Continuous location under the effect of ’refraction’
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Abstract In this paper we address the problem of locating a new facility on a d-dimensional space
when the distance measure (¢p- or polyhedral-norms) is different at each one of the sides of a given
hyperplane H. We relate this problem with the physical phenomenon of refraction, and extend it
to any finite dimensional space and different distances at each one of the sides of any hyperplane.
An application to this problem is the location of a facility within or outside an urban area where
different distance measures must be used. We provide a new second order cone programming
formulation, based on the ¢p-norm representation given in [4] that allows to solve the problem
in any finite dimensional space with second order cone or semidefinite programming tools. We
also extend the problem to the case where the hyperplane is considered as a rapid transit media
(a different third norm is also considered over H) that allows the demand to travel, whenever it
is convenient, through #H to reach the new facility. Extensive computational experiments run in
Gurobi are reported in order to show the effectiveness of the approach. Some extensions of these
models are also presented.

Keywords Continuous location - Refraction - Second Order Cone Programming - Norms.
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1 Introduction

In the literature of transportation research it is frequent to address routing or distribution prob-
lems where the movement between points is modeled by the combination of different transporta-
tion modes, as for instance a standard displacement combined with several high speed lines. Similar
approaches have been also applied in some location problems [J] considering that movements can
be performed in a continuous framework or taking advantage of a rapid transit line modeled by
an embedded network; and different applications of these models are mentioned in the location
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literature. For instance, the location of a facility within or outside an urban area where, due to the
layout of the streets within the city boundary, the movement is slow, while outside this boundary
in the rural area movement is fast. Another possible application, mentioned by Brimberg et. al
[6] could be in a region where, due to the configuration of natural barriers or borders, there is a
distinct change in the orientation of the transportation network, as for instance in the southern
area of Ontario.

Location problems are among the most important applications of Operation Research. Con-
tinuous location problems appear very often in economic models of distribution or logistics, in
statistics when one tries to find an estimator from a data set or in pure optimization problems
where one looks for the optimizer of a certain function. For a comprehensive overview of Location
Theory, the reader is referred to [I0] or [2I]. Most of the papers in the literature devoted to con-
tinuous facility location consider that the decision space is Rd, endowed with a unique distance.
We consider here the problem where R is split by a hyperplane H = {x € R?: otz = B} for some
o € R and B € R, into two regions H4 and Hp, with sets of demand points A and B, respec-
tively. Each one of these regions is endowed with a (possibly different) norm | - |4 and | - |5,
respectively, to measure the distance within the corresponding region. For the ease of presentation
we will restrict ourselves to consider that the involved norms are ¢p, p > 1, or polyhedral. Recall
that a polyhedral (or block) norm is characterized by a unit ball being a polytope symmetric
with respect to the origin and with non empty interior. The only ¢,-norms that are polyhedral
are the well-known ¢;- and {-norm. Therefore, we deal with the problem of finding the location
of a new facility such that the overall sum of the weighted distances from the demand points is
minimized. This setting induces a transportation pattern where, in each side of the hyperplane,
the motion goes at a different speed. This problem is not new and we can find antecedents in
the literature in the papers by Parlar [I§], Brimberg et. al [6[7], Fathaly [14], among others, and
it can be seen as a natural generalization of the classical Weber’s problem (see [1320]). Note
that the distances between two points, depending on the region where they are located, may be
measured with different norms. Hence, the distance between two points = and y is ||z — y|| 4 (resp.
|z —yl||B) if they belong to H4 (resp. to Hp), or the length of the shortest weighted path between
them otherwise. We point out that in this setting if two points z and y are in the same half-space,
it is not allowed to traverse the hyperplane on paths connecting them. The reader is referred to
Section for the analysis of this latter case. Related problems have been analyzed in [I13L5]
8221231[25], among others. In order to address this location problem, first we have to solve the
question of computing the shortest path between points in different regions since our goal is to
optimize a globalizing function of the length of those paths. We note in passing that some partial
answers in the plane and particular choices of distances can be found in [15].

This problem is closely related with the physical phenomenon of refraction. Refraction describes
the process that occurs when the light changes the medium, and then the phase velocity of a wave
is changed. This effect is also observed when sound waves pass from one medium into another,
when water waves move into water of a different depth or, as in our case, when a traveler moves
between opposite sides of the separating hyperplane. Snell’s law states that for a given pair of
media and a planar wave with a single frequency, there is a ratio relationship between the sines of
the angle of incidence 64 and the angle of refraction #g and the indices of refraction n 4 and ng of
the media: nysinfs = npsinfp (see Fig. [1)). This law is based on Fermat’s principle that states
that the path followed by a light ray between two points is the one that takes the least time. As
a by-product of the results in this paper, we shall find an extension of this law that also applies
to transportation problems when more than one transportation mode is present in the model.

Our goal in this paper is to design an approach to solve the above mentioned family of location
problems, for any combination of norms and in any dimension. Moreover, we show an explicit
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formulation of these problems as second order cone programming (SOCP) problems (see [2] for
further details) which enables the usage of standard commercial solvers to solve them.

Fig. 1: Illustration of Snell’s law on the plane.

The paper is organized in 7 sections. In Sectionwe analyze the problem of computing shortest
paths between pairs of points separated by a hyperplane H when the distance measure is different
in each one of the half-spaces defined by H. We characterize the crossing (gate) points where a
shortest path intersects the hyperplane, generalizing the well-known refraction principle (Snell’s
Law) for any dimension and any combination of ¢,-norms. Section [3| analyzes location problems
with distance measures induced by the above shortest paths. We provide a compact mixed-integer
second order cone formulation for this problem and a transformation of that formulation into two
continuous SOCP problems. In Section[d]the problem is extended to the case where the hyperplane
is endowed with a third norm and thus, it can be used to reduce the length of the shortest paths
between regions. Section [f] is devoted to the computational experiments. We report results for
different instances. We begin comparing our approach for the first model, with those presented (
on the plane and for ¢1- and ¢2-norms) in [I8] and [27] by using the data sets given there; then we
test our methodology using the 50-points data set in [12] (on the plane and different combinations
of £p-norms, both for the first and the second model); and finally we run a randomly generated
set of larger instances (5000, 10000 and 50000 demand points) for different dimension (2, 3 and 5)
and different combinations of £,-norms. Section [f] is devoted to some extensions of the previous
model. The paper ends, in Section [7} with some conclusions and an outlook for further research.

2 Shortest paths between points separated by a hyperplane

Let us assume that R? is endowed with two £p,-norms each one in the corresponding half-space
H;, i € {A, B} induced by the hyperplane H = {z € R% : o'z = 8}. Let us write of = (a1,...,aq)
and assume further that p; = r;/s; with r;,s; € N\ {0} and ged(r;,s;) = 1, i € {4, B}. Here, ||z]|p
stands for the £, norm of z € R%.

We are given two points a,b € R? such that ofa < B and ofb > B, with weights wa, wp
respectively and a generic (but fixed) point 2* = (23},...,z5)" such that a’z* = 8.
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The following result characterizes the point xz* that provides the shortest weighted path be-
tween a with weight w, > 0 and b with weight w, > 0 using their corresponding norms in each
side of H.

Lemma 1 If1 < pa,pp < 400, the length dp,py(a,b) of the shortest weighted path between a and b
18
dpaps (a,b) = wallz™ — allps +wpllz” = bllps,

where x* = (z3,...,25)", a'z* = B must satisfy the following conditions:

1. For all j such that o = 0:

25— as pa—1 ¥ — b
wa {| 5~ 4l } sign(xjfaj)—i-wb[ 5 — bl

pB—1
z* — allp ] sign(ey —b;) =0.
A

llz* — bllps

2. For all i,j such that a;a; # 0.

-1 . -1 .
o [ lzF — a] r}A sign(z} — a;) oy [ |z — by rB sign(z} — b;) _
llz* — allpa @ llz* —bllpp a;
-1 . -1 .
" [ |z} — aj] r*‘ sign(z} — a;) { |z} — b rB sign(z} — bj)
a Wy .

[[* = allpa aj ll* = bllps

@y
Proof Computing dp ,py(a,b) reduces to solving the following problem:

l’l’tlil’l wallz — allps +wpllz = bllps-
z:atz=p

The above problem is a convex minimization problem with a linear constraint. Consider the
Lagrangian function L(z,)\) = wallz — allpy + wpllz — bllps + A(a‘z — B). Then necessary and
sufficient optimality conditions read as:

pa—1
wa {LJ | } sign(z; —a;) +wp { [ — b

[z — allpa

pp—1
—_— sign(z; —aj)+Aa; =0, j=1,...,d
i (73 = i) + A

ole — B =0.
First of all, if a; = 0 we obtain condition E from the first set of equations. Next, if Aa; # 0

the above system gives rise to condition O

In the case where one of the two norms involved is not strict, i.e. p4 or pg € {1,400} there
are non-differentiable points besides the origin and the optimality condition is obtained using
subdifferential calculus. Let us denote by df(z) the subdifferential set of f at .

Lemma 2 Ifpy = +oco or pg = 1, the length dp,p (a,b) of the shortest weighted path between a and
b is
dpapp (a,b) = Wa\lx* —allps + wbe* = bllpg»

where z* = (zF,...,25)", a'z* = B must satisfy:
Aa € wad||z* — allpy + wpl||z™ — bllpg, for some X € R.

Proof The result follows from applying the rules of subdifferential calculus (see [24]) to the shortest
path problem between a and b with the distance measure dp ,py- g
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We note in passing that the optimality condition in Lemma[2] gives rise, whenever p4 or pp are
specified, to usable expressions. In particular, if both p4 and pp € {1, +o0} the resulting problem
is linear and the condition is very easy to handle. Lemmas [1| and [2| extend the results in [15] to
the case of general norms and any finite dimension greater than 2.

Next consider the following embedding 7 : R — R4, 7(z) = (z,afz — ), for = € R?. Take
any point z* such that a‘z* = . Clearly, 7(a) = (a,a a—ﬁ), m(z*) = (2*,0) and n(H) = H x {0}.
Then, let us denote by 'ya the angle between the vectors 7(a—z*) = (a—z*,0) and (a—z*, ala— ).
—B

7:* oA
note that in general this ratio is not a trigonometric function, unless p; = 2, i € {A, B}. This way
we define by abusing of notation

Now, we can interpret H as a generalized sine of the angle v, (see Fig.|2)). The reader may

. lata — B . latb — B]
sinp, va = ————— (analogously sing; v, = ).
P la — a¥(lpa b 16— 2*[|ps
The above expression can be written by components, namely:
. _ aja; — t % _
Sinp, Ya = Z , (observe that a'z" = B). (1)

lla — w*\lm

Finally, by similarity we shall denote the non-negative value of each component in the previous
sum as
lojaj — ajay]
lla —a*[|p,
With the above convention we can state a result that extends the well-known Snell’s Law to
this framework. It relates the gate point z* in the hyperplane o’z = 8 between two points a and
b in terms of the generalized sine of the angles v, and .

Sinp, Ya; = ,j=1,...,d.

Fig. 2: Tlustrative example of the generalized
sines.

Corollary 3 (Snell’s-like result) The point z* = (zF,...,z3)", a'z* = B that defines the shortest
weighted path between a and b is determined by the following necessary and sufficient conditions:
1. For all j such that o = 0:

25 —ay] 1747 lj —bil 177
o | mas] s ) e || e ) =
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2. Foralli,j, a;a; # 0.

. pa—1 . . p—1 .
oo [ S0 ] 7 sl ) [ingn ] st ) _

s a; |ces | o
w Sinp , Ya, pa-t sign(z}f —aj) Sinpp Vb, po—t sign(x; —b;)
“U eyl o "1 oyl o

Corollary 4 (Snell’s Law) Ifd = 2, py = pp = 2 and H = {(x1,22) € R? : a121 + aoz2 = f}
with a1, a2, B € R, the point * satisfies that

Weq Sin Oq = wyp sin Gy,

where Oq and 0y, are: 1) if a1 < ag, the angles between the vectors a — x* and (—ag,oq)t, and b — x*
and (az, —an)t, or 2) if a1 > ao, the angles between the vectors a — x* and (a2, fal)t, and b — z*
and (—az, a1)t.

Proof Since for d = 2 the f2-norm is isotropic, we can assume w.l.o.g. that the separating line
is zo = 0. Thus, after a change of variable z* can be taken as the origin of coordinates and
a = (a1, a2) such that a1 >0, az <0, b = (b1, b2) such that b; <0, b2 > 0.

Next, the optimality condition using Lemma |1{is wa% — wbﬁ = 0. The result follows since
sinf, = ‘}Z‘lll and sinf, = ”‘2‘1”2. O

3 Location problems with demand points in two media separated by a hyperplane

In this section we analyze the problem of locating a new facility to serve a set of given demand
points which are classified into two classes, based on a separating hyperplane. The peculiarity of
the model is that different norms to measure distances may be considered within each one of the
half-spaces induced by the hyperplane.

Let A and B be two finite sets of given demand points in R?, and wq and wp, be the weights
of the demand points a € A and b € B, respectively. Consider H = {z € R? : afz = S} to be the
separating hyperplane in R? with o € R? and 8 € R, and

Hyo={zeR%:a'z<p} and Hp={zeR?: olz>p}.

We assume that R? is endowed with a mixed norm such that the distance measure in H 4 is induced
by a norm || - ||p,, the distance measure in Hp is induced by the norm || - ||p5 and ps > pg. We
assume further that p; = r;/s;, with r;,s; € N\ {0} and ged(r;, ;) = 1, i € {A, B} and that the
distance between two points inside Hy (resp. Hp) is measured with the norm in H4 (resp. Hp).

Observe that the hypothesis that p4 > pg ensures that moving through H 4 is at least as fast
as moving within Hp.

The goal is to find the location of a single new facility in R? so that the sum of the distances
from the demand points to the new facility is minimized. The problem can be stated as:

f* = inf Zw(l dpaps(z,a) + Zwb dpa,ps (2,0) (P)
TER?
acA beB
where for two points z,y € RY, dp 4 ps(z,y) is the length of the shortest path between z and vy, as

determined by Lemmas [I] and [2}
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Note that the shortest paths can be explicitly described by distinguishing whether the new
location is in H4 or Hg. Let =z € R? and z € AU B, then:

= — zllp; z,z€ H;, i€ {A B}
dpapp (T, 2) = Hélﬁ ly — zllp; +llz —yllp; if x € Hy, z € Hy, 4,5 € {A,B}, i #j.
y

Theorem 5 Assume that min{|A|, |B|} > 2. If the points in A or B are not collinear and p4 < +0o0,
pp > 1 then Problem always has a unique optimal solution.

Proof Let us define the function f(z,y) : RIX(AIHIBDE R ag:

F<(@,y) =Y wallz —alpa + > wpllz — mllps + D wollvp —bllps if a'w < B

f(:c,y) _ acA beB beB
f>(z,y) = Z wallya — allpa + Z wallz = yallps + Z wpllz = bllps if 'z > B.
acA acA beB

It is clear that
(SP<) (SP>)

f* =min{ inf f<(z,y), inf f>(z,y)}.

atz<B,aty,=B,VbeEB atz>pB,aty,=p,Ya€A

We observe that both functions, namely f< and f> are continuous and coercive. This implies that

inf f<(z,y) is attained since the domain is closed and bounded from below. Thus
atz<p,aty,=B,VbEB

a solution for this subproblem always exists. Moreover, we prove that f< is strictly convex which
in turn implies that the solution of the first subproblem (SP<) is unique.
Indeed, let (z,y), (z/,y’) be two points in the domain of f< and 0 < A < 1.

J<Qa+ (1 =N Ay + (1= N)y) = > wallAz + (1= Na' —allpa
acA
+ D wplre+ (1= Na" = Ay — (1= Ngbllpa
beB
+ D wnlldgs + (1= N)yh = bllps
beB
(A not collinear and p4 > 1) < > wa(Alz = allpa + (1= N2’ = allpa)
acA
+ Zwb()\”‘r_yprA +(1_/\)HI/_Z/£>H;DA)
beB
+ > wp(Allys = bllps + (1= N)lyb — bllps)
beB

= M<(@y) + Q=N f<(@,y).

The analysis of the second subproblem is different since the domain is not closed. First,
analogously to the above proof it follows that f~ is strictly convex in its domain, namely a‘z >
B, alys = B, Ya € A. Therefore, if the infimum is attained (in the interior of Hg) the solution
must be unique. Next, we will prove that if the inf of the second subproblem is not attained
then it cannot be an optimal solution of Problem since there exists another point in afz <
8, oly, = B, Vb € B with a smaller objective value.
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Let us assume that no optimal solution of (SP-) exists. This implies that the infimum is
attained at the boundary of Hp and therefore there exists (z, ), o'z = B such that

f>(x,y)::f>(f7y)

inf
atr>p,aty,=p,Va

Next,

F>@9) =D walla—allpa + D wallZ = Fallps + Y wbll& = bllps

acA acA beB
>3 wallfo —allpa + 3 wall — Gallps + 3 wpllE — bllps
a€EA acA beB

> 3 wallz —allpa + 3 wpllz — bllps- (+)

acA beB

Now, since Z € H, let By :={b € B : wp||Z —bl|lps > wpllb — pllps +wp||T — Upllpa } and Bz = B\ By.
(Observe that g, = Z for all b € By and then ) ;. p wp[|Z — ¥pllp. = 0.) This allows us to bound
from below as follows:

> walg—allpa + > @l = Gsllpa + Y w@bllb=Tollps + Y wbllF = blps

acA be B, be B, beE By
= wallz—allpa + Y wbll = Bllpa + Y willo—Dollos + D> wullo — bllps
acA beEB beB, bE B,
= > wallg—allpa + Y wpllz = Dollpa + > wpllb = Bllps
acA beB beB
= f§ (ir g)
Hence, (Z,7) provides a smaller or equal objective value evaluated in (SP<) which concludes the
proof. O

The above description of the distances allows us to formulate Problem (]E) as a mixed integer
nonlinear programming problem by introducing an auxiliary variable v € {0,1} that identifies
whether the new facility belongs to H 4, which in fact is equal to H4, or Hp.

Theorem 6 Problem (]ED is equivalent to the following problem:

minZwaZa—l- Zwbzb (2) 0 > llz — ysllpa, vbe B, (11)
acA beB up > [|b = ypllps, vbe B, (12)
s.t. 2a — Za < Ma(1 —7), Vae A, (3) o'z — B < M(1—~), (13)
0o+ ta — Za < May, Vac A, (4) olz—B>—My, (14)
=y = My, weB,  (5) aly, =4, Vae A, (15)
Op +up—Zpy <Mp(1—7~), VbeB, (6) alyy = B, we B, (16)
“o 2 o= dllpas va€d () 74, z4,00,u0 > 0, Yae A, (17)
o2 o= valen: vacA )z a0, >0, ¥be B, (18)
o = o sl vacd,  ©) Ya, o € RY, Va € Abe B, (19)
zp > |lz = bllpg, vbe B, (10) e (0.1}, 0)

with M, Mq, My > 0 sufficiently large constants for all a € A,b € B.
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lif x € Hy,
Oif z € ﬁBv
of the new facility = is in H4 or in the closure of Hp. (Observe that if x € Hy NHp = H, v can
assume both values.) Note that constraints , and assure the correct definition of this
variable. Next, we define the auxiliary variables Z, Va € A and Z;, Vb € B that represent the
shortest path length from the new location at = to a € A and b € B, respectively. Similarly, with
za and zp we shall model ||z — allp, and ||z — b||py, respectively.

We shall prove the case z € Hy, since the case z € Hp follows analogously when v = 0. In
case x € Hy (being then v = 1), let us denote with 6, the distance between x and the gate point,
Yp, of b on H, namely 6, = ||z — yp|lp; and with u, the distance between y;, and b, up = ||b— ypllps
forallbe B . Since v = 1, the minimization of the objective function and constraints -@
and @, and assure that the variables are well-defined and that:

Proof Let us introduce the auxiliary variable v = { that models whether the location

Zo=z2a= ||z —allp, and Zy =0y +uy= ||z —ypllpa + 10— wllps-

Hence, the minimum value of Z waZa+ Z wp Zp, is the overall sum of the shortest paths distances

a€A beB
between x and the points in AU B. O

The reader may note that valid choices of the M, M,, M, constants that appear in the
formulation - can be easily obtained. Indeed, by standard arguments one can prove that it
suffices to take the big-M constants, in the above formulation, as M. = 4 max B{HaHpA, 16]lps }

€

)

Vece AUBand M =2 max |al, max {|lallpa,|bllps} + B.- (We note in passing that the
pe{pa,pB} a€A, beB

proposed values are valid upper bounds although some smaller values may also work.) In spite of
that, the above formulation may not be the more appropriate way to solve Problem since one
can take advantage of the following fact.

Observe that the hyperplane H induces the decomposition of R? into R = H4 UHp, and such
that Hqy N Hg = H. Moreover, using the result in Theorem |5, Problem is equivalent to solve
two problems, restricting the solution z to be in Hy and in Hp.

Theorem 7 Let z* € R? be the optimal solution of (]ED Then, x* is the solution of one of the following
two problems:

min Z WaZa + Z wpBy + Z wpup (P a) min Z wpzp + Z waba + Z waua (PB)

a€A beB beB beB a€A acA
s.t. (@, (@), (12, (16), s.t. (@), @), [@0), (15),
o'z < B, (21) o'z > B, (22)
za >0, Va € A, 2z, >0, Vbe B,
Oy, up > 0, Vb€ B, Oa,uq >0, Va € A,
T, Yp € R T,Ya € RY.

Proof Let z* be the optimal solution of (]E) By Theorem @ z* must be the optimal solution of
(2)-([20). Hence, we can distinguish two cases: (a) 2* € Hu; or (b) 2* € Hp. First, let us analyze
case (a). Since z* € Hy, then 4* = 1. Hence, the non-redundant constraints in are , ,
, and 7 and the variables Z, and Z; in reduce to zq and 6y, + uyp, respectively. The
above simplification results in the formulation of Problem .

For case (b), the proof follows in the same manner. The reader may note that the hyperplane
‘H is considered in both problems. However, by the proof of Theorem [5| if z* is in H, since we



10 Victor Blanco et al.

assume that py > ppg, the optimal value of (P 4] is not greater than the optimal value of
and the solution can be considered to belong to H 4. O

From theorems [5| and [7| we get the following result that gives an interesting localization prop-
erty about the solutions of the problem ( or ) whichever one has the best objective
value.

Theorem 8 Let (z*,y*) € R>IBl4 pe the optimal solution of and (2,9) € RN pe the
optzmal solution of - with objective values f* and f, respectwely Iff > f (resp. f* < f)
yb = yb, = z*, for all b,V € B (resp. o = oo = &, for all a,a’ € A). Moreover, if f* f,
Yy =yYa=2x" =2, Va€ A, be B.

As we mentioned before, the cases where the norms used to measure distances are ¢,-norms,
p€Q, 1< p< +oo, are very important and their corresponding models simplify further. In what

follows, we give explicit formulations for these problems.

Theorem 9 Let | - [lp, be an £y,-norm with p; = ¢+ > 1, r;,s; € N\ {0}, and ged(rs, s) = 1 for
i € {A, B}. Then, (P 4)) is equivalent to

min 2 wWaza + Z wpBp + Z WUy (23)

a€A beB beB
d
.. . [, Y bk<z, V€4, (33)
tap —xp +arp >0,YVa€e A k=1,...,d, (24) k=1
tak ok —ap >0,Va€ A, k=1,....d, (25 4
ok RO = (25) Zpbk§0b7 Vb € B, (34)
vpp + Tk —ypp >0,V E B, k=1,...,d, (26) =
vpp — Tk Fypp >0,V E B, k=1,...,d, (27) d
gok —Ypk +bp >0,Vo€ B, k=1,...,d, (28) Zwbkfub’ vb € B, (35)
k=1
gbk+ybk7bk>0,Vb€B,k’Zl,...,d, (29)
ZayEakstak,> 0, Vae A, k=1,...,d, (36
<§;g SATSA Yae A k=1,...,d, (30) @ Sak> tak (36)
Fa—sa O, up, ppisvpk >0, Voe Bk=1,...,d, (37)
v < ppiby ,Vbe B, k=1,...,d, (31) Unk ok >0, Vb E Bk =1,....d, (38)
S T S
gbk d)bfubB P,vbeB, k=1,....d, (32) T,y € Rd, Vb € B. (39)

Proof Note that the difference between (P 4|) and the formulation - stems in the constraints
that represent the norms [, and (12)] in that are now rewritten as —. This
equivalence follows from the observation that any constraint in the form Z > || X —Y||p, for any
p =% with r,s € N\ {0}, r > s and gcd(r,s) = 1, and X,Y variables in R?, can be equivalently
written as the following set of constraints:

Qr+Xp—Ye >0, k=1,....d,

Qr — Xp +Y: >0, k=1,....d,

QL<RIZ™,  k=1,...,d

d

SRz (40)

=1
Ry >0, VE=1,...,d.
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This result can be obtained from [4], although it is detailed here for the sake of readability.
Indeed, let p = -, then %4» 2 =1. Let (Z,X,Y) fulfill the inequality Z > || X — Y||. Then we
have

d ¥ d -
IX = Yllp < Z < (Z XkYk|?) < ZvZb = (Z |XkYk|§Z;(T:S)> <zZv,
k=1 k=1

d
— SN Xe-vilfz T <z (41)
k=1

r—s

Then holds if and only if 3R € R%, R, >0, Vk = 1,...,d such that | X, — Y| Z~ = < Ry,
satisfying ZZ:1 Ry < Z, or equivalently, | X, — Y3|" < R;Z"° and ZZ:1 Ry < Z.

Set Qr = | X, — Y| and Ry = | X}, — Yk|pZ71/p. Then, clearly (Z,X,Y,Q, R) satisfies .

Conversely, let (Z,X,Y,Q, R) be a feasible solution of . Then, Qf > | X — Y| and Ry >

r T

Q27 > Xy — Yilf 275 Thus, Y 1Xp — il 5275 < X0 Ry < Z, which in turn
d
implies that Z | Xy — Yk\g < 7275 and hence, | X — Y|, < Z. (]
k=1

Remark 1 (Polyhedral Norms) Note that when the norms in H4 or Hp are polyhedral norms, as the
well-known ¢; or £ norms, a much simpler (linear) representation than the one given in Theorem
|§| is possible. Actually, it is well-known (see for instance [21L22L26]) that if || - || is a polyhedral
norm, such that B*, the unit ball of its dual norm, has Ext(B*) as set of extreme points, the
constraint Z > || X — Y| is equivalent to the following set of linear inequalities:

Z>e' (X —Y), Ve € Ext(B*).

Corollary 10 Problem (resp. ) can be represented as a semidefinite programming problem
with |A|(2d+1) + |B|(4d+3) + 1 (resp. |B|(2d + 1) + | A|(4d + 3) + 1) linear constraints and at most
4d(|A|logra+|B|logra+|B|logrp) (resp. 4d(|B|logrp—+|A|logrp+|A|logra) positive semidefinite
constraints.

Proof By Theorem @ Problem is equivalent to Problem —. Then, using [4] Lemma
3], we represent each one of the nonlinear inequalities, as a system of at most 2logr or 2logrp
inequalities of the form X? < Y Z, involving 3 variables, X,Y, Z with Y, Z non negative. Hence,
by Schur complement, it follows that

Y+Z 0 2X
X*<vzZ o 0 Y+ZY—-Z|=0,Y+2Z>0. (42)
02X Y-ZY+Z

Hence, Problem (P 4)) is a semidefinite programming problem because it has a linear objective
function, |A|(2d + 1) + |B|(4d + 3) + 1 linear inequalities and at most 4d(|A|logra + |B|logra +
|B|logrp) linear matrix inequalities. O

The reader may note that by similar arguments and since the left-hand representation of (42)) is
a second order cone constraint, Problem ([P 4)) can also be seen as a second order cone program.
The following example illustrates this model with the 18-points data set from Parlar [I8].
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Example 11 Let % = {x € R : 1.52 — y = 0} and consider the set of 18-demand points in [18]. We
consider that the distance measure in H 4 is the £2-norm while in Hp is the £3-norm. The solution of
Problem (P)) is 2* = (9.23792,6.435661) with objective value f* = 103.934734.

Frig. @ shows the demand points A and B, the hyperplane H, the solution x*, as well as the shortest
paths between x* and the points in A and B.

14 F

12 -

10 |~

Fig. 3: Demand points and optimal solution of Example

Finally, to conclude this section we address a restricted case of Problem (]ED Let {¢1,...,q1} C
R[X] be real polynomials and K := {z € R? : gj(z) >0, 5 =1,...,1} a basic closed, compact
semialgebraic set with nonempty interior satisfying that for some M > 0 the quadratic polynomial
u(z) =M — 22:1 z% has a representation on K as u = oo + Zle 0 g4, for some {oo,...,01} C
R[X] being each ¢; sum of squares (Archimedean property [16]). We remark that the assumption
on the Archimedean property is not restrictive at all, since any semialgebraic set K C R for
which it is known that Zi:l 23 < M holds for some M > 0 and for all € K, admits a new
representation K’ = KU {z € R? : g/, 1(z) := M — 22:1 x7 > 0} that trivially verifies the
Archimedean property.

For the sake of simplicity, we assume that the domain K is compact and has nonempty interior,
as it is usual in Location Analysis. We observe that we can extend the results in Section [3] to a
broader class of convex constrained problems.

Remark 2 Let K := {z ¢ R : gj(x) >0, j=1,...,l} be a basic closed, compact semialgebraic set
with nonempty interior, and consider the restricted problem:

min »  wa d(z,0) + > wy d(a,b). (43)
acA beB
Assume that K satisfies the Archimedean property and further that any of the following conditions

hold:

1. g;(x) are concave for i = 1,...,l and — 22:1 v;V2g;(z) = 0 for each dual pair (z,v) of the prob-
lem of minimizing any linear functional 'z on K (Positive Definite Lagrange Hessian (PDLH)).

2. g;(z) are sos-concave on K for i = 1,...,l or g;(z) are concave on K and strictly concave on
the boundary of K where they vanish, i.e. 0K N d{z € R? : g;(z) = 0}, for all i = 1,..., L.
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3. gi(z) are strictly quasi-concave on K fori=1,...,1.

Then, there exists a constructive finite dimensional embedding, which only depends on py, pp
and g;, i = 1,...,1, such that the solution of can be obtained by solving two semidefinite
programming problems.

The validity of the above statement follows from the fact that the unconstrained version of
Problem can be equivalently written as two SDP problems using the result in Theorem
and Corollary Therefore, it remains to prove that under the conditions 1, 2 or 3 the constraint
set z € K is also exactly represented as a finite number of semidefinite constraints or equivalently
that it is semidefinite representable (SDr). The discussion that the three above mentioned cases
are SDr is similar to that in [4, Theorem 8] and thus it is omitted here. O

4 Location problems in two media divided by a hyperplane endowed with a different
norm

In this section we consider an extension of the location problem in the previous section where the
separating hyperplane is endowed with a third norm, namely || - ||p,,, and it may be used to travel
in shortest paths crossing it. Thus, the new problem consists of locating a new facility to minimize
the weighted sum of the distances to the demand points, but where, if it is convenient, a shortest
path from the facility to a demand point that crosses the hyperplane may travel through it. This
way the hyperplane can be seen as a rapid transit boundary for displacements between different
media.
We define the shortest path distance between two points a and b in R? by

lla — bllp; if a,b € H;, i € {A, B},
(@) =\ min [l allps + |z~ llps + Iy = bllps if a € Ha, b€ Hp,

z,yY

(DT)

and z,y represent the access and the exit (gate) points where the shortest path from a to b crosses
through the hyperplane.

As in Section [2] we can also give a general result about the optimal gate points of the shortest
weighted path between points in this framework. In this case we must resort to subdifferential
calculus to avoid nondifferentiability situations due to the possible coincidence of z* and y*. Let
us denote by 8z f(z*,y*) (resp. 9y f(z*,y")) the subdifferential set of the function f as a function
of its first (resp. second) set of variables, i.e. y is fixed (resp. z is fixed), at y* (resp. z*).

Lemma 12 The distance di(a,b) of the shortest weighted path between a and b is
wallz® = allpa +wrllz® =y lps + wplly™ = bllps,
where z* = (z},...,25)", and y* = (y5,...,y})", o'a* = B, o'y* = B must satisfy:
Aaa € wal||z* — allps + wyOzdy (z*,y"), for some \q € R,
A € wpllly™ — bllpy + wOydy (2™, y"), for some Ay € R,
being dy (z,y) = ||z — yllps -

Now, we consider again the embedding defined in Section |2} x € R? — (:v,atx —-p) € R
Denote by v, the angle between the vectors (a — 2*,0) and (a — z*,a'a — 3) and by 7, the
la‘a—p la’b—p|
a—z*|lp, lo—y*llpp
as generalized sines of the angles v, and ry,, respectively (see Fig. . The reader may again note

and

angle between (b — y*,0) and (a — y*,a'b — ). Then, we can interpret T
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that in general these ratios are not trigonometric functions, unless p4 = pg = 2. We define the
generalized sines as:

- la‘a — B - la'b — B
Sinp,va = ————— and sinpzyp=—""—.
pa i lz* — allpa i ly* —bllps
These expressions can be written by components as:
sing , v, Z 2% ~ %% sing 7 Z ajy;
= b T — .
pa e lla — a:*||p ’ i ||b v llps

Finally, by similarity we shall denote the non-negative value of each component in the previous
sums as
lojaj — ajai]

lla —a*[lpa

. . lajb; — ajyil
sinp, Yo, = and  sing, v, = W7 j=1,....d.
PB

Fig. 4: Illustrative example of the generalized sines when traversing H.

With the above notation, we state the following results derived from Lemma

Corollary 13 (Snell’s-like result) Assume that || - ||pa, || - llpss || - lpn are €p-norms with 1 < p <
+oo. Let 2*,y* € RY, olz* = aly* = B. Then, 2* and y* define the shortest weighted path between a
and b when traversing the hyperplane is allowed if and only if the following conditions are satisfied:

1. For all j such that aj = 0:

-1
|'T; - a]| ba . * ‘ j yj |
we | ———— sign(zj —aj) + wy

pr—1
. * *
) =0
¥ — q ¥ — y Slgn(x] yj) )
praA PH

ly* = bllps % = y*llpn
2. For all i,j, such that c;a; # 0:

b pp—1 25—t pr—1
b {lzi]]l] sign(y; — bj) — wy {]yj} sign(z} —yj) = 0.

[sin Yai } PA~1 sion(a

-1 .
;- a) o oy —yi| )P sign(ef —yp) _
v

(% llz* — y*[lps (%

?

[sinry%}p“_l sign(z} — a;)
w

|z} — v ]p”_ sign(z} — y;)
levj | aj

+ wy [
2% = y*llps

@)
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and

siny, 1777 sign(y; — b) i —yr| 7 sign(ay — y)
wa —WH | T, - =
Jevi] @; lz* — y*[Ips @;

. — . -1 .
. [smvbj rB Usign(y; —b;) [ =5 — ] ]p” sign(aj — y;)
a - .

|ov| aj lz* — y*|lpa aj

*

Corollary 14 Ifd = 2, py = pg = py = 2 and H = {(z1,22) € R? : 22 = 0}, the points =*, y
satisfy one of the following conditions:

1) wasinf, = wysin by, :wﬂﬁ and x* £ y*, or
PH

2) wqsinbg, = wysinéy, and z* = y*,

where 0 1is the angle between the vectors a —z* and (0,—1) and 6, the angle between b —y* and (0, 1)

(see Fig. @

Proof To prove 1), since the Euclidean norm is isotropic, we can assume w.l.o.g. that after a
change of variable z* and y* can be taken such that z] = 0, y7 > 0 and a = (a1, a2) such that
a1 >0, ag <0, b= (b1,b2) such that by <0, by > 0.

The optimality condition using Lemma [12] assuming z* # y*, is:

ol il
[2* — all2 le* —yll2 7
—wp ‘y?{ — bll wy |yT| =0. (44)
lly* — bll2 ll* —y*[l2

The result follows since sin 6, = laij‘, sin 6, = |y1::b1| .
Tz~ —all2 ly*—bll=
If 2* = y* the result for condition 2) follows from Corollary O

Note that in Corollary [I4 one can make w.l.o.g. the assumption that the separating line is x2 = 0
due to the isotropy of the Euclidean norm.

Corollary 15 Ifd = 2, py = pp = py = 2 and H = {(x1,22) € R? : 25 = 0} then the following
assertions hold:

1. Ifwg =wp =wy #0, then 0, = 6y
2. If wyy =0 and wqwy # 0, then 6, = 0, = 0.

Proof The proof follows observing that if y7 > 0 from equation in Corollary we get that

y1 — bi| = |ly* — bl|2 which is impossible unless b2 = 0, contradicting the hypotheses in the proof.

1-0b *—b hich is i ibl less by =0 tradicting the hypoth in th f

Therefore, yj cannot be greater than zero. Hence, in this case the condition reduces to z* = y*
d wor a1l — o, L Thus, sin6, = sin6

and wa T = Wh gy, LDUS, sinfa = sin 6.

Next, the case when wy = 0 and wqewp # 0, reduces to compute the projections onto H, of
each one of the points a and b. Indeed by condition 1) in Corollary sinf, = sinf, = 0, being
0a = 0, = 0 (see Fig. [6). O
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b | \ b |
\ \ \
\ \ \
\ \ \
| | B | B
0B I I
\ \ \
1z 1z*
y*l | y*!
L

=
S
S

Fig. 5: Snell’s law when traversing H. Fig. 6: Snell’s law when traversing H and wy = 0.
Lemma 16 Leta € Hy and b € Hp. Then,
1. If max{pa,pp} > py the shortest path distance di(a,b) = min 5 |z — allpa + |z — bllps, i.e it
Tt r=

crosses H at a unique point.
2. If py > max{pa,pp} then the shortest path from a to b may contain a non-degenerated segment
on H.

Proof Let us consider the general form of the solution to determine di(a,b), namely
di(a,b) = min ||z —alps + 2 = yllps + lly = bllps-
z,yeH
Clearly, if p4 > py, we have

= allps + Nz = yllps + 11y = bllps = Iz = allpa +llz = Yllpa +lly = bllps;
( by the triangular inequality) > ||y — allp. + |y — bllp5- 0

Definition 17 We say that the norms £p,, lpy and Uy, satisfy the Rapid Enough Transit Media
Condition (RETM) for a € A and b € B if:

1. Fory* € argminly ~ allpa, la =" llps + o =" llps < 1z = allpa. for allx € H, and

2. Fora* € argmin 2~ bllps, b= 2" llps + 15" = yllpw < lly = Bllos, for ally € H.

Note that the above definition states that a triplet of norms (¢p,,%py, ¢p,, ) satisfies the condition
if the norm defined over the hyperplane H is ‘fast enough’ to reverse the triangle inequality when
mixing the norms, i.e., when the shortest path from a point outside the hyperplane to another
point in the hyperplane benefits from traveling throughout the hyperplane.

Lemma 18 Leta € Hy and b € Hg. Then, if oo > py > pa > pp > 1 and the corresponding norms
satisfy the RETM condition for a and b, the shortest path from a to b crosses throughout H in the
following two points:
* ata -8 (SA atb -8
T =a— 0 _—
lallp, lledlp

where ||-|[5. and |||y are the dual norms to ||-||p4 and ||-||pp, respectively, and 54 € arg max s, =1 als,

and y" =b-— 55

B t
0o € argmaxjs||, =1« d.
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Proof First, note that z* and y* correspond with the projections of a and b onto H, respectively
(see [17]). Let z,y € H be alternative gate points in a path from a to b. Then

R M
16 =yllps +llz = ylpw +lla=zllpa > 10=4"llps + 1" = Yllps + Iz = yllps +lla — 2" [Ipa
+ ||37* — |y
* * * *
> o=y llps + lla—2"lpa + ly" — 2llps + [l27 — 2(lps,
> b=y lps + lla = 2"[lpa + 4" — 2"[|ps,.-

O

Example 19 Let H = {(z,y) € R? : y = 2} and a = (4,5)! € Hy, b = (12,11)" € Hp with
pa =pp =1 and pyy = +oo. We observe that these norms satisfy the RETM condition for a and b.
First of all, we realize that the closest £1-points to a and b, x* and y*, respectively, on H must belong
to z* € [(4,4),(5,5)] and y* € [(11,11), (12,12)], respectively.

1. Let (y,) € H. la—a* 1 +le" — (4, 9)lloo = 1+min{[4—y],15—9]} and la— (5, 5)lln = 4—y|+[5—y.
Then, fory > 5, we get that 14+ (y—5) =y —4 < (y—4) + (y — 5) = 2y — 9, which is always true
fory > 5. Otherwise, ify <4, 1+ (4—y)=5—-y<(4d—y)+ (5 —y) =9 — 2y, which is always
true for y < 4.

2. Let (z,z) € H. ||b—y* 1 +ly* — (2,2)|lcc = 1+ min{|11—2z]|,|12—2|} and |la— (z,2)|1 = |12—z|+
|[11—x|. Then, for x > 12, we get that 1+ (z—12) = x—11 < (z—12)+(x—11) = 22 —23, which is
always true for x > 12. Otherwise, ifx <11, 1+ (11—z) = 12—z < (12—z)+ (11 —z) = 23— 2z,
which is always true for x < 11.

12 -

Fig. 7: Shortest distance from a to b in Ex-

ample @

Hence, the RETM condition is satisfied, and the shortest path from a to b crosses in H through
their projections:

z*=(5,5) and y" = (11,11).

The overall length of this path is |la — z*|l1 + [|[2* — y*[lc + Ib—y*[1 =1+ 6+ 1 =8 (see Fig.[7).
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Note that the RETM condition is defined for any triplet of norms (¢p,,¢py, fp, ) and for any
pairs of points a and b. Hence, unless the condition is fulfilled for all pairs of points a € A and
b € B, we cannot extend Lemma [18] to the location of all the points in A and B. Actually, even
for the slowest ¢p-norm in H, and Hp, namely ¢, and the fastest one in H, namely /, it is easy
to check that such a condition is not verified for every pair of points.

Once we have analyzed shortest paths between points in the framework of the location problem
to be solved, we come back to the original goal of this section: the location of a new facility to
minimize the weighted sum of shortest path distances from the demand points. Thus, the problem
that we wish to analyze in this section can be stated similarly as in (]E)

;Iel]ierli Z wadt(z,a) + Z wp di(x, b). (PT)
acA beB

Note that Problem (]E), analyzed in Section |3} is a particular case of Problem (PT] when the
two crossing points y! and y? are enforced to be equal, i.e. whenever it is not allowed to move
traversing the hyperplane when computing shortest paths between the different media.

By similar arguments to those used in Theorem 5] we can also state an existence and uniqueness

result for Problem (PT).

Theorem 20 Assume that min{|A|, |B|} > 2. If the points in A or B are not collinear 1 < py < +00
and 1 < pp < pa < +oo then Problem (PT) always has a unique optimal solution.

It is also possible to give sufficient conditions so that Problem (PT] reduces to (]ED The
following proposition clearly follows from Lemma

Proposition 21 Let A,B C R? and H = {z € R? : alz = B}. Then, if pa > pp > py, Problem

(PT) reduces to Problem (]ED

The description of the shortest path distances in (DTJ), allows us to formulate Problem (PT))
as a mixed integer nonlinear programming problem in a similar manner as we did in Theorem |§|

for (]ED
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Theorem 22 Problem is equivalent to the following problem:
min Z waZa + Z wpZp (45a)
acA beB
st @), @, (@ (10, (@3), (14,
O + ta +ta — Za < Mar, Va € A, (45b)
Oy +up +to — Zy < My (1 —7), Vb € B, (45¢)
0o > ||z — yé“ps» Va € A, (45d)
Ua > la = yallpa, Va € A, (45€)
ta > [Ya — vallps Va € 4, (45f)
0y > ||z = 3 llpa Vb€ B, (45g)
up > 1= 93 llps Vb € B, (45h)
to > llyo — ¥ llpw Vb e B, (451)
a'yh = B, Vac Ai=1,2, (45§)
o'y, = B, ¥be B,i=1,2, (45k)
Za, %a, 0a, ta, ta, > 0, Va € A, (451)
2, 26, O, up, tp, > 0 Vb € B, (45m)
Yar Yar Yo v € RY, Va€A beB (45n)
v e{0,1}. (450)

with Ma, Mb > 0 sufficiently large constants for all a € A;b € B.

The reader may note that appropriate values of the constants M, Mb can be easily derived
which results in values similar to those described at the end of Theorem [6] Moreover, one can
have a much better solution approach based on a simple geometrical observation.

The following result states that the solution of Problem can also be reached by solving
two simpler problems when restricting the solution to belong to H4 or Hp.

Theorem 23 Let z* € R? be the optimal solution of (PT)). Then, z* is the solution of one of the
following two problems:

min Z wWaZa + Z wplp+

a€cA

beB

Z wplp + Z wpty

beB

beB

. @, (7). @),

z

a >

0, Va € A,

Op, up, ty > 0, Vb € B,

1 2 _md
z, Yy, Yy € RY,

(PTa)

min Z wpzp + Z waba+

s.t.

beB acA
Z Wala + Z wWala
acA a€A

2 >0, Vb € B,
O, ta,ta >0, Ya € A,

1 2 d
T YasYa GR M

(PTp)

A similar proof to the one of Corollary [10| would allow us to give an equivalent SOCP formu-
lation for problems (PT 4)) and (PTg)).
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1 | | 1 =
12 14 16 18 20

Fig. 8: Points and optimal solution of Example Fig. 9: Shortest path from z* to (2,38).

We illustrate Problem (PT]) with an instance of the 18 points data set in [18§].

Example 24 Consider the 18 points in [18] and the separating line H = {z € R : 15z —y = 0}.
Assume that in Hy the distance is measured with the £2-norm, in Hp the distance is induced by the £3-
norm and on H the norm is iﬂoo. Fg. @ shows the demand points A and B, the hyperplane H and the
solution x*. The optimal solution is x* = (9.133220,6.897760) with objective value f* = 100.442353.

Note that the difference between this model and the one above is that the shortest path distance from
the new facility to a demand point may not cross the hyperplane H at a unique point. Comparing the
results with those obtained in Example for the same data set, but not allowing the use of H as a
high speed media, we get savings in the overall transportation cost of 3.492381 units. In Fig.[9, we can
observe that the shortest path from the new facility * and the demand point (2,8) consists of traveling
from x* to y' = (5.918243,8.877364) in Hp (using the £3-norm), then traveling within the hyperplane
H from y1 to y® = (4.635013,6.952519) (using the 1/4 — log-norm) and finally to (2,8) in Ha (using
lo-norm). Actually, the overall length of the path is:

ds(z*,y*) + idoo (y",4%) + da(y?, (2,8)) = 3.447879 4 0.4812115 + 2.835578 = 6.7646685.

Finally, we state, for the sake of completeness, the following remark whose proof is similar to
the one for Remark Pl and that extends the second order cone formulations in Theorem 23] to the
constrained case.

Remark 3 Let {g1,...,9} C R[X] be real polynomials and K := {z € R? : gj(z)>0,5=1,...,1}
a basic closed, compact semialgebraic set with nonempty interior satisfying the Archimedean
property, and consider the following problem

min > wadi(w,a) + > wydi(x,b). (46)
acA beB
with d¢(z,y) as defined in (DT]). Assume that any of the following conditions hold:

1. g;(x) are concave fori =1,...,¢ and — 22:1 v;V2g;(z) = 0 for each dual pair (z,v) of the prob-
lem of minimizing any linear functional c¢'z on K (Positive Definite Lagrange Hessian (PDLH)).

2. g;(z) are sos-concave on K for i =1,...,¢ or g;(z) are concave on K and strictly concave on
the boundary of K where they vanish, i.e. 9K N d{z € R? : g; (z) =0}, foralli=1,... 1.
3. gi(z) are strictly quasi-concave on K fori=1,...,1.

Then, there exists a constructive finite dimension embedding, which only depends on pa,ppg, Py
and g;, i = 1,...,¢, such that (46) is equivalent to two semidefinite programming problems. O
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5 Computational Experiments

We have performed a series of computational experiments to show the efficiency of the proposed
formulations to solve problems (]E) and . Our SOCP formulations have been coded in Gurobi
5.6 and executed in a PC with an Intel Core i7 processor at 2x 2.40 GHz and 4 GB of RAM. We
fixed the barrier convergence tolerance for QCP in Gurobi to 10719,

Our computational experiments have been organized in three blocks because the goal is dif-
ferent in each one of them. First, we report on the data sets already considered in Parlar [18] and
Zaferanieh et al. [27]. These data are sets of 4, 18 (in [I8]), 30 and 50 (in [27]) demand points
in the plane and separating hyperplanes y = 0.5z, y = z, y = 1.52. Second, we consider the
well-known 50-points data set in Eilon et. al [I2] with different separating hyperplanes and norms
in each one of the corresponding half-spaces. Finally, we also report on some randomly generated
instances with 5,000, 10,000 and 50,000 demand points in dimension 2, 3 and 5 and different
combinations of norms.

The results of the first block are included in Tables [l and 2l Table[[shows in columns CPUTime
(E827), f* ([18,27]) and =* ([I8l27]) the results reported in [I§] (for the 4 and 18 points data sets)
and [27] (for the 30 and 50 points data sets), and in columns CPUTime7 f*@ and z* (]H) the
results obtained with our approach. (The reader may observe that the CPU times are not directly
comparable since results in [27] were obtained in a machine with a single processor at 2.80 GHz).
In this table N is the number of demand points, H is the equation of the separating hyperplane
(line), CPUTime is the CPU-time and f* and z* are the objective value and coordinates of the
optimal solution reported with the corresponding approach, respectively. In order to compare
our objective values and those obtained in [I8] or [27], we have evaluated such values by using
the solution obtained in those papers, where the authors provided a precision of two decimal
places. This evaluation was motivated because we found several typos in the values reported in
the papers. The goal of this block of data is to compare the quality of solutions obtained by the
different methods. Comparing with our method, we point out that our solutions are superior since
we always obtain better objective values than those in [I8] or [27]. These results are not surprising
since both [18] and [27] apply approximate methods whereas our algorithm is exact. Furthermore,
the approach in [27] is much more computationally costly than ours. Additionally, in order to
check whether a rapid transit line can improve the transportation costs from the demand points
to the new facility, we report in Table |2 the results obtained for the same data sets applied to
Problem taking | - |l = loo. We observe that in this case the overall saving in distance
traveled ranges in 5% to 24%.

Table [3| reports the results of the second block of experiments. In this block, we test the
implementation of our SOCP algorithm over the 50-points data sets in [12]. The goals are: (1) to
check the efficiency of our methodology for a well-known data set in location theory, considering
different norms in the different media, over the models (P)) and (Note that in [I8] and [27]
only (]ED is solved using ¢1 and ¢2-norms); and (2) to provide some benchmark instances to compare
current and future methodologies for solving (]E) and . To this end, we report CPU times
and objective values for different combination of £p-norms ({2, ¢3 and ¢ 5) and polyhedral norms
(¢1, £o) fulfilling the conditions p4 > pp for Problem (]ED and py > pa > pp for Problem
and different slopes for the separating hyperplane H = {x € R? : y = Az} with A € {1.5,1,0.5} to
classify the demand points.

Finally, Table [] shows the results of our computational test for the third block of experiments.
The goal of this block is to explore the limits in: 1) number of demand points, 2) dimension
of the framework space; and 3) combination of norms, that can be adequately handled by our
algorithm for solving problems (]ED and (PT)). For this purpose, we consider randomly generated
instances with N € {5000, 10000, 50000} demand points in [0, 1]”l7 for d = 2,3 and 5. The separating
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N H CPUTime @ z* (B) CPUTime [I8I27] | f* [I8I27] | =* [I827]

4| y=z 0.037041 | 26.951942 | (3.333333,1.666666) 49.62 26.951958 | (3.33,1.66)
18|y = 1.5z | 0.057064 | 112.350633 | (8.926152,6.465740) 35.54 112.350702 | (8.92,6.46)
30|y =0.5z| 0.056049 | 301.378686 | (6.000000,4.000000) 8.25 301.491361 | (6.01,4.02)
30| y==a 0.076050 | 265.971645 | (5.658661,4.586579) 15.31 265.973315 | (5.65,4.60)
30 |y =15z | 0.074053 | 257.814199 | (5.512428,4.561921) 16.94 257.814247 | (5.51,4.56)
50 |y = 0.5z | 0.107079 | 1126.392248 | (11.000000, 8.000000) 35.00 1127.382313 | (11.23,8.00)
50| y==a 0.116091 | 966.377027 | (10.730800, 8.661463) 30.61 966.377615 | (10.73,8.67)
50 |y = 1.5z | 0.095062 | 939.487369 | (10.525793,8.603231) 29.44 939.487629 | (10.53,8.60)

Table 1: Comparison of results from Parlar [I8] and Zafaranieh et al. [27] and our approach ([P).

N H CPUTime(PT) | f* z*

4| y==z 0.0000 20.5307 | (0.000000,0.000001)
18 | y = 1.5z 0.0000 108.3362 | (8.811381,7.119336)
30 | y =05z 0.0156 254.7805 | (6.000000, 3.000000)
30| y==x 0.0000 230.7513 | (5.234851,5.234838)
30 |y =15z 0.0156 244.4072 | (5.153294,5.102873)
50 | y = 0.5z 0.0156 917.1736 | (11.923664, 5.961832)
50 | y==x 0.0156 808.2990 | (10.000020,9.999995)
50 |y = 1.5z 0.0156 892.4482 | (10.521522,9.571467)

Table 2: Results of model (PT)) with || - || = 2o for the data sets in [I8] and [27].

hyperplane was taken as H = {z € R%: 2y = 0.5} and the different norms to measure the distances
in each region (€1, £2, {1.5, £3 and {x) combined adequately to fulfill the conditions (see Lemmal[16]
and Proposition to assure that the problems are well-defined and that the different instances
of Problem do not reduce to . From Table |3] we conclude that our method is rather
robust so that it can efficiently solve instances with more than 50000 demand points in high
dimensional spaces (d = 2,3,5) and different combinations of norms in a few seconds. We have
observed that instances with polyhedral norms, in particular £;, are in general harder to solve than
those with smooth norms. This behavior is explained because the representation of polyhedral
norms requires to add constraints depending on the number of extreme points of their unit balls.
This figure grows exponentially with the dimension and for instance, for 50000 points in dimension
d = 5, our formulation needs 50000 x 5 x 32 = 8,000,000 linear inequalities in order to represent
the norm ¢;. This results in an average CPU time of 1019.48 seconds (with a maximum of 3945.82
seconds) for those problems where either ¢,, or ¢, equals £1, whereas the CPU time for the
remaining problems in dimension d = 5 is 215.69 seconds (with a maximum of 697.50 seconds).

6 Extensions

In this section we state some additional results for some variations of the problems that we
addressed in previous sections: 1) each demand point a € A (b € B) has associated two different
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H={y=15z} (JA|=15) || H={y ==} (|A] =18) || H = {y = 0.5z} (|A| =39)
pA | pB | P | CPUTime f* CPUTime f* CPUTime r
15| 1 0.0000 230.8447 0.0313 212.9341 0.0156 200.6406
9 1 0.0158 227.9991 0.0156 202.6576 0.0000 185.9525
1.5 0.0313 194.1881 0.0313 189.0401 0.0156 182.1283
1 0.0313 223.8203 0.0469 194.1612 0.0156 174.0444
3 |15 0.0156 192.0466 0.0469 180.9279 0.0313 170.3199
2 0.0156 178.2223 0.0312 174.8964 0.0313 168.5066
1 0.0000 219.8367 0.0000 182.1900 0.0000 161.2033
1.5 0.0313 188.7783 0.0156 168.9589 0.0000 157.2146
> 2 0.0156 175.4420 0.0156 163.6797 0.0000 155.6124
3 0.0156 164.5924 0.0156 159.3740 0.0156 154.3965
1.5 | 0.0156 237.4732 0.0156 224.9178 0.0000 236.1300
1 1 2 0.0000 237.3162 0.0156 218.9480 0.0000 235.4689
3 0.0156 236.3904 0.0156 213.5591 0.0156 234.9807
co | 0.0000 233.7967 0.0156 204.3500 0.0000 234.7300
2 0.0156 230.8165 0.0313 206.9512 0.0469 200.5514
1 3 0.0625 228.5484 0.0938 201.5863 0.0156 200.3068
15 00 0.0313 225.9387 0.0156 192.4722 0.0156 200.1428
2 0.0313 196.5559 0.0469 193.3584 0.0313 196.4864
15| 3 0.0469 196.5561 0.0469 188.3989 0.0313 196.3008
oo | 0.0156 196.5431 0.0469 179.3396 0.0313 196.1787
1 3 0.0156 225.7539 0.0313 197.2805 0.0156 185.9501
oo | 0.0156 223.1421 0.0156 188.1506 0.0156 185.9133
9 |15 3 0.0469 194.1881 0.0469 184.0770 0.0313 182.1271
00 0.0156 194.1881 0.0313 175.0117 0.0158 182.0955
9 3 0.0156 180.1096 0.0156 178.0624 0.0156 180.1097
oo | 0.0156 180.1097 0.0156 169.7842 0.0156 180.0857
1 0.0313 221.2011 0.0156 184.9957 0.0313 174.0442
3 1.5 o 0.0313 192.0466 0.0313 171.8455 0.0313 170.3199
2 0.0156 178.2223 0.0313 166.6027 0.0156 168.5066
3 0.0312 166.8362 0.0469 162.3214 0.0313 166.8361

Table 3: Results for the 50-points data set in [12].

norms, which are different from those associated to other points, to measure distances at each
side of the separating hyperplane: and 2) the shortest length path between two points in the
same half-space is allowed to be computed using, if convenient, some displacement throughout
the hyperplane. Observe that the first case is the natural extension to this framework of the so
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|A| + |B| = 5000 |A| + | B| = 10000 |A| + | B| = 50000
pa|ps|pn| d=2 | d=3 | d=5 || d=2 | d=3 | d=5 d=2 d=3 d=5
151 3.2034 | 5.4599 | 10.1520 || 7.4852 | 9.2511 | 19.0804 || 40.9418 | 74.9246 | 115.2941
, L1 1.5939 | 2.2502 | 7.6415 || 5.1255 | 8.2040 | 14.0078 || 21.8708 | 25.9411 | 59.7786

1.5 3.9692 | 6.0632 | 4.5474 || 8.1728 | 14.0797 | 23.8067 || 55.2635 | 83.8310 | 154.2883

1 3.9222 | 5.1412 | 6.9852 || 6.8132 | 9.4927 | 20.6114 || 42.9964 | 61.4724 | 116.4665
3115 5.4850 | 10.0950 | 13.4449 || 14.3149 | 21.0337 | 34.0574 || 91.9616 | 106.6900 | 206.6997
2 7.9385 | 9.8603 | 10.1802 || 14.2672 | 17.7362 | 38.0629 || 95.3150 | 135.0647 | 180.6230

1 0.3125 | 0.6940 | 9.4607 || 0.8750 | 1.6096 | 6.3288 || 6.0945 | 25.7856 | 89.7772

1.5 1.2346 | 2.2502 | 8.6333 || 5.6724 | 4.9605 | 9.1259 || 18.8410 | 32.5503 | 54.0310
1 0.8908 | 1.2188 | 15.9704 || 1.9534 | 2.7346 | 7.9853 || 18.8615 | 17.2053 | 40.5464
3 3.4691 | 2.7346 | 12.0584 || 9.5637 | 6.7195 | 9.5323 || 71.7654 | 70.1868 | 49.5907
1.5 [ 18.9396 | 28.7109 | 15.6735 || 37.5415 | 80.9833 | 401.8414 || 596.6057 | 878.6363 | 3171.6235

|y |2 |13.7043 | 244318 | 13.2359 || 20.2056 | 68.3894 | 372.3283 || 354.3334 | 7215562 | 3166.1511
3 | 17.5702 | 25.1258 | 3.8570 || 39.3008 | 93.4990 | 415.0733 || 541.8219 | 1014.1090 | 3945.8234

oo | 4.9695 | 11.7517 | 3.1101 || 13.7673 | 26.7468 | 96.7260 || 133.7586 | 632.9736 | 2492.2830

2 | 5.2506 | 8.2509 | 4.6457 || 13.7986 | 16.0956 | 37.3793 || 105.4177 | 103.2694 | 273.0866

1| 3 | 6.2975 [11.9545 | 4.0473 || 13.2135 | 24.9720 | 57.8267 || 96.9583 | 128.9880 | 326.7660

s oo | 3.6722 | 55632 | 4.1409 || 7.0632 | 13.1580 | 31.0345 || 46.1239 | 81.3482 | 118.2435
2 | 12.9546 | 15.8455 | 3.7347 || 23.3466 | 29.3155 | 46.6898 || 138.6629 | 200.2891 | 385.1307

15| 3 |13.5232 | 14.9234 | 4.5473 || 22.2837 | 33.9099 | 53.9483 || 171.0538 | 175.6803 | 697.5071

oo | 12.0022 | 11.5482 | 3.9533 || 21.8464 | 22.1743 | 37.0102 || 111.1779 | 144.5975 | 241.2852

L |3 | 35316 | 7.6883 | 125.3288 || 9.8204 | 11.5794 | 41.0986 || 614067 | 62.9410 | 158.6635

oo | 1.7034 | 3.3288 | 145.9833 || 3.5629 | 7.7041 | 15.4610 || 22.8465 | 38.9976 | 98.4269

5 | 5| 3 | 5:6255 | 93605 | 105.3967 || 13.4234 | 19.0805 | 45.4697 || T1.1114 | 101.3439 | 269.3303
oo | 5.1256 | 5.4850 | 137.3159 || 7.6791 | 16.5075 | 24.8255 || 63.0027 | 85.4602 | 134.8291

, | 3 | 66725 | 94387 | 132.3028 || 12.1731 | 204003 | 39.2473 || 79.9453 | 121.0863 | 220.7875

0o | 4.6879 | 5.4607 | 153.6319 || 9.4696 | 14.5639 | 22.6620 || 68.1690 | 63.1358 | 118.4005

1 3.7357 | 6.5511 | 17.7052 || 7.8602 | 10.1575 | 34.1457 || 37.1202 | 48.5630 | 140.3546

4 | 18| | 77665 | 10.4455 | 17.7145 || 15.2061 | 26.2626 | 37.2546 || 847931 | 119.5438 | 235.1177
2 7.6569 | 10.6885 | 17.4306 || 16.5483 | 23.6745 | 44.5896 || 99.2611 | 227.0411 | 219.4903

3 9.8843 |10.0948 | 19.1583 || 19.2838 | 21.8153 | 43.0209 || 129.5420 | 153.3979 | 243.4983

Table 4: CPU Times in seconds for randomly generated data sets.

called location problems with “mized” norms; whereas the second case extends the applicability
of the separating media as a general rapid transit space in the transportation problem.
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6.1 Location problems with mixed norms

Location problems with mixed norms are those where each demand point is allowed to measure
distances with a different distance measure. The interpretation is that each demand point may
be using a different transportation mode so that its velocity is different from one another. This
framework can also be applied to the location problems considered in this paper. Indeed, it suffices
to endow each single demand point with two norms one on each side of the separating hyperplane.

Let us assume that each demand point a € Hy4 (resp. b € Hp) has associated two norms || -

HpA
and |||,z (resp. ||- ||pg; and || - pr) such that each one of them is used to measure distances with
respect to the points in H4 or in Hp.

This way, for any € R? the distance between z and z € AU B can be computed as:
z— x|y Ve,z € H;,i € {A, B
d(Z,{L‘) _ H ||pz ? { } (47)

mingey |2 —yllp: +lly —zl ; Vo € Hj,z € Hiyi,j € {A, B}, i #j
With this generalized framework for measuring distances from the different demand points,
we can consider the following location problem: Let A and B be two finite sets of given demand
points in R?, and wa and wp be the weights of the demand points a € A and b € B, respectively.
Consider H = {z € RY: alz = B} to be the separating hyperplane in R? with « € R? and B R,
and
Hi={zeR%:a'z<p} and Hp={zeR?: oz>p}.
The goal is to find the new facility € R? minimizing the overall distance to all the demand
points, i.e.,
ilel]lkr}i Z wad(z,a) + Z wyp d(z,b). (48)
acA beB
A similar proof to the one for Theorem [6] allows us to write the following valid formulation

for Problem .

Corollary 25 Let z* € R? be the optimal solution of [8). Then, =* is the solution of one of the
following two problems:

min Z WaZa + Z wpp + Z wplp min Z wpzp + Z waba + Z Wala

acA beB beB beB acA a€cA
st za 2 [lz —allpa, Va € A4, sit. 0o > ||z —yall,, Va € A,

Oy = [l = woll,a, VO € B, ua > |la = yallpa, Va € A,

up 2 [|b—wpll,z, Vo € B, 2 2 ||z~ bz, V0 € B,

o'y, =B, Vb€ B, o'ya =B, Ya € A,

a'z < B, o'z > B,

za > 0, Ya € A, 2z, >0, Vbe B,

Oy, up > 0, Vb € B, fa,ua > 0, Va € A,

T, Yp € R T,Ya € RY.

Once again, if we assume that all the considered norms are ¢, or polyhedral then the above prob-
lems admit reformulations as linear or second order cone programs that can be solved efficiently
with good computational results as shown in the previous sections. The reader may note that the
extension of the location problems with mixed norms to the framework in the Section E| is similar
and thus the details are not included here.
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6.2 Location Problems and Critical Reflection

Motivated by some practical situations in transportation systems using rapid transit lines and
critical reflection in Physics, here we consider another extension of the location problem addressed
in the previous sections. Depending on the nature of the media separating the space it may be
advantageous not only to use it to determine the shortest path between points in different regions
but also between points in the same half-space. In these cases, a shortest path between a and b
in the same half-space may also consist of three legs: the first one from a to the hyperplane, the
second one within the hyperplane and the last one from the hyperplane to b. Indeed, it is not
difficult to realize that this type of pattern may induce distance measures with smaller length
than those where displacements on the separating media are not allowed for points in the same
region. We illustrate this behavior with the following example.

Example 26 Let us consider the hyperplane H = {(z,y) € R?2:2—y = 0}, a = (4,3) € Hp and
b= (8,7) € Hg. Assume that the norm in Hpg is {1 while the norm in H is so. The shortest path
length with the framework described in the previous sections is di(b,a) = |[b—all1 = |[8—4|+|7—3] = 8.
Howewver, using the alternative approach previously described, the shortest path from b to a goes through
the hyperplane H and thus d(b,a) = di(b, (7,7)) + deo((7,7),(4,4)) + d1((4,4),a) =14+ 3+ 1 =5.
Figure shows the difference between both paths: with a dashed line the direct path with the £1-norm
and with a bold line the three legs of the path throughout the hyperplane.

Let H={x € R?: oty = B} be a hyperplane that separates R? in two half spaces Hy = {z €
R?: otz < B} and Hg = {z € R?: afz > B}; and assume that these regions are endowed with
three distance measures || - ||p;, || - [[pa and || - ||ps, respectively. Furthermore, we are given two
finite sets of demand points A C H4 and B C Hp.

Hyg

(43) g,

Fig. 10: Shortest paths from (4,3) to (8,7) with the different frameworks.

First of all, we define the shortest path distance in the new framework.

dow(z,2) = min{lz — z[[;, miny, y,en (|2 —y1llp: + llv1 — v2llps + lly2 — 2llp; }, V2,2 € H;, @ € {4, B},
ex\T,2) =
minyhyzEH ”:C - yl“lﬂi + Hyl - y2||177—t + ”y2 - Z”Pjv Vx € Hi7 S Hja iaj € {A,B}, i 3&.7

Next, the new location problem that appears in this extended framework is:

f* ;= inf Z Wa dem($7a) + Z Wh dex(x,b)~ (PEX)

acA beB

The following result gives a valid mixed integer nonlinear programming formulation for (Pgx]).
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Theorem 27 Let z* € R? be the optimal solution of (Pgx]) and Ma, My > 0 sufficiently large con-
stants for all a € A,b € B. Then, * is the solution of one of the following two problems:

min Z Waza + Z wp (0 + up + tp) min Z wpzp + Z wa(0a + ua + ta)
acA beB beB acA

s.t. zg > ||z — allpa, Va € A, s.t. 2zt > ||z — blps, Vb € B,

2 1
2q 2 ||T — yallpa, Va € A,

25> |lys — vallpw, Va€ A, (Phx)

za > |lya — allpa, Ya € A,

0y > ||lz = ypllpa, Vb € B,

up > Iy — bllps Vb € B,

to > llyp — i lpse> Vb € B,

Za > 2g + Ma(6a — 1),Va € A,

Za > zg + zg’ + 2§ — Mgdq,Va € A,

o'z < B,

olyl =B, Vae ANj=1,2,
a'y] =B, Wb e B,Yj = 1,2,
da € {0,1}, Va € A,

1 2 1 2 d
%, YasYar Yo, ¥p € R

2 1
zy 2 |1z — yyllps, Vb € B,

3 1 2
2o > lyb — ¥i llpws Wb € B, (PEx)

% > |lyi = bllps, Vb € B,

00 > |l& = yallpa, Va € A,

ua > ||ya — allps Ya € A,

ta > llya — Yallps Ya € A,

zp > 2 + My (8, — 1),¥b € B,

2y > 2b 4 20 4 2§ — Myoy, Vb € B,

afz >,

a'yl =B, vbe B,Yj = 1,2,
o'yl =B, Ya€ AVj=1,2,
&, € {0,1}, Vb € B,

1 2 1 2 d
ZyYb>Ybs Yas Ya € R%.

Proof The proof of this theorem is similar to the one in Theorem 7| once binary variables §, (Jp)
are introduced to model the minimum that appears in the expression of de; defined above. O

The reader may observe that unlike the problems in the previous sections, the above reformulation
falls within the field of mixed integer nonlinear programming and therefore, one cannot expect to
solve these problems easily. In spite of that, if the norms considered in the different regions are
either ¢, or polyhedral these problems are still solvable for medium size instances using nowadays
available mixed integer second order cone programming solvers. Furthermore, we note in passing
that valid values of the constants Mg, M, can be easily derived which result in values similar to
those described at the end of Theorem [6l

Next, we illustrate Problem (Pgx)) with an instance taken from [I§].

Example 28 Consider the 18 points data set in [18]. Take as the separating line H = {x € RY :
1.5z —y = 0}. Assume that in Hy and Hp the distance is measured with the ¢1-norm and that H
is endowed with the c-norm. Fig. shows the demand points A and B, the hyperplane H and the
solutions of problems (Pgx)) and , z* = (3.3333,5) and =’ = (9,8), respectively. The optimal
value of (Pgrx| is f* = 128.00 while the one for , f' = 132.9166. In Fig. we illustrate one
of the shortest paths between the demand point (6,1) and the optimal facility =*, both in the same
half-space, that travels through the hyperplane: d((6,1),z*) = 5.3333 + %4 = 6.3333. This distance is
smaller than the €1 distance between them: d1((6,1),z2") = 6.66666.
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Fig. 11: Points and optimal solution of Ex. Fig. 12: Shortest paths from z* to (6,1).

We have implemented this new formulation in Gurobi 5.6 in order to compare the results
obtained with this approach and the one proposed in Section [4] for the data sets in [18], [27] and
[12]. We have used very different distance measures in the half-spaces and the hyperplane, namely
¢y inHy and Hp and 1 (oo in H = {(z,y) € R? : y = a1z} with ay € {0.5,1,1.5}. (The reader may
observe that this choice corresponds to the most extreme cases within the ¢,-norms, namely ¢;
and fo.) The results are presented in Table |5} This table summarizes by rows the three different
choices of a1 € {0.5,1,1.5}. The table has three blocks, one per each «ai. Each of these blocks
shows the results for problems with different number of demand points N € {4,18,30,50}. For
each model, namely and , we report by columns the same information: coordinates of
optimal solutions, optimal values and CPU time to get the solutions.

The CPU time was limited to two hours for solving the problem. In some problems the optimal
facility is the same using the different approaches, although, as expected, the optimal value for
is at least as good as for . In some of the largest problems (those with 50 demand
points) optimality could not be proven with this time limit, but the suboptimal solution already
improves the one obtained when the “reflection” is not allowed. In those problems the CPU time
was indicated as > 7200 and we write in parenthesis the gap between such a solution and the best
lower bound found when the time limit was reached. In general, the CPU times for these data
sets are tiny when is run, and increase considerably when Problem is solved, due to
the binary variables that appear in the model.

7 Conclusions

This paper addresses the problem of locating a new facility in a d-dimensional space when the
distance measures (¢, or polyhedral norms) are different at each one of the sides of a given hyper-
plane H. This problem generalizes the classical Weber problem, which becomes a particular case
when the same norm is considered on both sides of the hyperplane. We relate this problem with
the physical phenomenon of refraction and obtain an extension of the law of Snell with application
to transportation models with several transportation modes. We also extend the problem to the
case where the hyperplane is considered as a rapid transit media that allows the demand points
to travel faster through # to reach the new facility. Extensive computational experiments run in
Gurobi are reported in order to show the effectiveness of the approach.

Several extensions of the results in this paper are possible applying similar tools to those used
here. Among them we may consider a broader family of location problems, namely Ordered median
problems [1920121], with framework space separated by a hyperplane. Similar results to the ones
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o N x! f! cPUTime(PT) || =* (Pex) | f* (Pex) | CPUTime(Prx)
4 (5,2.5) 16.75 0.0000 (5,2.5) 16.75 0.015623
18 (9,4.5) 97.75 0.0000 (9,4.5) 89.5 0.03125
0.5 30 (6,3) 266.5 0.0000 (6,3) 251 0.03125
50 [27] (12,6) 959.75 0.0000 (11,5.5) 911.5 >7200 (11.03%)
50 [12] || (5.89,2.945) 201.5475 0.0000 (5.89,2.945) | 189.9075 | >7200 (11.51%)
4 (,0) 22.5 0.0000 (5,5) 22.5 0.015623
18 (8,8) 123 0.0000 (8,8) 105.5 0.078125
1 30 (5,5) 265.25 0.0000 (5,5) 251.25 1.297066
50 [27] (1,10) 927.75 0.0000 (1,10) 873.5 124.81
50 [12] (5,5) 177.5225 0.0000 (5.57,5.57) 170.4 550.1219
4 (5,6) 24.166667. 0.0000 (4,6) 23.666667 0.015621
18 (9,8) 132.916667 0.0000 (3.3333,5) 128 0.015629
1.5] 30 (5,5) 299.75 0.0000 (2.6667, 4) 269.75 0.062504
50 [27] (11, 10) 1076.583333 |  0.015625 (5.3333,8) | 1009.25 | >7200 (5.98%)
50 [12] || (3.7133,5.570) | 206.3725 0.015627 (3.5,5.250) | 195.519167 | >7200 (11.52%)

Table 5: Results of models (PT)) and (Pgx]).

in this paper can be obtained assuming that the sequence of lambda weights is non-decreasing
monotone, inducing a convex objective function. Another interesting extension is the consideration
of a framework space subdivided by an arrangement of hyperplanes. In this case, the problem can
still be solved using an enumerative approach based on the subdivision of the space induced by
the hyperplanes although it will be necessary to elaborate further on the computation of shortest
length paths traversing several regions. Note that the subdivision induced by an arrangement
of hyperplanes can be efficiently computed [II], although its complexity is exponential in the
dimension of the space. This topic will be the subject of a follow up paper.
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