and f共t兲 = z共t , 2兲, and only change the relationship between the frequencies such that 1 / 2 = 1 / n or
1 / 2 = n, being n = 1 , 2 , . . . , 5, fixing 2 = 0.1 in the top
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FIG. 3. Average velocity obtained by the numerical simulations
of Eq. 共1兲 versus the frequency of the additive periodic force. Open
circles: numerical simulations of the PDE and stars: numerical solutions of the CC equations. Parameters of the numerical simulations are 2 = 0.1, 1 = 2共1 + 冑n兲, with n = 1 , 2 , 3 , . . . , 10, ⑀1 = ⑀2
= 0.04, and ␤ = 0.1. g共t兲 = z共t , 1兲 and f共t兲 = z共t , 2兲 共see the text兲. As
is expected a nonzero velocity is observed only when n = 4.
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FIG. 2. Top panel: Average velocity versus 1 共1 = 2 / n and
1 = n2兲 when 2 = 0.1 and n = 1 , 2 , 3 , . . . 5. The condition for zero
average velocity 共9兲 is fulfilled for 1 = 22 , 42, i.e., 1 = 0.2, 0.4.
Bottom panel: Average velocity versus 2 共2 = n1 and 2 = 1 / n兲
when 1 = 0.05 and n = 1 , 2 , 3 , . . . , 5. For this choice of parameters
Eq. 共9兲 holds only for 2 = 1 / 4 , 1 / 2, i.e., for 2 = 0.0125, 0.025
具V典 = 0 is expected. Other parameters of the numerical simulations:
g共t兲 = z共t , 1兲, f共t兲 = z共t , 2兲, ⑀1 = ⑀2 = 0.04, and ␤ = 0.1. Open circles:
numerical simulations of the PDE and stars: numerical solutions of
the CC equations. In both cases the inset shows the results for all
values of n, where the maximum average velocity is observed at
1 = 2, while the figure magnifies the region of small velocities.
The dashed lines connecting the circles and stars serve as guides for
the eye.

panel of Fig. 2 and 1 = 0.05 in the bottom panel of Fig. 2,
respectively, and keeping the remaining parameters constant.
Note that in the top panel the condition 共9兲 for zero average
velocity holds for 1 = 22 , 42, i.e., 1 = 0.2, 0.4, whereas in
the bottom panel the average velocity is almost zero when
2 = 1 / 4 , 1 / 2, i.e., for 2 = 0.0125, 0.025, as is expected.

In the following numerical test of expression 共9兲 we
change the relationship between the frequencies such that
1 / 2 = 1 + 冑n, with n = 1 , 2 , 3 , . . . , 10 with 2 = 0.1, keeping
constant the rest of the parameters. In Fig. 3 we observe that,
if g共t兲 = z共t , 1兲 and f共t兲 = z共t , 2兲, a nonzero average velocity
only appears when n = 4 共1 / 2 = 3兲. As expected, this relationship between the frequencies fulfills neither the condition
共9兲 nor the condition 共21兲 for zero average velocity. By contrast, for n = 1 and 4 共1 / 2 = 2 and 1 / 2 = 4兲 and also for
the values of n such that 1 + 冑n is an irrational number, the
relations 共9兲 or 共21兲 hold and then net motion of the kink is
not possible. This is also shown in Fig. 3.
In the previous section we have also shown that, if f共t兲
does not fulfill Eq. 共8兲, the relationships between the frequencies obtained from 共9兲 and 共21兲 to assure zero average
velocity are not valid, and therefore an average velocity different from zero can be expected when 1 = 2共1 + 冑n兲 or
1 = n2 for all values of n. Indeed, in contrast to the previous cases presented in Fig. 2 共top panel兲 and in Fig. 3, taking
g共t兲 = h共t , 1兲 and f共t兲 = h共t , 2兲 具V典 ⫽ 0 is observed in Fig. 4
for all the frequencies considered. It is interesting to compare
the top panel of Fig. 2 with the bottom panel of Fig. 4:
although the shapes of the driving forces we have used in
each figure are very similar, as is shown in the top panel of
Fig. 1, their relevant symmetry properties are different, and
therefore in the former figure zero-average velocity is observed for 1 = 0.2; 0.4, whereas in the latter one for all the
frequencies considered in the simulations a zero-average velocity is not observed.
Finally we check that the average velocity is practically
the same when the additive and parametric forces are interchanged. To this end we take the additive and parametric
forces as y共t , 2 , 2兲 and y共t , 1 , 3兲, respectively, and after
that we interchange them. In both cases, the numerical simulations of Eq. 共1兲, the numerical solutions of the CC equations 共13兲 and 共14兲, and the analytical expression for the
average velocity 共29兲 are approximately the same as is
shown in Fig. 5, where in the top and the bottom panel we
take 1 = 2 and 1 = 22, respectively.
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FIG. 4. Average velocity from the numerical simulations of PDE
共1兲 versus frequency 1 of the parametric periodic force, when the
additive periodic force f共t兲 ⫽ f共t + T2 / 2兲. Top panel: 1 = 2共1 + 冑n兲
with n = 1 , 2 , . . . , 10, bottom panel: 1 = n2 and 1 = 2 / n with n
= 1 , 2 , . . . , 5. Open circles: numerical simulations of the PDE and
stars: numerical solutions of the CC equations. Other parameters of
the simulations: g共t兲 = h共t , 1兲, f共t兲 = h共t , 2兲, 2 = 0.1, ⑀1 = ⑀2 = 0.02,
and ␤ = 0.1. Inset: results for all values of n, showing the maximum
velocity when 1 = 2 = 0.1, while the figure magnifies the region of
small velocities. The dashed lines connecting the circles and stars
serve as guides for the eye.
VI. CONCLUSIONS

In this work we have studied the ratchetlike motion of the
damped sine-Gordon kink under general periodic, additive,
and parametric driving forces. Inspired by the symmetry
analysis provided in 关18,28兴 we consider the symmetry transformations that leave our system invariant, but change the
sign of the velocity. This approach allows us to find the
relationship 共9兲 between the frequencies of the parametric
and additive driving forces, 1 and 2, respectively, in the
case f共t兲 = −f共t + T2 / 2兲 which is a necessary condition that
must be broken in order to get a net motion of the kink.
Indeed, we obtain that if 1 / 2 = 2m / 共2n + 1兲, being m

0.02

0.04

ω

2

FIG. 5. Average velocity versus  = 1 = 2 共top panel兲 and 1
= 22 共bottom panel兲. Open circles and stars: numerical simulations
of Eq. 共1兲 and numerical solutions of CC equations, respectively,
when f共t兲 = y共t ,  , 2兲 and g共t兲 = y共t ,  , 3兲. Squares and pluses: numerical simulations of Eq. 共1兲 and numerical solutions of CC equations, respectively, when f共t兲 = y共t ,  , 3兲 and g共t兲 = y共t ,  , 2兲. Solid
lines represent 具V典 given by Eq. 共29兲. Parameters: ⑀1 = ⑀2 = 0.001 and
␤ = 0.1.

= 1 , 2 , 3 , . . . and n = 0 , 1 , 2 , . . . the average velocity of the kink
must be zero. Using the Rice ansatz with two degrees of
freedom, the center X共t兲 and the width l共t兲 of the kink, and
using the Lagrangian formalism developed in 关34兴, we obtain
the equations of motion that satisfy X共t兲 and l共t兲. These equations of motion show that, although in the original system the
average of the additive force is zero, the center of the kink
“feels” an effective force with a nonzero average 关see Eqs.
共12兲 and 共13兲兴 关37,39兴 due to the oscillations of the kink
width. This is also the ratchet mechanism that appears in
other soliton ratchets in homogeneous sine-Gordon or 4
equations 关20,27,37兴. Furthermore we have checked that the
collective coordinate equations also preserve the symmetry
properties that are relevant for the appearance of the ratchet
effect. So the relationship between the frequencies of the
parametric and additive driving forces given by Eq. 共9兲 for
the suppression of any net motion can also be obtained
within the framework of the collective coordinates theory. In

066601-7

PHYSICAL REVIEW E 76, 066601 共2007兲

ZAMORA-SILLERO, QUINTERO, AND MERTENS

view of this result, by using the expression of the velocity
obtained from the collective coordinate analysis we have
found another relationship 共21兲 between these two frequencies for zero-average velocity. We would like to stress that
this second condition is not exact since it has been obtained
by CC theory, however, the results of the numerical simulations of the PDE 共1兲 and the numerical solutions of the CC
equations 共12兲 and 共13兲 confirm its validity. These two conditions for the suppression of the net motion hold both for
sinusoidal forces studied in Refs. 关19,27,29兴 and for nonsinusoidal driving forces, which we have considered here. In
both cases, it is interesting to note that the maximum average
velocity appears when the frequencies of the parametric and
additive driving forces coincide. This behavior is also observed in the case of nonsinusoidal forces either when they
fulfill the same symmetry condition as the sinusoidal force,
f共t兲 = −f共t + T2 / 2兲 共see Figs. 2 and 3兲, or break it 共Fig. 4兲.
Within the framework of the CC approach we have shown
that when the first-order approximation holds, the average
velocity is invariant if we interchange the additive f共t兲 and
parametric g共t兲 forces, when 1 = q2, q being a rational
number different from 2m / 共2n + 1兲 共n = 0 , 1 , 2 , . . . and m
= 1 , 2 , . . .兲, i.e., f共t兲 ⫽ −f共t + T2 / 2兲.
Another interesting conclusion is that the frequencies of
the drivers can be used as a control parameter to change the
direction of the ratchet motion. This characteristic not only
appears in the ratchet systems we have considered here, but

was also observed in other systems. Indeed, nonlinear signal
mixing of two driving forces was used to control transport in
overdamped particle ratchets 关25兴, and current reversals due
to the interplay between frequencies, phases, and amplitudes
of two driving forces were obtained for sine-Gordon soliton
ratchets with strongly localized inhomogeneities 关26兴. Such
systems could now be investigated experimentally, because
such inhomogeneities were already used in experiments on
long Josephson junctions, namely, microresistors 共critical
current Jc decreased兲 and microshorts 共Jc increased兲 关40兴. For
the interpretation of such experiments our type of symmetry
analysis will be very useful. The relationship between symmetries and transport has recently been investigated in experiments on ratchets for cold atoms 关24兴, where a multifrequency driving has been used, obtained by combining signals
at three different frequencies: 1, 21, and 2.
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