Regular graphs of girth 5 from elliptic semiplanes of type C
E. Abajo*, M. Bendala

Departamento de Matemadtica Aplicada I, Universidad de Sevilla, Spain

ARTICLE INFO ABSTRACT

Article history: A well-known technique to construct regular graphs with girth 5 is the amalgamation
Received 25 August 2020 into the incidence graphs ¢4 and £, elliptic semiplanes of type C and L respectively,
Received in revised form 30 December 2020 where q is a prime power. The case q odd has extensively been studied by means of

Accepted 5 February 2021

amalgamations into £,. In this paper we provide new families of small regular graphs
Available online 23 February 2021 & 4 bap p & grap

of girth 5 constructed by amalgamation into ¢, using finite fields of even order.

Keywords:

Regular graph

Cage

Girth

Amalgam

Elliptic semiplane of type C

1. Introduction

A k-regular graph with girth g is called a (k, g)-graph. A classic problem in graph theory is the construction of (k, g)-
cages, that is, (k, g)-graphs with the minimum number n(k, g) of vertices. We are interested in the case g = 5, where
there are only known cages for k =2, ...,7 [9,12-16].

For values of k > 8, upper bounds on n(k, 5) are obtained by explicit construction of (k, 5)-graphs. To reach this aim, a
useful technique consists in injecting (or amalgamating) edges from a pair of rg-regular graphs with girth at least 5 into
a large (g, 6)-graph.

With a prime power g and the incidence graph £, of the elliptic semiplane of type L, the technique of amalgamation
provides the bound

n(q+rg,5) <2(¢° — 1),
[1,2,8,10,11]. Moreover, specific deletion of vertices from the graph resulting after amalgamation leads to
n(k,5) <2(q—1)k+1—ry) fork <q+rg.
In 2005, for an odd prime power ¢, the first general construction was established in [10] with
1
rg = LZ,/q —1].

In [1,2] some better degrees r, were obtained by distinct amalgamations, including the high value

1
rg=—=vq+1+2,
q \/i

only admissible when q = 2(p?> — 1) + 1 is a prime power related to another prime power p > 7.
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Let us notice that no general result associated to even prime powers has been so far established. That is the goal of
the paper. To do that, in Section 2, we describe the incidence graph C, of the elliptic semiplane of type C together with
the notation and technique of amalgamation. It provides the inequality

n(q +rq,5) < 2¢°,
for a prime power g, [1-3,6,8]. Reduction operations after amalgamation give
n(k,5) < 2q(k —rq) fork < q+r,.

The main results are shown in the third section, where we focus on even prime powers ¢ = 2%*! (Theorems 3.1, 3.2)
and g = 2% (Theorem 3.3), for s > 3. We amalgamate into C, a pair of suitable ry-regular graphs G; and Gp, isomorphic
to subgraphs of Cp, with p = 2°. This way we establish two families of bounds with degree of amalgamation

=554 ifg=2%"
=349  ifg=2%

By means of new amalgamations into G; and Gp, in Section 4 we present refinements of these bounds which, in Section 5,
are applied to small values of even prime powers q and compared with the ones in [1,2].

2. Notations and known results

For undefined terminology we refer the reader to [5]. Given a graph G we denote by V(G) and E(G) the sets of vertices
and edges of G, respectively. If A, B C V(G), let [A, B] C E(G) hold for the set of edges joining A and B. If S is a set and
¢ : V(G) — S is a bijection, we write ¢(G) for the graph with vertex set S and edge set {¢(v)p(v') : vv’ € E(G)}.

Given a prime power y, let IF, be the finite field of order y. The following graph C,, first introduced by Cronheim
in [6], is the key structure throughout this paper.

Definition 2.1. The bipartite graph C, has vertex set L, UP,,, where
Ly=JL=Jlw:ber} P,=JP=Jlpy:yer)
aeFy aeFy xeFy, xelFy,

and edge set

E(cy) = U [Lm Px] = U {Ea,bpx,ax_;_b :be ]Fy}.

a,xeFy a,xeFy
That is, the edge £q5pxy € E(C,) iff y = ax + b.

It is well known [4,6-8] that C, is the incidence graph of the elliptic semiplane of type C, obtained from the projective
plane by removing the points at the infinity together with the vertical lines. It is a y-regular graph with order 2y2, girth
g = 6 and diameter 4. Two vertices are at distance 4 if and only if both of them belong to the same set L, or P,.

Our basic goal is to add as many edges as possible to the graph C, in order to construct a new graph with greater
degree and girth 5. To do that, in [8] the author introduces the following technique.

Definition 2.2 ([8]). Let y be a prime power. Given two graphs G;, Gp with vertex set F,,, the amalgamation C, (G, Gp) is
the graph obtained from ¢, by adding to E(C, ) the set of edges

{€aplar :a €F,, bb € E(G)} U {pxybxy : X € Fy,yy € E(Gp)}.

The pair of graphs G;, Gp must satisfy a certain restriction to ensure that C, (G;, Gp) has girth 5. Let us recall that given
a graph G with vertex set F,,, the Cayley color of an edge vv’ € E(G) is the pair (v — v") if y is odd or the single element
v—2v =v+ v if y is a power of two. The set of Cayley colors of the edges of G is denoted by w(G).

Theorem 2.1 ([8]). If G;, Gp are r-regular graphs with vertex set I, girth g > 5 and with no common Cayley color, then
C,(Gr, Gp) is a (y + r)-regular graph with girth g > 5. Then,

n(y +r,5) <2y
Moreover, deleting from C, (G, Gp) pairs of sets Ly, Py, for a € F,,, we have
n(k,5)<2y(k—r) fork<y+r.
We also need to introduce another result, which is a special case of Theorem 5 in [3]:
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Theorem 2.2 ([3]). If G;, Gp are (r + 1)- and r-regular graphs respectively, with vertex set ¥, girth g > 5 and without any
Cayley color in common, then C, (G, Gp) is a (y +r + 1, y + r)-regular graph with girth g > 5. Deleting the set Py, we have

n(y +1,5)<2y* —y =2y(y — 3).
Additionally, deleting pairs Ly, Pq, for a € F,, \ {0}, we have
n(k,5) <2y(k—(r+13)) fork<y+r.

These results lead us to extend the definition of suitability given in [8].

Definition 2.3. A pair of regular graphs G;, Gp with vertex set I, girth g > 5 and disjoint sets of Cayley colors (in
particular, a pair satisfying the hypothesis of either Theorem 2.1 or Theorem 2.2) is said to be suitable for amalgamation
into C, or, in this paper, simply suitable.

3. General results

In this section, for an integer s > 2, we first deal with the prime power p = 2°, the finite field F, and the graph C,.

Given a fixed primitive element n of F, with minimal polynomial g(X), the elements of the field F, = Fp[n] ~
F[X1/(g(X)) are given by the polynomial expressions ag + a;n + --- + a;_1n°”!, with ag, ...,ds_; € F,, and can be
uniquely represented by the integers ag +a;2+ ---+a,_;2°" ! in the range 0, ...,p — 1.

Remark 3.1. For the sake of simplicity, we use this integer representation and write “a < p/2” to refer to the subgroup
H={0,..., 5 —1}. Similarly, “a > p/2" refers to the coset £ + H = {5, ..., p — 1}. Notice that a 4+ x € H if and only if
a,xeHoraxe b +H.

We also consider the field Fq and the graph ¢, for q = p? or q = 2p?. Our target is to construct a pair of graphs G; and
Gp, suitable for amalgamation into C;. We develop this goal in two steps. First, we construct graphs G; and Gp as certain
subgraphs of C,. Secondly, we define isomorphic graphs G; and Gp with vertex set FF,.

The construction for odd powers of two g = 2p?> = 22*! and for even ones ¢ = p?> = 2% is different. Notice that
[V(Cp)| = 2p?, so we begin with g = 2p?.

3.1. Case q = 2%*!

Now we deal with an integer s > 2, and prime powers p = 2%, ¢ = 2p*> = 2%*1, We have the relationship
IV(Cp)l = 2p* = |Fy|.

As we only need computations in the additive group F;, we use the isomorphism F ~ Ff & Fy @ Iy to identify
the elements of F with triplets (d,«, 8) with d = 0,1 and «,8 € ]F;. Notice that the Cayley color of an edge

q
(d1, a1, B1)(d2, @2, B2) joining two elements in F is the single element (di, a1, f1) — (da, @2, f2) = (d1, 1, p1) +
(d3. @2, B2) = (dy + dy. &1 + 2., By + o) € F{ \ {0},

To construct G; and Gp, regular subgraphs of C,, we decompose the set E(C,) into p perfect matchings between the

sets L, and P,.

Definition 3.1. Let p = 2° be a prime power and C, be the bipartite graph given in Definition 2.1. For m € Fp, define the
subset E(m) C E(Cp,) by

E(m) = U [La, P] = U {ea,bpx,ax+b :be IFp}

at+x=m at+x=m
a,x el a,xe€lp
= U (Lo, Pmia]l = U {Za,bpm+a,a(m+a)+b :be Fp}
aelFp aeFp

Notice that E(Cy) = Uper, E(m). Some subsets of F, are immediately suggested:

Definition 3.2. For eachm,§ € ]FZ, define the sets

Dim) = {ax:a,xeFp,a+x=m}={alm+a):acF,}
Mp(8) = {a+x:a,xeF, ax =38}
Mg(S) = IE‘p \Mb((s)

The following properties, based on the fact that [, is a characteristic-two field, are critical.
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Lemma 3.1. For § € I}, the following assertions hold:

(i) IMg(8) = &.
(ii) If m € Mg(8), then m # 0, and the sets D(m), § + D(m) are disjoint.

Proof. (i)If a+a = m and ad’ = §, then a, @ is the unique (unordered) pair of roots of the equation X> — mX +§ = 0,
and a = d iff m = a+ a’ = 0. Then, given § # 0, the p — 1 elements of I} are grouped into p/2 — 1 pairs a, a with
ad’ = § and different values of m = a + d’ # 0, and one element a with a> = §, m = a + a = 0. That is, |[M,(6)| = p/2
and |Mg(8)| = p/2.

(i) Since ag(m 4 ag) + a;(m + a1) = (ap + a;)(m + ap + a;), the set D(m) is a subgroup of the additive group IF;. Then,
D(m) and § + D(m) are disjoint (actually, complementary) sets, unless § € D(m), which is equivalent to m € Mp(§) ™

Attending the notation in Remark 3.1, for § € IE‘;, let us split the set My(8) into disjoint sets M,(8) = My(5§) N H
and My(8) = M(8) N (5 4 H). Analogously, denote M,(8) = Mg(8) N H and Mg(8) = Mg(8) N (§ + H). Clearly,

IM,(8)] + IM,(8)| = p/2 and |Mg(8)| + [Ms(8)| = p/2. -
We are going to select the largest possible set Mg((S) or Mg(8), for 6 ]F;.

Definition 3.3. With the notation above, denote

K= grgx(max( IMg(8)], [Mg(8)] ) )

Notice that p/4 < K < p/2. Now, we are ready to prove the first main result of this section:

Theorem 3.1. For an integer s > 2, denote p = 2° and q = 2p* = 2. Determine the value K according to Definition 3.3.
The following assertions hold:

(i) If K is even, there exists a pair of suitable graphs G;, Gp with vertex set F, and degrees r, = 1p = 34—" + g Then,
n(g+2+%, 5) <2
(ii) If K is odd, there exists a pair of suitable graphs G, Gp with vertex set Fq and degrees r, = 37” + K“ ,p =1 — 1.
Moreover, n (q+ 2 + ¥, 5) <2¢? —q.
Proof. We construct a pair of graphs GL, Gp as regular subgraphs of C, with girth g > 5, and bijections @, ®p : V(C,) — Fq
such that G, = Q>L(GL) and Gp = qﬁp(Gp) The key point is to ensure that these graphs share no Cayley color in Fg.
The definition of the bijection &; is rather simple:

{ (pL(Ea.b) = (07 a, b)

qu(px,y) (]7 X, .V)
The rest of the construction depends on K and its associated value 4.
o K =M, (6)

As [M,(8)] = & — K, we split this set into disjoint subsets MJ(8) and M;(8) only attending that [MJ(8)| = (2 — K)/2]
and [M}(8)| = (§ —K)/2]. _
Define subgraphs G, and Gp with vertex set V(Cp) and edges:
EG) = | Em)  with M ={2,....p—1}UM,(8)UMS(8) =F,\ M)(5)
meMy
ECr) = (J Em)  withMp = {5.....p— 1} UM,(8) UML) =F, \ M3(5).

meMp

Consider the bijection @p:

Dp(Lep) = (0, a, b) ifa<?
Pp(lep) = (1,a,b+68) ifa=5
DPp(pry) = (1, %, y+0) if x < %
Dp(pxy) = (0, x,) ifx>2

and define G, = ®,(G;) and Gp = ®p(Gp).

Being isomorphic to subgraphs of C,, graphs G; and Gp have g > 6. Their degrees are |M;| and |[Mp|, both equal to
%" + g if K is even, or to %" + % and %” + % if K is odd. The last step to prove the suitability of the pair G;, Gp is to
see that both graphs have no Cayley color in common.
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The computation of E(G;) and w(G;) is straightforward

E(G) = U U {0,a,b)(1, m+a,a(m+a)+b): b € Fp},

meM;  a€Fp

o(G) = U{(l,m,a(m—i—a)):aeIFp}u U {(1,m, a(m 4 a)) : a € Fp}
m=8 meM, (8)UMY(8)
To describe the set of edges of Gp we need to take into account Remark 3.1.
E(Gp) = U J {©.ab)0o, m+a am+a)+b):beF,)
m=3 a<h
U U J {(Lab+8)1,m+aam+a)+b+8):bek,}
m=5 axb
U U J {o.abi.m+aam+a)+b+8):beF,}
meMg(5)UMp(8)  a<h
U U U {(1,a,b+8)0, m+a,aim+a)+Db): b eF,}

meMy(SUMy(8)  ax§
and its set of Cayley colors

w(Gp) :U {(0,m,a(m+a)):aeFp}U {(1,m,a(m 4+ a) + ) : a € Fp}

m=5 meMg(8)UM(8)

By Lemma 3.1, when m € Mg(zS), the sets D(m) = {a(m +a) : a € Fp} and D(m) 4+ = {a(m +a) + § : a € Fp} are
disjoint. By definition, MJ(8) N M}(8) = @. We conclude that (G;) N &(Gp) = @.

o K = |Mg(8)l

Now we write |[M(8)| = 70( )UM (8) with [M, %) = [(5 —K)/2] and |M;(8)| = (5 — K)/2] and define subgraphs
GL and Gp with vertex set V(C,) and edges:

EG) = (JEm)  with M, =(0,.... % — 1) UM(8) UM,(8) = F, \ M,(5)
meM;
E@) = |J E(m) with Mp={0,.... 2 — 1} UMy(8) UM,(8) = E, \ My(d).
meMp
Consider the bijection ®p:
®p(tay) = (0, a, b) ifa <2
Pp(lap) = (1,a+5, b+8) ifa>} .
¢P(ny) = (0,x+5, ifx <2
Dp(pry) = (1, x, y+96) ifng

and the graphs G, = ¢L(5L) and Gp = ¢>p(5p).
The girth and degrees of G; and Gp are the same as in the previous case. The computation of the Cayley colors leads
to:

oG)= [ Jit.mam+a):aer) U ) ((1.mam+a):aeF,)

m<B meMg (8)UMY(5)
o(Gp) = U{(O,m—i—g,a(m—i—a)):aeFl,}U U {(1,m,alm+a) +6) : a € Fp}
m=5 meMg(8)UMj(5)

Both sets are disjoint.
In both cases the graphs G; and Gp satisfy the hypothesis of Theorem 2.1, when K is even, or Theorem 2.2, when K is

odd. The proof is complete. ®

The result in Theorem 3.1 depends on K and it requires the computation of this value. By definition, K > %. Then, if
p = 2° > 8, the conclusion of Theorem 3.1 holds when K is the even number %.

Theorem 3.2. Given s > 3 and q = 2%, the following inequality holds:

n(q+ g f 5) < 2¢%.
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3.2. Case q = 2%

Now we consider an integer s > 2, the prime powers p = 25, ¢ = 2%, the field F,, the additive group ]F;I* and the
isomorphism ]F+ IF+ OF p /2 @ ]Fp+ As in Section 3.1, we are looking for suitable amalgamations into C,, but this time
V(Cy)l = gp whlle |Fql =

Define G; and Gp as the subgraphs of ¢, induced by the disjoint sets of vertices (Ug<p/aLa) U (Ux<p/2Px) and (Ugzp/2Lq)U
(Uxsp2Px), respectively. Clearly, |V(GL)| = |V(Gp)| = p? = q. Also, GL and Gp are p/2-regular graphs because

= Ylrd EGC)= ] |JLPd
a<p/2 x<p/2 a>p/2 x>p/2
Writing m = a 4 x and taking into account Remark 3.1, we have
EG)= {J JLaPnra EG)= | | [LaPral
m<p/2 a<p/2 m<p/2 a>p/2

With these constructions, we are ready to prove the following result:

Theorem 3.3. For an integer s > 2 and prime powers p = 25, q = 2%, there is a pair of graphs Gy, Gp of degrees r, = rp =
suitable for amalgamation into Cq. Then, n(q + % q,5) < 2¢%.

NS

Proof. Consider the bijections & : V(EL) — Fy defined as

{ ¢L(E0,b) = (07 a, b)
i(

Dupxy) = (LX)

and &p : V(E ) = g such that
{ p(lap) = (0,a+5,b)
Pp(pey) = (Lx+2.y)

Define the graphs G, = cDL(EL) and Gp = @p(EP). The computation of their Cayley colors is straightforward:

EG) = |J U {0 a b1, m+a am+a)+b):beF,)
w(G) = m[pj/z a{?;/,zm, am+a)):a < 5}
E(Gp) = m[psz (0, a+ 2, b)1, m+a+5, am+a)+b):beF,}
w(Gp) = m[PJ/Z a{?;/,zm, am+a):a> 5},
m<p/2

If ag(m + ap) = a;(m+ ay), then (ag + a;)(m+ ag + a;) = 0. Hence, a; = ap or a; = m+ ao. In both cases, ap, a; < p/2
or ag, a; > p/2 when m < p/2. Hence, w(G.) N w(Gp) = @.

This proves that the 5-regular graphs G, and Gp are suitable for amalgamation into C,. By Theorem 2.1, the graph
Cy(G, Gp) is (g + %)—regular with girth at least five and order 2¢>. =

Before proceeding to obtain more accurate bounds, let us notice that no Cayley color (0, 0, 8) appears in the set
w(G) U w(Gp), where G; and Gp are the graphs constructed in Theorem 3.1 and in Theorem 3.3.

4. Refined bounds

We are now interested in increasing the degree of the graphs G; and Gp constructed in Section 3. The technique involves
a recursive construction with two pairs of graphs, one to be amalgamated into G; and the other into Gp.

Proposition 4.1. Lets > 3 and p = 25 If ¢ = 2p?, let K, r;, rp be defined as in Theorem 3.1; and if ¢ = p?, let 1y, rp be
defined as in Theorem 3.3. Assume that H°, HL1, H,(,’, H,} are graphs with vertex set F, and girth g > 5. Additionally, consider

(i) HY, H have common degree s;.

(ii) HY, H} have common degree sp.
(iii) The sets of Cayley colors of H®, H!, H, H} are pairwise disjoint in F,,.
» Hp, Hp p

Then, there exists a pair of suitable graphs G;, Gp with vertex set Fq and degrees r; + si, rp + Sp respectively.
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Fig. 1. One pair of graphs H? and H}! with disjoint Cayley colors in Fig.

Proof. Consider the bijections &, ®p and the graphs EL, Ep provided in Theorem 3.1 for ¢ = 2p?, or in Theorem 3.3 for
q=p*

By (i) and (iii), the pair H?, HL1 is suitable for amalgamation into Cp, then also into its subgraph EL. Similarly, by
(ii) and (iii), the pair HY, H,} can be suitably amalgamated into Gp. In order not to introduce more notation, let G; and Gp
also denote the graphs resulting after these amalgamations. In the same way, let G; and Gp hold for the graphs isomorphic
to G; and Gp after applying the bijections &; and ®p. These new graphs G; and Gp have girth 5 and degrees r; + s; and
p + sp, respectively.

The colors in Fy of the new edges of G; and Gp form the subsets {(0,0,8) : B € a)(Hf) U a)(HLl)}, {(0,0,8) : B €
a)(H,?) u a)(H,})} of Ty, respectively. By (iii) both sets are disjoint. Also, as we have mentioned above, these colors are
different from the original ones of G; and Gp. Hence, the new pair G, Gp is suitable for amalgamation into C;. ®

Proposition 4.1 allows a slight improvement of Theorems 3.1 and 3.3. There is an easy way to construct the four graphs
required in this proposition.

Lemma 4.1. Lets > 3 and p = 2°. Assume H,, Hp are graphs with vertex set F,,, girth g > 5, degrees s, sp, and sharing no
Cayley color. Then, there exist four graphs HP, HLl, HIE’, Hll verifying the hypothesis of Proposition 4.1.

Proof. Let us identify F; ~ F,, ® ;. Define graphs H/, H; with vertex set F, and edge sets

E(HLO) = {(u, 0)(v, 0) : uv € E(H.)} U {(u, 1)(v, 1) : uv € E(H,)}
E(HLl) {(u, 0)(v, 1) : uv € E(H.)} U {(u, 1)(v, 0) : uv € E(H,)}

Similarly, define graphs Hp, Hp. It is straightforward to see that H?, H!, HJ, H} satisfy the hypothesis of
Proposition 4.1. ®

5. Small cases

We apply the refined bounds described in Section 4 to some particular cases. Moreover, we also describe an iterative
process that makes feasible to provide better bounds.

In [1] the authors construct two pairs of suitable graphs with vertex sets F,s and F,s with degrees 5 and 6 respectively.
Consequently, bounds n(32 4+ 5,5) < 2 - 322 and n(64 + 6,5) < 2 - 64% were established. In [2], (see Table 2 and
inequality (2) in Remark 2.1), thanks to suitable amalgamations into the elliptic semiplanes £1,7 and £;s7, the bounds
n(127 + 10 — 1,5) < 2(127 + 1 — 1)(127 — 1) = 32004 and n(257 + 12 — 3,5) < 2(257 + 1 — 3)(257 — 1) = 130560
were established. In this paper we get the less accurate bounds n(2” +8,5) = n(136,5) < 2 - (27)> — 27 = 32640 and
n(28 +10,5) = n(266,5) <2 - (28)> — 28 = 130816. Let us continue with some more values.

e q=2"=512
We have g = 2p? with p = 2% Let us represent the elements of Fq¢ by the integers 0, ..., 15 and consider that
Fig ~ F2[X]/(X* + X + 1). Computations lead to the value K = 6 and, by Theorem 3.1, there is a suitable pair of
regular graphs with degrees r; = rp = 15.
To increase the degree of these graphs consider the 3-regular graphs H°, HLl displayed in Fig. 1 and the 2-regular
graphs Hp, H} in Fig. 2. They have girth 6 and 8 respectively. Since w(H?) = {1, 2,4, 8}, o(H}) = {7, 11, 13, 14},
a)(H,?) ={3,6, 12} and a)(H,}) = {5, 9, 10} any two of these graphs have disjoint sets of colors in Fp.
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Fig. 2. Another pair of graphs HY and H; with disjoint Cayley colors in Fye.
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Fig. 3. (4, 6)-graphs HY and H; with disjoint Cayley colors in Fs.

Using Proposition 4.1 we construct graphs G, Gp of degrees 18, 17 respectively, suitable for amalgamation into Cys.
According to Theorem 2.2, we have the bound n(2° + 17) < 2- (297> — 2% = 2-29(2° — ) and, more generally,
n(k,5) <2-2%k— 17 — ) for k < 2° 4 17. Actually, this is a record bound when 2° +5 < k < 2° + 17.
q=2""= 1024

Now q = p? with p = 2° = 32. By Theorem 3.3, there is a suitable pair of regular graphs with degrees r; = rp = 16.

Consider the (4, 6)-regular graphs H?, H}' in Fig. 3 and the (3, 6)-regular graphs HJ, H} in Fig. 4. The sets of Cayley
colors in Fs, are w(HY) = {1,7,11,15,23,27,31}, (H}) = {3,5,9,13,21,25,29}, w(H®) = {17, 18, 20, 24},
a)(H,}) =1{2,4,6,8, 10, 12, 14, 16, 22, 26, 28, 30}. Any two of these sets are disjoint.

By using Proposition 4.1 we construct the new suitable pair of graphs G;, Gp with degrees 20, 19 respectively.

Theorem 2.2 states n(2'° + 19) < 2-2'°(2'° — 1) and the new record bound n(k,5) < 2 -2k — 19 — 1) for
2104+ 16 < k <219+ 19.

q=2""=2048
Again, p = 2°. Computations in F3; ~ F,[X]/(X> + X2 4+ 1) lead to the value K = 11. By Theorem 3.1 there are two
suitable graphs G;, Gp of degrees 3p/4 + [K/2] = 30 and 3p/4 + |K/2] = 29.

By using again the graphs H?, HL1, H,?, H,} provided in Figs. 3 and 4 together with Proposition 4.1 we construct the
new suitable 33-regular graphs G;, Gp. Theorem 2.1 establishes the new record bound n(k, 5) < 2 - 2'(k — 33) for

21 43 <k <2 433,

q=2'? = 4096

Now p = 2% = 64 and q = p®. In [1] the authors give a pair of suitable graphs with vertex set F,s and degree
5. By Lemma 4.1, there are four graphs with vertex set Fys verifying the hypothesis of Proposition 4.1. Then, by
Theorem 3.3, we obtain a suitable pair of graphs G, and Gp, both with degree 2°/2 + 5 = 37, and the associated
bound n(2'% + 37, 5) < 2(21%)2.
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Fig. 4. (3, 6)-graphs Hy and H; with disjoint Cayley colors in Fs,.

We summarize the last results:

Theorem 5.1. The following upper bound on the minimum order of a (k, 5)-graph holds

q k

rec(k, 5)

2° 224+5<k<2°4+17

2-29%k—17-1)

210 20 116 <k <209 +19

2-20%k—-19-1)

21 21 413 <k<21433

2.2k —33)

212 22429 <k<22437

222k — 37)

Alternating Theorems 3.2 and 3.3, the process used for ¢ = 22 could indefinitely be applied to obtain refined bounds

associated to greater powers of two.
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