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Abstract. In order to study the asymptotic behavior of a fluid in a domain of small thickness ¢,
it is common to use that the norm of the pressure p. in L7, ¢ > 1, is smaller than C||Vp.||j-1.4 /€.
Our purpose in the present paper is to improve this estimate by showing that in fact p. can be
decomposed as the sum of two terms: the first one is of order 1/e with respect to Vp. but it
belongs to the Sobolev space W and not only to L?; the second one only belongs to L but it
is of order one with respect to Vp.. This result also allows us to improve the classical estimate
for Korn’s constant in an elastic thin domain providing a decomposition of the deformation
which contains terms with a stronger regularity. The advantage of these expansions is that
they simplify the study of the asymptotic behavior of continuum mechanics problems in thin
domains since they give an additional compactness. As examples we provide two applications
in fluid mechanics and linear elasticity.
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1 Introduction

In order to obtain an estimate for the pressure of a fluid in a given domain, it is usual to apply
the following result (see e.g. [17], [23], [24]): for every smooth connected bounded domain
Q) C RY, there exists C' > 0, such that for every p € L*() with null mean value on €2, one has

pllr2) < ClVPlE-1(@)~- (1.1)

However, this constant C' depends on the geometry of 2 and then, if we deal with a sequence
of partial differential problems in varying domains, it is necessary to study the variation of this
constant with respect to the domain. An important example is the case of problems posed in
thin domains. To fix ideas let us consider two smooth connected bounded open sets w C R*
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and ¥ C RV7% with N > 2,1 <k < N — 1. Then, for a small parameter € > 0, we define the
sequence of thin domains €. C RY by

L= wx (20). (1.2)

In this case it is known that the corresponding constant in (1.1), which we now denote as C.,
can be estimated by

C. < g (1.3)

with C independent of . As a classical application, we consider the Stokes problem in 2.
—Au, +Vp. = f in €,

divu, =0 in €.,

u, =0 on 0€),,

with f € L?*(w)". Multiplying the first equation by u. and using that the Poincaré constant in
Q). is of order £ we easily deduce

1
8—27[ | Du.|*dz bounded,
Qe

where f;, vdz denotes the mean value ‘Q—IE‘ Jo, vdx. Then (1.3) shows that choosing p. with null
integral, we also have

|pe|*dx bounded.

Qe
This proves that, at least for a subsequence, there exists p € L?(w) such that (we use the
notation =’ = (x1,...,2%), 2" = (Tgs1,-..,ZN))
][ p-dr” —p in L*(w). (1.4)
el

It is well known that in fact it is not necessary to extract any subsequence and that the function
p is the solution of the Reynolds problem

{ —divM (Vp—f) =0 inw,
(1.5)
M(Vp—f)-v=0 ondw,

with f" = (f1,..., f), v the outward unitary normal vector to w and M € R* a definite positive
symmetric matrix which depends on 9. By (1.4) we expect p to only belong to L?(w) but
since it is the solution of (1.5) we get surprisingly that p is smoother: it is in H'(w). This
phenomenon of regularity gain also appears in several other related examples.
Our aim in this paper is to show that in fact the estimate
C 2
Il < SNl s po € ). [ pede=o

€

for Q. as above can be improved. Namely, we show that if p. € L*(£2.) has null mean value,
then it can be decomposed as

1 /
pe(x) = gpg(oc )+ pi(z) ae x €9, (1.6)
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with p! € H'(w) and p! € L*(Q.) satisfying

12N ) + P2l 2200y < ClVPell-10, (1.7)

with C independent of € and p.. Applying this result to the previous example, we get that p!
can be neglected because

][ pPde < C&,
Qe

and that p is the limit in the weak topology of H!(w) of the sequence pY/e. So, the fact that p
is in H'(w) is just a consequence of the decomposition theorem, without the need for p to be
the solution of any partial differential problem.

Our results refer to more general domains ). than the one described by (1.2) (see the
beginning of Section 3 for the precise assumptions) which include thin domains with rough
boundaries. Besides, more generally than the Hilbert framework p. € L?*(€).) we just consider
pe € LI(Q,) with 1 < ¢ < co. A similar result was obtained in [11] in a simple framework.

A well known important application of (1.1) is that it provides an easy proof of Korn
inequality in elasticity. In this way, we use the previous decomposition result (1.6), (1.7) to
get a decomposition for a sequence of elastic deformations u. € WH4(Q.)". For €, defined by
(1.2) (the result holds for more general domains) the decomposition reads as

"
—Dx/ug(x’)tx—
us(x) = ¢e(x) + c +v.(x), ae. x€Qy, (1.8)

x//

1 Of,./ /
- Z(2)=—
~u2w) + Z()

where ¢, is a rigid displacement, i.e. ¢.(z) = a.+A.x with a. € RN, A. € RV skew-symmetric,
v. belongs to WH(Q,)N, Z. belongs to W4(w)W ~R)? and is skew-symmetric and the sequence
u? belongs to the space of smoother functions W24(w)¥=*_ Moreover, we have

HugHWQ"Z(QE)N—’c + HZEHWLQ(QE)(N—’C)Q + HUEHW17‘1(QE)N < CHQ(UE)HLq(QE)N%

where as usual, e(u.) denotes the symmetric part of the derivative matrix of u., and where the
constant C' does not depend on u. or ¢.

In the case N = 3, k = 1, 2 some similar decompositions to (1.8) have been proved in [6] and
[18] but in these results all the terms are in the space W'4(€.). Here the main novelty is the
stronger regularity u? € W24(w)N=*. This is related to the fact that the classical models for
elastic beams and plates correspond to fourth order equations whose solutions are in W%9(w).

The main interest of the results stated above is that they allow us to simplify the study of
the asymptotic behavior of continuum mechanics problems posed in thin domains which can
have a rough boundary. The presence of terms with a stronger regularity in the decompositions
(1.6) and (1.8) provides an additional compactness which allow us to easily pass to the limit
in the product of some terms which other would only converge in a weak topology. As an
application we consider in Sections 5 and 6 of the paper the following two examples:

In the first example we study the asymptotic behavior of a viscous fluid in the rough domain

x’ x
Q. = {(:c’,azg) cwxR: g\h(;) <ry < 5\1&(;)} ,
where w is a smooth bounded open set in R? and ¥,, U, are periodic Lispchtiz functions.
In the second example we consider an anisotropic non-homogeneous elastic beam whose
geometry is more general than (1.2) with & = 1. For this example our results extend the ones
obtained in [20] (see also [9], [12], [16], [25]).



2 Some notations and definitions

e We denote by {ey,...,ex} the usual basis in RY.

e For K, N € N, N > 2, k < N, we decompose the elements x € RY as z = (2/,2")
with 2/ € R¥, 2”7 € RV=*. By 2/ and 2” we also denote generic points in R¥ and RV~*
respectively. Confusions are avoided by the context.

e We define 7' : RV — R¥, 7”7 : RN — RN=* as the projections of RY into R¥ and RN =¥
respectively, i.e.
m(x) =1, 7'(x)=2", Va= (2 2")cR",

e By By(n,7) and By(n,r) we denote the open and closed ball of R? of center n € R? and
radius 7 > 0.

e Given h > 0, § € (0,7/2) and a unitary vector £ € R¥, we denote by C(¢, h, 8) the open
cone of R¥ with vertex at the origin, angle 20, height h, and axis in the direction of &,
ie.

C(¢ h,0)={2 eR" : |Z/|cosf <2’ & <h}.

e For m € N, we denote ]Rff and RZIZ the space of symmetric and skew-symmetric (or
antisymmetric) m x m matrices. We also use the indexes s and a for spaces of functions

with values in the space of symmetric or skew-symmetric matrices respectively. For
example LP(Q)™ and L?(Q)" denote the spaces LP(Q; R”) and L?(Q; R™") respectively.

S

e Given a mesurable set A C R, we denote its d-dimensional measure by |A|;. When the
value of d is clear by the context, we simply write |A|. We denote f, v da the mean value

‘7}| fA vdx.

e For u € WH9(©)™ with © C R™ open, m > 1, we denote by Du the derivative of u, and
by e(u) and a(u) the symmetric and skew-symmetric parts of Du, namely

e(u) = % (Du+ Du"), a(u) = % (Du— Du").

e (' > 0 denotes a generic constant which can change from line to line.

e O. denotes a generic sequence depending on the positive parameter € which tends to zero
when € goes to zero. This sequence can change from line to line.

3 Decomposition results for the pressure and the elastic
deformation in thin domains

The goal of the present section is to state the main results of the paper which, as announced

in the introduction, are concerned with a decomposition result for the pressure of a fluid and

for the elastic deformation of a solid body in a domain €2, of thickness of (small) order €. The
proof of these results will be carried out in Section 4.

We start by stating the precise assumptions that we impose to the sequence of thin domains.

For ¢ > 0 we denote by €. an open set of RY and we define w, and B (', ¢) by

we = 7 (), (3.1)
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B(x',e) = {z €N, : ¢ Bk(a:’,s)} <: Q.N (Bk(a:’,s) X RN_k)>, V' e w:. (3.2)
We assume that

i) There exist 7, R > 0 such that for every ¢ > 0, we have

we X By_1(0,7€) C Q. C we x By_(0, Re). (3.3)

ii) There exist h > 0, 6 € (0,7/2) such that for every € > 0 and every 2z’ € w; there exists
¢, € R* with |¢/,] = 1, which satisfies

2+ C(¢,eh,0) Cw., V2 € By(x,e)Nw.. (3.4)

iii) There exist A > 0 and g > 1 such that for every € > 0 and every 2’ € ¢, we have

’ Pe — ][A Pe dz
B(x' )

Remark 3.1 Taking into account that for a smooth, connected open set the norm in LY of a
function can be estimated by the norm of its gradient in W14 (see e.g. [17], [23], [24]) an
elementary example of Q. satisfying (3.3)-(3.5) is given by

 SAMIVPlyaBE ey Vee € LUB(E ). (35)
La(B(z'e))

Q. =w x (e9), Ve>D0, (3.6)

with w C R¥, 9 C RVN=* connected Lipschitz open sets such that 0 € 9.

Assumptions (3.3), (3.4) and (3.5) given above hold true for domains which are much more
general than (3.6). For example we can take w and ¥ in (3.6) varying with . Specially, we are
interested in the case of rough domains, some examples of which are given in Sections 5 and 6.

Our first result is the following theorem which provides a special decomposition for any
function whose gradient is in W~=19(Q.)N.

Theorem 3.2 Let ). be a sequence of open sets in RY (not necessarily bounded) satisfying
(3.3), (3.4) and (3.5). Then there exists C > 0 such that for every e > 0 and every p. € LI(€.)
there exist p° € H'(w.) and p! € LI(2.) which satisfy

1
pe(x) = gpg(x’) +pi(z) ae x €, (3.7)
Nk 0 1
e 7 VoLl paqar + [Ipellza@e) < ClIVpellw-1a@. - (3.8)
Moreover, p° and p! can be chosen linearly dependent on p..
Remark 3.3 Since p? does not depend on " and (3.3) is satisfied, we can also write (5.8) as

VD2 ey + 1Pt o) < ClIVPEllw-1rago)- (3.9)

The function p? which we obtain in the proof of Theorem 3.2 is not only in H'(w.) but in
C>(w.). However, we can only estimate the norm of p? in H'(w.).

Inequality (3.8) only provides an estimate for Vp? and not for p?. As usual (for w. connected
and bounded) we can also estimate p? in L?(€.) if we take p? with null mean value, but for this
purpose we need to assume that a Poincaré inequality holds in w.. The corresponding result is
given by



Corollary 3.4 Let Q. be a sequence of connected bounded open sets in RN satisfying (5.3),
(3.4) and (3.5). Let us also assume that there exists C' > 0 such that

Hw6 —][ w, dz’
We

Then, there exists another constant C' > 0 such that for every e > 0 and every p. € L%(£).)
there exist p° € H'(w.) and p! € LI(2.) which satisfy

< O\ Vwe || paguoyr,  Yw: € WH(w,), Ve > 0. (3.10)

L (we)

1
pe(x) = ][ p.dz + Epg(x') —I—p;(x) a.e. x €, (3.11)
Qe

N

—k
e o [Plwragen + I llzeg.) < ClIVPEllw-raan- (3.12)

Remark 3.5 Corollary 3.4 proves in particular the existence of C' > 0 such that

DPe — ][ Pe dx
Qe

In fluid mechanics, this is the classical estimate for the pressure when one deals with a thin
domain of thickness €. However, Corollary 3.4 provides a more precise information. The term
1/ep? which appears in (3.11) is estimated not only in LI(€2.) but in WH1(Q.). Moreover, it
only depends on x'. To this term we need to add pl which is just in LY(S).) but it is of order
one.

C
< ZAIVpellw-raay, Ve € LI(Q), Ve > 0. (3.13)

L9(2e)

It is well known that the estimate of ||p.||Ls(q.) in terms of ||[Vp. |y 1.4y~ can be used to
prove Korn’s inequality. In this sense, we can use Theorem 3.2 to prove

Theorem 3.6 Let . be a sequence of connected open bounded sets in RN satisfying (3.3),
(8.4) and (3.5). Let us also assume that there exists C' > 0 such that

st — ][ w, d7’
We

Then there exists another constant C' > 0 such that for every ¢ > 0 and every u. € WhH4(Q. )N
there exist a. € RY, A. € R)”, ul € W29 (w)NF, v, € WH(Q)Y, and Z. € W (wo) N
which satisfy

< CvaeHW*Lq(wg)’“u Yw. € Lq(wa), Ve > 0. (314)
L (we)

i
— D)
g

us(x) = a. + Acx + .| T ve(2), (3.15)
T
gug(a?/) +Ze(a')—
N-k N-k
T natoy s + 7 1 Zll g yovms + el < Clletu) e (3:16)

0

o Ve, and Z. can be chosen linearly dependent on u..

Moreover, a., A., u
Remark 3.7 Theorem 3.6 in particular proves the existence of C' > 0 such that
C 1,9 N
|ue — a: — Azl oy < ;He(us)HLq(QE)Nz, Vu. € WH(Q)", Ve > 0.

In linear elasticity problems, this is the estimate for the displacement when we deals with thin
domains of thickness €. However, Theorem 3.6 provides a more precise information. It shows
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that the terms with derivatives of order 1/e have a very particular structure, and that they
correspond to a Bernowilli-Navier displacement and a torsion term given by

"
— Dyl () 0
) < and AN E
Z (2=
gug(w’) () -

respectively. Related results for N = 3 and k = 1,2 have been obtained in [6] and [18]. The
main difference is that our function u belongs to the Sobolev space W9 (w.)N=F  while the
corresponding function in these references only belongs to Wh4(w,)N=*.

4 Proof of the decomposition results stated in Section 3

Let us now prove in this section the results stated in the previous one. We start with the proof
of Theorem 3.2.

Proof of Theorem 3.2. The proof is divided into 5 steps. The first one is devoted to construct
a suitable partition of the unity of @.. This is necessary to deal with assumption (3.4) where
the vertex and the axis of the cones vary on dw.. In the second step we define a certain mollifier
sequence associated to the partition of the unity defined in Step 1. In the third step we use
this mollifier sequence and the partition of the unity to define the functions p? and p! in the
thesis of Theorem 3.2. In the fourth and fifth steps we prove estimate (3.8).

Before of starting the proof, we remark that in assumption (3.4) h can be chosen as small
as we want. Thus, it is not restrictive to assume in the following that

1

Step 1. Let us prove that there exists m € N which only depends on k such that for every e > 0
there exists a set of indices I. at most countable and points z_; € &, i € I, satisfying that

w: C | Bi(al, e/4), (4.2)
icl.
and
card({i € I. : By(al;,e/2) N By(al,,e/2) #0}) <m, Viel, (4.3)

i.e. each ball By(xl;, ¢/2) intersects at most m balls. Moreover, there exist ¢! € C*(w),
1 € I, such that

. , L Co :
supp(¢.) C Bi(zl;,€/2) Ny, 0<¢. <1, |05¢:] < Ty 1B w., Vae NF Viel, (4.4)

d ¢l=lingwy (4.5)

i€le

where C,, is a positive constant independent of ¢ and ¢, but depending on a.

For the proof, we apply Vitali’s covering theorem to the closed balls By(z’,/20), with
' € w.. It gives the existence of a set of indices I. at most countable and points x’“ € W,
i € I., satisfying (4.2), and such that the balls By (. ;,¢/20), i € I., are disjoint. In particular,
this proves the existence of m depending just on the dimension % such that (4.3) holds.
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Now, for ¢ € C®(RF), 1 > 0, supp(¢)) C By(0,1/2), and ¥ > 0 in B(0,1/4), we define

), cbi(m’):%, Ve €w;, Vi€ L. (4.6)

i€l

/ /
xr — iUE’l

W) = v (

9

Then, it is easy to check that (4.4)-(4.5) hold true.
For the following, we observe that (4.5) also implies

> 06 =0 inaz, Vje{l-- k} (4.7)
i€l

/
£,0)

Step 2. Associated to the points z’ ., i € I, of Step 1, we denote

CL = C(&y ,ch,0) x By 4(0,7¢), Viel >0, (4.8)
with &, , h and 6 given by (3.4).

Let us prove that for every ¢ > 0 and every i € I, there exists pl in C2°(R") satisfying

|

Pe dr = 1, / X Pe dr = O7 ||Pg||L°°(]RN) + €||vp6||Loo(RN)N S N (49)
RN RN 9

where C' does not depend on ¢ or 1.
In order to prove this property, let us first show that there exists p € C°(By(eq,sin))

such that
/ pdy =1, / ypdy = 0. (4.10)
RN RN

Once this is proved, taking P! : RY — RY a rotation such that P/(£, ) = —e;, we get that

1) = e (2 ().

satisfies (4.9). To show the existence of a such p € C®(By(e1,sinf)) satisfying (4.10), we
define L : C>°(By(eq,sinf)) — R by

Ly = (/RNwdy, /RNyz/de> , Y e CX(Bn(er,sind)).

Our aim is to show that L is surjective. For this purpose, we take (ag,a) € Range(L)*, then

/(ao—i—a-y)wdy:(), Vi € C°(By(e,sinb)),
RN

which shows that ag + a - y vanishes in By (e, sinf) and then that (ag, a) = (0,0). This proves
that the orthogonal of Range(L) is the null space. Since Range(L) is closed because it is of
finite dimension we get L surjective.

Step 3. For every € > 0 and ¢ € I., we denote
. . e
B! =w. N By(z.;,e) CR*, E! :wamBk(x;i,é) C R*

B = {r e : a2’ €By(al,e)} CRY, E = {x cQ. 2 ¢ Bk(x’g,i,g)} C RY,
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and we take ¢! € C*°(w;) and p. € C°(RY) as the functions given in Steps 1 and 2 respectively.
Then, for p. in L4(€.), with ¢ > 1, we define p? € C*(w.) and p! € LI(Q.) by

—gzng Lxp)(a',0), Vi e, (4.11)
el
1
pi(z) = p(x) — =pP(z'), V= (,2") €y, (4.12)
€
where as usual
(pL *p)(2,0) = / p(W)pl(x' — o, —y")dy, Va2’ €wg, Vi€ L. (4.13)

Observe that p? and p! depend linearly on p.. Our aim is to prove that these functions
satisfy the results stated in Theorem 3.2. Equality (3.7) is evident. Thus we just need to prove
estimate (3.8).

We define 7. as the unique solution of

—div (|Dn.|""2Dn.) = Vp. in Q., 0. € Wi (2.)V. (4.14)
The existence of 7. follows from (3.3), which implies Poincaré’s inequality
[oll 2o eryw < CellDoll g w25 Vo € Wy ().

The introduction of 7. is necessary to estimate the norm of Vp. in the negative Sobolev
space W~14(Q,). Observe that 7. satisfies:

IVpellw ooy = |1Dnell?,) ()N (4.15)
IVPellw-1a0 < I1DREl i) YO Qe open. (4.16)
Thus, to show (3.8) (see also (3.9)) it is equivalent to prove the existence of C' > 0 such that
P2 lcecay < CIDRILL, e (4.17)
V2l ooy < CIDRNG 7 v (4.18)

These estimates are proved in the remainding two steps.

Step 4. Proof of (4.17): For every € > 0 and i € I., we set

mé:][A.psdz.

Thanks to (3.4), (4.5), (4.9), (4.11) and (4.12), we can write
— Z ¢ (") (pe(z) )+ Z P (x (m! —p))(2',0), ae x€Q.. (4.19)
i€l 1€l

By (4.4) and (4.5), the first term on the right hand side is a convex combination of the terms
p. —m', with i € I.. Using also (3.5), (4.16), (4.4) and (4.3), we have

/QE Zqﬁl x) —my) dx<2/ |pe(z) — my|?dx

i€l, iel, (4.20)
<O |IVpell? - La(BiyN <0y ||D77e||qu By = C||Dﬁa||Lq @)

i€l el




For the second term on the right hand side of (4.19), a similar reasoning using convexity, (4.4),
(3.3), (3.5), (4.9), (4.16) and (4.3), provides

/ d:p<2/‘p€ (m! —p.)) a:()‘qu

Z(bz pa m —p.))(2',0)

i€l i€l
<Y LB (oL (me =) (0 ) < CEN Y P2 e Iz = Pell T (4.21)
i€l i€l
<CY Ve, ., BN S < C|Dne|?,
ZEIE

From (4.19), (4.20) and (4.21) we get (4.17).
Step 5 . Proof of (4.18): By (4.5), (4.7), (4.9) and (4.11) we have
Vopl(a') =) Vadl(a')(pl* (pe —mb))(a',0) + Y Vadla') (mi —p(x))

i€le i€l

+e 3 Gl@) (Vapl#p.) (1,0, ae. z € Q.

1€l

(4.22)

To estimate the first term on the right hand side we reason similarly to (4.21) using Holder’s
inequality combined with (4.3), instead of convexity. We get

q

Z Va 2(33/) (pé * (ps - mé))(x’, 0) dzx

( —m)) (2, 0)]4 dx 4.23
</, (Z'V gl ) 2 X:(@) ), 0))d (423)

el

¢ i i / c q
<S>0 [ 16k e =m0 < SIDnY, g

For the second term on the right hand side of (4.22), we use again Hoélder’s inequality
combined with (4.4), (4.3), (3.5) and (4.16), which provides

|13 9@ o) = m)
(4.24)

i€l
For the last term in (4.22), we define for every o’ € By(x.;,¢/2), the function ht by hi(y) =
pi(z’ — o, —y"). By (4.9), (3.4) and (4.1), it has support contained in (z/,0) + €. C B! and
satisfies

dx < = Z |pE m!|%dx < —HDWEHM @)

S

i i Pi|1/q’ c
||hs||W017‘1'(Bé) < ||vps||L°°(RN)N|B5|1/q < €%+1-
Using this function, for every j € {1,--- , k}, we have
‘(%pﬁ «p.)(a',0)] = ’ / Oy, p(a’ — ey dy‘ ‘ / Or,pL(a" =y, —y")p:(y)dy
Qe (!, 0)+€Z
- ‘_/u s dy‘ = (0o M) sagawprian| < FHWEHW—W%N'
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From this estimate, using convexity, (4.3) and (4.16), we deduce

J.

This inequality combined with (4.22), (4.23) and (4.24) proves (4.18).

q

p C
1 < e S UBDRIL, s < SR

ZEIE

D L) (Varpl % pe) (@, 0)

i€l

O

Proof of Corollary 3.4. For every ¢ > 0 and p. in L(€).), we consider the functions
p? € C*°(w.) and p! € L().) given by Theorem 3.2. We define ¥ € C*°(w.), p! € L1(.) by

(") = p2(a) —][ pldz, ae. 7' €w; pr(r) = pl(x) —][ pidz, ae. x €.

Thanks to (3.8), we easily deduce that

b o0 ~1
e 0 VBl paqar + 1P llzas) < ClIVpellw-rai@o)-
On the other hand, thanks to (3.3), Holder’s inequality, (3.10) and (3.8), we get

q q
MKy < C [ | sta: p— it
BN —1(0sre) Jwe e e
q
SC/ p?—][ pd¢’ dw+0/ ][pgdz—][pg
€ € q € € (>
<c [ [p° —][ pd¢’ (pg — ][ deC’) dz
Q. we Q. We

<C / pg—f | ds < CNHITHIL, e < CITRI s

de'dz" < C dz

Qe

q

Using then that by (3.7), we have
1 :
Pe ][ pedr + ps +pe inQ,

it is enough to rename p° as p? and p! as p! to finish the proof. O

Let us now start with the proof of Theorem 3.6. We need some preliminary lemmas

Lemma 4.1 Let O C RY be a bounded open set and q € (1,00) such that there exists C > 0

satisfying
u— ][ udx
o

u—][udx
16

Proof. It is enough to use that for every u € W14(0), we have

< CHVUHW—L‘I(O)N, Vu e LY0). (4.25)
La(0)

Then, we have

< Cdiam(0)||Vul| oy, Yu € WH(O). (4.26)
Li(0)

\V4 d
/ hredt IV ull ooy 2]l oy
IVel-raion = (e S ’
@EW(}Q N 90 1q )N LpGWOLq/(O)N 90 Wol’q/(O)N
90750 p#0

11



where thanks to Poincaré’s inequality, we have
||SD||L‘1/(O)N < dlam(0> ||90||W01»‘1'(O)N’

and then
HVUHW—L«;(O)N < diam(O)HVUHLq(o)N-

Using this inequality in (4.25) proves (4.26). O

Lemma 4.2 There exists C > 0 depending only on N such that for every open set O C RY
and every u € LY(O)N, with e(u) € LY(O)N’, we have

D%l yy1agoyns < Clle(w)ll ooz (4.27)
Proof. It is a classical result which just follows from
3i2jur = Oie(u)jr + 0je(u)ir — Ore(u)ij, Vi, j,re{l,...,N},Vu € wha(O)yN
OJ

A first decomposition result for a sequence u. in the conditions of Theorem 3.6 is given by
the following lemma.

Lemma 4.3 Let Q. be a family of bounded domains in RN which satisfy (3.3), (3.4), (3.5)
and (3.14). Then, there exist C > 0 such that for every u. € Wh(Q.)N, there exist 4! €

W24 (w )Nk w. € WH(Q)N, B. € R and S. € WH(w)" ™ such that

B.a' — Di(2/)'
us(z) = | EH +w.(z), a.e x€Q., (4.28)
x
e / SE AN
ZUe () + Se(a) —
& T 1D gy w2+ DSl gy + 1Dl oz < Clle(@e)ll oy (4:29)

Proof. We divide the proof in seven steps.

Step 1. For u. in WH4(Q )V, we define 4. € C*(w.)" by (in the statement of Lemma 4.3 we
just use the last N — k component of this function)

= 5Z¢ )(p! xu)(2,0), Vi’ € w., (4.30)
i€l

where ¢! and pi, i € I, are given in Steps 1 and 2 of the proof of Theorem 3.2, respectively.
Let us prove the following estimates

1
&ug - —&fce
3

< Clle(uo)ll g yve: Vi € {1,... .k}, (4.31)
La(Qe)N

10% || Loyn < Clle(ue) |l paoyns Visg € {1, K} (4.32)

We start deriving 4. with respect to z;, i € {1,...,k}. Taking into account supp(p’) C —C.,
(4.8) and (3.4), we have

Oriie(2') = £ > ¢L(a)(ph % D) (', 0) + &Y 0idl(a') (pl * ue) (2, 0), (4.33)

lel. lel.

12



for every o’ € w. and every i € {1,...,k}. We observe that the first term in this decomposition
agrees with the expression of p? in (4.11) applied to d;u. (which is now a vectorial function)
instead of p.. Then, thanks to (3.9) and (4.27), we have

Oiuy — Zqﬁ *8u5 )(+,0)

lel.

(3 6Lt o)) (,0)

lel.

< C||DOsue|[w-1a(0.y < CHe(Ue)”Lq(Qg)N% (4.34)

L1(Q )N

C C
| < DOl oo ywr < Zlle()llpaqpnzs (4:35)
L1(Q )N

for every ¢ € {1,...,k}. Thanks to (4.34), (4.35) and decomposition (4.33) of 0;i., in order to
prove (4.31) and (4.32), it is enough to show

> 0 (pl # ue)(-,0) < Clle(ue) | puqnes Vi€ {1, K}, (4.36)
lel. La(Q)N
l ¢ :
(Z@gb L, )(, 0) < —lle()llga s Vi€ {L kY (437)
lel. La(Q )Nk

The proof of these estimates is carried out in the following two steps.

Step 2. Proof of (4.36): We define ¢!, [ € I, ¢ > 0, as
o () = ue () —][ usdz — 4 Du.dz (x —][ zdz) , ae T € Q.. (4.38)
Bl Bl Bl

An estimate for this function in L(Bl) can be obtained as follows: Using that the integral of
oL vanishes in B!, (3.5) and (4.26), we get

q
l|qd:c < (et ! ‘q dxr = C’eq/ Du, — Du.dz| dzx,
Bl Bl Bl

where we observe that (3.5) and (4.27) also imply

/ Du, — 4 Duds| dz < e (L, e V>0, VIEL. (4.39)
Bl Bl
Thus,

llq dr < C’gq||e(u5)||qu (BLN? Ve>0, Viel. (4.40)

Taking into account the second and third statements in (4.9), we have

(P! u) (2, 0) = (p x ) (2, 0) +][ u.dz + 4 Dgucdzz' —+4 Du.dz ]/ zdz
AL Bl

Bl Bl

= (pl x L) (2’,0) +][ u.dz + 4 Du.dz <x — 7[ 2 dz) —+ Dgrudzz”.
Bl Bl Bl Bl

13



Then, using (4.7), we can write a.e. in Q.

> 0k (ph xue)(2,0) =Y Digk(pl + L) (a',0)

lel. lel.

+ Z @gbl (][ usdz + Du.dz <x — ][ z dz) — ua>
lel. Bl Bl

— Z 8 ¢l < Dxuuadz — Dx//’ua) ﬂ'}” (441)
lel.

- Z 0; ¢l e ¥ 905 Z az¢l
lel. lel.

+ Z algb ( //UE ) — A Dz”ugdz> Qj‘”

l
lel. B

In the first term of the right-hand side, using (4.3), (4.4), Holder’s inequality, (4.40) and
reasoning as in (4.21) we deduce

/ Z@qf)l pLx ) (2, 0) dx<—Z/ | px o) (2! O|qu
Qe lele lel: (442)
C
SQIZI:W\H( PLx00) (5 )| gty < Clleall g, g n
€l

A similar reasoning also provides the following estimate for the second term in the right-hand

side of (4.41)

Finally, in the third term term in (4.41) we use (4.4), (4.39) and |2”| < Ce, for every (2/,2") €
Q., to get

2B

lele

wely s < Cletul g, - 1.4

lele

q

> gl (Dx//ug(x) 4 Dx/,usdz)x// dr < Clle(ue)l|7, o v+ (4.44)

lel. B

Taking into account (4.42), (4.43) and (4.44) in (4.41), we deduce (4.36).
Step 3. Proof of (4.37): For every i,j € {1,--- ,k}, Using (4.9) and (4.7), we have

0,( 2 06tlol w u)(,0)) = 3200k (oh # )0

lel; lel:
(4.45)
—i—Z@qu p5 8u€ ][ausdz 2’ O—f—Z@ng f@usdz 8u€>
lel,

The first term in the right-hand side is similar to the term we estimated in (4.36). Taking into
account that now |0;;¢L| < C/e?, we get

Z@Ml cxug) (s, ))

C -
< EHe(uE)HLq(QE)N27 Vi,j € {17 R k} (446)
lel:

La(Qe)N

14



In the second term in the right hand side of (4.45) we reason as in (4.42) by using (4.39) instead
of (4.40). This gives

Z@Zqﬁl pLx (Oju. — ][8u€dz ,0)

lel:

C -
< EHe(ue)HLq(Qs)N27 Vi, g € {1,...,k}. (4.47)
La(Qe)N

For the third term in the right hand side of (4.45) we just use (4.3), (4.4) and (4.39) to get

Z@Zgbl 8u€ f@uadz

lel,

C .
<l Vig € {L k). (448)

La(Qe)N

Equations (4.45), (4.46), (4.47) and (4.48) give (4.37). This finishes the proof of (4.31) and
(4.32).

Step 4. Let us prove the existence of C' > 0 independent of € such that the following partial
Korn’s inequality holds

< Clle(ue) | paoynz, Vi, j€{1,...,k}, Ve>0. (4.49)
L9(Q)

(9ju€7i — ][a(us)ijdz

Indeed, taking into account (4.31), it is enough to show that a similar inequality holds for
u. replaced by .. Since this last function does not depend on the variable z”, the result is a
simple consequence of (3.14), (4.27) and (3.3), which prove
][ e(ﬁa)i]—dz

+\

8]'{1,5,1' — ][a(ﬁa)ijdz

8]-21871' — fajﬁaﬂ'dz
We

.

L9(2e)

][a(aa)wdz — ][a(ﬂe)wdx
][ ‘ a(te); 7[ us)ijdx’dz

< C'&“NikHe(ﬁs)HLq(ws)k2 < CHe(ﬁE)”LQ(Qs)N2'

L9(9) L1(Qe)

(4.50)

<ol

L4(we)F? ’ LI(Q.)

Step 5. We define w.; € W(Q,), i € {1,...,k}, e >0, by
We i(7) = uei(x Z][ a(ug)iydz . + — Z it r(2') 2, ae. x € Q.. (4.51)

r=k+1

Let us prove that there exists C' > 0 independent of ¢ such that

IVweillzoas < Cllewo)laawes Vi € {1,... .k}, Ve > 0. (4.52)

To estimate djw.;, with j € {1,...,k}, we use (4.49), (4.32) and |z,| < Ce, for z € .,
re{k+1,...,N}. We get

< Clle(us)| v (4.53)

L3(9:)

||ajwa7i||Lq(QE) =

N
1
Ojue; — ][a(ua),-jdz + - Z 02 Ue Ty

Qe r=k+1

15



The estimate of d;w.;, j € {k+1,...,N}, i€ {l,... k}, just follows from (4.31), which gives

1,
10jwe || Loy = ||2€(ue)i; + gaius,j — OiUe

< OHG(UE)“L‘I(QE)NQ’
La(Qe)

This finishes the proof of (4.52).

Step 6. For € > 0, we introduce S, € C’O‘”(wg)((f\%)2 as

Se(a')ij =2 Y dh(a)(pl # Ojue,)(2',0), Vo' €w. Vije{k+1,... N} withj<i, (4.54)

lel.

and w.; € WH(Q,), i € {k+1,...,N}, by

N
1 1
Wei(2) = uey(x) — gaw.(x') - - > St)ipwn, ae x€Q, Vie{k+1,... N} (4.55)
r=k+1

The function (S.);; agrees with the expression of p? in (4.11) applied to d;u., instead of p.
for j < i. Thanks to (3.9), Lemma 4.2, the definition of e(u.) and S. skew-symmetric is then
simple to show

1 o
Ouei — (S| < Cllelwlpuoynrs Vi€ k41 N}, (456)
© L9()
IV (Se)ijll ooy < CHG(UE)HLQ(QE)NQ? Vi,je{k+1,...,N} (4.57)
Let us prove that w,; satisfies
IVweill Loy < Clle(ue)llpoqyve, Vie{k+1,..., N} (4.58)

By (4.56) we have

1
||ajwa,i ajua,i - E(Sa)ij

< Clle(ue)lpuqyve: ¥ioj € {k+1,...,N}. (4.59)

HLq(QE) L9(9e)

For the partial derivatives of w. ;, with respect to the k first variables we use

N
1 1
@-wm(x) = 8ju57i(a:)—g(9jﬁ5,i(x')—g Z 3j55(x’)ir Ty, a.e. r € QE, VJ € {1, e k‘} (460)

r=k+1
Then, by (4.31), (4.57) and |2"| < Ce, for (2/,2") € Q., we get

10jweillLao.y < Clle(ue)ll o vz Vi€ {1k}, Vie {k+1,...,N}, Ve > 0. (4.61)

Step 7. From (4.51) and (4.55), we have

( k N
Z][a(ue)irdz Ty — Z Ot (") % +w.i(x), ifie{l,... k},
_1 J Qe _
uei(z) = 11 N r=k (4.62)
“tieq(a) + D (So)in(a!) % + w.i(z), ifie{k+1,...,N},
\ T:k+1
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for a.e. x € Q., where (4.32), (4.52), (4.57) and (4.58) prove

N

—k . N—k
T NDP pasivowe +€ T DSl payov-oe + 1Dl gy < Clleuo)ll gy (4-63)

for every € > 0. Taking then

-----

we get (4.28) and (4.29). O

Proof of Theorem 3.6. From Lemma 4.3 and assumption (3.14) it is enough to take

1 / 1 1 1
a. = whdy, a’:= —/ W dy — —/ Dﬂ”dy// y'dy + w” dy
§ €2 | Q. : : | e | we : |we |2 we : we €2 | Q. i

1
/ (D) da’
€|w€| We

1 1
/ Dudy' / Sedy’
€ |we| We €|we| we

1 1 1
W)= i) - o [ty = [ pitay (v - [ yay),
|we| Joo |we| Jo |we | Joo

B. —
A =

1 1
2w) =) - o [ Sy )= we) - [y
|we| o 19| Jo.
a.e. T € ()., to get the result. O

5 Application to the behavior of a fluid in thin domains
with oscillating boundaries

In this section we assume that N = 3 and we denote by Y’ = (—1/2,1/2)? the unitary cube of
R2.

For a connected bounded open set w C R? with boundary which is locally a Lipschitz
continuous graph, and for ¥,, ¥, € WH(R?), Y'-periodic, with ¥, < ¥, (where b refers to
bottom and ¢ to top) we define

£ S

/ /
QE:{(.T/,xg)EUJXR : el (2) < x3 < eV, <£>}, Ve > 0. (5.1)
Figure 1 corresponds to the case

Wy (y) = cos (27T(y1 + 3/2)) +0.5cos(2my2),  Vi(y) = 2+ Wy(y),

and ¢ = 0.2. Our aim in this section is to study the asymptotic behavior of the solutions
(ue, pe) of the Navier- Stokes problem in €.

—pAu, + (Us ’ V)ue +Vp.=f inQ,

divu, =0 in €,

(5.2)
us =0 on 02, / pedr =0,

17



8 000
o volke

Figure 1: The domain €2,

where the viscosity pu is strictly positive and the external force f = f(z’) is assumed to belong
to L?*(w)3. Some related problems have been considered for example in [4], [5] and [7].
We introduce the following notation:

The canonical basis in R3 is denoted by {e!, e?, e}.
The sets A,Y,T" C R? are defined by

A:{yERg’ CU(Y) <ys < WU(y)} Y:{yéf\: y’EY’}, fz{yG@fX: ueY'}.
The spaces Lf(f/), Hﬁl(f/), H&ﬁ(f/) are defined by:

L?(f/) = {71} e L2 (A): / |wPdy < +oo, WY + kK, y3) =w(y), VK €Z* ae. yc ]\},
v

loc
HAY) = {w e HL(A): @ e LAY), Vi e Lg(?)N},
Eﬁdﬁz{@éﬂﬂ?%1ﬂz00nf}
Our main result is given by the following theorem

Theorem 5.1 Let (u.,p.) € Hi()? x L%(Q.) be a solution of (5.2) for f € L*(w)3. For
i =1,2, there exists a unique solution (W', 7*) of the so called cell problem

—pAW + Vit =e' in A,
divi' =0 in A, (5.3)
W' € Hy,(Y)?, 7 € L;(Y)/R.

Let A € R?**? be the matriz defined by

Ay = u/ D' : Da'dy, i,j € {1,2}. (5.4)
Y

18



Then, A is a positive definite matriz. Defining p as the solution of the Reynolds problem
—divy (A(Vm/p - f’)) =0 inw,
(5.5)
A(Vyp—f)-v=0 on dw, /pdx’ =0,

and @ € L*(w; Hy ,(Y))? by

il y) =Y (fila!) = op(a)) i (y), (5.6)

=1

we have the following approzimation result for (u.,p:):

lim (‘lua — 1, (x', E)‘
Q. €

e—0 52

2 1

2
+ ’—Dua — Dy, (x’, E)‘ + |pe —p|2> dz = 0, (5.7)
£ €

where

e (2, y) = Z (][k y (2, y) dz’) Xewsev(2), ae (2',y) eRTxY.
€ /+&~ /

k'eZ?

Remark 5.2 In the approximation of u. given by (5.7), we have used in place of the function
U, the reqularization with respect to x' given by u.. This is necessary because in general the
functions x — (2, x/e) and x — Dyu(x’,x/e) are products of functions in L*(S2.), see (5.6),
and therefore they belong only to L'(Q.). But we can replace i. by U if we assume more
reqularity in the data. For example, this is the case if we assume that the functions Wy, W, in
the definition (5.1) of Q. belong to WﬁQ’OO(Y’), which implies that the solution (W', 7%) of (5.3)

belongs to WH>(Y)? x L>(Y).

Theorem 5.1 gives a strong approximation in L?(€.) of u. which contains the quick variable
y = x/e. However, for related problems, it is usual in the literature to deal with an approx-
imation which only depends on the macroscopic variable z’. This can be done by using the
function
ula') = e g)dy. (5.9
v
The next corollary shows that this function u provides a “weak” approximation of u. and
satisfies a Darcy law.

Corollary 5.3 Let (u.,p.) € HL(Q.)? x L*(.) be a solution of (5.2) for f € L*(w)3, and let
A be defined by (5.4) and p by (5.5). Then u defined by (5.8) satisfies

u'(2) = A(f' = Vwp), wus(2’)=0, ae 2'€uw, (5.9)
and )

lim—Qf us-godac:][u~g0dx', Ve L*(w). (5.10)

e—0 g : w

The proof of Theorem 5.1 is based on the decomposition result obtained in Section 3 for the
pressure and the unfolding method (see e.g. [3], [8], [13], [14]), which is closely related to the
two scale convergence method ([1], [19], [21]) . We also refer to the Bloch-wave homogenization
method as a related approach to deal with this type of problems (see e.g. [2], [15]).

We recall that the idea of the unfolding method is to use a convenient dilatation of the
periodic cell. In the present case we introduce the following notation
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Definition 5.4 For k' € 7Z? and ¢ > 0, we define C’f/ C R? as the square of center ek’ and
sides of length € parallel to the coordinate axis, i.e.

CF = ek + Y, (5.11)
and 6’5, by

k' ’ k I‘l fLJ

Cr =4 z3) e CI xR eV¥, ) << eV, — i (5.12)

We also introduce the function k' : R? — Z2 defined by x' € Cf,(wl) for a.e. 7' € R

The idea to prove Theorem 5.1 will be to study the asymptotic behavior of the sequences of
functions

/
(', y) = ue (m’ <%> + €y> , ae (7/,y) eR*xY, (5.13)

/
(2, y) = p’ (5/4 (£> +5y'> ,ae (2,y) ER* XY, (5.14)

5

and )
pi(a,y) = pt (6/4 (2) + €y> . ae (7,y) eR*xY, (5.15)

5

where p?, p! are the functions defined by Theorem 3.2, from the pressure p.. The functions u.,
p? and p! are assumed to be defined in the whole set

Ze = {(zl’xg) ERZXR : eV, (:1:_) < x3 < eV, (xg) } , (5.16)

€
by extending them by zero outside (2..

Remark 5.5 The introduction of the functions ., p° and p is the main idea in the unfolding
method. We observe that for x' € C¥ | with k' € 72, we have

(2, y) = ue (k' +ey), P2’ y) =p° (k' +ey'), pL(z',y) =pl(ek' +ey) ae yeY.
Thus, in Cf' XY, these functions only depend on y and are obtained by the change of variables

x — ek’

=, 5.17
. y (5.17)
which transforms the small set af/ into Y. The variable y represents the microscopic variable
and ' the macroscopic one.

The following compactness lemmas give a first result about the asymptotic behavior of the
sequences p? € H'(R?), p! € L*(Z.) and u. € H}(Z.)3, which are not necessarily the solution
of any partial differential problem but satisfy some suitable a priori estimates.

The first lemma is just the classical compactness result for the unfolding method, and so,
it is given without proof.

Lemma 5.6 Let p° be any bounded sequence in H'(R?). Define p? : R2 x Y' — R by (5.14).
Then there exist p € H'(R?) and p° € L*(R* H}(Y")) such that for a subsequence of €, still
denoted by €, we have

Pl —p in H'(R?), (5.18)

1
gvy,ﬁg — Vup+ Vi in L*(R* L*(Y"))?. (5.19)
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Lemma 5.7 Let p! be any sequence in L*(Q.) such that there exists C > 0, with

f\@&mgc,v5>o (5.20)
Qe

Extending p! by zero to the set Z. given by (5.16), define p! : R* x Y — R by (5.15). Then,

for a subsequence of €, still denoted by €, there exists a function p' € L*(R?*; L*(Y)), such that
pl—pt i LA(R% LA(Y)). (5.21)

Proof. Using the change of variables (5.17) in each set C¥', k' € Z2, we get

1 g’ 2
Z 112 1)2 Lo 1/
p.|"dx = E / p.|"dx = g / p-(ek +ey)| dy

el k€72 k' ez?

- |§§, Z /Ck,/y‘ﬁif dydz’ = ’5| 5 ?|ﬁi|2d£€'dy, Ve s 0.
5 k . y

k' ez

which thanks to (5.20) and

Q ! ! -
el (qf (—) - (—)) a' > ol [ (B -y = WV, (5.22)
£ w g g Yy’

shows that p! is bounded in L*(R?* L*(Y)) and then the existence of a subsequence of ¢ and
pt € LA(R?; L*(Y)) satisfying (5.21).
0

3

Lemma 5.8 Let u. be any sequence in H&(Qs) , with divu, = 0 in ., such that there exists

C > 0 satisfying
f |Du.|*de < C, Ve >0. (5.23)

Eaxtending u. by zero to the set Z. given by (5.16), define . : R* x Y — R3 by (5.13). Then,

there exists a function i € L*(R* Hy ,(Y'))?, such that

@=0 ae in(R*\w)xY, (5.24)

div,i =0 a.c. inR>xY, (5.25)

div, / i'dy =0 a.e. inR? (5.26)
v

and such that, for a subsequence of € still denoted by e, we have
Y a in AR HNAY)). (5.27)
€

Proof. Using the change of variables (5.17) in each set 65/, k' € Z?, we have

1
Du.|?dz = / Du.|?dz
f, 10wt =iy 3 [ 10w

k'eZ?

g3 / 9 €
= Du. (k' +y)|” dy = /
Q 2 if‘ ( ) €| Jouy

| E| k'eZ?




From (5.22) and (5.23), this proves that @. /e is bounded in L*(R% H'(Y))3. Since it vanishes

on R?* x ', we deduce the existence of @ € L?(R?*; H*(Y))?, which vanishes on R? x I" such that
(5.27) holds, up to a subsequence. Moreover, by construction,

. =0 ae. in {(2/,y) e RZx Y : dist(/,w) > V2¢},
and so @ satisfies (5.24). Using also
l,/
divyt.(z,y) = e divyu. (5&’ (—) + €y> =0,
£

we deduce (5.25). .
Now for ¢ € C*°(R?), we use that . /e is bounded in L*(R?; H'(Y))? to deduce

Z /65’ u. - Vo dr

k' ez?

€

1
0:—][ ul - Vpdpdr =
Qe

€2 |

g2 €

1
= > / u(ek' +ey) - Vug(ek +ey)dy = / / ~il (2", y) - Vwd(z') dyds' + O,
v Q| Jr2 Jy €

‘ 8’ k'ez?

which passing to the limit thanks to (5.22) and (5.27) proves

/][ @ Vpddyds =0, Y¢éec C(R?).
wJY

This combined with (5.24) shows (5.26).
It remains to prove that @ is periodic in 3. This follows by passing to the limit in the

equality
1./, . 1 1./, 1
—Us | T +ce y TS Y2, Ys | = U | T, 55,Y2,Y3 ),
€ 2 € 2

which is a consequence of definition (5.13). This shows

ala L =a | L
) 27?!2,93 - 727y2ay3 )

and then the periodicity of u with respect to y;. Similarly one can show the periodicity with
respect to . ]

Proof of Theorem 5.1. The proof is divided in two steps.

Step 1. Tt is well known that (5.2) has at least a solution (u.,p.) in Hg ()% x L3(£2.). Let us
obtain some a priori estimates for u. and Vp., which allow us to apply Lemmas 5.6, 5.7 and
5.8.

Using u. as test function in (5.2), and taking into account that div u. vanishes in €2, we get

u/ |Du.*de = | f-wu.dz. (5.28)
Qe Qe

Now, we observe that since the height of €. is of order £, we have

/ lv]2de < 052/ |0sv|?dx, VYov € Hy(Q)?, Ve >0, (5.29)
€ QE
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which, combined with (5.28) and f = f(2') implies
/ | Du|*dx < 052/ |f|?de < Ce3, Ve > 0. (5.30)
Qe Qe

Let us now obtain an estimate for the gradient of the pressure in H~1(£2.)3. For this purpose,
we use (5.2), which gives

(Vpe,v) = / frudr — u/ Du, : Dvdx —/ (ue - Vue -vdr, Vove Hy Q) (5.31)
Qe Qe Qe

Thanks to (5.29) and (5.30), we have

/f-vdx—u/ Du, : Dvdx
Qe Qe

In order to estimate the third term in (5.31) we use that, extending by zero the functions in
H(€.), we have H}(Q.) C Hi(w x (—1,1)), for ¢ > 0 small enough. Therefore, Sobolev’s
inequality applied to the fixed open set w x (—1,1) shows

3
< Ce¥ ol myco - (5.32)

Wlizs@oye < Cllvllmg.s, Vv € Hy(Q)?, (5.33)

which combined with (5.28) proves the inequality

1 19
|uell 3 (0.2 < Cee o]l g )s-

< el zo(@az 0]l 2oz

/ (ue - V)ue - vda

€

Using this estimate and (5.32) in (5.31), we then have

IVpell 10y < Ce2, Ve > 0. (5.34)

From (5.30) we can apply Lemma 5.8 with u. replaced by u./e which proves the existence
of a subsequence of ¢, still denoted by ¢, and a function @ € L*(R?*; Hj,(Y))* which satisfies
(5.24), (5.25), (5.26) such that the sequence . defined by (5.13) satisfies

L a i ARG H(Y)) (5.35)
€
On the other hand, using (5.34) and w Lipschitz and connected, we can apply Corollary 3.4

with ¢ =2, N =3 and k = 2 to deduce the existence of p? € H'(w) and p! € L?(€2.) such that
pe =p2+epl in Q, (5.36)

3 3
2 ||p2ll i w) + €llptll o) < ClIVpellu-1(0.)p < Ce2. (5.37)

Extending p? to a function in H*(R?), thanks to w Lipschitz, this allows us to apply Lemmas
5.6 and 5.7 to p? and p! to deduce the existence of a subsequence of ¢, still denoted by ¢ and

functions p € H'(R?), p° € L*(R* H} (Y")), p' € L*(R?; L?(Y/)) such that pY and p! defined by
(5.14) and (5.15) satisfy (5.18), (5.19) and (5.21). Moreover, passing to the limit when ¢ tends

to zero in /

0_é/s28p€dx_/w<‘ljt(§> —\Ifb<$;)>pgdx'+/gep;dx,
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we deduce

Oz/ (‘I/t—\llb)dy'/pdx',

and so, that p has null mean value in w.
Step 2. Let us now show that p, @ are given by (5.5), (5.6) and that (5.7) holds.
For 0 € C}(w; Hy,(Y))?, we consider v(x) = e '0(2',z/¢) as test function in (5.2). Using
(5.36), we get
1 Du.:D L0 —) dx +5 Dug x, )
g Qe

D (
= (Ve (2 2) o L / Vit o (0, 2) o [ i (« D) de (539
—%/ﬂsp;divy ( dx— /f 0 x’ g)

Let us pass to the limit in the different terms in (5.38).
Taking into account (5.30), (5.33) and (5.37), the first, third and fifth terms on the left-hand
side tend to zero.

For the remaining terms in (5.38), we use the change of variables (5.17), the definitions
(5.13), (5.14), (5.15) of @, p° and p! respectively and the convergences (5.35), (5.19) and
(5.21), to get

p

B Du.:Dyo <a: —) dr = %/ Dyii. : Do da'dy + O, = u/ Dy : D,ode'dy + O.,
€% Juxy wxyY

1 1
— vpg . ’lj <$” £> dx = —/ Vy/ﬁg . /Z}dl-/dy + OE _ / (Vx’p+ Vy’ﬁ0> A 6dw/dy + 087
¥ ¥
1
- / p! div, (m', f) dz — / B div, v da'dy + O. = / pldiv, @ da'dy + O.,
€ Qe € wxY wxY
xr

IR

Taking G := p° + p! € L?(w; Lg(?)), we then deduce from (5.38) that @, p and ¢ satisfy

2) dx:/ f-vda'dy + O..
€ wxY

,u/ Dy : D,vdx'dy +/ Vop - vdx'dy — / qdiv, v dx'dy = / f-odd'dy, (5.39)
wxY wxY wxY wxY

for every o € C} (w; H},(Y))?. By density, this equality holds true for every & € L?*(w; Hj ,(Y))?.
Y

H}
Since @ € L*(w; Hy4(Y))? and div,@ = 0 in w x Y, we then deduce that @, p and § satisfy

—pAyi+Vyg=f—Vyp in A,
div,i =0 in A, a.c. in w. (5.40)
(@,4) € Hyy(Y)? x LF(Y)/R,

From this equation we can obtain @ and ¢ from f and p. Namely: we define (@', 7%), i = 1,2, 3,
as the unique solution of problem (5.3), where we observe that

@' =0 in Hy,(Y)?, # =ys in L7(Y)/R. (5.41)
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Then, reasoning by linearity and uniqueness we deduce (5.6) and

:cy:

2
1=

(fila") = Oip(a") 7' (y) + fo(a")ys in L*(w; LF(Y)/R). (5.42)

1

Let us now prove (5.5), which in particular shows the existence and uniqueness of p and then
of 4, g. For this aim, we recall that @ also satisfies (5.24) and (5.26) and so that

/ﬁ’dy-l/:() on Ow,
Y

and therefore, using (5.6) we get

Z&% [Z zep)/f/ibédy] = divx//?ﬂ'(a:,y) dy =0 in w,

= (5.43)

2

Z(fz’ — 8%-10)/~ w'dy v = / @' (z,y)dy-v=0 on dw.
% 1%

\ =1

On the other hand, we observe that taking w® as test function in the equation for @/, we have
/ @j(y)dy = p / D' : Dl dy, 1<i,j <3, (5.44)
e 1%

Thus, (5.43) proves (5.5).

In order to finish the proof of the theorem, it remains to show the corrector result (5.7). As
usual this can be done by showing the convergence of the energies. Namely, using u. as test
function in (5.2), taking @ as test function in (5.40), and using the change of variables (5.17)
and (5.35) we easily have

1
%/ /|Dyﬂ5|2dydx’:ﬂ3/ |Du5|2da::—3/ fu.dx
€ Jr2Jy € Ja. € Ja.
1
——2/ /f-ﬂgdydx’—l—Os:,u/ [|Dya|2dydx’+06.
€ Jr2 Jy R2 Jy

This shows that the convergence in (5.35) holds in fact in the strong topology of L2(R%; H'(Y))3.
On the other hand, the change of variables (5.17) and the definition (5.13) of @. give

2

) dz
2

> dydx’.

Therefore, the two first terms in (5.7) tend to zero. In order to prove that the last term also
tends to zero we just use that the weak convergence in H'(w) of p? to p implies the strong
convergence in L?(w), which combined with (5.36) and (5.37) proves the result. O

Proof of Corollary 5.3. By (5.6) we have

1
S Ue — as (xlv g)

(5
<of [ (|50

e2

2 1 T
+ ’gDzus D (@)

1 -
+ 6—2Dyu5 — Dyu

=i (') = D) o @'y

Y

=1
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From (5.44), (5.41), and definition (5.4) of A, we then deduce (5.9).
It remains to prove (5.10). Taking into account that thanks to (5.29) and (5.30), the
sequence
1 feve®)
= u (2 t)dt
€ S‘I’b(%/)
is bounded in L?*(w)?, we can assume that ¢ in (5.10) is smooth. In this case, (5.7) and the
change of variables (5.17) give

1
—2]/ us-godx:][ ﬁg<x’,£>-<pd:v—|—05:][][ﬂ-gadydm/+05:][u-g0dx’+05.
€ Qe Qe € wJdY w

O

6 Application to the behavior of thin elastic beams with
rough boundaries

As an application of Theorem 3.6 we study in this section the asymptotic behavior of an elastic
beam with a varying profile. Namely, for a connected bounded open set with boundary which is
locally a Lipschitz continuous graph, ¥ C R¥=1 N > 2, with 0 € ¥ and a sequence of functions
U, € Wheo(RUWNN=L 1 = W (2, y), such that

ll—I}(l) (||\I/5||Loo(R1+N)N—1 + ||Dy\IJEHLoo(R1+N)(N—1)N + 5||611\I/€||L00(R1+N)N71) - 0, (6].)

(see Remark 6.1 for an example of such a sequence of functions) we define the “thin beam” (2.,
with € > 0, by

x’ x
Q. = {(wl,x") €(0,1) x RV, - + U, (xl, g> € 19} ) (6.2)
and we denote
Q=(0,1) x 9. (6.3)
The two bases of (). and €2 are denoted by
[, ={(z1,2") € U : z1 €{0,1}}, =101} x 9. (6.4)

We also consider a tensor valued function A € L®(RN; £(RN?)) such that there exists a > 0,
with
A(z)E: € > al¢)?, VEERY | ae xRV, (6.5)

and two functions f € L2(RV)N, G e L*(RV)N.
Defining A. € L®(Q; L(RY?)), f. € L2(Q)Y and G. € L*(Q.)N by

A(z)=A (xl, ?) . fe(x) = <f1 (xl, ?) ef” <x1, ?)) , G.(z)=G <I1, ?) ,

a.e. v = (x1,2") € Q., we are interested in the asymptotic behavior of the solutions u. of the
elasticity problem

{ —div (Aze(ue)) = f: — divG. in Q. (6.6)

u. =0 on I, (Age(us) — GE)V =0 on 09Q.\T;,
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where v denotes the unitary outward normal vector on 9. \ I'..

An answer to the above question is given in Theorem 6.2 below. This result has been proved
in [20] in the case where . is the null function. To take ¥, Z 0 allows us to deal with slightly
rough domains. In the case where G = 0 and where A, is less general (usually isotropic),
problem (6.6) has been previously solved for example in [12], [16], [25]. We also refer to [9] for
a related result to [20].

Remark 6.1 As an example of sequence V. we can take

‘1’5(55171/) = T’E\P ('Tla E) )

€

where U = V(xy, 2) is a Lipschitz continuous function in RN which is Y -periodic in z, with
Y = (=1/2,1/2)N, and r., 7. are two positive parameters such that

. . Te
lim 7, = lim — = 0.
e—0 e—=0 7,

In Figure 2 we represent . in the case N = 3, 9 = B((0,0),1) C R?

U(zy,y) = (( sin ((27r(y1 + yg)) + sin(27ry1))$1, sin (27r(y1 — s+ 2y1))(1 - $1)>,

and e =0.1, r. = 0.2, 7. = 0.25.

0.1
0.05

-0.05 .
-0.1

Figure 2: The elastic beam

In order to describe the asymptotic behavior of the solutions of (6.6) we need to introduce
the following spaces:
We define the spaces W and & by

W ={weL*Q": Dywe L*Q)N*N-D} (6.7)
&= H2(0,1)N"'x HY0,1) x HL(0, )N W. (6.8)
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For (u%, vy, Z,w) € & we denote

E(uo,vl,Z,w) =

The main result of the present section is given by the following theorem

Theorem 6.2 For every A € L®(RYN: L(RN?)), which satisfies (6.5) and every f € LA RNV,
G € LARMN)N’, the solution u. of (6.6) satisfies

d 0 "9
lim <u51 o+ D —i—‘eu'g’—uof) dr =0, (6.10)
e=0 Jo dry €
2" 2
lim e(us) — E(u®, vy, Z,w) (xl, —) dxr =0, (6.11)
e—0 Q. g
where (u°, vy, Z,w) is the solution of
((u”, vy, Z,w) € &
AE(W°, vy, Z,w) : E(d°, 01, Z,w)d
} [ ABGO. 0 Z00) s B0 2 0)dy o1

da® - -
= /(fl <U1 - % 'y”) +f//'ﬂ0+G : E(UO,Ul,Z,’LU))dy, v<ﬂ0,’f}1,Z,’w) € &.
\ Q 1

Remark 6.3 The existence of solution for problem (6.12) easily follows from Lax-Milgram
Theorem. The functions u®, v, and Z are unique while w is defined up to an additive function
in L2(0,1)N. Observe that E(u®,v1, Z,w) does not depend on such additive function.

Consider the particular case of an elastic homogeneous isotropic material, i.e.

AM = Mtr(M)I +2uM, VM eRY,

with A\, i > 0 the Lamé coefficients, G = 0 and [ depending only on x1, take the coordinate
system such that

/xidx'—O, /xi:cjdx'—(), 2<i<j<N.
9 9

Defining S; with 37 > 2 and the Young’s modulus E by

20(AN + 2u)
S; = a2%da’, E=
’ 7/79% © AN —1) + 24

one can check that vi and u® are the solutions of

d2U1
- dx? = f1 en (Oa 1)7 Ul(o) = Ul(l) = 07
1
d*u! 0 0 du? du’ ‘
ESi—a=1fi en(0,1), u;(0) =u;(1) (0) (1)=0, 2<j<N,

1
dz]

28



while Z =0, wy =0 and

A dvq 1d2u2 ) ) Pl
a T dre 7 T o i — T 2 < 4 <N.
W AN =1)+2u dxlxj + 5 dx% x; ;xk + 2 dx% rjxy |, <j<
k#j k#j

In particular, the equations for u? (which are the terms of higher order in the approximation of
u. giwen by (6.10)) are the classical equations for an elastic beam.

The proof of Theorem 6.2 is based on the following Lemma. It complements Theorem 3.6
in the case of the thin beam (2., taking into account that the deformation u. vanishes in the
extremities of the beam.

Lemma 6.4 Consider a connected Lipschitz bounded open set 9 C RN=1, N > 2, with 0 € 9,
and a sequence of functions U, € WH(RNTYN=L sqtisfying (6.1). Then, for r > 0 such that
B(0,2r) € ¥ and € > 0 small enough to have (0,1) x B(0,er) C €., there exists a constant
C > 0 such that every sequence u. € H*(Q.)N satisfying

Ue )|z1=0 = Y, > 3 .
im0 =0, Ve>0 6.13
can be decomposed as
duo "
U () = === (1) - — Fvea (21) + we(2)
X ! o (6.14)
() = Zud(en) + Ze(e) o+ o) (o),
with w? € H2(0, 1)1, Z. € H'(0, )NV, v € HY(0, )N, w. € H(Q)V
0 du?
w(0) =0, w0 =0, |FEO)|+|Z0)] < OVEle(ue) 1z (6.15)
d 0 " "
wer(0,2") — S£(0) - = =0, Z(0)= +w!(0,2") =0, ae 2" €V, (6.16)
dxq € €
(||l Z ! D
=5 (s 12l e o) 2l AP oy
< Ce(u) g -
Moreover, if u. also satisfies
Ue)jz=1 = 0, Ve >0, 6.18
|71
then we can take u?, Z., v. and w. satisfying
0 dug
WO =0 w=0,  [FEO[+20)] < OVElew s (619
d 0 " "
wer(l,2") — S (1) - = =0, Z(1)=+w/(1,2") =0, ae 2" €. (6.20)
dxq € €
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Proof. We first note that for every z € RY, equation

"

I, = z1, ? + \118 (I'l, g) = Z” (621)

is equivalent to
7 "

x 2 T Y
X1 = 21, _+\IJE(Zlv_a_> =z,
IS g €

which taking into account that ||Dyu\IJE||LOO(RN+1)(N,1>2 tends to zero we can apply Banach fixed
point theorem to get a unique solution. Therefore, the function ®, : RY — R defined by

P, (z) = (xl, %ﬁ + 0, (:cl, g)) (6.22)

is bijective. On the other hand, we observe that assumptions (3.3) and (3.4) on Q. are trivially
satisfied with . = (0,1) while (3.5) can be easily proved using for every fixed #; € (0, 1) the

change of variables
1

r1 — T1 , T x
Y1 = Y = +\Ij€ T, =),
£ e e

which transforms

A

B(fl’l,€) = {ZL‘ S QE DI € (IZ‘l —5,5%1 +€)}

into the set

Qezy ={y € (-1,1) xRN "1 (& + ey, y) € Q} = (— min {1, %},min{l, ! _jl}> x 0,

and then using that HDy”‘I’a” Loo (RN-+1)(N-1)? tends to zero combined with the existence of C' > 0,
independent of € and 1, such that

q—][ qdy
Q

£,Tq

< CquHH_I(QE@I)]\U vq € LZ(QE,ﬂh)a
L2(Qc,z,)

where the last assertion follows from the smoothness assumptions on J.
Thus, (2. satisfies the conditions of Section 3. So, if u. € H'(£2.)" vanishes at x; = 0, we
can apply Theorem 3.6 to get the decomposition
da? z"

dyi ([L’l) . ? + @5’1(1‘)7 (623)

Ueq(x) =beg — AL - 2" —

"
" 1 5 T "

ul(y) = b + Ny + Aa” + gﬁg(ﬂh) + ZE(%)? + o (), (6.24)

with b. € RV, ) € RV-1 A, € RV a0 € q2(0, 1)1, Z. € HY(0, DN and v, €
HY(Q.)VN, satisfying

N-1 N - ~
"5 (a2l maoyv—s + 12l g yov2 ) + ol < Clle(ue)llpaga e (6.25)
and Ji0 ,
U x R
0 = b&l — )‘/s/ . .T// — d:L’i (O) . ? + U€,1<0, l’//),

"

1 A
0 =8 + A" + =a2(0) + Z.(0) = + 0"(0,2"),
g £
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which combined with (6.25) proves

€ S \belf +e 2 = (!b//\ + ‘)\”’) N+3’A | < Clle (UE)HB Q. )N?-

Defining then

ul(xy) = 02(xq) +eb? + 5][ o7(0,y")dy" + ez,
Bn_1(0,re)
Za(xl) = Ze(ml) + EAaa
Us,l(x1> - bs,l +][ @s,l(xb ?/”)d?///a U;/(xl) :][ (QZ(ID y//) - @;/(07 y//))dy”a
Bn—1(0,re) Bn—1(0,re)

ws(m) - @5(53) _][ @6<x17 y”)dylla
Bn_1(0,re)

and taking into account that Poincaré-Wirtinger’s inequality provides

/{x”:(azl,x")eﬁa}

< Ces?/ |Dyrve(z1, 2" da”, ace. x1 € (0,1),
{z"":(x1,2")EN}

2
175(ZE1,$,/) _f @5($1,y”)dy” dx”
Bn_1(0,re)

we deduce that (6.14), (6.16), (6.17) and the two first assertions in (6.15) are satisfied. In order
to show the last assertion in (6.15), we use thanks to (6.16), we have

i
ue ‘ L 1Z.0) < 0][ (0, ") [2da”
dl‘l BN 1 O'T'E

< —/ ][ \w, |2dz" dxy +C’5/ ][ | Dw, |*dx" dxy,
Bn_1(0,re) Bn_1(0,r¢)

where the second inequality just follows by using the change of variables y = x/¢ which trans-
forms the open set (0,¢) x By_1(0,r¢) into the fixed open set (0,1) x By_1(0,7) and then the
continuity of the trace operator. Using now (6.17) in (6.26) we conclude the last inequality in
(6.15).

The case where u. also vanishes at x; = 1 follows similarly by defining Z., v.; and w. as
above and

ul(zy) = ad(xy) + bl + 8][

By_1 (077‘6)

(6.26)

<(1 —21)07(0,y") + x10.(1, y”))dy” + ez

o = ][ (e y") = (1= 1) (0,4) = 2ol (L") ) "
Bn_1(0,re)

Remark 6.5 In order to apply Lemma 6.4 to problem (6.6) we just need the case u. vanishing
at x1 = 0 and x; = 1. However, we have preferred to also state the case where u. vanishes only
on one basis of the beam. It is the interesting case when we assume Dirichlet conditions in one
of the basis and Neumann conditions in the other one.

Observe that Lemma 6.4 does not allow to take u. and Z. satisfying the boundary conditions

d—u(E)(O) =0, Z.(0) = 0. This is related with the apparition of boundary layer terms when we

dxq
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deal with the asymptotic behavior of a thin structure (see e.g. [10], [22]). In fact, as a simple
example of sequence u. in the conditions of Lemma 6.4 we can think in N = 2 and

uea(e) = =2 (1=9(7)), weale) = %

with ¢ € C*([0,00)) with compact support and satisfying ¢(0) = 1. In this case the sequences
ve, Z. and w! vanish while u(x) = \/ex; and w. is the boundary layer term

T1\ T2

weale) = o(Z) %

Proof of Theorem 6.2. Using u. as test function in (6.6) and taking into account decompo-
sition (6.14) of u. and (6.17), we deduce the estimate

1
aN—1/Q le(u.)|?dx < C, (6.27)
which combined with (6.15), (6.15), (6.17), (6.19) and (6.20) proves the existence of a sub-
2
sequence of ¢ still denoted by e and functions v’ € HZ(0,1)N~1 Z, € HZ(0, DY and

v € HE(0,1)" such that
ue = u in H2(0, )N, Z. = Zy in H'(0, )NV o, —~ v in HY(0,1)V. (6.28)
Moreover, using the estimates for w. provided by (6.17) and defining W, by
We(y) = w. (yl, ey”>,
we also deduce the existence of w € L?(0,1; H'(9))" such that

1 .
Dy W = Dyw in I({y € Q: dist(y,0Q\T) > s ws > 0. (6.29)

Now, we consider functions @ € H2(0,1)¥"!, 5, € HL(0,1), Z € H}(0, 1)V and w €
H'((0,1) x R¥N"HN such that @ = 0 on {0,1} x R¥"! and we define 4. € H'(Q.)" by

. - dﬂo z" - 7"
Ueq(x) = 01(21) — — (1) - = + ew (xl, ?>
a.e. r € ().
1 x// x//
wl(z) = —u’(z1) + Z(l’?l)? + ew” (-731, ?>
Taking @, as test function in (6.6) and dividing by eV~ we get

ENl—l /Q A (931: xg,) e(ue) : e(ti) dx = gNl_l /Q (fa U+ G e(aa))da:. (6.30)

In order to pass to the limit in the left-hand side of (6.30) we use the decompositon

Q. = <(0, 1) x (5195)> U (Qa\ ((0,1) x (5196))>

with
9 ={y" € dist(y,09) >}
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Using the change of variables y; = x1, y" = 2" /e, (6.14), (6.28) and (6.29) we have

1 _
lim / Ae(u,) : e(t.) dx = / AEW®, vy, Z,w) : E(@°, vy, Z,w)dy. (6.31)
(0,1)x(0%)

N-1
e0¢ (0,1) x99

On the other hand, taking into account that e(@.) is bounded in L=((0,1) x RN"1)N* we have

S

1
lim sup —— / Ae(ue) : e(u.) dx
e=0 € Q\((0,1) x (£99))
Q 196 %
§Climsup( /} u5|dx> ‘ \ ]2 (e >)‘ ,
e—0 T2

where thanks to the definition of €2., the last factor in this inequality tends to zero if € and
then 0 tend to zero. Using then (6.27) and (6.31) and passing to the limit first in € and then
in 0 we conclude

1 ! _
e /Q A (931,%) e(ue) : e(u.) de = /QAE(uo,vl,Z,w)  B(@°, 0y, Z,w) dy.

lim sup
e—0

Analogously,

1 B o
iz (19 Gt

da® -
— /(fl (vl _ % .y,,) LG E(uo,vl,Z,w))dy.
Q 1

So, passing to the limit in (6.30) we have proved that the variational equation in (6.12) holds for

every @° € H2(0, )M, v, € HY(0,1), Z € H:(0, )N and w € H'((0,1)xR¥~1)N such that

w =0 on {0,1} x R¥~!. By density, we then deduce that it holds for every (u°, vy, Z,w) € €.
Now, we take u. as test function in (6.6) and we divide by e¥~1. This gives

51\/1—1 /QS A (xl, %) e(ue) : e(u.) dr = gz\}—1 /QE (f6 e + G, e(u€)>d:c.

Reasoning as above we can easily pass to the limit in the right-hand side of this equality, which
thanks to (6.12) allows us to prove the convergence of the energies

lim 4 Ae(u.) : e(u:) de = ][ AEW®, vy, Z,w) : E(u®, vy, Z,w) dy.
Q

e—0 Q.
From this equality and (6.14) is now simple to check (6.10). O
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