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ABSTRACT
Velázquez-Mata et al. [1] recently presented a quadrature rule to accurately evaluate singular and weakly
singular integrals in the sense of the Cauchy Principal Value by an exclusively numerical procedure.
The procedure was verified by solving engineering problems using the boundary element method
with fundamental solutions that have singularities of type log(r) and 1/r. However, that quadrature
does not handle the evaluation of the Hadamard Finite Part of hypersingular integrals. These types
of singularity appear in several fundamental solutions and, also, when the hypersingular boundary
element formulation is applied to the Green functions previously analysed by the authors. In this
paper, the quadrature rule presented in Velázquez-Mata et al. [1] is extended to accurately compute
integrals with singularities of the type 1/r2. The quadrature weights are derived from a system of
equations defined from the finite part of known integrals called generalised moments, which include
the element shape functions. This novelty is included in the hypersingular formulation of the boundary
element method to solve the Helmholtz equation, taking advantage of this methodology to consider
null-thickness boundaries using the Dual BEM.
Keywords: hypersingular formulation, dual BEM, boundary integral equation, hypersingular kernels,
singular kernels, Bézier curve.

1 INTRODUCTION
The formulation of the classical boundary element method (BEM) results in boundary integral
equations (BIE) for a point x∗ located at the arbitrary boundary Γ as follows [2]:

c(x∗)u(x∗) =
∫

Γ

(t(x)G(x, x∗)− u(x)H(x, x∗)) dΓ(x) , (1)

where u(x) and t(x) are the field variables, G(x, x∗) and H(x, x∗) are the fundamental
solution at the point x due to a point source located at x∗, and the integral-free term c(x∗)
depends only on the boundary geometry at the collocation point x∗.

The hypersingular formulation is much better suited for some applications, such as when
minimal thickness should be modelled. The hypersingular boundary element formulation or
the traction boundary element method (TBEM) is obtained by taking the boundary integral
gradient in eqn (1):

c(x∗)t(x∗) + a(x∗)u(x∗) =
∫

Γ

(t(x)G̃(x, x∗)− u(x)H̃(x, x∗)) dΓ(x) , (2)

where the coefficients a(x∗) are zeros in the cases indicated by Guiggiani [3] that include the
ones considered in this paper, and G̃(x, x∗) and H̃(x and x∗) are obtained from the derivatives
of the fundamental solution.
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The integrals in eqns (1) and (2) can be regular, near-singular, weakly singular, singular,
or hypersingular integrals and should be understood in the sense of the Cauchy Principal
Value (CPV) or in the Hadamard Finite Part (FP). It should be indicated that the order of
the singularity increases in the hypersingular formulation as the gradient is taken. This work
extends the quadrature rule presented in Velázquez-Mata et al. [1] to the hypersingular BEM
formulation, enabling an accurate computation of integrals with higher order singularities.

The paper is organised as follows. First, the hypersingular BEM formulation is briefly
described, and the numerical quadrature is developed to consider singularities of type 1/r2

by evaluating the corresponding generalised moment. Then, the proposed methodology is
numerically verified by solving the Helmholtz equation on an open boundary. Dirichlet
and Neumann boundary conditions are both prescribed, and the results computed by the
classical and hypersingular BEM formulations are compared. Second, an illustration of the
applicability of the proposed technique for solving the Helmholtz equation in domains with
inclusions is presented. The BEM and TBEM formulations are both coupled to represent
null-thickness boundaries. Finally, the main results of this research are summarised.

2 BEM FORMULATIONS
The starting point for the BEM formulation is the BIE (eqn (1)). Once the boundary is
discretised into N elements, Γ =

⋃N
j=1 Γj , and the field variables within an element Γj are

approximated from the nodal values ui and ti through the element shape functions φi(x) of
order p, the eqn (1) is rewritten as follows:

c(x∗)u(x∗) =
N∑

j=1

p∑
i=0

[(∫
Γj

φi(x)G(x, x∗) dΓ
)
ti −

(∫
Γj

φi(x)H(x, x∗) dΓ
)
ui

]
(3)

Similarly, the hypersingular form of the BIE (eqn (2)) leads to the following expression
after boundary discretisation:

c(x∗)t(x∗) =
N∑

j=1

p∑
i=0

[(∫
Γj

φi(x)G̃(x, x∗) dΓ
)
ti −

(∫
Γj

φi(x)H̃(x, x∗) dΓ
)
ui

]
(4)

Eqns (3) and (4), can be coupled to produce the Dual BEM formulation, as will be done in
Section 4.

A critical step in the BEM formulation is the integration of elements, as mentioned
above. The integral kernel usually has a singularity that depends on the physical problem.
Moreover, the kernels of the hypersingular formulation are strongly singular. Typically, these
singularities are of the form log(r), 1/r and 1/r2. The element integration should then be
computed according to the singularity but also to the element order p used for the field
approximation.

It was shown in Romero et al. [4] that the element shape functions φi(x) of order p based
on a Lagrange interpolant can be derived from the Bernstein basis as:

φi(t) =
n∑

k=0

cikB
n
k (t) , i = 0, . . . , p (5)

where cik are control points and Bn
k (t) is the Bernstein polynomial of order n defined over

the interval t ∈ [0, 1]:

Bn
k (t) =

(
n

k

)
tk(1− t)n−k, k = 0, . . . , n (6)
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The Lagrange interpolant must fulfil φi(tj) =
∑n

k=0 c
i
kB

n
k (tj) = δij , j = 0, . . . , n at the

element nodes tj , where δij is the Kronecker delta. This condition is commonly expressed as
a linear system of equations through the Bernstein–Vandermonde matrix Ajk = Bn

k (tj).
Once the control points cik are obtained, the element integration in eqns (3) and (4) can

be rewritten as follows in the natural coordinate ξ according to eqn (5):∫ 1

−1

φi(ξ)F(ξ, x∗)
dΓ
dξ

dξ =
∫ 1

0

φi(t)F(t, x∗)
dΓ
dξ

dξ

dt
dt

=
∫ 1

0

(
n∑

k=0

cikB
n
k (t)

)
F(t, x∗)

dΓ
dξ

dξ

dt
dt

=
n∑

k=0

cik

(∫ 1

0

Bn
k (t)F(t, x∗)

dΓ
dξ

dξ

dt
dt

) (7)

where, F(t, x∗) stands for the type of singularity in the fundamental solution.
The quadrature rule presented by the authors in Velázquez-Mata et al. [1] is extended in

this work to assess hypersingular kernels, as well as weakly singular and singular integrations.
The proposed quadrature allows us to evaluate the BIE numerically for any element order p.

3 QUADRATURE RULES
The quadrature rules proposed here are based on the recent work published by Velázquez-
Mata et al. [1]. However, one of the novelties of this paper is to develop a numerical
quadratures so that integrals with singularities of the type 1/r2 can be computed without loss
of accuracy in the estimation of weakly singular and singular integrals. Thus, the quadrature
rule enable the calculation of eqn (7) accounting for F(ξ, x∗) equals 1, log |ξ∗ − ξ|,
(ξ∗ − ξ)−1 and (ξ∗ − ξ)−2, where ξ∗ is the natural coordinate of the collocation point at
the integration element.

The quadrature of order M should approximate the integrals in eqn (7) as:∫ 1

−1

Bn
k (ξ)F(ξ, x∗) dξ =

∫ 1

0

Bn
k (t)F(t, x∗)

dξ

dt
dt '

M∑
m=0

Bn
k (tm)F(tm, x∗)

dξ

dt
wm (8)

where tm andwm are the integration points and weights, respectively. Quadrature weights are
obtained from the solution of a system of equations defined from the above approximation [1]:

M∑
m=0

ψk(tm, ξ∗)wm = mk, k = 0, . . . , n (9)

where ψk(tm, ξ∗) = Bn
k (t)F(tm, x∗)dξ/dt stands for the integral kernel and mk represents

the generalised moment, that is, the exact solution of eqn (8). The generalised moments can
be obtained from the Brandaõ approach to the finite part integrals [5] according to Carley [6].
The solution of the generalised moment for weakly singular and singular integrals can be
found in Velázquez-Mata et al. [1].

The following generalised moment should be included in the methodology for integrating
hypersingular kernels:

mk = FP
∫ 1

−1

Bn
k (ξ)

(ξ∗ − ξ)2
dξ = FP

∫ 1

0

Bn
k (t)

(ξ∗ − 2t+ 1)2

dξ

dt
dt (10)
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In addition to the generalised moment proposed in Velázquez-Mata et al. [1], the solution of
the generalised moment expressed on the univariate basis t ∈ [0, 1] is obtained according to
the following formulas [5], [6]:

mk = FP
∫ 1

0

Bn
k (t)

(ξ∗ − 2t+ 1)2

dξ

dt
dt

= Bn
k (t∗)FP

∫ 1

0

1
(ξ∗ − 2t+ 1)2

dξ

dt
dt− dBn

k (t∗)
dt

dt

dξ
CPV

∫ 1

0

1
ξ∗ − 2t+ 1

dξ

dt
dt

+
∫ 1

0

Bn
k (t)−Bn

k (t∗) +
dBn

k (t∗)
dt

dt

dξ
(ξ∗ − 2t+ 1)

ξ∗ − 2t+ 1
dξ

dt
dt

(11)

where

FP
∫ 1

0

1
(ξ∗ − 2t+ 1)2

dξ

dt
dt =

{
2/(ξ∗2 − 1) |ξ∗| 6= 1
−1/2 ξ∗ = ±1

(12)

CPV
∫ 1

0

1
ξ∗ − 2t+ 1

dξ

dt
dt =

log
∣∣∣∣ξ∗ + 1
1− ξ∗

∣∣∣∣ |ξ∗| 6= 1

± log(2) ξ∗ = ±1
(13)

Then, the system of eqn (9) includes n+ 1 equations for each type of function to be
integrated. The quadrature rule proposed in this work is capable of integrating kernels with
constant, log(r), 1/r, and 1/r2 terms when the collocation point belongs to the integration
element, which are found in the fundamental solution or in their series expansions. Therefore,
eqn (9) defines a system of 4(n+ 1) equations with M + 1 unknown weights wm. The
solution is obtained in the least-squares sense when overdetermined and in the minimum
norm least-squares sense when undetermined. The integration point should not be located at
the natural coordinates of the collocation nodes to avoid indeterminate terms in eqn (9).

3.1 Numerical validation

Table 1 summarises the integral values calculated from FP
∫ 1

−1
φi(ξ − ξ∗)−2 dξ for the five

shape functions corresponding to the Chebyshev points of the first kind, of order p = 4 and
ξ∗ = 0. This integrand presents a singularity at ξ = 0 for the shape function i = 2 with
nonzero value at ξ∗. The integral is numerically evaluated using the proposed approach
and using the built-in MATLAB function integral [7] for comparison purposes, and both
solutions are compared with the exact values computed from eqns (7) and (11). The integral
is only correctly evaluated when the proposed methodology is used.

Fig. 1 shows the L2 scaled error ε2 in the integral computation in eqn (10) for different
element order and point distributions: (i) Chebyshev points of the first kind; (ii) Chebyshev
points of the second kind; (iii) LGL integration points; and (iv) equidistant nodes [4]. The
accuracy of the proposed quadrature rules is analysed for different numbers of integration
points M according to the shape function of order p. The quadrature rule gave errors lower
than O(10−5) in all cases. The integration error increases with the element order p, and is
slightly affected by the number of integration points for M ≥ 4(p+ 1). Therefore, a value
for M equal to 4(p+ 1) is considered, as in Velázquez-Mata et al. [1] for singularities of
types log(r) and 1/r.

Moreover, an additional test was performed as that presented in Guiggiani and Casalini [8]
by Guiggiani and Casalini to calculate the finite part of the function g(x) = (x3 + 1)/x2. Two
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Table 1: Computed integral values of FP
∫ 1

−1
φi(ξ − ξ∗)−2 dξ for shape function φi of order

p = 4 defined at Chebyshev points of the first kind and ξ∗ = 0: (i) evaluated by
the proposed approach (Q), (ii) using the built-in integral MATLAB function
(I), and (iii) exact values (eqns (7) and (11)) (M ). The values corresponding to the
shape function that presents a non-zero value at ξ = ξ∗ are highlighted in grey.

i M Q I
0 −0.024045 −0.024045 −0.023959
1 2.957379 2.957379 2.957178
2 −7.866667 −7.866667 312551427532.072510
3 2.957379 2.957379 2.957332
4 −0.024045 −0.024045 −0.024059

(a) (b)

(c) (d)

Figure 1: L2 scaled error ε2 in the computation of the integral in eqn (10) using (a) M =
2(p+ 1); (b)M = 3(p+ 1); (c)M = 4(p+ 1); and (d)M = 8(p+ 1) integration
points.
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Figure 2: Test on the integration procedure.

quadratic elements Γa := [x1, x2, x3] and Γb := [x3, x4, x5] were used to integrate. The test
consists of the calculation of the finite part given by:

FP
∫ x4

x2

x3 + 1
x2

dx (14)

The integrand has singularity at x = 0 of order 1/r2 (see Fig. 2). The exact value of the
finite part is [9]:

FP
∫ x4

x2

x3 + 1
x2

dx =
x2

4 − x2
2

2
− 1
x4

+
1
x2

(15)

The finite part of the integral was computed for the following nodal coordinates:
x1 = {−1.5,−2,−3}, x2 = −1, x3 = 0, x4 = 1.5, and x5 = {3, 4, 6}, being the exact
value −1.041667. The nodal coordinates produce distorted elements. Therefore, the relation
between x and ξ established by the shape functions in eqns (16) and (17) is non-linear.

x(ξ) = φ1(ξ)x1 + φ2(ξ)x2 + φ3(ξ)x3 on Γa (16)

x(ξ) = φ1(ξ)x3 + φ2(ξ)x4 + φ3(ξ)x5 on Γb (17)

It should be indicated that the locations of x1 and x5 do not affect the value of the
integral, only the transformation between x and ξ. In these cases, the finite part integral
could be not invariant with respect to the transformation, and this should be considered in
the computations [10]. Table 2 summarised the computed results. In all tests, the error, with
respect to the exact value, was lower than 1× 10−9.

4 CASE STUDY
In this section, a rectangular fluid duct defined by the domain Ω := [0, 1.225]× [−0.1, 0.1]
with flat surfaces is studied. The fluid, with density ρ = 1.225 kg/m3, allows dilatational
waves to propagate with a velocity of cf = 340 m/s. The boundary was defined as follows:

Γ1 := [0, 1.225]× [−0.1,−0.1],Γ2 := [1.225, 1.225]× [−0.1, 0.1],
Γ3 := [1.225, 0]× [0.1, 0.1],Γ4 := [0, 0]× [0.1,−0.1].

(18)

The boundary Γ4 was subjected to a uniform normal velocity vi
n = 1 m/s, while the opposite

boundary Γ2 had a non-reflecting condition given by pi/vi
n = ρcf . The boundary conditions

were the same as set vi
n = 0 at Γ1,3. The problem wavelength was defined from the duct
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Table 2: Results of the test on the integration procedure.

Case x1 x2 x3 x4 x5 Exact value Numerical value Error [×10−9 ]
1 −1.5 −1.0 0.0 1.5 3.0 1.041667 1.041667 0.218811
2 −2.0 −1.0 0.0 1.5 3.0 1.041667 1.041667 0.181570
3 −3.0 −1.0 0.0 1.5 3.0 1.041667 1.041667 0.144573
4 −1.5 −1.0 0.0 1.5 4.0 1.041667 1.041667 0.201584
5 −2.0 −1.0 0.0 1.5 4.0 1.041667 1.041667 0.164343
6 −3.0 −1.0 0.0 1.5 4.0 1.041667 1.041667 0.127347
7 −1.5 −1.0 0.0 1.5 6.0 1.041667 1.041667 0.184385
8 −2.0 −1.0 0.0 1.5 6.0 1.041667 1.041667 0.147145
9 −3.0 −1.0 0.0 1.5 6.0 1.041667 1.041667 0.110148

length (L = 1.225 m), being λ = L/20 m, leading to a frequency of 5551 Hz. The model was
discretised into elements with nodes located at Chebyshev points of the first kind of length h
ensuring that κh = 3, and order p = 6. This problem has an analytical solution for the one-
dimensional case [11] that can be used for comparison purposes, given the geometry of the
problem.

Fig. 3 shows a comparison between the analytical solution of the problem and the
numerical result obtained using both the BEM formulation and the hypersingular one.

Once the good performance of the formulation had been verified, a straight inclusion in
the duct was considered to work as a barrier. Fig. 4 schematises the geometry of the duct and
inclusion. The inclusion in the duct has a small thickness equal to 10−4 m and can therefore
be considered null thickness. In this case, eqns (3) and (4) should be coupled to obtain the
unknowns of the problem using the dual BEM.

Eqn (3) led to the following equation when the collocation point x∗ belongs to the duct
boundary:

c(x∗)u(x∗) =
N1∑
j=1

p∑
i=0

[(∫
Γj

φi(x)G(x, x∗) dΓ
)
ti −

(∫
Γj

φi(x)H(x, x∗) dΓ
)
ui

]
+

N2∑
j=1

p∑
i=0

[(∫
Γj

φi(x)G(x, x∗) dΓ
)

(ti+ + ti−)−
(∫

Γj

φi(x)H(x, x∗) dΓ
)

(ui+ − ui−)
]

(19)

Figure 3: Analytical solution and numerical results in the middle line (y = 0) of a channel
with height hd = 0.2 m.
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Γ+

Γ−

Γ

n+
n−

nn
x+x−

n

n

ε

Figure 4: Geometry of the duct and inclusion (ε→ 0).

where N1 and N2 are the elements that represent the duct and inclusion with normal n+,
respectively; and ui and ti are related to the pressure and normal velocity, respectively.

In eqn (19), the following relations have been taken into account:∫
Γj

φi(x+)G(x+, x∗) dΓ =
∫

Γj

φi(x−)G(x−, x∗) dΓ (20)∫
Γj

φi(x+)H(x+, x∗) dΓ = −
∫

Γj

φi(x−)H(x−, x∗) dΓ (21)

corresponding to points x+ and x− at the same barrier location but with normals n+ and n−,
respectively.

Eqn (3) can also be applied for x∗ = x+ and x∗ = x− leading to two equations that can
be added as follows:

1
2
(
u(x+) + u(x−)

)
=

N1∑
j=1

p∑
i=0

[(∫
Γj

φi(x)G(x, x+) dΓ
)
ti −

(∫
Γj

φi(x)H(x, x+) dΓ
)
ui

]

+
N2∑
j=1

p∑
i=0

[(∫
Γj

φi(x)G(x, x+) dΓ
)

(ti+ + ti−)

−
(∫

Γj

φi(x)H(x, x+) dΓ
)

(ui+ − ui−)
]

(22)

Similarly, eqn (4) allows us to obtain:

1
2
(
t(x+)− t(x−)

)
=

N1∑
j=1

p∑
i=0

[(∫
Γj

φi(x)G̃(x, x+) dΓ
)
ti −

(∫
Γj

φi(x)H̃(x, x+) dΓ
)
ui

]

+
N2∑
j=1

p∑
i=0

[(∫
Γj

φi(x)G̃(x, x+) dΓ
)

(ti+ + ti−)

−
(∫

Γj

φi(x)H̃(x, x+) dΓ
)

(ui+ − ui−)
]

(23)

Eqns (19), (22) and (23) led to the dual BEM equation system that can be used to compute
the pressure and the normal velocity in the duct (ui and ti), and at inclusion (ui+, ui−, ti+,
and ti−), once the boundary conditions are imposed.
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With this procedure, three problems for different-sized straight inclusions were solved.
Using the geometry of the verification duct, two new coincident patches with normals in
opposite directions were added in each case. Placed in the middle of the channel, the lengths
of the inclusions were considered as a percentage of the height of the duct hd: 0.3hd , 0.6hd

and 0.9hd, respectively. Thus, the two new patches implemented in each problem are as
follows:

Γ5 := [0.6125, 0.6125]× [0.03,−0.03],Γ6 := [0.6125, 0.6125]× [−0.03, 0.03] (24a)
Γ5 := [0.6125, 0.6125]× [0.06,−0.06],Γ6 := [0.6125, 0.6125]× [−0.06, 0.06] (24b)
Γ5 := [0.6125, 0.6125]× [0.09,−0.09],Γ6 := [0.6125, 0.6125]× [−0.09, 0.09] (24c)

The fluid properties, as well as the boundary conditions set in the duct, the wavenumber value,
and the element discretization remained the same as in the non-barrier problem. Meanwhile,
for Γ5,6 the normal velocity was imposed as vi

n = 0.

(a)

(b)

(c)

Figure 5: Pressure values for a frequency of 5551 Hz in the middle line (y = 0) of a channel
of height hd = 0.2 m. Comparison between the numerical results obtained with
the two numerical formulations with a barrier length of: (a) 0.3hd; (b) 0.6hd; and
(c) 0.9hd.
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The main advantage of the proposed Dual BEM procedure lies in the possibility of easily
introducing thin elements, achieving accurate results through the use of fewer patches.

Fig. 5 shows the pressure in the middle line (y = 0) of the three problems considered.
Each graph displays a comparison between the results obtained by using the BEM
formulation (solid lines) and Dual BEM formulation (markers) for both imaginary and real
values. The good agreement between the curves in each case is easily noticeable, which
confirms the strong performance of the proposed formulation.

5 CONCLUSIONS
This paper enhances the abilities of the QUEEN quadrature presented in Velázquez-Mata
et al. [1] to solve engineering problems. First, the numerical quadrature has been extended to
consider singularities of type 1/r2, since the original quadrature only enables computation
of singularities such as log(r) and 1/r. This novelty is highly successful, to the best of
the author’s knowledge, in developing BEM codes without the need for the regularisation
process. Second, the novel quadrature has been used to solve the Helmholtz equation
on a boundary with open geometry. The results of the classical and hypersingular BEM
formulations have been shown, highlighting the capabilities of each methodology. The
hypersingular BEM formulation was more accurate for computing the considered problems
where Dirichlet boundary conditions were prescribed, while the classical BEM formulation
was more accurate in the case of Neumann boundary conditions.

Finally, a more complex problem consisting of a rectangular duct that includes a small-
thickness barrier has been analysed to show the capabilities of the quadrature in the Dual
BEM formulation.
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