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Abstract This paper presents an investigation into
the real-time explicit co-simulation of mobile harbor
cranes under hoisting operation. The system is divided
into two subsystems,withSubsystem1 representing the
payload and Subsystem 2 encompassing the wire-rope
system. To capture the real-time behavior of the wire
ropes accurately, the ALEM (Arbitrary Lagrangian–
Eulerian Modal) method is employed in this study.
Using this formulation, the intricate behavior of the
wire ropes, encompassing elasticity, bending effects,
and dynamic influences, is rigorously considered. The
dynamic equations governing the payload are solved
using theRunge–Kutta4method,while theGeneralized
Alpha method is utilized to solve the wire-rope system.
Both the Gauss–Seidel and Jacobi methods are investi-
gated as two coupling techniques to connect the subsys-
tems. Additionally, the study delves into the impact of
the extrapolationmethod andmacro time step on results
accuracy and efficiency. The findings demonstrate that
co-simulation employing theGauss–Seidelmethod and
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FOH (First-Order Hold) extrapolation yields optimum
and accurate simulations. Moreover, the study success-
fully achieves real-time simulation by optimizing the
wire-rope system simulation, accounting for all degrees
of freedom inherent in a 3D system. Remarkably, the
maximum error observed in the axial force amounts
to a mere 0.6% when employing real-time simulation.
These findings can hold practical value for employing
the current wire-rope subsystem in the interface mod-
eling of real-world industrial cranes.

Keywords Reeving systems · Mobile harbor cranes ·
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1 Introduction

In modern times, the employment of costly prototypes
and physical testing has rendered physics-based simu-
lations a compelling instrument in the industry. These
simulations can serve as a viable means for the design-
ing, developing, and operating of engineering systems.
Nevertheless, the growing complexity of some sys-
tems poses some challenges that cannot be adequately
addressed using pre-existing software. Additionally,
the complex nature of such systems may preclude the
utilization of a single set of formulations to describe
the entire system. In the case of mechanical systems,
complexity arises primarily due to contact, flexibil-
ity, and interactions with non-mechanical components.
Therefore, in such systems, it is necessary to divide
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the entire system into distinct subsystems, with each
subsystem modeled using an appropriate simulation
approach. Finally, a coupling approach is employed to
connect each subsystem to the others.

There are two distinct coupling approaches, namely
the monolithic approach (strongly coupled) and the co-
simulation approach (weakly coupled). In the mono-
lithic approach, the entire model is assembled as a set
of equations that are integrated with the same solver.
Therefore, this approach can result in an accurate solu-
tion since a single set of equations models the entire
system. In contrast, the co-simulation approach solves
the equations of motion of each subsystem separately
using its corresponding solver. In this approach, cou-
pling variables, such as acceleration, velocity, displace-
ments, or forces are utilized to connect each subsystem
to the others. These coupling variables serve as the
inputs and outputs of each subsystem. The exchange
of these coupling variables can cause stability prob-
lems, and the results may not be as accurate as those
obtained from the monolithic formulation. This issue
stems from the approximation of the input variables
during the co-simulation process [1,2]. In practice, the
monolithic approach requires sophisticated software in
all engineering domains since all equations are solved
with the same software or formulation. However, a co-
simulation approach enables the utilization of advanced
models, and application-specific simulation environ-
ments that have already been developed by experts in
each field. These simulations can be adopted for the
corresponding subsystem by hiding intellectual prop-
erty. Furthermore, each model can be modified without
significantly affecting other components, thereby facil-
itating aholistic analysis of the overall product behavior
[3,4]. Nowadays, most simulation software incorpo-
rates this interface modality to facilitate co-simulation
in industrial applications and to present an accurate
prototype of their models.

In a co-simulation approach, two distinct time steps
exist, namely the macro time step �T and the micro
time step �t . During each macro time step, each sub-
system is independently solved based on its corre-
sponding solver and its own micro time step without
exchanging informationwith the other subsystems. The
information is then exchanged between subsystems at
each macro time step. The information is known as
coupling variables which are the inputs and outputs of
each subsystem. This exchange is typically performed
in a co-simulation manager that can be a standalone

program or integrated directly into one of the simu-
lation environments. Different co-simulation methods
have been developed based on how coupling variables
are updated and solved, including implicit or explicit,
sequential or parallel, and fixed or variable macro time
step [5,6].

In the explicit or non-iterative coupling method
[1], the calculation is performed only once at each
macro step. This is relatively straightforward and can
be implemented in a variety of simulation environments
withminimal interface requirements. However, for cer-
tain problems, advanced coupling or simulation meth-
ods may be necessary to achieve the desired level of
stability and accuracy. In contrast, the implicit coupling
approach [7] involves iterative problem-solving at each
macro-step to improve the solution. This method typ-
ically yields high stability and reduces errors, but it
requires a more advanced interface. Additionally, there
exists a classification based on whether all solvers are
executed simultaneously or sequentially. In the sequen-
tial or Gauss–Seidel approach [8], each subsystem is
solved one after another, with the inputs of one subsys-
tem being the known outputs of the other. Conversely,
in the parallel or Jacobi method [1,6], both subsystems
are executed simultaneously and the inputs of each sub-
system are extrapolated based on the previous macro
time steps. As a result, the Jacobimethod requiresmore
extrapolations. The final category pertains to whether
themacro-step size is fixed [1] or variable [9,10]. Using
variable macro-step, a larger time step may be taken.
Despite various co-simulation structures, some studies
attempt to improve the structures of the co-simulation
methods by adding corrective terms or developing a
formulation that can reduce the error created during
the co-simulation. Most of these studies mainly focus
on the co-simulation of the well-known mass-spring-
damper systems [11,12]. A recent detailed research on
these studies is given in [13]. The second category of
the studies on the co-simulation employs an existing co-
simulation method to study complex structures. These
studies mainly deal with the parameter analysis of the
co-simulation structure for a better modeling [1,2,14].
As an example, the co-simulation can be employed to
the mechanical systems where some elements can be
modeled as rigid while other elements are flexible [15].

The co-simulation analysis is also important for sim-
ulatingwire ropes in cranes systems. It enables tomodel
wire-rope systems using elaborate methods and con-
necting them to other parts of the crane as the bucket
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Fig. 1 The configuration of mobile harbor crane

or motor system. Nevertheless, the accurate and real-
time co-simulation of the wire ropes in crane mecha-
nisms poses some challenges. The complexity of co-
simulation modeling as different modeling environ-
ments and integration techniques, as well as the inaccu-
racy and instability resulting from coupling variables,
are among the primary challenges [2]. Additionally,
the wire-rope system, characterized by numerous long

and slender wire ropes, represents a stiff mechanical
system that may also cause convergence or instability
issues within the system [16].

Owing to the aforementioned challenges, the wire-
rope system is often simplified as a spring under stretch.
This approach involves computing the force simply in
terms of the wire-rope elongation and connecting it as
a single force to the entire crane formulation [17,18].
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Fig. 2 Co-simulation setup (left: Jacobi method, right: Gauss–Seidel method)

However, this modeling of the wire rope as an external
force is not suitable for a real representation of the dif-
ferent characteristics of the wire ropes. There is a a dif-
ferent approach where the wire rope model is added to
the whole system of equations as a non-ideal constraint
derived from the cable internal energy. This model cap-
tures the wire-rope stretching and twisting forces and
has been demonstrated efficiency for real-time simula-
tion. However, this formulation includes some limita-
tions and also it does not consider the wire-rope mass
and the transverse vibration, which can have signif-
icant effects [19]. More detailed methods have been
developed for the wire-rope system based on contin-
uum mechanics as 3D nonlinear elements or the Abso-
lute Nodal Coordinate Formula (ANCF) [20,21]. How-
ever, due to the complexity of the formulation and high
computational cost, they have not been applied to the
simulation of industrial cranes.

This study endeavors to address the issues in mod-
eling real-world wire-rope systems by employing the
ALEM formulation to accurately describe all charac-
teristics of a wire-rope system for real-time simula-
tion of mobile harbor cranes. This method was initially
employed to study simple reeving systems [22]. Later,
a more advanced ALEM formulation was developed
to account for the non-constant axial force along the
wire rope. This formulation was utilized to study the
dynamics of elevators [23]. In this investigation, the
efficiency of the ALEM method compared to ALE-
ANCF method is provided for a simple beam element.
This comparison reveals the capability of the ALEM

method to capture the transverse vibration of the wire-
rope systems and to show the high frequency con-
tent. On the other hand, in a review study, the ALE
formula is compared with other methods and high-
lighted as the most suitable approach for modeling
wire-rope systems in cranes [24]. However, the fea-
sibility of employing this method for real-time simu-
lations remained a question in prior studies [22,24].
This question is answered in this research by real-time
simulation of a complex industrial wire-rope system
comprising high wire-rope elements. Themodel is able
to account for variable axial and transverse deforma-
tions along thewire-rope elements aswell as the inertial
effect, accurately. Furthermore, to integrate the current
formulation into the relevant industrial application, the
co-simulation approach is employed so that the current
model can be linked as an add-on to the other parts
of the crane system already developed within the main
software framework. Several analyses are conducted
to determine the optimized co-simulation structure for
the real-time application. Owing to the high numer-
ical stiffness of the system, a large time step (> 1
ms), and the errors inherit in a co-simulated model, the
Generalized-Alpha method is employed as the solver
to address the stability issues of the system effectively.

This paper is structured as follows: The first part
explains the co-simulation setup in detail, followed by a
detailed description of each subsystem and correspond-
ing formulation. The next part describes a representa-
tive example of a real industrial mobile harbor crane,
detailing all aspects related to the co-simulation setup.
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Fig. 3 Subsystems of the co-simulated wire-rope

Finally, the paper presents the results of the monolithic
and co-simulation approaches. These results examine
the validity of the simulation and address the impact
of the co-simulation structure on the results. Addition-
ally, the computational cost of both monolithic and co-
simulation is addressed in this part.

2 Co-simulation setup

The wire-rope system depicted in Fig. 1 is a co-
simulated system utilized inmobile harbor cranes. This
system comprises two distinct subsystems: Subsystem

1, which represents the payload component, and Sub-
system2,which includes the set ofwire ropes. To estab-
lish a connection between these two subsystems, an
explicit co-simulation approach is adopted. The result-
ing co-simulated system can be expressed in a state
space format, whereby si (i = 1, 2) indicates Subsys-
tem 1 or 2:

ẋs1 = f s1(x
s1 , us1 , t), (1)[

ẋs2

0

]
=

[
f s2(x

s2 ,λs2 , us2 , t)
hs2(x

s2 , us2 , t)

]
, (2)

[
ys1

ys2

]
=

[
gs1(x

s1 , us1 , t)
gs2(x

s2 , us2 , t)

]
(3)
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Equation (1) corresponds to the Ordinary Differen-
tial Equation (ODE) of Subsystem 1, while Eq. (2) rep-
resents a set of Differential Algebraic Equations (DAE)
associated with Subsystem 2. The first array in the sec-
ond equation denotes the dynamics of the mechanical
system, whereas the second array indicates the kine-
matic constraints. The coupling variables are the input
vector usi and output vector ysi of each subsystem. Fur-
thermore, xsi represents the differential part of the state
vector, while λs2 represents the algebraic part of the
state vector or the Lagrange multiplier of Subsystem
2. The state vectors encompass all internal state vari-
ables, which are updated at each micro time instant.
These internal variables are saved within each subsys-
tem and are not directly involved in the co-simulation
process.

At eachmacro time instant Tk , two subsystems inter-
act with each other by exchanging coupling variables
using coupling matrix L. This procedure can be shown
using an algebraic equation as:

u = Ly, (4)

in which vector L, u, and y are defined as:

L =
[

0 I
I 0

]
, u = [

us1T us2T
]T

, y = [
ys1T ys2T

]T
.(5)

As previously mentioned, the co-simulation proce-
dure can rely on two methods: the Jacobi method and
the Gauss–Seidel method. Both of these methods have
been investigated in this study. To clarify the procedure
for each setup, two subsystems with the same micro
time steps as the macro time step have been depicted
in Fig. 2. On the left-hand side, the subsystems com-
municate based on the Jacobi method. According to
this method, at each macro time instant Tk , Subsys-
tem 1 and Subsystem 2 receive their corresponding
inputs, denoted as us1

k and us2
k , respectively, based on

the previous time step or their initial configuration.
Using these inputs, both subsystems simultaneously
solve their governing equations for the newmacro time
instant Tk+1 without any knowledge of the other sub-
system. Next, the output of each subsystem, denoted
as ys1k+1 and ys2k+1, is sent to the co-simulation manager.
After modifying these outputs in the co-simulation
manager, they are sent back as input to the other sub-
system for the new macro time instant Tk+1, denoted
as us1

k+1 and us2
k+1. These modifications are intended

to reduce the error due to approximated coupling vari-
ables, which will be explained in the following section.

On the other hand, on the right-hand side, the subsys-
tems are connected based on the Gauss–Seidel method.
Using this method, at each macro time instant Tk , Sub-
system 2 computes its output ys2k+1 based on its ini-
tial configuration or its input at the previous macro
time instant Tk , denoted as us2

k and sends it to the co-
simulation manager. The co-simulation manager then
sends this variable as input to the other system us1

k at
the current macro time instant Tk . Based on this input,
Subsystem 2 proceeds to the next macro time step and
sends its output at the new macro time instant Tk+1,
denoted as ys1k+1. This output is then used as input to
Subsystem 2 at the new macro time step Tk+1, denoted
as us2

k+1. As can be observed, since the input of Subsys-
tem 1 is based on the updated output of Subsystem 2
at the new time instant, it does not need to be approx-
imated. Therefore, the Gauss–Seidel method may lead
tomore accurate results compared to the Jacobimethod
[25].

Co-simulation modeling involves the integration of
multiple subsystem models. Although this process can
facilitate the modeling of intricate structures, it can
also introduce errors into the system due to data syn-
chronization among different subsystems. To elaborate
on this issue, the coupling equations of Subsystem 2
are discretized as an example for a macro time instant
k = 1, 2, ..n as:[

ẋs2k
0

]
=

[
f s2(x

s2
k , us2

k ,λ
s2
k , Tk)

hs2(x
s2
k , us2

k , Tk)

]
(6)

By solving the equations ofmotion at time instantTk ,
Subsystem 2 can compute its states at the time instant
Tk+1. Therefore, the output of this subsystem can be
obtained at time instant Tk+1 using an algebraic equa-
tion as:

ys2k+1 = g(xs2k+1, us2
k+1, Tk+1) (7)

As shown in Eq. (7), the output of Sub-system
2 at time instant Tk+1 is computed based on the
value of its state and input variables at time instant
Tk+1. However, the value of the input variables at this
time instant is unknown. Consequently, an approxi-
mate value, denoted as ũs2

k+1, must be used to com-
pute the output of this subsystem. This approximated
value can be obtained by an extrapolation function
in terms of the input variables at the previous macro
time instants. There are various methods to extrapo-
late these unknown coupling variables such as constant
extrapolation, linear or quadratic extrapolation, least
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square approximation, or polynomial approximations
[5]. However, since these methods rely solely on the
previous macro time step and lack information about
the current dynamic state of the system, they may yield
an inaccurate input prediction. It is worth noting that
since the output ỹs2k+1 is also obtained based on the
approximated input ũs2

k+1, its resulting value is also
an approximated value. These approximated coupling
variables are often a significant source of error in the
co-simulation process. This error is more significant
compared to the common integration error and it may
cause some inaccuracy. Therefore, it is essential to ana-
lyze the co-simulation setup configuration to mitigate
this error in the system.

3 Wire-rope co-simulated system

This part represents the kinematic and dynamic equa-
tions of each subsystem. The configuration of each sub-
system can be seen in Fig. 3 in an in-plane configura-
tion. It should be noted that, for the sake of clarity, the
dimensions in this figure do not reflect those defined
in this study. Owing to the different coordinates set of
the wire ropes and payload, the kinematics equations
are presented separately for each subsystem. However,
the dynamics of subsystems are described in a general
form for both subsystems.

3.1 Kinematics of subsytem 1: payload part

Subsystem 1 includes 1 rigid body which is the pay-
load of the system. In the real application, the pay-
load is a complicated bucket system, however, herein,
it is assumed as a simple rigid body. The coordinate to
describe this subsystem, qs1 , is based on the 3 global
transnational coordinates of the center of gravity of the
rigid body, Eq. (9), and 4 Euler parameters, Eq. (10).
These coordinates are expressed as:

qs1 =
[

rRB
T

θ RBT
]T

(8)

rRB = [
rx RB ry RB rz RB

]T (9)

θ RB = [
θ0

RB θ1
RB θ2

RB θ3
RB

]T (10)

3.2 Kinematics of subsystem 2: wire-rope part

To define the kinematics of Subsystem 2, the Arbitrary
Lagrangian–EulerianModal formulation (ALEM)method
[23] has been employed. This formulation considers the
axial and bending deformations of the length-varying
wire ropes and their dynamic properties with a mini-
mum number of elements. According to this method,
each part of the wire rope between two sheaves is
described using a single wire-rope element. Therefore,
the coordinates required to describe a wire-rope system
with ne wire-rope elements can be described as:

qs2 =
[

qWR1T . . . qWRi T . . . qWRneT
]T

(11)

in which, WRi stands for Wire rope i. Each wire-
rope coordinate qWRi can be described using a set of
the global absolute nodal coordinates qi

a , material arc-
length modal coordinates qi

s , and the local modal coor-
dinates qi

m for i = 1, 2, ..., ne as:

qWRi =
[

qi
a
T

qi
s
T

qi
m
T

]T
(12)

qi
a =

[
rWRi
1

T
rWRi
2

T
]T

(13)

qi
s = [

si1 si2
]T

(14)

qi
m =

[
qix,1 qiy,1 qiz,1

]T
(15)

where rWRi and si are the absolute nodal coordinates
and the local material coordinate at the ends of wire-
rope element i , respectively. Moreover, qix,1, q

i
y,1, and

qiz,1 are the modal coordinates in the local xi , yi , and
zi directions, where 1 modal coordinate is optionally
employed in each direction. Using this set of coordi-
nates, the position of an arbitrary point in the mid-line
of a wire rope can be defined in terms of the absolute
position vector ra and the deformation vector u as:

r = ra+u=N
(
s, qi

s

)
qi
a+Ae

(
qi
a

)
ū

(
s, qi

s, qi
m

)
(16)

where N
(
s, qi

s

)
and Ae(qi

a) are the linear-interpolating
functionmatrix and the element rotationmatrix, respec-
tively [23]. In addition, the vector ū can be defined as:

ū = S
(
s, qi

s

)
qi
m, (17)

in which S
(
s, qi

s

)
is the modal shape functions matrix

related to the modal coordinates that have been defined
in [23].
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Table 1 Location of the crane components

Component name Symbol Coordinates (m)

Boom joint in the tower RBoom [2.92, 19.32, 0]

Hoist reel in the tower left/right RHR
l/r [4.4, 5, -2/2]

Tower rear hoist pulley left/right RT RP
l/r [0, 41.7, -0.8/0.8]

Tower front hoist pulley left/right RT FP
l/r [3.28, 40.6, -2.3/2.3]

Boom inner hoist pulley left/right rBI Pl/r [51.5, 0,−0.6/0.6]∗
Boom outer hoist pulley left/right rBOP

l/r [51.5, 0,−0.8/0.8]∗

∗ With respect to the boom local coordinate system (xb ybzb)

Table 2 Crane parameters

Parameter Value Unit Parameter Value Unit

Boom length 51 m Wire-rope linear density 24.70 kg/m

Pulleys radius 0.475 m Reels radius 0.725 m

Wire-ropes diameter 0.076 m Wire-ropes stiffness/unit length 95.76 MN

Payload weight 70,000 kg Initial angle of the boom 45 ◦

Fig. 4 Prescribed velocity profile of the motor (Vmotor )

3.3 Dynamics of subsystems

The equations of motion of each subsystem by con-
sidering the nonlinear constraints using the augmented
Lagrange method can be written as [26]:

[
(Bsi T Msi Bsi ) (Csi

nl)
T
q

(Csi
nl)q 0

] [
q̈si
R

λsi

]

=
[

Bsi T (Qsi − Msi (Ḋ
si + Ḃ

si q̇si
R))

−(Ċsi
nl)qq̇si

R − Ct

]
(18)

where (Csi
nl)q, Msi and Qsi are the Jacobian matrix of

the nonlinear constraints, the mass matrix, and the gen-
eralized forces of Subsystem i , respectively. Regard-
ing Subsystem 1, these forces are the gravity force,
the quadratic-velocity inertia force, and the wire-rope
forces attached to the rigid body. In Subsystem 2, this
force term includes the vector of the elastic forces, the
gravity force vector, and the vector of the quadratic-
velocity inertia force. These terms have comprehen-
sively been defined in [26]. Moreover, qsi

R is the vector
of the generalized or reduced coordinate of the system.
Since the system is often subjected to a set of linear con-
straints, the equations of motion are expressed in terms
of these generalized coordinates using the well-known
velocity transformation equation and its derivative as
[27]:

q̇si = Bsi q̇si
R + Dsi (19)

q̈si = Bsi q̈si
R + Ḃ

si q̇si
R + Ḋ

si (20)

where the matrices Bsi and Dsi can be defined accord-
ing to the configuration of the system and its linear
constraints. These matrices are specified for the given
example in the appendix part.

Despite the apparent similarity of the final set of
equations of each subsystem, they are solved using dis-
tinct approaches. In Subsystem 1, the integration pro-
cess is exclusively computed for independent coordi-
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nates, and dependent coordinates are obtained by using
constraint equations. As a result, only the differential
part of the equation of motion is optimally solved. To
solve this set of equations, the explicit Runge–Kutta
fourth-order method is selected. Regarding Subsystem
2, the entire DAE form of the equations of motion
is solved based on the multi-step Generalized Alpha
Method [28]. The primary reason for employing an
elaborate implicit method for the wire-rope part is to
allow the use of a higher time step.

4 Problem definition

The system under consideration is an industrial mobile
harbor crane, with its configuration and mechanical
properties presented in Tables 1 and 2, and in Fig. 1.
The dimensions and mechanical characteristics of the
system are based on those of a real mobile harbor crane
that is used for simulators. In Table 1, the positions of
all points, except the marked ones, are specified with
respect to the global frame that is attached to the crane
body, as illustrated in Fig. 1. Moreover, the subscript l
stands for the left elements while subscript r denotes
the right elements. The wire ropes used in the system
are standard 6×19wire ropesmade of steel. The system
is kinetically actuated by a motor installed on the reel
to raise or lower the payload. The prescribed velocity
profile of this motor is presented in Fig. 4.

4.1 Subsystems setup

In Subsystem 1, the set of generalized or reduced coor-
dinates can be stated as:

qs1
R = qs1 (21)

qs1
R =

[
qs1ind

T qs1dep
T

]T
(22)

in which the independent and dependent coordinates
can be defined as:

qs1
ind = [

rx RB ry RB rz RB θ0
RB θ1

RB θ2
RB

]T (23)

qs1
dep = [

θ3
RB

]T (24)

As can be seen, since Subsystem 1 is not subjected
to any linear constraint, the reduced set of coordinates
qs1
RS is as the total set of coordinates qs1 . In this Sub-

system, the nonlinear constraint is related to the Euler
parameters as:

C
s1
nlin =

(
θ RB0

)2+
(
θ RB1

)2+
(
θ RB2

)2+
(
θ RB3

)2 − 1 = 0 (25)

Fig. 5 Convergence analysis of the time step in the monolithic
approach for the rigid-body vibration

Fig. 6 Effects of the numerical damping in the Generalized-α
method

Regarding Subsystem 2, as shown in Eq. (11), each
wire-rope element is described using 11 coordinates
including 6 absolute nodal coordinates, 2material coor-
dinates, and 3 modal coordinates. Therefore, the total
number of coordinates for the whole wire-rope system
with 10wire-rope elements is equal to 110 coordinates.
However, these coordinates are subjected to 72 linear
constraints as indicated below:
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Cs2
lin1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

rWR1
2 − (RBoom + rBOP

r )

rWR2
2 − RT FP

r
rWR3
2 − (RBoom + rBI Pr )

rWR4
2 − RT RP

r
rWR5
2 − RHR

r
rWR6
2 − (RBoom + rBOP

l )

rWR7
2 − RT FP

l
rWR8
2 − (RBoom + rBI Pl )

rWR9
2 − RT RP

l
rWR10
2 − RHR

l

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0

Cs2
lin2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

rWR1
1 − us2 (1 : 3) + ARBd1

rWR1
2 − rWR2

1
rWR2
2 − rWR3

1
rWR3
2 − rWR4

1
rWR4
2 − rWR5

1
rWR6
1 − us2 (1 : 3) + ARBd6

rWR6
2 − rWR7

1
rWR7
2 − rWR8

1
rWR8
2 − rWR9

1
rWR9
2 − rWR10

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0

Cs2
lin3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

s11
s12 − s21
s22 − s31
s32 − s41
s42 − s51

s52 − (s520 + ∫
Vmotor dt)

s61
s62 − s71
s72 − s81
s82 − s91
s92 − s101

s102 − (s1020 + ∫
Vmotor dt)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0 (26)

Cs2
lin =

[
Cs2
lin1

T Cs2
lin2

T Cs2
lin3

T
]T = 0 (27)

where s520 s1020 are the initial values of the arc-length
nodal coordinates s52 and s102 , respectively. The vector
d1,6 also denotes the position vector of the rigid-body
points attached to the wire rope 1 and 6 with respect to
the rigid-body fixed frame. Meanwhile, matrix ARB

represents the orientation matrix of the rigid body.
Additionally, us2 is the input vector of Subsystem 2
that is defined in the subsequent part. All other rele-
vant vectors are defined in Table 1. Therefore, the total
number of the generalized coordinates or reduced coor-
dinates is equal to 110− 72 = 38 as listed in Eq. (29).
Furthermore, the wire-rope system is subjected to 8
nonlinear constraints to ensure equal axial loads at the

tangent points with the pulleys [23]. These constraints
can be expressed by assuming a constant axial load on
thewire ropes that are tangent to the pulleys, as follows:

Cs2
nlin =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

FWR1
ax2 − FWR2

ax1
FWR2
ax2 − FWR3

ax1
FWR3
ax2 − FWR4

ax1
FWR4
ax2 − FWR5

ax1
FWR6
ax2 − FWR7

ax1
FWR7
ax2 − FWR8

ax1
FWR8
ax2 − FWR9

ax1
FWR9
ax2 − FWR10

ax1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0 (28)

where the term FWRi
ax1 represents the axial force at the

beginning of the wire-rope element i and the term
FWRi
ax2 stands for the value of the axial force at the end

of the wire-rope element i . Therefore, the total number
of degrees of freedom or independent coordinates of
this subsystem is 30. The selected reduced set of coor-
dinates and the independent and dependent coordinates
are listed as below:

qs2
R =

[
qs2ind

T qs2dep
T

]T
(29)

qs2
ind = [

qx,1i qy,1i qiz,1
]T i = 1, ..., 10 (30)

qs2
dep = [

s21 s22 s23 s24 s26 s27 s28 s29
]T (31)

It may be a question that the number of Subsystem
2 coordinates can be decreased by half due to the sym-
metry of the system; and the system can be described
as a 2D system since the system is only subjected to a
hoisting motion. This fact is true in the given example,
however, for a general case, the system is subjected to
different loading conditions necessitating considering
all the given degrees of freedom. Therefore, given that
the purpose of this paper is to demonstrate the accu-
racy and efficiency of the presented formulation for a
real-time simulation of a general industrial example,
the formulation is presented by considering all these
degrees of freedom.

4.2 Co-simulation setup

The corresponding inputs, outputs, and state variables
of Subsystem 1 are defined as:

us1 = [
FWR1 FWR6

]T
, ys1 = [

(qs1)T (q̇s1)T
]T
(32)

xs1 = [
(qs1

ind)
T (q̇s1

ind)
T

]T (33)
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where the vector FWRi (i = 1, 6) is the wire-rope force
exerted on the payload that can be computed by extract-
ing the first three elements of the wire-rope elastic
force, gravity force, and quadratic-velocity inertia force
as [26]:

FWRi = QWRi
elas + QWRi

grav + QWRi
v (34)

Regarding Subsystem 2, the corresponding inputs,
outputs, and state vectors can be defined as:

us2 = [
(qs1)T (q̇s1)T

]T
, ys2 = [

FWR1 FWR6
]T
(35)

xs2 = [
(qs2

R )T (q̇s2
R )T

]T (36)

It is noteworthy that the coordinate system of the
wire rope in Subsystem 2 is established according to
the coordinate system of Subsystem 1. As a result, it is
unnecessary to send the directions of the corresponding
coordinates at each time instance.

5 Results

The following part presents the results of the co-
simulated system. Firstly, the configuration of the co-
simulation is analyzed by scrutinizing the effects of
the different macro time steps, extrapolation methods,
and co-simulation approach. Subsequently, a detailed
analysis is conducted to examine the behavior of the
wire-rope systems in industrial cranes based on the
selected co-simulation configuration. Finally, the co-
simulation model is evaluated in terms of the computa-
tional time. It is important to note that the simulation is
conducted using an in-house open source Matlab code
[29]. To improve the simulation time, the most callable
and time-consuming m-files are converted to Mex files
such as the functions that evaluate themassmatrix, elas-
tic force, gravity force, and quadratic velocity force.

To model the wire-rope system based on the co-
simulation approach, the same micro and macro time
steps are utilized. Additionally, to determine the proper
numerical damping value for the analysis, in Fig. 6, the
effect of the numerical damping value is investigated
on the axial force value acting on the payload, that is,
FWR1
ax1 + FWR6

ax1 . The resulting plot is obtained by sub-
tracting the axial force in the co-simulation for differ-
ent damping values from the axial force in the mono-
lithic with no numerical damping. To demonstrate the
effects of numerical damping, the same simulation is

performed for 20 s. The system is only actuated dur-
ing the first 9 s. The plots are generated for the co-
simulation employing the Jacobi method, utilizing a
time step of�T = 25ms, and exploring damping coef-
ficients αn equal to 0.9, 0.5, and 0.1. As can be seen, by
increasing the numerical damping value, implying less
numerical damping, the results become more unstable
where the results for damping value equal to αn = 0.9
are unrealistic. Conversely, it is evident that the numer-
ical damping coefficient equal to αn = 0.1 can effec-
tively mitigates the high-frequency oscillations within
the system. Consequently, this damping coefficient is
deemed suitable for subsequent analyses.

To evaluate the accuracy of the co-simulation, the
given results are compared with the reference solution.
The reference solution is a simulation based on the
monolithic approach. To analyze the convergence of
the monolithic approach, in Fig. 5, the vibration of the
rigid body is shown for different time steps as�t = 25,
50, 100 ms. This vibration is computed by subtracting
the rigid body displacement from the prescribedmotion
of the motor in the Y direction. Accordingly, it can be
seen that for the simulation with the time step�t = 50
ms, the system converges to the real solution, and by
decreasing the time step, the results are not affected.
Therefore, the reeving system simulated using a mono-
lithic approach with �t = 50 ms is considered as the
reference solution to analyze the accuracy of the co-
simulated system.

5.1 Effects of the co-simulation set-up

This part assesses the effects of the co-simulation set-up
such as the macro time step, extrapolation method, and
co-simulation method on the accuracy of the results.
To accomplish this, the vibration of the system is com-
pared with the reference solution at the position and
velocity levels.

5.1.1 Effects of the macro time step

Figure 7 depicts the effect of the macro time step on the
vibration of the system for the co-simulation approach
based on the Zero-Order Hold (ZOH) and First-Order
Hold (FOH) extrapolations. Using the ZOH method,
the constant extrapolation is employed to approximate
the input of Subsystem 2 at macro time instant Tk , rep-
resented as xs2k , based on the outputs of Subsystem 1
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Fig. 7 Comparison of the vibration of the rigid body with respect to the macro time step

Fig. 8 Comparison of the vibration of the rigid body with respect to the extrapolation method

at the previous time instant, denoted as ys1k−1. On the
other hand, the FOH method utilizes a linear approx-
imation to extrapolate this input based on the outputs
of Subsystem 1 at the two most recent time instants,
namely ys1k−1 and ys1k−2. As shown, reducing the macro
time step leads to an increase in the accuracy of the sys-
tem, in particular for ZOH extrapolation. Furthermore,
the utilization of FOH extrapolation methods yields
results that align closely with the reference solution.
It can be inferred that the resulting accuracy using the
extrapolationmethod based on the FOH ismuch higher

than that achieved based on the ZOH extrapolation and
using 2.5 times smaller macro time steps. The main
reason for this disparity is a constant extrapolation that
is employed to approximate the input of Subsystem 2
at each macro time instant for the co-simulation based
on the ZOH extrapolation.

On the other hand, on the right-hand side, it can
be seen that the disparity between macro time steps
�T = 10 ms and �T = 25 ms is small using
FOH extrapolation, however, opting for �T = 25 ms
enables the establishment of a real-time simulation,
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Fig. 9 Comparison of the vibration of the rigid body for different co-simulation approaches

which is demonstrated in the last part. Consequently,
the subsequent sections of this study are conducted
using a macro time step of �T = 25 ms.

5.1.2 Effects of extrapolation method

To evaluate the effects of the extrapolation method
on the accuracy of the results, Fig. 8 depicts the co-
simulation results obtained based on the ZOH, FOH,
and Second-Order Hold (SOH) extrapolation methods
for a macro time step of �T = 25 ms. Using the
SOH method, a second-order polynomial is employed
to extrapolate the input of Subsystem 2 at macro time
instant Tk denoted as xs2k in terms of the outputs of
Subsystem 1 at previous time instants, as ys1k−1, ys1k−2,
and ys1k−3. It can be observed that the implementation
of a higher order extrapolation as the SOH extrapola-
tion method does not significantly affect the accuracy
of the vibration results as previously demonstrated by
other studies [1]. The right-hand side of the figure com-
pares the vibration velocity for co-simulation utilizing
different extrapolation techniques by subtracting the
velocity of the rigid body in the Y direction from the
prescribed velocity of the motor. It can be seen that the
general vibration pattern agrees with the monolithic
approach; however, using ZOH extrapolation results in
more oscillatory behavior. This plot indicates the oscil-
lation of the wire-rope system resulting from the elas-
ticity of the wire ropes. The oscillation period can be
determined by modeling the crane as a simple spring-

mass system using the formula 2π
√

mL
E A , where L , m,

and E A represent the total length of the wire-rope sys-
tem, rigid-body mass, and wire-rope stiffness, respec-
tively [30]. According to the given properties of the
system, the computed period is approximately 1.6 s as
can be perceived in this plot.

5.1.3 Comparison with the Jacobi method

In order to assess the impact of the co-simulation
method on the accuracy and stability of the results, the
vibration and velocity of the vibration of the rigid body
are compared with the Jacobi method, as depicted in
Fig. 9. The results are presented for the co-simulation
system using FOH extrapolation and a macro time step
of�T = 25ms. As is evident in the vibration plots, the
Gauss–Seidel method leads to more accurate results.
The difference is primarily attributed to the utilization
of fewer approximations in the Gauss–Seidel method.

After examining the impacts of multiple parameters
in the co-simulation process, it can be concluded that
the setup employing Gauss–Seidel and FOH extrapo-
lation using a macro time step of �T = 25 ms yields
the most favorable results for this wire-rope system.
Consequently, the subsequent section elaborates on the
behavior of the wire-rope system using this setup.
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Fig. 10 Time history of the rigid-body velocity

Fig. 11 Axial force and the modal coordinate of the wire-rope attached to the rigid body

Table 3 Transverse period

of wire ropes T = 2li
√

ρA
Pi

(i = 2, ..., 4) [26]

Wire-rope number Transverse period (s)

Wire rope 2 1.50

Wire rope 3 1.50

Wire rope 4 1.41

Wire rope 5 1.60
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Fig. 12 Lateral deformation in wire ropes

5.2 Behavior of the co-simulated wire-rope system

Following an assessment of the optimal co-simulation
scheme, this section proceeds to investigate the intri-
cate behavior of the wire-rope system. Building on the
preceding observations, Fig. 10 displays the rigid-body
displacement and velocity for both co-simulation and
monolithic approaches. The left-hand side shows the
time history of the rigid-body position. It is evident that
the differences between the results are imperceptible,
as only one line is visible. Furthermore, the velocity of
the rigid body is illustrated on the right-hand side. It is
observed that the difference between the co-simulation
and monolithic approaches is not also discernible in
this plot. Nonetheless, as previously demonstrated, a

slight difference of 5mm for 7m hoisting operation
was seen in the vibration of the system in Fig. 7. This
level of error can indicate the accuracy of the formula-
tion, which is important in load positioning.

On the left-hand side of Fig. 11, the axial force at
the end of the wire ropes attached to the rigid body is
depicted. The resulting force is the summation of the
forces acting on the two wire ropes attached to the rigid
body. Accordingly, the axial force value exhibits good
agreement between the co-simulation approach and the
monolithic approach, with amaximum error of approx-
imately 4 kN (or less than 0.6%) observed for a payload
weighing 70 tons. Furthermore, it can be seen that the
difference between the co-simulation and monolithic
approach can increase during the simulation time. On
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Fig. 13 Vibration analysis of the payload

Table 4 Comparison of the average simulation time (s) at different time steps for a 9 sec ride

Simulation method 50 ms 25 ms 10 ms 5 ms

Monolithic approach (non-optimized model) 53.0 108.9 220.8 366.1

Monolithic approach 5.0 7.1 14.4 24.9

Co-simulation 7.1 10.3 19.8 36.5

Wire-rope subsystem 6.3 8.8 15.4 28.0

the right-hand side, the change in the modal coordinate
in the x direction is illustrated for both co-simulation
and monolithic approaches. The incorporation of this
modal coordinate enables the consideration of thewire-
rope weight in the resulting axial force field. However,
due to the substantial weight of the payload, the impact
of this modal coordinate for this wire rope is negligi-
ble. This plot can only present the axial deformations
due to the modal coordinates. However, the wire ropes
also undergo a large initial linear axial deformation at
the static equilibrium position due to the substantial
payload weight. It should be pointed out that since the
value of the modal coordinates of Wire rope 1 in the
yi and zi directions are almost zero, the corresponding
plots have not been presented.

As previously mentioned, one of the objectives of
this study is the detailed examination of the wire-rope
system in cranes while utilizing a minimal number of
elements. This thorough analysis is made possible by
including the modal coordinates in the local xi , yi , and
zi directions of wire ropes. By including these modal

coordinates, it is possible to consider the lateral defor-
mation in the wire-rope systems. The time history of
this deformation at the midpoint of each wire rope is
presented in the corresponding local lateral direction in
Fig. 12. In all the plots, the oscillation period of wire-
ropes can be seen with a period approximately equal to
1.5 sec. This oscillation can be attributed to the elas-
ticity of the wire ropes (as reported previously) and
the transverse vibration as is noted in Table 3 with li
and Pi as the length and the axial force at Wire rope i ,
respectively. Additionally, it is evident that the lateral
deformation can reach up to 157mm, highlighting the
significant impact of the lateral deformation of wire
ropes in the analysis of wire-rope systems - a factor
that has been overlooked in prior studies. This defor-
mation is mainly due to the weight of the wire ropes.
Accordingly, a general concurrence between the co-
simulation and monolithic approaches is also observed
in these plots.

To show other nonlinear dynamics effects of the sys-
tem, the vibration of the payload is graphically pre-
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sented for a 50-sec simulation. This vibration is com-
puted by subtracting the payload velocity from the
prescribed motor velocity. The analysis is conducted
using the co-simulation model with the Gauss–Seidel
approach and �T = 25 ms. According to the left-had
side of Fig. 13, during this simulation, the payload is
lowered over a distance of 60m, following the velocity
profile outlined in this figure. Evidently, as the payload
descends, there is a corresponding decrease in its fre-
quency. To further elucidate these variations, the Fast
Fourier Transform (FFT) of the vibration is showcased
at two distinct time intervals, namely (5–15s) and (30–
40s), as depicted on the right-hand side of Fig. 13. This
analysis reveals that at the initial time instances, the
system experiences higher frequencies attributable to
the shorter length of the wire rope. Subsequently, these
frequencies decrease during the later time intervals as
a consequence of the longer length of the wire rope.

5.3 Real-time co-simulation of crane wire-rope
system

This part examines the ability of the current formu-
lation for real-time analysis. This topic was raised as
an open question about ALE formulation in a recent
paper [24]. In this research, by optimization of the
code, the real-time simulation is achieved for a com-
plex reeving system solved using ALEM formulation.
As shown in Table 4, the simulation time for the
wire-rope subsystem using �T = 25 ms is approx-
imately 8.8 s for a hoisting operation of 9 s. How-
ever, it can be observed that this simulation time for a
non-optimized monolithic code is more than ten times
higher. As already shown, using this macro time step,
acceptable results have been obtained. It can also be
observed that the simulation time in the optimized
monolithic approach is significantly smaller than in the
co-simulation approach. This difference can mainly be
attributed to errors created during the co-simulation so
that the system requiresmore iterations to result in a sta-
ble solution. Smaller simulation time can be obtained
using �T = 50 ms, however, since the results were
less accurate, this time step was not selected. These
results can demonstrate that the given formulation can
deal with real-world industrial wire-rope systems.

6 Conclusion

This paper introduces a real-time co-simulation mod-
eling approach for wire-rope reeving systems utilized
in mobile harbor cranes. The co-simulated system con-
sists of Subsystem 1, representing the payload com-
ponent, and Subsystem 2, representing the wire-rope
system. Due to the presence of numerous long-length
wire ropes with low bending stiffness and high axial
stiffness, the recently developed ALEM formulation is
employed. The governing equations of each subsystem
is solved using distinct solvers with the same micro
time step as the macro time step. The co-simulation
setup is addressed, taking into account the effects of
the macro time step, extrapolation method, and co-
simulation approach. Through an investigation of these
setup parameters, the optimal configuration for achiev-
ing real-time simulation and accuracy is identified.

The results show that the co-simulation method
based on the Gauss–Seidel scheme can lead to more
accurate results. Moreover, it was also seen that using
an extrapolation method based on FOH and SOH can
significantly increase the accuracy and stability of the
system. However, the differences between FOH and
SOH methods are small. It was also observed that
the resulting accuracy using the extrapolation method
based on the FOH is much higher than that achieved
based on the ZOH extrapolation and using 2.5 times
smaller macro time steps. It was seen that the effects
of the detailed analysis of wire ropes in the reeving
system are of importance since the deformation of the
wire rope is notable.Both co-simulation andmonolithic
approaches can lead to accurate results using a high
macro time step, in particular the monolithic approach.
It was observed that the co-simulation approach with
the macro time step as �T = 25 ms results in the
maximum error of less than 0.6% in the axial force.
However, the motion of the rigid body for this time
step was totally aligned with the monolithic approach.
Finally, although co-simulationmodeling cangenerally
improve the simulation of complex systems, it can also
increase the simulation time compared to the mono-
lithic approach.

The presented modeling of wire-rope crane mech-
anisms using a co-simulation approach is applicable
for real-time simulations of wire-rope systems across
diverse reeving systems applications, including indus-
trial cranes, mine hoisting, and elevators. This method-
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ology is beneficial for designing simulators and con-
trollers tailored to these systems.
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7 Annex

Bs1 = I7×7 (37)

BWR1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×1 06×1 06×6 06×1 06×1 06×1 06×27

0 0 01×6 1 0 0 01×27

02×1 02×1 02×6 02×1 02×1 02×1 02×27

0 0 01×6 0 1 0 01×27

02×1 02×1 02×6 02×1 02×1 02×1 02×27

0 0 01×6 0 0 1 01×27

02×1 02×1 02×6 02×1 02×1 02×1 02×27

0 0 01×6 0 0 0 01×27

1 0 01×6 0 0 0 01×27

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (38)

BWR2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×1 06×1 06×9 06×1 06×1 06×1 06×24

0 0 01×9 1 0 0 01×24

02×1 02×1 02×9 02×1 02×1 02×1 02×24

0 0 01×9 0 1 0 01×24

02×1 02×1 02×9 02×1 02×1 02×1 02×24

0 0 01×9 0 0 1 01×24

02×1 02×1 02×9 02×1 02×1 02×1 02×24

1 0 01×9 0 0 0 01×24

0 1 01×9 0 0 0 01×24

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (39)

BWR3

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×1 06×1 06×1 06×11 06×1 06×1 06×1 06×21

0 0 0 01×11 1 0 0 01×21

02×1 02×1 02×1 02×11 02×1 02×1 02×1 02×21

0 0 0 01×11 0 1 0 01×21

02×1 02×1 02×1 02×11 02×1 02×1 02×1 02×21

0 0 0 01×11 0 0 1 01×21

02×1 02×1 02×1 02×11 02×1 02×1 02×1 02×21

0 1 0 01×11 0 0 0 01×21

0 0 1 01×11 0 0 0 01×21

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (40)

BWR4

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×2 06×1 06×1 06×13 06×1 06×1 06×1 06×18

01×2 0 0 01×13 1 0 0 01×18

02×2 02×1 02×1 02×13 02×1 02×1 02×1 02×18

01×2 0 0 01×13 0 1 0 01×18

02×2 02×1 02×1 02×13 02×1 02×1 02×1 02×18

01×2 0 0 01×13 0 0 1 01×18

02×2 02×1 02×1 02×13 02×1 02×1 02×1 02×18

01×2 1 0 01×13 0 0 0 01×18

01×2 0 1 01×13 0 0 0 01×18

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (41)

BWR5

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×3 06×1 06×1 06×15 06×1 06×1 06×1 06×15

01×3 0 0 01×15 1 0 0 01×15

02×3 02×1 02×1 02×15 02×1 02×1 02×1 02×15

01×3 0 0 01×15 0 1 0 01×15

02×3 02×1 02×1 02×15 02×1 02×1 02×1 02×15

01×3 0 0 01×15 0 0 1 01×15

02×3 02×1 02×1 02×15 02×1 02×1 02×1 02×15

01×3 1 0 01×15 0 0 0 01×15

01×3 0 1 01×15 0 0 0 01×15

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (42)

BWR6

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×4 06×1 06×1 06×17 06×1 06×1 06×1 06×12

01×4 0 0 01×17 1 0 0 01×12

02×4 02×1 02×1 02×17 02×1 02×1 02×1 02×12

01×4 0 0 01×17 0 1 0 01×12

02×4 02×1 02×1 02×17 02×1 02×1 02×1 02×12

01×4 0 0 01×17 0 0 1 01×12

02×4 02×1 02×1 02×17 02×1 02×1 02×1 02×12

01×4 1 0 01×17 0 0 0 01×12

01×4 0 1 01×17 0 0 0 01×12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (43)
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BWR7

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×5 06×1 06×1 06×19 06×1 06×1 06×1 06×9

01×5 0 0 01×19 1 0 0 01×9

02×5 02×1 02×1 02×19 02×1 02×1 02×1 02×9

01×5 0 0 01×19 0 1 0 01×9

02×5 02×1 02×1 02×19 02×1 02×1 02×1 02×9

01×5 0 0 01×19 0 0 1 01×9

02×5 02×1 02×1 02×19 02×1 02×1 02×1 02×9

01×5 1 0 01×19 0 0 0 01×9

01×5 0 1 01×19 0 0 0 01×9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (44)

BWR8

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×6 06×1 06×1 06×21 06×1 06×1 06×1 06×6

01×6 0 0 01×21 1 0 0 01×6

02×6 02×1 02×1 02×21 02×1 02×1 02×1 02×6

01×6 0 0 01×21 0 1 0 01×6

02×6 02×1 02×1 02×21 02×1 02×1 02×1 02×6

01×6 0 0 01×21 0 0 1 01×6

02×6 02×1 02×1 02×21 02×1 02×1 02×1 02×6

01×6 1 0 01×21 0 0 0 01×6

01×6 0 1 01×21 0 0 0 01×6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (45)

BWR9

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×7 06×1 06×1 06×23 06×1 06×1 06×1 06×3

01×7 0 0 01×23 1 0 0 01×3

02×7 02×1 02×1 02×23 02×1 02×1 02×1 02×3

01×7 0 0 01×23 0 1 0 01×3

02×7 02×1 02×1 02×23 02×1 02×1 02×1 02×3

01×7 0 0 01×23 0 0 1 01×3

02×7 02×1 02×1 02×23 02×1 02×1 02×1 02×3

01×7 1 0 01×23 0 0 0 01×3

01×7 0 1 01×23 0 0 0 01×3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (46)

BWR10

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

06×8 06×1 06×1 06×25 06×1 06×1 06×1

01×8 0 0 01×25 1 0 0
02×8 02×1 02×1 02×25 02×1 02×1 02×1

01×8 0 0 01×25 0 1 0
02×8 02×1 02×1 02×25 02×1 02×1 02×1

01×8 0 0 01×25 0 0 1
02×8 02×1 02×1 02×25 02×1 02×1 02×1

01×8 1 0 01×25 0 0 0
01×8 0 0 01×25 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (47)

Bs2 = [
BWR1 BWR2 · · · BWR10

]
(48)

Ds1 = [] (49)
DWR5 = [

01×16 Vmotor
]
, (50)

DWR10 = DWR5, (51)
DWR1 = DWR2 = DWR3 = DWR4 = DWR6

= DWR7 = DWR8 = DWR9 = [
0

]
1×17 , (52)

Ds2 = [
DWR1 DWR2 · · · DWR10

]T (53)
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