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Abstract

We consider a non-Newtonian flow in a thin domain of thickness €. The flow
is described by the 3D incompressible Navier-Stokes (Stokes) system with a
nonlinear viscosity, being a power of the shear rate (power law) of flow index p.
The bottom of the domain is irregular by the present of slight roughness

of amplitude € and period €?, satisfying the relation 1 < 8 < 6. Assuming
pure slip or partial slip with a friction coefficient ¢=7, with v > 0, on the
rough boundary, we consider the limit when domain thickness tends to zero
and we obtain different models depending on the magnitude § with respect to
p—1

721},_15 -5 and the magnitude  with respect to

_1
p—1
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1. Introduction

Roughness of the solid surface as well as the rheological properties of the
fluid have influence in the fluid-solid interface condition. For that reason, the
choice of boundary conditions of fluid flow is a relevant problem to determine

such influence. It is commonly accepted that viscous fluids adhere to rough
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surfaces, and so the no-slip condition at the rough surfaces of a domain is widely
used. This does not seem always valid for the non-Newtonian fluids, indeed non-
Newtonian fluids melt and solutions slip against the surface. This phenomenon
has been related in many mechanical papers concerning non-Newtonian fluids
(see [24], [34]).

In this sense, it has been suggested that, in many cases, the velocity field
of the fluid u. in a domain 2. obeys a Navier condition at the rough surface
. C 09Q.:

[SV]T = —Aue], on T, usv =0, onl,,

where S is the deviatoric viscous stress tensor, v denotes the outside unitary
normal vector to 2. on I'., the subscript , denotes the orthogonal projection
on the tangent space of I'., and A > 0 is the friction coefficient.

Notice that depending on the value of A\, we shall consider either pure slip,
partial slip or no-slip at the boundary. This means that the friction coefficient
A shall be either zero, positive or +oo.

Recently, based on the so called rugosity effect, some results mathematically
justify that viscous fluids adhere completely to the boundary of an impermeable
domain. More precisely, these results accounts asymptotically for the transfor-
mation of pure slip boundary conditions on a rough surface in no-slip boundary
conditions, as the amplitude of the roughness vanishes, provided that the energy
of the solutions is uniformly bounded and there is enough roughness of the oscil-
lating boundaries. We refer to the pioneering paper [I5] for the case of periodic
and very smooth boundaries, and to [0], [L0], [II], [12] (see also [18], [21], [25],

[31]) for having a quite complete understanding for arbitrary boundaries.

In this paper, assuming Navier condition on a slightly rough surface of a thin
domain, our goal is to identify, depending on the magnitudes of the amplitude
of the roughness and the friction coefficient, the type of boundary condition in
which the starting Navier condition is transformed in the limit.

Next, let us set the position of the problem. We consider a smooth bounded
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open set w C R? and a function ¥ in leocoo (R?), periodic of period Z' =
(—1/2,1/2)?, satisfying

Span({V¥(z') : 2 € R?}) = R?, (1)

which always holds except in the case where ¥ is constant in one direction (i.e.
not included roughness of riblets-type: ¥ = ¥(z1) or ¥ = ¥(z3)).

Then, we consider a spatial domain (). determined through
/
QE{(I/,Ig)ERQXR:I,Ew, 55\If<;,><x3<s}, (2)
where € is a positive parameter devoted to tends to zero representing the char-
acteristic thickness of the domain, and € and £” represent the amplitud and the
period, respectively, of the roughness satisfying 1 < § < § < 400, i.e. relation

lime®# =0, lime’~!=0. (3)

e—0 e—0
By I'. C 09). we denote the rough boundary of Q., that is

I}:{(x’,xg)EszR:x’Ew, r3 = -0 (;)} (4)

From the other side it is well-known that for non-Newtonian flow through a
thin domain the non linear Poiseuille law is used. For that reason, in this study
we deal with the case where the viscosity is not constant. Thus, we consider that
the viscosity satisfies the non linear power law, which is widely used for melted
polymers, oil, mud,... Denoting the shear rate by D[u.] = %(DuE + Dtu.), the

viscosity as a function of the shear rate is given by
p(Dlue]) = pDluc P2, p>1,

where the two material parameters ¢ > 0 and 1 < p < 400 are called the
consistency and the flow index, respectively. For simplicity we suppose p = 1.
Recall that p = 2 yields the Newtonian fluid. For p < 2 the fluid is pseu-
doplastic (shear thinning), which is characteristic of high polymers, polymer
solutions, and many suspension, whereas for p > 2 the fluid is dilatant (shear

thickening), whose behavior is reported for certain slurries, like mud, clay, or
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cement, and implies an increased resistance to flow with intensified shearing.

Therefore, assuming the fluid incompressible and in a stationary state, and

depending on the value of p, the velocity u. and the pressure 7. satisfy:
- For 9/5 < p < +00, the non-Newtonian Navier-Stokes system

—div (np(D[uE])D[ueD + (UEV)UE + V7. = fe in Qc, (5)

divu, =0 in Q..

- For 1 < p < 9/5, due to the known technical difficulties with inertial term

for p < 9/5, the non-Newtonian Stokes system

—div (7, (D[ue])Dfue]) + Vae = fe in Q,

divu. =0 in g,
where the right-hand side f. is of the form
fo(x) = f(z', %) , a.e z € Q. (7)

with f assumed in LP' (w x (—1,1))3.

In order to study the roughness effects on the flow, we assume Navier con-
dition on T,

Np(Dlue])Dlue] u} = -\ ? [uE]T onl., u.v=0 only, (8)

T

where A e™7 is the friction coefficient expressed in terms of the magnitude of the
domain. Here A = O(1), and to cover interesting cases v € {—oo} U [0, +00);
namely v = —oo yields pure slip, and v € [0,+00) yields partial slip. Notice
that when v > p%l the friction coefficient is so big that we must consider no-slip
condition instead of Navier one (see for how to reach that conclusion). For

1
that reason, from now on we assume y € {—oo} U [0, ;=5].
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For simplicity, we assume no-slip condition on the rest of the boundary,
ue =0 on 09 \T.. 9)

The goal of this work is to study the asymptotic behavior of the solutions
of the above problems and to know in which way the irregular boundary affects
the flow. To do this, it is required to study the asymptotic study of the problem
by using monotonicity arguments together with an appropriate combination of
two changes of variables: the usual rescaling to transform the thin domain into
one with fixed height providing the macroscopic behavior of the fluid, and the
unfolding method (see e.g. [2], [13], [16], [20], [26]) to capture the microscopic
behavior of the fluid near the rough boundary. Then, denoting by @’ and 7
the limit velocity and pressure, we recover the simplified non-Newtonian Stokes

system in = w x (0,1):

— Oy, <|ay3a/|p*2 aysa/> =25 (f~ \Y ’7) in Q,
The roughness effects apppear into the boundary condition on I' = w x {0}; we
show that the boundary condition on I' satisfied by @’ includes the roughness

effects, which depend on the values related with the amplitude of the roughness

and the friction coefficient of the Navier condition, i.e. § and  respectively:

- Concerning ¢ € (8, +00); there is one critical regime, namely § = Ep, and
therefore three different regimes, namely § € (3, Ep), 6= Ep, and § > Ep.
The parameter Ep is defined by

2p—1 1

» 5*7 (10)

Bp :
which satisfies Bp € (B,400), Vp > 1.

- Concerning v € {— oo} U [0, -15]; three regimes are addressed, namely the

critical regime v = and thus v € [0 ) and 7 = —oc0.

pl’ ’pl

Below every cases are discussed:
(i) Case d € (5, Ep). We show that @’ satisfies no-slip:

=0 onT,



80

85

90

95

for every v € {—o0} U [0, p—il] This means that no matter if we start
with pure or partial slip, actually the roughness is so strong that the limit

velocity of the fluid vanishes at the bottom.
(ii) Case §d = Ep. This depends on ~:

-Ify = then %’ satisfies partial slip:

p— 1’

— [0y, T (5, 0) P20y, W (y,0) = =A 22 W' (y/,0)=2% R(@(y,0)) on T,
which means that, starting from partial slip with friction coefficient
of magnitude of order s_ﬁ, we also obtain partial slip in the limit,

but with a higher friction coefficient coming from the effects of the

roughness (see Theorem for more details of R).

- If v €0, ) then u’ satisfies partial slip:
—[ys @ (y', 0) P2y, (y',0) = —2% R(W'(y/,0)) on T,

which means that, starting from partial slip with a friction coefficient
of magnitude of order smaller than s_plj, we obtain partial slip with

only the friction coefficient coming from the roughness.

- If v = +o00, then, starting from pure slip, @’ satisfies partial slip with

the same friction coefficient as the previous case.
(iii) Case 0 > Bp. This depends on ~:
-Ify= ﬁ7 then @’ satisfies partial slip:
~10y, T (¢, 0)P~20y, 7 (4 ,0) = A28 @ (/,0) on T,

which means that, starting from partial slip with friction coefficient of
magnitude of order s_v%l, we obtain partial slip with only X as the friction
coefficient. Here the roughness is so slight that no roughness effects appear

in the limit.
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- Ifye{-o0} U0, ﬁ% then @’ satisfies pure slip:
—180,. 7' (v, 0)[P~29,, %' (y',0) =0 on T,
Y3 Ys

which means that, starting from pure or partial slip with a friction coeffi-

cient of magnitude of order smaller than 5_ﬁ7 we obtain pure slip.

To conclude with this discussion, notice that the usual case § = 8 (amplitude
and period of the same order) is not included in this work, because we have con-
sidered 1 < 8 < § which is necessary to apply the adaptation of the unfolding
method. However, as for § € (3, Ep) the roughness effects are so strong that we
get no-slip in the limit, then for § < g the no-slip condition in the limit must
be verified. In this sense, due to the wide variety of choices of parameters § and
B concerning the roughness, and ~ relative to the friction coefficient, this study
may be instrumental for understanding the effects of the rough boundary and

fluid microstructure on the lubrication process.

Moreover, by means of the limit equation, as usual in the asymptotic study
of fluids in thin domains, we obtain the corresponding non-linear Reynolds type
equation assuming the pure slip, partial slip or no-slip boundary conditions ob-
tained in each case. Related to this, for the rigorous mathematical justification
of the linear Reynolds equation for a flow between two plain surfaces, we refer
to [3] and [32], whereas for the justification of the non-linear Reynolds type
equation we give the references [9] and [29]. Remark that the last reference has
been later extended in [7] and [8], assuming stick-slip conditions given by Tresca

law on the boundary.

Finally, comment that approximate the behavior of flows in domains contain-
ing singular boundaries is critical for the description of a number of phenomena
related to the behavior of flows over rough surfaces. In this sense, it worth to re-
fer the following papers concerning fluid flows and domains containing corners,

[], [22] and [30).



125

130

135

2. Notation

The elements z € R? will be decomposed as z = (z2/,z3) with 2/ € R?,
r3 € R.

By Z', we denote the unitary cube of R?, Z’' = (=1 1)2 and by Q the set
Q=27 x (0, +00). For every M > 0 we write Qv =2 x (0, M).

We assume p, with p > 1, and p’ conjugate exponents, i.e. 1/p+1/p’ = 1.
We use the index # to mean periodicity with respect Z’, for example L];#(Z’ ),

q > 1 denotes the space of functions u € LF (R?) which are Z’-periodic, while

loc

~

L%(Q) denotes the space of functions @ € L, (R x (0, 400)) such that

loc

[ (@Pdz < 400, U +K,z5) =i(z), VK €72, ae. z€R2x (0,+00).
Q

For a bounded measurable set © C RY, we denote by L5(0) the space of
functions of LP(©) with null integral.
We denote by ¢, e” and €% three positive parameters which tend to zero and
satisfy 1 < B < 6 < +o0, i.e.
lime?# =0, lime® ' =0.

e—0 e—0

Then, for a function ¥ € W;’OO(Z’), U > 0in Z’, we define the open set A, C R?
by

/
A= {x eR3: -0 (;) <3< a} ; (11)

and for a Lipschitz bounded connected open set w C R?, we take

Qe =A.N(wxR), (12)
Q- =N (wx (=00,0)), QF =Q.N(wx (0,+0c0)), (13)

€ €

/

/
QE:{yGR?’: Y ew, -0 1w <gﬁ> <y3<1}7 (15)



/
I, = {y ER3: ¢ cw, ys = —0 1y (Za) } , (16)

Q=wx(0,1), T'=wx{0}. (17)

We denote by v the outside unitary normal vector to Q. on 0f)..
The orthogonal projection on the tangent space of Q2. will be denoted by
T, ie.
T¢E=¢€— (Ev)y, VEER? ae. on 9.

For k' € Z? and p > 0, we denote

K Ko k'
CK = pk' +pZ', Q¥ =A.N(C¥ xR).

We define x : R?2 — Z2 by
k(z') =k <o’ e CF.

Remark that k is well defined up to a set of zero measure in R? (the set

UklezzaCf/). Moreover, for every p > 0, we have
.T/J ’
Ii() :k’(:)x/EC:f.
p

For a.e. 2’ € R? we define C_s(2) as the square Céi; such that =’ belongs to
140 Of/; .

We denote by V the space of functions v : R? x (0, 4+00) — R such that
DEe WL (Qu), YM >0, VieLL(Q)
It is a Banach space endowed with the norm || - ||y, defined by
318, = 19120 g0y + IV

We denote by O, a generic real sequence which tends to zero with € and can
change from line to line.
We denote by C a generic positive constant which can change from line to

line.
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3. Main results

In the present section we describe the asymptotic behavior of the solutions
(ue, ) of the non-Newtonian Navier-Stokes system (9/5 < p < +00) and
the unique solution of the non-Newtonian Stokes system (6) (1 < p < 9/5)
posed in )., assuming Navier condition on the rough part of the boundary
I'. and no-slip @ on the rest of the boundary, where €. and I'. are defined by
(2) and , respectively.

The existence of solution for system with (8)-(9), the existence and
uniqueness of solution for system @ with —@, and a priori estimates are
given by the following result.

Theorem 3.1. (i) Problem (3) (9/5 < p < 400) together with boundary
conditions @—(@ admits at least one weak solution (ug,m.) € WHP(Q.)3x
LE (Q),

(ii) Problem (6) (1 < p < 9/5) together with boundary conditions (§)-(9)
admits a unique weak solution (ue,m.) € WHP(Q.)3 x Lg/(QE),
where Lg,(QE) is the space of functions of LP () with null integral, and

p' =p/(p—1) is the exponent conjugate to p.

Moreover, there exists C > 0, which does not depend on €, such that every

solutions of the above problems satisfy
el zr(auye < Ce?o Y | Ducllpoaysxs < Ceo D, |mell, o < Ce?
el||LP(Q:)% = ; el|LP(Qe)3%3 y € L (Q.) = .
(18)
As usual when we deal with thin domains, we use the dilatation
T3
y/ = .’I}/, Ys = —, (19)

9

which transforms ). in the sequence of open sets with fixed height, SNIE, defined

by . Thus, we introduce . € W?(Q.)? and 7. € Lgl () by
U(y) = ue(y eys), Tely) = me(y eys),  ae y € Qe (20)

10



Our goal then becomes in describing the asymptotic behavior of these new
sequences U., . As set in the introduction, that behavior depends on the

o values of parameters § and ~:

- Concering ¢ € (f8,+00); there is one critical regime, namely 6§ = pr and
therefore three different regimes, namely ¢ € (5, Bp), 6= Bp, and § > Ep.
Recall that Ep is defined by .

- Concerning v € {—oc0} U0, p%l]; three regimes are addressed, namely the

175 critical regime v = p%l, v = —o0 and v € [0, Zﬁ)

There are therefore many cases, so for that reason the results are presented in
three theorems depending on the value of §, namely Theorem corresponds
to the critical regime § = Ep, Theorem corresponds to § > Ep, and the
case § € (3, Bp) is addressed in Theorem In each theorem, the regimes

180 concerning v are discussed.

Theorem 3.2 (Case 6 = 3,). Let (uz,7.) € WhP(Q.)? ng/(QE), p =p/(p—
1), be a solution of (B) with (§)-(9) (9/5 < p < +00) or the unique solution
of (@) with (§)-(9) (1 < p < 9/5), and let u., 7= the corresponding rescaled
functions given by (@) Then, we have

et — 0 in WHP(Q)3,  e7ra. — (@, 0) in WHP(0,1; LP(w))?,
(21)

e 2pp:11 ﬂ673 — W mn W2’p(0, 1; Wﬁlyp(w))’

185

T — 7 in L7 (Q), (22)

where @ € WhP(0,1; LP(w))2, @ € W2P(0,1; W 1P(w)) and T € WP (w) N

Lg/ (w), are the unique solutions of the system
— Dy, (|8yga/|p—2 a%a/) = 2% (f' - vy,%) in Q,

1
7y, 1) =w(y,0)=wy,1)=0 inw, / W(y,s)dsv =0 ondw
0

11



and the boundary condition on I' below, which depends on .

190 Defining ((EEI,('J\E/) € V3 x Li(@), for every &' € R?, as a solution of
— div, (ID.[¢¢][P?D.[6°]) + V.¢¢ =0 inR? x R,
div,¢¢ =0 inRZxRT,

(Eg(z’,O) = -VU()¢ onR*x {0},

(1D, 6 ]1P2D.[6¢ )iz = 0, i = 1,2, on R? x {0},

and R = (R1, R2)T € R? by
R(¢); = [ ID.[¢¢]P 2D, [¢%] : D.o%dz V& €R?, i=1,2, (25)
Q

we have

- Case vy = p%l:

) =-A28 W (y,0) — 22 R(W(y,0)) on T. (26)

- Case vy € {—o0} U0, p%l):

7(y) = —2% R@(y,0)) on T, (27)

15 where

T(y') = =10, (y', 0)[P 20y, @ (y/', 0). (28)

Moreover, we prove the following corrector result for ue. and w. in the strong

topologies of LP(Q.) and LP (Q.) respectively (the sets Q- and QF are defined
00 0N )

2p

lim e~ 71 7p/ |uel” dz = 0,
e—0 Qc
(29)

. —2p=1_ P, x3 . |P
lim e~ %1 P ( ul —er1u'(z, —)‘ + \u5,3|p) dx =0,
e—0 Qj £

12



e—0

lim 6—1/ mel dr =0, lm = /+ ime — @) dz =0,  (30)
Qo Q7

€

whereas the corrector for Dluc] in the strong topology of LP().), defining u :
wx (R? x RT) — R3 by

a2, z) =" @02, forae. (2,2) €w x (R? x RT),

s given by
_2p—1
Jim e~ 25 / IDfu.]|? dz = 0,
e—0 -
12
. —2p=1 gP— ~ , 5 I3
iy Pl =T R Do)
, P
_B 2p—1 e X
. p+p<p71>][ D.[al(s', 5)ds'| de =0,
Csﬂ(m/) €

Theorem 3.3 (Case 0 > Ep). Under the assumptions of Theorem we have

the existence of
@ e WYP(0,1;LP(w))%, @ e W2P(0, ;W P(w)), 7e W' (w)nLE (w),

which satisfy convergences —@, and are the unique solutions of the system
, together with the boundary condition on I' below.

205 - Case v = p%l:

Fy') = =228 W (y,0) on T. (32)
- Case vy € {—o0} U0, p%l):

7(y')=0 on T, (33)

where T is defined by (@

13
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Moreover, the corrector results for u. and 7. are given by (@ and @,

respectively, whereas for Dlu,] is given by

lim s_szll/ ID[uc]|” dz = 0,

€

. _2p-—1
lim g~ »-1
e—0 Qg-

Theorem 3.4 (Case 6 € (53, Bp)). Under the assumptions of Theorem we

12 P
gp-1 - x
Dlu.] — 5 E Oy, i (', ?3)(61' ®ez+e3®e;)| dxr=0.
i=1

(34)

have the existence of
@ e W'P(0,1;L7(w))?, @€ W2P(0,1; W P(w), 7€ W (w)n LE (w),

which satisfy convergences -@), and are the unique solutions of the system
, together with the boundary condition on I’

=0 on T. (35)

Moreover, the corrector results for u. and 7. are given by (@) and (@), respec-
tively, whereas the corrector for Dlu.] is given by .

Remark 3.5. Theorems|[3.9, and[3.4] generalize the result proved in [19] for
a Newtonian fluid, case p = 2. In [19] the critical size is § = 358/2 —1/2, which
agrees with the critical size in the present paper 6 = Ep when p = 2.
Additionally also generalize the result proved in [35] for a non-Newtonian
fluid trough a domain with fized height, in which the critical size is 6 = 5(2p —
1)/p. Indeed, the functions quE’ and @€, for every &' € R2, are the same functions
which appear in [35] to describe the behavior of the velocity and the pressure near

the rough boundary.

From the limit problem , and the limit boundary conditions on I' ob-
tained in Theorems and depending on the values of § and vy, we
get the corresponding non-linear averaged momentum equations. For sake of

simplicity, we just consider the case where f’ does not depend on the variable

14



y3. Note that this assumption usually holds in applications because €. is very

thin, and so the variations in height of the exterior forces can be neglected.

Theorem 3.6. Under the assumptions of Theorem[3.4 then 7(y'), 7(y'), and

2% fo (v, y3)dys satisfy
divy U(y) =0 inw,
N (36)
UMY ) v =0 on dw,
where U is given below depending on the values of 6 and ~.
o Case § = Bp. Depends on ~y:
- Case vy = p%l:
> ! v ’ ~ =2~ 1 ~
aw) =[ ([ - a2 - dede )
(37)

/ F) — GW)EP 2 ) — ) E,

where T(y') is given by (@), and g(y') = 2§(f’(y’) - Vy7(y')).
235 - Casey € {—o0}U[0, 15): U satisfies with 7(y') given by (.)

e Case § > EE. Depends on ~:

- Case vy = p%l.' u satisfies with 7(y') given by (.)
- Casey € {—o0}U[0, 15): U satisfies with T(y') given by (.)

o Case b€ (B, B.):

Uy = %If’(y’) — V7AW - Ve Ry).
27 (p' +1)

4. Useful inequalities and proof of Theorem

240 Our goal in this section is the proof of Theorem [3.1} For this purpose, we
need some previous estimates which are given in Proposition and

below.

15



Let us introduce some notation which will be useful in the following. Asso-
us  clated to the change of variables , we introduce operators: D, div,/, and
Dy, Dey, dive,y by

(D&yg)i,j = (Dy/T))i,j = 8yﬁl for i = 1,2,3, j = 1,2,
~ 1, -
(Da’yv)iyg = *8y311i for i = 1, 2, 3.
9

1 - ~
D, [7] = 5(Dey¥+ DL, )

2
.~ AR ~ 1. -
dive 0 = div,/ 0" + g8y3v3 = 2 0y, Vi + ang’l)g.
P
Taking into account the definition of rescaled functions u., 7., it is easily
observed that the Navier-Stokes problem and the Stokes problem (@ are

equivalent, after rescaling, to

—dive (|Dey[@e]P72De y[0e]) + (WeVey)te + Ve ybe = f in Q.,
(3
dive ,. = 0 in Q.,
250
—div. (|Ds,y[t]|P2D: y[te]) + Ve ype = f in Q,
~ (39)
dive 4. =0 in €.

Proposition 4.1. There ezists C > 0, such that for every w. € WP(€,),

1< p < +o0, withw: =0 on w x {e}, we have the following:
(i) (Poincare’s inequality)
[wellLr o) < CellOswellLr(a.)- (40)
w5 (it) (Korn’s inequality)
[Dwe || Lr (0. )2x2 < ClDwe]|| o (0.)zxs- (41)
Proof. Statement (i) follows using that

€
we(z) = f/ Opywe (', t) dt, ae. z € Q..
z3

16
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In order to prove 7 we extend w,(z) by zero for z3 > e. Then w. belongs to
WhP(Qr), with

/
Q::{xERS 2 Ew, —aaq/(;) <x3<1}.
and thus the result follows from Sec. 5.2 in[I1].
|

Proposition 4.2 (Estimates for velocity). Let u. be a solution of () (9/5 <
p < +00) or the unique solution of (6) (1 <p <9/5), and u. given by (20) the
corresponding rescaled solutions of @ or (@/ Then we have

2p—1 2p—1 2p—1
el oy < Ce7o=0 || Ducll o yoxs < Ce?o=1,  [Dlue]|po.yxs < Ce?oD,
(42)
~ _p_ 1 1
Hus”Lp(ﬁE)B < Cev i, ||Ds,yus||Lp(§E)3x3 < Cev i, ||Dsyy[“6”|m(§5)3xa < Cev T,
~ 1 ~ _p_
||Dy’u€||Lp(§5)3><2 < Cgp71’ HayauEHLp(ﬁzp < Cer T
(43)

Proof. Using energy equality corresponding to the momentum equation
and @, hypothesis (7)), Korn inequality , and Poincaré inequality give
@2).
Finally, estimates combined to the change of variables easily imply
that . satisfies .
|

Proposition 4.3 (Estimates for pressure). Let . be a solution of (3]) (9/5 <
p < 4+00) or the unique solution of (@ (1<p<9/5), and 7. given by (@/ the
corresponding rescaled solutions of @ or (@) Then we have

17wl . < Ces NTell o @y < C (44)

||v€,y%6||w(;1w’(§€)a <C, ”vy’%EHWO*LP/(QE)S <, Hays%ﬁllwoflvp'(ﬁs)s < Ce.
(45)

17



Proof. Rescaled momentum equation gives

o 1 -
(Ve 7T€7<P>W Lo (@), WEP(Q) T <Vy’7T€7<P/> + g<3y37r€,303>

_[ |D6a€|p_2DEHE : Ds()zdy (46)
Qs
JF/~ f@dy */~ (aVe)ue ¢ dy,

Qe Qe

for every ¢ € Wg’p(ﬁe)?’. By we have that for every p > 1,

IN

_ 1 ~
[ P Depdy| < DI g s 1D,

IN

1 ~
EHDE[ ]||Lp (9. )3><3||g0||W01’p(S~25)
< ClFllyarge
’/~ ffﬁdy’ < Cligllye-
Q.

Hence, to derive estimates for pressure 7. from (46)), we just need to consider

25 the initial terms. It can be written

/ﬁ (Usvs y)ue pdy = / 5®ﬂsvy/§5dy
: E (1)
te

</ aygus 3U6¢d9+ﬁ Ue Baygus¢dx)7
Q.

(u@v)ij = wivy, i=1,2; j=1,2,3.

where

We consider separately the two terms in the right-hand side of .
(i) First term of (48): Applying Holder’s inequality, we have

‘/ﬁ ﬂgéﬂgvy/(ﬁdy‘ S C‘|u5||iq/(§~25)3||S0||W&'p(§s)3’
with 2/¢'+1/p =1, 1e. ¢ =2p/(p—1). The Sobolev embedding theorem and

imply that
[l - &, < Ce7T, (49)

18



20 where p* =3p/(3—p)if9/5 <p <3, p* € [p,+00) if p=3 and p* = [p, +oq] if
p>3.
In order to interpolate between LP and WP we introduce interpolation param-

eter 6 such that

1 6 1-06

PV + *

q p p

in order to have the interpolation (use (43) and (49))

~ ~ 10 ~ 11-6 0L +(1-0)21-
el o @5,y < el 1Tl 0 < CPFT T35,

We choose 6 from inequality

P 1
——+(1-0)—— >
Hp_l-l-( 9)p_1_0,

that is

Then, 6y = 0, and we have

~ ~ ~ 0+
/5 U€®usvy"ﬁdy’ < C”ueniq’(ﬁs)sH(PHWULP(QE)S < 052( +P*1)||<,0||W01,p(56)3,

which implies
‘ / aeéaavy/ady’ < C @l o (50)
wich o > 0.
(#4) Estimate of the second part of the right-hand side of has the form
C

10,7

Lr(S.) ([ HLq'(()E)S ||‘P||Lq'(§5)3~

Working as in item (i), and taking into account last estimate in , we get

1 o~ o~
- </~ 8y3u5,3u5g0dy+/~
€ Q. Q

with o =6042/(p—1) > 0.

285

Teadly e dy) < C= el O

€

Putting together and we obtain the estimate

/s~2 (e Ve y)te @dy < C*|[@llyyrn g, yas

19
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295

300

305

310

with a > 0. Now, previous estimate and give estimate 7 ie.

<Vs,y7~Tsv¢>W—1,p’(§€),wc}m(§£) < C”SO”WOLP@E)m

which, using the Bogovskii operator (see [5]), gives the second estimate in (44]).

Applying the rescaling x3 = eys, this estimate implies the first one.

For the Stokes case, proceeding similarly by using the rescaled momentum

equation , the result follows from and .
|

Proof of Theorem The classical theory (see e.g.[23], [27], [36]) gives
the existence of at least one weak solution (uc,m.) € WP(Q.)3 x Lg/ (Q),
p' =p/(p—1) for (5), under assumption 9/5 < p < +oc, and the existence of a
unique one for @, under assumption 1 < p < 9/5. The estimates for velocity

and pressure given in follow from Proposition and
|

5. Some compactness results

In this section we obtain some compactness results about the behavior of
a sequence (ug,m.) satisfying a priori estimates together with boundary
conditions u. = 0 on w x {e}, usr =0 on 90 \ (w x {e}), but where (u.,n.) is

not necessarily the solution of any PDE.

Lemma 5.1. Let u. be in WHP(Q.)3, p > 1, with ue =0 on w x {e}, ucv =0
on 00\ (w x {e}), divu. = 0 in Q., and such that there exists a constant C
independent of € satisfying

/ |Du.|Pdz < Cev= . (52)

€

Let us define u. € Wl”’(fvlg)3 by (@) Then, for a subsequence of € still denoted
by e, there exist i’ € W1P(0,1; LP(w))? and w € W2P(0,1; W—1P(w)) such that

20



315

320

(1) =0 in LP(w), @(0)=w(1) =0 in W P(w), (53)

divy @' + Oy @ = 0 in WP(0,1; W12 (w)), (54)

1
div, / @y, t)dt =0 in LP(w), (55)

0

1 1
/ T ) dtr =0 in W HP(0w), (56)
0

eTrTa. — 0 in WHP(Q)3, (57)
e Ta, — (@,0) in WYP(0,1; LP(w))?, (58)
e P T Ay — W in WEP(0,1; WP (W), (59)
7Ty, L + e P Dylie s — 0 in WHP(0, 1, WP (w)). (60)

Proof. Since u. vanishes on w x {e}, estimates and imply that u,
also satisfies

/ |ug|Pda < CepT P,
€

This inequality combined to the change of variables and inequality
imply that u. satisfies
~ 1-72 ~ 1 ~ p
/ |ue|Pdy < Cer-1, / (|Vy/u5|p + |8y3us|p) dy < Cer-T1, (61)
Q. Q. ep
Therefore, up to a subsequence, there exist u € W1?(0,1; LP(w))?, with a(1) =
0, such that
e T, = in WHP(0,1; LP (W), (62)
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325

330

335

such that and hold. By , we also have that
e 1 divy @l — divy @, i WHP(0,1; WP (w)), (63)

and together with divu, = 0 implies that 81,35573/5% is bounded in WP (0, 1;
W~1P(w)). Using then that 4. 3 = 0 on w x {1}, we deduce that ﬂs,g/srzrf)f711 is
bounded in
W2P(0,1; W~YP(w)) and therefore, up to a subsequence, there exists
w € WP(0,1; W=1P(w)), with @(1) = 0 in WP (w), such that holds. By
, we get that ug = 0 which finishes the proof of . From , and
, we also deduce (54]).

Now, we consider 7 € C*(w). Integrating by parts in Q. and taking into
account that u.v = 0 on 99, we get
0= [ (g s B0, wa) o)ty =— [ FTGT 0 )y

Since implies

/ et dy — o,
Q\Q

we can write the previous equality as

/ P (y)Vyn(y )y + O, = 0.
Q

Passing to the limit in this equality by means of , we get

1
// u'(y',ys) dysVym(y') dy’ =0,
wJO

which implies and (B6). Integrating with respect to ys in (0,1), we
now deduce that @(0) = 0, which concludes the proof of (53)).
|

The change of variables does not provide the information we need about
the behavior of u. in the part of €. close to I'.. To solve this difficulty, we
introduce an adaptation of the unfolding method (see e.g. [2], [I3], [16], [20],
[26]), which is strongly related to the two-scale convergence method ([I], [33]).
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345

350

3

For this purpose, given u. € WHP(Q.)3, u. = 0 on 99, \ I'c, and assuming u.

extended by zero to the set A, given by , we define u. by
/
U (2, 2) = ue (5’3,% (%) + E’HZ/,EﬁZg> , ae (2,2)ER*x Z.,  (64)
€

with

7. = {zeZ XR: =2 PP () < 2 <51_'3}.

Remark 5.2. For k' € Z? the restriction of U, to C’flg X ZE does not depend on
x', while as function of z it is obtained from u, by using the change of variables
, o — Pk x3

z = T, zZ3 = 577 (65)

which transforms Q’s“,; nto 25, Therefore, the idea in the definition of the func-
tion u. is to apply a dilatation in order to study the behavior of u. at a very
small distance of T'c. In addition, we observe that the change of variables @,
with ' fived, transforms T into the surface {z3 = —e~# W (2")} which, thanks
to the assumption e°~P converging to zero, almost agrees with the flat boundary

{23 = O}

We will use the following lemma, whose proof is elementary and thus omitted.

Lemma 5.3. Let v. € LP(R?), p > 1, be a sequence which converges weakly to
a function v in LP(R?). We define v. € LP(R?) by

Ve (z") :]é ( )vs(n')dn’, a.e. ' € R?.
p @’

€

Then we have:

(i) The sequence v converges weakly to v in LP(R?). Moreover, if the conver-

gence of v. is strong in LP(R?), then the convergence of v. is also strong

in LP(R?).
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365

(ii) For every 7 € R%, we have

e (' + 557’) — (")
B

— Vot in WHP(R?).

Lemma 5.4. We consider a sequence u. € WHP(Q.)3, p > 1, satisfying (@/
ue = 0 onwx{e}, uer = 0 on 9.\ (wx{e}). We define ti. € W2(Q.)? by (20 (20)
and suppose there exists u' € W1P(0,1; LP(w))? such that @ holds. Taking
into account the definition of Ep given in (@), then we have the following:

(i) If § € (B, By), then
w(2,0)VU(2') =0 ae (2/,2) ewxZ. (66)
(ii) If 6 = Ep, then there exists U € LP(w;V3) with
u3(z’,2',0) = =V ()d' (2/,0), ae (2/,2)€ewxZ, (67)

such that for every M > 0, the sequence u. defined by satisfies

751; 1 2p—1

-0 D, 4. — D in LP(w x Q). (68)
Besides, if divu. = 0 in ., then
div.i =0 inwx Q. (69)
Proof. We divide the proof in four steps.

Step 1. Let us obtain some estimates for the sequence . defined by .
For M > 0, definition of of U, and prove that for every € > 0 small
enough (depending on M), we have

/ |D.@i. (2, 2)|Pda’dz < PPTD N / |Du. (P (K + '), % 23) |Pd2’
R

2xXQum k€72

< Z G / |Du.|Pdz < A1) / | Due [Pdx < P D=
k‘IEZ2 Eﬁ Qa

(70)
On the other hand, defining

ue(z") :][C us(7',0) dr :][C

ag(r’,O)de/ a2 0)de, (T1)

B (al) B (a")
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375

380

a.e. ' € R?, using the inequality

/ /A [ie (2, 2) — G (2))|P dzda’ < CM/ /A |D. 1. |P dzdz’, (72)
w M w M

where C; does not depend on ¢, and taking into account , we deduce that

(7 _ u. (', y) — U

e — p—1_, 2p—1
gﬁ 5 Tro—1

is bounded in LP(R%; W P(Qar))® VM > 0. (73)

Thus, there exists @ € LP(w; WP(Qys))? for every M > 0, such that, up to a

subsequence,
U.— @ in LP(w; WP (Qu))® VM >0, (74)
and then
_BLA_’?P:i ~ ~ . D 3x3
e 7r Tre-0 D, — D,u in LP(w X Qp)°", VM > 0. (75)

By semicontinuity, inequality (70) proves
/ R |D.tulPda'dz < C VM > 0.
WXQ M

Once we prove the Z’-periodicity of @ in 2z’ (Step 2), the arbitrariness of M will
then imply that @ belongs to LP(w; V?).

Moreover, if we also assume that divu. = 0 in €., then by definition of
Ue, we have div,4, = 0 in R? x @ M, which combined with proves .

Step 2. Let us prove that @ is Z’-periodic in the variable z’.

We observe that by definition of u., for every M > 0, we have
~ 3 1 N 1
Ue | 1+ € 71.27_5722;23 = Uge x17x27§722323 )
a.e. (¢/,22,23) € R? x (=3, %) x (0, M), which implies

" 1 _ 1 a 5 i (o
UE T +€'B,$2,—*,2’2723 - UE 'rlv 572,23 | = ua(xl +i€1 ,ng)fj_ ua(m)
2 2 =
(76)

p(p—1)
Since €_ﬁﬂ€(£€/70) is bounded in LP(R?)3, we can apply Lemma (ii) to
deduce that the right-hand side of this equality tends to zero in W~1P(R?).
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Therefore, passing to the limit in the previous equation by , and taking into

account the arbitrariness of M we get

~ 1 ~ 1 11

u <x’,—2,22,z3) - <3:', 2,2’2,23) =0 ae. (2/,20,23) Ew X (—5, 5) x R.
Analogously, we can prove

~ 1 N 1 11

u (:r’,zl, —2,23> -1 (x’721, 2,23> =0 ae. (2/,21,23) Ew x (—5, 5) x R.

These equalities prove the periodicity of .

Step 3. Using the continuous embedding of W1?(0,1; LP(w)) into LP(I') and
35  Lemmal5.3t(i), we deduce from 1) that a_ﬁﬂg converges weakly to (u'(z’,0),0)
in LP(w)3. Thus, by (3) and (73), we get

e 71 (2,2) — (@ (2',0),0) in LP(w;WhP(Qu))® VM > 0. (77)

Step 4. Using the change of variables in the equality u.v =0 on I';, we get

V(L (2,2, —e*TPU(2)) ~tie 5 (2, 2/, —e2PU(2))) = 0, ae. in R®xZ'.

(78)
Thanks to , we then have
| PV ()ALl (2!, 2, 0) + e 3(2, 2/, 0)| =
0
/ |27V U(2")0., 0L (2!, 2 t) + Oz lie 3(2, 2, 1) | dt
—ed=BU(2)
1
1 0 P
<C (£8P (/ 823ﬁ5(x’,z',t)|pdt> ae. (2,2) e R x Z'.
—ed=BU(2")

Taking the power p, integrating in R? x Z’ and using we then deduce

2p—1
1
)

/ |27V (2 )al(2', 2, 0) + ﬂg,g(m’,z’70)’p da'dz < CPP=+3=
R2x Z'
which implies

/]RQXZ/

AV ()Tl (2!, 2, 0) + Ue (', 2',0)

p
2p—1

7/ (2PVU ()AL (2!, ', 0) + U g2, 2, 0)) d2'| da'dz’ < CPP~ DT,
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395

400

405

Dividing by 5’8(”_1)‘”'%, using definition of Tj’s, and taking into account
that V¥ has null integral in Z’ and , we get

& P

/]RQXZ/

54_(@;175%)v\y(z/)ﬁ’5(m',z’,O) _ -8 V\I/(Z/) (ale(xlvzlvo) —u

e
gp—1 7 e Ty
e a(@,2',0) — e s(2) |
€, ’p771 2,;7167 da'dz < CeO=P) =1 _ .
5ﬂT+p(p—1)

2p—1_ p—1

and then, by , and defining Bp =P,

~ S o
gafﬁpvq,(zl)w — —a3(z’,2',0) in LP(w x Z').

gr-1
This convergence and imply or , depending on whether § € (5, Bp)
or d = Bp.
|

6. Obtaining the limit system and corrector result

In this section we use the results of previous sections to prove Theorems
and describing the asymptotic behavior of a solution (u.,7.)
of the non-Newtonian Navier-Stokes system with (B)-(@) (9/5 < p < +00)
or the unique solution of the non-Newtonian Stokes system @ with —@
(1<p<9/5).

Notice that the case § = Bp is the most difficult case to analyze. In fact, to
Lemmal[5.4}(ii) gives a compactness result of u. providing a relation of the limit
function %', which gives the macroscopic behavior of the fluid, and the limit
function w, which represents the microscopic behavior capturing the effects of
the roughness. So, taking into account that relation, this case requires an appro-
priate combination of the asymptotic study of the problem using monotonicity
arguments together with two changes of variables: the usual rescaling to study
the behavior of the fluid away from the rough boundary, and the unfolding

method to study its behavior near the rough boundary. For that reason the
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415

420

425

proof of Theorem [3.2] is more technical than those of Theorem [3.3] and [3.4] and

so, it will be developed in more detail.

Proof of Theorem Along this proof, we will work with Navier-Stokes
system (9/5 < p < 400), giving the corresponding computations for the
case of Stokes system (6)) (1 < p < 9/5) when necessary.

From and divu. = 0 in 2., Lemma assures, up to a subsequence,
the existence of ' € W1P(0,1; LP(w))? and w € W2P(0,1; W 1P (w)) satisfying

and the two last lines of .

Moreover, taking into account , we deduce that, up to a subsequence,
there exists 7 € L? () such that

F.—7 in LP(Q). (80)

where by (45)), the function 7 does not depend on the variable y3, and has null

mean value in w (since 7, has null mean value in €,).

On the other hand, we remark that (uc,7.) satisfies the variational equation

/ S(D[ue]) : Dpe dx + / Ve pe da + / (ueV)ue e dz
QE Qs QE

+ )\8_7/
r

V. e WHP(Q.)2, w.v=0 onT., ¢.=0 ondQ. \T,,

Ue e do = / f e dz, (81)
Qe

€

where v € {—o00} U [0, 4+00) and, in order to simplify the notation, we define S

as the p-Laplace operator

S(€) =€l VEERGT

sym *

The proof of Theorem will be carried out using suitable test functions . in
(81), and it will be split in six steps.
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430 Step 1. Obtaining the limit system. First, we remark that thanks to ,
divu. =0 in Q., and , we can apply Lemma to deduce the existence of
a function @ € LP(w; V3), which satisfies (@ and , such that defining u. by

, covergence holds, up to a subsequence.

For 3 € Clw x (~1,1))%, € C}(w; C}(Q)?) such that
D.p(x',z) =0 a.e. in {z3 > M} for some constant M > 0,
FWoys) =@ Y.0) ifys <0,  B(a',2',23) = B(2',2',0) if 23 <O,

vq/(zl)(zl(y/v O) + @3(yl7 Z/’ O) =0,

div,p(z',2) =0
and ¢ € C*°(R) satisfying
1 2
C(s):lifs<§, C(s):()ifs>§, (83)
we define p. € H'(Q.)3 by
R o AP A A2 )
905(30)—590 (m, a>+ c 7 (x’eﬂ)g(a)

5—p 2(6—P) /
_ 5 — ;rx Z3\ € ~ (1 L z z3
pes(r) = € @3(15,85)((6) € g0(°T’<€B>V\IJ<55)<(5B)'

Thanks to @'(z) and @(z’, z) equal zero for 2’ outside a compact subset of w

and , the sequence ¢, satisfies that

e =00n 0 \Te, @wer=0o0nT..

Thus, we can take such . in . The problem is to pass to the limit in the
different terms which appear in . Before, we remark that since D,p = 0 a.e
in {z3 > M} and (B3)), we have

o (z) = % (7 (+.22) 0) + g.(e) 92, (84)

440

£5-28

2
1 ~ : ~ .
Dy (z) = = Zaym (x', %) e ®ez+ D.p <x’, x) + he(z), in Q,
i=1

€ Te
(85)
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with g. € C°(Q.)3, he € CO(€.)3*3 satisfying (thanks to (3) and 6 = ,)

3 3 £2p(6—p)
eP 1/Q lge[Pdx < C <5p(6 P+ o128 ) = 0-. (86)

o / |9: | da < CeP' 0P = O, (87)
.

p(0—0) p(d—B) 2p(6—P)
5%*1/ h€|de<cs2pl< L ¢ = c )
Qe

gp—l + gp—l + 5217—1 +5P55(P*1)
(83)

e First term in . Thanks to , and , we easily have
/ S(D[ue](x)) : Dpe(x) dx

— 2 S(D <Z Oys Pi ( , ) e ® 63> dx (89)

Q‘F
gd—B

o

S(Dfuc)(z)) : D.3 (x x) iz + 0.

iy
ws  Thus, using the change of variables and , we have that S (Efp%lDE,y[ﬁg])
is bounded in LP' (Q.)3*3, and so there exists & € L?' (€2)3*3 such that

S(e"7TD, y[d]) = € in LP'(Q)%%3. (90)

Then, the first term on the right-hand side of (89)) reads

—2
15 /Q+ '<Zay3%< , )6z®63> dz
/Ss = 1]D)Eyu5 : (Za%% 61'@63) dy
N 2
:/5: <28y3@(y) 6i®63> dy + Oc.
Q i=1

In the second term of the right-hand side of , we introduce the sequence
N _pge=l_ 2p=1
U, defined by . By and Lemma we have that S(e77 7 ~»e-DD,[u.])
is bounded in LP (w x Qp7)**® VM > 0, and so there exists £ € L (w x Q)33
a0 such that

pP— 2p—1

S(e” T_WD [a:]) 45 in L” (w x Q)gxg (91)
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Analogously, using the change of variables , assumptions on the support of
D.p, , and the fact that § = 51,, we get

L sy 0.6 (o ) d
B+l Q;r( [ue]) : D¢ I’E €T

56 p—1 2p—1

T TpZi_p 1 S TP I D, [.]) : D@ da’dz
9

P P UJX@N[

= / ¢: D.pdax'dz + O..
wxQ

Therefore, can be written as

/ S(D[ue]) : Dpe dx
Q.

2
:/E: (Z&‘ygﬁi(y)ei@eg) dy+/ AfA:chﬁd:p’dz—l—Og.
Q i=1 wxQ

e Second term in . Thanks to the first estimate in 7 7 7 and
we get

/V'frs 805 / va)/ﬂ—e ~I /, %) d;[’—’—OE

/V!ﬂ' y)dy + Oc.

(92)

(93)

e Third term in . Reasoning similarly the proof of Proposition we get
/Q (ueV)ucpe dr = O. (94)
e Fourth term in (81)). Thanks to uc(a’,¢) =0 in w and (L8), we have that
/1“ lue|Pdo < Csp_l/Q |Duc|Pdx < Cgpple.

So, taking into account (84), and ¢'(y) = ¢'(¥/,0) a.e. in {y3 < 0}, we

have

/\5_7/ Uepedo
r

€

2
dz' + O,
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s However, integrating in the xg variable, we have

[ o (58 (2)) -t

and so, using that u.(z’,0) = U.(2/,0) in w, we get

4
di' < CDP1) / |\Du.|Pdz = 0., (95)

€

)\8_’7/ uangdU:/\g—V—l/ﬂ;(y’,O)ﬁ’(y/,O)dy’—&-O‘g.
I w

By convergence , in order to pass to the limit in this term it must be verified

the following relation
p

ey ] = -
gl PR

which is true for v = p%l. Let us discuss the pass of the limit of this term

depending on the parameter ~:
- If v = —o0, then pure slip is considered, and so this term is zero.

- If v €0, p—il), then

/\5_7/F U do :)\5_'*_1/ u (y',0)¢"(y',0)dy' +0.
=Xem T [T 0)F (v, 0)dy' + O
=0,

because ﬁ —7v>0.
460 -Ify= ﬁ7 then

/\s_ﬁ/ ucpedo =\ [ 771 (y, 003 (v, 0)dy’ + O,

A

8\ €

a'(y',0)¢' (v, 0)dy’.
-Ifvye (Zﬁ,—&—oo)7 then
)\5_7/ U pdo :)\5_7_1/ u.(y',0)¢' (y',0)dy'+ O,
I, w

=Xer 17 [T (), 0)F (v, 0)dy + O,

w
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and this goes to infinity, because p%l — v < 0. For that reason, we drop
this case; it must be required no-slip condition on I';, instead of Navier

condition.

o Fifth term in . Thanks to , and the change of variables ((19))

465 Weget
1 20 0 T3\ ~r (1 T3
| fwpetm)d =2 /mf (a:, )5 («1.%2) dx + 0.

(97)
/ ()@ (y)dy + Oe.
From —, we then deduce that the limit system reads as
/ (Z OysPi(y)(€; ® 63)>dy+ V7 (y') @ (y)dy
Q (98)

+/w/@§1Dz@(x',z)dzdx’—k)\/rﬂ’&’dg:/Qf’(y)@/(y) dy,

for every ¢’ € CH(w x (=1,1))2, ¢ € C’cl(w;C’ﬁl(@))?’ such that is satisfied,
with A = 0 in the case v € {—o0} U [0, 1%) and A # 0 in the case v = p%l.
By density, this holds true for every @' € WP(0,1; L?(w))?, and every @ €
LP(w; V)3 such that

P(2',1) =0 ae 2 €w, VINP(2,0)+p3(2',2/,0) =0 ae. (2/,2)ewxZ.

Step 2. Previous property. Let us prove

lim (5 215:11/ S(D[ue]) : Due dx + AeTPoT /|u€|2da>
e—0 .
2 (99)
/ <Z ez®63>dy—|—)\/ |a'| do’—i—//§ D.u(x', z)dzda',
1
with A = 0 in the case v € {—o0} U0, T) and A # 0 in the case v = %
For this purpose we take 5_%% as test function in (5). Using divu. =0

w0 in g, this gives

Due]) : Du. dx + Ae~ 72T / |uc|? do = e~ T / feue dx.
e
(100)
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In order to pass to the limit for the last term we use the change of variables

and , which easily gives

Uedp = 71 / fledy = / ' dy + O..
Q.

So, (100) can be written as

Dfu.]) : Ducdzx + Ae™ 727 | |uc|? do :/ fa'dy+ 0. (101)
. Q

Taking now %’ and @ as test functions in , and taking into account that
divyw’ =0 in Q and div,u = 0 in w x @, we then deduce from 1'

Step 3. Corrector result for Duc]. In order to prove , we define

D (2!, 2) :][ D, [i(s', 2)]ds’, ae. (2/,2) €w x Q.
c

P (al)
ars It is well known that it holds
0. » .G in LP(w x Q)**3, (102)
and that using the properties of the p-Laplace operator S we get
S(0.) = S(D.[a])  in LF (w x Q)¥*3. (103)
We also define
Zﬁysuz (e, ez +e3®e;), ae ye Q.. (104)
We consider a new parameter ¢ > 0, with 1 < s < 8, which implies
lim el =0, lim e8P = to0. (105)

Using the Holder inequality and applying the change of variables y = x/¢,

40 W€ prove

S0 (. e
/ / (s',2)ds
keg2 4 Sl Ck/
// / (s',2)|?dzzdz’ ds' = O..
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dzz dz’ (106)




and on the contrary, we get

/ 9!, ) e = / )Py =0..  (107)
{z3<s.} € {0<ys<2=}

Since properties of the p-Laplace operator S (i.e. p-coercivity, (p—1)-growth
and monotonicity) , proving the strong convergence is equivalent to prove

the following statement

2p—1

E. = {5_ p=1 S(D[ue]) : Diue| de

e P /Qi (S(D[ua]) -8 (aﬁ{&i( )—l—s 5t et i>5( 6%)))

1~ T3

: (]D)[ug] —er19(a, -

s

) e £+p2(1o71)'§( I)) dx

+5_;%p1)\/ lue — 71 (@ (', 0), )Qd(f:| — 0,
r

with A = 0 in the case y € {—o0} U0, p%l) and A # 0 in the case v = p—il.

Developing the expression of F., we have

(D[w]) : Dlu.] dz + &+ 1)\/ e Pdor

—9 CTINERLL:) _;_ T
—¢ S(D[ue]) : Ha', E)dac—s /S [ue]) : E( 7Eﬁ)dac

Qf

2p—1  ~

— 72pp:11 ﬁAi ! ﬁ ﬂ+P(Z’ 1) i :
€ /Q?S(E 19(33,5)—1—6 e (2’ gﬁ)).D[uE]dm

-~

-2 ﬁ~ /x—3 _§+P2P7} z .9 o
+e /Q?S(e o/, 2 4t >19(,ﬁ)).19(a:,6)dx

_B_2p—1 1~ T3 _ B4 2p-1 , T ,
S( =199 ’77 (=1 9 , 7 ) ) , —= d
+e P w /Qj er19(x 5 )+e PR c(z 55) (z 55) 2

725_%)\/ ul @ (2',0)do + X [ |u(2’,0)|? do.
€ FE

(108)
Let us pass to the limit in the different terms of this expression.

e First and second terms. They can be estimated using the previous property
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(99) given in Step 2, which gives

2p—1

- pfl/ S(D[us]):]D)[ua]dwra’%/ |ue[*do
Qe

FE
:/Ezﬁ(y)dy+x/|a’|2da+/ €:D,[a] da'dz + O..
Q r wx@

e Third term. We use the change of variables together with prove

; I3

e /Q+ SOfuc]) : 9!, 2y e = 7/5# S(==7D, @) : (y) dy
—— [ & dway+o.
Q

e Fourth term. Using the sequence s. given in (105)), we get

_B8_2p=-1 .9 ’ ﬁ
—E& P P . S(]D[ua]) .195(:1:76/8)dx

2p—1

_ _57577/ S(Du]) : 9. (o', ) do
{x3>€s} €

i / S(Dfu.)) : 9.(, %) do
{0<z3<es} €

w5 Taking into account property (106)), the first integral converges to zero, and by
applying the change of variables in the second one together with the weak

~1_ 2p-1 ~ , ~
convergence of S(e #7360 D, [@.]) to € in LP (wx Q)3*3 and lb we have

—E*S*"“’;l/ S(Du.]) : 9.(o, L) dee
Qf

7')"6
_ / S AEIDL@) : 9. da'dz
wXQ61,5
_ _/ € D.[@)de'dz + O..
ox0

e Fifth term. We use the sequence €° defined in ((105]) to split this term as

follows

2p—1 -~

e /Qi S (sﬁg(:ﬂ’, %) St PR e (a, E%)) : D[u.] dx

~

_2p—1 1~ I3 _B 2p—1
=—g »1 / S(spflﬁ(x',—)—&-a » TR0 9 (2,
{zz>es} €

)) : D[u.] dz

Ul =

B 2p—1 ~ T
p+p(p—1)196(1'/, ;3)) : ]D)[us] dx

2p—1

—g~ »-1 / S (5#5(95’, E) +e”
{0<z3<es} €
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By using property (106]) and , we prove for p > 2:

c 2511/{ }(s <gﬁ{§( / x3)+5 P g, (o, ”;)) s(gp 9z’ ‘23))) : Dlu]dx
x3>€ed

~ _ . -2 -2
Sg_%/ (5171119( )+g §+p2(11; i)19 ( .’Eﬁ)‘p ep— 119( ! .’173)‘19 )
{ws>e) €
. ‘5*§+;§2 1)5 ‘ |D[uc]| dx

2p—1
< (Ce vt /
( {zz>e*}
“\
( {zg>es}
. / L, D) da / Dl dz | = oO.,
{z3>e} {xg>es}

and for 9/5 < p < 2 (Navier-Stokes case), and for 1 < p < 9/5 (Stokes case):

e7T9(z!, 2) 4 e P 9, (o ﬂ)’pdg;
3

p—2

i, 2 dw)

g

=
D=

2p—1

- /{x%s} (5 (Eﬁ{si(x I8y 4 ot g, (of 6%)) S(gp T (! :”3))) : Dlu.]da

g

2p—1

< Ce™ vt /
{zz>e}

<o / L, )| da
{wg>es}

2p—1 ~ T ‘P—l

e 0.0, )| Dlud e

</ ID[ue]” dm) =O..
{mg>es}

e p—l/ (5 (gﬁﬁ(x', T3y 4 et . (2 %))
{0<zz<es} € 2

_5( — S+t i)@( , a;))> : D[ue]dx = O..

o=

= ’ 5

Analogously, by using (107)), we can prove
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Then, taking into account the above, 7 7 and (103)), we get

2p—1 2p—1 ~

e (. B3 ot N
c /Q?S(a B, )+ e B, %)) - Dlu.] dr

2p—1

_ 1~ I3
=—¢ »1 S(erTd(a',=2)) : D[u.] da
\/{$3>55} ( 13 ) c

2p—1

—e P 1 / S (5_§+p2(2:}) {9;(:;:’, %)) : D[UE] dx + OE
{0<z3<es} €

__r_ 2
~ £ p—1 -
= —/ S (ﬂ(y)) : ( 5 Zﬁygum(y)(ei ®es+e3® ei)> dy
{ys>es—1} i=1

p—1  2p—1

_/WX@ESB S (@(x’,z)) : (g*ﬂT*pm—sz[aa]) dz'dz + O,

—— [ (W) :Fwdy~ [ _s@.La): @) da'dz+O..

wx@
(109)
290 o Sizth and seventh terms. Reasoning as in the fifth term, we have
Y B p—1 -~ ~
QrF € € €
: (110)

:/ﬂs(ﬁ(y)) - 9(y) dy + O.,

o~

_8_zp-1 15, T3 _B84 2p-1 , T ).A ;T
e /st(ep W, 2) 42 POl ) 0, ) da

_ / _ S(D.[a)) : D.[d] da'dz + O..
wXQ

e Fighth term. Using
/F [ue — ue(z’,0)[Pdz = O,
and , we have
—QAE—ﬁ/ ul @' (2, 0)do = —2A/5—p%a; @'do+0. = —2)\/F|ﬂ’|2d0+05.

e T

o Ninth term. We have

)\/ lu(a’, 0)[2 dor = )\/ lu(a',0)[2 do + O..
T, r
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The estimates obtained for the different terms on the right-hand side of (L08))
prove that E. tends to zero and then .

Step 4. Identification of E and E By using the corrector result of D[u.],
obtained in Step 3, we will prove that

2

=272(0, 0[P Oy,li(e; @ ez + e3 @ €;) in Q, (112)
=1

€= 5(D.[d]) inwx Q. (113)

On the one hand, using a sequence &° satisfying , the weak conver-
gences of S(E%D&y[ﬂg]) to & in L¥ ()3*3 and S(e_ﬁ%_%ﬂ)z[ﬂg]) to &
in LP' (w x Qp)3*3, for some M > 0, then for every ¢ € C(w x (—1,1))3 and
b€ C&(W;C#(Q)S), with D,¢o(2’,y) = 0 a.e. in {23 > M}, for some M > 0,

we prove that

_2p:11 7%+p2§:1 oz i
e r /Q;" S(D[ue ( <263¢1 ) €z®63> +e€ ( 1>Dz¢(x’gﬂ)> dx
— 5—2/ : (Z 8y3¢2 ,—)e; ® €3> dx

{w3>5-}

B 2p—1 -~ €
+/ e " p S(D[Ug]) : Dz¢(x,7 75) dx
{0<zz<e®} c
:/ 5(5 p— 1Dys Us : <Za3¢1 ez®63> dy
{ys>es—1}

+/ ~ S(E_ﬂ%_f(i:b]l)z[ﬂs]) . D.p(a',2) da'dz
WXQ_s—r

2
:/QE: <;8y3$i(y)€i®63> dy+/w@§: DZQAS(I',Z) dx'dz + O,
(114)

On the other hand, taking into account the sequence &° satisfying ((105)), using
the corrector result for D[u.], properties (106]), (107]), and proceeding as in
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sos  ([109)), we prove
_ 8, 2p—1
e - S(Dfue < (Zaygq% , ez®es> +e r TR0 DG (o 55)> dx

—¢g -1 ﬁ~ / ﬁ _§+p2pii 9 r
=¢ /st(s ﬂ(x,g)—l—e =D J(x ’,8))
: <5p11 <Z 81/39;1'(%/7%)61 ®e3> +€—§+p2<£i>Dz¢?(x/7;3)> dx + O,
2 x
Q. . T +3
- [ 5 (%) <_Zay3¢¢<x >®> dy

+ / S(.[@) : D2, 2) da'dz + O..
wXQ

(115)
Thus, (114) and (T15) implies

<Z By di(y)es ® e:;) dy = /QS (5(3/)) : (22: Dy Pi(y)e: ® 63) dy,

/ . D.o(a’,2) da'dz —/ [a]) : D.o(a’,2) da'dz

wX

for every ¢ and ¢ as above. By density this implies l) To get lj it

remains to prove

S((y)) =27 10,,0 P~ Qzayguz )(e; @ e3 4+ e3 @ e;) in €.

i=1

This follows just taking into account that S (5) can be expressed in term of the

second invariant of the strain tensor Dy;(d) = D(9)D(9)! by
ID@)P~% = Dy (9)P/>.

Step 5. Boundary layer system satisfied by u. From the previous steps, the
limit problem reads as

2
/27%|8y3 Z €1®e3+€3®61 : (Zayswl ei®63> dy

Q i1
/Vﬂupdy / : D, pdzdx’ —l—)\/ '@da—/f "dy,
wX

(116)
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for every ¢ € WP(Q)3, and every $ € LP(w; V?) such that
©=0o0n00Q\T,
P3(2',0) =0, @3(2,2',0) = =AVU(Z)P'(2/,0), ae. (z/,y) €wx 27,

with A = 0 in the case v € {~o0} U[0, ;17) and X # 0 in the case v = 17
Now, we will obtain an equation for (u’,7) eliminating @ in (116)). For this
s0  purpose, we take @' = 0 in (116 we prove that @ € V? satisfies

/ S(D.[A]) : D.@da'dz =0
wXQ

div,u =0,
(117)
us(z’,2',0) = =VU(2)a' (2',0) on R* x {0},
S(D.,u);3 =0, i=1,2, onR?x {0},
a.e. in w. Defining (qg&/, 3, for every ¢ € R2, by , we deduce that
Uz, 2) = ¢ @ O0(2), ae (¢',2) €ewx Q. (118)

Now, for ¢ € WHP(Q)3, with ¢ = 0 on 92\ T, 3 = 0 on I', we take ¢’ and

P, 2) = ¢4 (a:’,O)(gel(z) + @g(x’,O)qu? (2), as test functions in (116). Taking
into account (118]) and definition we get

2 2
/ 27510, WP 0yt (y) (e @ es +es @) : (Z Dys Pi(y) €: ® 63) dy
Q2 i=1 i=1

f/ 7 divy @ dy+/\/17’ & do + /R(ﬂ’(y’,O))@’(y’,O)dy’ :/f' & dy.
Q T w Q
(119)
515 By the arbitrariness of ¢, this proves that (4’,7) is a solution of —
with A # 0 (case v = p%l), or a solution of - with A = 0 (case

7= {~00} U [0, 727).

Finally, since u’ € W1P(0,1; LP(w))?, using variational formulation of prob-
0 lem , we have |9,/ [P28,,u/ € [P ()2. Since f' € L¥ ()%, by using
standard arguments (see [29]), this gives that V, 7 € LP (w)?, which implies
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T e W' (W) x Lf)’/ (w) and so, the strong convergence and .

Step 6. Corrector result for u.. We consider a sequence ¢° satisfying (105)).

Using that u. and @’ vanish on w x {e} and w x {1} respectively, and taking

into account , and (|106)), we easily get

_2p—1__ _2p—1 __ P ,’1’]3 p
g1 p/ luc|Pdx + &= =1 p/ (\u5’3|p+ ’u; —er1q (x’,—)‘ )da;
Qc of €
1 _2p=1 1 - 3\ |P
< P lem%= p/ |u|[Pdx + 2P~ e 1/ a (x’,—)‘ dz
Q.N{zs<es} QN{zz<es} €

_2p—1 P 3\ |P
+e pT p/ <|u5,3|2 + ’ué —er1q (x/, 7)‘ ) dz
{wg>es} &

gzp—lg*ipjfp/ /
w ety ()

p
dxsdr’

€
/ Opuc (2, t)dt
T3

o 5 ¢
+2p—1s—f’—1// / Dy tl! <x’) dt
w JO 3 €
291 5 5 P
+5_ﬁ_p// </ Oyt 3(2', t)dt
w Jes xs3
5 ) t
/ (89631/8(36’,15) —er 19,0 (m’, )) dt
xrs3 €

3p—2
—1

< 2P7H(e® 4 Ced)e v / |0y ue Pdz + 2771 / |0y, t' [Py
Q. Q

p
drxsdr’

p
+ )dxgdm’

1

op_
4 BT / <|8x3u5,3|p +
{zz>e®}

This proves .

zs3

P
Dpgul — sﬁamﬂ' (x’, ?)‘ ) dr = O,.

Proof of Theorem As in the proof of Theorem we consider
¢ € CHw x (=1,1))%, with @'(y) = ¢'(¢/,0) if y3 < 0. Then, for ( € C*°(R)
satisfying , we define p. € W1P(Q,)? by

1_ 3 =B g x
/ _ ! —
%(x)—gw(x,—g), e =~ n(—gﬂ)vw )

For every £ > 0, the function ¢, satisfies . = 0 on 90 \ T'c, v = 0 on T..

So, we can choose such ¢, in . Taking into account that, thanks to § > Bp,
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we have
2 T
~ 3
Dy, — ZaysSﬁi (I', ?> e; Qe

2p—1
lim 5_ﬁ/
e—0 0. P
lim (/ sp_1|<p573(x)pda:> =0,
e—0 Q.

and , , we can pass to the limit in to get

/ <Zavs<ﬂz€z®€3>dy+/v TP dy+)\/u’30da—/f’~’dy,
Q2 i=1

(120)

P
dz) =0,

for every ¢’ as above, where A = 0 in the case v € {—o0} U [0, p%l) and A # 0

in the case v = Zﬁ. Proceeding as in Step 2 of the previous proof, we get

1im< ‘pp:/S [ue]) : Ducdz + Ae™ 71 |Us|2d0>

e—0 T.

:/E: <Zay3ﬂiei®eg>dy+)\/ [u'|*dodz’,
Q = r

which in particular implies

(121)

E. .= {gi"f _ S(D[uc]) : Dluc] do
Qc

2p—1

v ¥ [ (S0lud) =8 (506 2)) ) £ (Pluc - 71500t 2

+s—ff”m/ lue — 757 (i@ (2, 0), )|2da} 0,

’ (122)
with 9 defined by . Since properties of the p-Laplace operator S, relation
implies the strong convergence of D[u,.] given in . As consequence, we

have that §~ is given by |D Finally, reasoning by density we obtain

2
/2_%|8 u' [P 2231,3”1 (e;®e3+e3®e;): (Zayg% 61®€3> dy
& (123)

i=1 i=1

/ﬂdlvygody—l—)\/ugoda—/f' @' dy,

for every @' as above. This is equivalent to problems — or —
depending if A £ 0 or A = 0 respectively. The corrector result given in is

obtained in a similar manner to Step 6 in the proof of Theorem [3:2]
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Proof of Theorem From Lemma [5.4}(i), we have that  satisfies
condition
(v, 00V¥(Z) =0, ae ¢y €w.
Since property , then it holds @'(y’,0) = 0. According to this, following the

proof of Theorem we now consider ¢’ € C®°(w x (—1,1))?, with @'(y) =
@' (y',0) if y3 < 0 and satisfying the boundary condition

P'(y,0)=0, ae. y €w. (124)
Observe that this choice of ¢’ implies that ¢, defined by

1_ T3
90;(33) = g‘ﬁl (xly ?) ) @5,3(‘1:) = 07

satisfies . = 0 on 90 \ T'c, wev = 0 on I'.. Taking such ¢, in and
reasoning as above, we can pass to the limit to deduce that it holds holds
for ¢’ with A = 0 (because ¢(y’,0) = u(y’,0) = 0). We can reason by density
and prove property , which implies that :g: is given by 7 and then that

u' satisfies

2 2
/ 27§ |8y3ﬂ/|p72 Z 6y3ﬂi(ei ®esz+e3Q 61') : (Z 8y3§51 e; ® 63) dy
Q

i=1 =1

- [ Faivy s dy= [ F&an
Q Q

for every ¢’ as above, which is equivalent to problem —. The corrector
result given in is obtained in a similar manner to Step 6 in the proof of
Theorem [3.21

|

Proof of Theorem [3.6, To simplify the exposition let us only consider

the case {(5 = ﬁp, v = p%l} For this, we will follow the reasoning given in [7].

The case § > Ep is obtained by proceeding similarly. We refer to [29] for the
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case 6 € (B, Ep) (i.e. the case with no-slip condition on the bottom and the top).

Taking into account that f’ and V.7 do not depend on the variable ys,

integrating equation ([23|) twice with respect to ys, we obtain
Y3 5
~ ~/ —2/~ ~1/ 1
T = [ F) - o) EY) - g + T 0,
0

with 7(y’) given by (26)). Since @'(y’,1) = 0, we get
1
7.0 = = [ W) = o) E) gl

which gives . Finally, substituting into the second equation in and
integrating in (0, 1) with respect to y3, we deduce (36). The boundary condition

in just follows from fol ' (y)dys v = 0.
|
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