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ABSTRACT. In this paper we analyze some regularity properties of a double
time-delayed 2D-Navier-Stokes model, that includes not only a delay force but
also a delay in the convective term. The interesting feature of the model -from
the mathematical point of view- is that being in dimension two, it behaves
similarly as a 3D-model without delay, and extra conditions in order to have
uniqueness were required for well-posedness. This model was previously stud-
ied in several papers, being the existence of attractor in the L2-framework
obtained by the authors [Discrete Contin. Dyn. Syst. 34 (2014), 4085-4105].
Here regularization properties of the solutions and existence of (regular) at-
tractors for several associated dynamical systems are established. Moreover,
relationships among these objects are also provided.

3 1. Introduction, statement of the problem, and previous results. Consider
+ a bounded domain Q C R2, 7 € R, and the following non-autonomous functional
5 Navier-Stokes model

0

S5 — v+ (ult = p(t) - V)u+ Vp = F(£) + g(t, ur) in © x (r, o0),
divu =0in Q x (7,00),
u =10 on 90 x (7,00), (1)
u(xz,7) =u"(x) in Q,
u(z, 7+ 8) = ¢(x, s) in Q x (=h,0),
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where v > 0 is the kinematic viscosity, u = (u!,u?) is the velocity field of the fluid,
p is the pressure, f is a non-delayed external force field, ¢ is another external force
with some hereditary characteristics with memory length bounded by h > 0, wuy
denotes the delay function u:(s) = u(t 4+ s) where it has sense. The delay function
p in the convective term is assumed to belong to C1(R; [0, h]) with p'(t) < p* < 1
for all t € R, and u” and ¢ are the initial data in 7 and (7 — h, 7) respectively.

The study of Navier-Stokes models including delay terms —existence, uniqueness,
stationary solutions, exponential decay, existence of attractors, and other issues— is
initiated by Caraballo and Real [1, 2, 3], and after that, different questions have
been addressed (e.g.,[19, 9, 13, 15, 16, 6, 7]).

In particular, the inclusion of a delay term in the convective part is firstly con-
sidered in [12] for a Burgers’ equation. Then Planas and collaborators [17, 10, 11]
treat problem (1), the analysis of well-posedness (including uniqueness) and an
unbounded delay case too. The asymptotic behavior in the sense of attractors in
L?-norm is carried out in [4]. It is worth also to mention that in [20] the inclusion of
a delay is used as an approximation to a 3D Navier-Stokes model when the length
of the delay vanishes. Nevertheless, in the 2D case our interest in the problem is
just mathematical, due to the difficulties arising in controlling the norm of the de-
rivatives as cited in the abstract (see also [4]). Our goal in this paper is to improve
the results in [4] providing regularity for both solutions and attractors.

Let us first introduce some notation. As usual we will denote by H and V the
Hilbert spaces that are the closure of V (infinitely differentiable functions in Q with
compact support and free divergence) in the L? and H' norm respectively, and
denote their inner products and norms by (-,-) and |- | in H, and by ((-,-)) (product
of gradients, thanks to the Poincaré inequality) and || - || in V (see [4] for more
details). We do the identification of the Hilbert space H with its dual, so we have
the chain of dense and compact inclusions V C H = H' C V'. The duality between
elements in V' and V will be denoted by (-, -). For short, we introduce the notation
L% = LP(—h,0; X), for several choices of p and X, and its norm will be denoted by
[ -[lzz - In the same sense, we denote Cx = C([—h,0]; X).

Recall that A : V — V' given by (Av,w) = ((v,w)), satisfies that Au = —PAu
for all u € D(A) (the Stokes operator), where P is the Leray-Helmholtz projector
from (L?(Q))? onto H. The trilinear operator b associated to Navier-Stokes model
is given by

2
b(u,v,w) = Z /ui%wjdm,
ij=1"% ¢

for every functions u, v, w : Q — R? for which the right-hand side is well defined.
In particular, b is well defined on V' x V x V| and therefore we can consider the
associated bilinear form

B:VxV-=V

given by (B(u,v),w) := b(u,v,w). It is well-known (e.g., cf. [18]) that b satisfies
the following inequalities (recall we are in dimension two) for a certain constant
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REGULARITY RESULTS FOR A 2D-NAVIER-STOKES MODEL WITH DELAYS 3

C > 0 depending only on 2,
[b(u,v,w)| < Clul2|ful| 2 joll[w] /2 ]|w][ ' Y u,v,w € V, (2)
lb(u,v,w)] < Clu|?||ul|*?||v]|*?|Av|/?|w| Vu € V,v € D(A),w € H. (3)
The delay operator in the right-hand side is g : R x Cy — (L*(2))?, and we
assume that it satisfies the following assumptions:
(H1) for all £ € Cy, the function R > ¢ +— g(t,&) € (L?(Q2))? is measurable,
(H2) ¢(t,0) =0, for all ¢t € R,
(H3) there exists Ly > 0 such that for all ¢t € R, and for all &, n € Cg,

lg(t, &) — g(t,n)| < Lyl€ —nlcy,

(H4) there exists Cy > 0 such that for all 7 < ¢ and for all u, v € C([T — h,t]; H),
t

/ l9(r ) — g(r, 0,)Pdr < C2 / fu(r) — vo(r)|2dr.

T—h
Examples of several types of delay operators can be found in [1, Section 3|, [3,
Sections 3.5 and 3.6] and [9, Section 3].

From (H1)-(H3), for T > 7 and u € C([r — h,T]; H), the function g, : [7,T] —
(L?(9))? given by g.(t) = g(t,u;) is measurable and belongs to L (7, T; (L?())?).
By using (H4), the mapping

C([r = h, T); H) 3 ur G(u) = g, € L*(7, T; (L*(2))?)

has a unique extension to a mapping G which is uniformly continuous from L?(7 —
h,T; H) into L?(r,T; (L?(2))?). We will still denote by g(t,u;) = G(u)(t) for each
uw € L2(1 — h,T; H), and therefore assumption (H4) will hold for all u, v € L?(1 —
h,T;H).

Let us consider that u™ € H, ¢ € L%, and f € L7 (R; V).

loc
Definition 1. A weak solution to (1) is a function w € L>(7,T; H)NL?(t—h,T; V)
for all T > 7, such that u(r) = u”, u, = ¢, and satisfies
d
dt
where the equation must be understood in the sense of D' (1, 00).

(u(t), v) + v(Au(t),v) + b(u(t — p(t)), u(t),v) = (f(t),v) + (9(t, ut),v) Vv €V,

If u is a weak solution to (1), since there exists a constant C > 0 such that for

any v € V,
[b(u(t = p()), u(t), 0)| < Cllult — p(O)[[[ul@)]|ul)]/?|lv]

(where we have used that b(u,v,w) = —b(u,w,v) for all u, v, w € V, (2) and
the continuous embedding of V into H), we conclude that B(u(- — p(+)),u(:)) €
LA3(7,T; V') and o € L*3(1,T; V') too. Thus, u € C([r,00); V') N Cy([7,00); H).
This continuity in time in V' and weakly in H does not seem enough to apply
an energy method to gain asymptotic compactness (in the study of the long time
behavior). Somehow this indicates the border between an ill-posed and well-posed
problems, as we recall now in a new phase-space.

When the initial (memory) data is more regular, namely ¢ € L3 N L35, we can
improve the above estimates again using (2).

Some existence results given in those settings (cf. [17, Theorem 2.1] and [4,
Theorems 1 and 2]) are summarized in the following result.
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Theorem 1. Consider f € L (R;V’), and g : R x Cyg — (L*(Q))? satisfying

loc

assumptions (H1)-(H/). Then, the following statements hold:

(a) Ifu™ € H, ¢ € L?,, there exists at least one weak solution u(-;T,u”,$) to (1).

(b) If u™ € H and ¢ € L3, N LY, then there exists a unique weak solution to
(1), u(:;m,u7,¢) € C([r,00); H), with v’ € L*(r,T;V') for all T > 7, and
satisfying the energy equality

()] + 20 / ()| 2dr

—Ju(s)|? + 2 / (), u(r))dr +2 / (g(ru) u(r))dr Vr <s <t (4)

Remark 1. As a by-product of the proof of the above result, it is not difficult to
check that the following estimates hold for the weak solution obtained in statement
(a) (unique under the assumptions of statement (b)) and also for suitable Galerkin
approximations (see (6) below) for any T' > 7 :

[ullZ o r sy < (0712 + Collgll7e, + v I F T (v Jexp((1+ CO(T — 7))
=: Cpoo ) (1, T, ™, 9),

el 2 (e vy < v (U + Cg”‘b“%g + v 22 rny)
+v7H 1+ Cg2)(T —7)Cpoe(my (T, Ty u”, @) =: Craqvy (1, T, u”, $).

Our goal in this work is to improve some previous results obtained in [4, 17],
addressing to the existence of strong solutions and attractors in a higher norm.

The structure of the paper is the following: in Section 2 we establish the exist-
ence of strong solutions and the regularization effect in 2D. Estimates leading to
continuity of involved processes and absorbing properties are obtained in Section 3.
Section 4 is devoted to prove the asymptotic compactness via an energy method.
In order to do that, previous uniform estimates in several spaces are deduced. The
required computations for these results are more involved than in the non-delayed
case due mainly to the extra difficulty of the delay in the convective term. Finally,
in Section 5 all the previous results allow us to ensure the existence of several famil-
ies of pullback attractors in higher norms. Several relationships between them (and
also compared with those obtained in [4]) will be pointed out too.

2. Regularization effect and strong solution. One can also expect to introduce
a concept of strong solution for problem (1).

Definition 2. A strong solution to (1) is a weak solution that also satisfies u €
Lo (1, T; V)N L*(1,T; D(A)) for all T > 7.

Remark 2. Observe that if ¢ € L2, N LS and u is a strong solution for (1), from
(3) it yields that B(u(- — p(*)),u(-)) € L?(r,T;H) for all T > 7. Therefore, if
feL? (R;H), then v € L?(1,T;H) for all T > 7, u € C([r,00); V), and the

loc

following energy equality holds,
t
lu(®)]* + 2/ [v|Au(r)* + b(u(r — p(r), u(r), Au(r))ldr

=|ju(s)||* + 2/ (f(r)+ g(r,u), Au(r))dr V7 < s < t. (5)

The following regularizing effect holds for the problem.
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Theorem 2. Consider u” € H, ¢ € L3 NLs, f € L} (R;H), and g : R x
Cu — (L?(Q))? satisfying assumptions (H1)-(Hj). Then, the weak solution u to
(1) regularizes to a strong solution in the sense that u € L*°(1 +¢&,T; V) N L*(1 +
e, T; D(A)NC((1,00); V) for ol T > 7+ > 7.

Moreover, ifu™ € V, then u is indeed a strong solution to (1), sou € C([r,00); V)N
L? (7,00; D(A)), and satisfies the energy equality (5).
Proof. Consider a special basis of H formed by normalized eigenfunctions of the
Stokes operator, {w;};>1, with corresponding eigenvalues {A;};>1 being 0 < A; <
A2 < ... with lim;_,o A\; = co. Pose the approximate problems (for each k > 1) of

finding u* € Vj, := spanfwy, ..., w;] with u*(t) = Z?:l vjk(t)w; such that

%(Uk(t),wj) + v (AP (1), wy) + b(u(t = p(1), u" (1), wy)
=(f(t),w;) + (g(t,uf), w;), ace. t > 71, Y1 < j <k, (6)

fulfilled with the initial conditions
uF (1) = Pou™ and  uF(7 4 s) = Ppé(s) a.e. s € (—h,0), (7)
where P, is the orthogonal projector from H onto Vj.

Multiplying each equation by A;v,x(t), summing from j = 1 to k, and taking
into account (3), we obtain

1d

5 g I OIP + v A (O] <Clu®(t = p(E)]'2[[u® (¢ — ()2 [lu® (1)I]'/2| Ak ()2

+ (f(t) + g(t,uf), Aub(t)) a.e. t > 7.
Using the Cauchy-Schwartz and Young inequalities
d v ~
@17 + 5[ Aut (@) <Clu® (¢ = p®)[lu* (¢ — p())[*[|u* (1)
2 2
+ ;\f(t)|2 - ;|g(t7uf)|2 a.e. t>T, (8)

where C' = 270

(H4) and Remark 1, we deduce
la(5)] + /|Au (r)2dr <[lu* (s ||2+0/ ¥ (r — p(r) 21 ()2
+;/ |f(r)|2dr+;C§/ W) Pdr (9)
s T—h

for all 7 < s < t < T, where C = 5max{||¢||%%@,CLoo(H)(T, T,u™,¢)}.
In particular, from the above, integrating again with respecto to s € [r,7 + €]
(with 7+ < T), it yields

T+e ot
[t <= [ et +C [ et = o) Pt ()]

2 [t 2 t
+2 [wpars 2z [ wrmparvre<is.
T T—h
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6 J. GARCIA-LUENGO, P. MARIN-RUBIO AND G. PLANAS

Now, applying the Gronwall lemma we obtain that

T+€ 2 t 2 t
ol < (7 [ wbenar s 2 [iwpars 22 [ ko)
T T T—h
¢

X exp (C/ [|u® (r — p(r))||2dr> Vte[r+¢,T).
From (7) and Remark 1 we conclude that {u*} is bounded in L®(7 + ¢,T;V).
Turning back now to (9) we also obtain that {u*} is bounded in L?(7+¢, T; D(A)).

Passing through the limit in %k, we conclude the first claim of the theorem.

Last claim is simpler. If u™ € V, it only requires integration in (8) in [7,¢] and
application of the Gronwall lemma. The details are omitted for brevity. O

An immediate consequence of the above is the following result.
Corollary 1. Assume that f € L? (R;H) and g : R x Cxg — (L3(2))? fulfills

loc

(H1)-(H4). Then, for any bounded set B C H x (L% N L$)
(i) The set of weak solutions to (1) {u(;m,u”,¢) : (u7,¢) € B} is bounded in
L®(1+¢,T; V)N L2(1 +¢,T; D(A)) for any e >0 and any T > 7 + €.
(ii) Moreover, if B is bounded in V x (L2, N L), then {u(:;,u”, ¢) : (u7, ¢) € B}
is bounded in L>°(7,T;V) N L?(1,T; D(A)) for any T > 1.

3. Processes and their continuity and absorbing properties. In this section
we start recalling the biparametric families of mappings S and U defined in [4]
through the solution to (1) given in Theorem 1, which in fact were proved to be
continuous processes. After that, and thanks to the improved regularity we have
several meaningful choices to restrict these mappings to others with higher norms.
Their continuity and absorbing properties will be established.

Recall that

S(t,7): Hx (L3 NLY) - Hx (LANLy) and U(t,7): L3 NCyx — L3N Cy

for any t > 7, given by S(t,7)(u”, ¢) = (u(t),u;) for any (u7,¢) € H x (L} N L)
and U(t, 7)¢ = us(+; 7, ¢(0), ¢) for any ¢ € L2 NCy are well-defined mappings after
Theorem 1 (cf. [4]).

Actually, each of these mappings form a process (see definitions in [4, Section
3]), which for short we denote

(H x (L N L), {S(t, ) biz-) and (LY, N Crr, {U (L 7) }ezr )

respectively. They are continuous in their corresponding phase-spaces (cf. [4, Co-
rollary 2]) under the assumptions of Theorem 1.

Now, after Theorem 2 we may consider the corresponding restrictions (the nota-
tion for the operators will not be modified, since no confusion arises)

(V % (L3 N L) AS(E)}esr), (Cy AU }isn), (C¥ AU ) es0),
(V% (Lhay N LF)AS (1) hizr), (Lhiay N Cv Ut ) hisr),
which are well-defined processes, where C?I’V ={peCr:l_jqg€ B([-h,0];V)},
being B([—h,0]; V) the space of bounded functions from [—h,0] into V (with h €
[O,Ji;l))r' the sake of clarity and brevity in the exposition, among all of the above
processes we restrict ourselves to the most interesting ones, namely (V' x (L2D( AN

LF),{S(t,7) }izr) and (L 4) N COv, {U(E7) }izr)-
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1 In order to develop a more regular theory of attractors we start studying the
2 continuity of these new processes. We have the following result.

Proposition 1. Consider f € L? (R;H) and g : R x Cyg — (L*(Q))? fulfilling
(H1)-(H4), (u7,¢) and (v7,9) € V x (L%, N LS5), and denote u = u(-;7,u”, ¢) and

v = v(;T,07,9) the corresponding solutions to (1) with (respective) initial data.
Then,

M@—M@Ws@w 12+ [ otr) —vir)Par
o [ =) v—-v»mwvw%Amew)
Xew[l (4 H ot = e 1ot = o) ] (10

2 [ 1autr) — v <o P+ 22 [ ) oty
+2/|er — o — p(r))|[2dr

o [ It = p(r1) = ot = o Pl Pt Pt

25 [ et = o)1t = o) Plutr) = o)

(1)

s forall T < s <t, where C = 202 /(Mv) +2/(1 = p*).

Proof. Using the second energy equality (5) for w :=u — v,

5%“ w(t)[|* + v]Aw(t)[? =b(v(t — p(t)), v(t), Aw(t)) — blu(t — p(t)), u(t), Aw(t))
+ (g(t,u) — g(t,vy), Aw(t)) a.e.t > 1.
Standard manipulations in the trilinear term b yields
b(u(t — p(t)), v(t), Aw(t)) — b(u(t — p(t)), u(t), Aw(t))
—blw(t — p(t)), u(t), Aw(t)) — bv(t — p(t)), w(t), Aw(t)) a.e.t > 7.
Now from (3) and the Young inequality,
b(w(t — p(t)), u(t), Aw(t))| + [b(v(t — p(t)), w(t), Aw(t))|
<Cluw(t = p(t)]"*|[w(t — p(E)|IV2[lu(®)|?|Au(t)| 2| Aw(?))|
+ Clo(t = p())]?[[o(t = p(O) M2 [[w(®)]| /| Aw(t)]>

2 1%
S%Iw(t = pO)llw(t = pE)lu®[Au(®)] + 7 [Aw@)?

27C*

S ot = () Pllo(t = o) Pl (®)]? + S Aw(@) ae. t > .
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Combining the above with the Holder inequality and integrating, we obtain
C
os)I? = ()] + / | Aw(r)Pdr < =2 / jw(r)Pdr
h
w2 [ utr—prlPar + 5 [t = ) Pl Pl ar

4
+ 20 / w(r — ) llo(r — ()12l (r)|2dr ¥ < s. (12)

Splitting the first integral in the RHS, that on [ — h, s] in the initial datum part and
the evolutive solution on [7, s], and using the Poincaré inequality and an eventual
change of variables for ¢ — p(t), in particular we conclude

0
lw(s)|® Sllw(T)|\2+C[hll¢(r) V(n)|Pdr+ o /Iw r=p(r)Pllu(r)|*| Au(r)*dr

S~ 27Ct ) , ,
+ C+ 23 lo(r — p(r) P lo(r — p(r)|1? ) [w(r)||?dr Vs > 7.
The Gronwall lemma gives (10). Finally, (11) follows immediately from (12). 0

From the continuity of (H x (L} NL%), {S(t, 7)}i>-) and (L3 NCh, {U(t,7) }+>+)
(cf. [4, Corollary 2]) combined with Corollary 1 and Proposition 1, we deduce

Corollary 2. Assume that f € L} (R;H) and g : R x Cyg — (L?(Q))? satisfies
(H1)-(H4). Then (V x (L% 4y NLY), {5t 7)}i>r) and (L% ayNCv AU, 7)}e>r)
are continuous processes.

The first of the two key ingredients to ensure the existence of attractors is the
absorbing property. We recall from [4] several concepts, definitions and extra con-
dition on f such that the absorbing property holds in a natural universe associated
to problem (1). These results will be improved in the sequel, in order to gain at-
tractors in higher norms. Namely, we start recalling an additional assumption for
extra energy estimates.

(H5) Assume that v\, > Cj, and that there exists a value n € (0,2(vA; —Cy)) such
that for every u € L?(7 — h,t; H),

t t
/ e g(s,us)|*ds < C’g/ e"®|u(s)|? ds Vt > 7.
T 7—h

Now we recall the estimates leading to the introduction of one universe for the
study of pullback attractors (cf. [4, Lemma 1]).

Lemma 1. Consider given f € L (R; V') and g : R x Cy — (L*())? satisfying
conditions (H1)-(H5). Then, for any (u”,¢) € H x (L} N LS5), the following
inequalities hold for the solution u to (1) for allt > s> T:

_nt

t
u(®)> e (7P + Cyllol72,) + NE e |Lf(r)2dr, (13)

t 1 t t
v [ NP <o) + Cyllucly, + 4 [ 1502 +20, [ utr)Par, (1)

where
B=2w—(n+2C)\ " > 0. (15)
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In the context of pullback attractors, a universe is a family of time-dependent

sections, i.e. family of subsets in the phase-space, that allows to establish good dy-
2

namical properties, acting as basis of attraction. In [4] it was introduced D{,{ L (H x

(L2 N L)), the class of all families of nonempty subsets D={D():teR}C
P(H x (L3, N L)) such that

i (e s (6 + Ll ) =0 (10
T (¢ p)eD(7)

This notion of universe is naturally related to estimate (13), where the rate of growth
in —oo is such that the initial data is killed by the dissipativity of the problem. Let
us also observe that Df L (H x (L% NL%)) is inclusion-closed, which allows certain
advantages in the application of the theory.

We will denote by Dp(H x (L%, N L$)) the universe of fixed bounded sets in
H x (L3 N LSY).

Then, after the above comments and having in mind (13), we gain the first
absorbing family (cf. [4, Corollary 3]).

Corollary 3. Assume that g : R x Cy — (L*(Q))? fulfills conditions (H1)-(H5)
and that f € L?, (R; V') satisfies

loc
0
/ £ () |2dr < oo, (17)

Then, the family Dy = {Dy(t) : t € R} C P(H X (L3 N LSY)) defined by
Do(t) = Bu(0, Ry (t) x (Brg, (0, Ry (1)) N Bz (0, R (1)),

where
t

R3 () =1 4 p~ e (=2 / e | £(r)|2dr,

R () =v ™ [(14+ 3Com) B3 (8) + v | F e o]

is pullback Df’Li’ (H x (L3 N L%))—absorbing for the process S on H x (L% NLY)
(and therefore pullback Dp(H x (L} N L5Y))—absorbing too), and Dy belongs to
DIEH (H x (L3 N L))

As additional universe for the study of the problem in [4, Definition 5] it was
introduced DS # (L% NCh), the class of all families of nonempty subsets D = {D(t):
t € R} C P(L? N Cy) such that

T——00 ¢ED(T)

lim (e’” sup ¢|20H> =0. (18)

Remark 3. After Corollary 3 it is immediate to realize that Dy = {D:1(¥) : t €
R} C P(L% N Cy) given by Dy (t) = Bz (0, Ry (1)) N Bey, (0, Ru(t)) is pullback
D,?H (L% N Cy)—absorbing for U on L2, N Cy.

Since the pullback estimates necessary for the dissipativity only require the
tempered character in norms H x L% or Cy, we may consider more restricted
universes, with higher norms but the same tempered condition. So, analogously to

2
the previous definitions of D,?I’LH (H x (L3 NL$)) and DgH (L} NCp) we introduce
the following classes.
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Definition 3. Denote by DH i (V x (L2D(A) N L{P)) the class of all families of

nonempty subsets D = {D(t): t e R} C P(V x (L3 D(A) N L)) such that (16) holds.
Denote by DC (L2 D(ay N Cv) the class of all families of nonempty subsets D=
{D(t): t e R} C P(L? D(ay N Cv) such that (18) holds.
We also denote by Dp(V x (LQD(A) NL§)) and DF(L%(A) N Cy ) the universes of
fixed bounded sets in V' x (LZD(A) N L) and L%(A) N Cy respectively.
Remark 4. ;After Corollary 3 and Remark 3, as an 1mmediate consequence of
Theorem 2, Dy N P(V x (L%(A) N L)) and Dy N P(L2 D(ay N Cv) are pullback
DH i (V x (L%(A) N L{P))—absorbing and pullback Dg}H (L%(A N Cy)—absorbing
for S and U on V X (L%(A) N LY) and L%(A) N Cy respectively.

4. Asymptotic compactness. The first goal of this section is to provide the
sufficient uniform estimates at any current time ¢ such that the data is starting
pullback enough in time. The cumbersome choice of some intervals is due to the
necessity of controlling several delay terms appearing in the computations. This
will end up with the asymptotic compactness of the associated dynamical systems
introduced previously.

Lemma 2. Assume that g : R x Cy — (L?(Q))? and f € L? (R; H) satisfy (H1)-

(H5) and (17) _respectively. Then, for anyt € R and De DH L%I(H x (L3, N L)),
there exists (D, h) < t—5h—2 and functions {p;}}_, depending ont and h, such
that for any T < T(D,t,h) and any (u7,¢") € D(71),

lu(r;m,u™, ¢7)|2 < pi(t) Vr €[t —5h —2,1],
lu(r; T, u”, ¢7)||? < pa(t) Vr €[t —3h —1,1],
(19)

- / |Au(s)[2ds < pa(t) Vi € [t — 2k, 1),
—1

s

/ |u'(s)|?ds < pa(t) Vr €[t —2h,1],
r—1

where

t
pr(t) =1 + ¢ -5h=2) g1 / e £(5)|2ds,

) (e
p) = | oy ze2c, e e [ (VB 202) 0
4 t 02
X exp m (pl(t)(l—l—Cg(Sh—i-Q))—i-ll//t_4h_|éf(s)||fds>+ilz
4 2

pa(t) =pa(t) +

¢ 2C
SO0+ [ 76 Pds+ 2+ Do)

. 1/2
t
palt) =vonle) 44 [ [F0)Pds 4 4C0+ Dn (04220 2 oate) (20
t—2h—1
Proof. First estimate in (19) and the formula for p; is a direct consequence of (13)
in the interval [t — 5h — 2, ] since the universe is tempered w.r.t. the exponential
with parameter 7.
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Using the Galerkin approximations introduced in Theorem 2, multiplying each
equation by A;v;x(t), summing from j = 1 to k, and using the Cauchy-Schwartz
and Young inequalities,

%Huk(t)ll2 + 20| Au® ()% + 20(u" (t — p(t), u" (1), Au"(1))

2

2
<At @O + | fOF + ~lg(t )| a.e.t > 7

From (3) and the Young inequality,
[b(u® (t — p(1)), u" (1), Au® (1))
<Cu(t = pO)"2 [ (8 = p(0)) 12 [[a* (&)]|'/2 ] A (2)[*

SQZC [ub (¢ = ()Pl (¢ = p(E) 17 [t ()7 + T Au* ()]

Plugging this into the above inequality,

%Huk(t)HQ + Sl At (D) (20)
4
<O (k= ple) Pl = pDIPI 0 + 210 + 2t ) et > 7

Integrating in [s,¢] with s > 7, and using (H4),

o+ 5 [ 1Ak
4 02
<+ [ (2270 k(- (r))|2|uk(rp(r))||2+ilz> o () 2

2 t 202 s
+f/ £ (r)2dr + —g/ ¥ () 2l
v/s v s—h

In particular, the Gronwall lemma yields
()] < (nu i+ 2 [ orw+ %) ’“an)

4 02
< exp [/ (227f| (0 o0 >>|2|u’“<9—p<9>>|2+§1§>d9] (21)

for any 7 < s <r.
Integrating w.r.t. s € (r —1,r)

k(o2 " [N 2 (" 2 ﬁ " k(py2
) <</ k@) Pds+ 2 [ iroRa+ =2 [ k) cw)

T 4 C2
- U (m 440 = pODP 16 = pO)I” + i) de]

for any r» > 7+ 1.
Using the first estimate in (19) by p; proved above (which is valid also for
the Galerkin approximations), and twice the estimate (14) for |ju®||2, ) and

(r—1,mV
[uk (- — P(')>||%2(r71,r;v) (this last one of order ||uk||%2(r7h71,r;\/) by a change of
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variables), after some tedious computations (we omit the details for the sake of
brevity) we conclude that

t 2
ol < |20 v cymr2racmr o+ [ (FH9E 4 2508 ) al

2704p1(t)< 1 ) ) 22
24 (1 — p) Pl(t)(1+C’g(3h+2))+V/t_4h_||2f(s)H*ds o

X exp

for all r € [t —3h — 1,t] and any k € N.

Since the convergence of the Galerkin approximations towards the solution u
holds weakly-star in L>°(t —3h — 1,¢; V) and v € C([t — 3h — 1,t]; V) by Theorem
2, taking the inferior limit when k goes to infinity above, we obtain the second
estimate in (19).

Going back to (20), integrating in [r — 1,7] we obtain

14

'8 2 s 2 s
v / Ak (5)|2ds <[ub(r — D)2 + 2 / F(s)[2ds + 2 / lg(s,u)|2ds
2 r—1 VJr—1 VJr—1

4 t 2Cﬂ
<0+ G0 [ 1) Pdst =+ Dor(e)

—2h—1

for any r € [t — 2h,t], where we have used (H4) and the two first estimates from
(19) involving p; and ps.

Since the convergence of the Galerkin approximations towards the solution u
holds weakly in L?(t — 2h,t; D(A)) by Theorem 2, taking the inferior limit when k
goes to infinity above, we obtain the third estimate in (19).

Finally, multiplying each equation in (6) by ’y;k(t) and summing from j = 1 till
k, after the Young inequality

|(W*) () + 2d L (5) 2+ b (s — p(s)), w5 (s), (' (5))
=(f(s) + g(s,uf), (u")' (5)) < 21f(s)|* + 2lg(s, ug)* + %I(U’“)’(S)\2 a.e.s>T.

From (3) and the Young inequality once more,

[b(u" (s = p(s)), u"(5), (") (5))]

S%\(U’“)’(S)I2 + C?|uf (s = p(s))l[|u” (s = p()[lu” (s)ll Au”(s)-

Plugging this into the above estimate gives

@Y () + v ()]
<[ () P+ 4lg (s, 1) P20 b (5 — ()] 1 (s — p(3)) [ ()| At (5)] ae. s > 7.
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In particular, integrating and combining (H4) with the previous estimates involving
{pi}g’:lv

/T (Y () Pds <vllu(r — D +4 / £(s) s +ac3 [ " ub(s)ds
r—1 r— r—h—1

1

20 / Tl ¥ (s — p(s)) [ (s — p(s)) [ ()]l Au(s)|ds

<vpa(t)+4 [ 17(6)Pds +4ACE G+ D)

1/2
204 00 (20

for any r € [t — 2h,t].

Analogously to the previous arguments, following these computations one can
check that the time derivates (u*)’ of the Galerkin approximations given in Theorem
2 converge towards u’ weakly in L?(t — 2h,t; H). Taking the inferior limit when &
goes to infinity above, we obtain the last estimate in (19). O

Now we may use the uniform estimates proved above to apply an energy method
yielding the asymptotic compactness. The ideas are analogous to [6, Lemma 5.3]
and [8, Lemma 4], but nevertheless the result here is not a verbatim copy of those.
Actually, the presence of two delays make the arguments more involved. So we
include the proof for the sake of clarity.

Lemma 3. Assume that g : R x Cg — (L?(Q))? and f € L? (R; H) satisfy (H1)-

loc
(H5) and (17) respectively. Then, for anyt € R, any D € Df’LiI(H x (L3 NLK))
and any sequences {1, } C (—o0,t] and {(u™,¢™)} C Hx (L3 NLY) with T, — —00
and (u™,¢™) € D(7y,), the sequence {u(-; Ty, u™,¢™)} is relatively compact in
C([t — h,t]; V)N L3(t — h,t; D(A)).
Proof. Fix t € R, a family D € D,I,{’L% (H x (L% N L%)), and sequences {r,} C
(—o0,t] and {(u™,¢™)} C H x (L% N L55) as in the statement.

Denote for short u”(:) to u(-; 7, u™,¢™). Firstly we will check the relative
compactness of {u"} in C([t — h,t]; V) and secondly in L2(t — h,t; D(A)).

Indeed, thanks to Lemma 2, consider T(ﬁ, t,h) < t—5h—2 such that the sequence
{u™ : 7, < 7(D,t,h)} is bounded in L®(t — 3h — 1,t; V) N L2(t — 2h — 1,¢; D(A))
with {(u™)"} bounded in L?(t—2h—1,t; H). By using the Aubin-Lions compactness
lemma there exists u € L>®(t — 3h — 1,t;V) N L%(t — 2h — 1,t; D(A)) with v’ €
L?(t — 2h — 1,t; H) such that a sequence (labeled the same) satisfies

ut Sy weakly-star in L*(t —3h — 1,t; V),
ut = weakly in L?(t — 2h — 1,t; D(A)),
(u™) — o/ weakly in L?(t —2h — 1,t; H), (22)
u" — u strongly in L2(t — 2h — 1,t; V),
u™(s) = u(s) strongly in V, a.e.s € (t —2h —1,¢).
From these convergences we deduce that u € C([t —2h—1,t]; V) is a strong solution
to (1) in (¢ — h — 1,t) with suitable initial data. Boundedness of {u"} in L™ (¢t —
2h —1,t; V) jointly with equi-continuity on [t — 2h — 1, ¢] with values in H, leads by
the Ascoli-Arzela theorem (up to a subsequence, labeled the same) to

u™ — u strongly in C([t — 2h — 1,¢t]; H), (23)



14 J. GARCIA-LUENGO, P. MARIN-RUBIO AND G. PLANAS

which also helps to identify the weak-limit in next property
u™(sp) = u(sy) weakly in V for any {s,} C [t — 2h — 1,¢] with s, = s..  (24)
Now we can prove that
u" — u strongly in C([t — h, t]; V). (25)

Indeed, if (25) is false, there exists € > 0, t. € [t — h,t] and sequences (labeled the
same) {u"} and {¢,} C [t — h,t] with lim,, ¢, = ¢, such that

lu"(tn) — u(ts)] = e Vn > 1. (26)
However, from (24)
ue.)|| < liminf [lu” (£,)]| (27)
The second energy equality (5) for w = u™ or w = u reads
1d
3 7510 + v Aw(O) + b(w(0 — p(6)), w(6), Aw(6))

=(f(0) 4+ g(0,wp), Aw(h)) a.e.0 >t —h — 1.
Combining the Young inequality for the RHS and for the trilinear term b (after (3))

4
< 27C
- 43

[w(® = p(0)*|w(® — p(0)*[[w(®)]* + %IAW(G)IQ,

we conclude
d

L@ + vl Aw (o)
4
<2 (@ — p @) (0 — pO) P[0 + - (SO +19(6.,5)])

a.e. # >t — h — 1. Integrating, we have for any w = u" or w = u

sl +v [ | Aw(r)Pdr

S1

4 S2
<lulsn)lP+ 5o [ e = o)t = pl) Pt P
+ %/52 (|f(1")|2 + |g(r,wr)|2) drVt—h—1<s <sy<t. (28)

Neglecting the integral term in the LHS, we may consider the functions

4 S
I(s) =P = G [ = ol Pl = oI ) P

23
4 ° 2 Y12 i
o[ P+ latrap)a
and
36) =l = T [t = ple) Pt = plr)) P )P
4

= L@+ g ) dr

V Jt—h—1
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These functions are continuous, and from the corresponding inequalities above, they
are non-increasing. Moreover, from (22) and (H4),

Jn(s) = J(s) a.e.s € (t —h —1,t).
It is now a standard matter to deduce (e.g., cf. [4, Lemma 2]) that

lim sup J,, (t,) < J (),

n—oo
whence, after (22) and (H4) again,

lim sup [|u” (¢n)[| < [Ju(t.)],
n—oo
which combined with (27) and (24) gives that u™(t,) — u(t.) strongly in V, con-
tradicting (26). Therefore, (25) is proved.
Going back to the inequality (28), after the convergences proved of u™ towards

u above, observing the integral term in the LHS, we deduce that u™ — w in norm
in L2(t — h,t; D(A)), which jointly with (22) means that

u"™ — u strongly in L(t — h,t; D(A)).

Observe that in particular the above gives immediately the following result.

Corollary 4. Assume that g : RxCgx — (L*(Q))? and f € L? (R; H) satisfy (H1)-

loc
(H5) and (17) respectively. Then, (V X (L2D(A) NLY), {S(t,7)}i>r) and (L%(A) N
2
Cv, {U(t,7)}i>-) are pullback asymptotically compact in Df’LH (V' x (LQD(A) NLY))
and DSH (L%(A) N Cy) respectively.

5. Existence of attractors and their relationships. Before establishing the
main result of the paper about the existence of attractors, it is useful to give an-
other one concerning the relation of tempered families in the two universes we are
considering. Namely, just allowing the solutions to (1) evolve for an elapsed time
bigger than the delay time h, the regularization effect makes, roughly speaking,
that a family tempered in one universe is mapped into a tempered family in a more
regular universe. This type of result is the analogous to [4, Lemma 3], and it is
helpful in order to establish comparison between attractors.

Lemma 4. Under the assumptions of Corollary 3, for any D= {D(r): 7 € R} €
2 ~

D,I,LI’LH(H x (L% N LY)) and any v > h, the family D = {D")(r) : 7 € R}

where D) (1) = {u; 4, (57,u7,0) : (u7,0) € D(1)}, for any 7 € R, belongs to

DS;H (LQD(A) N Ov).

Proof. The inclusion D) (1) C LQD( 4)NCy follows from Theorem 2. The tempered

character of any solution w4, in Cg for any 7 € R and (u”,¢) € D(7) can be
deduced from estimate (13) and assumption (17) for f. Indeed,

T+s
u(r + )2 < e (Ju”|* + Cyllgl7s ) + B e ") / || £(8)]2d6 s > 0.
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Therefore,
|u‘r+r|2CH = sup |u(T+3)|2
s€[r—h,r]
T+T
<N+ CylolE) + 57 e [T o o),
whence lim; o €7 SUPy.,,e D) (1) ‘uT+T|%H =0. O

Now we may establish our main result.

Theorem 3. Assume that g : R x Cyg — (L*(Q))? and f € L? (R;H) satisfy
(H1)-(H5) and (17) respectively. Then there exist the minimal pullback attractors

{Ap, VX(LD(A)F]LO"))( s)}ser and {A HLH(VX( D(A)mLM))(s)}SGR for (V' x (L%(A)m

Ly), {S(t,7)}i>7) and {.ADF(LD(A)QCV (s)}ser and {A, Sy, )mcv)(s)}seR for
(L2, 1 Cy (U ()} 13 ).

The following relations hold for any s € R

Ap,. VX(LD(A)ﬂL“’;’))( s) CA HLH(Vx(LD(A)ng;))(S) C Do(s), (29)

-A’D (L%(A)OCV)( )CA CH Lz ncv)( )C Dl(s), (30)

(ADF(LD(A)NCV)( s)) CAp, VX(LD(A)ﬂL“’/C))(S)a (31)

T Az, o (5) =A s (s), (32)

H(Vx (L, ) NLF))

where j L%(A) NCy —V x (L%(A) NCy) is defined by j(¢) = (6(0), p).
Finally, if [ satisfies

sup [ 17(O)Pds < . ()
s<0 Js—1
1
then (31) becomes an equality, ADF(VX(LD(A) Ly = A DI (v 12 I 0 L) and
App (3, , nov) = Ap DYH (L2, 4 NCv)’

Proof. The abstract result ensuring existence of pullback attractors for the tempered
universes (e.g., cf. [5, Theorem 3.11] or [4, Theorem 3]) can be applied for both
(V x (Lhay N L), {S(t, 7)}e>r) and (L3, 4) N Cv,{U(t, 7)}i>7) since they are
continuous processes (cf. Corollary 2), with absorbing families (cf. Remark 4) and
fulfilling the pullback asymptotic compact property (cf. Corollary 4) w.r.t. the
universes D,I,{’L%’ (V x (LQD(A) N L)) and DgH (L%(A) N Cy) respectively.

The existence of pullback attractors for the case of universes of fixed bounded
sets is simpler (e.g., cf. [14] or [4, Corollary 1]) since they are contained in the
tempered universes. This also implies relations (29) and (30).

Relations (31) and (32) via j follows by the characterization of minimal pullback
attractors and Lemma 4.

Last statement follows again from [4, Corollary 1] since absorbing families in
these phase-spaces are uniformly bounded in time (see expressions of py and ps in
Lemma 2). O

Using comparison results for attractors (e.g., cf. [5, Theorem 3.15]) and relations
among tempered families of different universes after a time-shift (thanks to Lemma
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4), it is possible to relate the attractors Ap . (zrx (12 L)) and ADf’L%{(Hx(L%,nL%O))

for (H x (L} N L), {S(t,7)}+>,) and Ap,(12.ncy) and ADSH (L20Ch) for (L3, N
Cu),{U(t,7)}+>-) obtained in [4, Theorems 4 and 5] with the ones obtained here
in Theorem 3. Arguments are analogous to the above proof so it is omitted.

Theorem 4. Under the assumptions of Theorem 3, the attractors cited previously
satisfy the following relations

ADF(Vx(L%(A)mLOVO))(S) C ADF(Hx(L%,mL;O))(S), (34)
ADF(BD(A)OCV)(S) - -ADF(L%/OCH)(S)a (35)
At g ongn® = Aot Wi nnenS

ADSH (L%/QCH)(S) = ADSH (LzD(A)mCV)(S)

for any s € R.
Moreover, if [ satisfies (33), then (34) and (35) are in fact equalities.
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