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INTRODUCTION .
The aim of this paper i s the study of abelian Lie algebras as
subalgebras
of the nilpotent Lie algebra g n associated with Lie groups of upper -
triangular square matrices whose main diagonal is formed by 1 .
We also give an obstruction t o obtain the abelian Lie algebra of dimension
one unit less than the corresp onding t o g n as a Lie subalgebra of g n

Moreover ,
we give a procedure to obtain abelian Lie subalgebras of g n up to the
dimension
which we think it i s the maximum .

There are several reasons to study nilp otent Lie algebras . By one
side ,

the problem of their classification i s still unsolved , being only known up to
dimension 7 (see [1, 2]). By the other side, we think that
the information obtained about the simply connected Lie groups associated
with them will translate in  information  about  the  algebras
themselves , and finally it will mean a st ep forward in the above
mentioned problem .

It is known that given a fixed Lie group , there exists a Lie algebra

associ -
ated with it . The converse , that i s , every Lie algebra i s associated
with some Lie group , was locally proved by Lie , in his Third Theorem ,
and globally by Ado . Consequently it can be proved that any finite -
((iimerisio]n?l complex Lie algebra i s isomorphic t o some matrix Lie algebra
see [4]).

In this way , the study of Lie algebras reduces t o the study of Lie

algebras

associated with matrix Lie groups . In fact , Proposition 3. 6 . 6 of [ 4 ]

states that

every nilp otent Lie algebra i s obtained as Lie subalgebra of the Lie algebra
269
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associated with the Lie group G, that consists in upper - triangular
square matrices with 7 17 1 thei mai diagonal

We have asked ourselves about the dimension of the abelian Lie algebras
contained in the Lie algebra g n associated with G,. This paper deals with
the maximal dimension of abelian Lie algebras , considered as subalgebras
of G,,
for a given n e N\ {1}.

We give a procedure t o obtain abelian Lie algebras in g n, considering
the cases n odd or even . We formulate a conj ecture about the maximal
dimension of these algebrasin g »- Finally , the main result of the paper
proves that the Lie algebra g n, of dimension dg, cannot contain the
abelian Lie algebra of
dignension dgn — 1 as a Lie subalgebra ( see Theorem 3 . 1 and Corollary 3 .
2).

1. PRELIMINARIES
We will remind some preliminary concepts on Lie groups and Lie algebras
that will be used in the paper .  For a general overview on Lie groups and

Lie
algebras , the reader can consult | 4 |

If a Lie group i s denoted by G, we will denote its associated Lie algebra
by g . Note that the dimensions of G and g are the same .

A representation of a Lie group of dimension nis a homomorphism of
Lie

groups¢ : G — GL(n,C).

If £isa Lie algebra , it s central series is given by :

ClL)=1L,C%(L)=[L,L),C3(L)=[C*L), L], ..cCkL)=[ck1(L),L),

Then , L£is called nilpotent if there exists a natural number m such
that

cm(L)=0.

A Lie algebra £1i s called abelian if [X,Y] =0, for all XY € L.
2. THE LIE GROUP G OF UNIPOTENT MATRICES .
Since an abelian Lie algebra i s nilpotent , it s simply connected Lie

group
can b e represented by unipotent matrices ( thatis, upper - triangular
square
matrices with ” 1”7 i th mai diagonal ) However we d no know a prior
i
the minimal order of matrices verifying such a condition .

If we denote by G, the Lie group of unipotent matrices , elements in
this
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form :

1 %12 z13 - Tin-1 Tim
0 1 223 -+ Tan-1 Taa
0 0 1 ot XT3n—1 T3.n
gn(z; ;) = o ' ' ' ' (zi,; € C).
0 0 0 - 1 oz
0 0 0 e 0 1

As we proved in [ 3 |, the Lie algebra g n associated with G, is nilpotent
and the only nonzero brackets in g n are :

(X, Xjpl=Xip i=1,..,n; j=i+1,.,n k=j+1,..,n

That i s , nonzero brackets are only obtained if we multiply a field of the
4t column times a field of the j** row , for every je {2,..,n}.

We will  distinguish  two cases, depending of the parity of
the order of matrices in G,.

2.1. CASE 1: MATRICES OF EVEN ORDER .
Let us consider before , as examples , the Lie groups G, and G4, already

studied in [ 3 ] :

1 12 713 %14

_ (1 zi2 _ 0 1 w3 o4

G2_<0 1 ) Ga = 0 0 1 a3y
0 0 0 1

Clearly, onlythe 1-dimensional abelian Lie algebra can b e obtained
as subalgebra g 2 with G,.

Let " s consider g 4 .  We have three fields corresponding t o the 4
column ;
the 374 column adds two fields although the field corresp onding to the 3¢
row has to b e removed . So,  we have four fields . If we now
add the 2" column ( which has a unique field ) , we would have t o remove
the two fields
corresp onding t o the 2"? row and then this last st ep does not improve the
situation .

Inspired in these two examples , we will show a procedure t o get abelian
Lie algebras from g 2k for any k. It consists of the following steps :
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Column 2k. Firstly , we consider the 2k — 1 fields corresponding
to the (2k)t" column .
Column (2k—1). We add the 2k — 2 fields corresponding t o the (2k—
1)t" column and we remove the field of the (2k — 1)t
row .

Column . We add the -1 fields corresp onding to
the it
column and we remove the 2k —i fields of the it"
row .  Hence the number of added fields i s the differ -
ence b etween both numbers , that i s ,2i — 2k — 1.

Column k+1. We st op the procedure in the (k+ 1) column , since
the difference 2i —2k—1 i s positive if and only if
i > k + column2’. Thenandweremovewcaddthethek‘k‘_ﬁelds(fgeldsofthe(fhe(;c"+ llgzz
row .
In this way , we can obtain abelian Lie algebras whose dimension i s less
or
equal than %2. Besides , fields obtained in the procedure are the following

Xig+1 Xip+2 - Xiow—1 Xiok
Xok+1 Xopte - Xook—1 Xook
Xi—1 kb1 Xp—1k+2 - Xp—12k—1 Xk—1,2k
Xiekr1 Xppt2 - Xpow—1 Xkok
2. 2. CASE 2 : MATRICES OF ODD ORDER . By rep eating

the same scheme as before , we firstly consider two particular examples ,
already studied in [ 3 ] :

1 712 m13 T14 T15

1 z12 13 0 1 203 maa To5

G3 = 0 1 x2,3 and G5 = 0 0 1 T34 X35

0 O 1 0 0 0 1 @45

0 0 0 0 1
We now use the same procedure as in the previous  case . So ,
from g 3 , we can obtain the abelian Lie algebra < Xj., X33 > of
dimension 2 ,  but we cannot obtain the abelian algebra of dimension 3 ,

because g 3 it self is a non - abelian Lie algebra .
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Ing 5 ,if we consider the 5% column , we have four fields ; the 4"
column adds three fields and we have to remove the field corresp onding t o
the 4 row . So, we have six fields . If we add the 3¢ column ( which
has two fields ) , we
would have t o remove the two fields corresponding with the 3¢ row . How-
ever ,
it does not improve the situation .
We note then that this procedure is valid for obtaining abelian Lie

algebras
ing 2k+1uptodimension (2k+,1)2—1. This conclusion i s similar as
the given in the previous case .  Concretely :

Column 2k+1. Firstly , we consider the 2k fields corresp onding to the
Column 2k. (3 41)add}, columny,_.1 fields corresp onding t o the (2k)
column and we remove the field corresponding t o the

(2k) " row.

Column j. When dealing v'vith 'the gt column , we add j — 1 fields
and we remove the 2k + 1 — j fields corresp onding with
the j* row .

Column k+1. When dealing with the (k+1)" column, we
add &

fields and we remove the k fields of the (k+ 1) row .
We stop in this st ep , because , by considering the £

column | we would add k — 1 fields and we would remove

the k+1 fields in the k' row and , hence , the dimension

would decrease .
So , the fields of g 2k + 1 in this abelian Lie algebra are :

Xip Xig+1 - Xiow Xiow+1
Xor Xogt1 - Xoor Xookt1
X2k Xpokr1 - Xgpoox Xp22k11
Xi—1k Xi—1k+1 Xp—126 Xg—12k+1

Now , by taking into consideration both cases , a natural question appears
is it possible t o obtain an abelian Lie algebra of higher dimension ? By
denoting the dimension of the algebra g n by dg,, we will see in the next
section that it is not possible t o obtain the abelian Lie algebra of dimension
dgn —1. Itisa
first step in the attempt of proving the following :
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CONJECTURE . The maximal dimension of an abelian Lie algebra h
ing nisgiven by :
. k2, ifn =2k, withk € N,
dimh =

(2k +4 1) =1, ifn=2k+1, withk € N.
We have already proved this result for n e {2,3,4}in [3] .
3. ABELIAN LIE ALGEBRA OF DIMENSION  dgug. — 1.
Now , coming back t o the question of what abelian Lie algebras can b
e contained in a given Lie algebra g n, we will prove that the abelian Lie
algebra of dimension dg, —1 is not a subalgebra of g n-
THEOREM 3 . 1 . If neN, with n>4, then the abelian Lie
algebra of dimension dg, —1 is not a Lie subalgebra of g n
If we use the relation between the Lie subgroups of a given Lie group

and the Lie subalgebras of it s associated Lie algebra ,  Theorem 3 . 1
immediately implies the following result :
COROLLARY 3 . 2. If neN,n>4, then the simply connected Lie

group associated with the abelian Lie algebra of dimension dg, —1 cannot
be rep -
resented as a Lie su bgroup of G,.
Proof . To prove Theorem 3 . 1 we will proceed by induction on n.

Let us suppose , in the first place , n =4: as the dimension of G4
is 6 , the considered abelian Lie algebra has dimension 5 . Then every
basis of Lie
subalgebras of g 4 can b e expressed by {V;}?_, where :

ji=3

k=4

YVi= Y aijxXjk (aijx€C), (i=1,..5).
k=j+1

j=1

As the corresponding matrix of coefficients has rank 5 , it i s equivalent t
o the following matrix :

b bsg
0 by’é 1,6
OO 1 bO bOo b08 b08 b b4,6 )
(gl, 208,2 09 5 4,40 5,5 5,6 ’
0 )
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for 1<i<5. Therefore , t o give a basis of every 5 - dimensional
subalgebra of g 4 , we have t o distinguish the following six possibilities ,
where

N €C:

(MX13+plX1,2 Mo Xy 4+ p2%51,2, A3 X0 3 4+ 351, 2,
MXoa+ pdX1,2, A X354 + u5%1,2).
(MX12+plX1,3, M X 4+ p2%51,3, A3 X0 3 4+ 31, 3,
Mo Xog+ pdX1,3, A5 X34 + p551,3).

(MX1o+plX 1,4, 0 X 5+ p2%51,4, A3 X5 3 4+ 351, 4,
NaXog+ pdX 1,4, A5 X534 + 55 1,4).
(MX19+p1%2,3 Mo Xy 5+ p2%2,3, A3 X 4 4+ 13%2,3,
NaXoa+ pd%2,3 A5 X34 + pu552,3).
(MX1o+pl%2,4 Mo Xy 5+ p2%52,4, X3 X 4 + pu3%2,4,
NaXoz + pd™2,4, A5 X34 + pu5~2,4).
(MX19+pl%3,4 Mo X 5+ p2%3,4, A3 X1 4 + 1u3%3, 4,
M Xo g+ pd®3,4 X5 X0 4 + 1573,4).

We deal next with the first of the possibilities ( the rest of them can b e
seenin [3]).

Making equal t o zero the brackets b etween basic elements ,  we obtain
a system which contains the following equations : A3u2 =0, \3ul = 0, \3ud =
0, 43 = 0, \3A5 = 0, \3u5 = 0, which gives a contradiction .

Let us suppose that n >4 and , by the induction assumption , the result
is true for n—1, that i s, we cannot obtain the abelian Lie algebra of
dimension

D(n—1) =dgn—1 — lingn — 1.

Let us prove the result for n. The dimension of the abelian Lie algebra
to
study is D(n) =dg, —1=(3) — 1.

We will argue as in the case n = 4. Let us consider the elements X; ;(
with i=1,.,n—-1and j=i+1,.,n—1)in g n as coming from g n —1(
considered as subalgebra of g n). If X, is one of those elements and
the basis By of the (dg, —1) dimensional abelian subalgebra consists of
elements of the form : Y;; = \i; Xi; + pi, jXnx, With (i,5) # (h, k), then the
abelian Lie subalgebra B =<Y;; >, with 1<i<j<n-1,1s an abelian
Lie subalgebra of g n —1 with dimension D(n — 1), against the induction
assumption .

Now let us suppose that the basis of the abelian subalgebra |, B; ., consists
of elements that involve , all of them , the element X,, and consider the
basic



276 J.C. BENJUMEA , F . J . ECHARTE , J . N 4" EZ ,
A.F. TENORIO

elements :
Yip: = MoiXio+pl,2,i%n, Yizg, = MaiXis+pl,3,7%n,
Yozi = AogiXog+p2,3,i%in, Ysa;, = A3aiXsa+p3,4,i%in

The brackets [Y12,,Y23,] and [Y13,,Y34,] are given by :

= M1 2i023,i X153 + M2,ip2, 3,0 X1 2, Xin] + 11, 2,42, 3,i[X; 0, X2,3],
[H,S,ia Yé,4,i] = >\1,3,i>\3,4,iX1,4 + >\1,3,i,u37 47 i[Xl,Sa Xl,n] + ,LL17 37 i)\3, 43 i[Xi,na XS 4}-

)

According t o the law of g n, we have the brackets :

. 0, ifi#3
0 s eif o4 2 ) )
={% 50 £ 2% [Xin, Xog] =
B, A2 20 (i, Kol { — Xo,, ifi=3.
o 0, ifi#4
X113, Xin) = {% iff £_ 3% [X,,, X34 = ’ ’
[X1.3, Xin] {Xl,m it #£- 371X, 8.4] — X3, ifi=4.

and , as a consequence , possible cases are : a ) If i+#2 3,4, we have :

Yi2:,Y23: = Ai2iM3,:X13,
Yi3:,Y34: = Ai3iA34,:X14.
b) If i=2 we have :

Yiei, Yoz = Ai2idesiXis+ M2in2,3,751,n,

Y13, Y345 = Ai3iA34,:X14.
c) If i=3, we have:

Vio: Yozl = Mo2idesiXis—pl, 2,022,352 n,

[Yl,&iv Y3,4,i} = A1,3,i234,:X1,4 + A13,:13,4, iXL n
d) If i=4, we have:

Yi24,Y23:] = Ai2ires:X13,

Y13, Y345 = Ai3iA34,iX14—pl,3, i*3,4,i%3,n

In every case , the equations i s;X23:;=0and X\ 3;\34; =0 are obtained

Hence , two elements of the basis of the abelian subalgebra are linearly
depend - ent , what gives a contradiction . This proves Theorem 3 . 1
and , consequently , Corollary 3 . 2 .
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