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Abstract

A cooperative game consists of a set of players and a characteristic function determining the max-
imal gain or minimal cost that every subset of players can achieve when they decide to cooperate,
regardless of the actions that the other players take. The relationships of closeness among the
players should modify the bargaining among them and therefore their payoffs. The first models
that have studied this closeness used a priori unions or undirected graphs. In the a priori union
model a partition of the big coalition is supposed. Each element of the partition represents a group
of players with the same interests. The groups negotiate among them to form the grand coalition
and later, inside each one, players bargain among them. Now we propose to use proximity relations
to represent leveled closeness of the interests among the players and extending the a priori unions
model.

Keywords: cooperative game, fuzzy relations, proximity relations, Choquet integral,
Shapley value, Owen value

1. Introduction

Cooperative game theory studies situations where a set of agents (players) bargain for a
fair allocation of a common profit resulting from their collaboration, namely a vector with
the payoff of each player as coordinates (a payoff vector). In order to establish this allocation
a number is known for each subset (coalition) of players representing the profit obtained by
them and the mapping that assigns these numbers is named the characteristic function of the
game. The Shapley value, Shapley (1953), is one of the point solutions for cooperative games
mostly used and studied. It is a function obtaining a payoff vector for each game based in a
set of reasonable conditions (axioms) which allow us to decide whether this value is or not
the best solution for the problem. Several variations of the Shapley value have been proposed
for situations where some additional information about the agents is known. Aumann and
Dreze (1974) introduced coalition structures. A coalition structure is a partition of the set

of players representing the different coalitions obtained at the end of game. Hence there
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should be no side payment between these final coalitions. This way has been improved
by Myerson (1977) considering communication structures. A communication structure is a
graph representing the bilateral cooperation possibilities among the agents. In this case the
final coalition structure is the set of connected components in the graph but we can also use
the information given by the graph about the internal structure of these coalitions. Owen
(1977) proposed a different model from that of Aumann and Dreze based in a different
interpretation of the coalition structures. He considered that the coalition structure is a
partition of the set of players in a priori unions based in the relations among the agents.
But these unions are not considered as a final structure but as a starting point for further
negotiations. Thus, as in the original Shapley model, the grand coalition is the final coalition
structure. This paper focuses on the Owen variation. So, a coalition of players forms a union
if they have the same (or close) interests in the game. Owen obtained a Shapley-type solution
(the Owen value) taking into account this information to get a fair allocation of the profit
of the grand coalition. Later Casajus (2007) proposed a modification of the Owen model in
the Myerson sense. That is, we have an a priori union structure and we know how these
unions are formed by means of a connected graph in each group. This graph explains the
relation of closeness existing among their players. But closeness is usually a leveled property.
For instance, political groups can be organized in a priori ideological unions. Considering
equal every ideological closeness between two political parties is actually a simplification of
the situation. Aubin (1981), Butnariu (1980) and Mares (2001) introduced fuzzy sets to
describe leveled participation of the players in the coalitions (fuzzy coalitions) or fuzziness
in the worth of the coalitions given by the characteristic function (fuzzy payoffs). The
Choquet integral, Choquet (1953), is a powerful tool from the decision theory which is a
way of measuring the expected utility of an uncertain event. Tsurumi et al. (2001) used
the Choquet integral for fuzzy sets in order to define a Shapley-type solution of a family of
games with fuzzy coalitions. Jiménez-Losada et al. (2010), (2013), Gallego et al. (2014) and
Gallardo et al. (2014) proposed to use fuzzy structures as an additional information for a
cooperative game. Particularly, they considered a fuzzy graph to study fuzzy communication
structures in the Myerson way. Meng et al. (2012) analyzed games on fuzzy coalitions with

a priori unions.



Now, we propose a more realistic version of the Owen situation. Following Owen (1977)
and Casajus (2007) we consider a fuzzy graph where the fuzzy set of links defines the ob-
jective bilateral closeness of interests among the players. This structure is actually a known
fuzzy binary relation called proximity relation. This fuzzy relation also establishes unions
among the agents but these are not disjoint and each union is represented by a communi-
cation structure, thus players are asymmetric in them. While Meng et al. (2012) considered
fuzzy coalitions but common a priori unions, we will take usual games but leveled closeness.
Preliminaries introduce the needed aspects from cooperative games, a priori unions, com-
munication structures and fuzzy sets to understand the paper. Section 3 analyzes the value
introduced by Casajus (2007) in a different way, obtaining an axiomatization comparable to
the one of the Owen value. In section 4 we introduce several ways to reduce a proximity
relation which are used later. Section 5 defines an Owen-type value for proximity situations,
the prox-Owen value and finally in section 6 we propose an axiomatization of the new value

with reasonable axioms in this context.

2. Preliminaries

2.1. Cooperative TU-games.

A cooperative game with transferable utility, a game since now, is a pair (N,v) where N
is a finite set of elements and v : 2 — R is a mapping satisfying v()) = 0. The elements
of N are named players, the subsets of N are said coalitions and v is the characteristic
function of the game. We denote as G the set of games. If (N,v) € G and S C N then
(S,v) = (S,vg) € G is a new game where vg is the restriction of the characteristic function v
to 29. An example of a game is the unanimity game (N, ur), with T C N and T # (), defined
as ur(S) =1if T'C S and ur(S) = 0 otherwise. If we fix N, the family {uy : T C N} is a

basis of the games over N, that is for every (IV,v) there are coefficients ¢r such that

v = Z Crur. (1>

{TCN:T#0}

An allocation rule is a function 1 over G which determines for each (N,v) a vector

(N, v) € RY interpreted as a payoff vector. The Shapley value is an allocation rule defined



for every (N,v) € G and i € N as

N| -S| - Dls)!
3 (IN] = 15[ = DY[S|

6,(N.v) = (S U i) —v(s)] )

{SCN:i¢S}

This allocation rule satisfies efficiency, that is ), \ ¢;(N,v) = v(N). The Shapley value is
also linear namely if (N, v1), (N,v2) € G and a,b € R then ¢(N,av; + bvy) = ap(N,v;) +
bo(N,vy). A null player i € N for a game (N,v) satisfies v(S U {i}) = v(S) for all S C
N\ {i}. The Shapley value satisfies the null player axiom i.e. if i is a null player for (N, v)
then ¢,(V,v) = 0. It is said that i,j € N are substitutable players in a game (N,v) if
v(SU{i}) = v(SU{j}) for all S C N\ {i,j}. The equal treatment axiom says that if
i,j € N are substitutable players in (N,v) then ¢;(N,v) = ¢;(N,v). It is known that the
Shapley value is the only allocation rule over G satisfying efficiency, linearity, null player and

equal treatment. Moreover these axioms are not redundant.

2.2. A priori unions.

A game with a priori unions is a triple (N, v, P) where (N,v) € G and P = {Ny, ..., N, }
is a partition of N. Players in Ny for each k have similar interests in the game and they use
the union in the bargaining to get a fair payoff. The set of games with a priori unions is
denoted as GU.

The Owen value w is an allocation rule over GU. It is supposed that players are interested
in the grand coalition N but considering the a priori unions as bargaining elements. Let
(N,v, P) € GU with P = {Ny,....,N,,}. The quotient game (M,v") with set of players
M ={1,...,m} is defined as

vP(@Q) = <U Nq) VQ C M. (3)

q€Q

Let k € M. For each S C Ny, the partition Ps of N\ (Ny \ S) is to replace N; with S. We
define (Ng,vi) as vg(S) = ¢ (M, vP5) VS C Ny. Finally we solve the game in every group
using also the Shapley value. So, for each i € N if k(i) is such that i € Ny then the Owen

value is

wi(N, v, P) = ¢; (Ni@), Uni)) - (4)
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The Owen value satisfies efficiency, linearity and null player (the same definitions in GU
than in G). It also satisfies equal treatment in a union, namely if i,7 € Ny for k € M
are substitutable in (N,v) then w;(N,v, P) = w;(N,v, P). Moreover w satisfies a similar
condition with the unions, the coalitional symmetry: if ki, ko € M satisfy that v(Ny, U
Uyeo No) = v(Ni, UU,eq Ny) for every @ € M\ {1, k2} then

qeQ 'Y

Z wi(N,v, P) = Z w;(N,v, P).
iENkl je]\/k2
Owen (1977) showed that w is the only allocation rule over GU satisfying efficiency, linearity,

null player, equal treatment in each union and coalitional symmetry. !

2.3. Communication structures.

Let LN = {{i,j} : i,7 € N and ¢ # j} be the set of unordered pairs of elements in a
finite set N. We will use ij = {i,j} from now on. A communication structure for N is
a graph (N, L) where the set of vertices is N and the set of edges L C LN is the set of
feasible communications among them. Hence we identify a communication structure for N
with the set of links L. A game with communication structure is a triple (N,v, L) where
(N,v) € G and L is a communication structure for N. A cooperative game (IN,v) can be
identified with the game with communication structure (N,v, LN). The family of games
with communication structure is denoted as GC. Let (N,v,L) € GC be a game with
communication structure. A coalition S C N whose vertices are connected by the links in L
is called connected. The maximal connected coalitions correspond to the sets of vertices of
the connected components of the graph (NN, L) and they are denoted as N/L. This family
N/L is actually a partition of N. If S C N is a coalition then Lg = {ij € L :4,j € S}
and (S,v,Ls) € GC represents the restriction to S of the game and the communication
structure. We use S/L = S/Lg. Following Myerson (1977), in a communication structure
the final coalition structure is formed by the connected components of the graph, and they
can not get beneficial collaborations among them.

The Myerson value is an allocation rule for games with communication structure. Given

1Owen (1977) used symmetry in each union instead of equal treatment in each union, but both axioms
are equivalent in a context with efficiency, linearity and null player.



(N,v, L) € GC Myerson defines a new game (N,v/L) € GG incorporating the information of

the communication structure,

v/L(S)= > w(T) ¥SCN. (5)

TeS/L

The Myerson value is defined as
u(N,v,L) = ¢ (N,v/L). (6)

The Myerson value is efficient by components, namely > . o p;(N,v, L) = v(S) for each
S € N/L but it is not efficient. Moreover, this allocation rule satisfies decomposability in the
sense that pu;(N,v, L) = p,(S,v, Lg) for all S € N/L and ¢ € S. This value also satisfies the

fairness azxiom, i.e. for each ij € L we have:

:U’i(vavL) - /‘Li(NavaL \ {Z]}) = :uj(vayL) - Mj(Na/UaL \ {Zj}>
The Myerson value is the only allocation rule satisfying efficiency by components and fairness.

2.4. Fuzzy sets and proximity relations.

We will use V, A for the operators maximum and minimum in hereafter.

A fuzzy set of a finite set K is a function 7 : K — [0, 1]. The support of 7 is supp(7) =
{i € K : 7(i) # 0}. The image of 7 is the ordered set im(7) = {\ <--- <A, } = {\ €
(0,1] : i € K,7(i) = A}. Two fuzzy sets 7,7’ are comonotone if for all i,j € K it holds
(7(i) = 7(4))(7'(¢) — 7'(j)) > 0. Comonotony is a transitive property. For each ¢t € (0, 1] the
t-cut of T is

[Ty ={i e K:71(i) > t}. (7)

The Choquet integral was introduced by Choquet (1953) for capacities and it was extended
for all the set functions in Schmeidler (1986) and De Waegenaere and Wakker (2001). Given
f:2K - Rand 7 a fuzzy set over K, the (signed) Choquet integral of T with respect to f is

[rar =" 0w =) £, ®)
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where im (7) = {\; < --- < A\, } and A\g = 0. The following properties of the Choquet integral

are known:

(C1) [eSdf = f(S), forall SC K, and e%(i) =1if i € S and (i) = 0 otherwise.
(C2) [trdf =t [7df, forallte|0,1].

(C3) [rd(a1fi+ azfs) = a1 [ Tdf1 + aa [ T dfs, when a1, as € R.

(C4) [(r+7)df = [7df + [7'df, when T+ 7 <eX and 7,7’ are comonotone.
(C5) [7df =AV,cy7(0)if f([7]:) = A for all ¢t € im(T).

A bilateral fuzzy relation, see Mordeson and Nair (2000), over K is a function p : K x K —
[0, 1] satisfying the condition p(i,7) < p(i,7) Ap(J, 7). A proximity relation over K is a fuzzy
relation p satisfying: (Reflexivity) p(i,i) = 1 for all i € K, and (Symmetry) p(i,j) = p(j, 1)
for all 4,7 € K. Similarity relations are particular fuzzy versions of equivalence relations. A
similarity relation over K is a proximity relation p satisfying besides: (Transitivity) p(i,j) >

p(i, k) A p(k, j) for all i, 5,k € K.

3. A priori unions with communication structure.

In the Owen model players are organized in a priori unions but there is not information
about the inner structure of these unions. Casajus (2007) proposed another allocation rule
for games with communication structure following the sense of the Owen value that we name
here the Myerson-Owen value. Given a game with communication structure (N, v, L) € GC
we consider the partition of N by its connected components N/L. Therefore N/L is a set of
a priori unions for the players in N but the links in L establish how these unions are formed.
We use again the quotient game (3) with the partition N/L = {Ny, ..., N,,} and now for all
ke M with M = {1,...,m} the game (N, vy),

u(S) = ¢ (M, vV/H)s) WS C N (9)

Definition 1. (Casajus (2007)) The Myerson-Owen value is an allocation rule over GC
defined for each (N,v,L) with N/L = {Ny,..., N} andi € N as

gi(Nv,Uv L) = [y (Nk(’i)7vk(i)7 LNk(i)) )
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where k(i) is such that i € Ny).

The Myerson-Owen value satisfies the following coincidences.
(a) If (N,v, L) € GC satisfies that N is connected by L then £(N,v, L) = u(N,v, L).
(b) If (N,v, L) € GC satisfies that Lg = LS for all S € N/L then we identify (N,v, L) with
(N,v,N/L) € GU and {(N,v,L) = w(N,v, N/L).
(c) If (N,v,L) € GC with L = LN then {(N,v, L) = ¢(N,v).

)
)

Casajus (2007) obtained an axiomatization of the Myerson-Owen value. Now we provide
a new characterization of this value with the purpose of defining all the axioms from the
data (the game and the graph) and obtaining a better comparison with the Owen value.

Consider the following axioms for ¢ an allocation rule over GC.

Linearity. For all games (N,v),(N,v") € G, o, € R and L C LN,

(N, av + v, L) = ap(N,v, L) + pip(N, v/, L).

Efficiency. For all (N,v,L) € GC it holds

> hi(N,v, L) = v(N).

i€EN

Observe that now a null player can obtain profit due to his position in the graph inside
a component if this position is essential for other players to cooperate. But if all the players
in the component are null then it is impossible to get profits despite the strategic position
inside the union of each player. A coalition S C N is a null coalition in (N,v) € G if each

i € S is a null player for (N,v).

Null component. Let (N,v,L) € GC and let S € N/L be a null coalition. Then
Y,(N,v,L) =0 foralli € S.



Two coalitions S, T C N with SNT = () are substitutable? in a game (N,v) if v(RUS) =
v(RUT) for all R C N\ (SUT). We can suppose that two substitutable components
obtain the same total payoff in the sense of the coalitional symmetry (section 2.2) because

the internal structure in each union is independent of the bargaining among them.

Substitutable components. Let (N,v,L) € GC. If S,T € N/L are substitutable in (N, v)
then

> i(Nv, L) =Y (N0, L),

€S JET

Now the equal treatment property for players depends on the structure in each component
because they are asymmetric. The Myerson fairness axiom can not be used to explain this
asymmetry because the deletion of a link can cause a change in the number of components
(unions) and then in the bargaining among them. So, we use the modified fairness proposed
by Casajus (2007). This axiom can be seen as a balance among unilateral disconnection
threats. The difference of payoffs for breaking up unilaterally a link, placing the players
disconnected by this fact out of the game, is the same for both players in the link. Let
(N,v,L) e GC andij € L. If S € N/L withi,j € Sand S; € N/(L\ {ij}) with i € S; (in
the same way S;) then N}, = (N \ S)US; (in the same way ij)

Modified fairness. Let (N,v,L) € GC andij € L, it holds

Gi(N,0, L) =, (NG 0, Lo \NAiGY) = (Vv ) — oy (N0, L \ {i})

We prove in the next theorem that the Myerson-Owen value is the only one satisfying all

these axioms3.

Theorem 1. The Myerson-Owen wvalue is the only allocation rule for games with com-
munication structure satisfying the following axioms: efficiency, linearity, null component,

substitutable components and modified fairness.

2The concept of substitutable coalitions is slightly different to the concept given in Owen (1977). Our
concept implies the other but it is independent of the unions.

3Casajus (2007) proved that the Myerson-Owen value satisfies efficiency and modified fairness but we
replicate the proofs because they are used in the remark just after the theorem.



Proof. We will test that each one of the axioms is satisfied by the Myerson-Owen value.
Let (N,v,L) € GC, N/L = {Ny,..., N,,} and M = {1,...,m}. The quotient game for every
k € M satisfies v/ BN, = N/L|
EFFICIENCY. Using that the Myerson value is efficient by components (section 2.3) and the
Shapley value is efficient (section 2.1) we get
Zfi(Nava L) = Zﬂi(Nk(i)avk(i)v L) = Z 14;(Nie; v, Ly, ) = ka(Nk)
= k=1

1€EN 1EN k=1 i€EN,

= fj G (M, v N By = fj O (M, vNE) = oM (M) = v(N).
k=1

k=1

LINEARITY. Suppose now another game with the same communication structure, (N, v, L),
and two numbers a,b € R. As the Shapley value is a linear function (section 2.1), for each

k € M we have for all S C Ny by (9)
(av + bv")(S) = ¢y, (M, (av + b ) NE)$) = quy,(S) + buj,(S)

because (av + bv' )N s = quN/ s 4 hy/(N/ s from (3). Since the graph Ly, is the same for
both games then (av + bv'), /Ly, = avy/Ly, + bv, /Ly, from (5). Using the linearity of the
Shapley value again and (6)

&N, av + b0/, L) = 6; (N (av + 0o/ L, ) = a&i(N, v, L) +b&(N, 0/, L),

NULL COMPONENT. Suppose N; € N/L is a null coalition for the game (N,v). If @ C M

with 1 ¢ @ then we use Ng = U, V. For each T' = {iy,...,7,} € N; we have that iy, ..., 1,

q€Q
are null players for the game and by (3)

SNINQU{1}) = o IN(Q) = w(NgUT) = (NQ)

= D [0(NgU{ir,.it}) = v (Ng U {in, ..., it_1})]

+[v(NgU{i1}) —v(Ng)] =0.
Hence 1 is a null player in (M oW/ L)T). As the Shapley value satisfies the null player axiom

10



(see section 2.1) we get ¢y (M,v™V/5)7) = 0. So using (9), v1(T) = 0 for all T C Ny. But if
vy =0, then v1/Ly, = 0 in Ny from (5). For all i € N; we have from (6)

éi(N7U7L> = :uz (vaovLNl) = ¢z (S,O) = 0

SUBSTITUTABLE COMPONENTS. Let N1, Ny € N/L be two substitutable coalitions in (N, v).
For each @ € M we denote Ny = 4cq Vg again. We test that 1,2 are substitutable players
for (M,UN/L). Let @ C M\ {1, 2},

vMEHQU{1}) = v (No U Ny = v (Ng U Ng) = v™H(Q U {2}),

because Ny, Ny are substitutable in (/V,v). Since the Shapley value satisfies equal treatment

(see section 2.1)

v (V1) = ¢y (M, 0NE) = o (M, 0NE) = vy (N).

The Myerson value is efficient by components (8) so

Zgi(Nava) = ZNz‘(NlaUhLJ\H):Ul(Nl)

1€EN7 1€EN

= 0y(N,) = Z ft; (Na,va, Ly,) = Z &;(N,v, L).

JEN2 JEN2

MODIFIED FAIRNESS. Let ij € L and suppose i, € N;. We have

N3/ (L \A{ig}) = {(N1)i; Na, ooos Ni}-

Lyi \{ij} ,
Although the quotient game depends on the graph, we get v, M = vy in Nj;. Now we

use two properties of the Myerson value: the decomposability and the fairness (section 2.3),

&(N,U,L) - gz’(NiiqubLsz \ {Z]}) = :uz’(NlavleNl) - Mi((Nl)ivvle(Nl)i)
= pi(Ny, o1, Ly ) = py(Ny,vr, Lv \ {ig})
= lu'j(NhUhLNl)_uj(NlavleI\h\{ij})

= &N v, L) = &;(Njj v1, Ly \ {is})

11



Suppose 1, 1) different values over GC satisfying the five axioms. We take the smallest
N and L such that ¢) # ¢'. Hence there is a characteristic function v with (N, v, L) #
Y'(N,v, L). Linearity and (1) imply that there exists up with 7' C N such that

w(NJuTJL)#w/(NauT7L>'

The family N/L is a partition of N. We set My ={S € N/L:SNT # 0}. If S ¢ My then
all the players in S are null players for the unanimity game (N, ur). The null group property
says that for all i € S

¥; (N,up, L) = 9 (N, ur, L) = 0.

If S € My with |S| > 1 then for each i € S there is j € S\ {i} with ij € L. Taking into

account the minimal election of N and L and the modified fairness

GiNsur, L) = 0y (Nyur, L) = o (NG ur, Ly \{id}) = o, (NG ur, L \ {is})
= (NGur, L \ {ig}) = 0 (NG, ur, Ly \ {i})
= (N, ur, L) = ¥(N,up, L),

Therefore (N, ur, L) — ;(N, ur, L) = ¢ ;(N,up, L) — ¢;(N,up, L). Since Lg is connected
there exists B € R with ¢,(N,uz, L) — ¢(N,ur,L) = B for alli € S. If S, 5" € My then
SNS =0 and

ur (SUR) =0=ur (S"UR)

forall R C N\ (SUS’). Hence S and S’ are substitutable for (N, uy). The substitutable

components axiom implies that there exist A, A" € R such that for all S € My

> Wi(Nur, L) = Aand > (N, up, L) = A'.

€S €S

Now we apply efficiency using that up(N) =1,

> i(Nyur, L) = [Mp|A =1 = [Mp|A' =) ¢}(N,ug, L).

1EN 1EN
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Thus A = A’ and
> i(Nur, L) =Y 4N, ur, L) VS € My.

ieS ie€S
For each S € My we will use the above equality. If S = {i} then ¢;(N,ur, L) = ¢;(N, ur, L).

Otherwise we obtain

0= Z¢z(N7UT7L) - ¢;(N7UT7L) - |S’Bv
€S
thus B = 0 and 9,(N,uz, L) = ¥(N,ur, L) for all i € Ny. Hence we get the contradiction
VY;(N,up, L) = ¢}(N,urp, L) foralli € S € My. O

Remark. Now we deal with the logical independence of the axioms. We need to find five
allocation rules over GC' different to the Myerson-Owen value satisfying four axioms of our
set but not the other one. The Owen value, ¥)(N,v,L) = w(N,v, N/L), satisfies all our
axioms except modified fairness. As we say in section 2.1 the Shapley value is the only one
satisfying efficiency, linearity, null player and equal treatment. Furthermore these axioms are
independent and then there exist four allocation rules for G, (ep)f?:l, such that e satisfies all
the Shapley value’s axioms except the axiom p in the above order.* We define an allocation
rule ¢ over GC' for each allocation rule € over G in the following way. Let (N,v, L) € GC,
N/L ={Ny,..., Ny} and M = {1,...,m}. We take the game (N, v) given by

vi(S) = e(M,v™MP)s) ¥S C N,

So, we consider

w;(N,U, L) = Mz(Nk(z)7UZ(Z), LNk(i)) Vi € N.

Of course the Myerson-Owen value is one of this kind of allocation rules, ¢ = ¢?. If L = LN

then (N, v, L) = €(N,v). Following the proof of the above theorem we conclude the next

1el(N,v) = 0 for all i € N satisfies linearity, null player and equal treatment but not efficiency. Let
N, = {i € N :i is not a null player in (N,v)}, e2(N,v) = vN) if j € N, and €2(N,v) = 0 otherwise satisfies

T IV
efficiency, null player and equal treatment but not linearity. €} (N, v) = UI(Iifv\) for all 1 € N satisfies efficiency,

linearity and equal treatment but not null player. Given (N,v) € G let (N \ 1,v/1) the game defined as
v/1(S) = v(SU1) for each S € N\ 1 (v/1(0) = 0), €}(N,v) = ¢;(N \ 1,v/1) for every i € N \ 1 and
€}1(N,v) = 0 satisfies efficiency, linearity and null player but not equal treatment.

13



equivalences:

(a) 1 always satisfies modified fairness.

(b) € satisfies efficiency if and only if ¢ does.

(c) e satisfies linearity if and only if ¢° does.

(d) e satisfies null player if and only if 1 satisfies null component.

(e) € satisfies equal treatment if and only if ¢ satisfies substitutable components.

Hence we take ¢ with p = 1,2, 3,4 to finish the reasoning.

4. Reducing a proximity relation

A proximity relation p over N can be seen as a fuzzy set p over LN = LN U {ii :i € N}
where p(ij) = p(i,7), taking into account symmetry. Therefore we can calculate ¢-cuts and
Choquet integrals of proximity relations. But not all the fuzzy sets p over LN are proximity
relations because we need p(ii) = 1 for each i € N. Proximity relations form the family of
the fuzzy sets over LN which t-cuts contain {ii : i € N} for all ¢ € (0, 1].

We say that a proximity relation p is crisp if im(p) = {1}. Communication structures are
identified with the family of the crisp proximity relations. Each communication structure
L C LN is identified with the crisp proximity relation p* such that p(i,j) = 1if i = j or
ij € L, and pl(i,j) = 0 otherwise. On the other hand, if p is a crisp proximity relation then
we take the communication structure L? = {ij € LN : p(i,j) = 1,i # j}. Particularly the
t-cuts of a proximity relation are communication structures. A priori union structures are
identified with crisp similarity relations.

We can only consider set functions over LN for Choquet integrals of proximity relations.
Each f : 2"V — R is identified with another set function over LN, denoted with the same
letter f, given by f(A) = f(ANLN) for all A C LN, and then we use the Choquet integral
of a proximity relation with respect to the first f as the one with respect to the second f.

In this section we introduce several ways of reducing a proximity relation, the set of
elements affected or the set of levels of the image. We also show several properties of the

proximity relations related with the Choquet integral.

Definition 2. Let p be a proximity relation over N. If S C N then the prozimity relation

restricted to S is pg, a new proxzimity relation over S with pg(i,j) = p(i, ) for alli,j € S.

14



Obviously, for each S C N we have |im(pg)| < |im(p)|. Now we see a relation with the

Choquet integral of the restriction.

Proposition 2. Let p be a proximity relation over N. If f : 2EN — R is such that there is
S C N with f(L) = f(Lg) for all L C LN then

/pdfz/psdf!Ls-

Proof. Consider S C N and p a proximity relation . For all ¢ € (0, 1] we have ([pl;)s = [pg]:-
Let f: 2V — R with f(L) = f(Lg) for all L C LN. If im(p) = {\, ..., A\p} then im(pg) =
{AL, . ALY Cim(p). For each ¢ € {1,...,p'} and ¢ € {1,...,p} with X, < X, < A),; we

Obtain [pS]Aq = [pS]A;/ SO’

/pdf = > e =) Fllohy) =D (A = A1) F(([1) )

bS]
3

= 3" 0= At) Fllosh,) = X2 (% = X0) Hloshy) = [ esdfles: O
qg=1
Now we define a scaling of a proximity relation which considers insignificant the levels

out of an interval.

Definition 3. Let p be a prozimity relation over N. If a,b € [0,1] with a < b then p° is the

interval scaling of p, a new prozimity relation over N defined as

L if pli,j) 2 b
hig) =3 P8y e (ab)
0, if pli,j) < a

Observe that it holds |im(p%)| < |im(p)| and particularly pj = p. The interval scaling of

a proximity relation and the original proximity relation are comonotone as fuzzy sets.

Proposition 3. Let p be a prozimity relation over N and a,b € [0,1] with a < b. The

interval scaling p’ and p are comonotone.
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Proof. We prove that pZ, p are comonotone as fuzzy sets over LN. Let ij,kl € LN. We
suppose without loss of generality p(i, ) > p(k,1). If p(i,j) > b then pb(i,5) = 1 > pb(k,1).
If p(k,1) < a then pb(k,1) =0 < p(i, 7). Otherwise, a < p(k,l) < p(i,j) < b and we get:

p<i7j)_a > p(k7l)_
b—a — b-—ua

The above proposition implies the next result for the Choquet integral.

Proposition 4. Let p be a prozimity relation over N and ay, ..., a, € [0,1] witha; < --- < a,.

It holds for all f : 2¥N — R that

r+1

[ odr - C o= i) [0ty

with ag =0 and a,,1 = 1.

Proof. Suppose p a proximity relation and consider numbers a; < --- < a, in [0,1], ap = 0
and a,41 = 1. Remember that comonotony is a transitive property. Hence, as (a,—a,—1) > 0
for every p € {1,...,r + 1}, Proposition 2 implies that (a, — a,—1)pa’_, and (a; — ag—1)pa’_,
are comonotone for all p,q € {1,...;7 + 1}.

We also prove that
r+1

p= Z a’plpapl

Let ij € LN. We suppose p(i, j) # 0 because otherwise pa”_, (i, j) = 0 for all p . In that case
there exists ¢ € {1, ..., + 1} with p(4, j) € (a4-1,a,]. For each p < ¢ we have pz"_, (i,7) =1
and for each p > g we get pa’_,(i,7) = 0. If p =g,

N\ p(Za]) — Qg—1
Pas, (6:7) = Er—
So, we obtain
r+1 q—1
Z(G’P o ap—l)pgz_l(i7j) = Z(ap - ap—l) + (P(Z,]) - aq—l) = P(%])
p=1 p=1
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Finally we use properties (C4) and (C2) of the Choquet integral to get for any f

r—+1 r—+1
[ odr = /Z ity = D ey ~ap) [y dr. O

Now we define a scaling of a proximity relation where the insignificant levels are those

within the interval.

Definition 4. Let p be a prozimity relation over N. Let a,b € [0,1] with a < b and a # 0

or b # 1. The dual interval scaling of p is a new proximity relation over N given by

( pZ7j +a_b . ..
b - a . ..
i) = TTa if pli, 5) € (a,b)
i,] o
1[j—(a—)b’ pr(lv.])ga

Remark. If a =0 and b = 1 then the dual interval scaling is not well defined. As we will see
later this case appears in our results without real influence, but in some step of the proof of

Theorem 7 we need it. So, we define

1, if p(i,j) =1

0, otherwise.

poli,j) =

This definition is motivated by the next reasoning: if @ = 0 and b € (0,1) then p(i,j) =

% if p(i,7) > b and pj(i, j) = 0 otherwise. We can see our definition as the limit of this
option when b tends to 1°.
Observe that it also holds [im(p%)| < |[im(p)|. Next result about the Choquet integral is

obtained from Proposition 4.

Proposition 5. Let p be a proximity relation over N. For every pair of numbers a,b € [0, 1]

®There exists another different option to define the dual interval scaling pj. If we study what happens
when (a,b) tends to (0,1) the limit does not exist, and actually we can take any proximity relation as

ﬁ(l)(Zm]) =1if p(i,j) =1, ﬁ(l)(l,j) = K if p(i, j) € (a,b) and p(l)(lﬁj) =01if p(i,j) = 0.
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with a < b and for every set function f : 2MV — R it holds

[rdr=@-a) [ddr+ara-b) [dar

Proof. Consider p a proximity relation and numbers a,b € [0,1] with a < b. If a = 0 and

b =1 we have a trivial equality. Otherwise, Proposition 4 says

[rdr=a[aarse-a) [ddrva-v [

Since comonotony is a transitive property we get that apl, (1 — b)p, are comonotone using

Proposition 3. Therefore (C2) and (C4) imply

[odr=-a) [ shar+ [ ast+ - vi] ar

Now we prove the next equality of fuzzy sets (14+a—b)p’ = apd+ (1—b)pi. Suppose i, j € N.
If p(i,j) < a then

afe - p(i, g -
apy(i,7) + (1 = 0)py (i, j) = a (a >=p(m)-
If p(i,j) > b then
a(: 1os 2\ p(laj)_b_ .
a,oo(z,j)+(1—b)pb(z,j)—a—&-(l—b)ﬁ—p(z,j)—i-a—b.

Finally, if p(4,7) € (a,b) then ap§(i, j) + (1 — b)py(i,7) = a. We finish the proof using (C2)

again. O

5. Games with a proximity relation among the players.

Owen (1977) considered that the players in a game are organized in a priori unions (see
section 2.2) depending on their common interests. Now we suppose that it is possible to
measure the closeness of the ideas of the players. In this order we are going to think of a
proximity function describing the closeness among them. Let (N,v) € G. If p is a proximity

relation over N then p(i, j) represents the closeness level between players i,j € N.

Definition 5. A game with a prozimity relation among the players is a triple (N, v, p) such
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that (N,v) € G is a game and p is a prozimity relation over N. The set of the games with

a proximity relation among the players is denoted as GP.

If we take a crisp proximity relation then we obtain a game over a communication struc-
ture in the sense of Casajus (2007), namely it is a set of a priori unions with a communication
structure in each union. Particularly, if we consider a similarity relation, transitivity means
here that if the measure of the facets of closeness between players i, k is p(i, k) and the one
between players k, j is p(k, j) then i, 7 can assume at least (in the worst case) p(i, k) A p(k, j)
level of closeness. Games with crisp similarity relations are games with a priori unions. Next
we see an example of a game with a proximity relation that is not any of these particular

cases.

Example. Suppose a set of five agents interested in making use of a land. They decide
to cooperate getting the maximum feasible profit. Players 1,2 are relatives, players 2,3 are
owners, players 1,4,5 are workers, 1,2,5 have been working together for a long time, and 1,5
are beer friends. The characteristic function in millions of euros is: v(S) = 10(|S| — 1) if
2e€ Shbut3¢ S, v(S) =16(5]—1)if 3 € Sbut2 ¢S, v(S)=48(S| —2)if 2,3 € S,
and v(S) = 0 otherwise. We can define the relationship among the players as the following
proximity relation considering all the relations with same importance: p(i,i) = 1 for all
i, p(1,5) = 0.6, p(1,2) = 0.4, p(1,4) = p(2,3) = p(2,5) = p(4,5) = 0.2 and p(i,j) =0
otherwise. We represent the situation by a fuzzy graph, a graph with weighted edges.

0.2

Figure 1. Proximity relation.

Jiménez-Losada et al. (2010) introduced games on fuzzy communication structures using
fuzzy graphs. In Jiménez-Losada et al. (2013) we proposed several Myerson values for these

situations. Obviously a proximity relation is a particular kind of fuzzy graph, but our
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interpretation is different from the fuzzy communication structures. Now we extend the
Owen model in a fuzzy way. We can see a proximity relation as a communication structure
by levels of the players. Let (N,v,p) € GP. For each t € (0,1] we suppose that a set of
players form an a priori union with communication structure if they are connected at least

at level ¢t and this set is maximal.

Example. Next figure shows the different groups formed at each level ¢ € (0, 1] in the above
example. Every group has a specific communication structure which determines how the
union is formed. The reader can see for instance that if our demand to form a group is to
connect them with level at least ¢ = 0.3 then {1,2,5} is a union. But in this group the

position of player 1 is not the same as in the others.

1€(0,0.2] 1€(0.2,04]
{{1,2,3,4,5}) {1.2,5}.{3}.{4}}
®

o], ©)

1€(0.4,0.6] 1€(0.6,1]
{{L5}.{2}.3}.44}} {1.{2}.{3}.{4}. 15}
® ® ©

Figure 2. Communication structure partition.

Let p be a proximity relation over N. We define the set function for every player ¢ € N

given as

&(N,v) (L) =&, (N,v,L) VYL C LN, (10)

where & is the Myerson-Owen value (Definition 1). Now we introduce the solution proposed

in the paper for games with a proximity relation among the players.

Definition 6. The proz-Owen value is the allocation rule over the games with a proximity
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relation among the players defined for all (N,v,p) € GP and i € N as

(N, v, p) = / pdei(N,v).

Remark. Using the expression of the Choquet integral (11) we get the following equality. If
im(p) ={\ <+ < An} and A\g = 0 then

NN, v,0) => (A = M1)€V, v, [p])- (11)
k=1

This formula shows the prox-Owen value as a sequence of Myerson-Owen values of the

corresponding cuts by closeness intervals.

Example. Suppose the game of our example in Figure 1. Depending on the assumed infor-
mation we obtain the following solutions. If we omit the relationships among the players the
Shapley value is ¢(N,v) = (20.333, 37, 46, 20.333, 20.333). If we consider only the communi-
cation structure L in Figure 1 without the numbers on the links we apply the Myerson-Owen
value of the game (which coincides with the Myerson value because the graph is connected),
&(N,v, L) = (20.4,50.9,36.733, 15.566, 20.4). Finally we calculate the prox-Owen value. We
have to consider the different graphs in Figure 2 to determine the Choquet integral. So, for

each player i € N = {1,2,3,4,5}

n(N,v,p) = (0.2 =0)&(N,v) ([plo2) + (0.4 = 0.2)(N, v) ([plo.)

+(0.6 — 0.4)6(N, v) ([plo.s) + (1 — 0.6)&(N, v) ([p]1)
— (21.38,38.346, 45.613, 19.38, 19.28).

In a communication structure L C LN the set of coalitions which determines the a priori
unions among the players are the connected components, the family N/L. In a proximity

relation this role is played by the groups as we define now.

Definition 7. Let p be a proximity relation over N. A coalition S C N is a t-group for p
with t € (0,1] if S € N/[ple. The family of groups of p is the set N/p = U,c o1 N/[pl:-

A group in a proximity relation is a coalition which can be considered as an a priori union
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with communication structure when we establish a minimum relation level. If p is a crisp
proximity relation (a communication structure) then S € N/p if and only if S is a connected

component in the graph.

Definition 8. Let p be a prozimity relation over N. Coalitions Sy, ...,S, C N are leveled

groups if there is a number t € (0,1] such that S, ..., S, are t-groups.

For each set of leveled groups S, ..., S, (r > 1) we denote

ts..s, = \{t€(0,1]: 5.5, € N/[pl:} (12)
55 = \[{t € (0,1] : S1, ..., S, € N/[pl:}. (13)

Observe that number #%1+% is a maximum but number tg, g is an infimum. Moreover
0 < tg,..g5 <t < 1. Obviously, we can say then that groups Si,...,.S, € N/[p]; for all
t € (ts,..s,,t505]. If pis a crisp proximity relation then tg,

-----

every set of components.

Proposition 6. Let p be a proximity relation over N. If S;T € N/p are groups with
SNT #0 then S CT orT CS. Particularly, if S, T are leveled groups then SNT = ().

Proof. Suppose S,T € N/p with p proximity relation. If they are leveled then there exists
t € (0,1] with S, T € N/[pl;, thus SNT = (). If tg = tr then they are leveled groups. Hence
we consider tg > tp. There is a number ¢ > tg such that S € N/[p]; and T is union of

components in N/[pl;, therefore or SNT = () or S is one of these components. O

6. Axioms for the prox-Owen value.

We propose an axiomatization for the prox-Owen value inspired by the axioms of the
Owen value and the Myerson-Owen value (section 2.2 and section 3).
Let v be an allocation rule over G P, namely a function which obtains a vector ¢)(N, v, p) €

RY for each game with proximity relation (N,v, p) € GP. Consider the following axioms.
Efficiency. For all (N, v, p) it holds

S (N, 0, p) = (V).

ieN
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Linearity. For all games (N,v),(N,v") € G, o, 8 € R and p proximity relation over N,

Y(N,av + o', p) = arp(N, v, p) + BY(N, V', p).

Players in a null coalition do not obtain profit when the coalition is considered as a
union or a partition of unions, but they can get profits as a coalition inside a bigger union
depending on their position in the structure of this union. Therefore we can take these levels

t € (ts, 1] as insignificant and rescale. The next axiom extends the null component property.

Null group. Let (N,v,p) € GP and S € N/p a group which is null for the game (N,v)
then

wi(vavp) = tswz (Nyvypf)s) Vi e S.

In order to extend the substitutable components axiom we can suppose that between the
levels in which both of the groups are unions the total payoff for each group is the same,

namely using (12) and (13)

ST ST
Zd}i(N’vvpiST) = ij(vavagT)' (14)
i€S JET
But we can get a similar condition (but not equivalent) using the next axiom which is also

an extension of the substitutable components property®.

Substitutable leveled groups. Let (N,v,p) € GP. If S,T € N/p are leveled groups and
they are substitutable in (N,v) then

D Wi(N v, p) = (L ter =)0, (N 0, 5l0) = D (N, v, p) = (1+tsr — 5 )y, (N, v, 5.

= jeT

50bserve that, by Proposition 4, our prox-Owen value satisfies the substitutable leveled groups axiom if
and only if it holds (14).
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The proximity relation ﬁi; represents the scaling of p out of (tgr,t°7). We suppose that

the payments for groups S, T, subtracting the part in which they are no substitutable, i.e.
outside the interval (tgr,t°T), are the same.

We extend the modified fairness axiom to a fuzzy situation. In this case, we take into
account the mere reduction of the relation between two players. So we have to consider
that this reduction of level only concerns to the interval between the reduced level and the
original one. Let p be a proximity relation over a set of players N with im(p) = {\; <
<o+ < Am} and A\g = 0. Consider i,j € N two different players with p(i,j) = Ay > 0. The
number p*(i, j) = A\p_1 satisfies that for all t € (p*(,7), p(i, j)] the set N; (or Nljj) in the
communication structure [p]; is the same. We denote also as N; (or ij) this common set
for p. Now modified fuzzy fairness says that modified fairness holds if we reduce by t the

level of a link ij for the payoffs in (p(i,j) — t, p(i, 7)], adding those payoffs obtained out of

this interval.

Modified fuzzy fairness. Let (N,v,p) € GP and i,j € N with p(i,j) > 0, for each
te (0,p(i ) — p(i, )] it holds

N0, 0) = (Nyvp) = (1=1) [ (Mol ) = oy (Nov i) )|
ot [ (N0, 0 D ) = 5 (Mo (02w )]

The next theorem proves that the prox-Owen value is the only allocation rule satisfying

all these axioms.

Theorem 7. The proz-Owen wvalue 1 is the only allocation rule over GP satisfying the
following axioms: efficiency, null group, substitutable leveled groups, modified fuzzy fairness

and linearity.

Proof. We will test each one of the axioms.

EFFICIENCY. The Myerson-Owen value satisfies efficiency as we saw in Theorem 1. Hence,
(Z &(N, v)) (L) =) &(N,v,L) =v(N)
ieN iEN
for all (N, v, L) € GC. Now, applying the properties of the Choquet integral (C3), (C5) and
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also Vz’jem p(i,j) =1

> ni(N,v,p) ZZ/pd@-(N,v):/de&(N,v) = v(N).

iEN 1EN iEN

LINEARITY. Suppose now another game with the same communication structure, (N, v, L),
and two numbers a,b € R. As the Myerson-Owen value verifies linearity (Theorem 1) then

(C3) implies

n(Noav +lp) = [ pde(Noaw + )

= a/pdfi(N,v)—Fb/pdfi(N,v’)
= aﬁi(N7U7,0)+b77¢(N7U/;p)~

NULL GROUP. Let S be a null coalition for (V,v). We consider p a proximity relation over
N with S € N/p and i € S. We have for the number tg (12) that for all r > tg there exists
a partition {51, ..., S} of S such that S, ..., S,, € N/[p|,. Obviously, these coalitions are
also null coalitions and then &,(N,v)([p],) = 0 for all i € S since the Myerson-Owen satisfies
the null component property (Theorem 1). If tg = 0 then 7,(N,v,p) = 0. Otherwise, by

Proposition 4 we get

77¢(N=U7P) =ts 77i<N7UHOf)S) + (1 - tS) /ptls dfz(Nu U)'

If t € im(p{,) then r = tg +t(1 —tg) > tg satisfies that p(i, j) > r if and only if p;_(i,7) > t.
Hence, [p; ]s = [p]r and &(N,v)([p,]¢) = 0 for all . By (C5) we have

/ oL dg(N,v) = 0.

SUBSTITUTABLE LEVELED GROUPS. Let S, T C N be two substitutable coalitions in a game
(N,v). Consider now p a proximity relation over N with S, 7 € N/p leveled groups. We
take numbers tgy (12) and ¢57 (13). Applying Proposition 5 for any player i € N,

mi(N, v, p) = (1 + tsy — 5T (N, v, 5600 ) + (t5T — tsr) / Pl g (N, ).

25



So, for groups S and T we have by (C3)

> N, p) = (Lt tsr — (N0, 71) = (7 —ter) /Pi;d25 (N, v)

€S €S
_4ST
D o0 (Nv,p) = (L tor — )y (N v, ptg,) = (657 —tsr) /ptSTdZ£ (N, v).
JeT JeET
Ift e 1m(pts ) then we take tgr < 7 = tgp + t(t57 — tgr) < t°7 which satisfies [pts I, = [pl,

So, as S, T € N/[p], for all r € (tsr,t°T] then we obtain from the substitutable components

axiom of the Myerson-Owen value (Theorem 1)

zgiw,m] 5 [Zs Nu] ).

€S JET

Hence,

(5T — tor) /;ﬁjﬁng (N, v) = (t57 = tgr) /@jdeg (N, v).

€S JeT
MODIFIED FUZZY FAIRNESS. Let 7,7 € N. We consider p proximity relation with p(i, j) > 0

and t € (0, p(i,7) — p*(4,4)]. Using Proposition 5 for numbers p(i,j) — t, p(i, j) and (C3)

n(N,v,p) — (N0, p) = / pdlE(N,v) — &,(N, v)]
— (= 0) [ A e V0 = V0] + [ D dEN0) - € (Vo)
= (L= t)m(N,v, 75000 = my(N o, 7 )

+t/p%:j.§_t d[&;(N,v) — fj(Ny v)].

For each z € im (ppgzjg t) there exists r = p(4,7) — t(1 — ) with » € (p(i,7) — t, p(4, )]

such that [ng’g_t} = [pl,. Since r < p(i, j) then ij € [p],, thus the modified fairness of the

Myerson-Owen value (Theorem 1) implies

&N, ) ()00 J) =€, (N, 0) () L) = €N, 0) () Lo, ) =€ (N, v) (10 o) )
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Hence, we obtain by (C3) and Proposition 1
[ Al o) = (V.0

= [ g N0, = [ 62 D A (N0l

_ % (4,5) (i.4)
= (NZJ, (pz(lj) N >_77j (szja (pZ(zj) t)NJ)

Suppose now 1, different values over GP satisfying the five axioms. We prove the
uniqueness by induction on the cardinality of the image of p.

Let |[im(p)| = 1. Of course im(p) = {1} and p is a crisp proximity relation. Hence in this
case we obtain the uniqueness for the family of communication structures of the Myerson-
Owen value (Theorem 1). We suppose that there is only one value for all the games with a
proximity relation p with |im(p)| < d, d > 1.

Consider now a proximity relation p over N with |[im(p)] = d. If ¢ # ' linearity
implies that there exists a unanimity game ur satisfying ¢(N,ur, p) # ¢'(N,ur, p). The
family N/[p]; is a partition of N. We set My = {S € N/[ply : SNT # (0}. It S ¢ My
then S is a null group for (N,ur). We apply the null group property, if ts = 0 then
Y;(Nyur, p) =0 = (N, ur, p). Otherwise, as 0 < tg < 1 then tg € im(p) \ {1} but for all
i,5 € N with p(i.j) = ts it holds p?(i,7) = 1. Hence |im(p§)| < |im(p)| — 1 < d. The null
group property implies now that for all i € .S,

¢1(N7 UTap) = t5¢z(N7 UT7p€)S) = tSwZ(N7 UT’pBS) = w;(Nv U’Tap)'

Let S, 8" € Mp. We have several cases depending on the numbers tgg, 59" If tge = 0 and
9% =1 then |im(p})| = 1 < d. If tgg > 0 and t°% = 1 then tgg € im(p) \ {1} but for all
i,j € N with p(i,j) = tss it holds p;__,(i,5) = 1, therefore [im(p;_ )| < [im(p)| — 1 < d.
If tge = 0 and %% < 1 then t°% € im(p) \ {1} but for all 4,5 € N with p(i,j) = ¢*% it
holds ﬁgssl(i,j) = 0, therefore \im(ﬁégs/)\ < |im(p)| — 1 < d. Otherwise 0 < tge < 39 < 1,
then tgg/, 35" € im(p) but for all 4,5 with p(i,j) = tss and for all @', j’ with p(i’, j') = %
it holds ﬁiz:(l’]) = ﬁii: (', 7'), therefore \Hn(ﬁij)\ < lim(p)| — 1 < d. So, applying the
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substitutable leveled groups axiom

sz(N7 uT?ﬂ) - Zw]UV: uT7p>

icS jes’
! _SS _SS
- (1 +tsg _tSS) sz(Nv uTvpiss/ Z¢j(N7 uT?IOiSS/)
L i€S jes’ |
’ _ss T
= (14tggy —t5) Zw;(N, uT,pis ) Zw (N, uT,,oiSS/)
Lies jes'
= Z¢;(N7uTvp) - Z¢;(N,UT,P
i€S jes’
Hence
Zwi(NvuTa N ur, p Zw N ur, p w (N uT7p) = H.
€S jes’

Now, using efficiency

ZQP N ur, p ¢(N UTHO) - Z Zwi<N7uT7p)_w;(NauTap)

1EN SeMr ieS

Thus H = 0. If S = {i} with ¢ € T then ¢;(N,ur, p) = ¥;(N,ur, p). Suppose then S € My
with 7,5 € S two different players with p(i, ) = 1. We apply modified fuzzy fairness to this
link reducing by 1 — p*(4, j),

%(Na ur, P) - d)j(Nv ur, p) = /0*(27]> [¢2<N7 uT?ﬁé*(ij ) - wj(N7 uT:ﬁ};*(ij))}
(1= 5 (0,9)) [0V ur, (O o)) = 5V, (O o))
= 1/};<N7UT7P) _¢;<N>U’T7p)7

where the last equality holds since p*(7,j) € im(p) \ {1} and then

|im(p;1)*(i,j)>‘> |im((P})*(i,j))Ngj) < \im(p)] —-1l<d

Coalition S is connected in [p];, this fact implies that we can connect two players in S

by {i = ido,i1,....,5, = j} € S with p(ig,i,-1) = 1 for all ¢ = 1,...,p. Thus, we have
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Y;(N,ur, p) — Vi(N,ur,p) = K for all i € S and

0="> W:(N,ur,p) — (N, ur, p) = |S|K.

ics
We get K = 0 and ¢;(N, ur, p) = (N, ur,p) foralli € S. O

Remark. Following the remark just after Theorem 1 and the proof of Theorem 7, the allo-

cation rule define as

Vi(N7U7p):/pdwi(N7U)7

being w;(N,v)(L) = w;(N,v, N/L), satisfies all the axioms except the modified fuzzy fairness

axiom. In the same way, the allocation rules

N.vp) = [ pdit (V.0

with p =1,2,3,4 and ¥ (N, v)(L) = ¢Y?(N, v, L) satisfies all the axioms except one of them.

The prox-Owen value can be seen as a fuzzy version of the Myerson-Owen value for games
with communication structures. Similarity relations is the subfamily of proximity relations
associated to the a priori unions structures of Owen, because the bilateral relations among
the players are transitive. Moreover if p is a similarity relation then [p]; is a structure of a
priori unions for each t € (0,1]. We can obtain an axiomatization for the prox-Owen value
over this subfamily. Obviously the prox-Owen value satisfies efficiency and linearity within
this subfamily. As the restriction, the interval scaling and the dual interval scaling of a
similarity relation are similarity relations then null group and substitutable leveled groups
are also feasible axioms for similarity relations. Observe that the modified fuzzy fairness is
not feasible because if we reduce the level of a pair of players we can break up the transitivity.
In exchange, we introduce this other axiom used for the Owen value. For a similarity relation
p and for two different players i, j € N such that there is a group S € N/p with i,5 € S we

denote

9 =\/{t°: S € N/p,i,jeS}

Substitutable players in a group. Let p be a similarity relation over N. If 1,7 are

substitutable for the game (N,v) (as individual coalitions) and there ezists a group S € N/p
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with i,5 € S then

?/Ji(NW,P) - wj(vaap) = (1 - tzj)[wz(Nyvypiw> - wj(Na v, pilj)]

Theorem 8. The proz-Owen value is the only value over GS (the set of games with a
similarity relation among the players) which satisfies efficiency, null group, substitutable

leveled groups, substitutable players in a group and linearity.

Proof. The uniqueness part is similar to Theorem 7 using substitutable players in a group
instead of modified fuzzy fairness.

Hence we only have to check that the prox-Owen value satisfies substitutable players in
a group over similarity relations. Let i, j € N be two substitutable players in (N,v). As we
said in section 2.3 an a priori union structure is actually a communication structure L where
every component is a complete graph, and £ = w. Suppose L so. If 7,5 are in the same
component in L the equal treatment for players in a union axiom (see section 2.2) of the
Owen value implies §;(N,v)(L) = &;(N,v)(L). Let p be a similarity relation with a group

containing players 4, j. Using Proposition 4 with number ¢ we have
nz(Na v, p) - (1 - tw>"71(N7 v, :01}1]) - tij /106” d&z(N7 U)
nj<N7 v, p) - (1 - tzj)n](Nv v, ptllJ) = tij /IogJ dé-](Nv U)

For each ¢t € im (pgj> we take r = tt¥ with r € (0,7] and [p’]; = [p],. As 7 € (0,t7] then

i,j are contained in the same connected component of [p],. Therefore

[t devo = [ dg,v0)

7. Conclusions.

We have introduced games with a proximity relation among the players. Proximity re-
lations allow us to level the closeness relation among the players. This closeness can be

interpreted as ideological proximity, social relation, economic interest or personal feeling.
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We propose an Owen-type value for these situations using the Choquet integral. Besides, an
axiomatization for the value is given taking into account fuzzy conditions according to the
context of the data. This work highlights how the properties of the Choquet integral are a
powerful tool for the analysis of the fuzzy relations among the agents in a bargaining situ-
ation. The notation of the prox-Owen value as a Choquet integral simplifies the expression
of the axioms and it also allows to see how the properties of the Choquet integral intervene
in the proofs. Expression (11) shows the prox-Owen value as a linear combination of the
Myerson-Owen value of the cuts. This formula is the calculus tool of the value as we show
in the example. Also this last expression allows to interpret the axioms as intervals of dif-
ferent situations. Although the analysis of the proximity relations is a progress with respect
to the foregoing knowledge in the Owen line, other interesting open problems are feasible
using fuzzy tools. So, fuzzy cognitive maps or bipolar fuzzy cognitive maps will allow us to

describe subjective closeness of the agents and positive or negative attraction among them.
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