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NORMING SETS ON A COMPACT COMPLEX MANIFOLD

TANAUSU AGUILAR-HERNANDEZ

ABSTRACT. We describe the norming sets for the space of global holomorphic
sections to a k-power of a positive holomorphic line bundle on a compact complex
manifold X. We characterize in metric terms the sequence of measurable subsets
{Gr}r of X such that there is a constant C' > 0 where

Is|? < ¢ /G s(=)? AV (2)

for every s € H(X, O(L®*)) and for all k € N.

1. INTRODUCTION

Let X be a compact complex manifold which is endowed with a smooth hermitian
metric w. As we know, this metric induces a distance function d(x,y) on X, that
will be used to define the balls, and a volume form V', which will be used to integrate
over the manifold.

We assume a holomorphic line bundle L on a compact complex manifold X en-
dowed with a smooth hermitian metric ¢. Moreover, we consider that the line bundle
(L, ¢) is positive, that is, i00¢ is a positive form.

We denote by H°(X, O(L®*)) the space of global holomorphic sections to a k-
power L®* of a positive line bundle L, where L®* is endowed with the product
metric k¢.

The statement of the main result is the following:

Theorem 1.1. For a sequence of measurable subsets {Gr} in X the following are
equivalent:

(1) There is a constant C' > 0 such that for all k € N,

/ |s|? dV < C/ |s|? dV
X Gy

for every s € HY(X, O(L®*)). We will say that {Gy} is a norming sequence
for the section ring

Rx(L) :== P H(X,0(L%)).

keN

(2) There is a constant 6 > 0 and a radius R such that
Vol (GyN B (a,k™/?R)) > ¢ Vol (B (a,k™'/*R))

foralla € X and k € N. We will say that G}, is relatively dense in X.
1
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As we will see below this problem has already proved for some space of functions.
In [LS74] it appears the proof of the Logvinenko-Sereda theorem for functions of the
Paley-Wiener space PWx for a fixed K:

Theorem 1.2. For a measurable subset G C R™ the following are equivalent:
(1) There is a constant C > 0 such that

P dm < 0/ P2 dm
R™ G

for every f € PWg. We will say that G is a norming set for the Paley-
Wiener space.
(2) There is a cube Q@ C R™ ans a constant v > 0 such that

m(Q+z)NG) >~y
for all x € R™. We will say that G is relatively dense in R”.
See also [HJ94, pag 112-115].

Theorem 1.2 has an analogue for functions in the Bergman space AP in the unit
disk D in [Lue81]:

Theorem 1.3. For a measurable subset G C D the following are equivalent:
(1) There is a constant C > 0 such that

[pam=c [ i n

for every f € AP. We will say that G is a norming set for the Bergman
space.
(2) There is a constant 6 > 0 and radius R € (0,1) such that

m(G N D(a, (1 = [a])R)) = dm(D(a, (1 — |a|)R))
for all a € D. We will say that G is relatively dense in the disc D.

It should be noted that using similar arguments to those used in [Lue81] one can
prove the Fock space version of D.H. Luecking:

Theorem 1.4. For a a measurable subset G C C" the following are equivalent:
(1) There is a constant C > 0 such that

P dm(z) < © / P dm(2)
Cn G

for every f € }"22|Z|2(C"). We will say that G is a norming set for the classical
Fock space.
(2) There is a constant 6 > 0 and a radius R > 0 such that

m(G N B(z,R)) > m(B(a, R))
for all z € C*. We will say that G is relatively dense in C".
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2. PEAK SECTIONS

2.1. The Bergman Kernel. The space H°(X,O(L%*)) admits a Hilbert space
structure endowed with the scalar product

(u,v) = /}((u(x),v(x)% u,v € H(X, O(L®*))

where the integration is taken with respect to the volume form V.
The Bergman kernel I1;(x, ) associated to this space is a section to the line bundle

L® K L over the manifold X x X, defined by

My (z,y) = Z sj(z) @ s;(y)

Jj=1

where s1, ..., sy is an orthonormal basis for H°(X, O(L®*)). Moreover, this defini-
tion does not depend on the choice of the orthonormal basis. Notice that LEFR Ok =
mH(LE*) @ w3 (L®*) where m; = X x X — X is the projection onto the i-factor.

The Bergman kernel II;(x,y) is in a sense the reproducing kernel for the space
HO(X, O(L®*)), satisfying the reproducing formula

awzéwwmmwwww

for s(y) € H(X, O(L®*)).
The pointwise norm of the Bergman kernel in symmetric, |g(z, y)| = |Hk(y, x)|.
Moreover, it satisfies

Mie,)| = [ 1Mo aviy)

Lemma 2.1. Let (L, ¢) be a positive line bundle. We have the off-diagonal estimate
Mi(z,y)| S ke 4w

where ¢ is an appropriate positive constant and the diagonal estimate

|y (x, z)| < k™.

Moreover, from this we obtain the estimate of the dimension of H°(X, O(L®*))

dim H°(X, O(L®")) < k™.
See [Ber03].

2.2. Construction of Peak Sections. The main goal of the lemma is to prove
for each ball the existence of a normalized peak-section, that is, a section such that

most of the mass is in such ball. For this we will use the reproducing kernel of
HO(X,O(L®%)).

Lemma 2.2. Given ¢ > 0, there exist R > 0 and ko > 0 such that for all k > kg
and all y € X there exists a section s = s, € HO(X, O(L®")) such that

o |[s||>= [y |s]” dV =1, and
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° fX\B(y,k‘l/QR) |S|2 dV < e.

Proof. Given e > 0. First of all, we take any k > k; = max{k € N : H°(X, O(L®*)) = 0},
since there are ample line bundles L without non-zero sections.
We consider the reproducing kernel of the Hilbert space H*(X, O(L®"))

Z 7) ® 5;(y

Jj=1

where sy,...,sy is an orthonormal basis for H*(X, O(L®")).
If we fix y € X, there is a section ®;, € H(X, O(L®*)) such that

[ Pry(z)| = Mi(z,y)], z€X,
by the lemma in [LOC12, pag. 431]. So, we assume the section

seala) = 2T e

where II;, denotes the Bergman kernel for the k’th power L®* of the line bundle L.
First,

)2 2 1y, )|
oot avie) = gy [ F avto) =

Next,
/ ey ) AV (@) =
X\B(y,k~'/2R) N T (y, y)] X\B(y,k~1/2R)

_; h 0 X . T —1/2
_|Hk(y,y)|/0 Vol ({x : [Mi(z,y)| > A} \ B (y,k~/*R)) 2X d

i (2, y)|* dV (2)

1 k"D
< ﬁ/ Vol ({x . De—cVk d(zy) > k—nA} \ B (y, k:_l/2R)> I\ d\.
YY)l Jo

where we use that |II;(z,y)| < k"De~<VF @) for some constants ¢, D > 0, as we
see in Lemma 2.1. Applying the change of variable A = k" De™".

Tt [ Vol (B (u k%) \ B (3 k™2 R)) (2K D) k" De
1L (y, y)| Jo

e’} 2n
U
— 2k"De= )| — ck" De™"| du
() Crpem) |

<L
5/ u2n€—2cu du = 6—2CR/ (N+R>2ne—2c,u dﬂ/
R 0
2n m 00

—2cR 2n—j i —2¢,
— R2n—i J "o

2 (V) A e

2 2n—j 2n 2 )
720RZ ( ”) R efchZ <£> (20R)2”’7 _ —2cR( i ZCR)
=0
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Finally, for R large enough we obtain that

/ sy () AV () < e.
X\B(y,k~1/2R)

In addition, we choose ky >> R? such that ky > k; and for all k > ky the balls
B(y, k~'/2R) are not the whole space. So, we conclude the proof of the lemma. [

Remark 2.3. Notice that taking the same section of the previous lemma and using
the Cauchy-Schwarz inequality we obtain that

[s(2)[* = [(s(y), M (a, y))[* < [Isl]*[(z, 2)] < k"

3. PrROOF OF THE MAIN THEOREM

We are ready to prove Theorem 1.1.

The proof that (1) implies (2) is the easiest. In this proof, we consider a section
with the properties of Lemma 2.2.

So, given ¢ < 1/2C" and applying the Lemma 2.2 there is a radius R and ko > 0
such that for all balls B (a,k~'/?R) and k > ko there is a section s* = s, 1. verifying
the properties of the lemma. Hence, applying the Remark 2.3 we obtain

Vol (GxN B (a,k™'?R)) _ 1 / P v
S
VOZ (B (Cl, ]{fil/QR)> ~ RQTL kaB(an—l/QR)

and using the other properties with (1) we have for k > ky that

Vol (G (e PR o 1 ([ P av
Gy, X\B(a,k~1/2R)

Vol (B (a,k~'2R)) ~ R

L1\, 1
=R \C %) T acRrm

Therefore, we have proved that (1) implies (2).

The proof that (2) implies (1) is the difficult one. We will use a similar argument as
in [MOCO08, Chapter 4]. We will partition X in two pieces. The first piece, denoted
by As, is the set of points where the section is much smaller that its average and the
second is the complementary X \ A;. The following lemma proves that the integral
over A, is irrelevant as most of the mass is carried by X \ As.

Lemma 3.1. Let s € H'(X, O(L%*%)). Define the set

1
= oex , / 2 dV} .
{“ < B, RIVE)) Janr-1/2m) .

1
/ |s|? dV < —/ |s|? dV.
As 2 Jx

Then
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Proof. For a € A, we have

[s(a)]” <

Is(2)|2 dV (2 /‘ )2 XBak 1/21)(2) v (z).

1
2Vol(B(a, k- 12R)) /B(a,kl/zm Vol(B(a, k- 2R))

Integrating with respect to a and applying Fubini’s theorem

/ s dV < = / |s( ( / V()le‘(a(’falﬁ/%)) dV(a)) dv (z)
1

ol(B(a,k'?R)) P )
SVol( ak1/2R /| )" dv(z) /HdV

Therefore, we obtain
1
/ s[2 dV < -/ 52 v,
A, 2 Jx

0
Let 7, = X \ A, = {a eX : Is(a)]* > 2VOI(B(0:I€_1/2R)) fB(mk_l/QR) |s|? dV}. We
have
/ || dV < 2/ |s|? dV
X Fs
since

1
/ s|> aV = [ |s]* dV +/ s aV < [ [s]*dV + —/ |s|? V.
X Fs As Fs 2 X

Thus it is enough to show that

s|?> dV < |s|? dV.
Fs G

All we need to prove is the existence of a constant C' > 0 such that for all £k >> 0,
all s € H(X, O(L®%)) and all w € F,

C
s(w)|? < / s|? dv. 3.1
sCw)l < Vol (B (w,k~/2R)) B(w,k—1/2R)mGk| | (3.1)

Indeed, if this is the case then

2 2 XB(“”"“'_I/ZR)(Z)
. |s|* dV < C . |s(2)] (/ — ) dV(w)) dV(z)

7 Vol (B (w, k2R
<C [ |s]*av.
Gy

To prove (3.1) we argue by contradiction. If (3.1) is false then for any ¢ € N there
are sections s, € H*(X, O(L®*)) and w, € F, such that

q 2
salug) > / SR VE) (2)
T vl (B (o ks ) ) Jotwasi e ’
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By compactness of X we can choose a convergent subsequence {w;} of w, to some
w* € X such that there is a local chart (U, ¢) where

B (w:,k;'?R) C U, Vg e N

0 g
and @(w*) = 0.
As ¢ is given by the negative logarithm of the norm of some frame & of L, that
is, ¢ = —log |£]%. We can choose a frame properly such that

$le(2) = l2I* + q(2)
in the local ball B(0,7) where ¢(z) = o(]z|*). Hence, we have that
[26(¢7"(2)) = 2|2[*| < c(7)7*
in B(0,7) for nondecreasing continuous function ¢(7) such that ¢(0) = 0. Notice

that we can use the local chart (p~1(B(0,7%)), ) instead since there exists v € N
such that for all ¢ > v

B (w} k_1/2R) C o '(B(0,7%) and 7" <T.

q’"q

Now, we consider the sequence of holomorphic functions

Fy(z) = fol¢™'(2)), q€N

where s, = f, €% with |s,|* = | f,|?¢ "¢ and we need to see that

[sq(wp)* < [Fy(ng) [ (3.3)
where @(w}) = n,
sg(0 ™ (2)) P 2 [Fy(2)]? (3.4)
for a certain ball and
q 2
B2 — ot | P dn).  (39)
B m(B(nq, 5q>) B(14,04)"¢(Gry) !

First, for the sequence {w}} we have

* — _ —1 _ EC % 7_*2
|Sq(wq)’2 = ’fq(@p 1(77q))’26 Role™ (e)) < ‘fq(%p 1(77q))|2€2 ) N ’Fq(nq)|2-
Furthermore for z € B(0,7*) we obtain
[F () = fale DI S Isele™ (), 2 € B0, 7).
Finally, using (3.2), (3.3), (3.4) and taking the local chart (¢ ' (B(0,7%)),¢), it
follows that

% q
Fan)P 2 I () 2 e [ dsPav
Vol (B (w;‘, kq R>> B(w; k72 R)NGY,

> q

ol (B (w1 °R)) /SD(B(w;,kqlmR)ﬂqu)

[fal™ ()P e *TED dm(z)

q / 2
iy -vaumr ety |F,|° dm
m(B(1g; Ok, )) B (11485, )G, !
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where Gy = ¢(Gy,) and there is a ball B(ng,,dr,) C @(B(w;,k:q_lﬂ)) such that

m(B(ng,dx,)) =< Vol (B (wZ,k(;l/QR)>, because as ¢, p~! € C! we have that ¢ is
bi-Lipschitz.

Next, by means of a dilation and a translation we send 7, to the origin of C",
the ball B(nq,dr,) to B(0,1) C C" and the set G} to G. We will denote the set

B(0,1)NG; by H,. Moreover, we apply the above transformations to the function £y
and multiply by a constant such that the resulting function, denoted by Fq, verifies

‘/ By (2)]2 dm = 1.
B(0,1)

The subharmoniticity of |F,|? and the fact that w, € F; tells us that

1 _
5 SIEOF 1 (36)
Notice that we can modify the inequality of the definition of F; in the same way as
the expression (3.5). This property (3.6) together with (3.5) yields

1 .
“2 [ RGP dn(u), 3.7)
q H,

Now, we have that {Fq} is a locally bounded sequence of holomorphic functions
defined in B(0,1) and therefore using Montel theorem there exist a subsequence
converging locally uniformly on B(0, 1) to some holomorphic function G.

We observe that the relative dense hypothesis yields
inf m(H,) > 0.
q

The Banach-Alaoglu theorem [Rud06, pag. 68| guarantees the existence of a weak-
«limit o of a subsequence of p1; = xg,m such that o # 0. Condition (3.7) implies

that F, = 0 p-a.e. and therefore suppu C {Fq =0}.

We want to show that suppp cannot lie on a complex (n — 1)-dimensional sub-
manifold S C C". We argue by contradiction.

By definition of u, we have u,(B(z,7)) < m(B(x,r)) < r?". As this inequality is
true for all u,, the same holds for p. But, using the Frostman lemma [Mat99, pag.
112] we obtain that dimpg,s(suppr) > 2n > 0.

Therefore, we have proved that (2) implies (1).

OJ

4. SAMPLING SEQUENCES

Definition 4.1. Let {p}, C M(X) be a sequence of measures. We will say that it
defines uniformly standard norms for the section ring Rx (L) if there is a constant

C > 0 such that
t/wﬁm%go/ﬁwdv
X X
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for each k € N and all s € H(X, Ox(L®*)). Moreover, we will say that it is a
sampling sequence for the section ring Ry (L) if it is norming and it defines uniformly
standard norms, that is, there is a constant C' > 0 such that

—/| |2dV</]\2de<C/| 2 av
for each & € N and all s € H(X, Ox(L®*)).

Now, we will give a characterization of the sequences of measures that define
uniformly standard norms. However, the characterization for norming sequences
of measures continues being an open problem, as does the characterization of the
sampling sequences of measures.

Theorem 4.2. For a sequence of measures {u} the following are equivalent:

(1) The sequence {u} defines uniformly standard norms for the section ring
Rx(L).
(2) There exists a constant Cy > 0 such that for all k € N,
Hk(w z)

for every z € X, that is, the sequence of Berezin transforms {T[ju]}r are
uniformly bounded in X.
(3) There is a constant C3 > 0 such that

(w) < Oy

i(B(z,1/VE)) < % zeX.

Proof. The proof that (1) implies (2) is trivial because I1;(z,w) € H°(L*) for each
we X and k € N.
To prove that (2) implies (3) it is enough to establish the following lemma.

Lemma 4.3. There are constants € > 0, M > 0 and ko € N such that

I (w, 2)
V(2 2)|
for every w € B(z,e/Vk) and k > k.
Proof. To prove (4.1) we use that

> ME" >0 (4.1)

I (w — (z — w)t, 2) ’
[T (2, 2)]

Op(z,2) || Ii(w,z) 2: 'd
V (2, 2)] VL (2, 2)] o dt

and by the bound of the derivatives in [LOC12, pag. 434]

2
Iy (w, 2) Hk(’}/ )
w |————_| | < CVEk sup ’
1Tk (2, 2)] veUp(w) |/ [Hk(z, 2)
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where U,(w) is the polydisk with polyradius 1/vk, together with the sub-mean
value property in [LOC12, pag. 432 |, we obtain that

2 2
Hk(Z,Z) _ Hk(w,z) S M/kzn;l\/ﬁ|z—w|.
Vi (2, 2)] [k (2, 2)]

By the diagonal estimate of Lemma 2.1 we have

Iy (w, 2)
V[ Hk(z, 2)]

where D > ( is a certain constant.
Then, if we consider the ball B(z,e/vk) where & < ﬁﬁ we have

2
> DK™ — M'k™ /n|z — w),

2
ew2) |\ p ey > PE g
v [Hk(z, 2)]| 2
for w € B(z,e/Vk). O

Applying Lemma 4.3 we have that there are constants ¢ > 0, M > 0 and ky € N
such that

I (w, z)

M]g”,uk(B(z,é‘/\/E)) < / m

B(ze/VE)

‘ dpr(w) < Tlpl(2) < Co

for every z € X and k > k.
We take a covering of the ball B(z,1/vk) by a collection of balls B(z;,/5Vk),

z; € B(z,1/Vk) and applying the Vitali covering lemma we obtain a sub-collection
of these balls which are disjoint such that

UB(zj,¢/5Vk) C UB(zjq,a/\/E).
Moreover, as
B(zjq,e/\/E) C B(z,2/Vk)

by means of the volume we have that

()= ()

that is, N < (%)Zn where N is the number of balls of the sub-collection. Therefore,
we conclude

i BEIVI S (2) (B, e VR £

Notice that for k& < ko (3) holds immediately since ju,(B(z,1/vk)) are bounded
by pu(X).
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All we need to prove that (3) implies (1) is the existence of a constant ¢ > 0 such
that for all w € X

|s(w)]* < QK" /B( v 1s(2)|> dV(z), w € X. (4.2)

This is proved by the sub-mean value property in [LOCI12, pag. 432 |. Indeed, if
this is the case then

SO i < @k [ ([ g () dindw)) av e

§/ s|* dv
X

|
for every s € H(X, O(L%*)).
U

A sequence of measures pu; whose Radon-Nykodym derivative with respect the
Lebesgue measure in X is the characteristic function of a set Gy that is relatively
dense in X always define uniformly standard norms and it is norming by Theo-
rem 1.1. So, this sequence of measures is sampling.

Example 4.4 (Hyperplane line bundle). We will apply the Theorem 1.1 to the
complex projective space CP" with the hyperplane bundle O(1), endowed with the
Fubini-Study metric. Notice that the holomorphic sections to O(k), the k’th power
of O(1), can be identified with the homogeneous polynomials of degree k in homo-
geneous coordinates.

Using Theorem 1.1 we obtain that for a given sequence of measurable subsets
{Q}r in C™, we have that the following statements are equivalent:

(1) For all k € N, it is verified that

/ [P (2)? dvi(z) — _ / [P (2) dv(z)
(L [2P)F (L4 [22)m 7 Jon (T4 2P (14 [22)m+

for every polynomial p, of degree less or equal than k in n variables.
(2) There is a radius R such that

s e = ()

for all z € C" and k € N, where
tan (E)‘ |1+Z@|}
vk '

Here the measure V is the Lebesgue measure on C".

H(z, R/VE) = {wE(C” Dl —w| <

Next, we will see an application of the Theorem 4.2 to an example that appears
in the section 4 of [Ber(03].

Example 4.5. Let L be a positive line bundle and we consider the space of sections
HO(X,Ox(L®)). For k > 0, we consider a discrete set Dy of points in X such that

any two points have a distance bounded from below by a positive constant C' times
k=12,
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Now, we consider the sequence of measures {1} such that

dvg = k™™ Z O,

€Dy,

We can see that there is a positive constant Cy independent of £ such that

/ C+2
D(z,ﬁ

2n
dv, = k™ "# {a: €Dy : x€ Dz, k_l/z)} < (T) k7" = Cok™
for all z € X.

Therefore, using Theorem 4.2 it follows that the sequence of measures {1} defines
uniformly standard norms for the section ring Ry (L), that is, there is a positive

constant C; such that
Y ]s(a)]? < (Jl/ |s|> dV
X

JJEDk

for each k € N and all s € H*(X, Ox(L®%)).
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