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Abstract

We consider a micropolar fluid flow in a media perforated by periodically distributed obstacles of size e.
A non-homogeneous boundary condition for microrotation is considered: the microrotation is assumed to be
proportional to the rotation rate of the velocity on the boundary of the obstacles. The existence and uniqueness
of solution is analyzed. Moreover, passing to the limit when ¢ tends to zero, an analogue of the classical
micropolar Darcy law in the theory of porous media is derived.
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1 Introduction

Micropolar fluid model is a non-Newtonian model which represents a generalization of the well-established New-
tonian Navier-Stokes model which takes into account the microstructure of the fluid. It describes the behavior of
numerous real fluids (e.g. polymeric suspensions, liquid crystals, muddy fluids, animal blood, etc.) better than the
classical one. The related mathematical model expresses the balance of momentum, mass and angular momentum.
Thus, a new unknown function @ called microrotation (i.e. the angular velocity field of rotation of particles) is
added to the classical pressure p and velocity 4. Consequently, Newtonian Navier-Stokes equations become coupled
with a new vector equation coming from the conservation of angular momentum, see Eringen [26] and Lukaszewicz
[30]. In view of its application in porous media, we can assume a small Reynolds number and neglect the nonlinear
terms and so the following micropolar equations are considered

—(v + vp) Al + V= 2u,rot () + f,
div(a) = 0,
—(Cq + ca) AW + 4vpb = 2v,Tot(h) + §.

The different viscosities v, v, ¢, and c¢q4 are strictly positive and characterize the isotropic properties of the fluid,

f represents the body force and g the body torque.

Solution to the governing equations in the presence of solid boundaries requires imposing appropriate boundary
conditions. Typical conditions on the solid boundary are the no-slip condition for velocity and the no-spin condition
for microrotation, which read

=0 and w =0,

which respectively imply that the fluid adheres to the solid boundary and that the fluid elements can not rotate
on the fluid-solid interface. However, a more general boundary condition for microrotation was introduced to take
into account the rotation of the microelements on the solid boundary, which is effectively proved to be in good
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accordance with experiments, see Bessonov [12, 13] and Migun et al. [31, 32]. This condition, called non-zero spin
condition, reads

WX n= %rot(ﬁ) xmn, w-n=0, (1.1)

where n is a normal unit vector to the boundary and the coefficient o describes the interaction between the given
fluid and solid.

It should be noted that in the previous studies the no-slip condition for velocity on the solid surface combined
with non-zero spin condition (1.1) for microrotation is assumed. However slippage is experimentally observed
in various systems at fluid-solid interfaces and can strongly influence hydrodynamic behavior in microscale and
nanoscale flows. For this reason, no-slip condition for velocity should be replaced by a more general relation. In
this sense, several boundary conditions have been considered to model the observed slippage, most of them include
limited yield stress or retain slippage value proportional to the shear stress. But there is a new interpretation of
the observed slippage in micropolar fluids, expressed in terms of the microrotation, by introducing a new slippage
condition for velocity compatible with non-zero spin boundary condition for microrotation. This condition was
proposed in Bayada et al. [7, 8] in the framework of lubrication, and allows a slippage in the tangential direction
and retains a non-penetration condition in the normal direction n (4 is a real parameter)

@ xn=odrot(w) xn, G-n=0. (1.2)

On the other hand, the behavior of fluid flows in porous media is of great importance in industrial and engineering
applications. As is well known, classical (Newtonian) Darcy’s law is generally considered for modelling of flow
through a porous media, see Darcy [24]. By using homogenization techniques, the mathematical derivation of such
Darcy’s law was obtained in Tartar [33] assuming no-slip boundary conditions

a=K(f-Vp), div(a)=0,

where the matrix coefficient K is calculated by using Newtonian local problems. In addition, problems with different
types of slippage conditions for Newtonian fluids in porous media have been studied by several authors giving rise
to a wide range of Darcy’s laws. More precisely, the Navier-Stokes (or Stokes) flow in a periodic porous media with
Fourier boundary conditions on the boundary of the obstacles was studied in Conca [22] by using the method of
oscillating test functions and two-scale method with asymptotic expansion of the solution. The case of classical
slip boundary conditions was treated in Allaire [2] by means of the method of oscillating test functions. The case
of non-homogeneous slip boundary conditions was considered in Cioranescu et al. [17] combining the method of
oscillating test functions with the technique introduced in Vanninathan [35] to treat the surface integrals. Finally,
the case of non-homogeneous slip boundary conditions was revisited in Capatina and Ene [15] and Zaki [36] by
using the periodic unfolding method together with the boundary unfolding operator which allows to treat quite
elementary the surface integrals, see Cioranescu et al. [16, 18, 20].

Although the behavior of micropolar fluid flows in porous media become of great practical relevance, the
literature on the modelling of such type of problem by homogenization methods is far less complete. Lukaszewicz
[30] rigorously derived the following version of the classical Darcy law by using the two-scale convergence method

i=KW(f-Vp)+K@g, div(a)=0, o=LY(f-Vp)+L?g,

where the matrix coefficients K*) and L*)| k = 1,2, are calculated by using micropolar local problems. We also
refer to Aganovic and Tutek [3] for the nonstationary case and to Bayada et al. [10] for the micropolar effects in
the coupling of a thin film past a porous media.

Previous studies obtained different Darcy’s laws for micropolar fluids by assuming on the obstacles of the porous
media the no-slip conditon for velocity and the no-spin condition for microrotation, not allowing to capture the
microscopic behavior of the fluid near the boundary of the obstacles. Thus, the goal of this paper is first to establish
existence and uniqueness of solution of the micropolar system in the considered porous media by assuming non-zero
spin boundary condition (1.1) and new slippage condition (1.2) on the boundary of the obstacles, and then to derive
a generalized Darcy’s law by means of a combination of the periodic unfolding method with the boundary unfolding
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operator to treat the surface integrals. As far as the author knows, this is the first attempt to carry out such an
homogenization analysis for micropolar fluids in porous media, which is the main novelty of the work, and could
be instrumental for understanding the effects on this type of non-Newtonian fluid flows taking into account the
boundary of the obstacles.

The structure of the paper is as follows. In Section 2, we make an introduction of the problem and its setting.
In Section 3, we give the main results of the paper, i.e. the existence and uniqueness of solution (Theorem 3.2) and
the asymptotic behavior of the solution (Theorem 3.3). The proof of the corresponding results are given in Section
4. The paper ends with a list of references.

2 The setting of the problem

Definition of the domain. Let Q be a bounded connected open set in R3, with smooth enough boundary €.
Denote Y = (0,1)3 and F an open connected subset of Y with a C'! boundary dF, such that F' C Y. We denote
Y*=Y\F.

For k € Z?, each cell Yy,e = ek + €Y is similar to the unit cell Y rescaled to size € and Fy . = ek + e F' is similar
to F rescaled to size e. We denote Vi, =Yie \ F.e.

We denote by 7(F ) the set of all translated images of Fyc. The set 7(Fy ) represents the obstacles in R3.
The porous media is defined by Q. = Q\ U,ex. Fr,e, where K. := {k € Z® : Y3 . NQ # 0}. By this construction,
Q). is a periodically perforated domain with obstacles of the same size as the period.

We make the assumption that the obstacles 7(Fy ) do no intersect the boundary 9. We denote by F. the set
of all the obstacles contained in €2.. Then, F, = Ugex, Fkc.

We define n the outside normal vector to OF. We denote by n.(x) = n(z/e) the outside normal vector (extended
by periodicity) to OF-.

Statement of the problem. We consider that the micropolar fluid flow is described by the following linearized
micropolar equations in ()., taking into account the dependence of ¢,

—(v + vp)Alic + VP = 2v,r0t(:) + f- in Q, (2.3)
div(a) =0 in Q. (2.4)
—(Ca + €a) AW, + 4y = 2v,r0t (U ) + §e in Q.. (2.5)

As discussed in the introduction, we impose the following boundary conditions for velocity and microrotation on
the surface of the obstacles

We X Ng = %rot(ﬁs) Xn. on JOF;, (2.6)

rot(.) X ne = 2y B(te X ng) on OF, (2.7)
£ e — Ca + Cd i (> (58] .

e n. =0 on JF;, (2.8)

We +ne =0 on OF, (2.9)

and the homogeneous boundary conditions on the exterior boundary
e =0, wW.=0 ondQ. (2.10)

Notice that the usual no-slip and no-spin boundary conditions for the velocity and microrotation are prescribed in
the exterior boundary, while non-zero spin and new slip boundary conditions are imposed on the boundary of the
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obstacles. The coefficient « > 0 appearing in (2.6) describes the interaction between the given fluid and solid, it
characterizes microrotation retardation on the solid surfaces. In [12] it was proposed to connect it with the different
viscosity coefficients, which allows to give a certain physical sense and to determine the real limits of its value. The
coefficient 8 > 0 in (2.7) is a characteristic of a slippage and allows the control of the slippage at the boundary of
the obstacles when the value . is not zero.

Mathematical justification of the new slip boundary condition (2.7). By assuming condition (2.6), the
supplementary condition (2.7) on the boundary of the obstacles is needed to close the system. The derivation of
such boundary condition follows arguments from [7] which is given in the context of lubrication by applying the
non-zero spin condition to a flat surface. The idea is to consider ¢ € H(Q.)3 , ¥ = 0 on 9Q and 9 - n. = 0 on
OF; and recall the following identities

—Ap = rot(rot(p)) — Vdiv(p) V¢ € D(Q)?, (2.11)

and
div(e x 1) =9 - rot(p) — ¢ - rot(¢)) . (2.12)

Integrating by parts and taking into account the divergence theorem, we have

/Qsdiv(goxw)dm:/{m(apxw)~n5da—/aFE(g0xw)-nEd0:/ (p X ne) - do,

FE

and taking into account the last identity and (2.12), we get

[ o) vda= [ ror(w)-pdot [ (oxng)vde V)€ B < HAQP (213)
Q. Q.

OF,

Thus, multiplying (2.5) by test function ¢ and using identities (2.11) and (2.13), we get

(€a +ca) </Q

+4VT/QEzDE~wd:c—2VT </Qarot(1/))~ﬁsdm+/an(ﬁ5xn5)~1/)da>—l—/{)agg-wdx

In this equation, the unknown terms rot(w.) on dF. prevent a well-posed variational formulation being obtained.
It is then possible to cancel the boundary terms on 0F. by assuming

rot(we) - rot(v) da + /

Qe

div(we) - div(v) dz + /

OF,

@mmaxm»ww)

rot(we) X ne =

Finally, similarly to [7], we assume the slippage condition (2.7) on the boundary of the obstacles F; by introducing
an additional parameter 5 > 0 which will enable the influence of this new condition to be controlled when the value
U is not zero.

Dimensionless equations. It has been observed (see e.g. [9, 11]) that the magnitude of the viscosity coefficients
appearing in equations (2.3)-(2.5) may influence the effective flow. Thus, it is reasonable to work with the system
written in a non-dimensional form. In view of that, we introduce

N De N fa Je 2 Uy Cq + C4
Ue = Ugy, Pe = , We =We, fe= )y e = , N°= , Ry = .
v+ v+ v+ v+ v+

Dimensionless (non-Newtonian) parameter N2 characterizes the coupling between the equations for the velocity and
microrotation and it is of order O(1), in fact N? lies between zero and one. The second dimensionless parameter,
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denoted by Rj; is related to the characteristic length of the microrotation effects and is compared with small
parameter €. Thus, we assume that Ry = O(¢?), namely

Ry = €*R., with R, = O(1). (2.14)

This case is the situation that is commonly introduced to study the micropolar fuid because the angular momentum
equation shows a strong coupling between velocity and microrotation in the limit, see [3, 30].

The flow equations (2.3)-(2.5) now have the following form

—Au. + Vp. = 2N%*rot(w.) + f-  in Q. (2.15)
div(uz) =0 in Q. (2.16)
—&2R.Aw,. + 4N?w, = 2N?rot(u.) + g. in Q.. (2.17)

Concerning the body force and body torque, in order to obtain appropriate estimates, given f,g € L%(Q2)3, we
make the following assumptions

fo(x) = f(2), ge(2x)=g(x), ae z€Q.. (2.18)

The corresponding boundary conditions on the boundary of the obstacles read

We X Ng = %rot(us) X n. on JF., (2.19)
2N?
rot(we) X ne = ﬁﬁ(ue X neg) on OF, (2.20)
U ne =0 on JF;, (2.21)
we:-n. =0 on JF, (2.22)

and the boundary conditions on the exterior boundary read as follows

us =0, w.=0 on 0. (2.23)

Functional setting. Due to the boundary conditions (2.21) and (2.22), we introduce the functional spaces V.
and V2 given by

ng{goEHl(Qe)?’ :p=00on0Q, ¢-n.=0 omaFE}7 VO ={p e V. :div(p) =0},

equipped with the norm [[V| 2o ysxs and the L3 the space of functions of L? with null integral equipped with
the norm of L2. Let Coe.(Y*) be the space of infinitely differentiable functions in R3 that are Y-periodic. By

L2..(Y*) (resp. H},.(Y*)) we denote its completion in the norm L*(Y™*) (resp. H'(Y*)). We denote by L§ ..(Y*)

per
the space of functions in Lger(Y*) with null integral. We also define the spaces Vy and V;? are given by

Vy ={p e HL.(Y)? s o-n=00n0F}, V2={peW :div,(p) =0inY"}.

3 Main results

In this section we give the main results of this paper. First, the existence and uniqueness of solution of problem
(2.15)-(2.23) is established in Theorem 3.2 and then, the homogenized model is given in Theorem 3.3. The proof
of the corresponding results are given in the next section.

In order to prove, for each value of ¢, the existence and uniqueness of solution of problem (2.15)-(2.23), instead of
working directly with the classical variational formulation, we will work with an equivalent variational formulation.
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Proposition 3.1. Sufficiently reqular solutions of (2.15)-(2.23) satisfy the following weak formulation:
Find (ue,we,pe) € VO x Vo x L2(€.) such that

/ rot(u,) - rot(p) de — / pediv(p) dz — 2N2/ rot(p) - we dx
Qe Q.

) o (3.24)
+2(—N2>/ (wsxns)-godazs’l/ frpdx, Ypel.,
@ dF. Q.
€2Rc/ rot(w,) - rot(¥) dr + sQRC/ div(w,) - div(v) dz + 4N2/ we - dx
Q. Q. 2 (3.25)

—2N2/ rot(w)-ugdx+2N2(5—1)/
Q 17}

= F.

(ugxng)-wdaz/ g-vdr, YpeV;.

Qe
We give the result of the existence and uniqueness of solution of problem (3.24)-(3.25).

Theorem 3.2. Let v = + — N? — N23. Assume that the asymptotic regimes (2.14) and (2.18) hold. Then, for
any « and B satisfying

R.(1— N?)

’}/2 < CT, (326)

there exists a unique solution (uc,we,p:) € VO x Vo x LE(Q:) of problem (3.24)-(3.25), with K = Cp;Cy where Cpy
and Cy are the trace and the Gaffney constants given, respectively, in Corollary 4.8 and Lemma 4.4, both placed in
the next section.

We describe the asymptotic behavior of the sequences u,, w. and p. when ¢ tends to zero. To do this, we take into
account that the sequence of solutions (ue, we, pe) € V2 x Vo x L3(£2.) is not defined in a fixed domain independent
of € but rather in a varying set €).. Thus, in order to pass to the limit when € tends to zero, convergences in fixed
Sovolev spaces (defined in Q) are used, which require first that (u.,w.,p:) be extended to the whole domain €.
Then, we define an extension (Ue, We, P-) of (ue,we,pe) on © which coincides with (u.,we,pe) on Q..

Theorem 3.3. Assume that the asymptotic regimes (2.14) and (2.18) and condition (3.26) hold. Then, the whole
sequences of extensions (¢ 1U., W) and eP- of the solution of problem (2.15)-(2.23) converge weakly to (u,w) in
L2(2)2 x L*(Q)? and strongly to p in L?(Q) respectively. Moreover, it holds

u(z) = KV (f(x) = Vp(@) + KPg(x),  w(x) =LY (f(2) = Vp(z)) + LPg(x) inQ, (3.27)
and also, p € H' () N LE(Q) is the unique solution of the Darcy equation
div (KW (f(z) — Vp(2)) + KPg(z)) =0 in Q,
{ (KW (f(z) = Vp(z)) + KPg(z)) -n=0 on Q.
The matriz coefficients K*) L) ¢ R3*3 | = 1,2, where KV is positive definite, are given by
K = / wtwydy, Ly = / wit(y)dy, i.j=1,2,3,
with (ui’k,wi’kﬂri’k) € V{) X Vy X Lg’per(Y*), k=1,2,1=1,2,3, the unique solution of local micropolar problem
—Ayui’k + Vywi’k — 2N2roty(wi’k’) =e;01 nY*,
—RCAywi”C + 4ANZ ik — 2N2r0ty(ui’k) =e;02, in Y™,
divy(ut*) =0 in V¥,

(3.28)

wh* xn = %rot(ui’k) xmn  on OF, (3.29)
, 2N?
rot(whF) x n = = Bu* xn) on F,
¢ ub® .p = on OF,

wh* .n=0 ondF.
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4 Proof of the main results

Proof of Proposition 3.1. First, from (2.16) and the boundary conditions (2.21) and (2.22), solutions of (2.15)-(2.23)
are in VEO x V.

Next, to obtain (3.24), we take ¢ € V. as test function in (2.15) and using (2.11) and (2.13) we get

/Qs rot(ug) - rot(p) do — /QE pediv(y) dr +/ (rot(ue) X ne) - pdo

OF.

—2N2/ rot(go)-wgdx—2N2/
Q a

(we X ne) ~g0dz7:5_1/ frpde.
e F. Q.

Thus, taking into account the boundary condition (2.19), we derive equation (3.24).

Finally, to obtain (3.25), we take ¥ € V as test function in (2.17) and proceeding as above we get

52Rc/ rot(we) - rot(¢) dz + 52Rc/ div(we) div(y) dz + €2RC/ (rot(we) X ne) - do
Q. Q

OF,

€

+4N2/ wa-z/)dx—ZNQ/Q rot(w)~u5da:—2N2/ (ugxna)-wdaz/ g-Yvdx.
Q. e

OF. Qe
Taking into account the boundary condition (2.20), we derive equation (3.25). O
Before proving the result concerning existence and uniqueness of solution, we give several technical lemmas

which will also be used to obtain a priori estimates of the solution. First, we recall a result about a trace result on
the boundary of the obstacles 9F. whose proof can be found in [2, 5, 6, 20].

Lemma 4.1. There exists a positive constant Cy independent of €, such that for every v € H'(Q.)3,

”’UH%2(6F5)3 < 5_1Ct (”’U”%Q(QE)S + €2||Dv||2L2(QE)3><3) . (430)

We note that the fact that the normal component of the function is equal zero on JF; is not used in the previous
estimate, so it holds true in a more general context. However, the next inequalities in €2, makes use of this condition
and will be also used for obtaining a priori estimates for the velocity and microrotation. Thus, we first recall the
version of Poincaré’s inequality given in [2, 15].

Lemma 4.2. There exists a positive constant Cp,, independent of €, such that for every v € V_,
[vll2(00)2 < €CpllDvl[L2(0.y2xs. (4.31)
As a consequence of previous results, we deduce the following result.
Corollary 4.3. For every v € V_, the following estimate holds
[vllz2@rye < (€Cp)* [Dvll 2o yoms, (432)
where the positive constant Cyp = CZ(C? 4+ 1)% with Cy given in (4.30) and Cy, given in (4.31).

We also give an estimate of the derivative in terms of the divergence and the rotational, necessary to prove
the coercivity of the variational formulation. It has different names in the literature, e.g. Gaffney’s, Maxwell’s or
Friedrichs’ inequality, see [4, 14, 25, 29].

Lemma 4.4. There exists a positive constant Cg, independent of €, such that for every v € V,
1D0 20 yoe0 < Oy (Iiv (@) 32 + 04(2) 3200 ) - (433)
Moreover, for every v € V2 it holds
HD’UHL2(QE)3><3 < Cg”rot('l))”LZ(QE)S. (4.34)



Francisco J. Suarez-Grau

Proof. For every function v € H'(Y}*;)? such that v -n = 0 on dF} 1, using Theorem TV.4.8. in [14] (see also
Chapter 7, Lema 6.1 in [25]), the fact that Y}, is simply connected and that the boundary 9Fj ; is C"1, we have,
for every k € Z3, that

1D e < Co (I By + 1704(0) 32y 0) - (4.35)
where the positive constant Cy only depends on Y.

By the change of variable

y=2 dy = e 3dx, Oy = €0,

we rescale (4.35) from Yy, to Yy, and from Fj, 1 to Fj .. This yields

1D0 32 yoxa < Cy (V@ aqye  + Irot(®) 32y ye) -

Summing the inequalities, for every k € K., gives (4.33) (estimate (4.34) is straightforward).

In fact, we must consider separately the periods containing a portion of 92, but they yield at a distance O(g)
of 92, where v is zero, and then the corresponding inequality is immediately obtained. O

Proof of Theorem 3.2. To prove, for each value of € > 0, the existence and uniqueness of a weak solution (uc, we, pe)
of problem (3.24)-(3.25), we shall apply classical results given in [28]. To this purpose, we introduce the following
equivalent mixed variational form:

Find (ue,we,pe) € Vo x Vo € L3(£2.) such that

As(u&ws; <P»¢) + BE((wvw%pE)

L(p,) V(p,ap) e Vo xV,

(4.36)
B-((ue,we),q:) = 0 Vg € L3(Q.),
where
A (e, we; p, 1)) = / rot(ue) - rot(p) do — 2N2/ rot(p) - we dx
Qe Q.
+€2Rc/ rot(w,) - rot(¢) dx + EQ'RC/ div(w,) - div(v)) dx
e e (4.37)
—2N2/ rot(v) - u. dx + 4N? / we - Y dx
Q. Q.
+2 <1 N2> / (we x ng) - @do +2N?(5 — 1)/ (ue X ne) - do,
@ OF. oF,
and

Bs«sa,ip),ps):f/ pe div(y) d, .cs(sa,w):s*/g f'sod:ch/Q g-bde.

Qe

It is easy to prove that the bilinear form A., B. and L. are continuous bilinear forms on (V. x V2)2, Vo x V. x L3(£.)
and V. x V. respectively. Denoting

1
1, ¥)llvoxv. = (1D@l72(0,y5xs + 1 DPl72(0,y0x3) "

classical existence and uniqueness conditions for such a problem given in Theorem 4.1 [28] are the coerciveness of
the form A. on the subspace (V. x V.)? and the inf-sup condition.

First, we prove that A. is coercive on (VY x V)2, i.e. that there exists n > 0 such that

A0, 30,9) > 1)l (2, 9) T (4.38)
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To do this, let us derive another equivalent expression for A.. By using (2.13) applied to [, rot(¢) - u. dz

and using that fBFE (¥ xng) usdo = — faFE (ue X ne) -t do, we have that A, defined in (4.37) has the following
expression

A (e, we; @, ) = / rot(ue) - rot(p) do — 2N2/ rot(p) - we dz
Qe Q.

—|—€2RC/ rot(we) - rot(v) da + sch/ div(we) - div(v) dz (4.39)
Q Q

e e

_2N2/ rot(ue)-wdm+4N2/ wg-z/de—i—?W/ (we X ne) - pdo.
Qe Qe aFE

Then, we have

Au(p s 0,0 = / [rot () ? dir — AN? / rot(p) - ¢ dz + £2R, /Q Irot ()2 da

€ Qs

+52RC/Q |div(z/J)|2dx+4N2/Q |w\2daz+2v/ (Y xne)-pdo.

€ € F.

From the Cauchy-Schwartz inequality and (4.32), we get
| W) pdo < Cll Dz Dol
Fe
and by using (4.33) and (4.34), we deduce

1
Al 010,0) 2 D@l — 4VBN?|Dg | 209018 22022
g

. 4.40
+e2 FE DY 120,00 + AN?[[¥ ] 72,0 o
g9

—2[7[eCpi|| Dl L2 (2. y3x3 | DYl 2 (2. )35 -

Now, by condition (3.26), there exists ¢; > 0 satisfying

1Y|CpiC 1— N2
—— <a< )
R, Y|Cpe
and by Young’s inequality,
C1 eC
1Dl 2(0.)3x3 [ DY | L2038 < EHD@”%%QE)SX:& + ﬁHDﬂ’H%?(QE)m-

Introducing a real number ¢y satisfying 0 < ¢ < min{1,1/(3C,)}, and such that

NZ 2 N2
— = C,.C 1— = 1— N2
c < 2 and so M <ec < 2 < ,
IVICpt R, VCpt— 1YICpt

we also have by Young’s inequality

1
HDQDHLQ(QE)SX:;||’(/JHL2(QE)3 S m”D(p”%z(Qs)m@ + ﬁCQCgllwniz(QE)S .

Going back to estimate (4.40), we obtain

A (o, 00.9) 2 A D@72 g, )sxs + Bl Dl[2(q,ysxs + AN (1 = 3e2Cy) 1Y 205 »
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where A, B are defined as follows

1 [ N? 1 YIChe
A= _—(1-— —y|C B=—|(R.— P2 . 4.41
Cy ( Ca G Cl> Cy < c1 g) (441)
Thus, we have
Ac(p,950,0) > Al|Dp| 72 y5xs + 2Bl DY| 720, yax3 » (4.42)

which proves that (4.38) holds.

Next, we prove the inf-sup condition, i.e. that there exists § > 0 such that

B ((ue, ), q:) > 5. (4.43)

inf up
0-€L3(2%) (u. p)evz [[(ue, ) vz llgellrzo.)

Let (¢, %) belong to V. x Vz, and g to L3(f.), we obtain
Hy(9:) x {0} C Ve x V,
so that

Jo. divege da Jo. divpge dx Jo. divege dx
sup B T 2 sup ———— = sup
wwevexve ([lelly, +llelly,)?

2 (p,0)€HE(Q:)3x{0} ||D¢||L2(Q )3%3 eHl(Q )3 HDSO||L2 Q )st'

According to the inverse of the divergence operator in perforated domains, see for example [27], for a given ¢. €
L3(9:), there exists v.[g] € Hg(€:)? such that divve[ge] = ¢ in Q. and || Dvc[ge]||12(0.)3x2 < Cllgell2(q.) for
some constant C' > 0 independent of . Choosing ¢ = v.[¢.], we get

Jo. divpg. dr - Jo. divvelge] g-dz 1gell72 0.y

sup > = >
wrevexve (lelly, +lelly,)2 — IDvelaelllzziasxs [ Dveldelllzz(o.yexs

5||qe||L2(Q )

This ends the proof. O

A priori estimates. We establish sharp a priori estimates of the solution in €2, and also for extended solution
to €, which is independent of ¢, introducing suitable extension operators.

We give the a priori estimates for velocity and microrotation in (..

Lemma 4.5. Assume that the asymptotic regimes (2.14) and (2.18) and condition (3.26) hold. Then there exists
a positive constant C', independent of €, such that the following estimates for the velocity and microrotation hold

5_1||U5||L2(QE)3 + HDUE||L2(QE)3X3 <C, (4.44)

||w€||L2(QE)3 +€||Dw5||L2(QE)3X3 S C (445)

Proof. To obtain estimates of velocity and microrotation we consider (¢, %) = (u.,w,) as test functions in the weak
formulation (3.24)-(3.25) and use (4.42) and Young’s inequality to obtain
A||Ducl|72 (. ysxs + Bl Dwe |72 (g yaxs
< Cp”f||L2(Q)3HDUSHLQ(QS axa + €Cpllgll L2 ()3 | Dwe | L2 (a3
c c e?B
S 2AHf||L2 @3zt HDU6||L2(Q yaxs t ZBHQHLQ(Q s+ THDw6||2L2(QE)3><3 .

Then we have,

A 2 2

B
5||Dus||2i2(95)3x3 +52§”Dw€||2L2(QE)3><3 S 2AHf||L2(Q)3 T5g Z1gll72(6ye -

10
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Since A and B are bounded, we deduce than the right hand side of the previous inequality is bounded by a certain
positive constant C' independent of €, which implies the following estimates in €2,

HDUEHL2(QE)3X3 < C, HDwEHL2(Q€)3><3 < C€_1 .

This and Poincaré’s inequality (4.31) give the estimate for u. and w. respectively. O

Since the solution (u.,w,) of problem (2.15)-(2.23) is defined only in )., we need to extend them to the whole
domain 2. If we had considered the micropolar equations with Dirichlet boundary condition on the obstacles, the
velocity and microrotation would be extended by zero in the obstacles. However, we need another kind of extension
for the case in which the velocity and microrotation are non-zero on the obstacles. Thus, we introduce an extension
operator which is classical in the homogenization literature, see [2, 21, 22, 33].

Lemma 4.6. There exists an extension operator Il € L(H(Q.)?; H}(Q)3) and a positive constant C, independent
of €, such that
Moo(z) =v(z), ifx €,

||DHE’U||L2(Q)3><3 < CHD’UHLz(QE)sxa, Yv € Hl(QE)S.

Taking into account the extension II., we denote by U, the extension Il.u. of the velocity u., and by W, the
extension Il.w. of the microrotation w.. Next, we get the following uniform estimates in ) as consequence of
Lemmas 4.5 and 4.6.

Corollary 4.7. Assume that the asymptotic regimes (2.14) and (2.18) and condition (3.26) hold. Then there
exists a positive constant C, independent of €, such that the following estimates for the extensions of velocity and
microrotation hold

671||U€||L2(Q)3 + HDU5||L2(Q)3X3 <C, (4.46)
||W5HL2(Q)3 + €||DWSHL2(Q)3X3 <(C. (4.47)

Now, we recall two important results from [33] which are concerned with the extension of the pressure p. to the
whole domain €. First, we define a restriction operator R. from H{(2)3 into H}(2.)? and then, we extend the
gradient of the pressure by duality in H~1()3.

Lemma 4.8. There exists a restriction operator R. acting from H ()3 into H ()3 such that

1. ve HHQ:.)? = Rov=vin Q. (elements of H} () are continuated by 0 to ).
2. div(v) =0 on Q@ = div(R.v) =0 in Q..
3. There exists a positive constant C, independent of €, such that
[Rvl|L2(0.)s + €l DRev|| L2 (00y3xs < O ([vllL2(e) + el Dvll L2 @)sxs) < Cllvll gy - (4.48)

Lemma 4.9. Let q. be a function in L3(Q.). There exists a unique function Q. € LZ(Q)) which satisfies the
following equality
<VQE7U>H*1,H(%(Q) = <Vq5, R5U>H—1,Hé(gs), fO’I" every v € H&(Q)S (449)

We denote by P-. the extension of the pressure p. obtained by applying Lemma 4.9 and give the following result.

Lemma 4.10. Assume that the asymptotic regimes (2.14) and (2.18) and condition (3.26) hold. Then there exists
a positive constant C independent of €, such that the following estimate holds

E”PEHLz(Q) +E“VPE||H—1(Q)3 <C. (4.50)

11
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Proof. From the definition (4.49) of the extension P. and the variational formulation (3.24), we get

<VP8aU>H*1,H3(Q) = —/

QE

1
-2 (—Nz)/ (ngne)-REvda—i—E_l/ /- Rovdz.
« OF. Q.

Applying Cauchy-Schwarz’s inequality and taking into account estimates of the velocity (4.44), microrotation (4.45)
and restricted operator (4.48), we get

rot(ue) - rot(R.v) d + 2N? / rot(R.v) - we dx
Qe

/ rot(ue) - rot(R.v) dx| < C”DU;E”LZ(QE)SXB||DR5UHL2(QE)3><3 §05_1HU”H5(Q)’
Qe
/ rot(R.w) - we dz| < C|[DRv| p2 (0. ysxs ||we || L2 (0.3 §C€_1Hv||H6(Q),
Qe
8_1/ f-Rovdx| < 5_1Hf||L2(Q)3HREU||L2(QE)3 SCE_lHUHHé(Q)'
Qe

From estimate (4.30) applied to R.v and using estimate (4.48), we deduce || R.v||r2(a5.y < Ce~% and from estimate
(4.31) with estimate (4.45), we deduce ||we||z2ar. )3 < Ce~2. Then, we get

_1 _
< Cllwell2(or.)3 | Revl 2 (or,)3 < O™ 2||Rev||2(ar.)s < CeH|vll g o)

/ (we X ne) - Revdo
OF.

This together with previous inequalities gives [(VP.,v) g1 mi(a)l < C€71||UHH&(Q)3 and so |V P.|| -1 < Ce™h
By using the classical inequality (see [34])

1P:l[r2(0) < ClIVP 1), (4.51)

we get estimate (4.50). O

A compactness result. Our aim is to describe the asymptotic behavior of the velocity u., microrotation w,
and pressure p. of the fluid as € tends to 0 taking into account the boundary of the obstacles. To do this we use
the periodic unfolding method in perforated domains and the estimates given in the previous section. Thus, we
briefly recall the definition of the unfolding operator and its main properties (for more details, see [16, 23] for fixed
domains and [18, 19, 20] for perforated domains).

In the sequel we will use the following notation:

e ¢ for the zero extension outside Q. (resp. §2) for any function ¢ in L2(£2.) (resp. L?(12)),

e For x € R3, we set z = [x]y + {x}y where the integer part [z]y belongs to the periodical net of R? (i.e. the
subgroup Z3) with respect to Y and {x}y = x — [z]y is the fractional part of x. Thus, for every £ > 0, the
former decomposition implies that we also have = = e{z/e}y + €[z /e]y for every z € R?.

Definition 4.11. The unfolding operator T : L*(Q.) — L?*(R3 x Y*) is defined by
T(p) (2, y) = ¢ (5 [gy + sy) . VYoe L*(Q.), Y(z,y) eR3x Y™
Proposition 4.12. The unfolding operator T- has the following properties:
1. 7: is a linear operator.

2. To(p9) = Te(0)Te(9), Vo, ¢ € L2(e).

12
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3. Te(p) (@, y) = @(y), V(z,y) €R3 xY*, Yy € L2(Y*) a Y-periodic function with p.(z) = ¢ (£).
4 AT 2@ xy+) = Y[z [ll2 .y, Yo € LA ().
5. VyTo(9)(z,y) = T (Vo) (z,y), V(z,y) ER3 X Y*, Vo € H(Q).
6. T-(p) € L*(R* H(Y™)), Vo € H(Qe).
7. Let @ be in L*(Q) such that . — ¢ in L*(2). Then T.(v:) — ¢ in L2(R® x Y*).
Proposition 4.13. Let p. be a sequence such that
leellr2(0.)2 + ellDeellL2(a.yxa < C.

Then, there exists p € L?(Q; HY,.(Y*)3) such that

per

Te(pe) = @ in (G H'(Y*)?), eTe(Dge) = Dy in L*(Q x Y*)**2,

In a similar way, it is introduced in [18, 20] the unfolding operator on the boundary of the holes JF.
Definition 4.14. The unfolding boundary operator T2(¢) € L*(R® x OF) is defined by

TH@)ay) =5 (c[Z] +ev), Ve eL?OF). Yiay) e R xIF. (4.52)

We remark that if ¢ € H'(€2.) and ¢ = 0 on 02, one has T*(¢) = T-(¢) on OF. The next results reformulate
the properties given above in the case of functions defined on the boundary of the holes OF%.

Proposition 4.15. The unfolding boundary operator T2 has the following properties:

1. T2 is linear.

2. T2(pd) = T (9)T2(9), Vo, ¢ € L*(OF).
8. TE(pe)(z,y) = o(y), V(z,y) €R® X IF, Vo € L*(OF) a Y -periodic function with o.(z) = ¢ (£).

~

1T2(0) e (rax0F) = (5‘Y‘)%”90”L1’(8F5)a Vo € L*(OF).

5. limeyo [payop T2 (0) (2, y)dado (y) = |OF| [, o(x) dz, Vo € H ().

6. T2() — & strongly in L2(R? x OF), Y € H} ().

Next, we give some compactness results about the behavior of the extended functions (U., W, P.) and the
unfolding functions (7z(uc), T (we), Te(P:)) by assuming the a priori estimates given in Lemmas 4.5, 4.7 and 4.10.

Proposition 4.16. Assume that the asymptotic regimes (2.14) and (2.18) and condition (3.26) hold. Then, for a
subsequence of € still denoted by €, we have that

1. (Velocity) there exist u € L2(Q)3 and @ € L?(; HL, . (Y*)3) such that

per

e U, = uin LQ(Q)3, (4.53)

e o (ue) — @ in L2(Q HY(Y*))3,  To(Duc) — Dy in L*(€ x Y*)3%3, (4.54)
e T2 (ue) — i in L2(Q; H? (OF))3, (4.55)

Te(rot(uc)) — roty () in L2(2 x Y*)3, (4.56)

13
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and moreover, the following conditions hold

u(x) :/ a(x,y) dy in Q, (4.57)
w(x,y) -n(y) =0 on Q x OF, (4.58)
div,a(z,y) =0 in QxY* (4.59)

div, ( / ile,) dy) —0  inQ, (4.60)
( / Cif,y) dy) ) =0 inQ, (4.61)

2. (Microrotation) there exist w € L*(Q)* and w € L*(Q; H).(Y*)?) such that

W, — w in L?(2)3, (4.62)
Te(we) = w in L2(Q; HY(Y™))3,  eTo(Dw.) — Dy in L*(Q x Y*)3%3, (4.63)
Th(w.) — b in L2(Q H? (OF))?, (4.64)
eT-(rot(w.)) — roty (@) in L*(Q x Y*)?, (4.65)
and moreover, the following conditions hold
w(z) = / w(z,y) dy in €, (4.66)
w(z,y) -n(y) =0 on Q x OF, (4.67)

3. (Pressure) there exist p € L3(2)3 such that

eP. = pin L2(Q), eT:(P.) —pin L*(Q xY™). (4.68)
Proof. We start proving 1. From estimates for the extended velocity (4.46) we deduce convergence (4.53). Taking
into account the a priori estimates for the velocity (4.44) and using Proposition 4.13, we deduce convergences given

in the (4.54). Convergence (4.55) is straightforward from the definition (4.52) and the Sobolev injections. Finally,
taking into account Proposition 4.12; 5, we have

7:: (axius,j - am’jus,i) = 7-5 (axius,j) - 7-8 (amjus,i) = Eil(ayi’rs(ue,j) - ay_j,E(UE,i))) VZ»] =1,2,3,1 <,

and so 7 (rot(uc)) = e~ 'rot, (7:(uc)), which from convergence (4.54) implies (4.56).
In order to prove the boundary conditions (4.58), let us take ¢ € D(Q) and from u. - n. = 0 on OF;, we have

/ (ue - ne)pdo(x) = 0.
dF.

By applying the unfolding boundary and using Proposition 4.155 3 4, we get

0= /aFE(uE e do(z) = fl/g@xap(zb(uf) -n) T2 () da do(y).

Passing to the limit when € tends to zero, from convergence (4.55) and Proposition 4.156, we obtain

0= [ (alo.n) nl)pdsdots) = [ ( [ it nto) dy) ota)ds.

14
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which implies (4.58).

In order to prove relation (4.59), let us observe that div(u.) = 0 implies 7¢(div(u:)) = 0. But from Proposition
4.121 5, we have

3
To(div(u.)) = > Tz (Op,ue;) = e

i=1 %

0y, Te (i) = e divy (Tz (ue))

3
O
and so e~ 1div,(7:(us)) = 0. Passing to the limit as ¢ tends to zero in the last equality we get (4.59).

In order to prove (4.58) and (4.60), multiplying div(u.) = 0 by e ¢ with ¢ in D(2) and using u. - n. = 0 on
OF., we have

0:/ e div(ue ) da :/ e, - Vpde.
Q QE

By applying the unfolding, we get
T (u2) - T2 (V) dady = 0.

R3xY™

We pass to the limit as ¢ tends to zero and we get
| i) Viola) dady =0,
QxY*
and so
/ div, (/ w(z,y) dy> p(r)der =0, VeoeDQ),
Q *
which implies (4.60) and (4.61).
Finally, we prove (4.57). From Proposition 4.12 and taking . = e~ '¢ with ¢ in D(£2), we have

/ ue(z) - () do = —— To(ue)(@,9) - To() (2, ) dady.
Q

E':|Y| R3xY™*

€

By using the extension of the velocity, we have
[ V@) e =t [ T () T p) dod,
Q R3xY*

and passing to the limit by using convergences (4.53) and (4.54), we get
[t wwras= [ ([ iy ot

The proof of 2 is similar, so we omit it.

which implies property (4.57).

We finish with the proof of 3. Thus, estimates given in Lemma 4.10 imply, up to a subsequence, the existence
of p € LZ(Q) such that
eP. —~pin L*(Q), eVP. —pin H'(Q)>. (4.69)

Moreover, following [33] it can be proved that this convergence is in fact strong. To prove this, let 0. € HJ(Q2)3
such that
0. — o in H}(Q)%. (4.70)

Then, we have

<€VP5, 06>H*1,Hé(§2)3

< ‘<€VPE,UE_O->H717H6(Q)3 +’<€(vpg—vp),0'>H717Hé(Q)3 .

15
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On the one hand, using first convergence in (4.69), we have

‘<5 (VP: = Vp),0) g1 mi (o) —+0, ase—0.

_ ‘/Qg(ps ~ p)div(o) dz

On the other hand, from estimate (4.48) and (4.50), we have that

)<EVP€,O'€ — o) -1,y ()3 | = )<EVP€,RE(O'5 —0))H-1, H1(Q.)

IN

C (HJE — O'HLZ(Q)S + EHD(US — U)HLQ(Q)?’) — 0, ase — 0,

by virtue of (4.70) and the Rellich theorem. This implies that VP. — Vp in H~!(Q)3, which together with in-
equality (4.51), implies the strong convergence of the pressure P given in (4.68). This convergence and Proposition
4.127 imply the strong convergence of 7. (P.) to p in L?( x Y*). O

Obtaining the limit system. We use the results of the previous sections to prove Theorem 3.3 describing the
asymptotic behavior of the solution of the micropolar system (2.15)-(2.23). To do this, we first give the existence
and uniqueness result for micropolar local problem (3.29).

Lemma 4.17. Assume that condition (3.26) holds. Then, for every k = 1,2 and i = 1,2,3, there exists a unique
solution (ub*, whk 7%y € V@ x V3 x L3(Y*) of the local problem (3.29).

Proof. Similarly to Proposition 3.1, sufficiently regular solutions of (3.29) satisfy the following weak formulation:
Fori=1,2,3, k = 1,2 find (u"*,wh*, 79%) € V¥ x V3 x L3(Y*) such that

/ rot(u*) - rot(p) dw—/ ik div(p) dm—2N2/ rot () - w'* da

*

[e%

1 )
42 <—N2)/ (w”k xn)-gde:/ €01k - pdr, Yo € Vy |
oF *

* *

RC/ rot(wi’k)mot(w)dx—i—RC/ div(wi’k)~div(w)d9c+4N2/ whk o) dx

72N2/ rot(v) - ub* do + 2N?(B — 1)/

(ui’kxn)'l/)dcf:/ eibo - pdr, Vip e Vy.
oF

Thus, following the lines of the proof of Theorem 3.2, we can introduce the following mixed variational form:

Fori=1,2,3, k=1,2 find (u"*, w"* 7"%) € Vi x Vy x L§ ., (Y*) such that

Ay (ubk w0, 4) + By (¢, 0), k) LY (0, 0) V(o) € Vi x V,
Bo((uP*, wi*),¢"*) = 0 Vgik e L2 . (Y*),

0,per

where

Ay (ub* whk: o ) = / rot, (u"*) - rot, () dr — 2N2/ rot, () - w'" dy

* *

+R. rot, (w"*) - rot, (1) dy + R, div,, (w"*) - div, (¢) dy

Y* Y+

72N2/ roty (1) - ub* dy + 4N2/ w - dy

*

(4.71)

+2 (1 - N2> /M(wi’k xn) - @do(y) +2N?(8 — 1)/ (w"* xn) -4 do(y),

« OF
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and

By ((p,¥), mF) = — / mhdivyedy, LY (p,0) = / eidy, - pdy + / eibor - P dy .
* * Y*
We denote )
1, ) lvexvy = (ID@lZ2yeysxs + D] 2y eyaxs) 2

Following the proof of Theorem 3.2 and taking into account that in Y* the trace inequality (4.30) holds with
constant C instead of e~!'Cy, the Poincaré inequality (4.31) with constant C), instead of eC), the trace inequality

(4.32) with constant C’p%t instead of (¢C,)? and the Gaffney inequality (4.33) with constant Cy, it is not difficult
to prove that the bilinear form Ay, By and Ly are continuous bilinear forms on (Vi x Vy)?, Vy x Vy x L§ .. (Y*)
and Vy x Vy respectively. . Moreover, under condition (3.26) it follows from the proof of the coercivity of A, in
Theorem 3.2 that Ay satisfies

Ay (¢, 930,9) 2 AlIDpl[72q, y3xs + Bl DY |12, )oxs 2 min{AaB}”(%d’)”%/‘exvyv
with positive constants A, B given by (4.41). Moreover, it can be proved the inf-sup condition

Jy.dive ¢ dx

1 =
% tlleld, )z

3§ >0, such that sup
(ep)evy xvy ([l¢]

b

which ends the proof. O

Proof of Theorem 3.3. We divide the proof in two steps.

Step 1. 1In this step we prove that the whole sequences (¢ 17z (u.), 7-(w.)) and e7z(P.) converge weakly
in L2(Q; HY(Y*)3) x L?(Q; HY(Y*)3) to (4,w) and strongly to p in L?*(Q x Y*) respectively, where the triplet
(4,,p) € L*(% H (Y*)?) x L*(Q; HL.(Y*)?) x L§(Q) is the unique solution of the following homogenized
system

—Ayi+ V4 —2N%*roty () = f —Vyp  in QxY*, (4.72)
—R Ay + 4N?% — 2N%rot,(4) =g in Q@ x V¥, (4.73)
div (@) =0 in QxY* (4.74)

(4.75)

4.75

div, </ ﬁdy) =0 in Q,
(/ ﬁdy) n=0 in Q, (4.76)

where ¢ € L*(€; L§ ., (Y*)?), and the boundary conditions

WX n= %roty(ﬂ) xmn on ) xIF, (4.77)
. 2N?
rot, () X n = 7 Bt xn) onQxJF, (4.78)
4-n=0 on{x9F, (4.79)
w-n=0 onQxJF. (4.80)

By taking into account Proposition 4.16, we have that (4.74)-(4.76) and (4.79)-(4.80) hold. Below, we prove the
rest of them.
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First, we prove (4.72). To do this, we first take as test function in (3.24) the following function ¢.(x) =
ep(z)®(x/e), where ¢ € D(Q2) and P € ! (Y*)? with @ -n =0 on dF and div,® = 0 in Y*. Then, we have

per

/ rot(ue) - rot(pe) de — / pe div(p.) do — 2N2/ rot(¢e) - we dx
Q.

€

1
+2<—N2>/ (we X M) - e do(x / f o dx.
Q@ OF.
Let us observe

rot(ype) =eVo x ® (g) + ¢rot, ( ( )) div(p.) = eV - @( ) + ¢ div, ( (E>> . (4.81)
Hence, by Proposition 4.125 3 7, we have 7-(¢.) = €7:(¢)® and convergences

To(9)® — ¢® in L*(Q x V)2, To(pe) = 0in L2(Q x Y*)?, T(rot(pe)) — ¢rot, (@) in L2(Q x Y*)?.  (4.82)

By applying the unfolding to the variational formulation, taking into account the extension of the pressure and
using Propositions 4.12 3 and 4.15; 3, we get

To(P.) Ta(div(p.)) dady — 2N? / T (vot(p2)) - To(w.) dady

R3xY™

/ Te(rot(ue)) - Te(rot(p.)) dedy — /
R3xY™* R

3xY*

L\ b(w n) - (T2 xdo(y) = . x
s2(2-n7) [ (T x) - (R0 o) = [ ) (@) de,

(07

Next, we pass to the limit in every terms of the previous variational formulation:

e First term. From convergence (4.56) and (4.82), we have

~/]RL°’><Y* T-(rot(ue)) - Te(rot(pe)) dzdy  — roty (a(z,y)) - (¢(x)roty (P(y))) dedy

QxY*

=[xt (i) - oty (6()0(y) dady.
QxY*
e Second term. We use (4.81) and Proposition 4.121 o 7, the fact that div,(®) = 0 in Y* and convergence (4.68),

/ To(P)Te(div(p.)) dady = / ETo(P) To(Vo - ®) dady
R3xY* R

3xY *

- p(x)Vo(x) - (y) dx =/Q - p(x)dive (¢(z)®(y)) dedy

QxY*

—= | Vapla)o(a)b(a)) dudy.
QxY*
e Third term. From convergences (4.63) and (4.82), we get

/ T (rot(.)) - To (w2) dedy — b0ty (B(y)) - (. y) dady
R3xY* QxY*

= [ oty (6()8(w)) - i,y dody.
QxY*
e Fourth term. We use convergence (4.64) and (4.82),

/W or (T2 (we) x n) - (T(¢)®) dzdo(y) — (w(z,y) x n(y)) - (¢(x)®(y)) dedo(y).

QxOF
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e Fifth term. From Proposition 4.12; and convergence (4.82), we have

QxY*

Therefore, taking into account the previous convergences and denoting ¢(x,y) = ¢(z)®(y), we obtain

/ roty (i(z,y)) - roty (¢(z, y))drdy + / Va.p(z) @(z,y)dady — 2N? / roty (¢(z,y)) - w(x,y)dzdy
QxY* Q QxY*

w2(5-0) [ (o) <o) elwdodot) = [ 5o o) dody.

& QxXY*

By density, this variational formulation holds for ¢ € V with div,(¢) =0 in Q x Y*, where

per

v:{ e L2(GHL (Y*)) : o-n=0 onQxdF }
Then we easily find that the function 4 satisfies the variational formulation

/ roty (@(z,y)) - roty (¢(z, y))dzdy — 2N? / roty (¢(z,y)) - w(x, y)dzdy
QxY* QXY *

(4.83)
22w [ i) xn) - pladadot) = [ ) plo) dedy.
for every ¢ € V°(Y*) where

peV : divy(p) =0in Q x Y*,

VOy* —
@) divm</ gody)z()inQ, </ gody>~n:00n89

Next, we prove (4.73). To do this, we take as test function in (3.24) the function . (x) = n(x)¥(z/c), where
neD() and ¥ € H. (Y*)? with ¥ -n =0 on OF, and we have

EQRC/ rot(w,) - rot (e ) dx + EQRC/ div(w,) - div(v.) dx + 4N2/ we - P dx
Qe Qe Qe

—2N2/Q rot(Tl)e)'usdx-l-QNz(ﬂ—l)/a (usxns)'wedU:A g-Vedx.

Fe
Similarly to what happens with ¢, and taking into account that
— - -1 Z i = Lo (= L di -
rot(¢e) =V x ¥ (€> + e "nroty (\I! (5)) , div(ype) =Vn- ¥ (5) + e ndivy (\If (€>) , (4.84)
we have T-(¢.) = T-(n)¥ and
Te(¥e) = 0¥ in L2(Q x V™), (4.85)
eT:(div(ye)) — ndivy(P) in L2(2 x Y*)3,  eT-(rot(1e)) — nroty () in L2(2 x Y*)3. '

By applying the unfolding to the variational formulation and using Propositions 4.12 3 and 4.153 3 4, we get

2R, Te(rot(we)) - Te(rot(ehe)) dady + 52RC/ Te(div(we)) - Te(div(ve)) dady

R3xY™* R3xY*

+4N2/ Te(we) - Te(ve) dady — 2N2/ Te(rot(ve)) - Te(ue) dady
R3xY™*

R3xY™*

LN (B 1)e / (T2(wz) x n) - To () dador(y) = / To(g) - To(0.) dudy
R3xOF R

3xY *

Next, we pass to the limit in every terms of the previous variational formulation:
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e First to third terms. From convergences (4.63), (4.65) and (4.85), we have

52/ Te(rot(we)) - Te(rot (¢ )) dedy = / eTe(rot(we)) - eTe(rot(v.)) daxdy
R3xY* R

3xY*

S [ oty (e y) - (7(x)roty (B(y))) dedy = / rot, (i(z, y)) - roty (n(x) U (y)) dady
QxY* QxY*

[ Tdivwn) Tdivien) dedy = [ T iviw) - T (div(w) dady
R3xY* R

3xY *
— divy (w(z,y)) - (n(x)div, (¥(y))) dedy = / divy (w(z,y)) - divy(n(z)¥(z,y)) dedy,
QxY* QXY *
[ Ttw) T dedy > [ i) (o) () dod.
R3xY* QXY™

e Fourth term. From (4.54) and (4.85), we get

/ T (rob(i4x)) - To(ue) dady = / ET: (xob(x)) - €~V T: (ue) dacdy
R3xY*

R3xY*

S [ oty (W) - a(e, y) dedy = / rot, (n(x)¥(y)) - iz, y) drdy.
QxY* QxY*

e Fifth term. From convergence (4.55) and (4.85),

et /RsXaF (T2 (ue) x n(y))) - T=(¢:) dado(y) — (a(z, y) x n(y)) - ((x)¥(y)) dzdo(y).

QXOF

e Sixth term. From Proposition 4.127 and convergence (4.85),

/RB e 7;(9) 7'5(1/)5) dxdy — g(x) . (n(x)q,(y)) dzdy.

R3xY*

From the previous convergences and noting ¥(x,y) = n(z)¥(y), we obtain

R, . roty (W (z,y)) - roty (¢(z,y)) dzdy + R - divy (d(z,y)) - divy (¢ (z,y)) dedy

—|—4N2/ w(z,y) - Y(z,y) dedy — 2N2/ roty (Y (z,y)) - t(z,y) dedy (4.86)
QxY* QOxY*

+2N?(B — 1)/

QXOF

(a(x,y) x n(y)) - Y (2, y) dedo(y) = / g(x) - Y(x,y) dedy

QxYy*

which, by density, holds for Y ev.

Finally, under condition (3.26), we can prove that the variational formulation given by (4.83) and (4.86) admits
a unique solution (@, ) in VO(Y*) x V (see proof of Lemma 4.17 above), and so we conclude that the whole sequence
(e T2 (us), Tz (w:)) converges to this solution. Reasoning as in [1], it follows that there exists q(x) € L?(Y*)/R
and §(z,y) € L*(Q; L., (Y*)/R) such that the variational formulation given by (4.83) and (4.86) is equivalent to
system (4.72)-(4.80). It remains to prove that ¢ coincides with pressure p. This can be easily done by proceeding

as above by considering a test function which is divergence-free only in y, and identifying limits.

Step 2. In this step, we eliminate the microscopic variable y in the homogenized problem (4.72)-(4.80) and then,
we obtain a Darcy equation for the pressure p. To do that, for every k = 1,2, ¢ = 1,2, 3, we consider the micropolar
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local problem (3.29), which has a unique solution (u®*, w"* 7*) € V? x V3 x L3(Y*) (see Lemma 4.17 above).
Then, by the following indentification

Mw

W(z,y) = ((filx) = 0u,p(x)) u"  (y) + gi(x)u"?(y)) ,
3 .

w(x,y):Z((fz( ) = 02, p(x)) W' (y) + gi(2)w?(y)) ,
3

d(z,y) =Y ((filw) = Ou,p(2)) 7 (y) + gi(2) 72 (y)) ,

1=1

and thanks to identities (4.57) and (4.66), we deduce that v and w have the expressions given in (3.27).

Next, the divergence condition with respect to the variable 2 given in (4.60) together with the expression of u
gives (3.28).

Finally, positive definiteness of K1) follows from the fact that K 1(]1 ) = Ay (ubt, wh; uft wh) and the coercivity

of the bilinear form Ay defined by (4.71). Since (3.28) is an elliptic equation with K 1)f + K®g € L?(Q), then it
has a unique solution p € H(Q) N L3(2), and u,w € L?(2)? given by (3.27) are also unique. By the uniqueness of
the limits, the whole sequences converge. O
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