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Abstract
We study the flow of a micropolar fluid in a thin domain with microstructure, i.e. a thin domain with
thickness & which is perforated by periodically distributed solid cylinders of size a.. A main feature of this
study is the dependence of the characteristic length of the micropolar fluid on the small parameters describing
the geometry of the thin porous medium under consideration. Depending on the ratio of a. with respect to
€, we derive three different generalized Darcy equations where the interaction between the velocity and the
microrotation fields is preserved.
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1 Introduction

Based on the micropolar fluid theory [27, 28], which takes into account the effects of solid particles additive
in a Newtonian fluid, we study flows of micropolar fluids in a thin domain which is perforated by periodically
distributed solid cylinders (microstructure) which is called thin porous medium (TPM). This type of domains
include two small parameters: one called ¢ is connected to the fluid film thickness and the other called a. to the
microstructure representing the size of the cylinders and the interspatial distance between them. The behavior
of fluid flows through TPM has been studied extensively, mainly because of its importance in many industrial
processes, see [30, 31, 35, 41, 43, 44]. However, the literature on non-Newtonian micropolar fluid flows in this type
of domains is far less complete, although these problems have now become of great practical relevance. Therefore,
the objetive of this paper is to derive generalized micropolar Darcy equations for the pressure depending on the
magnitude of the parameters involving the TPM.

Definition of the TPM. A periodic porous medium is defined by a domain w and an associated microstruc-
ture, or periodic cell Y’ = (—1/2,1/2)? which is made of two complementary parts: the fluid part Yf’, and the
solid part Y (Y;UY] =Y’ and Y{NY] = 0)). More precisely, we assume that w is a smooth, bounded, connected

set in R? and that Y/ is an open connected subset of Y’ with a smooth boundary dY/, such that Y is strictly
included in Y.

The microscale of a porous medium is given by a small positive number a.. The domain w is covered by a
regular mesh of size a.: for k' € Z2, each cell Y’,,as = a.k’ +a.Y’ is divided in a fluid part Y]ﬁk and a solid

7,0

part Y], , ,i.e. is similar to the unit cell Y rescaled to size a.. We define Y =Y’ x (0,1) C R?, which is divided

in a fluid part Yy and a solid part Y, and consequently Y/ o, = Y,QM x (0,1) C R3, which is also divided in a
fluid part Y7y,, 4., and a solid part Y

We denote by T(?,k ) the set of all translated images of ?fk

Spt,0¢ S/ 0¢ "

k! Qe *
The set T(?I
in R2. The fluid part of the bottom w. C R? of the porous medium is defined by w. = w \ Uk’elcs ?Sk,y%, where

K.={KeZ®:Y), Nw# 0} The whole fluid part Q. C R? is defined by

s,/,a.) Tepresents the solids

Q. ={(2,23) ER* xR : 2/ €w,, 0<z3<e} (1.1)
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We make the assumption that the solids T(Y;k/,%) do not intersect the boundary dw. We define Y? =

Spt,0e
Ys/k/,ag x (0,¢). Denote by Sc the set of the solids contained in .. Then, S is a finite union of solikds, ie.
é’g = Uprex. 7;,7’%. We define Q. = w. x (0,1),79 = w x (0,1), and Q. = w x (0,¢). WE observe that
Q. =Q\ Uk’eicg Y, a., and we define T, = Uk,e,cg Y5, a. as the set of the solids contained in €2.. We remark
that along this paper, the points x € R? will be decomposed as x = (2/,z3) with 2’ € R?, 23 € R. We also use
the notation x’ to denote a generic vector of R2.

Yi a. =Y, 0. % (0,€)

) ‘ Y00 % (0.9)

7 » 1 !
Y, ’a. Q wa,az
a- !
— Y

Qe

Figure 1: View of the domain Q. (left) and periodic cells Yy o, and Y}, , (right).

A direct numerical treatment of fluid flows through TPM becomes very difficult due to the rapid variations
on the microscale level, so it would be necessary to obtain macroscopic laws to describe the fluid flows in such
a domain. Thus, due to the description of the domain by using the parameters ¢ and a., it is possible to
describe the macroscopic behavior by means of the homogenization theory, developed in the studies of partial
differential equations for strongly heterogeneous problems. In this sense, for Newtonian fluids, this problem
has been addressed in [29] proving the existence of three types of TPM depending on the relation between the
parameters € and a,:

- The proportionally thin porous medium (PTPM), corresponding to the critical case when the cylinder
height is proportional to the interspatial distance, with A the proportionality constant, that is a. = ¢, with
az/e = A, 0 < A< +o0.

- The homogeneously thin porous medium (HTPM), corresponding to the case when the cylinder height is
much larger than interspatial distance, i.e. a. < ¢ which is equivalent to A = 0.

- The very thin porous medium (VTPM), corresponding to the case when the cylinder height is much
smaller than the interspatial distance, i.e. a. > € which is equivalent to A = +o0.

In particular, denoting the velocity and the pressure in the TPM by u. and pe, respectively, and starting from
the following Stokes system
—Auz +Vp: = f in Qg

divu. =0 in Q,
us =0 on 0Q.UOJS.,

it can be deduced, when € tends to zero, that the flow is governed by the following 2D Darcy equation depending
on A € [0, o0,
u'(z") = Kx(f'(2') — Vup(@')), us(@’)=0 inw,

divpuv' =0 inw, % -n=0 ondw, (1.2)

where u = (u/,u3) is the velocity, p is the pressure and K, € R?*? is a macroscopic quantity known as flow
factor which takes into account the microstructure of the TPM:

- In the PTPM, the flow factor Ky, 0 < A < 400, is calculated by solvin_g 3D Stokes local problems
depending on the parameter \. More precisely, (K));; = fo Dyu*(y) : Dyw? (y) dy, i,7 = 1,2, where the
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function u’(y), i = 1,2, is the solution of the local 3D Stokes local problem posed in Y
—A\u' 4+ Varl =¢; in Yy,
divyu' =0 in Yy,
u' =0 in Y,
u'(y), 7' (y) Y’ — periodic,

where D) = Dy/ + )\ay3, Ay = A r+ 202

\ 2 Va = (Vyr, A0y, )", div = divys + Ay, and {eq, ez, e3} is the
canonical basis in R”.

- In the HTPM, the ﬂow factor Ky is calculated by solving 2D Stokes local problems. More precisely,
(Ko)ij fy, wut(y') : Dyl (y')dy’, 4,5 = 1,2, where the function u’(y’), i = 1,2, is the solution of the
2D Stokes local problem posed in Y’
—Ayu'+Vyrt=e¢ in in,
divy u' =0 in Yjﬁ,
u'=0 in Y/,
ul(y'), 7' (y") Y’ — periodic.

- In the VITPM, the flow factor K, is calculated by solving 2D Hele-Shaw local problems. More precisely,
(Ko)ij = [y, (es+Vymt)e;dy’, i,j = 1,2, where the function 7*(y’), i = 1,2, is the solution of the 2D
f

Hele-Shaw local problem posed in Y’
Ayt =0 in Y7,
(Vymri—&—ei) n=20 in Y/,
7'(y’) Y’ — periodic.

From the above, it is obtained that the model problem considered as an average problem could be solved by
using the following homogenization procedure:

1. Solve the local problem numerically corresponding to the value of A € [0, +0o¢].

2. Use the solution to compute the components of the flow factor K.

w

Find p by solving the homogenized problem (1.2); numerically.

-

Compute u by means of (1.2);.

Remark that in the intermediate case PTPM, the local problems are three-dimensional and the coefficient of
proportionality A appears as a parameter in the equations. In the extreme cases HTPM and VTPM, the local
problems are two-dimensional which, from the numerical point of view, represents a considerable simplification
compared with the intermediate case.

These results were proved in [29] by using the multiscale expansion method, which is a formal but powerful
tool to analyze homogenization problems, and later rigorously developed in [14] by using an adaptation of the
periodic unfolding method [18, 23, 24]. This adaptation consists of a combination of the unfolding method in
the horizontal variables with a rescaling in the height variable, in order to work with a domain of fixed height,
and then to use suitable compactness results to pass to the limit when the geometrical parameters € and a. tend
to zero. We remark that this adaptation was developed in [13] to study the case of non-Newtonian power law
fluids in the TPM and it was recently applied to the case of non-Newtonian Bingham fluids in [11, 12]. For
other studies concerning TPM, see [7, 8, 9, 10, 15, 16, 17].
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On the other hand, micropolar fluids are very important in industrial and engineering applications, see for
instance [1, 2, 3, 4, 5, 33, 38, 39, 40]. In view of that, in this paper we consider a non-Newtonian micropolar
fluid flow in TPM, denoted by €., governed by the linearized micropolar equations, with body forces f. and
body torque g., written in a non-dimensional form (see [34] for more details)

—Au, + Vp. = 2N?rot w, + f- in Q,

divu, =0 in Q,
(1.3)
—RyAw, + 4N?w, = 2N?%rot u, + g. in Q.

U = we =0 on 0Q.UOJS:.

In the system (1.3), the velocity wu., the pressure p. and the microrotation w. (i.e. the angular velocity field of
rotation of particles) are unknown. Observe that equation of the linear momentum (1.3); has the familiar form of
the Stokes equation but it is coupled with equation of the angular momentum (1.3)3, which esentially describes
the motion of the particles inside the microvolume as they undergo microrotational effects represented by the
microrotational vector w.. Dimensionless (non-Newtonian) parameter N? with 0 < N < 1 is called coupling
number and it characterizes the coupling of the linear and angular momentum equations. When N is identically
zero, the equations are decoupled and equation of the linear momentum reduces to the classical Stokes equations
which represent Newtonian fluids. The parameter Rj; is called characteristic length and it characterizes the
interaction between the micropolar fluid and the microgeometry of the domain. It is small and has to be related
to the other small geometrical parameters depending on the type of TPM, i.e. we will assume that Ry = a?R,
in the PTPM and HTPM, and Ry, = ¢2R, in the VITPM, where R, = O(1) (see Section 3 for more details).

By using the homogenization techniques developed in [13], when ¢ tends to zero, we derive that the flow is
governed by a generalized 2D Darcy equation depending on the A € [0, +o0],
(@) = KV (f/(a) = Vap(a') + KD g(a'),  us(@) =0 inw,
w'(@') = L (f/(2) = Vap(@') + LPg(a),  ws(a) =0 inw, (1.4)

divpyw'’ =0 inw, % -n=0 ondw,
where the flow factors K ik), Lg\k) € R?2%2 |k = 1,2, are calculated depending on the microstructure of the TPM:

- In the PTPM, the flow factors ng)7Lg\k)7 0 < A < +o0 are calculated by solving 3D micropolar local
problems posed in the 3D unit cell Y and depending on the parameter A, the coupling number and the
characteristic length (see Theorem 4.3). More precisely, ( K(k) )ij fY u* (y) dy, (L(k) )ij fo w? k( ) dy,

i,7,k = 1,2, where u® "”‘(y), b k(y), i,k = 1,2, are the solution of the 3D mlcropolar local problems posed

mY —Aut* 4+ VarhF — oaNZrot \w™* = e;01,  in Yy,
divyu®* =0 in Yy,
—R A w*F + AN2wh* — 2N?rotyu** = e;09, in Yy,
P =w* =0 inY;,
ubk(y), whk (y), 7% (y) Y’ — periodic,
where rotyv = (rot, vs + Arot,,v’, Rot,/v'), with rot,, rot,, and Rot,s defined in (2.9).

- In the HTPM, the flow factors K(()k), Lék) are calculated by solving 3D micropolar local problems posed in
the 2D unit cell Y’ and depending on the coupling number and the characteristic length (see Theorem 5.3).

More precisely, KO ij fy, DR dy' ) ( L(k) )ij fyz S dy' i, gk = 1,2, where utF (y'), wk (y),
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1,k = 1,2, are the solution of the 3D micropolar local problems posed in Y’
—Ay (utFY + vt 2N2roty/w§’k =ei01x  In Yy,
—Ayu® — 2N?Rot, (w'*) =0 in Y},

div, (u**) =0 in Yy,

—ReAy (W) + AN?(wi*) — 2N rot,us® = e;60  in Y},
—ReAywi® + AN?wi® — 2N Roty (uF) =0 in Y/,

'k =w* =0 inY/

ER
u* (y'), whk (y'), 7k (y') Y’ — periodic.

- In the VTPM, the flow factors K. é’g), L((,lé) are calculated by solving 2D local micropolar Reynolds problems
posed in the 2D unit cell Y/ and depending on the coupling number and the characteristic length, see

Theorem 6.3. More precisely, (K&),; = o Jyy ®(N. Re) (9, mM (') + 8is60k) ' LY =0, (L), =

—4]{,3 1?&2 (fy, U(N, R.) dy’) 8ijy iy j,k = 1,2, where ©%*(y/), i,k = 1,2, is the unique solutions of the
\/ /
local problems

: 1 i .
—div,y (1_N2<I>(N, R.) (Vym Py + e¢51k)> =0 inYy,

(TN, Ro) (Vyrm () + esdn) ) -n =0 in Y7,
with ® and ¥ defined by (6.79) and (6.80) respectively.

Therefore, the average problem (1.4) could be solved by using a procedure similar to the one described above
for the Newtonian case:

1. Solve the local problem numerically corresponding to the value of A € [0, +0o¢].

2. Use the solution to compute the components of the flow factors K and L.

w

. Find p by solving the homogenized problem (1.4)3 numerically.

>~

. Compute u by means of (1.4); and w by means of (1.4).

We also observe that in the intermediate case PTPM, the local problems are three-dimensional and the coefficient
of proportionality A\ appears as a parameter in the equations. Moreover, in the extreme cases HTPM and
VTPM, the local problems are simpler, which represents a considerable simplification from the numerical point
of view. As far as the author knows, this is the first attempt to carry out such a theoretical analysis for
micropolar fluids, which could be instrumental for understanding the effects on the flows of micropolar fluids
and the microstructure of the domain. In view of that, more efficient numerical algorithms could be developed
improving, hopefully, the known engineering practice.

The paper is organized as follows. In Section 2, we introduce the problem under consideration. In Section
3, we give some a priori estimates for the dilated velocity, the microrotation and the pressure, we introduce the
extension of the unknowns to the whole domain €2, and finally we recall the version of the unfolding method
necessary to pass to the limit in the next sections. Namely, we analyze the case PTPM in Section 4, the case
HTPM in Section 5 and the case VIPM in Section 6. The paper ends with a conclusion section and with a
list of references.
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2 Statement of the problem

In this section, we introduce the problem under consideration and also the rescaled problem posed in a domain
of fixed height. We finish this section giving the equivalent weak variational formulations. To do this, let us
first define some functional spaces which are necesary along the paper. Let C’;f(Y) be the space of infinitely
differentiable functions in R? that are Y’-periodic. By L% (Y) (resp. H4(Y)) we denote its completion in the
norm L3(Y) (resp. H'(Y)) and by La#(Y) the space of functions in L%E(Y) with zero mean value.

When the distance between two surfaces becomes very small, the experimental results from the tribology
literature (see e.g. [32, 36, 37]) suggest that the fluid’s internal structure should be taken into account as well.
Among various non-Newtonian models, the model of micropolar fluid (proposed by Eringen [28] in 60’s) turns
out to be the most appropriate since it acknowledges the effects of the local structure and micro-motions of
the fluid elements. Physically, micropolar fluids consist in a large number of small spherical particles uniformly
dispersed in a viscous medium. Assuming that the particles are rigid and ignoring their deformations, the related
mathematical model expresses the balance of momentum, mass and angular momentum. A new unknown function
called microrotation (i.e. the angular velocity field of rotation of particles) is added to the usual velocity and
pressure fields. Consequently, Navier-Stokes equations become coupled with a new vector equation coming from
the conservation of angular momentum with four microrotation viscosities introduced (see [34] for more details).
Being able to describe numerous real fluids better than the classical (Newtonian) model, micropolar fluid models
have been extensively studied in recent years (see e.g. [21, 22, 25, 42]).

Taking into account the application we want to model, it is reasonable to assume a small Reynolds number
and omit the inertial terms in momentum equations of the micropolar system. Also, it has been observed that
the magnitude of the viscosity coefficients appearing in the micropolar equations may influence the effective
flow. Thus, it is reasonable to work with the system written in a non-dimensional form (see e.g. [20] for more
details). Thus, we consider the stationary flow of an incompressible micropolar fluid in €. which is governed by
the following linearized micropolar system formulated in a non-dimensional form

—div(Du.) + Vp. = 2N?rot w. + f- in Q.
divu, =0 in Qg (2.5)
—Rydiv(Dw,.) + 4N?w. = 2N%*rot u. + g. in Q.
with homogeneous boundary conditions (it does not alter the generality of the problem under consideration),

U =w: =0 on 0Q.UOJS.. (2.6)

Under assumptions that f., g. € L*(Q.)?, it is well known that problem (2.5)-(2.6) has a unique weak solution
(Ue,we,pe) € HE ()3 x HE(Q.)3 x L3(2.) (see [34]), where the space L3(€2.) is the space of functions of L?(€2.)
with null integral.

Our aim is to study the asymptotic behavior of u., w. and p. when € and a. tend to zero and identify
homogenized models coupling the effects of the thickness of the domain and its microgeometry. For this purpose,
as usual when we deal with thin domains, we use the dilatation in the variable x3 given by

Z3

_ 2.7
Y3 c ; ( )

in order to have the functions defined in the open set with fixed height Q..

Namely, we define ., w. € H} ()3 and p. € L3(€2.) by

(' ys) = ue (2 eys),  We (2, yz) = we (@ eys),  Po(ays) = pe(2',eys), ae. (z',y3) € Q.. (2.8)

Let us introduce some notation which will be useful in the following. For a vectorial function v = (v',v3) and a
scalar function w, we introduce the operators D., V. and rot. by

1
(Dev)ij = Oyyv; for i = 1,2,3, j=1,2, (Dcv)i3= gaysvi fori=1,2,3,

1 ! 1 1 !
Vew = <V,T/w, €8y3w> , divey = divgv' + gayw, rotev = (rotzlvg + grotmv', Rotm/v’> ,
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where, denoting (v')* = (—wvo,v;)?, we define
10t 03 = (Og,v3, —0p,03)", 1Oty 0" = (9, v")T, Rotwv' = 0y v — Opyvr. (2.9)
Using the transformation (2.7), the rescaled system (2.5)-(2.6) can be rewritten as
—div.(D.@ic) + Vepe = 2N%rot. . + f-  in €,
diveic =0  in Q. (2.10)
— Rardive(Doid.) + AN*®, = 2N%rot e + . in (.,
with homogeneous boundary conditions
Ue =W =0 on O0NUIT,, (2.11)

where f. and §. are defined similarly as in (2.8).

Our goal then is to describe the asymptotic behavior of this new sequences ., w. and p. when € and a. tend
to zero. For this, it will be useful to use the the equivalent weak variational formulation of system (2.5)-(2.6)
and the rescaled system (2.10)-(2.11).

Weak variational formulations. For problem (2.5)-(2.6), the weak variational formulation is to find ., w. €
H(9.)? and p. € LE(Q.) such that

/DuE:Dgodx—/ pgdivgadx:2N2/ rotwg-npda:—&—/ fe - pdz,
Qe Q. Qe Qe
(2.12)
RM/ DwE:Dwdx—i—leQ/ wg-qux:mv?/
QE QE

QE

rotua-wdac—i—/ ge - Ydx,
Qe

for every ¢,v € H}(€2.)3, and the equivalent weak variational formulation for the rescaled system (2.10)-(2.11)

is to find @, w. € HE(Q:)? and p. € LE(Q.) such that

/ D.ii. : D.pdx'dys — / Pe divepda'dys = 2N2/ rot W, - o dx’dys + / f. - da'dys,
(2.13)
Ry /~ Db, : Doap dx'dys + AN? /~ We - da'dys = 2N? [ rot . - 1 dz'dys + [ Ge - W da'dys
Q. Qe Qe

€

for every ¢, € Hg(Q.)3. We recall that : denotes the full contraction of two matrices; for A = (a;j)1<i ;<3 and
3
B = (bij)lgi,j§37 we have A: B = E i=1 aijbij.

3 A priori estimates

In the sequel we make the following assumptions concerning f., g., Ry and N:

i) in the cases PTPM and HTPM, we assume
fo(x) = (f'(2)),0), ge(z) = (acg’(2'),0), ae. x€Q., where f, ¢ € L*(w)?, (3.14)
N?2=0(1), Ry =a*R. with R.=0(1), (3.15)
ii) in the case VIPM, we assume
fo(x) = (f'(2),0), go(z) = (eg'(2),0), ae. x€Q., where f,¢ € L*(w)? (3.16)
N?=0(1), Ry =¢*R. with R, =0O(1). (3.17)
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Along the paper, we denote by C' a generic constant which can change from line to line.

Remark 3.1. We point out that in PTPM and HTPM the parameter Ry; is compared with the size of the
obstacles while in the case VITPM with the film thickness, which are the most challenging ones and they answer to
the question addressed in the paper, all preserve in the limit a strong coupling between velocity and microrotation.
This choice is justified by many studies, for example in the selected applications chapter in [34] (see also [19, 20]).

We also observe that due to the thickness of the domain, it is usual to assume that the vertical components
of f and g can be neglected and, moreover they can be considered independent of the vertical variable. The
parameters for g. are chosen to obtain appropriate estimates in each case.

First, we recall the Poincaré inequality in a thin porous medium domain €. (see [13]).
Lemma 3.2. There exists a constant C' independent of €, such that,
i) in the cases PTPM and HTPM, then
loll oo < Cae D0l o yoms s Vo € HA(R)?, (3.18)

ii) in the case VIPM, then
V]l 20,2 < Ce|Dvllp2q yaxs s Vo € Ho(:). (3.19)
Next, we give the following results relating the derivative and the rotational (see [26]).
Lemma 3.3. The following inequality holds
[rot v][z2(a.)s < [[Dv|lp2(qysxs, Yo e Hé(QE)S. (3.20)
Moreover, if divo = 0 in Q., then it holds
[rot vl 2(a.ys = [[Dvl|L2(q.)sxa- (3.21)
We start by obtaining some a priori estimates for 4. and w,.

Lemma 3.4. There exists a constant C independent of €, such that the rescaled solution (ue,w:) of the problem
(2.10)-(2.11) satisfies

i) in the cases PTPM and HTPM,

el 2, )e < Cal, [ Detic|l 125, )01 < Cae, (3.22)

”'JJEHLQ(QE)3 < Ca,, ||DE7I)5HL2(§E)3X3 <C. (3.23)
i) in the case VIPM,

el p2q.ys < Ce® | Deticl 2. ysxs < Ce, (3.24)

[@ell 2.y < Cer [ Detbellp2g,yoxs < C- (3.25)

Proof. We analyze the different cases.

i) Cases PTPM and HTPM. We first obtain the estimates for the velocity. Taking ¢ = u. as test function
in the first equation of (2.12), taking into account fQ rot we - u. dxr = fQ rot ue - w. dx, applying Cauchy-
Schwarz’s inequality and from Lemma 3.2 and (3.21), we have

IDue |22 g yxs =2J\72/Q 1fotwg~usclx+/Q feruedz

= 2N? /Q We - TOb U dT +/Q f(2') -l de (3.26)

< 2N?||wel| 20,y [ Due 2 (. y2xs + €2a=Cll £l L2 o)z [ Due | 2 (.yoxs |
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ii)

which implies ) )
€7§a€71”Du5HL2(QE)3x3 < €7§a;12N2||’LUE||L2(QE)3 + C||f/||L2(w)2 .

(3.27)

Taking now ¢ = w, as test function in the second equation of (2.12), applying Cauchy-Schwarz’s inequality

and taking into account (3.14) and (3.15), we have
aZRel| Dwe |72 (g, yaxs + AN?{we]72(q, o
:2N2/ rot u. - we dx + a g'(z') - wl dx
Qe Q.
1
< 2N?||we [l 22 (.2 | Due | L2 (9.y8x3 + €2 acllg | 2wz well 2 (o.ys
which implies

1 1 1
e 20 2N w2y < 72 as N (Due| 2 oo + 511922

Then, from (3.27) and (3.29), we conclude that

1 _9q C ’ ]. ’
e 2a. | Duellz2a.ysxs < Tl ez + mﬂg [22(w)2 »

which gives
| Duc| L2 (0, x5 < Cace®.
This together with Lemma 3.2 gives
luellz2@. < CaZe?,
and by means of the dilatation (2.7) we get (3.22).

(3.28)

(3.29)

(3.30)

Finally, we obtain the estimates for the microrotation. We use fﬂs rotu, - we dr = an rot w, - U, dz in

(3.28), Lemma 3.2 and (3.20), and proceeding as above we obtain
a2 Re|| D[ 20 y3xs + AN?[|we |72, s
< 2N?|luc | 2,2 | Dwel| 2,52 + €2 a2C 10 || 22 (w2 | Dwe | L2,y
which, by using the estimate of u. given in (3.30), provides
Q2R||Dw. | 2.0 < C (2N%e3a2 + 3 a2l 2oy ) -

This implies . .
[wellL2(0.)s < Cace?,  [[Dwe|[L2a.)sxs < Ce2,
and by means of the dilatation, we get (3.23).

(3.31)

Case VTPM. For the velocity, proceeding as above by taking into account (3.16) and (3.17), we conclude

_3 _3
€72 || Duellr2(a.ysxs < €7 22N?||welz2(.ys + Cllf L2y »
and
-3 2 —3Ar2 L.,
e 22N ||ws||L2(QE)3 <eg =zN ||Du6||L2(QE)3X3 + EHg ||L2(w)2 .
Then, we deduce estimate
5 3
Hugan(Qs)s < Cez, ||Du€||L2(QE)3><3 < Ce2,
and by means of the dilatation, we get (3.24).
For the microrotation, similarly as the previous case, we get that

€2RC||DU)5||L2(QE)3><3 <(C <2N25% + S%HQIHLZ(UJ)Z) ,

which implies .
3

1
Hw5||L2(QE)3 < (Cez2, ||Dwg||L2(QE)3X3 < Cez,

and by means of the dilatation we get (3.25).
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3.1 The extension of (iu.,w.,p.) to the whole domain (2
We extend the velocity 4. and the microrotation @, by zero to the Q\ (NZE, and denote the extension by the same

symbol. Obviously, estimates (3.22)-(3.25) remain valid and the extension of 4. is divergence free too.

In order to extend the pressure to the whole domain , we use the mapping R, defined in Lemma 4.5 in [13]
as RS, which allows us to extend the pressure p. from Q. to Q. by introducing F. in H~!(Q.)? in the following
way (brackets are for the duality products between H~! and H}):

(Fey0)g. = (Vpe, R°@)q,, forany ¢ € Hé(QE)?’. (3.32)

Using Lemma 3.4 for fixed ¢ and a., we see that it is a bounded functional on H}(Q.) (see the proof of
Lemma 3.5 below), and in fact F. € H~'(Q.)®. Moreover, divp = 0 implies (F%, ), = 0, and the DeRham
theorem gives the existence of P. in L3(Q.) with F. = VP..

We calcule the right hand side of (3.32) by using the first equation of (2.12) and we have

(Fey0)g. = 7/9 DuE:DRacpdx+2N2/

rot we - REpdx + / fl(@) - (REp) dx. (3.33)
Qe Q.

We get for any ¢ € H}(Q)? where p(2/,y3) = p(2',ey3), using the change of variables (2.7), that

(VP @)a = 7/9155 div. ¢ da’dys = fsfl/ P.divdr = e Y VP, 9)0.

e

Then, using the identification (3.33) of F,, we have

(VP g)g ="t ( - / Du. : DR pdx + 2N2/
QE QE

rot we - R°pdx +/ fi- (ngo)’dx) )
Qe
and applying the change of variables (2.7), we obtain

(VP Pho = — / D@, : DR da'dys + 2N? / rotet. - B3 da'dys + / @) - (FEg) da'dys,  (3.34)
QE QE QE

where R°3 = Ry for any ¢ € Hg(Q)3.
Now, we estimate the right-hand side of (3.34).

Lemma 3.5. There exists a constant C' > 0 independent of €, such that the extension P. € L3(S2) of the pressure
De satisfies ~
| Pellz2) < C. (3.35)

Proof. From the proof of Lemma 4.6-(i) in [13], we have that R°( satisfies the following estimates
Pe Lo =112 1 <112
[ )HLz(Q EH@HL'Z(Q)?’ + | Dar @l 12 (yax2 + a7|\8y3¢\\L2(Q)3 ;
g g

1. . 1 -
D2 B yoes < C PR + 1Dl qpes + 5108l )
€ €

100 B2 B2, 5,10 < € (1813 s + Q21 DarBla pyons + 190,820y )

This implies that

1R @)@y < C (1813200 + el Darpllzaqyoee + 10y, @320 ) < Clllirycons-

10



Francisco J. Suarez-Grau

Moreover, in the case PTPM and HTPM,

~ 1, 5 1 - C ., .
DR Pl 26, yaxs < C <a||<P|L2(Q)3 + |1 D@l L2(02)3x2 + a||3y3%0||L2(Q)3> < ;H@”H(}(Q)Sz

and in the case VITPM,
- 1. . a . 1 . C, .
DBl ons < (10l + 21D dllaypes + Honlinr ) < Sl

Thus, in the cases PTPM and HTPM, by using estimates for D. . in (3.22), for D.w, in (3.23) and f’ € L?(w)?,
we respectively obtain

/~ DG : D.R°dx'dys
QE

< Cac||DRE@|l 255, ysxs < Cll@llmg s,

/ﬁ rotewe - R‘S@dx’dy;; < HDsQDe”p(ﬁE)ws||R885HL2(§E)3 < Cag£_2||]j?5¢||m(§£)3 < C||95||H3(Q)3a

/~ [ RE@da’ dys
QE

< CIR Gl iy < CllElmaays -

which together with (3.34) gives ||V P.|| r2(0)3 < C. By using the Necas inequality there exists a representative
P. € L2(Q) such that ) ) }
IPllz2 ) < ClIVP:g-1ap < CVePellg-1(0)3,

which implies (3.35).

Finally, proceeding similarly in the case VITPM, by using now estimates for D. . in (3.24) and for D w, in
(3.25), we also obtain (3.35).

O

3.2 Adaptation of the unfolding method

The change of variables (2.7) does not provide the information we need about the behavior of @, and w. in

the microstructure associated to Q.. To solve this difficulty, we use an adaptation of the unfolding method (see
[18, 23, 24] for more details) introduced in [13].

Let us recall that this adaptation of the unfolding method divides the domain ﬁg in cubes of lateral length
a. and vertical length 1. Thus, given (u.,w., P.) € H} ()3 x H}(Q)? x LE(Q), we define (., e, P-) by

g g

) B x/ R B 1,/
G (2, y) = 1. (agf-z (a) + agy’,y;;) , (', y) = e (CLEKZ (a) + agy/,y3> , (3.36)

~ ~ .’I;/
PE(!E/, y) =P, (aa’f <€) + asy/a93> , (3'37)
a.e. (2/,y) € wx Y, where ., . and P. are extended by zero outside Q. For k' € Z2, we define « : R? — Z2 by
ka') =k =" eYi,. (3.38)

Remark that  is well defined up to a set of zero measure in R? (the set UklezaaYk/,)l). Moreover, for every
as > 0, we have

/
X
K () =K =i cY, .

Qe

11
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Remark 3.6. For k' € K., the restrictions of (i, e, P:) to Y}, , XY does not depend on z’, whereas as a

function of y it is obtained from (i.,w., P.) by using the change of variables y' =
Yir . tnto Y.

’ !
z—ack - which transforms
€

Now, we get the estimates for the sequences (i, W, PE) similarly as in the proof of Lemma 4.9 in [13].

Lemma 3.7. There exists a constant C > 0 independent of €, such that (te, W, P-) defined by (3.36)-(3.57)
satisfies

i) in the cases PTPM and HTPM,
]| L2 wxyys < CaZ,  |Dyriie|| p2(uxyysxs < Ca2, [0yt L2 wxyys < Cace, (3.39)
[ [ L2(wxv)s < Cac, [[Dytbe|lr2wxyysxs < Cae,  [|Oyyte|L2(wxyys < Ck, (3.40)
i1) in the case VITPM,
el L2(@wxy)ys < Ce®, [ Dyficllp2(xyysxs < Cace, |0y, tiellr2(wxy)s < Ce?, (3.41)
[ellL2(wxyys < Ce,  [[Dyridelp2wxy)sxs < Cae,  [|OyswellL2(wxyys < Ce, (3.42)
and, moreover, in every cases,

1P| 2(wxyy < C.

Weak variational formulation. To finish this section, we will give the variational formulation satisfied by

the functions (., ., Pr), which will be useful in the following sections.

We consider ¢.(2',y3) = p(z',2'/e,y3) and Y (2',y3) = ¥(a’,2'/e,y3) as test function in (2.13) where
o', y), v, y) € D(w; C’#’(Y):S), and taking into account the extension of the pressure, we have

/ Vepe - pe da'dys = / VP - ¢ da’dys,
Q. Q
and the extension of (@, W), we get

| D.t. : Do, da'dys — / P. div.p, da'dys = 2N2/~ roteWe - e da'dys + | f' - ¢l da'dys,
Q. Q Q. Qc

R /~ Db, : Do, da'dys + AN? /~ W, - . dr'dys = 2N? /~ rotede - . da’dys + /~ gL -l dx'dys
QE QE QE

€

(3.43)
where Ry and g. depend on the case, see assumptions (3.14)-(3.17).
Now, by the change of variables given in Remark 3.6 (see [13] for more details), we obtain
1 1
a—2/ Dy : Dy’ da'dy + - / Dy, 0 = Oy, da'dy
e JwxYy € wxYy
N 1 N
—/ P.div, ¢ dx'dy — — P.div, ¢ dx'dy
wx Yy Qe wxYy
2N? 2N?
= / roty e 3 - ¢ da'dy + — roty, WL - ¢ dz'dy + / f o da’dy + O, ,
Qe wxYy wxYy wxYy (344)
1 ~ ! 1 ~ / 1 > ’
— Ve s Vypsdr'dy + — Oysle,3 - Oyy 3 da’dy — — P.0y,p3dx’dy
ag wXxYy € wxYy wxYy
2N?
= / Rot, . @3 dz'dy + O ,
Qe w><Yf

12
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and
Ry A~/ ’og R A1 ’ gt 2 A1 rog
— Dy, : Dydp" da'dy + — Oy, Wy : Oy da'dy + 4N Wl - dx'dy
(= wXYy € wXYy wXYy
2N? 2N?
= / 1oty e 3 - ¢ da'dy + —/ roty, 4. - ¢’ dz'dy +/ gL - da'dy + O, ,
Qe w><Yf € wXYf w><Yf
(3.45)
R R
M / Ve s - Vyraps da'dy + —ot / Byyte 3 : Oyyths da'dy + AN / W3 - 3 da’dy
as wXYf € UJXYf UJXYf
_ 2N?

Qe

/ Roty . 1 dz'dy + O .
XYy

Along the paper, we denote by O, a generic real sequence which tends to zero with £ and can change from line
to line.

When ¢ tends to zero, we obtain for (e, we, P, ) different asymptotic behaviors depending on the cases
PTPM, HTPM and VIPM. We will analyze them in the next sections.

4 Proportionally Thin Porous Medium (PTPM)

It corresponds to the critical case when the cylinder height is proportional to the interspatial distance, with A
the proportionality constant, that is a. ~ e, with a./e = A, 0 < A < +00.

Let us introduce some notation which will be useful along this section. For a vectorial function v = (v/,v3)
and a scalar function w, we introduce the operators Dy, V, divy and roty by

(Dav)ij = Oy,v; for i = 1,2,3, j=1,2, (Dyv)i3 = Ady,v; fori=1,2,3,
Ayv = Ay/v + /\23531}, Vaw = (Vy/w, AayS'LU)t,
divyv = divy v’ + Ady,v3, rotav = (rot, vs + Arot,,v’, Rot,v'),

where rot,, rot,, and Rot, are defined in (2.9). Next, we give some compactness results about the behavior

of the extended sequences (ue, We, PE) and the unfolding functions (4., W, PE) satisfying the a priori estimates
given in Lemmas 3.4, 3.5 and 3.7 respectively.

Lemma 4.1. For a subsequence of € still denote by e, we have that

i) (Velocity) there exist @ € H&(O,l;LZ( )?) with Gz = 0 and @ € L*(w; Hy ,(Y))? with & = 0 on w x Y5,
such that [, a(x',y)dy = fo @', ys) dys with [, Gz dy =0 and moreover

aZ . — (@,0) in H(0,1; L*(w)?), aZ%4. — @ in L*(w; H'(Y)?), (4.46)

€

1 1
div, (/ @' (2',ys) dy;;) =0 in w, (/ o' (z',ys) dyg) ‘n=0 1indw, (4.47)
0 0

divat =0 inw x Y, divy </ o' (2, y) dy> =0 inw, (/ ' (2, y) dy> ‘n=01indw, (4.48)
Y %

ii) (Microrotation) there exist W € H&(O,l,LQ( )?) with w3 = 0 and W € L*(w; Hy 4, (Y))* with i = 0 on
w X Y, such that [, w(2',y)dy = fo (', y3) dys with [y, w3 dy = 0 and moreover

aztiw. — (@',0) in H'(0,1; L*(w)?), aZ'w. — w in L*(w; H(Y)?), (4.49)

€

13
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iii) (Pressure) there exists a function P € L3(Q), independent of ys, such that

P. - P inL*(Q), P.— PinL*wxY). (4.50)

Proof. The proof of this result for the velocity is obtained by arguing similarly to Section 5 in [13].

The proof of the results for the microrotation is analogous to the ones of the velocity, except to prove that
w3 = 0. To do this, we consider as test function 9.(z’,y3) = (0,0,az11)3) in the variational formulation (3.43),
and we get

a-R. / Vortle 3 - Vartps da'dys + a.e 2R, / Dy We 3 Oyy s da’dys + 4N?a* / e 393 dz’ dys
Q Q Q

=2N%q! / Rot il b3 da’dys .
Q
Passing to the limit by using convergences of 4. and W, given in (4.46) and (4.49), we get
/\QRc/ Oy W3 Oy, 3 da’ dyz + 4N / w3 s da’dys =0,
o Q

and taking into account that ws = 0 on y3 = {0, 1}, it is easily deduced that w3 = 0 a.e. in .

_ We finish with the proof for the pressure. Estimate (3.7) implies, up to a subsequence, the existence of
P € L(Q) such that 3 3

P. ~ P in L*(Q). (4.51)
Also, from ||V5]35HL2(Q)3 < C, by noting that 9y, P./¢ also converges weakly in H~1(Q), we obtain d,, P = 0
and so P is independent of y3. Next, following [45], it can be proved that the convergence of the pressure is in

fact strong giving the first convergence of (4.50). Finally, we remark that the strong convergence of sequence P,
to P is a consequence of the strong convergence of P. to P (see [24, Proposition 2.9]).

O

Uunsing previous convergences, in the following theorem we give the homogenized system satisfied by (i, @, 15)

Theorem 4.2. In the case PTPM, the sequence (aZ *t.,a; "w.) converges weakly to (i, w) in L*(w; H'(Y)?) x
L?(w; HY(Y)?) and P. converges strongly to P in L*(w), where (,10, P) € L*(w; Hy ,(Y)?) x L*(w; Hy 4, (Y)?) %
(L§(w) N HY(w)), with [y, G3dy = [, w3 dy =0, is the unique solution of the following homogenized system
—Axi+ Vg = 2N?rotyi + f(2') — Vu P(2')  inw x Yy,

divatt =0 inwxYy,

—R.AND + 4N?1 = 2N2rot i + ¢/ (

8

") inw x Yy,

€>
CJ

U= mn w X Y,

div, (/ (2, y) dy) =0 nw,
1%
(/ ﬁ'(x',y)dy) n=0 on dw,
%

a(x’,y), w(z',y), (', y) Y — periodic.

(4.52)

Proof. For every ¢ € D(w;C;f(Y)?’) with divae = 0 in w x Y and divy ([, ¢’ dy) = 0 in w, we choose
ve = (@', A(e/ac)ps) in (3.44). Taking into account that thanks to divap =0 in w X Y, we have that

1 N
— / P.(divy ¢ 4+ A9y, p3) da'dy = 0.
Ae Jwxy

14
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Thus, passing to the limit using the convergences (4.46), (4.49), (4.50) and A(e/n:) — 1, we obtain

/ Dyt : Dypda'dy — / Pdiv, ¢ da'dy
wxYy wXxY

(4.53)

=2N? / (roty 3 - @' + Aroty, @' - @' + Roty ' ¢3) da'dy + / ¢ da'dy.
UJXYf wXYf

Since P does not depend on y and div, fY ¢ dy =0 in w, we have that the second term is zero, and so we get

/ Dyii : Dypdx'dy = 2N2/ rotyw - o dx’dy + / ¢ da'dy. (4.54)
wXYf wXYf

wXYf

Next, for every 9 € D(w;C%O(Y)zg), we choose 1. = aZ 1% in (3.45) with g. and R) satisfying (3.14) and
(3.15). Then, passing to the limit using convergences (4.46) and (4.49), we get

w-wdx’dy:2N2/

w><Yf

rotat - ¢ dz'dy + / g - da'dy.

Rc/ Dy - D,\wdx’dy+4N2/
wxYy w wXxYy
(4.55)

><Yf

By density (4.54) holds for every function ¢ in the Hilbert space V defined by
o(a',y) € L*(w; Hj ,(Y)?) such that

V=1 divy </ o2, y) dy) =0inw, </ o', y) dy) ‘n=0ondw p,
Yy Yy

divap(z,y) =0inw x Yy, ¢(z',y) =0in w x ¥
and (4.55) in W = {¢(2',y) € L*(w; Hy 4 (Y)?) : (2',y) =0 in w x Y}

From Theorem 2.4.2 in [34], the variational formulation (4.54)-(4.55) admits a unique solution (i, w) in V xW.

From Lemma 2.4.1 in [34] (see also [6]), the orthogonal of V' with respect to the usual scalar product in
L?(wxY) is made of gradients of the form V,q(z')+Vq(a',y), with ¢(z) € L(w) and (2, y) € L*(w; Hy(Y)).
Therefore, by integration by parts, the variational formulations (4.54)-(4.55) are equivalent to the homogenized
system (4.52). It remains to prove that the pressure ]5(1" ), arising as a Lagrange multiplier of the incompress-
ibility constraint div,:( [, 4(z’,y)dy) = 0, is the same as the limit of the pressure P.. This can be easily done
by considering in equation (3.44) a test function with divy equal to zero, and obtain the variational formulation
(4.53). Since 2N?rotyw + f' € L*(w x Y)? we deduce that P € H'(w).

Finally, since from Lemma 2.4.1 in [34] we have that (4.52) admits a unique solution, and then the complete

sequence (az 4., a- 11, P.) converges to the solution (@(2’,y),w(z’,y), P(z')).
]

Let us define the local problems which are useful to eliminate the variable y of the previous homogenized
problem and then obtain a Darcy equation for the pressure P.

For every i,k = 1,2 and 0 < A\ < 400, we consider the following local micropolar problems
—A\ubF 4+ VyrhF — 2N%rot \whF = ¢;61,  in Yy,
divyut* =0 in Yy,
—R A whF + AN2whk — 2N2rotyub® = e;09, in Yy, (4.56)

uhF =wF =0 inY;,

“i’k(y)a wi’k(y), 7ri’k(y) Y’ — periodic.

It is known (see Lemma 2.5.1 in [34]) that there exist a unique solution (u®*, wh* 7tF) € H&#(Yf)?’ X H&,#(Yf)?’ X
La#(Yf) of problem (4.56), and moreover 7% € H'(Yy).

Now, we give the main result concerning the homogenized flow.
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Theorem 4.3. Let (i, 0, P) € L*(w; H} 4+(Y)?)x L?(w; Hy #(Y)S) X (L3(w)NHY(w)) be the unique weak solution
of problem (4.52). Then, the extensions (aZ 2ﬂs,a;lws) and P. of the solution of problem (2.10)-(2.11) converge

weakly to (@, W) in Hl(O 1; L2( ) ) X H1(0 1; L2( )3 ) and strongly to P in L?(w) respectively, with iz = 3 = 0.

Moreover, defining U(z fo @z, ys3) dys and W (x fo (', y3) dys, it holds

ff’(m') =& (@) - vz/m')) +EPg(r),  Us(a) =0 inw,

N i - (4.57)

wW'(z') = Lg\l) (f’(ac’) — VI/P(SCI)) + L( ) g(z), Wi(2') =0 inw,
where Kik), Lf\k) € R2*2 k= 1,2, are matrices with coefficients

(] Yf (] Yf
where ut*, w* are the solutions of the local micropolar problems defined in (4.56).
Here, P € H! (w) N L3(w) is the unique solution of the 2D Darcy equation
div, (Kf\l) (f’(:l:’) - Vx/ﬁ’(x’)) + Kg\Q)g(x')) =0 nw,
(4.58)

(Kil) (f’(x') — Vm/}:’(x’)) + K§\2)g(x’)> n=0 in dw.

Proof. We eliminate the microscopic variable y in the effective problem (4.52). To do that, we consider the
following identification

i@ y) = 3 [(£@) = 0, P u () + gula )2 (v)]

—

(', y) = Z [(£i(a") = 0. P(@) ) 0" (9) + ga(a Y2 ()] (4.50)

q<x',y>:§2:[(ﬁ(x’)—amf(x')) RORSACOL

and thanks to the identity fo o' y) dy = fol o(x',y3) dys with fo 3 dy = 0 satisfied by velocity and microro-
tation given in Lemma 4.1, we deduce that U and W are given by (4.57).

Finally, the divergence condition with respect to the variable 2’ given in (4.52) together with the expression
of U'(z') gives (4.58), which has a unique solution since K ;1)

converges, see Part III - Theorem 2.5.2 in [34].

is positive definite and then the whole sequence

O

Remark 4.4. We observe that when N is identically zero, taking into account the linear momentum equations
from (4.52), we can deduce that the Darcy equation (4.58) agrees with the ones obtained in [14, 29] in the case
PTPM.

5 The homogeneously thin porous medium (HTPM)

It corresponds to the case when the cylinder height is much larger than interspatial distance, i.e. a. < € which
is equivalent to A = 0.

Next, we give some compactness results about the behavior of the extended sequences (tie, We, E) and the
unfoldlng functions (i, W, P ) by using the a priori estimates given in Lemmas 3.4 and 3.5, and Lemma 3.7,
respectively.
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Lemma 5.1. For a subsequence of € still denoted by €, there exist the following functions:

i) (Velocity) there exist u € L*()*, with iz = 0 and @ € L*(; Hy(Y')*) with 4 = 0 on w x Y5, such that
fo (2’ y)dy = fol (2’ y3)dys with fo a3(x’,y)dy = 0, 43 independent of y3 and moreover

aZ . — (@,0) in L*(Q)3,  aZ%a. — 0 in L*(Q; HY(Y')?), (5.60)

€

1 1
div, (/ o' (2, y3) dy3> =0 in w, (/ o' (2, y3) dy3) n=0indw, (5.61)
0 0
divyd' =0 inw x Yy, divy (/ o' (2, y) dy) =0 inw, </ a(x’,y) dy) ‘n =0 in dw, (5.62)
Yy Yy

i) (Microrotation) there exist w € L*(2)* with w3 = 0 and w € L*(Q; Hy (Y')?) with w = 0 on w x Yy, such
that fo w(x',y)dy = fol w(z', ys3) dys with fo w3(z',y)dy = 0, 43 independent of y3 and moreover

aZtw. — (@',0) in L2(Q)%,  aZ . — w0 in L2 HY(Y')?), (5.63)

€

iii) (Pressure) there exists P € L2(Q) independent of ys, such that

P. » P in [*(w), P.— P in L*w). (5.64)

Proof. The proof of this result is obtained by arguing similarly to Section 5 in [13] and Lemma 4.1 of the
present paper.

O

Using previous convergences, in the following theorem we give the homogenized system satisfied by (@, w, P).

Theorem 5.2. In the case HTPM, the sequence (az 20, az i) converges weakly to (i,
L2(Q; HY(Y")3) and P. converges strongly to P in L?(w), where (i, , P) € L*(Q; H#(Y
(L3(w) N HY(w)) with 43 and 13 independent of y3 and fy, ts(z',y' ) dy’ = fy, w3,
defining U = fo o' y)dys, W = fo 2’ y)dys, we have that (U, W) € L*(w H;#(Y’) ) x L*(w; Hy (Y')?) is
the unique solution of the following homogenized system

121) in L2(Q; HY(Y')3) x
)3) x L2(§; H;#(Y’)g) X
y')dy = 0. Moreover,

—Ay U + VG =2N?rot, W3 + f'(z') = Vo P(z')  inw x Yy,
—Ay'Ug = 2N2Roty/W’ inwx Yy,
—R.A, W' +4N?W' = 2N?rot, Us 4 ¢'(2')  in w x Yy,
—RcAy Wy + AN?Ws = 2N?Roty U'  in w x Y7,
divy/U’:O inwaf’,

U=W =0 inwxY/, (5.65)

div, (/ U’(w’,y')dy’) =0 inw,

f

(// U’(x',y')dy') ‘n=0 ondw,

U, y), o', y), 4z’ y") Y — periodic.
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Proof. We choose ¢ € D(w; C3(Y)?) with div, ¢’ = 0inwxY, dive ( [y, ¢ dy) = 0 in w and ¢3 independent
of y3 in (3.44). Taking into account that thanks to div, ¢’ = 0 in w x Y} and ¢3 independent of y3, we have that

1 - 1 R
— / P.divy ' da’'dy=0 and - / Oyy P-0yyp3da’dy = 0.
wXY € Juxy

Thus, passing to the limit using the convergences (5.60), (5.63), (5.64), a./e — 0 and using in the limit that P
does not depend on y and divy ([, ¢ dy) = 0, we obtain

/ Dyt : Dy da'dy = 2N2/ roty s - ¢ da'dy + / ¢ da'dy
XYf w><Yf w><Yf (5 66)

/ Vs : Vyrpsde'dy = 2N? / Rot, ' s da'dy .
XYy XYy

Next, for every 1) € D(w;C’;f(Y)ia) with 13 independent of y3, we choose ¥, = a- 11 in (3.45) taking into
account that g. and Rps satisfy (3.14) and (3.15). Then, passing to the limit using convergences (5.60) and
(5.63), we get

Rc/ Dy : Dyt da’dy + 4N2/ w - dx'dy
w><Yf

w><Yf

= 2N2/ roty iz - 1 da'dy + / g'(z") - dx'dy, (5.67)
wxYy wXxYs

RC/ Vs 2 Vyips de'dy + 4N2/
XYy

s - s da’dy = 2N* / Roty @' - 15 da'dy.
w><Yf

w><Yf

We take into account that there is no ys-dependence in the obtained variational formulation. For that, we can
consider ¢,1) independent of y3, which implies that (U, W) satisfies the same variational formulation with integral
in wx Y;. By density, we can deduce that the variational formulation for (U, W) is equivalent to problem (5.65).

O

The local problems to eliminate the variable y of the previous homogenized problem can be defined by using
the local system (4.56) with A = 0. In that case, since there is no y3 dependence, then it is correct to consider
all equations in 2D domain Yf’ instead of Y. Therefore, for every i,k = 1,2, we consider (ubF whk k) €
H,(Y])? x Hy(Y7)? x (H'(Y}) N L§ _,(Y})) the unique solutions of the following local micropolar problems

—Ay (uF) + vtk - 2N2roty/wg’k =eidy,  in Yy,

fAy/ug’k — 2N?Roty (w™*)' =0 in Yy,

divy (ut*) =0 in Yy,
—ReAy (wF) + AN?(w'*) — 2N?rot, uy® = €0, in Y7, (5.68)

—R.Aywy* + 4AN?wi* — 2N2 Rot, (u*) =0 in Yy,

ubk = whk =0 in Y/,

y), w* (y'), 7% (y') Y’ — periodic.
We give the main result concerning the homogenized flow.

Theorem 5.3. Let (U, W, P) € L*(w; Hy, (Y')?) x L?(w; Hy (Y')?) x (L§(w)NH' (w)) be the unique weak solution
of problem (5.65). Then, the extensions (a; *tc, a7 w.) and P. of the solution of problem (2.10)-(2.11) converge

weakly to (1] 111) in LQ(Q) X LQ(Q)?’ and strongly to P in L*(w) respectively, with i3 = w3 = 0. Moreover,
defining U(x fo 7', y3) dys and W(z') = fl w(x',ys3) dys, it holds

U'(a') = K (f@) =V P)) + KPg@),  Ta(@) =0 inw,

uik

N ~ . (5.69)
W(z') = LV (f’(x’) - Vw/P(:L")) +I®g(a),  Wi(@) =0 inw,
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where K(()k), Lék) € R2*2 k = 1,2, are matrices with coefficients
(569) = [ wrenar, (1) = [ witehdr, ii-1e
iy iy
where ub*, w* are the solutions of the local micropolar problems defined in (5.68).
Here, P € H'(w) N L3(w) is the unique solution of the 2D Darcy equation
: Q) (erony D (ol (2) ny — :
divg (KO (f (') = Vg Pz )) + Ky g(z )) =0 inuw,

(Kél) (f’(x’) - erf’(x’)) + Kéz)g(x’)> ‘n=0 indw. 10

Proof. To eliminate the microscopic variable y" in the effective problem (5.65), we proceed as for the critical
case by considering the local systems (5.68).

Thanks to the identities for the velocity fY; Uz' ) dy' = Ul(z') with fyf/ Us dy’ = 0 and the analogous one
for the microrotation given in Lemma 5.1, we deduce that U and W are given by (5.69).

Finally, the divergence condition with respect to the variable 2’ given in (5.61) together with the expression

of U'(z') gives (5.70), which has a unique solution since Kél) is positive definite and then the whole sequence
converges, see Part III - Theorem 2.5.2 in [34].

O

Remark 5.4. We observe that when N is identically zero, taking into account the linear momentum equations
from (5.65), we can deduce that the Darcy equation (5.70) agrees with the ones obtained in [14, 29] in the case
HTPM.

6 The very thin porous medium (VITPM)

It corresponds to the case when the cylinder height is much smaller than the interspatial distance, i.e. a. > €
which is equivalent to A = +oo.

Next, we give some compactness results about the behavior of the extended sequences (., we, P-) and the

unfolding functions (i, W, Pr) satisfying the a priori estimates given in Lemmas 3.4 and 3.5, and Lemma 3.7,
respectively.

Lemma 6.1. For a subsequence of € still denoted by €, there exist the following functions:

i) (Velocity) there exist i € H(0,1; L*(w)?) with @iz = 0 and @ € H}(0,1; Li(w xY")3) with @ = 0 in w x Ys,
such that [, a(z',y)dy = fol a(z’',y3) dys with [, s dy =0, s independent of y3 and moreover

%G, — (@',0) in HY(0,1; L*(w)®), e 2a. —a in H*(0,1; L*(w x Y")?), (6.71)

1 1
div, (/ @' (2',ys) dyg,) =0 inw, (/ @' (2',y3) dyg) ‘n=01indw, (6.72)
0 0

divyd =0 inw x Yy, divy (/ o' (2, y) dy> =0 in w, (/ (2, y) dy) ‘n=0 in dw,(6.73)
Yy Yy

i) (Microrotation) there ewist w € Hg(0,1; L*(w)?) with w3 = 0 and w € Hg(0,1; L, (w x Y')?) with i = 0 in
w X Yy, such that fo w2, y)dy = fol w(z', ys) dys with fo w3 dy = 0, w3 independent of y3 and moreover

el — (@',0) in H(0,1; L*(w)?), et — b in H'(0,1; L?(w x Y')?), (6.74)
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iii) (Pressure) there exists P € L3(Q) independent of ys, such that
P. » P in L*(w), P.— P in L*w). (6.75)
Proof. The proof of this result is obtained by arguing similarly to Section 5 in [13] and Lemma 4.1 of the
present paper.
O

Theorem 6.2. In the case VIPM, the sequence (¢~ %d.,e b)) converges weakly to (Gi,w) in H(0,1; L?(w x

Y')3) x HY(0,1; L2(w x Y')3) and P. converges strongly to P in L*(w), where (i,w, P) € H} (w; L (w x Y')?) x
H} (w;Li(w x Y')3) x (L3(w) N HY(w)) with 43 = w3 = 0, is the unique solution of the following homogenized
system ~

0y + VG = 2N?voty, ' + f'(2') = Vu P(z!)  inw x Yy,

— R0y, 0" + 4N = 2N?rot,, 0/ + ¢'(z')  inw x Yy,
mnwx Yy,

mw X Y,

divy </ o' y)dy ) =0 inw,
Y

(/ (2, y) dy) ‘n=0 on dw,
1%

a/(xla y)7 w/(xlv y)a lj(l'/, y/) Y/ — pem'odic.

(6.76)

Proof. We choose ¢ € D(w; C(Y)?) with divy ¢’ = 0in wx Y, dive (f;, ¢’ dy) = 0 in w and @3 independent
of y3 in (3.44). Taking into account that thanks to div, ¢’ = 0 in w x Y and g3 independent of y3, we have that

1

. 1 N
P.divy¢'dx’'dy=0 and - / Oyy POy, 03 da’dy = 0.
Ae Joxy € Juxy

Thus, passing to the limit using the convergences (6.71), (6.74), (6.75), €/a. — 0 and using in the limit that P
does not depend on y and div. (- ¢ dy) = 0, we obtain

Dy i : Dy’ da'dy = 2N2/

wXY

roty, 0’ - ¢’ da'dy + / o da'dy,

wXY wXY

(6.77)
Vi : Vyrpsda'dy = 0.

wXY

Next, for every ¢ € D(w; CF (Y)3) with 13 independent of y3, we choose 9. = a-'¢ in (3.45) with g. and
Ry satisfying (3.16) and (3.17). Then, passing to the limit using convergences (6.71) and (6.74), we get

R, / Dy’ 2 Oyt da'dy + AN? / W' ) da'dy
wXYy w

X Yf

= 2N2/ roty, 4’ - ¢ da'dy —|—/ g (z') -y da'dy, (6.78)
wxYy wxYy

R, / Oys W3 : Oysth3 da’dy + AN / Ws - Pg da’dy = 0.
wXYf wXYf

The second equations of (6.77) and (6.78) together to the boundary conditions imply 43 = w3 = 0. By density,
we can deduce that this variational formulation is equivalent to problem (6.76).

O
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Let us define the local problems which are useful to eliminate the variable y of the previous homogenized
problem and then obtain a Darcy equation for P. We define ® and ¥ by

1 R, 1 |/ N2R. 1— N2
d(N = —_ — = th | N .
(VR =+ - ~1Vi=ae®@ R. |- (6.79)
tanh (N )
W(N, R.) (6.80)
17N1/ ? tanh (N,/ )
and for every k = 1,2, we consider the following 2D local micropolar Darcy problems for 7% as follows
. 1 ik .
—div, (1]\]2¢(N, R.) (Vym (y) + €i51k)> =0 inY}, 651

(1 = (N, R.) (Vy "k(yl)+€¢51k)) n=0 indY,.

It is known that from the positivity of function ®, problem (6.85) has a unique solution for 7%* € H# (Y') (see
[19] for more details).

Theorem 6.3. Let (1,1, P) € Hg(w; L3 (wx Y')?) x Hj(w; L (wx Y')*) x (Lg(w) N H* (w)) be the unique weak
solution of problem (6.76). Then, the extensions (™21, 5*112)5) and P, of the solution of problem (2.10)-(2.11)
converge weakly to (4, W) in Hl(O 1; L2( )3) x HI(O, 1; L2 (w ) ) and strongly to P in L*(w) respectively, with

i3 = w3 = 0. Moreover, defining U(x fo @z, ys) dys and W (x fo (', y3) dys, it holds

0'(@') = KO (£@) = Vo P)) + KQg(),  Tsla') =0 inw,

_ N (6.82)

W'(z') = Lg))g(m’)7 Ws(z')=0 inw,
where the matrices Kéf) €eR?*? k=1,2, and Lg)) € R?*2 gre matrices with coefficients

1 ; ..
(K®), = 15 [ 0RO @)+ Sigbu) dy's i = 1.2,
ij v
(6.83)

1 R
(2) _ c AR
(Loo)ij 4N3\/j</; \I/(N,Rc)dy)am7

with ® and ¥ given by (6.79) and (6.80) respectively, and 7' € H#(Y’), i,k = 1,2, the unique solutions of the
local problems (6.85). Here, P € H'(w) N L3(w) is the unique solution of the 2D Darcy problem

divy (Ké? ( F(a) — Vx/lf’(:c’)> + KD g(x')) -0 inw,

(KL%) (f’(x') - VI/IE’(x’)) + Kg)g(x’)> n=0 indw. .

Proof. We proceed as in in the proof of Theorem 4.3 in order to obtain (6.82). Thus, by using (4.59) where
ubk whk Ry e HY L, (Y§)2 x H} ,(Yy)? x LE(Y}), i,k = 1,2, is the unique solution of
0,4\ f 0,#Lf ol

— 0y 4+ Vot — 2N?rot, whF = —e;8y;,  in Yy,
divyut* =0  in Yy,
— R0y, wh* + AN2wi* — 2N2rot, ut* = —e;60,  in Y7, (6.85)
uhF = whk =0 inY;,
utH(y),wt(y), 7 (y') Y - periodic,
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e X 1. - . 1.
then, thanks to the identities fo u(z',y) dy = [, a(z’,y3) dys with 43 = 0 and fo (', y)dy = [ w(z',y3) dys
with w3 = 0 given in Lemma 6.1, it holds

U'(a)) = /Yﬁ’(x’,y) dy = —K (Vwrp(ac’) - f’(x’)) + K®¢ (), Us(z') = /Yﬁg,(x’,y’) dy=0 inw,
W' (2') = /Yw'(a:’,y) dy = -1 (mels(x’) - f’(m')) +ILO¢ (), W) = /ng(x’,y) dy=0 inw,

where Kgf), Lg’é), k = 1,2, are matrices defined by their coefficients
(Kéf)).. = */ ui” (y) dy, (Léﬁ))__ = */ wi(y)dy, 0,5 =1,2. (6.87)
ij Y ij Y
Then, by the divergence condition in the variable a’ given in (6.76), we get the Darcy equation (6.84).
However, we observe that (6.85) can be viewed as a system of ordinary differential equations with constant

coefficients, with respect to the variable y3 and unkowns functions y3 +> uzlk(y’ ,yg),w;’k(y’ ,yg),ué’k(y’ ,Y3),

w;k(y’ ,y3), where ¢’ is a parameter, 3y € Y. Thus, we can give explicit expressions for u** and w"* given in
terms of 7% as follows (see [19, 20, 46] for more details):

wk (y) = ﬁ [y% —ys + NTz (sinh(k‘yg) — (cosh(kys) — 1) coth (g))} (Vy/wi7k(y/) n €i61k>

+b [(% sinh(kys) — 2y3) A+ 22 (cosh(kys) — 1)B — yg} (eiban)™

(6.88)
; . ; i
wh(y) = m [2y3 + (cosh(kys) — 1 — sinh (kys) coth (£))] (Vym*(y') + eid1x)
—one {COSh(ky?»)A + Sinh(kys)B} €i0ak ,
where k = \/%ZNZ)) and A, B are given by
inh(k — h(k) — 1
Ay) = — (b By = ——— D
—2sinh(k) 4 *7=(cosh(k) — 1) —2sinh(k) 4 *7—~(cosh(k) — 1)
Integrating with respect to ys, we get
1
. 1 .
/ uF (Y, ys) dys = —W@(Ny R) (Vym"*(y) + eidur)
0 (6.89)

1

. 1 R

ik, 1 c

' dys = —= Y (N, R;)eido ,
/ow (¥, y3) dys N3V 1= N2 (N, Re)eidog

with ® and ¥ given by (6.79) and (6.80), and so that 7" satisfies the Darcy local problem (6.81). Using the
expressions of u* and w"* together with (6.86), (6.87) and (6.89), we easily get (6.82), which has a unique
)

solution since K/(\l is positive definite and then the whole sequence converges. Observe that, from the second

equation in (6.89) with &k = 2, we have L(()l) = 0, which ends the proof.
(]

Remark 6.4. We observe that then R, tends to zero, the function ® given by (6.79) becomes identical to 1/12.
In that case, when N is identically zero, taking into account the linear momentum equations from (6.76), we can
deduce that the Darcy equation (6.84) agrees with the ones obtained in [14, 29] in the case VTPM.

7 Conclusion

A micropolar fluid flow has been considered in a thin domain with microstructure, i.e. a thin domain which is
perforated by periodically distributed solid cylinders which is called thin porous medium (TPM). This type of
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domains include a parameter € connected to the fluid film thickness and another a. connected to the microstruc-
ture representing the size of the cylinders and the interspatial distance between them.

A direct numerical treatment of fluid flows through TPM becomes very difficult due to the rapid variations
on the microscale level, so it would be necessary to obtain macroscopic laws to describe the fluid flows in such a
domain. Thus, due to the description of the domain by using the parameters € and a., it is possible to describe the
macroscopic behavior by means of the homogenization theory. In this sense, by using homogenization techniques,
we derive that the flow is governed by a generalized 2D Darcy equation

u (@) = K\ (@) — Vop(a) + KPg(x),  us(2/) =0  inw,
w'(z') = L (f/(2') = Vepa') + L g(a), wy(z) =0 inw, (7.90)
divpy'/ =0 inw, % -n=0 ondw,

where A is the proportionality constant between a. and € and we remark that the interaction between the

velocity and the microrotation fields is preserved. Moreover, we have that the flow factors K E\k), LE\k), k=12,
are calculated depending on the type of TPM:

- In the PTPM, i.e. when 0 < A < 400, the flow factors Kik), Lf\k) are calculated by solving 3D micropolar
local problems posed in a 3D unit cell Y and depending on the parameter A, the coupling number and the
characteristic length.

- In the HTPM, i.e. when \ = 0, the flow factors Kék), Lék) are calculated by solving 3D micropolar local
problems posed in a 2D unit cell Y’ and depending on the coupling number and the characteristic length.

- In the VIPM, i.e. when A = +00, the flow factors Kgf)), L(()lf)) are calculated by solving 2D micropolar
Reynolds local problems posed in a 2D unit cell Y’ and depending on the coupling number and the
characteristic length.

From the above, it is obtained that the model problem considered as an average problem could be solved by
using the following homogenization procedure:

1. Solve the local problem numerically corresponding to the value of A € [0, +0].
2. Use the solution to compute the components of the flow factors Ky and Lj.
3. Find p by solving the homogenized problem (7.90)3; numerically.

4. Compute u by means of (7.90); and w by means of (7.90)s.

We remark that in the intermediate case PTPM, the local problems are three-dimensional and the coefficient of
proportionality A appears as a parameter in the equations. In the extreme cases HTPM and VTPM, the local
problems are simpler, which represents a considerable simplification, compared with the intermediate case, from
the numerical point of view. In view of that, more efficient numerical algorithms could be developed improving,
hopefully, the known engineering practice of micropolar flows through TPM.
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