1mus

Dynamics of deterministic and stochastic systems
containing colored noise and delay or memory

(Dindmica de sistemas deterministas y estocdsticos que contienen ruido coloreado
y retardo o memoria)

Memoria escrita por

Fengling Wang

para optar al grado de doctora del
Programa Oficial de Doctorado “Matematicas”

V' ° B ° El Director del Trabajo La Autora

Tomaéas Caraballo Garrido Fengling Wang

Dpto. Ecuaciones Diferenciales y Analisis Numérico
Facultad de Matematicas
Universidad de Sevilla

Enero 2024






This work has been partially supported by the Spanish Ministerio de Ciencia e
Innovacién (AEI) and FEDER under project PID2021-122991NB-C21, and China
Scholarship Council, No. 202106990035.






Acknowledgements

I would like to thank everyone who has helped me during the completion of this
PhD thesis.

To begin with, I want to thank my supervisor, Prof. Tomas Caraballo Garrido.
It was his advice during the writing process and careful revision of the thesis after
completion that enabled me to complete this thesis. In academics, he is knowledge-
able and insightful, and he is a wise, serious, and good adviser. In daily life, he is
optimistic about everything, cares about his students, and is a good friend worth
learning from in all aspects. I would like to thank him for all the help and care he
gave me during the year I stayed in Sevilla.

Then, I would like to thank my supervisor at Southwest University, Prof. Yan-
grong Li. 1 appreciate his teaching and helping me during the 7 years from my
master’s degree to my doctoral degree. Grateful to Prof. Bixiang Wang for helping
me to be able to study with Prof. Caraballo. With thanks to Renhai Wang and
Wenjie Hu for advising and helping me when I was confused. Thanks to Jiaohui Xu,
Lingyu Li, and Dandan Yang for helping me in my studies and life.

Also, thanks to the staff of the IMUS Secretariat for their care during the stay
in Sevilla. To the Graduate School and the School of Mathematics and Statistics of
Southwest University for providing good policy support for my visit abroad, and to
the CSC (China Scholarship Council) for providing financial support for the living
expenses in Spain.

My final thanks go to my family and friends for consistently supporting me and
allowing me to live a carefree life. Thanks to my dear mommy, daddy, grandparents,
and myself, for continuing to make it this far. Wishing everyone all the best for the
future!






Contents

(Introduction| 9

[Spanish Summary| 21

I  Global attractors for deterministic systems with memory|
33

[1 Nomnlocal semilinear degenerate heat equations with degenerate memory| 35

(1.1 Some spaces| . . . . . . . . . . 35
(1.2 Well-posedness of nonlocal degenerate equations| . . . . . . . ... .. 37
(1.2.1  Some preparation| . . . . . . . . . . .. ... 39
[1.2.2  Existence and uniqueness of solutions of original equations| . . 41
(1.3 The existence of a global attractor|. . . . . . .. .. ... ... .... 49
(1.3.1 Absorption of semigroups| . . . . .. ... ... .. ... ... 49
[1.3.2  Asymptotic compactness of the semigroup . . . . . . .. . .. 51

I Pullback random attractors for stochastic systems with |

nonlinear colored noise with or without delay| 57
[2  Single-valued random p-Laplace equations without delay| 59
2.1 Some definitions and lemmasd. . . . . . .. ... o000 59
[2.2  Abstract results on the existence of a pullback random bi-spatial at- |

[ fractor] . . . . . .. 61
[2.3  Abstract results for residual dense continuity of pullback random bi- |

[ spatial attractors| . . . . . . ... ... oL o 63
[2.4  Random quasi-linear equations with nonlinear colored noise| . . . . . 71
[2.4.1 Initial and regular spaces|. . . . . . ... ... 72

[2.4.2  'The cocycle on the initial space X| . . . . ... ... ... .. 73

[2.4.3 Regularity and strong-weak continuity of the cocycle] . . . . . 73

[2.4.4  Luzin continuity and measurability of the cocycle in the reg- |

| ular space Y|. . . . ... o o 75
[2.5 Existence of a pullback random bi-spatial attractor] . . . . . ... .. 7
[2.5.1  Uniform random absorbing setsin X NY|. . .. ... ... .. 78

[2.5.2  Large-valued estimates of solutionsin Y| . . . .. .. ... .. 79

7



8 Contents

[2.5.3  Existence of a pullback random bi-spatial attractor for the |

[ random p-Laplace equation| . . . . .. ... ... ... .. .. 85
2.6 Residual dense continuity of pullback random bi-spatial attractors . . 86

[3  Multi-valued random p-Laplace equations with delay| 91
[3.1 Some spaces and assumptions| . . . . . . ... ... 91
(3.2 Multivalued dynamical systems| . . . . . . ... ... ... ... .. 95
[3.2.1 Existence of solutionsl. . . . . . .. ... 0oL 95

[3.2.2  Regularity of solutions| . . . . .. ... ... ... ... ..., 104

[3.2.3  Generation of a multi-valued cocycle] . . . . . ... ... ... 112

[3.3 Existence of pullback random attractors| . . ... ... .. ... ... 113
[3.3.1 Existence of pullback attractors . . . . . . ... ... ... .. 113

[3.3.2  Measurability of the pullback attractor| . . . . . . .. ... .. 119

II Invariant measures for stochastic systems with non- |

linear white noise and with or without delay]| 125
[4  Periodic measures for stochastic lattice systems with delay| 127
[4.1  Well-posedness of the system|. . . . . . ... ... ... ... ..... 127
[4.1.1 Some spaces and assumptions| . . . . . . . . . . ... .. ... 127

[4.1.2  Existence and uniqueness of solutions| . . . . . . . .. ... .. 129

4.2 Uniform estimates of solutions . . . . . .. ... ... .. ... . ... 135
[4.3  Periodic measures for stochastic delay modified Switt-Hohenberg lat- |

[ tice systems| . . . . . ... 150
[4.3.1 'Tightness of a tamily ot probability distributions|. . . . . . . . 150

[4.3.2  Existence of periodic measures|. . . . . . ... ... ... ... 151

[4.4  Limits stability of periodic measures as noise intensity goes to zero|. . 154

[>  Evolution systems of measures for stochastic lattice systems without |

161
b1 Existence of solutiond . . . . . . . . ... o 161
[>.1.1 Some assumptions| . . . . . . .. ... 161

[H.1.2  Bstimates of solutionsl . . . . ... ... ... o0 163

[>.2  Limiting stability of evolution systems of measures| . . . .. ... .. 175
[5.2.1 Uniform estimates the solutions . . . . ... ... .. ... .. 176

[5.2.2  Existence of evolution systems of probability measures| . . . . 185

[5.2.3  Limits stability of evolution systems of probability measures |

| as noise intensity approaches a certain value| . . . . . . . . .. 188

[Bibliography| 195




Introduction

Infinite dimensional dynamical systems mainly consider the long-time behavior of
solutions of nonlinear dissipative evolutionary partial differential equations arising
from natural sciences such as physics, fluid dynamics, life sciences, and atmospheric
sciences.

For autonomous (time-independent) deterministic infinite-dimensional dynam-
ical systems, the system usually possesses an attractor to which all orbits converge,
i.e., the global attractor. Global attractors (which are compact sets in the phase
space, attracting the image of particular sets of initial states under the evolution
of the dynamical system), in general, are used to describe the long-term dynamical
behavior of the system (see, e.g., [75, 82]). During its study, we noticed nonlocal
heat /parabolic equations, as well as memory terms.

e Nonlocal and memory. Non-local operators appear naturally in phenomena
such as elasticity problems, water waves, phase transitions, and flame propagation
[19]. Parabolic nonlocal equations have important applications in physical biology
and ecology. Evolutionary models with memory terms are widespread. Natural and
social phenomena are often influenced not only by their current state but also by
their history. Thus problems describing hereditary phenomena in heat conduction
and thermodynamics have attracted much attention.

As they are interesting, we have investigated some aspect of them in Chapter [}

For non-autonomous (time-dependent) stochastic infinite-dimensional dynamical
systems, the dynamical behavior of the system is commonly described in terms
of a pullback random attractor, which is an extension of random attractors (first
introduced in [26] 27]) from autonomous to non-autonomous and was proposed in
[10, 12, [86].

A natural extension of the deterministic differential equations model is a system
of stochastic differential equations, in which the relevant parameters are modeled
as suitable stochastic processes or the stochastic processes are added to the driving
system equations. The theory of stochastic differential equations was proposed by
K. Ito in 1942. Since then, the theory has been developed in different directions.
For example, consider the equation itself as a dynamic system disturbed by noise.
The noise term is added to capture the phenomenon that does not exist in the
corresponding deterministic model.

We are interested in the following two types of equations and aim to apply them
to stochastic situations (see Chapter 2FChapter [f]).

e Delay differential equations. In the actual modeling process, the time delay is
inevitable and reasonable, which means that the current state depends on the past
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state. A time-delay system is usually described in the form of differential equations
[68]. Based on the boundedness of the time delay variables, the time delay differen-
tial equations can be classified into bounded time delay differential equations and
unbounded time delay differential equations. For infinite delay equations, choosing
a suitable phase space is more difficult than for bounded delay equations, see, e.g.,
[44 149).

o Lattice differential equations. Lattice systems are widely used in physics, bio-
logy, and other fields, to model problems such as nerve impulse propagation, chem-
ical reactions, electric circuits, etc. [24]. Several numerical simulations have revealed
that lattice differential equations display a rich variety of dynamical phenomena, in-
cluding mode formation, traveling waves, and spatial chaos. The solutions and the
long-term dynamics of deterministic lattice systems were studied in [41], [85] without
delay and [17, 18] with delay, the long-time behavior of stochastic lattice systems
has been investigated in [16, 20] without delay and [55] 56, [62] with delay.

There are two theories dealing with the asymptotic qualitative behavior for gen-
eral stochastic differential equations: the theory of random dynamical systems and
the theory of existence and uniqueness of invariant measures for the associated
Markov semigroup.

It is stated in [4] that random dynamical systems consist of two basic elements:
A noise model and a model of the system perturbed by noise. On this basis, we
introduce two kinds of noises that are studied in this thesis as follows:

e Nonlinear white noise. An m-dimensional Wiener process W (t) = {W;(t),1 <
j < m}, defined for t > 0 with state space R™, is a stochastic process whose
components W;(t)(j = 1,...,m), are independent scalar standard Wiener processes.
Each W is a scalar process that satisfies

(1) W;(0) =0 as.,
(2) W;(t) — W;(s) is N(0,t — s) for all t > s > 0,

(3) for all time 0 < t; < £y < -+ < t,, the random variable W;(t;), W;(ts) —
Wi(t1),...,W;(t,) — W;(t,—1) are independent (“independent increments”).

The process is continuous and a homogenous Markov diffusion process. White noise
is the time derivative of the Wiener process. Typically, when the white noise that
drives a stochastic partial differential equation is additive or linear multiplicative,
the stochastic equation can be converted into a pathwise random equation using the
Ornstein-Uhlenbeck transformation, and thus we can deal with such path random
equations through the same methods used to deal with deterministic equations.
However, currently, there is no way to convert stochastic partial differential equations
with nonlinear white noise into pathwise random differential equations. To study the
long-time dynamical behavior of stochastic partial differential equations perturbed
by nonlinear white noise, B. Wang [90] introduced the concept of weak pullback mean
random attractor for mean random dynamical systems and established existence
results. Nevertheless, the inspiring results for this method were developed in several
earlier papers by T. Caraballo, P. Kloeden, B. Schmalfuf and T. Lorenz (see [11, 53].
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e Nonlinear colored noise. Colored noise, also known as the Ornstein-Uhlenbeck
process, was first proposed and named by G. Uhlenbeck, L. Ornstein, and M. Wang
in [83, O7], with the aim of approximating the Wiener process that is nowhere
differentiable about the sample paths. By setting W (s,w) = w(s), we consider a
random variable (5 : 2 — R defined by

1[0 . 1[0 .
Gw) = 5/ esdW (t,w) = _ﬁ/ esdw(s), for each 6 > 0,w € Q.

—0o0

The process zs(t,w) = (5(f;w) is called an Ornstein-Uhlenbeck process (i.e. the
colored noise), which is a stationary Gaussian process with E((5) = 0 and is the
unique stationary solution of the stochastic equation:

1 1
dz + 5zdt = (5dW(t).
As mentioned in [74], many physical systems should be simulated using colored
noise instead of white noise. Stochastic partial differential equations perturbed by
colored noise are pathwise, so the coefficients of the colored noise can be nonlinear
functions when we study the random attractors of such equations. Some results
are now obtained on the study of stochastic partial differential equations driven by
nonlinear colored noise [42] [43].

We usually prove that there exists at least one solution to stochastic differential
equations by giving some bounded estimates, with appropriate assumptions for all
external forces. If the data of the problem do not satisfy a Lipschitz continuity
condition, the solution of stochastic differential equations may not be unique. In
this case, we verify the existence of multi-valued dynamical systems generated by
all the solutions by proving the continuity and the cocycle property of solutions. By
proving the measurability of set-valued maps generated by multiple solutions, we are
able to guarantee that these solutions generate a multi-valued random dynamical
system. For the theory of multi-valued random dynamical systems, one can refer to
[13, 14, 16, 17, ©2].

Invariant measures otherwise known as smooth distributions, also characterize
the possible long-term behavior of the system [33]. In [89, O1] the author has dis-
cussed the existence of invariant probability measures for autonomous stochastic sys-
tems driven by nonlinear noise. After that, similar studies with different stochastic
systems have been largely developed, see, e.g., [23] 53] 506], 98], [09], where [23] 55], 50]
also discussed the limiting stability of the invariant probability measure. For non-
autonomous stochastic systems, as described by Da Prato and Rockner [34], 135],
we consider the existence of evolution systems of probability measures of its time
inhomogeneous transition operators. In [100, 103], the authors applied their ideas
to specific stochastic models.

This PhD thesis is structured in five chapters. In Chapter[I] we study the asymp-
totic behavior of a nonlocal semilinear degenerate heat equation with degenerate his-
tory in a bounded domain, aiming to obtain the global attractor of the original equa-
tion rather than for the transformed equation obtain by Dafermo’s transformation.
In Chapter [2, we consider the higher-order continuity of pullback random attractors
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for nonautonomous random quasilinear equation driven by nonlinear colored noise.
The goal is to verify the existence and residual dense continuity of pullback random
bi-spatial attractors in both square and p-order (where p > 2) Lebesgue spaces. In
Chapter [3|, we mainly consider the long-term behavior of p-Laplace equations with
infinite delays driven by nonlinear colored noise, the purpose of which is to obtain
the existence of weak solutions (uniqueness cannot be obtained due to the lack of
the Lipschitz condition), the regularity of solutions, and the existence of pullback
random attractors. In Chapter [4] we establish the existence and the limiting beha-
vior of periodic measures for periodic stochastic modified Swift-Hohenberg lattice
systems with variable delays. In Chapter 5], we are concerned with the asymptotic
stability of evolution systems of probability measures for non-autonomous stochastic
discrete modified Swift-Hohenberg equations driven by locally Lipschitz nonlinear
noise.

Now, we present the main results of this thesis.

I Global attractors for deterministic systems with degenerate memory

In Chapter [I, we consider nonlocal semilinear degenerate heat equations.

For semi-linear degenerate parabolic equations, the existence of attractors (global
attractors, pullback attractors, random attractors) was studied in [I, 2, 28]. The
above papers do not consider memory terms in the formulation. For linear non-
degenerate memory, [40] discussed the existence and uniqueness of solutions and the
existence of absorbing sets in an appropriate space, [102] derived the existence of
global attractors of the original equation, not the Dafermos transformed equation,
[67] considered the long-time behavior for semilinear degenerate parabolic equations
with non-degenerate memory. Regarding semilinear degenerate memory, [38] studied
the asymptotic behavior of the heat equation defined over a bounded domain, and
used semigroup theory to obtain the existence of solutions.

In Chapter [} we consider the asymptotic behavior of nonlocal semilinear degen-
erate heat equations with degenerate memory on a bounded domain Q C R¥(N > 2)
given by:

(% —m(l(u))div[a(z)Vu] — /Oo k(t — s)div[a(z)Vu(s)]ds + f(u) = g(x, 1),
u(z,t) =0, on 002 x R,

u(z, ) = up(z), in Q,

\u(z,t+ 1) = ¢(x, t), in Q x (—o0,0],

(1)
where [ € L(L*(Q),R), the function m € C(R;R™) satisfies 0 < h < m(r) for all
r € R, and k£ : R™ — R stands for the memory kernel.

In Section [1.2] we use the Dafermos transformation ((1.7)-(1.9)) to obtain the
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following system:

(% —m(l(u))div[a(x)Vu] — /000 w(s)divia(z)Vn'(s)|ds + f(u) = g(x,1),
% () =u— %Wt(s), in Qx (7,00) x RT,
u(x,t) = n'(x,s) =0, on 90 x R x R,
u(w, 7) = uo(z), in §,
(0" (x,8) = no(z, 5), in QxRT,
(2)
where

N (z,s) = /OS w(z, 7 —r)dr = /OS o(x, —r)dr

0
= / o(z,r)dr :=no(x,s), Vs> 0.

For any 0 < € < 1, we let a.(z) = a(x) + €, denote z(t) = (u(t),n!)" and 29, =
(ug,m0)T. To complete the well-posedness of problem (1)), we consider the following
non-degenerate equation:

Oze = Gze + F(z), in Qx (1,00),
ze(x,t) =0, on 00 x (1,00), (3)
2e(2,T) = 20, in €,

where F(z.) = (—f(u.) + ¢,0)T and

—( m(l(ue))diviae(x)Vu] + [;° p(s)divia(z)Vni(s)]ds
gze B ( Ue — 357;: ! > '

We first prove the existence of the solution of the non-degenerate equation ((3)),
so that when € tends to 0, we can use the conclusion of Theorem to obtain the
existence, uniqueness, and regularity of the solution to problem . And then use
results (Lemma [I.4] and Lemma (L1.5)) fulfilled by the related operators F ((1.15))
and Z ((1.17))) respectively, which are derived by the method mentioned in [102],
to obtain the existence, uniqueness, and regularity of a solution to problem (see
Theorem [1.7)). Different from the method of using semigroup theory to obtain the
existence of solutions in [38], here we use the Faedo-Galerkin method to prove the
existence of solutions of the non-degenerate heat equation ({3)).

In Section[1.3] we establish an autonomous dynamical system in the Hilbert space
M = L3(Q) x qug, and then show the existence of the global attractor associated
with the continuous semigroup S(t) generated by problem .

The content of Chapter [I| comes from the paper [93].

IT Pullback random attractors for stochastic systems with nonlinear
colored noise with or without delay

In Chapter [2 and Chapter [, we consider random p-Laplace equations.
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The p-Laplace partial differential equation often appears in the physical studies
about non-Newtonian fluid dynamics. It also occurs in descriptions of phenomena
related to nonlinear elasticity, nonlinear filtering, or magnetic field distribution (see
[37]). The long-term dynamical behavior (especially the existence of pullback at-
tractors) of the p-Laplace equation has been extensively studied, see e.g., [54] [57]
in a general single-valued random dynamical system with Lipschitz continuous con-
ditions. In the absence of Lipschitz continuous condition, the uniqueness of the
solution cannot be ensured, thus the long-time dynamics of the p-Laplace equation
in multi-valued random dynamical systems are discussed, for instance, in [21], [43], 88].
Note that none of the above papers possesses a delay term.

By a pullback random attractor for a non-autonomous random dynamical system
(shortly, a cocycle [86]) on X over a probability space (2, we mean a family {A(t,w) :
t € Riw € Q} of compact sets with an invariance property, pullback attraction
and measurability in X. In Chapter [3| we prove the existence of pullback random
attractors for multi-valued dynamical systems.

A pullback random bi-spatial attractor for a regular non-autonomous random
dynamical system, which is a pullback random attractor in initial space X such
that it is random compact in regular space Y and pullback attracts some subsets of
X under the topology of Y, and which generalizes a pullback random attractor to
the bi-spatial case and a random bi-spatial attractor in [57] to the non-autonomous
case. In Chapter [2| we prove the residual dense continuity (including the existence)
of pullback random bi-spatial attractor {.A(¢,w)} on both spaces X := L?*(R™) and
Y := LP(R™) concerning A € A := (0, 00| in single-valued dynamical systems, where
oo € A and the infinite noise corresponds to the deterministic equation.

The existence of attractors for models involving hereditary characteristics with
infinite delays has been discussed extensively, e.g., in [70, 101, 1T02] for single-valued
dynamical systems and in[13], 14 [15, [76] for multi-valued dynamical systems.

e Single-valued random differential equations without delay
In Chapter [2, we consider the higher-order continuity of pullback random at-
tractors for random p-Laplace equations on R™ driven by nonlinear colored noise

(4)

uy — div(|VulP7>Vu) + au = f(z,u) + g(t,z) + h(z,u)\(Ow), t > T,
u(r,x) =u(z), T€ER, € R™" meN,

where A > 0,p > 2, (\(6;-) is the colored noise and {6;},cr is a group of self-
transformations on the classical Wiener space (2.

Throughout this chapter, (X,Y’) is a limit-identical pair of separable Banach
spaces, where the following limit-identical property

{z,} CcXNY, ||z, —2||lx = 0,]|zn —ylly =0 = z=uy. (5)

is equivalent to that (X NY,|-|lx +||-|ly) is a Banach space (see [57, Lemma 2.1]).
Hausdorff semimetric and Hausdorff metric are respectively defined by

dx(Ay, Ag) = sup bi&f la —bllx, px(A1, A2) = max{dx (A, As),dx (A2, A1)} (6)
ac€Aq 2
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for A, Ay C X. It is standard to prove that dxny = dx + dy and pxny = px + py-

In Section [2.2] we establish an abstract existence result (see Theorem of
a unique pullback random bi-spatial attractor. The main difficulty is to prove the
measurability of the attractor in Y by using four verifiable conditions (B4-B7). In
particular, we assume that the cocycle operator from X NY into Y is strong-weakly
continuous (rather than quasi-continuity used in [30]). This condition cannot ensure
that the image set of the cocycle operator on a compact subset of XNY is a compact
subset of Y. But we can prove that the image set is a closed bounded set in Y. So,
we may consider the larger metric space CB(Y") (than C(Y')) of all closed bounded
set in Y, equipped with the Hausdorff metric.

In Section [2.3] we establish an abstract result (see Theorem on the residual
dense continuity of pullback random bi-spatial attractors in X NY by using six veri-
fiable conditions (C1-C6), and in its proof, we will use the abstract Baire residual
theorem (see [47), theorem 5.1], and the Baire density theorem (|59, Prop. 2]).

It is worth pointing out that the approximation from random (or stochastic) to
deterministic equations (A — 00) is significative (see [87]). In particular, Flandoli
et al. [39] pointed out that a deterministic transport equation is unsolved, while the
stochastic (or random) version is solved.

In Section [2.4}Section [2.6] we prove the existence and the residual dense con-
tinuity of pullback random bi-spatial attractors {A,(¢,w)} of the equation (4)) on
both spaces X := L*(R™) and Y := LP(R™) with respect to A € A := (0, oo].

The content of Chapter [2 comes from the work [61].

e Multi-valued random differential equations with delay

In Chapter [3| we consider the existence of pullback random attractors for non-
autonomous p-Laplace equations with infinite delay (representing the history of vari-
ables) on a bounded domain O C R¥:

(
o v (IVulP >V u) + = f(t, ) + gl ult — (1)
0
+/ F(x,l,bu(t+1)dl + J(t,x) + h(t,z,u)(s(Ow), t > 7, x €O, (7)
u(t,z) =0, t >71, =€ 9O,
(u(T +s,2) = p(s,x), s€(—00,0], z€0,7€eR,

where p > 2, A > 0, (s is the colored noise with correlation time § > 0, and W
is a scalar Wiener process on the classical Wiener space (Q,P, F,{0;}ier). The
nonlinear drift term f and the nonlinear diffusion term h are continuous functions
but not necessarily Lipschitz continuous, and the delay terms g : O x R — R and
F: 0O xR_ xR — R are also non-Lipschitz continuous.

Let X be a Hilbert space. To deal with the delay terms g and F' in (7)), we
denote our phase space by

Cyx ={w e O((—00,0; X) : lim e"w(r) exists}, (8)

T——00
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where v > 0 and we set ||w||c, = sup e ||w(7)|| < oo for all w € C, x. From
T€(—00,0]

[13], we know that C., x is a separable Banach space.

In Section , we prove the existence of weak solutions to equation . To solve
this problem, we use the traditional Galerkin approximations technique, and accord-
ing to the method in [13], we prove that u — fi)oo F(z,l,u(t +1))dl is continuous
from C. 12(0) into L*(O) as shown in Remark 3.3} to obtain the existence of weak
solutions (see Theorem [3.11]).

In fact, we also try to prove the regularity of pullback random attractors for
equation (7). For p-Laplacian equations with bounded delays, Sobolev’s compact-
ness theorem and Arzela-Ascoli’s theorem can be applied to prove the regularity of
pullback attractors as in [66]. But for the space considered in this paper (shown in
(8)), we find that there is no embedding relationship between spaces C, 120y and
C’y,WOl’p(O)' Therefore, we can only prove the regularity of the solution (see Theorem
by applying the method of [21].

In Section |3.3] we show the measurability of multi-valued dynamical systems
and pullback attractors and the asymptotic compactness of solutions. To obtain
pullback asymptotically compactness of solutions, we will use the same technique
as [0, Lemma 5.5]. The measurability of the pullback attractor will be deduced by
proving the upper-semicontinuity of multi-valued functions, the closure of a graph
on some subspaces of the probability space by using the methods in [13].

The content of Chapter [3| comes from the paper [94].

IIT Invariant measures for stochastic systems with nonlinear white noise
with or without delay

In Chapter [dland Chapter 5] we consider stochastic modified Swift-Hohenberg lattice
systems.

The Swift-Hohenberg equation was first proposed in 1977 by Swift and Hohen-
berg (see [80]) to study the analogy between the branch of fluid hydrodynamic
behavior and the related PDEs as well as continuous phase transitions in thermo-
dynamical systems. About the modified Swift-Hohenberg equation, there have been
many papers discussing the existence of attractors (global, pullback, random, uni-
form) and bifurcations, e.g., [72] [73], yet there are only a few papers on the modified
Swift-Hohenberg lattice system, [45] considered the deterministic case and [96] was
in the stochastic case.

We consider a Banach space as below:

0= {w = (wi)iez : Z wi|" < +00}7 r=1,

1€EZ

with the norm ||w|]” = " |w;|". For r = 2, it has the norm [|w|]* = >_ |w;|* and

i€Z i€Z
inner product (w,v) := > w;v;. In addition, we denote the space of all continuous
i€Z

functions from R to R by C'(R,R).
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The existence of periodic measures in ¢? for stochastic lattice systems without
delay was investigated in [63]. In the delay case, [55], 62] considered the periodic
measure of the stochastic lattice system. The above nonlinear terms are all globally
Lipschitz continuous, in Chapter |4 we would like to consider variable delays, the
nonlinear functions, the modified term, and the cubic terms are all locally Lipschitz
continuous.

In contrast to considering the existence of invariant measures in 2 of time-
homogeneous transition operators for autonomous stochastic lattice systems driven
by nonlinear white noise in [23, 53], [56], 89 09], in Chapter |5 we use the extended
Krylov-Bogolyubov method mentioned by Da Prato and Réckner in [34] [35] to prove
the existence of evolution systems of probability measures of time-inhomogeneous
transition operators for non-autonomous stochastic lattice systems (see Theorem
5.14)).

e Periodic measures for stochastic lattice systems with delay

In Chapter [ we take into account the existence and the limiting behavior of
periodic measures for the periodic stochastic delay modified Swift-Hohenberg lattice
systems on the integer set Z given by:

(dui (t) + a1 (t) |:(UZ'+2 (t) — 4Ui+1 (t) + 6U1 (t) - 4ui_1(t) + Uj4-2 (t)) + 2(UZ_1(t)

— 2u,(t) + ui+1(t))] dt + qo(t)u; (8)dt + 3.5 (t) |wi1 (t) — us () | dt + ud(t)dt

{ = filt,ui(t), ui(t — o(t)))dt 4 g (t)dt (9)
£ E3 () + gt ), (e — o)W 0), 1> 0,

\ui(s) = 902'(8)7 ERS [_p7 0]7 (RS Za

which is obtained by a spatial discretization of the periodic continuous modified
Swift-Hohenberg equation with a variable time delay on R:

(du(t) + qi () A%u(t)dt + 21 (¢) Au(t)dt + go(t)u(t)dt + g3(t)[Vu(t)*dt + u®(t)dt
= f(t,u(t), u(t — o(t)))dt + g(t)dt

e (hyt,x) + oyt ult), ult — o(t))dW(t), t >0,

\U(S) = 90<8>7 s € [_P, 0]

(10)
Here q1,q2 : R — R are positive and continuous, ¢z = (g3;)icz : R — £? is con-
tinuous, f;,0;; : R x R x R — R are locally Lipschitz continuous functions for
every ¢+ € Z and j € Z, noise intensity 0 < ¢ < 1 and delay parameter p > 0,
g: R xR — R such that g € L} (R, L*(R)) and h; : R — L*(R) are given, and
(W))jen is a sequence of standard two-sided real-valued Wiener processes defined
on a complete filtered probability space (2, F, {F; }ier, P). Furthermore, for a given

positive constant 7, all time-dependent terms of the system @ are T -periodic in
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time (as shown in (4.13])). Equation is a usual Swift-Hohenberg equation when
q3(t) =0, f(t,u(t),u(t —o(t))) =0 and € = 0.

Let us denote by C([—p,0];¢*) the Banach space of all ¢?-valued continuous
functions on [—p, 0] with the norm

|zlloqpopey = sup fla(s)ll = sup Y |ai(s)]’, Vo € C([=p,0]; £%).

SE[—p,O] 56[_p70] =y

In Section [4.3] the aim is to apply Krylov-Bogolyubov’s method to prove the
existence of periodic measures of the lattice system (9) for all e € [0,1] in the space
C([—p,0],£%). We need to prove the tightness of distribution laws of solutions to (9)),
and the difficulty of proving this tightness is analogous to the fact that the Sobolev
embedding is no longer compact when stochastic PDEs are over an unbounded
domain. To address this difficulty, we show that the tail of the solution to @D is
uniformly small in L*(Q, F, ¢?) (its definition can be found in [90]) using the uniform
tail-estimation method proposed in [84]. Furthermore, since the solution w,(-) of the
system @D depends on the past history and is therefore non-Markovian, we use the
method in [71] to ensure that the solution map for stochastic functional differential
equations with finite delay possesses Markov property.

In Section [4.4] the objective is to prove, under stronger assumptions, the limiting
behavior of periodic measures of the system @ when the noise intensity € — ¢y €
[0,1] (see (4.120)). We show that for e € [0, 1], the set of all periodic measures of
@ is weakly compact, and any limit point of a tight sequence of periodic measures
of the system @ must be an invariant measure of the associated limiting equation
(see Theorem [4.16)).

The content of Chapter [4] comes from the paper [95].

¢ Evolution systems of measures for stochastic lattice systems without
delay

In Chapter [5] we consider the stochastic discrete modified Swift-Hohenberg equa-
tions with nonlinear noise for t > 7 with 7 € R as follows

(dui(t) + (Wiro — duipr + 6u; — dui_g + uip0)dt

[e.o]

— Fius)dt + gi(t + 3 (hya(t) + 04t us(0)) AV (), (1)

i=1

(wi(T) =ury, @€Z,

where a > 0 and b = (b;);ez € (* satisfy assumption R1 in Section [5.1] (which roughly
speaking, means that a should be big and ||b]| quite small), the noise intensity
parameter € > 0, f;,0;; are nonlinear functions and locally Lipschitz continuous,
g(t) = (9i(t))iez and h(t) = (h;;(t))jeniez are random sequences, and (W;), ey is a
sequence of standard two-sided real-valued Wiener processes defined on a complete
filtered probability space (€2, F, {F;}icr, P).
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The system ([11]) can be viewed as a spatial discretization model of the following
non-autonomous continuous modification Swift-Hohenberg equation:
du(t) + Au(t)dt + 2Au(t)dt + au(t)dt + b|Vu(t)|*dt + u®(t)dt
— Fu()dt + g(t,2)dt + €3 (hy(t,2) + oyt u@)dW (1), t > 72 € R, (12)
j=1
u(z,7) =u(x), TER.

The modified nonlinear term, b|Vu(t)[?, is derived from some studies of various
pattern formation phenomena for certain phase turbulence or phase transitions (see
[79]). For this reason, the results obtained in our analysis might be also obtained
for other interesting models from the real world containing similar nonlinearities,
and we plan to study them in a forthcoming work. The long-term dynamics of the
usual Swift-Hohenberg equation (if b = 0, f(x,t) = 0,¢ = 0 in ((12])) have also been
reported in [69].

In Section 5.1, we prove the existence and uniqueness of the solution for the
system under some appropriate assumptions on the nonlinear drift and diffusion
terms. Due to the local Lipschitz continuity of nonlinear terms, we need to use the
technique of cut-off functions (see (5.27)) and a stopping time developed by [89] to
establish the well-posedness of in the Bochner space L?(Q2, F, (?).

In Section [5.2] we need to establish the tightness of probability measures of
solutions. As mentioned previously, we use the method of uniform tail estimates
proposed in [84] to overcome the difficulty of lacking the compactness of the usual
Sobolev embedding. Based on these uniform tail-estimates, we can show the tight-
ness of distribution laws of solutions and thus the existence of evolution systems of
probability measures.

As a further result, we discuss the limiting stability of the evolution system
of probability measures for non-autonomous stochastic modified Swift-Hohenberg
lattice systems . We first prove the Feller property of the transfer operator for
the solution of system (see Lemma , and then we discuss the convergence
of probability as noise intensity ¢ — €, (see Lemma . Finally, we show the
asymptotic stability of evolution systems of probability measures by using Theorem
b8

The content of Chapter |5 comes from the work [96].

IV  Future work

In investigating the asymptotic properties of solutions of stochastic equations, the
averaging principle also plays an important role, which has a wide range of applica-
tions, such as in chemistry, fluid dynamics, biology, etc. (see, e.g., [22] and references
therein). Bogoliubov and Mitropolsky first studied the deterministic system in [7]
and then extended it to stochastic differential equations by Khasminskii in [50].
Therefore, our future work will study the averaging principle for non-autonomous
stochastic partial differential equations.

For example, we focus on multi-scale fractional stochastic nonautonomous differ-
ential equations on unbounded domains. One needs first to consider the existence
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and uniqueness of an evolution system of measure for the fast equation, as well
as the exponential ergodicity of solutions. Then, based on time discretization and
variational methods for stochastic partial differential equations, it is possible to con-
firm the strong rate of convergence concerning the slow component for a solution of
fractional stochastic nonautonomous equations.



Resumen en espanol-Spanish
Summary

Los sistemas dinamicos en dimension infinita consideran principalmente el com-
portamiento a largo plazo de soluciones de ecuaciones en derivadas parciales evol-
utivas disipativas no lineales que surgen en las ciencias aplicadas como la fisica, la
dinamica de fluidos, las ciencias de la vida y las ciencias atmosféricas.

En la teorfa de sistemas dindmicos deterministas auténomos (independientes del
tiempo) en dimensién infinita, el sistema suele poseer un atractor al que convergen
todas las orbitas, es decir, el atractor global. Los atractores globales, en general,
se utilizan para describir el comportamiento dinamico a largo plazo del sistema
(véase, e.g., [75,[82]), y resulta ser un conjunto compacto en el espacio de fases, que
atrae la imagen de determinados conjuntos de estados iniciales bajo la evolucion
del sistema dinamico. Durante su estudio, observamos ecuaciones no locales de
calor /parabdlicas, asi como conteniendo términos de memoria o retardo.

e No local y memoria. Los operadores no locales aparecen de forma natural
en fenémenos como problemas de elasticidad, ondas de agua, transiciones de fase y
propagacion de llamas [19]. Las ecuaciones parabdlicas no locales tienen importantes
aplicaciones en biologia, fisica y ecologia. Los modelos evolutivos con términos de
memoria estan siendo ampliamente estudiados. Los fenémenos naturales y sociales
estdn a menudo influenciados no sélo por su estado actual sino también por su
historia. Asi, los problemas que describen fenémenos hereditarios en la conduccién
del calor y la termodinamica han atraido mucha atencién.

Por su interés en el mundo real, hemos investigado este problema en el Capitulo [I}

Para sistemas dindmicos estocdsticos infinito-dimensionales no auténomos (de-
pendientes del tiempo), el comportamiento dindmico se describe comtinmente en
términos de un atractor pullback aleatorio, que es una extension de los atractores
aleatorios (introducidos por primera vez en [20], 27]) de auténomos a no auténomos
y fue propuesto en [10, 12}, 86].

Una extensién natural del modelo de ecuaciones diferenciales deterministas es
un sistema de ecuaciones diferenciales estocasticas, en el que los parametros relev-
antes se modelan como procesos estocasticos adecuados o los procesos estocasticos
se anaden a las ecuaciones del sistema. La teoria de las ecuaciones diferenciales
estocasticas fue propuesta por K. It6 en 1942. Desde entonces, se ha desarrollado en
diferentes direcciones. Por ejemplo, considerando la ecuacion en si misma como un
sistema dinamico perturbado por el ruido. El término de ruido se anade para cap-
turar las propiedades de incertidumbre que estan presentes en cualquier fenémeno

21
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del mundo real.

Nos interesan los dos tipos de ecuaciones siguientes y pretendemos aplicarlas a
situaciones estocésticas (véanse Capitulo Capl’tulo 5)).

e Fcuaciones diferenciales con retardo. En el proceso de modelado real, el re-
tardo temporal es inevitable y razonable, ya que la evolucion de cualquier fenémeno
depende no sélo del estado actual sino de lo que ha ocurrido en el pasado. Un
sistema con tiempo de retardo se describe generalmente en forma de ecuaciones
diferenciales [68]. A tenor de cémo pueda ser la dependencia del pasado, las ecua-
ciones diferenciales con retardo se clasifican en ecuaciones diferenciales con retardo
de tiempo finito o acotado y de retardo infinito o no acotado. Para las ecuaciones
de retardo infinito, la eleccién de un espacio de fasees adecuado es mas dificil que
para las ecuaciones de retardo acotado (véanse, e.g., [44] 149]).

e Fcuaciones diferenciales reticulares. Los sistemas reticulares se utilizan amp-
liamente en fisica, biologia y otros campos, para modelizar fenémenos como la pro-
pagacién del impulso nervioso, las reacciones quimicas, los circuitos eléctricos, etc
(véase, e.g., [24]). Varias simulaciones numéricas han revelado que este tipo de ecua-
ciones diferenciales muestran una rica variedad de fenémenos dinamicos, incluyendo
la formacién de modos, ondas viajeras y caos espacial. En [41], 85] se estudiaron
las soluciones, y su dindmica a largo plazo, de sistemas reticulares deterministas sin
retardo y en [I7, I8 se hicieron con retardo; el comportamiento a largo plazo de
los sistemas estocdsticos reticulares se ha investigado en [16, 20] sin retardo y en
[55, [56], [62] con retardo.

Existen dos teorias que tratan del comportamiento cualitativo asintotico para
ecuaciones diferenciales estocasticas generales: la teoria de sistemas dinamicos aleatorios
y la teoria de existencia y unicidad de medidas invariantes para el semigrupo de
Markov asociado.

Como se afirma en [4], los sistemas dindmicos aleatorios constan de dos elementos
basicos: Un modelo de ruido y un modelo del sistema perturbado por el ruido. Sobre
esta base, introducimos dos tipos de ruidos que se estudian en esta tesis:

e Ruido blanco no lineal. Un proceso Wiener m-dimensional W (t) = {W;(t),1 <
Jj < m}, definido para t > 0 con espacio de estados R™, es un proceso estocdstico
cuyas componentes W;(t)(j = 1,...,m), son procesos Wiener estdandar escalares
independientes. Cada W; es un proceso escalar que satisface

(1) W;(0) =0 as.,
(2) W;(t) — Wj(s) es N(0,t — s) para todo t > s > 0,

(3) paratodo tiempo 0 < t; <ty < --- < t,, las variables aleatorias W (t1), W, (t2)—
W;(t1), ..., W;(t,) — W;(t,—1) son independientes (“incrementos independi-
entes” ).

El proceso es continuo y un proceso de difusion de Markov homogéneo. El ruido
blanco es la derivada temporal del proceso de Wiener en un sentido generalizado.
Normalmente, cuando el ruido blanco que impulsa una ecuaciéon en derivadas par-
ciales estocastica es un ruido blanco aditivo o multiplicativo lineal, la ecuacién es-
tocéstica puede convertirse en una ecuacién aleatoria gracias a un cambio de vari-
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ables que involucra al proceso de Ornstein-Uhlenbeck y, de este modo, podemos
tratar dichas ecuaciones aleatorias con los mismos métodos utilizados para analizar
ecuaciones deterministas. Sin embargo, actualmente no se conoce cémo se pueden
convertir las ecuaciones en derivadas parciales estocasticas con ruido blanco no lin-
eal en ecuaciones en derivadas parciales aleatorias. Para estudiar el comportamiento
dinamico a largo plazo de las ecuaciones en derivadas parciales estocasticas perturb-
adas por ruido blanco no lineal, B. Wang [90] introdujo el concepto de atractores
pullback aleatorios débiles en media para sistemas dinamicos aleatorios y establecio
resultados de existencia. El origen de esta via se encuentra en los trabajos anteriores
llevados a cabo por T. Caraballo, P. Kloeden, B. Schmalfufl and T. Lorenz (véanse
[11], 53].

e Ruido coloreado no lineal. El ruido coloreado, también conocido como proceso
de Ornstein-Uhlenbeck, fue propuesto y nombrado por primera vez por G. Uhlen-
beck, L. Ornstein y M. Wang en [83, [07], con el objetivo de aproximar el proceso de
Wiener que no es diferenciable en ninguna parte sobre las trayectorias muestrales.
Identificando W (s, w) = w(s), el ruido coloreado es una variable aleatoria (s : 2 — R
definida por

1[0 1[0 .
G(w) = 5/ esdW(t,w) = _ﬁ/ esdw(s), para cadass § > 0,w € Q.

—0oQ

El proceso zs(t,w) = (s(fw se denomina proceso de Ornstein-Uhlenbeck (i.e. el
ruido coloreado), que es un proceso gaussiano estacionario con E((s5) = 0 y es la
Unica solucién estacionaria de la ecuacion estocastica:

1 1
dz + gzdt = gdW

Como se menciona en [74], muchos sistemas fisicos deben simularse utilizando ruido
coloreado en lugar de ruido blanco. Las ecuaciones diferenciales parciales estocésticas
perturbadas por ruido coloreado son aleatorias (y por tanto se pueden estudiar para
cada w € € fijo por los métodos deterministas), por lo que los coeficientes del
ruido coloreado pueden ser funciones no lineales cuando estudiamos los atractores
aleatorios de dichas ecuaciones. Ahora ya se conocen algunos resultados sobre el
estudio de ecuaciones en derivadas parciales estocasticas conteniendo ruido color-
eado no lineal [42] [43].

En la mayoria de los casos, se suele demostrar que existe al menos una solucion de
los problemas asociados a las ecuaciones diferenciales estocasticas, proporcionando
algunas acotaciones de las mismas, bajo condiciones apropiadas sobre las fuerzas
externas. Si no se verifica una condiciéon de continuidad de Lipschitz, la solucién de
las ecuaciones diferenciales estocdsticas puede no ser unica. En este caso, se verifica
la existencia de sistemas dinamicos multivaluados generados por dichas soluciones
demostrando la continuidad y la propiedad del cociclo de las mismas. Se hace im-
prescindible demostrar también la medibilidad del sistema dinamico aleatorio mul-
tivaluado generado por las mismas. Para la teoria de sistemas dinamicos aleatorios
multivaluados, se puede consultar [13] [14] [16] 17, 92].

Las medidas invariantes, también conocidas como distribuciones suaves, cara-
cterizan el posible comportamiento a largo plazo del sistema [33]. [89, OI] ha
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discutido la existencia de medidas invariantes de probabilidad para sistemas es-
tocasticos autonomos con ruido no lineal. Después de eso, estudios similares con
diferentes sistemas estocasticos se han desarrollado en gran medida, véanse, e.g.,
[23, 55, (56, 08, 99], donde [23] 55, 56] también discutieron la estabilidad limite de
la medida invariante de probabilidad. Para los sistemas estocasticos no autonomos,
descritos por Da Prato y Rockner [34], B5], se considera la existencia de sistemas
de evolucion de las medidas de probabilidad de sus operadores de transicién in-
homogéneos en el tiempo, [100, 103] aplicaron sus ideas a modelos estocasticos es-
pecificos.

Esta tesis doctoral se estructura en cinco capitulos. En el Capitulo[l], estudiamos
el comportamiento asintético de una ecuacion de calor semilineal degenerada no local
con memoria degenerada en un dominio acotado, siendo el objetivo demostrar la ex-
istencia del atractor global. En el Capitulo [2| consideramos la continuidad de orden
superior de los atractores pullback aleatorios para ecuaciones cuasilineales aleat-
orias no auténomas conteniendo ruido coloreado no lineal. El objetivo es verificar
la existencia y continuidad densa residual de los atractores bi-espaciales pullback
aleatorios en espacios de Lebesgue de orden p (donde p > 2). En el Capitulo 3} con-
sideramos principalmente el comportamiento a largo plazo de las ecuaciones de tipo
p-Laplace con retardos infinitos perturbadas por ruido coloreado no lineal, siendo
nuestro propdsito demostrar la existencia de soluciones débiles (la unicidad no se
puede obtener debido a la falta de condicién de Lipschitz), la regularidad de las
soluciones, y la existencia de atractores aleatorios. En el Capitulo |4} establecemos
la existencia y el comportamiento limite de las medidas periddicas para sistemas
estocasticos periddicos modificados de Swift-Hohenberg con retardos variables. En
el Capitulo 5| nos ocupamos de la estabilidad asintética de los sistemas de evolucion
de las medidas de probabilidad para ecuaciones estocasticas discretas modificadas
de Swift-Hohenberg no auténomas impulsadas por ruido local no lineal de Lipschitz.

A continuacion, presentamos los principales resultados de esta tesis.

V Atractores globales para sistemas deterministas con memoria degen-
erada

En el Capitulo [, consideramos ecuaciones de calor semilineales degeneradas no
locales.

Para ecuaciones parabdlicas semilineales degeneradas, la existencia de atractores
(atractores globales, atractores pullback, atractores aleatorios) fue estudiada en
[1, 2, 28]. Los trabajos anteriores no consideran términos de memoria en la for-
mulacién. Para memoria lineal no degenerada, [40] discutié la existencia y unicidad
de soluciones y la existencia de conjuntos absorbentes en un espacio apropiado. Con
esto, en [102] se dedujo la existencia de atractores globales de la ecuacién original,
no de la ecuacion transformada de Dafermos. In [67] se consideré el comportamiento
a largo plazo para ecuaciones parabdlicas semilineales degeneradas con memoria no
degenerada. En cuanto a la memoria degenerada semilineal, [38] estudi6 el com-
portamiento asintotico de la ecuacién del calor definida sobre un dominio acotado,
y utilizo la teoria de semigrupos para obtener la existencia de soluciones.
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En el Capitulo [T consideramos el comportamiento asintético de las ecuaciones
de calor degeneradas semilineales no locales con memoria degenerada en un dominio

acotado 2 C RN (N > 2) dado por:
t

,% —m(l(u))div[a(x)Vu] — /_Oo k(t — s)div[a(z)Vu(s)]ds + f(u) = g(x,t),
u(z,t) =0, en 0f) x R,
u(z, ) = up(z), en (),
(u(z,t+7) = ¢z, 1), en 2 x (—o0,0],
(13)

donde [ € L(L*(Q),R), la funcién m € C(R;R") satisface 0 < h < m(r) para todo

r € R,y k: R" — R representa el niicleo de memoria.
En la Seccién utilizamos la transformacién de Dafermos ((|1.7)-(1.9)) para

obtener
( Ou . > . :
G~ ml)divla)Val — [ i) V' (s)ds + Fw) = g(o.),
%n%s) —u- %nt(s), en 2 x (r,00) x RY,
u(z,t) =n'(x,s) =0, en 00 x R x RT,
u(z, ) = up(z), en (),
(7" (7, 8) = mo(x, s), en xR,
(14)

donde

N (z,s) = /OS u(z, 7 —r)dr = /08 o(x, —r)dr
0
- / o(x,r)dr :=no(z,s), Vs>0.

Para cualquier 0 < € < 1, definimos a(z) = a(x) + ¢, denotamos z.(t) = (uc(t),n})"
(ug,mo)T. Para completar el buen planteamiento del problema , consi-

Y 20, =
deramos la siguiente ecuacién no degenerada:

en )X (7,00),
en 09 x (7,00), (15)

en (),

atze - gze + ]:<Ze)7
ze(z,t) =0,
2e(2,T) = 20,

donde F(z) = (—f(ue) +9,0)" v
Go — m(I(ue))diviac(@)Vue] + [ p(s)divia(z)Vni(s)]ds
< Ue — asne ‘
Primero demostramos la existencia de solucién de la ecuacién no degenerada

, de modo que cuando € tiende a 0, podemos utilizar la conclusion del Teorema
para obtener la existencia, unicidad y regularidad de la solucién del problema
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. Y, a continuacién, utilizamos los resultados (Lemma y Lemma ((1.5)) que
cumplen los operadores relacionados F ((1.15)) y Z ((1.17), respectivamente, que
se derivan por el método mencionado en [I02], para obtener la existencia, unicidad
y regularidad de una solucién del problema (ver Teorema[l.7). A diferencia del
método de utilizar la teoria de semigrupos para obtener la existencia de soluciones
en [38], aqui utilizamos el método de Faedo-Galerkin para demostrar la existencia
de soluciones de la ecuacién del calor no degenerada .

En la Seccién [1.3] establecemos un sistema dindmico auténomo en el espacio
de Hilbert M = L?(Q) x L? o ¥ luego mostramos la existencia del atractor global
asociado al semigrupo continuo S(t) generado por el problema .

El contenido del Capitulo [1| procede fundamentalmente del trabajo [93].

V1 Atractores aleatorios pullback para sistemas estocasticos con ruido
coloreado no lineal con y sin retardo

En el Capitulo 2] y en el Capitulo [3| consideramos ecuaciones aleatorias de tipo
p-Laplace.

La ecuacion en derivadas parciales de tipo p-Laplace aparece con frecuencia en
los estudios fisicos sobre dindmica de fluidos no newtonianos. También aparece
en descripciones de fenémenos relacionados con la elasticidad no lineal, el filtraje
no lineal o la distribucién de campos magnéticos (véase [37]). El comportamiento
dindmico a largo plazo (especialmente la existencia de atractores pullback) de la
ecuacion de tipo p-Laplace se ha estudiado ampliamente, véanse, por ejemplo, [54]
57] en un sistema dindmico aleatorio general univaluado con condiciones continuas
de Lipschitz. En ausencia de la condicién de Lipschitz, la unicidad de solucion
no se puede asegurar, y por lo tanto, la dinamica a largo plazo de la ecuacion de
tipo p-Laplace en sistemas dinamicos aleatorios multivaluados se ha analizado, por
ejemplo, en [21) [43], B8]. Notese que ninguno de los trabajos anteriores posee un
término de retardo.

Por pullback random attractor para un sistema dinamico aleatorio no auténomo
(brevemente, un cocycle [86]) en X sobre un espacio de probabilidad €2, entendemos
una familia {A(t,w) : t € R,w € Q} de conjuntos compactos con las propiedades
de invarianza, de atraccion pullback y de medibilidad en X. En el Capitulo
demostramos la existencia de atractores aleatorios pullback en sistemas dinamicos
multivaluados.

Un atractor aleatorio biespacial pullback para un sistema dinamico aleatorio re-
gular no auténomo, que es un atractor aleatorio pullback en el espacio inicial X tal
que es compacto en el espacio regular Y y pullback atrae algunos subconjuntos de
X bajo la topologia de Y, generaliza el concepto atractor aleatorio pullback al caso
biespacial y el de atractor aleatorio biespacial en [57] al caso no auténomo. En el
Capitulo 2 demostramos la continuidad densa residual (incluyendo la existencia) del
atractor bi-espacial aleatorio pullback {A\(¢,w)} en ambos espacios X := L*(R™) y
Y = LP(R™) relativos a A € A := (0, 00| en sistemas dindamicos univaluados, donde
oo € A y el ruido infinito se corresponde con la ecuacion determinista.

La existencia de atractores para modelos que involucran caracteristicas here-
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ditarias con retardos infinitos ha sido ampliamente discutida, como [70, 10T, 102]
en el caso de sistemas dindmicos univaluados y [13, [14], 15 [76] en el de multivaluados.

¢ Ecuaciones diferenciales aleatorias univaluadas sin retardo

En el Capitulo[2] consideramos la continuidad de orden superior de los atractores
aleatorios pullback para ecuaciones aleatorias de tipo p-Laplace en R™ perturbadas
por ruido coloreado no lineal

16
u(r,x) =u.(z), T€ER, € R" meN, (16)

{ut — div(|[VulP2Vu) + au = f(z,u) + g(t,z) + h(z, u)G(0w), t > T,
donde A > 0,p > 2, (\(0;-) es el ruido coloreado y {6, };cr es un grupo de autotrans-
formaciones en el espacio clasico de Wiener ().

A lo largo de este Capitulo 2| (X,Y) es un par limite-idéntico de espacios de
Banach separables, donde la siguiente propiedad

{z,} CXNY, ||z, —2||lx = 0,]|zn —ylly =0 = z=uy. (17)

es equivalente a que (X NY, ||| - ||x + || - ly) sea un espacio de Banach (véase [57,
Lemma 2.1]). La semimétrica de Hausdorff y la métrica de Hausdorff se definen
respectivamente por

dx (A1, Az) = sup Jnf fla—bllx, px(Ar, A2) = max{dx (A, Az), dx (A, A1)}
acA 2
(18)

para Ay, As C X. Es inmediato demostrar que dxny = dx +dy v pxny = px + py-

En la Seccién 2.2] establecemos un resultado abstracto de existencia (véase Teor-
ema de un tnico atractor bi-espacial aleatorio pullback. La principal dificultad
consiste en demostrar la medibilidad del atractor en Y utilizando cuatro condiciones
verificables (B4-B7). En particular, suponemos que el operador cociclo de X NY a
Y es fuerte-débilmente continuo (en lugar de la cuasi-continuidad utilizada en [30]).
Esta condicién no puede asegurar que el conjunto imagen del operador cociclo sobre
un subconjunto compacto de X NY sea un subconjunto compacto de Y. Pero po-
demos demostrar que el conjunto imagen es un conjunto acotado cerrado en Y. Por
lo tanto, podemos considerar el espacio métrico mas grande CB(Y') (que C(Y)) de
todos los conjuntos acotados cerrados en Y, equipado con la métrica de Hausdorff.

En la Seccién [2.3] establecemos un resultado abstracto (véase Teorema
sobre la continuidad densa residual de atractores bi-espaciales aleatorios pullback
en X NY utilizando seis condiciones verificables (C1-C6), y en su demostracién,
utilizaremos el Teorema residual abstracto de Baire (véase [47, Theorem 5.1, y el
Teorema de la densidad de Baire (|59, Prop. 2]).

Cabe senalar que la aproximacién de las ecuaciones aleatorias (o estocésticas) a
las deterministas (A — 00) es significativa (véase [87]). En particular, Flandoli et al.
[39] senalaron que una ecuacién de transporte determinista no se resuelve, mientras
que la versién estocéstica (o aleatoria) si se resuelve.



28

En las secciones demostramos la existencia y la continuidad densa resid-
ual de atractores bi-espaciales aleatorios pullback {A,(t,w)} de la ecuacién en
ambos espacios X := L?(R™) y Y := LP(R™) con respecto a A € A := (0, o0].

El contenido del Capitulo [2 procede del trabajo [61].

e Ecuaciones diferenciales aleatorias multivaluadas con retardo

En el Capitulo [3] consideramos la existencia de atractores aleatorios para ecua-
ciones de tipo p-Laplace no auténomas con retardo infinito (que representa la historia
de las variables) en un dominio acotado O C RY:

(% — div(|VulP72Vu) + du = f(t, 2, u) + g(z, ult — ot)))

0
+/ F(z,Lu(t+1))dl 4+ J(t,x) + h(t,z,u)(s(Ow), t > 7, z €O, (19)

u(t,z) =0, t > 71, z €O,
(u(T +5,2) = p(s,2), s€(—00,0], €0, 7€eR,

donde p > 2, A > 0, (5 es el ruido coloreado con tiempo de correlaciéon 6 > 0, y W
es un proceso escalar de Wiener en el espacio clasico de Wiener (Q,P, F, {0, }1er).
El término no lineal f y el término de difusién no lineal son funciones continuas
pero no necesariamente de Lipschitz, y los términos de retardo g : O xR — R y
F:0xR_ xR — R tampoco se suponen de tipo Lipschitz.

Sea X un espacio de Hilbert. Para tratar con los términos de retardo g y F' en
(19), denotamos nuestro espacio de fase por

Cyx ={w e C((—00,0; X) : lim e""w(r) existe}, (20)
T——00
donde v > 0 y fijamos |[w||c. , := sup €'7|w(7)| < oo para todo w € C, x. Por
T€(—00,0]

[13], sabemos que C., x es un espacio de Banach separable.

En la Seccién 3.2 demostramos la existencia de soluciones débiles de la ecuacién
(19). Para resolver este problema, utilizamos la técnica tradicional de aproxima-
ciones de Galerkin, y de acuerdo con el método en [13], demostramos que u —
fi)oo F(x,1,u(t+1))dl es continua de C., 120y a L*(O) como se muestra en la Obser-
vacion para obtener la existencia de soluciones débiles (véase Teorema [3.11]).

De hecho, también tratamos de demostrar la regularidad de los atractores aleato-
rios pullback para la ecuacion . Para ecuaciones de tipo p-Laplace con retardos
acotados, se puede aplicar el Teorema de compacidad de Sobolev y el Teorema
de Arzela-Ascoli para demostrar la regularidad de los atractores pullback como en
[66]. Pero para el espacio considerado en este trabajo (que se muestra en ),
nos encontramos con que no hay relacién de inclusién entre los espacios C, 120y ¥
CW,WOI"’(O)' Por tanto, sélo podemos demostrar la regularidad de la solucién (véase
Teorema aplicando el método de [21].

En la Seccién [3.3, mostramos la medibilidad de los sistemas dindmicos multivalu-
ados y atractores pullback y la compacidad asintética de las soluciones. Para ob-
tener la compacidad asintética pullback de las soluciones, vamos a utilizar la misma
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técnica que 76, Lemma 5.5]. La medibilidad del atractor pullback se deducird de-
mostrando la semicontinuidad superior de funciones multivaluadas, el cierre de un
grafo en algunos subespacios del espacio de probabilidad utilizando los métodos en
[13].

El contenido del Capitulo [3| procede del trabajo [94].

VII Medidas invariantes para sistemas estocasticos con ruido blanco no
lineal con y sin retardo

En los capitulos [4] y [5] consideramos los sistemas estocasticos reticulares de Swift-
Hohenberg modificados.

La ecuacién de Swift-Hohenberg fue propuesta por primera vez en 1977 por Swift
y Hohenberg (véase [80]) para estudiar la analogia entre la rama del comportami-
ento hidrodinamico de fluidos y las ecuaciones en derivadas parciales relacionadas,
asi como las transiciones de fase continuas en sistemas termodinamicos. Sobre la
ecuacién de Swift-Hohenberg modificada, han habido muchos trabajos que discuten
la existencia de atractores (global, pullback, aleatorio, uniforme) y bifurcaciones,
por ejemplo, [72, [73]. Sin embargo, sélo hay varios trabajos sobre el sistema reticu-
lar de Swift-Hohenberg modificado: [45] considerd el caso determinista y [96] el caso
estocéstico.

Consideramos el siguiente espacio de Banach:

U= {w = (w;)iez : Z wi|"” < +OO}, r>1,
i€Z
con la norma ||w|” = > Jwy|". Para r = 2, se tiene la norma ||w||* = > |Jwy|? y
i€Z i€Z
el producto interior (w,v) := > w;v;. Ademds, denotamos el espacio de todas las
i€Z
funciones continuas de R en R por C(R, R).

En [63] se investigd la existencia de medidas periddicas en (* para sistemas es-
tocdasticos reticulares sin retardo. En el caso de retardo, [55], [62] consideré la medida
periodica del sistema reticular estocastico. Los términos no lineales anteriores son
todos globalmente de Lipschitz. En el Capitulo |4 queremos considerar retardos vari-
ables, las funciones no lineales, el término modificado, y los términos ctibicos son
todos localmente Lipschitz continuos.

A diferencia de considerar la existencia de medidas invariantes en > de op-
eradores de transicion homogéneos en el tiempo para sistemas estocasticos reticu-
lares auténomos conducidos por ruido blanco no lineal en [23] 55 [56], 89, @9], en
el Capitulo || utilizamos el método de Krylov-Bogolyubov extendido mencionado
por Da Prato y Rockner en [34, B35] para demostrar la existencia de sistemas de
evolucion de medidas de probabilidad de operadores de transicion homogéneos en
el tiempo para sistemas estocdsticos reticulares no auténomos (véase el Teorema
5.14)).

e Medidas peridédicas para sistemas reticulares estocasticos con retardo
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En el Capitulo [4 tenemos en cuenta la existencia y el comportamiento limite
de las medidas peridédicas para el caso con retardo variable del problema estocastico
periddico modificado de Swift-Hohenberg como sistemas reticular en el conjunto de
enteros Z dado por:

(duz'(t) +qu(1) [(Uz’+2(t) — Aty (1) 4 6ui(£) — dui 1 (8) + w2 (t)) + 2(ui—1(t)

— 2u;(t) + uiﬂ(t))] dt + qo(t)u;(t)dt + qsi(t) [wi1 (t) — wi(t)Pdt + i (t)dt

= fi(t,ui(t), ui(t — o(t)))dt + g;(t)dt (21)
+ GZ (hij(t) + it uilt), us(t — o(t))))dW;(t), ¢ >0,

\ui(s) = (101'(3)7 s € [_p7 O]a (&S Za

que se obtiene mediante una discretizacién espacial de la ecuacién periddica continua
modificada de Swift-Hohenberg con un retardo temporal variable en R:

(du(t) + qi(t) A%u(t)dt + 21 (¢) Au(t)dt + go(t)u(t)dt + g3(t)|[Vu(t)|*dt + u®(t)dt
= f(t,u(t), u(t — o(t)))dt + g(t)dt

e (hy(t,x) + ot ult), ult — o(t))dW;(t), t >0,

J=1

\U(S) = 90<5>7 RS [_p7 O]

(22)
Aqui ¢1,¢2 : R — R son positivas y continuas, g3 = (g3,)icz : R — ¢* es continua,
fi,oji : Rx R xR — R son funciones localmente Lipschitz continuas para cada
1 € Zy j € Z, con intensidad de ruido 0 < € < 1 y parametro de retardo p > 0,
g:RxR — Rtal que g € L} (R, L*(R)) y h; : R = L*(R), y (W;);en €s una
secuencia de procesos de Wiener estandar de dos caras con valores reales definidos en
un espacio de probabilidad filtrado completo (2, F, {F;}ier, P). Ademads, para una
constante positiva dada 7T, todos los términos dependientes del tiempo del sistema
son T-periédicos en el tiempo (como se muestra en ([(£.13))). La ecuacién es
una ecuacién usual de Swift-Hohenberg cuando ¢3(t) = 0, f (¢, u(t),u(t — o(t))) =0
y e =0.
Denotemos por C'([—p,0]; £?) el espacio de Banach de todas las funciones con-
tinuas con valores en ¢? sobre [—p,0] con la norma

|2llo(—popey = sup |lz(s)| = sup Y |xi(s)|?, Vo € C([—p,0]; 7).

sel—p.0] sel-p0l 45

En la Seccién [4.3] el objetivo es aplicar el método de Krylov-Bogolyubov para
demostrar la existencia de medidas periddicas del sistema reticular para todo e €
[0,1] en el espacio C([—p, 0], £%). Tenemos que demostrar la estanqueidad de las leyes
de distribucion de soluciones a , y la dificultad de demostrar esta estanqueidad
es analoga al hecho de que la incrustacion de Sobolev ya no es compacta cuando
las PDEs estocasticas son sobre un dominio no limitado. Para hacer frente a esta
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dificultad, mostramos que la cola de la solucién de (21]) es uniformemente pequena
en L%(Q, F,¢*) (su definicién se puede encontrar en [90]) utilizando el método de
estimacién de cola uniforme propuesto en [84]. Ademds, dado que la solucién u,(-) del
sistema depende de la historia pasada y por lo tanto no es Markov, utilizamos
el método en [71] para encontrar el mapa de solucién para ecuaciones diferenciales
funcionales estocasticas con retardo finito posee la propiedad de Markov.

En la Seccién [4.4] el objetivo es demostrar, bajo supuestos mds fuertes, el com-
portamiento limite de las medidas periddicas del sistema cuando la intensidad
del ruido € — ¢y € [0,1] (véase (4.120)). Demostramos que para e € [0, 1], el con-
junto de todas las medidas periédicas de es débilmente compacto, y cualquier
punto limite de una secuencia ajustada de medidas periddicas del sistema debe
ser una medida invariante de la ecuacién limite asociada (ver Teorema [4.16]).

El contenido del Capitulo {4| procede de [95].

e Sistemas de evolucion de medidas para sistemas reticulares estocasticos
sin retardo

En el Capitulo [5 estudiamos las siguientes ecuaciones estocdsticas discretas
modificadas de Swift-Hohenberg con ruido no lineal para ¢t > 7 con 7 € R:

’dui (t) + (Ui+2 — 4’U,i+1 + 6ul — 4ui,1 + ui+2)dt
4+ 2(uiq — 2u; + Uiy )dt + au; (8)dt + bilugy — wgPdt + ud (t)dt

o0

= filus()dt + gi()dt + € Y (hja(t) + 0yt wi(t)))dW;(2),

j=1

(23)

\Ui(T) = UTJ', Z € Z,

donde a > 0y b = (b;);ez € (* satisfacen la suposicién R1 de la Seccién (lo que, a
grandes rasgos, significa que a debe ser grande y ||b|| bastante pequeno), el pardmetro
de intensidad del ruido € > 0, f;, 0;,; son funciones no lineales y localmente Lipschitz
continuas, ¢(t) = (gi(t))icz y h(t) = (h;i(t))jen,icz son secuencias aleatorias, y
(W;)jen es una secuencia de procesos de Wiener estandar de dos caras con valores
reales definidos en un espacio de probabilidad filtrado completo (€2, F, {F;}ier, P).
El sistema puede verse como un modelo de discretizacién espacial de la
siguiente ecuacién de Swift-Hohenberg de modificaciéon continua no auténoma:

du(t) + Au(t)dt + 2Au(t)dt + au(t)dt + b|Vu(t)|*dt + u®(t)dt
= f(u(t))dt + g(t, z)dt + ei(hj(t,x) + ot u(t)))dW;(t), t > 7,2 € R, (24)
u(z,7) =u(x), TER.

El término no lineal modificado, b|Vu(t)|?, se deriva de algunos estudios de diversos
fenomenos de formacién de patrones para ciertas turbulencias o transiciones de fase
(véase [79]). Por esta razon, los resultados obtenidos en nuestro andlisis podrian
obtenerse también para otros modelos interesantes del mundo real que contengan
no linealidades similares, y tenemos previsto estudiarlos en un préoximo trabajo. La
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dindmica a largo plazo de la ecuacién usual de Swift-Hohenberg (si b = 0, f(z,t) =
0,e =0 en (24)) también ha sido reportada en [69).

En la Seccién(5.1] probamos la existencia y unicidad de la soluciéon para el sistema
bajo algunos supuestos apropiados sobre los términos no lineales de deriva y
difusién. Debido a la continuidad local de Lipschitz de los términos no lineales,
tenemos que utilizar la técnica de las funciones de corte (véase ((5.27))) y un tiempo
de parada desarrollado por [89] para establecer la bondad de en el espacio de
Bochner L%(Q, F, (?).

En la Seccién [5.2] tenemos que establecer la propiedad “tight” de las medidas
de probabilidad de las soluciones. Como se mencioné anteriormente, utilizamos el
método de estimaciones de cola uniforme propuesto en [84] para superar la dificultad
de la falta de compacidad de la inclusién de Sobolev habitual. Basandonos en estas
estimaciones de colas uniformes, podemos demostrar la propiedad “tight” de las
leyes de distribucién de las soluciones y, por tanto, la existencia de sistemas de
evolucién de las medidas de probabilidad.

Como resultado adicional, discutimos la estabilidad limite del sistema de evoluciéon
de medidas de probabilidad para sistemas estocasticos reticulares no auténomos
modificados de Swift-Hohenberg . Primero demostramos la propiedad de Feller
del operador de transferencia para la solucion del sistema (véase Lemma ,
y luego discutimos la convergencia de la probabilidad cuando la intensidad de ruido
€ — € (véase Lemma [5.17). Por tltimo, mostramos la estabilidad asintética de los
sistemas de evolucién de las medidas de probabilidad utilizando el Teorema [5.8|

El contenido del Capitulo [5| procede del trabajo [96].

VIII Trabajos futuros

En la investigacién de las propiedades asintdticas de las soluciones de ecuaciones
estocésticas, el principio de promediacién también desempena un papel importante,
y tiene una amplia gama de aplicaciones en quimica, en dinamica de fluidos, en bio-
logia, etc. (véase, e.g., [22] y las referencias alli incluidas). Bogoliubov y Mitropolsky
estudiaron primero el sistema determinista en [7] y luego Khasminskii lo extendi6
a ecuaciones diferenciales estocdsticas en [50]. Por lo tanto, nuestro trabajo fu-
turo estudiard el principio de promediacion para ecuaciones en derivadas parciales
estocdsticas no auténomas.

Por ejemplo, nos centramos en las ecuaciones diferenciales estocasticas fraccion-
arias no auténomas multiescala en dominios no acotados. Primero hay que con-
siderar la existencia y unicidad de un sistema de evolucion de medidas para la
ecuacién rapida, asi como la ergodicidad exponencial de las soluciones. A con-
tinuacion, basandose en la discretizacion temporal y en métodos variacionales para
ecuaciones en derivadas parciales estocasticas, es posible confirmar la fuerte tasa
de convergencia relativa a la componente lenta para una solucion de ecuaciones
fraccionarias estocdasticas no auténomas.



Part 1

Global attractors for deterministic
systems with memory

33






Chapter 1

Nonlocal semilinear degenerate
heat equations with degenerate
memory

In this chapter, we will study the asymptotic behavior of a nonlocal semilinear degen-
erate heat equation with degenerate history in a bounded domain. We approximate
the degenerate heat equation obtained after the Dafermos transformation with a
non-degenerate equation to obtain the existence, uniqueness, and regularity of the
solution of the equation. Then, we obtain the existence of the global attractor
of the original equation (without Dafermos transformation) by using the method
mentioned in [102].

In the next section, we introduce some related spaces and define linear operators.
In Sect. we use approximation methods to prove the existence, uniqueness, and
regularity of the solution. In Sect. [I.3| we establish the existence of the global
attractor associated with the semigroup S(t) generated by problem ([I).

1.1 Some spaces

Let (-,-) denote the inner product in L*(2), and || - || denote the L?*-norm. Let
WP(2) be the closure of C3°(Q) in W™P(Q), where W™P(Q) is the subspace of
LP(Q2) formed by the functions possessing distributional derivatives up to order < m
also in LP(Q), where m € N, 1 < p < co. When p = 2, we write Wy*(Q) = HJ*(Q).
Moreover, in space Hj(£2) we use the inner product

(w17w2)1 = (le, VU)Q)

with the corresponding norm || - ||;.
Let H§(£2) be the closure of C§°(€2) with the norm

ol = (/a(x)|Vw|2dx) ,
Q
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which is a Hilbert space by means of [§], and with the inner product given by

(w1, wa) pga = / a(x)Vw, - Vwedz, for every wy,ws € HF(2). (1.1)
Q

Notice that we only assume that a € L],

there is no inclusion relationship between H§ () and H} ().
Also, some spaces that are useful to us are defined in terms of [65]. Let a positive
and self-adjoint linear operator @) := —div[a(z)V-], which has a domain such that

(©2) and do not require a € L;2.(€2), thus

loc

D(Q) = {wlw € HY(Q) and Qu € L*(Q)},

and it is a Hilbert space with respect to the usual graph scalar product. The next
compact and dense embeddings also hold

Hg(Q) = L*(Q) — (H5(Q))", (1.2)

where (H§(2))* is the dual space of H{(€2). Then by (1.2), there exists a complete
orthonormal system of eigenvectors {e; };en associated to A; such that

er = )\jej, j = 1,2, ey
O< A< A<--, A= +00 as j — +00.
Moreover,
iz, .
A1 = inf W;MGHO(Q),M#O . (1.3)

For every r > 0, we define the operator Q2 via spectrum theory: Q2 is an unbounded
strictly positive and self-adjoint operator in L?(€2) with domain D(Q?), and D(Q?)
is a dense subset of L?(2). The space D(QZ) can be represented by the standard
eigenvectors of @), i.e.,

Vi =D(Q?) = {U = (u,e;)ree;; Il o5, = D (u,e5)72X; < +OO},
j=1 j=1
which is a Hilbert space with respect to the norm || - ||y+ and the inner product

(wh w2)vr = (Q%wl, Q§w2)~

For r = 0 we have V° = L?(Q2), for r = 1, we have V! = HZ(Q) and denote by
V=1 = (H§(Q))* its dual space. In addition, for r = 2, we have V? = D(Q) with
the inner product (wi, ws)p(q) = (Qwi, Qws), and the norm [lw||3 o) = [[Qu]*.

For r € R, let Li(R*;V”l) be a Hilbert space of functions w : RT — V7!
endowed with the inner product

(wla w2>r+1”u = / M(S) (wl, w2)vr+1ds.
0
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Furthermore, we define the Hilbert spaces
H = L*(Q) x L2(R; H§(Q)) and H' = H§(Q) x L(R*; D(Q)),
endowed with the inner products,
(w1, we)y = (w1, w2) + (w1, w2)1, and (wy, we)pyr = (w1,w2)Hg + (w1, w2)2,p,

where wy,w, € H or H!, respectively.
Let X be a Banach space, we define L% the space of functions u(-) satisfying

0
/ 7 |u(s)|%ds < oo, (1.4)

o0

where 0 < v < min{hA;,d} (A1 is defined in (1.3)), § is defined in assumption (A3)
below). We also define the Hilbert spaces

M = L2(Q) x Ly, and M' = Hg(Q) x L),
which are endowed with the inner products

(w1, w2) m = (Wi, w2) + (w17w2>L§{a and  (wy, wa) pmr = (Wi, w2)pg + (w17w2)L2D(Q)7
0

respectively.

1.2 Well-posedness of nonlocal degenerate equa-
tions

In this part, we work on the well-posedness of the following nonlocal degenerate
equation:

% —m(l(u))div[a(x)Vu] — /Oo k(t — s)div[a(z)Vu(s)]ds
+ f(u) = g(z, 1), in Qx (7,00),
u(z,t) =0, on 0N x R, (15)
u(z,0) = ug(x), in Q,
(u(z,t+7) = ¢(2,1), in Qx (—o0,0],
where m € C(R; R™) satisfies
0<h<m(r), Vr eR, (1.6)

and [ € L(L*(Q),R), k : RT — R represents the memory kernel, the nonlinearity f
has a growth order p — 1 with

2<p<

— fi 2
< N_aoia o a € (0,2),
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and the measurable, nonnegative diffusion variable a : Q — [0, +00) satisfies the
assumption: _
(A1) a € L}, .(Q) and lim inf alr) .~ 0 for some a € (0,2) and every z € .
Tr—z

loc |Jj—z|0‘

To deal with the delay term concerning u, that appears in the integral form,
we use the Dafermos transformation (introduced in [31]), thus considering the new
variables

u'(z,8) =u(x,t —s), s>0,t>r, (1.7)

and

s t
n'(z,s) = / u(z,r)dr = / uw(z,r)dr, s>0,t>T, (1.8)
0 t—s

using the method of integration by parts, combining (|1.5) and (L.8]), and the as-
sumption that k(co) = 0, we obtain

/_ k(t — s)div[a(z)Vu(s)]ds = — /000 K (s)div[a(x)Vn'(s)]ds. (1.9)

Then we set u(s) = —k’(s), so that based on the above transformation, we have the
following nondelay system:

% — m(l(u))div[a(z)Vu] — /000 p(s)divia(z)Vn'(s)]ds
+ f(u) = g(x, 1), in Qx (7,00),
9 J 4 - -
5" (s) =u— 55" (s), in Qx(r,00) xRT, (1.10)
u(z,t) =n'(x,s) =0, on 0N x R x RY,
u(z, ) = up(z), in Q,
(7" (2, 8) = no(z, 8), in QxR

where the initial integrated past history of u(x,t) (does not depend on wgy(x)) is

derived from equation (|1.7)-(1.8)):
n"(z,s) :/ w(z, T —r)dr :/ o(z, —r)dr
0 0
0
= / ¢(x,r)dr :=no(x,s), Vs>0. (1.11)

For the final purpose, we need to impose some assumptions, as follows:
(A2) pe CHRT) N LYRT), wu(s) >0, VseR".

(A3) 1/(s)+du(s) <0, VseRT, for some d > 0.

(A4) f € C'(R,R), there exist ay, ay, 3 > 0 such that for some p > 2

1f(8)] <ar(1+[sPP), VseR, (1.12)



Chapter 1. Nonlocal semilinear degenerate heat equations with degenerate
memory 39

and
f(s)s > aqgls|P — B, VseR. (1.13)
Moreover, there exists ag > 0 such that
f'(s) > —az, VseR. (1.14)

Remark 1.1. (A1) implies that the set {z € Q : a(z) = 0} is finite and the function
a(+) could be non-smooth (see [§]). Moreover, the physical motivation for (A1) is
to deal with the media that may be “perfect” insulators or “perfect” conductors (see
[8]). When the medium is fully insulated and completely dielectric at some points,
it is quite natural that a(x) is assumed to vanish at these points (see [36]).

Remark 1.2. In order to apply the continuity and compact embedding from Lemma
in Theorem for the nonlinear term f, we will consider that the order p

satisfies (1.21)) below.

1.2.1 Some preparation

For each o € (0,2) and N > 2, we introduce a positive number that will be useful
later in the Sobolev embedding, like

4

—€(2,00), if N=2
* L o
2 = ON ON

2 e(9. =
N—2+a€(’N—2

According to [§], we have the following lemma about the continuous and compact
embedding of the space H{ ().

Lemma 1.3. Assume a € L}, (Q) satisfies (A1). Then, in the bounded domain

loc
of RN(N > 2), the following embeddings hold:
(i) H(Q) — L*(Q) continuously;
(ii) HE(Q) — Wy?(Q) continuously for every 6 € [1, 1\?_41:;)’
(111) HS(QY) — L4(Q) with compact inclusion if g € [1,27).
Specifically, the embedding H$(QY) — L*(Q2) is compact.

) if N >3

To use the same technique as in [102], we need to define an operator F : ng —
Ly (R*5 H§ (€2)) by

(Fo)(s) = o(r)dr, s € R*. (1.15)

—S8

Then we can derive:

Lemma 1.4. Assume (A1)-(A3) hold. Then, operator F is a linear and continuous
mapping. In addition, for any ¢ € L%Ig; it holds

||f¢||%ﬁ(R+;Hg(Q)) < O”HQS”%%IS’ (1.16)

where C), is a positive constant independent of ¢.
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Proof. Conditions (A2) and (A3) imply that p(-) decays exponentially, and allows
p(+) to have a singularity at s = 0. Therefore, we truncate s € R* into two parts

s €[0,1] and s € [1,00). It follows from (A3) and (1.15]) that

H]:¢HL2 (R+; H“(Q)

< e

- /0 u(s) / / Vé(r)dr "dads

_ /O ) /Q o(z) / Vor)dr dwds + /1 " (s) /Q a(z)
< [Couts) [[at)( [ 1votrrar)asas

wutt) [ [aw)( [ votar)asas

< [ sutas [ ([ atwrvowras)i

e e %@/ ™ [ ata)(Golr)Pdzar

</ us)ds / ol + 1 [ s ot

1 o0
Se’Y/O w(s)ds||o(r )||L2 e (i)é)g (T)”%?{gv

where we used that 0 < v < ¢§. Then we have

ds

dxds

/Z Vo(r)dr 2

1 5

w(l)e
||‘F¢||%2(R+;Hg(ﬂ)) < (67/ p(s)ds + (_) 2) ||¢(7’)||%2a>
. 0 (v —9) Ho

which means that F is well-defined and bounded. In addition, the linear property
of F is evident, so we obtain the desired result.[]

To obtain the regularity of the solution, we introduce an operator Z : L2D(Q) —
L;,(R*; D(Q)) by

(Zop)(s) = 3 o(r)dr, s € R*. (1.17)

Using a method similar to Lemma [I.4] we can prove the next result.

Lemma 1.5. Assume (A1)-(A3) hold. Then the operator T is a linear and con-

tinuous mapping. In addition, for any ¢ € L7, ) it holds
HI¢HLg(R+ py < C ”¢“L%(Q) (1.18)

where C,, is the same as in ((1.16)).
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1.2.2 Existence and uniqueness of solutions of original equa-
tions

For any 0 < € < 1, let a.(z) = a(z) + € and denote
Ze<t> - (ue(t)7nz)T and 20,e = (u07 770)T-

To approximate problem (|1.10]), we consider the following non-degenerate problem:

Oze = Gze + F(z.), in Q x (1,00),
Ze(x,t) =0, on 0§ x (7,00), (1.19)
2e(T,T) = 20, in €,
where
o ( (U divlac () Va] + [5° p(s)div]a(z) Vit (s))ds >
‘ Ue — OsMe ’
and

‘F(Ze) = (_f(ue) +9, O)T
We first show the existence of solutions to problem ((1.19)).

Theorem 1.6. Suppose that (1.6), (A1)-(A4), and g € L*(Q) hold. Also assume
that m(-) is locally Lipschitz, and there exists a constant h > 0 such that

m(s) < h, VsecR. (1.20)
Moreover, assume that
2N
2<p< ——— 0,2). 1.21
PS w31 @€02 (1.21)

Then, for any zo. € H, there exists a weak solution z.(-) to problem (1.19).

Proof. We temper to using the Fadeo-Galerkin method (as [40, [102]) to solve this
part.

Let {w;}32; be a sequence of smooth functions constituting an orthonormal
basis in L*(€2) and orthogonal in Hg(€2). Also, let {¢;}52, be an orthonormal basis
of L2(R*; H§(Q)), whose elements belong to D(R; Hg(S2)). Here D(I; X) is the
space of infinitely differentiable X-valued functions with compact support in I C R,
and its dual space is the distribution space over I with values in X* (dual of X),
denoted as D'(I; X*).

(1) For any n € N, let P, be the orthogonal projection from L?(Q) to a finite-
dimensional subspace W,, = span{wy, ..., w,}, and x, be the orthogonal projection
from Li(R*; H§(Q)) to a finite-dimensional subspace H,, = span{(i,...,(,}

For T' > 7 and given € > 0,n € N, consider the approximate solution z, () =
(tn,e(+), M, ) in the form

n

Une(t) = Z bi(tyw; and 1;,.(s) = Y e;(1)¢(s),

J=1
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to satisfy

(atzn,ea (wka C]))’H = (gzn,m (wk7 C])) + (F(Zn,e)a (wkv Cj))? k?] = 07 cee, N, (1 22)
Zn,5|t:7' = (Pnu()a XnT/O)a ‘

for a.e. 7 <t < T, where wy, (y are the zero vectors in their respective spaces. Take
(wg, o) and (wo, () in (1.22)), and then use the divergence theorem to obtain the

following system:

0) = (S 0003))| 30y + € 300w

(

j=1
- ;cm, W) 1 — (f(; bj(t)w;)), we) + (g, wi), (123)
_Ck Zb (wj, G, Z%(Q’»Ck)l,w
J=1

i (T) = (anwkz), ce(T) = (10, G 1,1

According to the standard existence theory for ODE, a continuous solution of
exists on (7,7,,). Using a priori estimate, it can be deduced that T;, = +o0.

(2) We establish a priori estimate for solutions 2, (t) = (unc(t),n,.). Mul-
tiplying (1.23), by by and (L.23), by ¢, then summing over k(k = 1,2,...,n), we
have

1d
2 (e O + 1l e ) + (Ut lg + €2 ) e
(O 7 s+ (0, ): ) = (9,1 (1.24)
By (L), (I-3) and (T.13), we derive
d
(i O + 7k N g ) + 2hnumuza + 2heun, |
200 D 200l < 28100+ gl + Blluncliy. (1.25)

Based on (A2), (A3), and integration by parts, it follows that
2(01p e M) 10 = 2/ /M(S)\/avasﬁfz,e(S) VaVn, (s)dvds
o Ja
== [ i)t s > (1.26)
0

Then,

d
dt

1
<2810 + — 2, 1.27
<2619/ + o llgl (1.27)

vt 1 + 0, 2 e ig ) ) + Pllmellrg + 2hellun el[T + 202t 17
I 0 0
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By integrating ([1.27) between 7 and ¢ with ¢ € (7, T], one obtains

t t
HwAMP+M;mm%w@+h/H%Awmﬂwum/Wmm@Mm
t
+&h/HWA$%@§HMW+WM%mwmm+q@—ﬂ- (1.28)

Therefore, we conclude that

{tne}o2, is uniformly bounded in
L®(7,T; L*(Q) N L*(r, T; HE () N LP(1,T; LP(R)),
{n). oy is uniformly bounded in L*(7, T; L? 2(RT: Hy(€2))),

and hence there exists a limit function z.(t) = (u(t),n!) satisfying
u. € L=(7,T; L*(Q)) N L*(7, T; HY(Q)) N LP (1, T; LP()),
nt € L>(r,T; L (R*; HE(€2))),

such that, as n — oo, we have

Upe — u.  weak-star in  L=(7,T; L*(Q)),
Upe — U, weakly in L*(7,T; HY (),
Upe — U weakly in LP(7,T; LP(2)),
nhe =t weakstar in  L®(7,T; L (RY; Hi(€2))).

(1.29)

(3) Give m € N, v = (0,6) € D(7, T; H§(2) N LP(2)) x D(1, T; D(R*; H§(2))) of
the form

o(t) = Zl;j(t)wj and <'(s) =Y _&(1)¢(s),

J=1

where {Bj}}rzl and {¢;}7_, are given functions in D(7,T). Then, by (1.22), let
v =(0,5) € D(1,T), we have

¢ t
/ (OrZn,e, V) dr = / [ —m(l(une)) / ae(7) Ve - Vodr — (n, ,0)1,  (1.30)
T T Q
— (F(tn): @)+ (9,0) + (tnes 1= < D o6” > |

holds in the sense of D'(7,T), and in which < -,- > represents the duality map of
H(R*; H§(€2)) and its dual space. It can be inferred from (1.28) that

//aE NV, |*dzdr = h // |Vun€2dacd7’+he//|Vune\ dxdr

:h/ Hun,e(r)H%{gdr—l—he/ [tnc () |[3dr < ¢y, (1.31)
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where ¢y > 0 and independent of n and e. Therefore, by the result in [I0T, Theorem
2.7], we find that as n — oo,

t
/ m(l(tn,e)) / ac(x)Vu,, - Vodxdr
T Q
t
— / m(l(u.)) / ac(z)Vue - Vodzdr. (1.32)
T Q
Analogously, by 2 and 4 yields

t t
/(nz,e,a)lyudr%/(n:,a)l,#dr as n — 00, (1.33)

and

t t
/(unge,g’")lﬂdr—)/(ue,g’")wdr as n — oo. (1.34)

In addition, for every v € L2 (R*; H$(Q)), we have

< v,gt >= — / T ) (0(5), 5 () mgdds — / " () ((s), (1) (5)mgs.  (1.35)

Using (|1.29)),, it can be deduced that

lim < asnz,e,gt >=< ', ¢" > .

n—o0

If we can verify that

Tim / ' /Q | (.o )o|dwdt = / ' /Q | f(u)o|dadt, (1.36)

then, by standard arguments, we have
Orzne — Opze in D'(1,T; HY(Q) N LP(Q)) x D' (1, T; D(RY; Hy(2))). (1.37)

Combining ([1.32)) to (1.36]), and by taking limit as n goes to oo in equation ([1.30)),
we can finally obtain that z.(¢) = (u(t),n") is a weak solution of (1.19).
Now, our purpose is to prove that ((1.36) holds. Notice that

[ Ostan e ) < llm(i(une))diviae (@) Vi |l 2rrv-1)

L1 TV 1 (@) +LP T (LT ()

| ntoiviato) Vi, s))ds
0

+ (T = 71)2|gllv-1(9), (1.38)

where 1% € (1,2]. By (1.12), we deduce that there exists a number K > 0 such
that

.

un €
L2(r T2V -1(2) Wt st

1 f (tn) |77 < K (1 + |un]?), (1.39)
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which, together with g € L*(Q), (1.20)) and (1.29)), we know that {d;u, .} is bounded
in L2(r,T;V-(Q)) + L#1(r,T; L77()). Thus, there exists a subsequence such
that

Ot . — Owu.  weakly in - L*(r,T;V~1(Q)) + LP%(T, T: L%(Q)) (1.40)
By and Lemma , we have the dense embedding
Hy () — LP(Q),
and it follows that L#7-1(Q) < V~L(Q). Moreover, it is true that

LA, T;V=YQ)) + Lo 1 (7, T; L 1(Q)) C Livi(r, T; V1) (1.41)

By (1.29) and ([1.40]), we derive

Upe — e in WHE T (1, T: VHQ)) N LA, T; HE (V). (1.42)

By the compactness argument [78, P86, Corollary 5] and Lemma [1.3| we have the
compact embedding

WheT (r, T VY Q) N LA (r, T; HY(Q) < L (7, T; L(9).
Therefore, there exists a subsequence (relabeled the same) such that
Upe — U strongly in - L*(7, T; L*(12)). (1.43)
Since f € CY(R,R), we have
fune(t,x)) = f(uc(t,z)) forae. (t,z)e€ (r,T) x Q,
and by ,

T
1 () < KIQT - )+ K / ltme .

&=
L= ((r,T)xQ)

From this, using the dominated convergence theorem, we conclude (|1.36)).

(4) By (1.29), (1.35) and (1.40]), we directly obtain that u. € C([r,T]; L*(Q))
and 7! € C([r, T]; L, (R*; Hg(52))) by using [81, Lemma IT1.1.2] and [40, Theorem,
Section 2|, respectively. [J

Next we obtain the main result as follows:

Theorem 1.7. Assume that the conditions in Theorem [L.4 hold.
(i) If (ug, ¢) € M, then there exists a unique solution (u(-),n) to problem (1.5
which satisfies

u(-) € L=([r, T); L*(Q)) N L*(r, T; HY(Q)) N LP(7, T; LP(Q)), V7 < T,
n € L>([r,T]; L2(R*; H{(Q))), Vr <T.
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Furthermore, the mapping (ug, F) — (u(t),n') is continuous in H for all t > 7.
(ii) If (ug, ¢) € M*, then there exists a unique solution (u(-),n’) to problem (1.5)

which satisfies

u(-) € L([r, T]; Hg () N L*(7,T; D(Q)), V7 <T,
n e L=([r,T]; L2(R*; D(Q))), ¥Vr<T,

and the mapping (ug, Zod) — (u(t),nt) is continuous in H' for allt > 7.

Proof. We first prove the existence, uniqueness, and regularity of the solution to
problem ({1.10)) when ¢ — 0 by the following three steps.

Step 1. From Theorem [1.6] we know that (u.(t),n!) is a weak solution of (1.19).
By using the same method as for (|1.28)), we have

t t
O + g + b | (s + 2he [ ulo)]Bds
t
+20s [ o) s < uol? + Ilyeosipeoy +aT =) (L0

Thus,

{ue} is uniformly bounded in
L>(r, T; L*(Q)) N L*(r, T Hy () 0 LP (7, T3 L (),
{nt} is uniformly bounded in L*(7,T; L2(R*; H§(R))),

and, consequently, there exist limit functions

u € L(7,T; L*()) N L*(, T; HY(Q)) N LP(7,T; LP(SY)),
n' € L®(r,T; L2 (RY; Hy (),

such that, there exist subsequences (relabeled the same) of {u.}c~o and {n}}.~o which
satisty, as € — 0,

(ue — u weak-star in  L>=(7, T; L*(Q)),
Ue = U weakly in L*(1,T; H3(Q2)),
Ue = U weakly in LP(r,T; LP(Q)), (1.45)
—eAu, — 0 weakly in L*(r,T; H (),

(7t = ' weak-star in  L>(7,T; L2(R™; H§(Q2))).

Thus, using the same argument as in Theorem [I.6], we can prove that there exists
a weak solution (u(t),n") of and it satisfies u € C([r,T]; L*(Q)) and n' €
C(r, T L2(R*; HE(2))).

Step 2. Next, we will prove the uniqueness and the continuous dependence on
the initial data of solutions z(t) = (u(t),n") of the equation (1.10).
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Let z1, 22 be two solutions to (1.10) and denote z = 21 — 29 = (4,7") = (u; —
ug, Nt — n%). Then, we have

‘ % = m(l(uy))div[a(z)Va] + (m(l(uq)) — m(l(ug)))div]a(x)Vus]
+ /OOO p(s)divia(z)Vi'(s)|ds — (f(u1) — f(us)), in Qx (r,00),

0 0

a_%s) =u— a_t(s), in Qx (7,00) x RT, (1.46)
u(x,t) = n'(z,s) =0, on 90 x R x R,

uw(z, ) = up(r) = up1(r) — ug2(z), in €,
(0" (z,5) = no(x, 5) = noa(x,8) — no2(x,s), in QxR".

Since m(+) is locally Lipschitz, for any bounded interval I C R, there exists Lipschitz
constant L, = L,,(I) > 0 such that

|m(s1) — m(se)| < Liy|s1 — sa|, Vs1,82 € I. (1.47)

By and u € C([r,T]; L*(Q)), we know that there exists a bounded set O C
L*(Q) such that {u;(t)}tejrp € O(i = 1,2). In addition, by the fact that [ €
L(L*(Q),R), we have {1(u;(t) hepry € 1(i = 1, 2).

Multiplying (1.46), by @ and -2 )., by 77, then by using - the Young

inequality and summlng the two results we deduce

%HEH% < =2m(U(w))|allzg + 2(m(l(wr)) — m(l(uz)))(a(z) Vus, Va)

—9 /Q(f(ul) — fug))udx — 2(0517t,77t)1,u

< —2m(I(un) |35 + 2Ll |||V aVus||[|VaVa]
_ Q/Q(f(ul) — f(ug))udz — 2(9s7", 7)1
L2

< S Pl s g + asllal® = 2007 7)1 (1.48)

By [40, P348] and (A2), we find that
2@maﬁnu:ggﬂ@wv#@m?—Amw@wv#@w%sza (1.49)
Integrating over 7 and t, by we have
IZ < 1)+ 2 [ 1) P +as [ 1266 s
éWhM%+@[H4ﬂ%%, (1.50)
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where ¢3 = %]l ?||wsll 2¢(rm; He(e) +az. Applying the Gronwall inequality to ((1.50)
yields

1Z@)113, < 1) [[3e 7, (1.51)

and the result is complete.
Step 3. Now, we will show the regularity of solutions to problem ([1.10))

Multiplying (1.10]), by Qu with respect to the inner product of L*(Q2), and (1.10)),
by n' with respect to the inner product of Li(R*; D(Q)), and then adding these two

terms together leads to

d o
E(”UH%{g + "2 +:pigy) + 2m(L(w))]|Qull* + 2/0 p(s)(0s1', 1" )2 s
= —2(f(u), Qu) + 2(g, Qu). (1.52)

Notice that f(s) = s fol f'(es)de+ f(0), from (1.12)) we deduce that |f(0)|] < ay, and
along with (1.14])) we have

—2/Qf(u)Qudx: —Q/QQU[U/OI f(w)de + f(0)]dz

h 202
< 2agllullys + S1Qul + 230 (153
According to Young’s inequality,
h 2 2 10
29, Qu) < 5 1QulP + = gl (154

By (A2),
2 /Ooo p(s)(0sn', 1 )2 uds = 2 /OOO 1(s)(Q8sn', Qn')ds
— [T welQi a0 )
Substituting ((1.53) to into yields
i(llﬂll?{g + 10122 @+ p(@)) + RlIQuI® < 205]lullFg + 2%%IQI + %HQHQ- (1.56)

dt
Using the Gronwall inequality, for all ¢ € (7,7T] we have

t
||U(t)||12yg + ||77t||%g(R+;D(Q)) + h/ ||U(3)||2D(Q)d3 < ||U0||§1g + ||770||%5(R+;D(Q)) +
(1.57)

where ¢, = 20‘3||“||%2((T,T];Hg(9)) + (¥|Q| + %Hg”z) (T — 7). Therefore, we can

conclude that

w e L®(7,T; Hy () N L*(7,T; D(Q)),
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n' € L>(r,T; L (R*; D(Q))).

(i) Since ¢ € L¥g, it follows from Lemma [1.4] that F¢ € L3(R"; Hi($2)). The
desired result is obtained by applying Step 1 and Step 2 with the initial value
(UO, .7:¢) € H

(ii) Since ¢ € L2D(Q), it follows from Lemma [1.5[ that Z¢ € L2(R*; D(Q)). Due
to the initial value (ug,Z¢) € H!, we can obtain the regularity result by Step 3. [J

1.3 The existence of a global attractor

In this part, we will show the existence result of global attractors (i.e. a compact,
invariant and attracting set) to the problem ((1.5]) in the sense of the following result:

Theorem 1.8. [82] A continuous semigroup {S(t)}i>o defined in M has a global
attractor, if {S(t) }+>0 has a bounded absorbing set and is asymptotically compact.

We need to establish an autonomous dynamical system generated by equation
(1.5) (under the assumption that g does not depend on t). According to Theorem
[1.7, we can define the semigroup {S(¢)},>0 of solutions on M by

S(t)(umqb) = (U(t;o, (UOaJ—_.Qﬁ))aut(';Oa (UO7F¢)))7

where w;(s) = u(t + s) for s € (—o00,0], and (u(-;0, (ug, F@)),n (+; 0, (ug, Fp))) is
the unique solution to equation with initial values (u(0),n9) = (ug, F¢) and
initial time 7 = 0.

Given T > 0, thanks to ¢ € L%[g and u € L*(0,T; H}(2)), we can use a method
similar to [102, Lemma 3.6] to immediately obtain that {S(t)}:>o is well-defined,
that is,

Lemma 1.9. Assume that the conditions in Theorem[1.6 hold. If (uo, ¢) € M, then
S(t)(ug, ¢) € M.

1.3.1 Absorption of semigroups

We need to show the estimate of solutions for problem ([1.5).

Lemma 1.10. Assume that the conditions in Theorem[1.6 hold. Then, there exist
constants C1 > 0 and Cy > 0 such that any solution of (1.5)) satisfies

1S () (o, #)II3s < Cre™ || (uo, @)l + Ca, ¥t >0, (uo, ¢) € M. (1.58)

Proof. Denote by (u(-;0, (ug, F@)),n (+; 0, (ug, F¢))) the unique solution of equation
(1.10]) with initial values (ug, F¢) € H. Multiplying (1.10]), by w in L?(£2) and (1.10)),
by n* in L2 (R*; H(€2)), using (1.6) and (L.13), we have

d
= (I + 7'l gy ) + 2l g + 200" 1)1 + 20l
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< 28|19| + 2(g, u). (1.59)

By (A3) and integration by parts, we obtain
%@ﬁmm:—A (5 7 (s) g s
26 [ )l ONgds =Sl Vg sy (160
0

Combining (|1.59) and (1.60)), from (|1.3|) and the Young inequality we derive

d
£<||u(t)”2 + |17 %ﬁ(RJr;Hg(Q))) +y(Jlu®)® + H77t||%5(R+;Hg(Q)))

h 2
+ Sl + 202 u(®)l} < 28100 + =llgll*, (1.61)
2 0 hA

where 0 < v < min{h\{,d} as in ((1.4]). On the one hand, by multiplying (1.61]) by
e’ and integrating it over (0,¢), and using (1.16) in Lemma we deduce

h t__s
HMMPHWMWHWW+§AeWthM%%

_ Co
< e (ol + 1 Fol sy + -

Co

< e (ol + Cullol, ) + (1.62)
0

where Cy = 203|Q| + %,\1”9”2 On the other hand, we can infer from ((1.62)) that

0
fully, = [ @ lute+ )l

0 [e¢)

0 t
=a#/eﬂwm@w+AeWﬂM@%ws
26,

= (1.63)

, 2 _
< eIl + e " (lhuo +qt||¢\|§§[g> +

Therefore, there exist Cy = Cy(h,C,) > 0 and Cy = C5(Cy,~, h) > 0 such that
1S () (uo, )l = )1 + lJuellZ2,
0

< G (lwoll* + 10l ) +Co ¥EZ 0. (164)
0
which complete the proof. [

Then, from Lemma|1.10] we can deduce:

Corollary 1.11. The semigroup {S(t)}>0 possesses an absorbing set B = {w €
M Jwl[fy < 2C}
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1.3.2 Asymptotic compactness of the semigroup

We start with the following result.

Lemma 1.12. Assume that the conditions in Theorem [1.6 hold. Let {(uf,¢™)} be
a sequence such that (uf, d") — (ug, ¢) weakly in M as n — oo, and S(t)(uf, ¢") =
(u™(t),uy) be the solution of (L.5)). Then, for every T' > 0, we have

u"(:) = u(-) in C(r,T],L*(Q)), Yo<r<T, (1.65)
and
u"(+) — u(-) weakly in L*(0,T; H3(Q)). (1.66)
In addition, there exists ¢ = c(h,C),) > 0 such that

lim sup [Ju;’ — ut||L2 < ce " limsup (|Jug — uol|* + [|¢" — qb||%za), Vit > 0. (1.67)
0

n—00 n—oo
Thus, if (ug, ¢™) — (ug, @) in M as n — oo, then

u"(:) = u(-) in L*(0,T; HY(Y)), VT >0, (1.68)
up(-) = ug(-) in Ly, Vt>0. (1.69)

Proof. (1) Given T > 0. From and (L.61), we find that {n’} is bounded in
L>(7, T; L2 (RY; H§(2))), {u"} is bounded in L>(0, T; L*(£2)) and L*(0,T'; H§(2))N
LP(0,T; LP(€2)). Similar to in Theorem , we have {2} is bounded in
L2(0,T; V=Y(Q))+ L5 7(0, T; L7-1(£2)), thus there exist a subsequence (still denoted
by itself) {u"}, a function v € L*°(0,T; L*(Q)) N L*(0,T; H(Y)) N LP(0, T; LP(L2))
with & ¢ L2(o T; V-4 Q) + L1 (0,T; L1 (Q)), 11t € L=(0,T; L2 (RY; HG (),
and y € L#1(0,T; L7 1(£2)) such that

(u" —u  weak-star in  L*°(0,T; L*(2)),

u" —u  weakly in L*(0,T; H3 (),

u" —u  weakly in LP(0,T; LP(Q )),

n, —n'  weak-star in  L®(0,T; L2 (R*; Hi(2))), (1.70)
du™

d
—- = = weakly in L2(0, T3V (@) + Lo (0, T3 L#* (%),

| f(u™) = x  weakly in L1 (0, T; Li-1(Q)).

By (1.2)), (1.41)) and the Aubin-Lions lemma, we can conclude
u" —u in L*0,T; L*(Q)). (1.71)
Thus, we have for a.a. (¢t,2) € (0,T) x £,

u(t,z) — u(t,x) and f(u"(t,x)) — f(u(t,z)), (1.72)
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then x = f(u) by [64]. Following the proof of Theorem we find that (u(-),n’) is
a solution of equation (|1.10) with initial (ug, Fo).

Multiplying (T10), by Qu in L*(©), and (LI0), by 7' in L2(R*; D(Q)), we
obtain from (|1.56]

d 2 )2 2 207 2 2
%(HUHH(’; + [In ||Lﬁ(R+;D(Q))) < 20]ul[ge + T|Q| + E||9||
< Cy(1+ [lullf), (1.73)

where C3 = max {2as, ¥|Q| + 2{|g||*}. Integrating (L.6I)) over (¢,¢ + r) for ¢ > 0
and 0 < r < T —t, and using (1.62) yield

t+r
[ ) gas
t

2 2 2

< 2RO + I Bgenmgon]) + 7 (20000 + -l ) (1.74)
2 ) ) 25 2 2

< 3¢ (Nl + 1700y wegan) + 5+ E(zmm ol )r < Caie ),

where Cy = max { 2(261Q[ + 23-11911), 7 [ (uo, Fo)II3, + %5] }. Integrating (1.73) over
(s,t+r) with s € (t,t + r), and then using (1.74)), we obtain

[Ju(t + 7")”%{3 + Hnt+r|’%ﬁ(R+;D(Q))
t+r
< llu) g + 17°lI22@+ () + 03/t [u(s)l[zzgds + Car
< ||U(3)||12qg + ||778||%ﬁ(R+;D(Q)) + C3C4(1 + 1) + Csr (1.75)
Then integrate over (t,t+r) again in s, we have

[Ju(t + 7‘)||§Jg + ||7]t+rl|%ﬁ(R+;D(Q))

1 t+r )
< —/ (HU(S)H?Hg +In ||%3(R+;D(Q)))d5 + C3C4(1+ 1) + Cyr. (1.76)
t

”
From (|1.62) we can deduce that

t 2 2¢
lu(s)l3ads < = (luoll* + 1 F 32 s apraay) + o€ < Cs(1+e™),  (1.77)
0 h 1 0 hfy
0

where C5 = max{%”(uo,f@\\%{,% . Integrating (1.73|) over (0,t), thanks to
(1.77), we have

t
) + 113 e spiny < 10a(0) s + ol sy + C / (1+ [lu(s)|%)ds
0

= ||U(O>||§{g + ||770||%3(R+;D(Q)) + Cst + C3C5(1 + ™).
(1.78)
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Since t < t+r < T, we can infer from (1.78]) that

1

t+r
] Qg + 1 e

C3 t+r 0305 t+r s
< O + Il memian + 5 [ sds+ S8 [ e
t t

< HU(O)H%{g + H770||%3(R+;D(Q)) + C5T + C5C5(1 4 €77). (1.79)

Then, by substituting ([1.79)) into (1.76)), for all ¢ > 0, we obtain

It + )z + 110" 122 4000 (1.80)
< HU(O)H%{S + ||770||%3(R+;D(Q)) + C3T + 0305(1 + 67T) + 0304(1 + T) + CgT.

Thus, [[u(t)||ge is uniformly bounded in [r,T]. By a standard argument in [15]
Lemma 17|, we find that u"(¢,) — u(ty) in H§ for any sequence t,, — to as n — oo,
tn,to € [r, T] with r € [0, T]. Using the compact embedding Hg(Q) C L?(Q), we can
derive (|1.65)).

(2) Let 2™ = (4™, 7)) = (u" — u,n, —n') with initial data 2"(0) = (u"(0) —
ug, Fo™ — F), similar to (|1.48)), we have

d 2m n AT AT AT
25 < =2m () [ g + 2Lt |6 [| VaVul[||Vavar|

_ 2/(f(u”) — f(w))ards — 20045, 7)1
Q

3 ~n |2 2L72’n 21 ~n|2 2
< — Sl + = 2P P el
- 2/9(f(u") — fu))a"dx — 5“%“%3(%;}13(9)7 (1.81)

where the last term on the right hand can be obtained from (|1.60)). By the fact that
0 <~y < min{hA;,d} and (1.81]), we have

d 5N 2N h ) d 5N 3 ~TY ~
I+ AR+ Sl g < 12" 1R+ SRl Vg + OlAL 2 e gy (1:82)

212
=P Pl — 2/(f(un) — fu))a"d.
Q

IA

h

Multiplying ((1.82)) by €, and integrating it over (0,t), we obtain

sn h ' —y(t=s) || n
O+ 5 [ e s

ot o 202 0 [T s 20,112
<O+ TR [ il ds

— 2/0 e_V(t_s)/Q(f(u") — f(u))u"dxds. (1.83)
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~n 2 2 n o 2 2
From ([1.65)), we deduce that [|a"(s)[|*[lu(s)[[7s = llu"(s) — u(s)[|*[lu(s)|[Fa — O for
ae. s € (0,t), and e I [@ P [lullFy < 2e7C([Jun(8)]1 + fluls)]P)l|uls) 1 F, s
bounded. Then, by the Lebesgue dominated convergence theorem, it follows that

t
/ e_V(t_S)Hﬁ”(s)HQHu(s)H%Igds — 0 as n — 0. (1.84)
0

In addition, by (1.13]) and ([1.72)), then using the Fatou-Lebesgue theorem,

t t
lim sup (—/ eV(tS)/f(u")u”dxds) < —liminf/ eV(ts)/f(u”)u”dxds
n—00 0 Q e Jo Q
t
< —/ e”’(ts)/liminff(u”)u”dxds
0 Q

n—o0

Y dxds. .
/0 e /Qf(u)u xds (1.85)

Since u" — w in LP(0,T"; LP(Q2)) (see (1.70));) and f(u(-)) € L71(0,T; Lv1(12)), we

have
t
/ e (=9 / f(u)(u" —u)dxds — 0, (1.86)
0 Q

as n — oo. Since f(u") — f(u) weakly in L71(0,T; L7 1(Q)) (see (L.70)), we

deduce

/Ot e (=) /Q(f(u") — f(u))udxds — 0, (1.87)
as n — oo. Combining now —,
—/Ot e V(=9 /Q(f(u”) — f(u))i"dxds — 0 as n — 0. (1.88)
Therefore, by , , and in Lemma we infer from that

¢
_ ) [~ 2 o
hmsup/o e t9)||g (s)||§1gds < Ze " limsup ||2"(0)]]3,

n—oo h n—oo

2 . n n
= EG_W hmsup(”u (0) — UO||2 + ||./—"¢ - ‘F¢||L%¢(R+7HS(Q)))

n—oo

2 . n n
< %e’w lim sup (Hu (0) — ug||® + C,||¢" — ¢||L§{g>. (1.89)

n—o0

Eventually, we have

—t
lim sup ||u} — ut||%§1a = lim sup/ e |lum(t+s) — u(t + S)||12qu8

n—o0 0 n—o0 00

0
' V8|47 _ 2
+11msup/ e |lu"(t + s) — u(t + s)[zads

n—00 —t
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0
= lim sup e‘”t/ e’ 9" (s) — ¢(s)||§{§ds

n—oo —

t
+limsup/ e V=) ||y (s) — u(s)||12qus, (1.90)
0

n—0o0

which together with (1.89) concludes (1.67). Furthermore, if (ug, ") — (uo, ¢) in
M, obviously ([1.68]) and ((1.69) can be obtained from ((1.67)). [J

As a consequence of Lemma the following corollary about the continuity of
{S(t)}+>0 on M immediately follows:

Corollary 1.13. Assume that the conditions in Theorem hold, the semigroup
{S(t) }+>0 is continuous from M to M.

Then, we will prove the asymptotic compactness of the semigroup {S(¢)}+>o.

Lemma 1.14. Suppose the assumptions in Theorem [1.6 hold. Then the semigroup
{S(t)}+>0 is asymptotically compact in M.

Proof. For any bounded set B of M and ¢t > 0, let {(u"(-),u}(-))} be a sequence of
solutions of the equation (1.5) with initial values {(yn, ¢n)}neny € B. Consider the
sequence

S@ﬂ)(?/m ¢n) = (u(tm 0, (yn? ‘F(bn))? utn('; 0, (ym F¢n))) = (un(tn>7 u?n()), (1'91)
where ¢,, — o0 as n — +00. We need to show that the sequence is relatively compact
in M.

Given a positive constant 7. Let v"(-) = u"(- +t, — T'), then
v"(T) = u"(t,) and vp(t) =v"(T+1t) = u"(t +t,) = uy (t).
Thus, we denote
Yo = (0"(T),v7()) = (u"(tn), ut, (-)) = S(tn) (Yn, ),
and
& = (v"(0),v5() = (Wt = T), 4y, _7(-)) = S(ta = T)(Yn, $n)-

Notice that the sequence (yy,, ¢,) is bounded. Since t,, — oo, there exists ng such
that if n > ng, then ¢,, > T. Thus, from Lemma|l.10, we deduce that for all n > ng,

1Yl = 1S (80) (s &)l < 2Cs, (1.92)
which means that there exists Y := (w, 0) such that passing to a subsequence,
Y, =Y weakly in M. (1.93)
Similarly, it follows from Lemma that, for all n > ny,

& e = 1S (tn = T) (Y, @a)lln < 2C, (1.94)
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which implies that there exists 7 := (y, ¢) such that passing to a subsequence,
¢ — ¢T weakly in M. (1.95)

To prove that the weak convergence in ((1.93)) is a strong convergence, we only need
to prove that for every € > 0, there exists n(e) > 0 such that for all n > n(e),

1Ys = Yilu <. (1.96)

It follows from the convergence in Lemma that @ = v7(0) in L*(Q), 0 = vz in
L%g and o(s) = vr(s) for a.a. s <0. By (1.65)), we can deduce that

u'(ty) = 0"(T) = S(tw)yn = S(T)S(tn — Ty = S(T)y =v(T) =w.  (1.97)
In what follows, if we can confirm that
up (1) = o in L%’S’ (1.98)

n

then (1.96) holds. By ({1.58|) and (1.67)), we have

limsup [, (-) = o2 = limsup [[vf: — vr|2,
n—00 0 n—00 0

< e Mlimsup ([|& — &7|13) < 4Ce 7. (1.99)

n—oo

Finally, by the diagonal method, we can conclude that ((1.98) holds for 7" — +o00.0

Therefore, we obtain the below existence result of global attractors by using

Corollary [1.11], Lemma and Corollary in the sense of Theorem

Theorem 1.15. Assume that the conditions in Theorem[1.6 hold. Then, the semig-
roup {S(t)}i>0 possesses a global attractor in M.
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Pullback random attractors for
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colored noise with or without
delay
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Chapter 2

Single-valued random p-Laplace
equations without delay

In this chapter, we introduce the concept of a pullback random bi-spatial attractor
for a nonautonomous random dynamical system. We first prove an existence the-
orem of a pullback random bi-spatial attractor, which includes its measurability,
compactness, and attraction in a regular space. Then, the residual dense continuity
of a family of pullback random bi-spatial attractors is established from a parameter
space into the space of all compact subsets of the regular space equipped with the
Hausdorff metric. An application of the abstract results in nonautonomous random
quasilinear equations driven by nonlinear colored noise, where the size of noise be-
longs to (0, 00| and the infinity size corresponds to the deterministic equation, leads
to proving the existence and residual dense continuity of pullback random bi-spatial
attractors on (0, oo] in both square and p-order Lebesgue spaces, where p > 2.

In the next section, we will give some definitions and lemmas that will be used.
In Sect. 2.2 we show an existence results of pullback random bi-spatial attractors.
In Sect. [2.3] we prove the residual dense continuity for pullback random bi-spatial
attractors. In Sect. and Sect. [2.5] we consider the random p-Laplace equation
(M) and use the results of Section to prove the existence of pullback random
bi-spatial attractors for random equation (). In Sect. [2.6] we verify the residual
dense continuity of the pullback random bi-spatial attractor for random equation
by using the results of Section [2.3]

2.1 Some definitions and lemmas

Let (Q,FF,P) be a probability space equipped with a group {6; : Q@ — Q;t € R} of
measure-preserving transformations. A measurable mapping ® : RT x R x Q x X —
X is called a cocycle on X (see [80]) if, for t,s > 0,7 € R,w € 0,

O(t+s,7,w) = O(t, 7+ 5,0,w)P(s, T,w), (0,7,w) = Iy.
Definition 2.1. A cocycle ® on X is called regular in (X,Y) if

O(t,7,w)X CY (thusC XNY),Vt>0,7TeRwe.

29
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A set-valued map D : R x Q — 2¥\{0} is called a bi-parametric set in X,
while a bi-parametric set D in X is called random in X if w — dx(z, F(w)) is
F-measurable for z € X, and compact (closed, bounded) if D(7,w) is compact
(closed, bounded) for each 7 € R and w € €.

Throughout this chapter, ® is an inclusion-closed universe of some bi-parametric
sets in X. (X,Y) is a limit-identical pair of separable Banach spaces whose limit
identity property satisfies ().

Definition 2.2. Let ® be a regular cocycle in (X,Y). A bi-parametric set A is
called a ®-pullback random (X,Y)-attractor for & if

(1) Ae€D;

(11) A is compact in X NY;

(111) A is random in X and in'Y respectively;

(iv) A is invariant under ®, i.e., fort > 0,7 € R,w € Q,

O(t, 7 —t, 0 w)A(T — 1, 0_w) = A(T, w); (2.1)
(v) A is ©-pullback attracting in X NY, that is, for each D € D,

tligrn dxey (®(t, 7 —t,0_w)D(T — t,0_w), A(T,w)) =0.

—>+00

Remark 2.3. (a) The regularity of ® and invariance in (2.1)) imply that A(T,w) C
Y.

(b) If X =Y, a pullback random bi-spatial attractor reduces to a usual pullback
random attractor in [86]], while the concept of a pullback random attractor expands
the early concept of a random attractor in [26], [27)].

(c) Even if X #Y, a pullback random bi-spatial attractor in (X,Y) must be a
pullback random attractor in X.

Definition 2.4. [86] A bi-parametric set K in X is called ©-pullback absorbing for
a cocycle ® in X if, for each D € ®, 7 € R and w € Q, there is T' > 0 such that

(b(t? T —t, e—tw)D(T -, 9_,5(&)) C IC(’T, CU), Vt>T.

Definition 2.5. A reqular cocycle ® in (X,Y) is called ®-pullback asymptotically
compact in X (resp. Y, XNY)if, forDe D, 71 € R, w € Q and t,, — 400, the
sequence

{P(tn, T — tn, 0y, w)x,} with x, € D(T —t,,0_;, w)
has a convergent subsequence in X (resp. Y, X NY ).

We recall two Barie category theorems. A set ) in a topological space A is
called nowhere dense if its closure () does not contain any nonempty open set,
and residual if the complement ¢ is a union of countably many nowhere dense
sets.
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Lemma 2.6 (Abstract Baire residual Theorem). Suppose that A is a topological
space, Z is a metric space and F,, : N — Z is a sequence of continuous mappings
such that

lim F,(A\) = F()\) in Z, V X € A.

n—o0

Then the continuity-set (i.e. the set of points of continuity) of the mapping A —
F(\) is residual in A.

The above theorem was proved in [59, Prop. 1], while a special case when A is
a complete metric space was proved in [47, Theorem 5.1].

Recall that A is called a Hausdorff space if for two points A\; # Ay there are
open sets O1, Oy such that \; € O, Ay € Oy and O; N O, = 0.

Lemma 2.7 (Baire density Theorem). If A is a complete metric space or a compact
Hausdorff space, then any residual set in A is dense.

The above lemma can be found in [47] when A is a complete metric space and
in [59, Prop. 2] when A is a compact Hausdorff space.

2.2 Abstract results on the existence of a pullback
random bi-spatial attractor

For any bi-parametric set B in X, the omega-limit set in X is defined by

Tx(B)(rw) = J @t 7 —t,0_w)B(r —t,0_w)

T>0t>T

for 7 € R and w € (2, where the overline denotes the closure in X. Since ® is regular
in (X,Y), the following set

Ty (B)(r,w) == () cy | ®(t, 7 — t,0_w)B(r — t,0_w)

T>0 t>T

is well-defined in Y (even if B does not lie in V'), where cly denotes the closure in
Y, and thus Ty (B) is a closed bi-parametric set in Y. It is similar to define the
omega-limit set Y xqy (B).

We now state and prove an abstract result on the unique existence of a pullback
random bi-spatial attractor.

Theorem 2.8. Let ® be a regular cocycle in (X,Y) and © a universe in X.
(i)If we assume that fort > 0,7 € R and w € ,
(B1) (¢, 7,w) : X — X is continuous;

(B2) there is a ©-pullback absorbing set KK € © and K is random closed in X ;
(B3) @ is D-pullback asymptotically compact in both X and Y, respectively,
then ® has a unique ®-pullback (X,Y)-attractor given by A = Yx(K) which is

random in X.
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(11) If we further assume

(B4) ®(t,7,w) : X NY =Y is strong-weakly continuous;

(B5) there is another ®-pullback absorbing set M € © and M is random closed
mXNY;

(B6) w — O(t, 7,w)y is (F,B(Y))-measurable for eachy € X NY;

(B7) (XNY,||-||lx+|l-ly) is separable,
then A is a random set in'Y and thus it is a ©-pullback random (X, Y)-attractor.

Proof. (i) By (B1),(B2) and the X-part of (B3), the existence theorem in [80]
shows that ® has a unique D-pullback random attractor in X, given by T x(K) =
A € ©. In particular, A € © and A is random, invariant, compact, D-pullback
attracting in X.

As the autonomous case in [57], using (B3) and the limit-identical property of
(X,Y), one can prove that Tx(K) = YTy (K), which is compact and ®-pullback
attracting in Y.

(ii) The proof of the measurability of A in Y is similar (but slightly different) to
the autonomous case in [30, theorem 20]. We provide here a sketch of the proof.

For the absorbing set M in (B5), by the similar methods as in [30, theorem 20],
one can prove that

A=Tx(M) = Txoy (M) = Ty (M) = T3*(M), (2:2)
where the last term is the discrete omega-limit set defined by
TEE(M)(r,w) == ﬂ U —n, 0_,w)M(T —n,0_,w).
m=1 n=m
Next, we need to consider the following weak sequential closure (rather than the
weak closure in [30, theorem 20]):
cy . E={yeY; Hy,}o>, C E such that y, — y in Y},

for £ C Y. We claim that for all 7 € R and w € €2,
T (M) (1, w) ﬂ cly,. U —n, 0_,w)M(T —n,0_,w). (2.3)
m=1 n=m

The C relationship in is obvious. We need to prove the D relationship. Suppose
y belongs to the right-hand side of (2.3). Then, for each m € N, there are {m;};en
with m; > m for all i € N)(where {m;} may not be a subsequence of {m}) and
T, € M(T —my,0_,,,w) such that

O(my, T —my, 0, w)T,, =y inY as i — oco.

Hence the diagonal sequence {m,,}men is a subsequence of {m} (because m,, >
m — oo) such that

(M, T — My, O, W) Ty, — y In Y as m — 00.
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Since m,, — oo, M € ® and ¢ is D-pullback asymptotically compact in Y (see
(B3)), it follows that {m,,} has a subsequence (not relabeled) such that

D (M, T — Moy O, W) Ty, — 2 DY, as m — o0,

and thus z € T (M)(7,w). By the uniqueness of the limits, we have y = 2 €
T{s(M)(7,w). Therefore (2.3)) holds true.

By (2.2) and (£2.3)), it is direct to deduce that

A(T,w) = m cly,, U cly, . ®(n, 7 —n,0_,w)M(T —n,0_,w). (2.4)
m=1 n=m

By (B5), the mapping w — M(7 — n,w) defines a random closed set in X NY,
while, by (B7), X NY is a separable Banach space. Hence, [25, Lemma II. 4.1]
implies that there is a sequence {z,, }32, of random elements in X N'Y" such that

M(T —n,w) = clxpy {2, (w);j € N}, Vw € Q.
From which, we deduce from (B4) that
cly, . ®(n, 7 —n,0_,w)M(T —n,0_,w)
= cly,,®(n, 7 —n, 0_,w){z, (0_nw); j € N}. (2.5)
From and we obtain that

A(T,w) = ﬂ cly,. U cly,, ®(n, 7 —n,0_,w){z,, (0-nw);j € N}.
m=1 n=m
Hence, the similar method as in (2.3) implies that

A(r,w) = ﬂ cly U d(n, 7 —n,0_pw){z, (0_nw);j € N}. (2.6)

By the same method as in [30), theorem 20], using (B3), (B4) and (B6), one can
prove that the last set in (2.6|) is random in Y, and thus A is random in Y as desired.

O

Remark 2.9. In Theorem[2.§ (i), conditions (B4), (B5) are different from those
in [30], while we have to assume (BT), which appears to be missed in [30, Theorem

20]. In general, the separability of X andY cannot imply the separability of X NY'.
But we will prove the separability of L*(R™) N LP(R™) in Lemma later.

2.3 Abstract results for residual dense continuity
of pullback random bi-spatial attractors

Recall that C(X) (resp. CB(X), B(X)) denotes the collection of all nonempty
compact (resp. closed bounded, bounded) sets in X. It is known that Hausdorff
metric px is a complete metric on C(X) (see [60, Prop. 2.1]) and a metric on C'B(X)
(see |47, 48]).
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Lemma 2.10. (i) C(X NY)=C(X)NC(Y) and B(XNY) = B(X)NB(Y).

(1)) CB(XNY) D B(X)NCB(Y) and thus CB(XNY) D> CB(X)NCB(Y).

(11i) A set-valued mapping X\ — F(\) is continuous at \g € A into (C(X N
Y), pxny) iff so it is into (C(X), px) and (C(Y'), py) respectively.

(iv) If A is a pre-compact set in X N'Y, then the closures of A in X, Y and
X NY are the same, and thus this same closure is compact in X, Y and X NY
respectively.

Proof. (i) By [57, Lemma 2.1], if (X,Y) is limit-identical, then A is compact in
X NY iff Ais compact in X and in Y respectively. Hence the first equality in (i)
holds true, while the second equality follows from || - ||xny = || - lx + || - ||y

(ii) Suppose that D € B(X)NCB(Y). By (i), D is bounded in X NY. Suppose
z, € D and x € X NY such that ||z, — z||xny — 0. Then ||z, — z||xny — 0. Since
D is closed in Y, we have x € D, and thus D is closed in X NY.

(iii) The assertion (iii) follows from (i) immediately.

(iv) Let A be a pre-compact set in X NY and y € cly A. Then there is a sequence
Yn € A such that ||y, — ylly — 0. Since A is pre-compact in X NY, passing to a
subsequence, we have ||y, — z||xny — 0 for some z € X NY, which implies that
y = z € clxyny A and thus cly A C clxny A. Obviously, clxny A C cly A, and thus
they are equal to each other. It is similar to prove that A = clxqny A. O

We need the following result on the strong-weakly continuity of an operator.

Lemma 2.11. Let & : X — X NY satisfy that & : X — X is continuous.
(a) if ®: X NY =Y is strong-weakly continuous, then

d(C(XNY)) C CB(Y).

(b) On the contrary, if ®(C(XNY)) C B(Y) and the embedding X* — (X NY)*
i1s dense, then ® : X NY — Y is strong-weakly continuous.

Proof. (a) Given A € C(X NY), by the strong-weak continuity of & : X NY — Y,
we deduce that ®(A) is weakly compact in Y. In particular, ®(A) is weakly closed
and thus (strongly) closed in Y (because the collection of all weakly closed sets is
contained into the collection of all strongly closed sets).

We then prove that ®(A) is bounded in Y. Indeed, for each y* € Y, the mapping
y — (y,y*) is (Y, R)-continuous, where Y, denotes the weak topology. Since ®(A)
is weakly compact in Y, it follows that the set {(y,y*) : y € ®(A)} is compact and
thus bounded in R for each y* € Y*.

On the other hand, each y € ®(A) can be regarded as a continuous linear func-
tional on Y*, that is, y** : Y* — R with y**(y*) = (y,y*) for all y* € Y*. By the
above proof, the family {y** € Y** : y € ®(A)} is pointwise bounded (acting on each
y* € Y*). By the resonance theorem, the set {y** € Y** :y € ®(A)} is bounded in
Y**. Since ||[y**]| = ||y|| for all y € Y, it follows that ®(A) is bounded in Y.

(b) Let &, — 29 in X NY. By the continuity of ® : X — X, we have ®x,, — dx
in X. In particular, {®z,} is bounded in X and

(Dxy,, x*) = (Pxg, 2*), V2™ € X" (2.7)
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Since {z,; n € No} U{zo} € C(X NY), it follows from the assumption that {®Pz,}
is bounded in Y, and thus {®z,} is bounded in X NY.

By the assumption, we know that X* is dense in (XNY')*. Then the boundedness
of {®x,} in X NY, together with (2.7), implies that

(D, y*) = (Pro, y"), Yy e (X NY)*
Note that Y* — (X NY)*, and thus ¢z, — $zpin Y. O

Let A be a topological space (termed as a parameter space). For each A € A,
we assign a regular cocycle @, in (X,Y) and assume that each ®, possesses a D-
pullback random (X, Y)-attractor denoted by A,. We need some conditions which
hold forall A € A, ¢t >0, 7 € R and w € €.

Cl. ¢,(t,7,w) : X — X is continuous.

C2. O)(t,7,w) : X NY =Y is strong-weakly continuous.

C3. For each K € C(X NY) and A\ € A,

lim sup || Px(t, 7, w)x — Py, (¢, T, w)x|| xny = 0.
A—>)\() e K

C4. A = UpenAr and each Ay is closed in A.
C5. The union Ay, (s,w) is pre-compact in X NY for each s < 0, where

A, (r,w) = | Ax(r,w), Y 7 € Rk € N,w € Q.

AEA,

C6. For each k € N, there is By € ® such that
Ay, (s,w) C Bi(s,w), Vs <O0.

In order to study the density continuity, we strengthen C4 by
C4*. A = UpenAy, each Ay, is a compact Hausdor(f space or a complete metric
space, and A" is residual in Ay, where A denotes the interior of Ay in A.

Theorem 2.12. Suppose that a family {Ax; A € A} of ©-pullback random (X,Y)-
attractors satisfies C1-C6. Then, for each 7 € R and w € Q, the continuity-set
(denoted by A*(1,w)) of the mapping

A= Ay(r,w), A= (C(XNY), pxny) (2.8)
is a residual set in A. Moreover, N*(7,w) is dense in A if C4* replaces CA4.
Proof. Step 1. We prove the continuity-set (denoted by A% (T,w)) of the mapping

A Ax(T,w), A= (C(X), px)

1s residual in A. Since A, is an attractor in X, by using C1, C4, C6 and the X-part
of C3, C5, the assertion follows from [60, Theorem 4], but we use the Baire residual
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theorem (i.e. Lemma when A is a topology space, which generalizes the case of
a complete metric space used in [47], 48] [60].

Step 2. We prove under C2-C6 that the continuity-set (denoted by A} (T,w))
of the mapping

A= Ay(r,w), A= (CY),py)

is residual in A. We fix k € N, 7 € R, w € Q and a sequence {t,}, with |7| <, —
+00. By C5 and 7 — t,, < 0, we know that for each n € N,

AAk <T - tn’ Q*tnw) = U A)\(T - tn7 Q,tn(,(J)

AEA

is a pre-compact set in X NY. By Lemma [2.10] (iv),
K, = Ap (T —t,,0_4,w) = clxny Aa, (T — T, 01, w), (2.9)

and thus K,, € C(X NY) for each n € N. By C2, the following mapping

Oy\(tn, T —tn,0_4,w): XNY =Y
is strong-weakly continuous, then it follows from Lemma (a) that
F,(A) :=®\(ty, T — ty,0_,w)K, € CB(Y), VneN, X\ € Ag.
);

We remark here that by C1 we have F,,(A) € C(X), but it may not belong to C(Y).
Suppose that A — Ao in Ag, by K,, € C(X NY), it follows from C3 that

dY(Fn()\(])? Fn()\)) = sup dY(®A0 (tn7 T — tnu 9 t, W )Z/; q))\< ny T — tn; Q,tnCL))Kn)

yeKn

< sup || Py, (tn, T — tn, Oy, w)y — Paltn, 7 — t,, 04, w)yl|ly — 0.
yeKy,

Since the last distance is symmetric, we similarly obtain that

lim dy (F,(A), Fa(Ae)) = 0.

)\*))\0
The above limits imply that for each n € N,

A= F,(N), Ay, = (CB(Y), py), is continuous. (2.10)

We then consider the convergence of F,(-) as n — oo. By the invariance and
(2.9), we know that, for each A € Ay,

dy (Ax(T,w), Fr,(N) < dy (Po(tn, T — tn, O—t,w) An, (T — tn, 01, w), Fr(N))
= dy (F,(\), F,(\)) = 0.

By 7 —t, < 0, the condition C6 implies that there is By € © such that

K, C Bi(t —t,,0_,w), Yn € N.
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Then, by the Bi-pullback attraction of Ay in Y, for each \ € Ay,

dy (F,(N), A\(T,w)) = dy (PA(tn, T — tp, 0y, w) Ky, Ax(T,w))
< dy (PA(tn, T — tn, 0_y,w)Br(T — tn, 04, w), Ax(T,w)) = 0

as n — oo. We conclude that, as n — oo,
F,(\) = Ax(m,w) in (CB(Y), py), VA € Ay. (2.11)

Both (2.10) and (2.11)) are just the assumptions in the Baire residual theorem
(see Lemma [2.6) on A;, and Z = C'B(Y). Hence, the continuity-set (denoted by A%.)

of the mapping
)\HAA(T,(M), A — (OB(Y),py) (212)

is a residual set in Agx. By the compactness of A, in Y, the mapping in ([2.12))
actually maps Ay, into (C(Y), py).
Now, it is not difficult to prove (see [59, Lemma 3.2]) that the whole mapping

Ao A w), A= (CY), py) (2.13)

is continuous at each point of A¥ N A and thus it is continuous at all points of
UkeN(Al;:/ ﬂ A}Cn)

It is sufficient to prove that the above union is residual in A. Indeed, since A%
is residual in Ay, there is a sequence {Qy;}; of nowhere dense sets in Ay such that

Ak \ AI;/ = UjENija Yk € N,

where each @)y, is also nowhere dense in the whole space A (see [59, Lemma 3.2]).
By C4 and the above equality, we have

A\ UJ@y nap) = [J A\ [Jos nag)

keN keN keN
c J@a\ Ay U\ A = [ [ Qs U (A \ AY). (2.14)
keN keN jeN

Since Ay is closed in A as assumed in C4, it follows from [59, Lemma 2.1] that
Ay \ AI* is nowhere dense in A. Hence, we see from that Ugen(AY N A s
residual in A. Therefore, the larger set A} (7,w) is residual too.

By Lemma [2.10] (iii), the set A%y (T,w) = A} (7,w) N A%(7,w) is just the
continuity-set of the mapping in (2.8)) (into C(X NY)). Since both A} (7,w) and
A% (7,w) are residual in A, the intersection A%y (7,w) is residual in A too.

Step 3. We prove the continuity-set A*(1,w) of the mapping in 15 dense
in A if C4* replaces C4. We work on the space X NY.

As in Step 2, for each n € N, we put

Kn = AAk (’7‘ — tn, Q_tnw)X, Fn()\) = (I))\(tn,T — tn, H_tnw)Kn, )\ - Ak,
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then K, € C(X NY) and F,(\) € CB(Y). By C1, F,(\) € C(X). Hence we see
from Lemma (ii) that F,(\) €e CB(X NY).
By the same methods as in (2.10]) and (2.11)), we can prove that

A= Fo(N), Ay = (CB(X NY), pxny) is continuous, Vn € N
F,(A) = A\(1,w) in (CB(XNY),pxay) as n — oo, VA € Ag.

Applying Lemma on Ay and Z = CB(X NY), we know that the continuity-set
Ry.(T,w) of the following mapping

/\l—>A)\<T,w), Ak — (CB(XQY),pme)
is residual in Aj. Then the whole mapping
A= Ay(T,w), A= (C(XNY), pxay)

is continuous at all points of R N A". Hence the continuity-set satisfies

A*(r,w) D [ J (R AD). (2.15)

By C4*, A" is residual in Ay and thus Ry N Al is also residual in A;. By C4*
again, Ay is a compact Hausdorff space or a complete metric space. Then Lemma
m (Baire density theorem) implies that the residual set Ry, N A" is dense in Ay.

Let now O be a nonempty open set in A. Since A = UgenAg, there is a kg € N
such that O N Ay, is nonempty. Note that the nonempty set O N Ay, is open in Ay,
and thus

0 # (0N Ag) N (R NAR)NAR) C ONA*(1,w),
which the inclusion follows from ([2.15)). Hence, A*(7,w) is dense in A.OJ

In order to prove that the continuity-set A*(7,w) in Theorem is independent
of 7 € R, we supply a condition:

C7. Foreach A € A, t >0, 7 € R, w € Q, the mapping y — P(t,7,w)y is
uniformly continuous in'Y on any compact subset K of X NY.

Note that C7 is actually equivalent to the (strong) continuity of the cocycle
operator @,(t,7,w): X NY — Y. Hence C7 is stronger than C2.

Theorem 2.13. Suppose that a family {Ax; A € A} of D-pullback random (X,Y)-
attractors satisfies C1-C7. Then, for each w € €, there is a residual set A*(w) in
A such that the following mapping

A= A)\(T, 97-(,0), A — (C(X N Y),IOme) (216)

is continuous at all points of A*(w) for each T € R. Moreover, A*(w) is dense in A
if C4* replaces C4.
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Proof. Under assumptions C1-C6, by Theorem and its proof (see Steps 2-3),
for each 7 € R, w € 2, the mapping

A= A)\(T, w), A — (C(X M Y),any)
is continuous at all points of

U (Bi(r,w) N AY) = R(r,w), (2.17)

keN

where Ry (7,w) is residual in Ay, while R(7,w) is residual in A. Put

AN(w) = h R(j,0;w). (2.18)

j=—1

As a countable intersection of residual sets, A*(w) is residual in A.
We prove that each point in A*(w) is a (common) point of continuity of the

mappings in (2.16)) for all T € R if we further assume CT7.
If A*(w) = 0, the assertion automatically holds. Hence, we assume A*(w) # ().

Given Ay € A*(w) and 7 € R, we write 7 = m + ¢, where m € {—1,—2,---} and

t > 0. By (2.18), Ao € A*(w) C R(m, O,w). By (2.17),
Ao € Ry (m, 0,0) DAL C AR, for some kg € N,

and thus A}% is an open neighborhood of \g in A. Furthermore, for any A € Ai,;;,

An(m, 0,w) © | Ax(m, 00) © A, (1m0, i)

A,

= K. (2.19)

Since m < 0, by C5, Ax,, (m, 0,,w) is pre-compact in X N'Y and thus, by Lemma
2.10| (iv), K is compact in X NY, in X and in Y respectively.

Given ¢ > 0, by C1, ®,,(t,m,0,,w) : X — X is continuous and thus uniformly
continuous on K € C(X). Consequently, there is 6; > 0 such that

€
H(I>>\0 (ta m, emw)x - ®>\0 (ta m, 6)77"0“‘})?/”)( < Z
whenever ||z — y||x < 0; with z,y € K. Since K € C(X NY), by C7 that there is
ds € (0,01) such that

€

Hq)/\o (ta TTL, Qmw)x - (I)Ao (t7 m7 emc‘))yHY < 4

whenever ||z — y|ly < dy with z,y € K. Put § = min{dy, >}, for all z,y € K with
[z = yllxry <0
£

| Dy, (t, M, Opw)x — Py, (t, M, Oy || xy < 7 (2.20)
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Since A\g € R(m, 0,,w), namely, \q is a point of continuity of A — Ay (m, 0,,w) in
C(X NY) and thus there is an open neighborhood Nj(Ag) in A such that

pxry (Ax(m, 0pw), Ay, (m, O0,w)) < 5, VA € Ni(N). (2.21)
By C3, there is an open neighborhood Na()g) in A such that

sup || @ (t, m, Opw)x — @y, (£, m, Opw)z|| xAy < %’ VA € Na(No). (2.22)
zeK

Let N(Xo) = A2 N N1(Ag) N N2(Xg), which is open in A. Then (2.19) implies that
Ax(m, 0,,w) C K, for all A € N(\g), and thus (2.22)) implies that

pXﬂY((D/\(ta m, emc‘-})A)\(m: emw), (I))\o (ta m, emw)A/\(ma emw))
< sup || Pa(t, m, Ow)x — Py, (E, m, Opw) || xny < g (2.23)
zeK
For A € N(\g) and z, € Ax(m,0,,w), by (2.21)), there is yy, € Ay, (m, O,,w) such
that ||zx — ya, || xny < 0. Note that z) € K, y,, € K, it follows from (2.20)) that

dxry (P, (t, m, Opw) Ax(m, Ow), P, (8, m, Ow) Ay, (M, Opw))

£
< sup ||q))\0<t,m,0m(U)I)\ - q)>\0 (t,m,ng)y)\OHXmY < 5
IXEAX(mvgmw)

On the contrary, for y € Ay, (m,0,w) and A € N(\g), by (2.21)), there is z, € A,
such that ||y — zx||xny < ¢ with y, z) € K. Then (2.20) implies that

dxry (P, (t, m, Opw) Ay, (M, Ow), Py, (t, m, Opw) Ax(m, O,w))

< sup dxry (P, (t, m, Opw)y, Py, (t,m, Ow)2)) < E
yEArg (M Omw) 2

Both inequalities mentioned above imply that

Py (@og (£, 11, ) A (112, 00, By (£, 110, Oynid) Ang (112, Oit)) < g (2.24)

for all A € N()g). By the triangle inequality, both (2.23]) and (2.24)) imply that

pxry (Pa(t, m, Onw) Ax(m, Omw), B, (¢, m, Omw) Axy (M, Omw)) < €
for all A € N()g). However, by the invariance, we conclude that

lim pXmY(A)\ (7—7 grw)y A/\o (T’ QTW)) =0.
/\—>)\0

We finally prove that A*(w) is dense in A if C4* replaces C4.
Indeed, by (2.17) and ({2.18]), we have

@) = ) RGO = () UEG6) 0 A > [ () R0 0 A7),
J=-1 j=—1keN keN j=-1

(2.25)
By C4* and Lemma , the set (.27, Ri(j, 0;w) N A is residual in Ay and thus

]:
dense in A, for each £ € N. By the same method as Step 3 of Theorem [2.12] we

see from (2.25) that A*(w) is dense in A. O
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2.4 Random quasi-linear equations with nonlin-
ear colored noise

The random quasi-linear p-Laplace equation driven by nonlinear colored noise is
read as

2.26
u(r,z) =u (z), T€R, € R, meN, (2.26)

{ut + Ayu+au = f(x,u) + g(t,z) + h(z,u)(\(fw), t > T,
where the p-Laplace operator is given by A,u = —div(|Vu[P~2Vu) for p > 2.
We assume that f : R™ x R — R is continuously differentiable such that for all
r € R™ and s € R,

fla,s)s < =PulslP + du(x), é1 € LI(R™) N L=(R™), (2.27)
[f(,8)] < Bols|”™" + d2(2), ¢z € LP(R™), (2.28)
%(9@ 5) < —Bs|s|P72 + ¢s(x), ¢3 € LPN L™, (2.29)

where 8; > 0 and p = p/(p — 1). We also assume g € L2 (R, L*(R™)) and h :
R™ x R — R is continuously differentiable such that

‘h(l‘, S)’ S wl(x)ysyq—l + ¢2(5U)7 (230)
%(JZ, s) < (x)|s|7? + Yu(z), ¥V x € R™, 5 €R, (2.31)

where ¢ € [2,p) and ¢; € LY(R™) N L>®(R™) (thus ¢; € L"(R™) for any r > 1) for
i=1,2,3,4.

As usual [4], we consider a two-sided scalar Wiener process W (¢, w) on the clas-
sical Wiener space (Q,F, P, {0, }1cr), where

Q={we CR,R): w(0)=0}, w()=w(t+")—w(t), Vwe Q,

[F is the Borel o-algebra B(€2) with respect to the Fréchet metric and P is the two-
sided Wiener measure on (§2,F). Let

Q={weQ:Ve>0, 3C(w)>0st. |w(®t) < Clw)ed}. (2.32)

By [14, Lemma 11], € is a f-invariant full-measure subset of 2 and thus we do not
distinguish between )y and 2 below.

For each A > 0, the Ornstein-Uhlenbeck process {()(f;w);t € R} is called colored
noise.

Lemma 2.14. ([{2]) For each A\ > 0 and w € Q, t = (\(fw) is continuous, and
tempered, more precisely,

lim e ¢, (Aw) =0, ¥V e> 0. (2.33)

t—+oo
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2.4.1 Initial and regular spaces

From now on, we set X := L*(R™) and Y := LP(R™) with the norms || - || and || - ||,
respectively, where p > 2. There are not any embedding relationship between X
and Y (see the counterexamples in [30]), but we can verify (B7) in Theorem [2.8 as
follows.

Lemma 2.15. (X NY, |- ||+ -l,) is a separable Banach space. Moreover, X* is
dense in (X NY)*.

Proof. We mainly prove that X NY is separable. Put Oy = {x € R™ : |z| < k}.
For each k € N, it is known that LP(Oy) is separable and thus there is a countable
dense subset {uy; : j € N} of LP(Oy). Given any u € L?(Ox) N LP(Oy), we can

extract a sequence {u}}; from {ug; : j € N} such that u}, — u in LP(Oy) as i — oo.
By Holder inequality, we have

ek — ullZa0,) = / () — () P < Oyl — w20, — 0
k

as i — oo. By the Holder inequality, {uy; : j € N} € L?(Oy). Hence, foe each k € N
{uy; : j € N} is dense in (L*(Ox) N LP(Op), || - |z2(00)nzv(04))-

The null-extension of v : O — R is denoted by v, namely, v = v on Oy and v =0
on Of. We then obtain that

{t; : j € N} is dense in (L} N LE, || - lz2nze), VE €N, (2.34)

where L7 :={v:v € L*(O)} C X and L} :={v:v e LP(Oy)} CY.
Given now w € L*(R™) N LP(R™), the truncation of w on Oy is defined by

wi(z) = w(x), Vo € Ok, wi(z) =0, Vo € R™\ O.
Obviously, wy, € L2 N L} for each k € N. Moreover, as k — oo,
|w,, —w|| = 0, [Jwy —w|, = 0 and thus ||w; — w||xny — 0,
which implies that Ugen(Li N LY) is dense in X N'Y. Therefore, by
{ty; : k,j€N}tisdensein (XNY ||+l
which means that X NY is separable.
Using the test functions, one can prove (see [57]) the limit-identical property

for (X,Y). Then it follows from [57, Lemma 2.1] that X N'Y is a Banach space.
The last assertion on the dense embedding is obvious. [J
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2.4.2 The cocycle on the initial space X
Consider the Sobolev space W?(R™) equipped with the norm
lullwrr = (ully + [IVull2)V?, Vu e WH(R™).

We have WP(R™) — Y, but the embedding is not compact.
Both (B1) and C1 in theorems are verified as follows.

Lemma 2.16. For each A > 0, w € Q and u, € X = L*(R™), equation has

a unique weak solution such that

uy € C([r,00); X)N LY

loc

(7, 00; WHP(R™)). (2.35)

Moreover, the solution operator u, — uy(t;T,w,u,) is continuous on X and w —
ux(t; T, w,ur) is (F,B(X)) measurable.

Proof. Euzistence. As done in [54], by the Faedo-Galerkin method, one can prove
the existence of a solution satisfying (2.35|) by using the following a priori estimates:

lux(t; 7w, u )2 < eXa(t, 7,0, ur),

t
/ I ([Vur()15 + lua()[Ih + lua(s)lIP)ds < Ta(t, 7,0, u.), (2.36)
where t > 7, ¢ is an intrinsic positive constant and
—a(t—r) 2 ' a(s—t) 2 =2
Tt ) = P+ [ gl + 16n(0.0)| FT + 1)ds.

The proof of (2.36]) is similar to the autonomous case as given in [5§].
Uniqueness, continuity and measurability in X. This is standard or deduced
from the same method as in Proposition U

By Lemma [2.16, for each A\ > 0, one can define a continuous cocycle ®, :
Rt xR xQxX — X by

O\ (t, 7, w)u, = ur(T+ 67,0 _rw, u;) (2.37)

forallt >0, 7 € R, we N and u, € X = L*(R™).

2.4.3 Regularity and strong-weak continuity of the cocycle

We prove that the cocycle is regular and strong-weakly continuous in Y = LP(R™),
namely, (B4) and C2 hold true.

Proposition 2.17. Let A >0, T >0, 7 € R and w € ).
(i) The cocycle ®y is reqular in (X,Y), i.e., A(T,7,w)X C Y.
(i) The mapping @A(T,7,w) : X NY — Y is strong-weakly continuous.
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Proof. (i) Multiplying (2.26) by |u[’~2u and integrating the products over R™ we
obtain that

1d ,
5@““”5 + (Apu, [ul" ) + allull}
= (f(w), [ul"u) + (g(t), [ul"~>u) + G (Ow) (h(w), [ul"~?u).
Note that (Ayu, [u[P~?u) > 0. By (2.27),
p—2 2p-2 p—1 3 2p—2 2
(f (w), [ul"u) < =Phl[ull5p—5 + s |dallul”™ dz < =2 Bilullzp—2 + cllnl™

2p—2
By (2.30) and =" > 2,

O (0ww) (h(u), [ul"u) < [ (Bw)] /Rm(WlHU‘HpQ + [a||u[P~h)d

< 2l + el 1 B)| P -+ el @)

2
pP—q

2p—2

< Pl + el 0w 35 + 1)

We also have (g(t), [ulP~2u) < Z||ul|3223 + c||g(¢)||%. Therefore,

d pb _ 2p-2
—lllp + pellullh + ==llullsp—s < c(lg®)|* + G () 7= +1). (2.38)
dt 2

Integrating (2.38)) in ¢ € [r,s], where 7+ € <r < s <74+ 7T and € > 0, we obtain

that
T+T 2p_2
[us)l[; < llu(r)ll} + C/ (g@I? + [6x(Ouw)| 7=5 + 1)t < [Ju(r)||h + Cr(w),

where we use g € L2 (R, X) and the continuity of ¢ — (,(f;w). Integrating the

loc
above inequality in r € [T + ¢, s] yields

1 T+T
futs)lp < s—— [ () lpdr + Cr(o)

S —T

for all s € (t+¢,7+T]. By (2.36) (or (2.35))), the above integral is finite. Therefore,
for any € € (0,7/2),

sup lu(T + ¢, 7w, u) [} < Cer(w).
te(2e,T

(il) We claim that ®,(7,7,w)C(X NY) C B(Y). Indeed, for A € C(X NY) and
u, € A, by (2.38)), the solution u(-;T,0_,, u,) satisfies that

d
S lully < cllg@I + Cr(0-w), vt € [r,7 + T,
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Integrating it from ¢t = 7 to 7 + 1" we obtain that

T+T
lu(r + DIE < s + ¢ / lg(O)|%dt + TC:r(w)
<N A%y + ¢ + Cr(w) < Cr(w) < 400.

Hence ®,(T,7,w)A € B(Y). Note that X* is dense in (X NY)* as in Lemma
By Lemma [2.11] (b), we know that ®,(7,7,w) : X NY — Y is strong-weakly
continuous. [J

2.4.4 Luzin continuity and measurability of the cocycle in
the regular space Y

In order to verify (B6), we set
Oy = {w € Q: [w(t)| < Ne2®, Vs € R}, VN € N,

By (2.32)), Q = UF_,Qn and each Qy is a closed set in (€2, dg), where the Fréchet
metric is defined by

SUDse[—n,n] |(,U(S> |

1+ Supse[—n,n] |w<8)|

> 1
do(wy, ws) = Z on

n=1

s A W1, Ws € Q.
We use the convergence of the colored noise in samples ([30, Lemma 22]) to verify
(B6).

Lemma 2.18. Let wy,wy € Qn (N € N) such that do(wy,,wy) — 0. Then the OU
process satisfies

sup | (Oswn) — Ca(Oswo)| — 0 as n — o0; (2.39)
se[r,7+T)
sup sup |G(Oswn)| < C, YA>0, e R, T > 0. (2.40)

n€Ny se[r,7+T]

Proposition 2.19 (Measurability in V). For eachy € XNY, T >0 and T € R, the
mapping w — (T, 7, w)y is (F,B(Y))-measurable and (F,B(X NY))-measurable.

Proof. Let w, — wp in Qy with fixed N € N and u,(-) = u(-, 7,wn, y), n € Ny, the
solution of (2.26) with the initial data u,(7) =y € X NY. Then U, := u, — ug
satisfies that

au,

T + Apun, — Apug + aU, = fuy,) — f(uo) + Ou(Grwn) h(un,) — QG (Brwo) h(up).

Multiplying it by |U,[P~2U,, and noting the monotonicity of A,, we have

1d P P _ p—2
];%HUnHﬁozllUnllp— (f(un) = fluo), U PUp)
+ (0 (Own) h(un) — Ca(Brwo) (o), |UnlP2Us).
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By the integrated mean-value theorem, (2.29)) yields
9 Lof
]f = <f(un> - f(UO)v |Un|p Un> = %(ZE’ aly, + (1 - a’)u0>da|Un|pdm
m Jo
1
—53/ / lat, + (1 — a)ug|P~2da|U, [Pdx + D3]] o0 [|Unl[5-
rm Jo

Denote by

Iy = (G (Own) () — Ca(Bewo) hl(uo), |Un P~ Un)
= Ca(Orwn) (h(wn) = h(uo), |Unl""2Un) + (Cr(0rtwn) — Ca(Bswo)) (h(uo), |UnlP 2 Us).

By the integrated mean-value theorem again, (2.31)) and (2.40)) yield that

Iy = Cx(Orwn) (h(un) — h(uo), [Unl""*U)

= (\(Oiwn) / / (z, au, + (1 — a)ug)da|U|Pdx
= C/ / 193] 00| attn + (1 — a)u0|q_2da|Un|pd:r + C”¢4||<>0”Un||g
m JO
1 p=2
<bo [ [ lawn+ (1= ol dalU, o + Ol £+ [l 10
m JO

for all t € [r,7 4 T]. Hence Iy + I, < C||U,|/2. By (2.30),

17 = (G(0uwn) — G (Biwo)) (Bluo), |Un[P~2U,)
< [ (Orwn) — G (0wo)|C(fluo 24375 + [Jun 121073)

< Cl6a(0un) — Ca(Biewo) | (lluoll? + laual* + lluollzp=2 + lunllzp=2),

where we use ¢ < p. Therefore,
d
U5 = CllUL@OE + Cloa(Orwn) = Ca(Ouwo)[xa(t), VT € [r,7 +T7,

where X (t) = [[uo(6)[1* + [lun(D)[|* + lluo(t)ll2p—2 + l[un(t)[2p—2- By Un(r) = 0, the
Gronwall lemma implies that

T+T
U+ T2 < C / e=C5|Ca(Buom) — Ca(6s00) ()

T
<C sup |G (Oswn) —C,\(95w0)|/ Xn($)ds, (2.41)

s€[r,7+T]

where C' = C(7,T). We then claim that the last integrals are bounded. Indeed, by

(2.38)) and ([2.39), we have

d B 2p—2
allunllﬁwallunll#r [[tn]l2

2p—2



Chapter 2. Single-valued random p-Laplace equations without delay 7

2p—2

< c(lg@)I1” + |G (Ouwn)| 777 + [, (Buw)[* + 1) < Cllg(t)]* + 1),

for all n € Ny and ¢ € [7,7 + T]. Then, the Gronwall lemma implies that
pﬁl T pas 2P—2d < ppaT p C T pas 2 1d
5 " [un(8)llzp—2ds < € |un(T)|7 + " (llg(s)[” + 1)ds.

Note that u,(7) =y € X NY and g € L? (R, X). We have

loc

T+T _— T+T _—
/ n%wmﬂﬂmwﬂ“/ 7 i () |22 2ds
T T

T+T
gcmm+OWJ/ (lg(s)]2 + 1)ds < C

for all n € Ny. Hence, by (2.40) and (2.41)), we have

|Un(T +T)|[F — 0 as n — oo.

Hence the mapping w — @, (7, 7,w)y, Qy — Y, is continuous for all N € N. Note
that

lim P(0y) = IP( D QN> —P(Q) = 1.

Therefore, the mapping w — (7, 7,w)y is Luzin continuous from {2 into ¥ and
thus (F,B(Y'))-measurable.

By a similar method as above, it is relatively easy to prove that the mapping w —
O, (T, 7,w)y is continuous from Qy into X. Hence the mapping w — @, (T, 7,w)y is
Luzin continuous from Q into X NY and thus (F,B(X NY’))-measurable. [J

2.5 Existence of a pullback random bi-spatial at-
tractor

To obtain a pullback random bi-spatial attractor, we supply a backward tempered
assumption: g € L2 (R, X) and

loc

sup/ e g(s)||%ds < +o0, ¥V T € R, (2.42)

r<t J-—00

where « is the positive constant in (2.26)). Let © be the universe of all tempered
bi-parametric sets in X, where a bi-parametric set D is called tempered if D(7,w)
is a bounded subset of X such that

lim e “|D(r —t,0_w)|| =0, Ve>0, T € R,w € . (2.43)

t—+o00
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2.5.1 Uniform random absorbing sets in X NY
We may verify (B2) and (B5), namely, the random absorption in X and in X NY.

Lemma 2.20. For D € ©, 7 € R, w € (), there is Ty > 2 such that for all t > Ty
and u,_y € D(T —t,0_w),

ux(m57 — t,0_w,ur ) ||? < ex(G(1) + Ex(w)) =: K)(T,w), (2.44)
sup |lua(r; 7 —t, 0w, ur )| xny < Ma(T,w), (2.45)

re[r—1,7]

sup sup |ur(r; T —t,0_;w, ur )| xAy < sup My(T,w) < oo, (2.46)

A>Ao re[r—1,7] A>X\o

sup  sup |Jua(r; 7 — 1, 0w, ur o) || < cw sup Ky (7,w) < oo, (2.47)

A>Ao re[r—1,7] A>)\o

1 1
where Ao > 0, My(1,w) = ey (K3 (1,w) + K} (1,w)),
0

0 2p—2
G(T):1+/ e“|\g(s 4 7)||Pds, Ex(w) :/ e |\ (Osw)| P4 ds. (2.48)

—00 —00

Proof. By (2.36) and ([2.43]), one can deduce ([2.44)) and
[ e UVan@ I+ ol + o) s < Kafrw), (249)
T—t
for all t > Ty. By the energy inequality (2.38)), ur(-;7 —¢,0_,w, u,_;) satisfies

d 2p—2
() < eallgls) 2 + Ien(Bs—rw) ¥ +1).

Integrating it from s =7 € [t — 2,7 — 1] to s =r € [r — 1, 7], we have
" 2p—2
[ua(r)[; < llua(P)[7 + 02[ (lg(s)II? + [Ca(Bs—w)| 70 + 1)ds
T 2p—2
< @l 2 | (ls)I? +163(6-r) 55 + D,
T—2

Integrating it from 7 = 7 — 2 to # = 7 — 1, we obtain that for all r € [t — 1, 7],

T—1 T 2p 2
@)l < [ llgas+ex [ (la()IP + 160 ) ¥+ s

By ([2.36]), we know that for all t > Ty > 2 and u,_, € D(7 — t,0_w),
T—1 T
[ s < [ e ulds < i rw),

and thus

sup ||ux(r; T — t)||§ < (€2 + ) Ky(T,w).
re[r—1,7]
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The similar inequality for L%norm holds too and thus (2.45)) holds true.
Note that Tj is independent of A. We obtain that for all A\g > 0 and t > T > 2,

sup  sup |lua(r; 7 —t)||xny < sup My(T,w).
A>Xo relr—1,7] A>Xo

We have

sup K)(T,w) = cxG(T) + cx sup E)(w) < 00
)\2)\0 )\2)\0

and thus sup{M,(7,w) : A > Ao} is finite. Hence (2.46]) holds true. It is standard
to prove (2.47)) (see [58] for Wong-Zakai noise).]

As the autonomous case in [58], one can establish the asymptotic tail property
and omega-compactness X.

Lemma 2.21. For \¢ >0, De®, 7 € R and w € ), we have

lim sup sup / lur(r; T —t,0_rw,ur_¢)(z)|*dz = 0,
|z|>R

t,R—00 \> )¢ re[r—1,7]
uniformly for u._y € D(t —t,0_w).

Lemma 2.22. For each \g > 0, the family {®y : A > Ao} of cocycles is uniformly
®-pullback omega-compact in X, kxB(T) — 0 as T — oo, where

B(T) = (U J U u,\(r;T—t,Q,Tw,D(T—t,H,tw)> (2.50)

t>T A>Xo re[r—1,7]
forDe®, 7 €R and w € 2, and the Kuratowski measure of B C X defined by
kx(B) =inf{r > 0: B has a finite-net in X}.

Proof. It is standard from Lemma and Lemma [2.200 [J

2.5.2 Large-valued estimates of solutions in Y

Let m(e) be the Lebegue measure of a measurable set e C R™.

Lemma 2.23. Let A\ >0, De®D, 7€ R and w € Q2. We have

lim sup sup sup mfluy(r; 7 —t,0_,w,ug)| > 7] =0, (2.51)
VOO0 4>Ty A>No r€[r—1,7]
lim sup sup / lux(r; T —t,0_rw, up)(z)|*dx = 0, (2.52)
PEFOAZ N re[r—1,7] J [|ux|>]

uniformly for ug € D(t —t,0_w), where Ty > 2 as given in Lemma and

url 2 7] = R™[Jus[ = 7] = {z € R™, Jux(r; 7 = 1,0 w, uo) (x)| = 7}
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Proof. By (2.46) in Lemmal2.20| for all v € [r—1, 7], t > Ty and ug € D(7—t,0_4w),
1
m(R™[Jux(r; 7 —t,0_rw,up)| > 7]) < —2/ lur(r; 7 — t)(2)|2da
T 2]

1 1
< —llualr; T — )]? < — sup M (1, w) — 0
Y A>Xo

as v — 00 in view of sup,,, Mx(7,w) < oo. Hence holds true.

Given € > 0. By the uniform omega compactness in Lemma[2.22] there is T, > Tj
such that the Kuratowski measure rx(B(1:)) < /4, where B(T%) is given by (2.50),
and thus B(T.) has a finite £/2-net in L*(R™) with centers {vy,vs, -+ ,vx} C B(T%).
By the absolute continuity of the Lebesgue integral, there is 6 > 0 such that

e CR™, m(e) <d= sup /vf(a:)dx < e?/4.

1<i<k Je
Note that B(T.) C B(Ty) (as T. > Tp). By (2.51)), there is 5 > 0 such that
m{z € R™; [v(x)| > s} <6, forall ve B(T.).

For any v € B(T}), there is v;,, where ig € {1,2,--- ,k}, such that ||[v —v;,|| < ¢/2,
and thus

/ v?(x)dr < 2/ v, ()| 2da + 2/ |v(x) — vy, (z)|*dw
[lv]>s] [lv]=s] [lv]=s]

<e2/2+2||lv—vy|? < &%

Hence (2.52)) holds true. [
Lemma 2.24. Let \y >0, De D, 7€ R andw € ). Then

lim sup / lux(T;7 —t,0_rw, up)(x)|Pdx = 0 (2.53)
[luxl=7]

t,y—o0 A>No
uniformly for ug € D(1T —t,0_w).

Proof. The solution uy(r;7 —t,0_,w, ug) satisfies

d
%UA(T) + Apuy + auy = f(z,un) + g(t, ) + hz, ur) G (0—w). (2.54)
For any v > 0, multiplying (2.54) by (ux — )4, where a; = max{a, 0}, we have
1d
5 7 1w = V)4l + Ay (n = 7)4) + all(ur = )4 | (2.55)

= ([, un), (ux = 7)4) + (h(@,un), (ux = 7)) (Or—w) + (g(r, ), (ux —7)+)-
On R™[u > 7], we have u > 0 and (u — )4 /u < 1, then implies that

(f(z,un), (ux —7)1) :/[ R} ]f(xaUA)UAMdI

U
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u J—
<-4 / A Senle) S Y / 61]dz.
[ux>7] Ux [ux>~]

It is similar from ([2.30) and (2.70)) to see that

(A, un), (ux = 7)) (0r—rw) = G (6r—rw) / B, uy)uy 2% gy

[ux>7] U

<100 [ Ul + ol 2

[ux>7]

5[ 2D e [ (0075 (i)l

2 [ux>7]

We also have (A,uy, (ux —y)+) > 0 and

(g(r, ), (ur — 7)) < c / G (r,x)dx + o (uy — )4

[ux>7]

Substituting all estimates into (2.55]), we obtain that

<2 joldie|  frad
[ux>~] [ux>7]

e / (10 Brr | 757 + G (Br—r) s 7T ). (2.56)
[ux>7]

Integrating (2.56|) from r =7 — 1 to r = 7 we have

p )+xr —||(uxr(T — 2
//Mm | dd<5||< AT —1) = )]

+—/ / |gz§1|dxdr+c6/ / g (r, z)dxdr
B1 Jr—1 Sy ) >A] =1 Jus(r)>A]

e / / (7 Brr)ths |75 + [Gr Oy} ibal T )ddr. (2.57)
7—1 Jux(r)>7]

Given € > 0, by (2.52)), there are v, > 0 and T. > T > 2 such that for all v > ~,
t>T. and A > )\,

1

L T 2 20, ¢
51||(uA(7' L —t0_,w)—7)4]° < 3 /[uA>7 uy (T — 1) (z)dx < 5 (2.58)

By the absolute continuity of Lebesgue integrals, there is d; > 0 such that

Bre

e CR™ me) <, = /|d)1|d:v<116
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By (2.51)), there is 75 > 71 such that for all v > y5, t > T, A > Ay,

sup mfuy(r;T —t,0_,w) > 7] < 0y
re[r—1,7]

and thus for all v > 5, t > T, and A > ),

ﬁle £
dxdr < — —dr = —. 2.59
61 / \A,LA(T‘ )>7] |¢1| 1 —1 16 8 ( )

The Lebesgue theorem and absolute continuity imply that

hm / / r,x)dzdr = / lim [ ¢*(r,x)dzdr =0,
r—1 m(e)—=0

which further implies that there is d5 > 0 such that

e CR™, m(e) <dy = / / T'JUdat:d?"<i
T—1 806

By (2.51)) again, there is v3 > =, such that for all v > 3, ¢t > T, and A > A,

sup mlux(r;T —t,0_w) > 7] < b,
re[r—1,7]

and thus for all v > 3, t > T, and A > )\,

Cﬁ/ / g*(r,x)dxdr < = (2.60)
=1 J[ux(r)27] 8
By (2.70) we know that

sup sup (|G (Bsw)]7-7 + [Ca(Bw)]71) < C(w).
A>Xo s€[—1,0]

Hence, by the same methods as in (2.59)), there is 74 > -3 such that for all v > ~y,
t>1T, and \ > )\,

of (G (Brr) 1|75 + |G ()02 77 )l
7—1 J[ux(r;T—t)>7]
< C/ / (It 77 + |ha] 77 )dadr < = (2.61)
—1 Jux(r;7—t)>7] 8
Substituting (2.58))-(2.61]) into (2.57) we obtain that

/ / lux(r \p )er:vdr <<
[ux>9] 2

which, together with u < 2(u — ), on R™[u > 27|, implies that

/ / lux(r; 7 —t)[Pdzdr < € (2.62)
=1 J[ux>27]
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for all v > 4, t > T, and A > ).
Multiplying (2.54) by (ux — 27)2" and noting that (Ayuy, (uy — )5 ") > 0, we
deduce that

1d _
Sl = 20)¢llp + all(ux = 29)[l7 < {g(r, @), (un = 29)5 h

+ (flz, ), (un = 29)577) + Q(0r—w) (B, un), (ux = 29)57). (2.63)
Since 0 < (u — 29)4 < w on R™[u > 27], it follows from that
- Uy — 2
). =2 = [ o B2
[ur>21] Ux

< -5 / & un — 20) N + / 61](un — 29)2da
[ux>27]

[ux>27]

_ — (04 P
<=6 [ -2+ Sl -2l [ el
[ux>27] ux>27]

It is similar from ([2.30) and (2.70)) to see that

(A, un), (ur = 27)5 (6 —rw)

< |G (Or—rw)| (o ud™ + Jbal) (un — 29)5  da
[ux>27]
< Bl p—1 p—1
< — uh (uy — 2)5 dx
4 Jiur>2q)

o [ GO (6ol — 202
[ux>27]

< %/ ud " (uy — 297 e
[ux>27]

/ (G (Br—rw)ths| 77 + [Cr(Br—r)ib[?)dr,
[ux>27]

where we use (u — 279)%7% < uP " u — 27)2" on R™[u > 27]. Finally,

/ (ux — 27)P%da +/ g*(r,r)dx
[ux>24] [ux>27]

/ uf (uy — 29)5 da + c/ g*(r,z)dx
[ux>27)] [ux>27]

Substituting all estimates into (2.63)), we obtain that

(g(r,z), (uy —29)877) <

IN

il
2
il
2

Tlar) -2l <c

[ux>27]

* C/ (|€A(9r—7w)¢1|% + |C>\(97‘_7—W)77Z)2|2)dx
[ux>27]

olfdec [ g
['I.L)\>2'y]
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Integrating it from r € [r — 1,7) to r = 7 we have

[(ur(7) = 29) 41} < [[(ua(r) = 29) 1[I} + Ix(7, 1), where

A(7,t) =c / / |1] 2d:cd7’—|—c/ / (r, z)dzdr
[ux>27] [u>\>2'y

i C/ . /[um]('@(‘)f—fwwll 5T 10O w) o) ddr.

Integrating it from r = 7 — 1 to r = 7 we obtain that
[(ua(T) = 27)+l} < / [(ux(r) = 29)+[lpdr + In(7,1). (2.64)
7—1

By " for all v Z Vs t Z Te and A Z )\Oa

/ Nur(rs7 — €) — 27). |[2dr < / / (s T — #)Pdadr < e.
T—1 71 J[ux>29]

As done in ([2.59)-(2.61)), we can take 75 > 74 such that I(v,t) < € for all v > ~s,
t >T. and A > \g. Noting that u < 2(u — 27); on R™[u > 4], we see from ([2.64])
that

[ =0 <2l - 2l < 20
[ur>47]
forall v > ~5,t > T. and A > X\g. One can prove a similar inequality for the negative

part (uy + v)_ and thus (2.53)) holds true. [

Lemma 2.25. For any A\g > 0, the family {<Ii,\ : A > Ao} of cocycles is uniformly
D-pullback omega compact in'Y, namely, ky(B(T)) — 0 as T — oo, where

= U U O (t, 7 —t,0_w)D(T — t,0_w)

t>T A>Xo

forT >0, 7TeR, weQand D € D.

Proof. Note that B(T) C Y in view of Proposition [2.17 Given ¢ > 0, by Lemma
there are two positive numbers ~. and T} such that

/ lo(z)|Pdx < €°, ¥ v e B(Ty). (2.65)
[lv|>e]

By the uniform omega compactness in X, as in Lemma [2.22] there is T, > T} such
that B(Tb) has a finite (275) 2 ¢%-net in X with centers {vl,vg, -, ok} C B(Ty).
In particular, for any v € B(T3), there is v;, i € {1,2,--- , k}, such that

/m |v(z) — vi(z)Pdr < (27.)* PeP. (2.66)
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We decompose the Euclidean space by R™ = Oy U Oy U O3 U Oy, where

O1 = [Jv] <yl N flvil <, Oz = [Jv] > vl N [lvil = e,
Oz = [[v| 2 7] N[|vs] £ 7], Oa = [Jv] <A N [[vs] > el

Since |v(z) — vi(z)| < 24. for € Oy, it follows from (2.66) that

lv(z) — v;(z)[Pdx < 2P~ 24P~2 lv(z) — v;(z)*dx < £P.
01 01

By (2.63)), we have [, |v(z) — v;(2)|Pdz < 2PeP. Note that |v;] < |v] on Oz and
[v| < |vi] on O4. By (2.65)),

(z) — vi ()P < 27 / ()| Pda < 272,

O3 [[v]>e]

|v(x) — vi(x)|Pdx < 2p/ |vi(x)])Pde < 2PeP.

O4 [Jvil>7e]

Hence, [g,. [v(z) — vi(x)[Pdz < (4¢)? and thus B(T3) has a finite 4e-net in Y. O

2.5.3 Existence of a pullback random bi-spatial attractor for
the random p-Laplace equation

We are in a position to prove the existence of a ®-pullback random (X, Y)-attractor,
where X = L*(R™) and Y = LP(R™).

Theorem 2.26. For each A\ > 0, the cocycle ®y has a ©-pullback (X,Y)-attractor
given by

A1, w) = Tx(K))(1,w) = Ty (My)(T,w), VT € Riw € Q, (2.67)
such that A\(T,-) is measurable in X, Y and X NY respectively, where

Kx(r,w) :={v € X HUH2 < Ky(r,w)},
My(7,w) = {v € X NY;[Jvllxny < Mi(7,w)},

and the functions Ky and M) are given in Lemma [2.20

Proof. One can prove (see [29]) that condition (2.42)) holds for any exponent, i.e.,

sup/ e g(s)||?ds < +o0, Ve >0, T € R,

r<7 J -0

which implies that, for any € < «,

0
e G —t) =e " + e‘“/ e®||g(s +7 —t)||*ds

—00
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0
Se_“—l—e_d/ e2®||g(s + 7 — t)||%ds

<e "+ e‘gt/ €277 g(s)||?ds — 0

—00

as t — 0o, where G(-) is defined in (2.48]). By the tempered property of {)(w) as in
Lemma [2.14] one can prove that

0 —
e BN _w) = eet/ eO‘SK,\(@S,tw)]%ds — 0
as t — oo. Note that K)(7,w) = ¢(G(7) + E\(w)), we have K, € ®. Similarly,
My € D, where

M(r,w) == {v € X; ||[v]|x < Mr(1,w)} D Mi(r,w)

and thus M, € ©. Since M,(7,-) is a random variable, it follows that M (7, ) is
a random closed set in X NY, by Lemma M,\(7,-) is a D-pullback absorbing
set in X NY. Hence both (B2) and (B5) in Theorem [2.§ hold true.

By Lemma ® is ®-pullback asymptotically compact in Y, which together
with Lemma implies that ® is D-pullback asymptotically compact in X NY,
namely, (B3) holds true, while (B1), (B4), (B6) and (B7) have been verified.
Applying Theorem 2.8 we know that ®, has a ©-pullback random (X, Y')-attractor
A € ©, which implies that A is random in X and in Y.

By Proposition [2.19] we know that w — ®(¢,7,w) is (F,B(X NY'))-measurable
for each y € X NY. Using this property, the same method as in Theorem [2.8] (ii)
shows that A is random in X NY. OJ

2.6 Residual dense continuity of pullback random
bi-spatial attractors
In this section, we will establish the residual dense continuity of A, on the parameter

space A = (0, oo], where A, is obtained in Theorem for A — co. In the case of
A = oo, we consider the following deterministic equation

{8%07,5 + Aplio + Qe = (2, us0) + g(t, ), t > T, (2.68)

u(r,z) =u-(z), T €R, v € R™.

Problem (2.68)) is well-posed (see [52]), and thus its solutions generate a non-
autonomous dynamical system

O (t, T)ur = Uso(T+t;7u),VE>0,7 € R u, € X.

In order to verify condition C3 in Theorem [2.12] we need the following conver-
gence of colored noise with respect to the size.
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Lemma 2.27. (i) The OU process converges to zero at infinity, i.e.,

lim sup [(\(Ow)| =0, V][a,b] CR, we Q. (2.69)

A—+00 t€la,b)

(1)) X = (\(6iw) is continuous at any X € (0,00) uniformly fort € [a,b.
(111) For any Ao > 0 and [a,b] C R, we have

sup sup |(\(fw)| < C(w), Y w € Q. (2.70)

A> o tefab]

Proof. By the definition of colored noise and the equality W (t,w) = w(t), we have

1[0 . 1
O(bw) = 32 e w(t + s)ds + Xw(t), VA>0,t e Rwe Q.
It suffices to consider the integral:
-~ 1 0 s 1 0
O(tw) = 32 e w(t + s)ds = _X/ e‘w(t + As)ds.

Given € € (0,1), by w(t)/t — 0 as t — o0, there is T, = T.(w) > max{0, —b} such
that |w(t)| < elt] for all |t| > T..
Let \. = (T. +b)/e > 0. Then, for all A > \_, ¢ € [a,b] and s € (—o0, —¢],

t+As < =T, = |w(t+ As)| < —e(t+ As),

which further implies that for all A > A, and ¢ € [a, b],

1 —& —&
—/ e*lw(t + As)|ds < %/ e’|t + As|ds

>\ o0 —0o0
t - t
§5¥+5/_O® e’|s|ds SE%-FE.

Hence, for all A > max{\., |a|, |b|},

1 —&
sup —/ e*lw(t + As)|ds < 2e.

te(a,b| 00

On the other hand, by w(t)/t — 0 as t — £o00, we can find a Cy = Cy(w)
(independent of ¢) such that |w(t)] < |t| + Cy for all £ € R. Hence, for all
max{|a\, |b’7 00}7

1 /0 O Jt| + Als| + C
sup —/ e*lw(t + As)|ds < sup/ 11 Als] + Ods < 3e.

t€(a,b] —€ t€fa,b] J —e A

> 0
A >

Consequently, for all A > max{\., |al, |b|, Co} and t € [a, b],

~ 1 [ 1 [°
|G\ (tw)| < —/ eﬂw(t—l—As)]ds—l—X/ e’|lw(t + As)|ds < be,

A —00 —€
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which implies assertion (i) holds. Assertion (ii) follows from the uniform continuity
of w(+) on any compact interval, while assertion (iii) follows from (i) and (ii). OJ

We then prove the convergence of the cocycle &) as A — oo and as A — )\
respectively, where Ay € (0, 00).

Lemma 2.28. For each K € C(XNY), T >0, 7€ R andw € Q,

lim sup [|PA(T, 7, w)y — Poo (T, T)y|| xny = 0, (2.71)
A—00 yeK
lim sup || P\ (T, 7,w)y — Pp (T, 7, w)y||xny =0, YA € (0, 00). (2.72)

Proof. By the difference between two equations (2.26]) and (2.68), we know that
Un() = ur( 7, w,y) —uss(:;7,y),  where y € K,

satisfies the following equation

% -+ Apu)\ - Apuoo + OéU,\ = f(U)\> — f(uoo) —+ C)\<(9tw>h(u)\)_ (273)

Multiplying (2.73)) by |Ux[P~2U, and noting the monotonicity of A,, we have

1d ||UA||p+@||UA||p = (f(un) = f(uco), [UAP2UN) + G (i) (h(un), [UA[P2U,).

By (2.29)), the mean-value theorem implies that for some v € (0, 1),

(f(un) = f(use), [UAP72US) = z,yuy + (1 = Y)ue ) |Un|Pdz

8f(
e 05
< —53/ [y + (1 = 7)ttoo[P2UAPdz + || @3]l o |UAIE < || UA|E.
Rm
By (2.30) and ¢ < p,
() (hun), [UAP2U,) < ICA(Htw)I/ | (un)|[UAP~ de
Rn
< C!CA(Htw)\/ (o [Jual™H 4+ (2 (ua P~ 4 Juo [P~ da
Rn

2p—2 2 2
< Q)| (Ihaall3h 3 + luce 375 +1).

Hence we obtain that
d
ST < elONDIE + elr @] (Il + sl 3 +1)-

Applying the Gronwall lemma over [, 7 4+ T'] and noting U,(7) = 0, we have

[UNT +T)|[; <c [SupT]ICA (Orw) I/ (llun()l5p=5 + lluoo (8) 1555 + 1)dt. (2.74)
te|r, 7+



Chapter 2. Single-valued random p-Laplace equations without delay 89

The Gronwall lemma on (2.38)) implies that

T+T _—
/ ua(B) 222t
2

T+T o
< | KI5 + 0/ e (lg(s)|I” + 1 (0sw)| 7= + ]G (0s)* + 1)ds

which is bounded as A — oo in view of (2.70). Hence, by (2.69)), we see from (2.74))
that |Ux(7 +T)|[F — 0, i.e.,

sup ||PA(T, 7, w)y — Poo (T, 7)y|ly — 0 as A — oo.
yeK

The above limit holds in X as well, and thus (2.71)) holds true.
By the same method as in the proof of Proposition [2.19] using the convergence

of (\(fsw) as A — Ao (see Lemma [2.27)), one can prove (2.72). O

We finally establish the residual dense continuity of A, in both X = L?(R™)
and Y = LP(R™), where A, is the ©-pullback random (X, Y')-attractors and A, is
the ®-pullback attractor for (2.68]).

Theorem 2.29. The continuity-set of the following set-valued mapping
A= Ay (1,w), (0,00] = C(X NY), pxry)

is residual and dense in A := (0,00] for all T € R and w € Q, where X = L*(R™),
Y = LP(R™) and pxry is the Hausdorff metric. In addition, the mapping \ —
Ay (T,w) is full upper semi-continuous from A into X NY'.

Proof. We need to verify the abstract conditions in Theorem [2.12) C1 and C2 (i.e.
(B1) and (B4)) have been verified, while C3 follows from Lemma [2.28]
The parameter space A = (0, oo] can be divided into A = U2, Ay, where

1 1

Mr=lhod A= 7=y

| k=2
Obviously, each Ay is closed in A and thus C4 holds. Moreover, A; is a compact
Hausdorff space (it is not a metric space) and A" = (0, oo], which is residual in Ay,
while each Ay, (k=2,3,---) is a complete metric space such that A" is residual in
A,. Hence C4* holds.

By Lemma [2.20] for each k € N, we have the following uniform absorbing set

Bi(r,w) = {v e LAR™), v < ex(G(r) + Sup Ex(w))-

Note that G(-) is tempered. For each € < «, as t — o0,

0 2p—2
e~ sup E)(f_jw) =e " sup / e®|CA(Os_w)| P=a ds

A>1/k A>1/k J -0
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—t _
<e™ Sup/ 65(S+t)|§’,\(05w)|2pp*q2ds

A>1/k J —c0

—t
< e‘gEtC’k(w)/ e ds — 0

—0o0

in view of Lemmas and 2.27] Hence By, € D for all k£ € N. Noting that Ay C By,
for all A > 1/k, we know that, for all k£ > 2,

Ap, (T, w) = Upea, A (T, w) C Bi(7,w).
For k =1, we have
Ap, (T, w) i = Upep, Ax(1,w) C Byi(1,w) U Ao (T, w).

Since A, € ®, we have B; U A, € ©. Hence C6 hold true.
It suffices to verify condition C5 about that Ay, (7,w) is pre-compact in X NY".
We need to prove that for each k € N the set

Ak(T, w) = U)\Zl/kA)\(T7 w)
is pre-compact in X NY. Indeed, by the invariance, for any 7' > 0 and ¢t > T,

Ak(T, w) L= UAZl/kq))\(t> T — t, Q,tLL)).A)\(T — t, G,tw)
C UpsrPa(t, 7 —t,0_4w)Bi(1 — t,0_w).

Since By € ® as proved above, it follows from Lemma and that
Kxay Ak(T,w) < kxny Upst Oo(t, 7 —t,0_yw)Bi(T — t,0_w) — 0

as T — oco. Hence kxny Ax(7,w) = 0 and thus Ay(7,w) is pre-compact in X NY".
Therefore, the residual dense continuity of A — A, (7,w) in X NY follows from

the abstract Theorem [2.12] The full upper semi-continuity in Y follows from the

non-autonomous version of an abstract theorem as given by [57, Theorem4.1]. [J



Chapter 3

Multi-valued random p-Laplace
equations with delay

In this chapter, we mainly consider the long-term behavior of p-Laplace equations
with infinite delays driven by nonlinear colored noise on a bounded domain O C R".
We firstly prove the existence of weak solutions to the equation, but the uniqueness
of solutions cannot be guaranteed due to the lack of Lipschitz continuity condi-
tions, and thus generate a multi-valued dynamical system. Moreover, the regularity
of solutions is also proved. Then we prove the existence of a pullback attractor.
Subsequently, the measurability of the pullback attractor and the multi-valued dy-
namical system are also proved.

In the next section, we show some spaces and assumptions that will be used later.
In Sect. , we prove the existence of weak solutions to equation (7)), and that they
generate a multi-valued dynamical system. Moreover, we also prove the regularity
of solutions. Sect. is dedicated to the existence of the pullback attractor, and
proves the measurability of the pullback attractor and the multi-valued dynamical
system. Therefore, the existence of pullback random attractors for the equation
is obtained.

3.1 Some spaces and assumptions

Let H = L?(O) equipped with the norm || - ||, and use || - ||s to denote the norm
in L*(O) (s can be any positive constant). We denote W,"*(O) by V, and the dual
space W~1P(0) (p is the conjugate of p) of Wy (©) by V*. We also let (-,-) denote
the inner product in L*(0Q), and denote the duality product between V and V*
by (-,-). In addition, we have the usual chain of dense and compact embedding
VCHCV™

For p > 2, we define the p-Laplacian operator A, : V' — V* by

Aju = —div(|[VulP2Vu), (Ayu,v) = / |VulP~2Vu - Vodz, (3.1)
0

for all u,v € V. Note that A, is a monotone and hemicontinuous operator as in

91
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[77]. Moreover, by (3.1)), for all u,v € V

(Apu,v) = / |VulP~2Vu - Vodz
o

p—1 1
< ([I1vapas) 7 ([ |vopas)” =l ol (32
@ @]

and

1Al = sup (Ayu,v) < [ull{ . (3-3)

llvllv<1

Let X be a Hilbert space, we denote our phase space by

Cox ={w e C((—00,0; X) : lim €"w(T) exists}, (3.4)
T——00
where v > 0 and we set ||w||c, = sup e7||w(7)|| < oo for all w € C, x. From
TE(—00,0

[13], we know that C., x is a separable Banach space.
By [4l [42], we define a random variable (s :  — R by

1[0,
G(w) = —/ esdW (t,w), for each § > 0.

—00
The process z5(t,w) = (5(fw) is called an Ornstein-Uhlenbeck process (i.e. the
colored noise), which is a stationary Gaussian process with E((5) = 0 and is the
unique stationary solution of the stochastic equation:

1 1
dz + —zdt = —dW.
z+ 6z 5
By [43], there exists a {6, };cr-invariant subset set (still denoted by) € of full measure
such that for w € Q,
|65 (0uw)]

t
lim wit) =0, lim = 0 for every 0 < 6 < 1. (3.5)

t—too t—-+o0

In order to achieve our final result, we need to impose the following assumptions:
H1. The external force fulfills J(-,z) € C(R, H), for all z € O.

H2. o() € CL(R, [0, p]) and |¢()] < p" < 1.

H3. f: R x O xR — R is continuous and for all ¢, € R,x € O,

f(t,:E, T)T S _51|T|q + 7vZ)l(ta x)a (36)
|f<t7$> 7’)‘ < 52|7’|q71 + wZ(tv I)? (37)

where q> 2751752 > 07 wl € Ly, (Ra L1<O) N LOO(O))7 ¢2 € L (R7 L2(O)) :

loc loc

H4. g € C(R,R) and there is 3 > 0 such that

lg(a,7)|* < Bslrl* + [¥s(2)]?, VreR, z €0, (3.8)
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where 3 € L*(0).
H5. The nonlinear diffusion term h : R x O x R — R is a continuous function
such that for all t,r e R, x € O,

|h(ta Z, T)| < ¢4(ta x)|7«|77—1 + 1/]5“7 ‘T)’ (39)

2q—2

where 2 < < q,v4 € L' (R, L' (0)), v5 € L2,.(R, L2(O)).
H6. F: OxR_xR — R is continuous. There exist a scalar function e"7m4(-) €
L'((—00,0],R), and a function mq(z,-) € L'((—o0, 0], L*(O)) such that F satisfies

|F(x,l,r)| <my(l)|r] + |mo(x, )|, Ve O,leR_jreR. (3.10)

To simplify the calculation, we will denote

0

mo= [ Il .1
0

my = / e V"my (r)dr. (3.12)

Remark 3.1. By (3.8), we can obtain that

g, ut — e@)II* < Bsllult — o) + s ()]
< Bselurlle, , + 191

Remark 3.2. By (3.10), we can deduce that

H/ (oLt +1) le

</ / i (lu(t + D] + [mo(z, 1)[1d1)2da

32/0(/0 ()|u(t+l)|dl)2dx+2/(9(/io|m0(x,l)|dl)2dx

0
§2/ sup e |uy (1) |/ d:p—|—2/(/ Imo(x,1)|dl)?*dz
0 I<0 0O J—-x

< 2mifulle, , +2mg.

Remark 3.3. Given n € N. By H6, we know that if n* — n in C, g, then for all
[ <0
Thus, there exists a positive constant C (M) such that, for any | € [—M, 0],

IEC L™ (1) = F(CLn)] < C(M).

Using Lebesgue’s majorant theorem we have for any M > 0

/—M I1EC L™ (1) = F(, Ln()]ldE— 0.
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For any € > 0 there exists an M = M(g) > 0 such that
[ IFC L @) = L) a
< [ [ @1+ 1) + 2mo(e. ) dea
§/_ ml(l)e"*l/oe"*l(mn(l)] + ]n(l)|)d:cdl+2/ /O\mo(x,l)]dxdl

M
< (1" le + nlle ) / ma(l)edl + 2 / lmo(z, Dllded! < c.

— 00 —00

-M

Hence, for any ¢ > 0, there exists N = N(g) > 0 such that, forn > N,

H/_(;F(.,l,n"(l))dl_/o F('?lan(l))le < %,

which implies that n — fi)oo F(x,l,m)dl is continuous from C., g into H.

Let us recall some definitions that will be used in our analysis.
Denote by C(X) the collection of all nonempty closed subsets of X.

Definition 3.4. ([13, [88]) A multi-valued mapping ® : R* x R x Q@ x C, gy —
C(C,,m) 1is called a strict multi-valued non-autonomous dynamical system on C, g
over (0, F, P, {0}er) if for allt,s e RT, 7 € R,w € Q and ¢ € C, g, the following
conditions (i)-(ii) are satisfied:

(i) @0, 7,w,") = Ic, ;

(1) ®(t + s, 7,w,0) = D(t, 7+ s, 0w, P(s, T, w, @)).
Definition 3.5. [88/ A € © is called a D-pullback attractor for ® if the following
conditions (i)-(iii) are satisfied: for every T € R and w € (2,
(1) A(T,w) is compact in Cy g;
(ii) A(T,w) is strictly invariant, i.e.
O(t, 7 —t,0_ 4w, A(T — t,0_w)) = A(T,w), Vt > 0.
(iii) A(T,w) is pullback attracting, that is, for each D € D,

lim distc, , (®(t, 7 —t,0_w, D(T — t,0_w)), A(,w)) = 0.

t——+o00

Definition 3.6. ([13]) A multi-valued cocycle ® is said to be random if
O(,7, ) RT xQxC, g —C(C,m) is B(RY) x F x B(C, y)-measurable,

that is, for any open set O in C., g, the set {(t,w,z) € R xQxC, g : ®(t,7,w,z)N
O # 0} belongs to B(R") x F x B(Cy u).
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3.2 Multivalued dynamical systems

Now, we consider the following non-autonomous random p-Laplace equation with
infinite delays:

) 0
% = —Apu—Au+f(t,:v,u)~l—g(l”,u(t—Q(t)))+/ F(x,l,u(t—l—l))dl
+ J(t, ) + h(t,x,u)(s(Ow), t > 7, €O, (3.13)

u(t,z) =0, t >71, z €O,
Lu(T+ s,2) = p(s,z), se€(—00,0, €0, 7eR.

Consider T' > 7 and a function u : (—o00,T) — X, we can define for any t € [, T)
the mapping u; : (—00,0] — X by ui(s) = u(t + s) for all s € (—o0,0].

3.2.1 Existence of solutions

In this section, we show the existence of weak solutions for system (3.13]). To that
end, we assume that

8m; < A7, (3.14)
and
A V Bse?
2M, < 3 < ?Zy and ¥ := f; —qM; >0, where M; = 1ﬁ3€ = > 0. (3.15)
—p

Definition 3.7. Given T > 0, a function u(-,7,w,p) € C((—oco,7 + T); H) N
LP(r, 7+ T;V)NLI(T, 7+ T; LY0O)) is called a weak solution of (3.13) on (r,7+T)
with initial function ¢ € C g, if for every n € VN LY(O),

)+ () + M)

:/Of(t,a:,u)ndx—ir/og(x,u(t—g(t)))ndx—Ir/ (/0 F(a, L u(t + 0)di ) pd

@] —00
+/OJ(t,x)nda:+C5(9tw)/oh(t,x,u)77dx, (3.16)

in the sense of distributions.

It can be inferred from Definition and H3-H6 that & € LP(r,7 + T;V*) +
L1 (7,74 T; L71(0)). By [82], we know that u € C([r, 7 + T); H). Furthermore,
for all t € [r, 7+ T7,

d
EHUHQ+2||Vu||£—|—2)\|]u||2:2/Of(t,x,u)udx+2/og(a:,u(t—,Q(t)))udx (3.17)

+2/O</O F(w,l,u(t+l))dl)udx+2/0J(t,:c)ud;1:—|—2§5(¢9tw)/ h(t, ., u)udz.

—00 (@]

In order to show the existence of a weak solution to system (3.13)), we first need
to establish a priori estimates for weak solutions to equation ((3.13)).
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Lemma 3.8. Suppose that H1-H6, - - ) hold. Let 1 € R, w € Q,T > 0,

and u be a weak solution of system (3.13) with initial condition ¢ € C, g. Then
there exists ¢ = c¢(My, \,7y) > 0 such that, for allt € |7, 7+ T],

2 A2\ 2 4 [ o—dmdy oy 2
el < ceFNNl 5 [ I Par
P S 20-2 2
+c | Y3 (|¢s(Opw)| o= + |Cs(0,w)|* + 1)dr. (3.18)
Proof. By (3.17), H3 and the Young inequality, we have
d 2 7 2
Sl + 20V ullp + Al
< ~2u g+ 200t +2 | gl ule = oft))uds
O
0 4
+2/(/ F@LMHJWMMM+XWUJW+ZM@@/h@mem
@

o 0

By H5 and the Young inequality again, we deduce
2{5(9tw)/ h(t,z,u)udz < 2(5(8tw)/(1/)4(t,x)|u]’7 + 5(t, x)|u|)dx
o o
< Bullull§ + clla(t, ')HEIC&(@M)\# + st ')HEIC&(HW)!#-

By Remark and the Young inequality, for the infinite delay term we derive

0 4m? 4
;ﬂ/mmwmmmg%wmﬁﬂunw (319
i |

Therefore, for all ¢t € [r,7 + T1,
d 5
Sl 4+ 2lulf, + Sallalg + Al
4m3 4
<2 [ gloult = oO)uds + Sl , + 5170
e+ e, 72 G (0) 755 + st )20 G (O) 7). (3.20)
Multiplying (3.20) by e* and integrating it over ¢ € [r, ], we have for all £ > 7,
A 2 ¢ A ¢ pY A ¢ A 2
A +2 [ e+ 51 [t + 5 [ lutr) P
dm? (¢
<42 [ [ gt = oo+ 50 [ ol

+§/T ,\THJ( | d?"+c/T "(1¢s(0 rw)!q 7 4 [¢s(0 rw)’q T4 1)dr, (3.21)
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where we used that L%((’)) C La(0) and L*(©) C La-1(O). For the finite delay
term we obtain

2 [ [ tautr = oty

3 1 3
< [l + o [t - )P (322
T 1Jr
where M, = \/7”536 is defined in (3.15]). By H4 and H2, we have
1 ¢ Ar 2
[ gt — o) (323)
1Jr

. ¢
< %/T eMlu(r — o(r))|dr + L/ N3 ()| *dr

1

Bz’ /E A > [ (- )||2/ A
< — eMu(r)||?dr + edr
i ) ¢ e+ S |

Ap 0
< Bse ) / eA(rJrT)fQ'yreQ'yrHu(T + T')”ZdT

- Ml(l — p* —p
Be /f A 2 b3 ()| /£ A
+ — eMuw(r)||“dr + e dr
el A G Tl
fae’Te? ) /f A oy s /g \
< + M eM||u(r)||“dr + edr.
M1 = )@y — ) A+ [l T )

It can be inferred from (3.22)) and (3.23)) that

2 / For /O o(z,ulr — o(r))u(r)dr

3 3
< 2M1/ e |lu(r)||2dr + ce’\TH@H%%H + c/ eMdr. (3.24)

By q% < 22 ; < 2 and 2M,; <2 ¢ defined in (3.15)), plugging (3.24) into (3.21)),

n’q

3
IIU(§)|I2+/ AO@lu(r) [} + Bullulr) 1+ —IIU( )*)dr

T— T— 4m2 ¢ r—
Sex( §)||u(T)||2—|—ce)‘( €)||90||20%H+Tl/ o\ f)Hur”a,Hdr (3.25)

4 [¢ ¢ 2g—2
+ X/ A= J(r, ) ||2dr + c/ A (1G(0,w) 7+ |Cs5(6,w)|* + Ddr
Then, multiplying (3.25)) by ¢?7*, replacing £ by ¢ + s, and taking the supremum in
s € [T —t,0], we obtain that

sup  e2¥||u(t + s, 7,w, )|?
s€[r—t,0]
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< sup @V A () |2 4 e g2,
s€[r—t,0] ’

4 t 4 [t
e A I P I
t
e / X(1G5(6,)]7%5 + |G5(6,w)|5T + L] (3.26)

A(r—t 2 A(r—t 2 LU - 2
R A B L

4 [t ! 2-2
+3 [ AP e [ TGO + G0 + dr

T T

where we have used A < 27 defined in (3.15)). For s € (—oo, T — t], we consider

O e |ut + s, 7,w, 9)||* = O e \ur(t +5 =7, 7,0, 0|

=0 e |lp(t +s —7)|?

_ (Sup ]e 2y(t-7) 2y (t+s—T Hg&(t—l—S—T)Hz
se(—oo,7—t

= e gl2, , < e glE, L, (327)

Further
ey 0,912, < max{se(sipT t] 2t + 5,7, w, )|

sup ezVSHu(t—l—s,T,w,go)Hz}. (3.28)

s€[T—t,0]

Using the fact that [|u()[|* = [|¢(0)[I* < ll¢llZ. ,,, we deduce from (3.26)-(B.28) that
forall t > 7,

2 4m% ! A(r—t 2
lue(-, 7w, )2, < Tl , + A /e |2, dr
T

4 t t 2g—2
+3 [ AP e [ @GO + (G0 + Vi (329

or equivalently,

A4m? [t
Mm@, , < el + 5L [l ,dr
T

4 t t 292
#3 [ MR e [ G5 + GO+ D (330

Hence, by (3.14) and using Gronwall’s lemma we have

"2 . 4 t _ﬁ .
e, 70, 0)12, ,, < e NED gl + X/ IO ()| P
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t am? 2¢—2
* C/ X=X (1G5(0,w) 7 + [Go(Brw) P + 1)dr, (3.31)

T

which completes the proof. [

Lemma 3.9. Suppose that H1-H6, - - ) hold. Let 1 € R, w € Q,T > 0,
and B be a bounded set of C, . Then, there exists ¢ = C(Ml,/\,%B T) > 0 such
that any weak solution u(-) of system ([3.13|) with initial condition ¢ € B satisfies

t
lu(t, 7.0, I < e ()| + ¢ / | (0, )| *do
KN 2¢-2
te / e (6500 55+ (G5 (000) + D)o+, (3.32)

forallm<r<t<rt+4T.
Proof. By we have
L w2+ 20full, + Bulluls + 2]
dt 4 ,
<2 [ glo.ute = ot)yuds + L ul,, + fw,-m?
et (e, TGO + st G0 ™). (3.33)

Multiplying (3.33) by €’ and integrating it for o € [r,t] with 7 <r <t < 74T,
we deduce for all ¢t > r,

t
Ao 1
Ol + [ Nl + Bululo) [ + N ulo) )do
t
<) +2 [ e [ glauto — olo))ulo)dedo
r O
dam? [t o b .
# 2 [ b+ e [N o) o
t
b [N a(00) 75 + a0 7o (3.34)
Similar to (3.22))-(3.23]), we have
t
2/ e_)‘(t_")/g(z,u(a—g(a)))u(a)da:da (3.35)
r O
<y [ Ol + 1 [ Dt ulo - o))
<o [ Pao + s [ oo e [
Ml(]'_p*> rfp r

' —\(t—0) 2 Bz Ammlee 2 ! —A(t—0)
<2M; | e |lu(o)||“do + V(L= (27 = N lurlle, ,, +c [ e do.
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By 2M; < § defined in (3.15), we obtain

t 1
[Ju(t)]” +/ e M 2llu(o) I} + Bullulo)]|L + gAIIU(U)IIQ)da

i @362’7/2 VA
< NOI+ g lE

4m? [t t
+ T [ NN do e [N S0,

+e / e (14 1G5 (Bo0) |55 + (G (8ot [2) o (3.36)

By (3.5), H1 and ¢ € B, we can infer from (3.18)) in Lemma that ||ut||%wH <
Cy, =Cy(B,T) for t € [r,7 + T], and we then have

t
s |
||U(7f)||2+/ e M )(2||U(U)||€+51||U(0’)||3+g)\HU(U)HQ)dU
t
< ey 2 + ¢Cy + / =) 1o, ) |[2do
t 2q—2
+c / e M (1 4 |G (B,w)| 1 + |G (w) ) do. (3.37)

Then we conclude (3.32)). [

We can draw the following results immediately from (|3.37)):

Corollary 3.10. Suppose that H1-HG6, — hold. Lett e R, w e Q,T >0,
and let B C C, g be a bounded set. Then, there exists ¢ = c¢(My, A, v, B,T) > 0 such
that any weak solution u(-) of system with initial condition @ € B satisfies,
forallT<r<t<7t+4T,

t
[ @)+ lu(o)l + o) )do (339
t t 2e_s
<l + ¢ [ 190 )P+ [ (1 G0 + [G6) P+ ¢
Proof. Consider Co = min{2, 3, %)\}. By (3.37) we have, forall 7 <r <t <7+T,
t
Ay [ (@)} + o)y + (o) P)do
t
<o [ N ul0) + fulo) g + u(o) o
t
< AP+ e [N I(a ) Pdo
¢ 2q—2
- / M (14 1G5 (05w)] T + G (0ot [2) o+,

which implies (3.38). O
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Theorem 3.11. Suppose that H1-H6, (3.14)-(3.15) hold and 7 € R, w € Q, ¢ €
C,.m. Then, equation (3.13) admits at least one weak solution.

Proof. (1) First, we consider the Galerkin approximations to equation ([3.13] - It

follows from [64] that H{(O) C V N LY(O) for r > max{N(gq_z), 2p+N” 2)} We

consider a special basis of H consisting of elements {w;} € Hj(O), and denote by

W,, = spanfwy, ..., w,]. Let the projector P,u = Z(u wj)w;, then |J W, is dense
j=1 neN

in VN LYO,).

For fixed n € N, consider u"(t) = »_ i} (t)w;, where pi}! are required to satisfy
j=1

the following system:

d ~7’l ~n ~n
2 (@), wy) + (Apu" (1), wy) + A@"(2), wy) 0

= (f(t T (0). ) + ol T (-o®) )+ ([ Pl T @)L w,)

+ (‘](tv ')7wj) + C&(gtw)(h(tv l’,ﬁn(t)), wj)’ 1<j<n, (339)
where initial value is u"(7 + s) = P,p(s) for s € (—o0,0]. It follows from [46]

Theorem 1.1] the existence of local solutions for (3.39)). Now, we show that solutions
do exist in [7,7 + T with T" > 0.
(2) From (33.32) and setting = 7 in (3.38)), we obtain for all 7" > 0,

{u"} is bounded in L*(r,7+T;H)NLP(r,7+T;V)N L1, 7+ T; L 0O)).

By (3.9), the Holder and Minkowski inequalities, we obtain

t G (0,w)h(t, z, u™ (r) ) wdzdr
/.

S/t /‘C&(&w)%(hx)lﬁ"(r)|"_1+C5( w)s(r, x) El / [w|lqdr
/ /‘§69w¢47’x|q1}u |%_l)dq;>qql

([ fattpstrn|5as) ™ Jar / Juollgdr

/ /|g59w¢4m)|qndx37 /|u |de31>*

/ GBris(r )| ) Jar / Jeollydr

<of / 4, ) sz + / @ 2-dr + / s (r, ) adr / el dr,

which together with (3.7)) yields

mH

<2

{f(t,z, a0} and {C5(6,w)h(t,z,7")} are bounded in La1(r, 7+ T; Li-1(0)).
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Recall from Lemma [3.9 that
a2, , <Ci, Vtelrnr+T), pe BCCyu, nel (3.40)

Thus, by , Remark and Remark , we have {g(z,u™)} is bounded in
L*(r,7+T; H), and {ffoo F(z,1,a"(1))dl} is bounded in L*(7,7+T; H). Moreover,
we can deduce that {A,u"} is bounded in L?(7,7 + T;V*) from (3.5). From the
above, we know that {%-} is bounded in L?(7, 7 + T; H"(O)) by [21].

Hence, there exist a subsequence (relabeled the same) {u"}, an element u €
Le(r, 74+ T; H)NLP (7, 7+T; V)N L7, 7+T; LY(O)) with & € L?(r,7+T; H™"(0)),
X1 € LP(1, 7+ T;V*), xo € L2(1,7 + T, H), x3 € L2(r, 7+ T; H), x4 € L1 (7,7 +
T: L#1(0)), x5 € L1 (7,7 + T: Lv1(O)) such that, up to a subsequence,

(u" — u weakly star in L*(7,7 + T; H),
u" — u weakly in LP(r,7+T;V) and L7, 7+ T;L%0)),
u" — u strongly in LP(7,7 4 T LP(0O)),
Au" — x1 weakly in LP(7,7 4+ T;V*),
g(x,u™) — xo weakly in L*(r,7 +T; H),
0 (3.41)
/ F(z,l,a"(l))dl — x3 weakly in L*(r,7 4+ T; H),

—00

du™ du .
: P . -Tr
s — P weakly in LP(r,7+T; H"(0O)),

f(,z,u") — x4 weakly in Lq%l(T,T +T; Lq%l((’))),
LG (Ow)h(-, 2, T0") — x5 weakly in L1 (7,7 +T: L71(0)),

for all 7 > 0. From [64, Lemma 1.3], we can identify that x; = A,u, x4 = f(-, 2, 1)
and x5 = (5(0.w)h(-, z, ).

By the compact embedding H — H~"(O) and (3.40), we can infer from the
Arzela-Ascoli theorem that " — win C([7,7+T]; H"(O)). Then, by again,
it is not difficult to prove that for any sequence ¢, — to with t,,tq € [r, 7 + T,

u"(t,) — u(ty) weakly in H. (3.42)
In fact, we want to show that
() —=u() in C(r,7+T];H). (3.43)

By (3.41)), passing to the limit in (3.39)), we consider a solution u € C([r,7+ T|; H)
of a similar problem to (3.13)), that is, for all n € V' N LY(O)

)+ i)+ Al ) = (768, 1) + (xo) + ()

+ (J(tv ')7 77) + (Cé(etw)h(tv K ﬂ)a n)v (344)
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with the initial data u(T + s) = ¢(s) for s € (—o00,0]. By (3.40), Remark [3.1| and
Remark 3.2 forall 7 <r <t <747,

t t
[ halo)Pdo < timint [ lg(o, @) Pdo < et =),
r n——+0oo r
and

/0 F(o,l ’d"(l))leZdo < et —7).

7 o

¢ t
2 < limi
| It <t

Therefore, by the same method as Lemma [3.9] @ can also satisfies ([3.32). We define
functions J,, J : [1,7 +t] = R by

5O = [T = [ 17 )Pdr = ¢ [ (G(0w)

—0o0

2

S G (0,w)[? + 1)do,
(3.45)

2

5+ (G (0ow) 2+ 1)do
(3.46)

where the ¢ in (3.45) is the same as (3.46). It is clear that J, and J are non-
increasing and continuous functions. By ({3.41) and [I5, Lemma 11], we can deduce
that

IO = GO ~< [ 1o )ldr —c [ (c6a)

Jo(t) = J(t), fora.e. te[r,7+T]. (3.47)
Then, we have
timsup |77 (£,) | < [Ji(to)]), (3.48)
n—-+00

which together with implies . By Remark and , we can deduce
that x2 = g(x,w.).

By [70, Theorem 5], for the initial datum ¢ € C, g, we know that P, — ¢ in
C, . Indeed,

sup ¢ [[@(t + 5) — Ti(t + s)|
s<0

< max{ sup e”*||u"(t+s) —u(t + )|,
s€[T—t,0]

sup  TOIEHEG (b s —7) —Un(t 4+ 5 —7) ||}
s€(—o0,7—t]

< max { sup, [@*(s) = a(s)ll, " Pap = @l } = 0,
se|T,t

which implies that for all ¢ € [7,7 + T
uy = inC . (3.49)

Therefore, by Remark , we deduce y3 = fi)oo F(x,l,u.(l))dl. Finally, we can pass
to the limit in (3.39)), concluding that w is a solution of (3.13[). O
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3.2.2 Regularity of solutions

In order to show a regularity result for the solution of equation (3.13)), we need the
next lemma. In the proof of the latter, we will use the following Gronwall-type
lemma for the estimate of the solutions in the regular space.

Lemma 3.12. ([104]) Let y,g and h be three nonnegative and locally integrable

functions on R, thus Zl;t/ 15 also locally integrable and

% + by(t) + g(t) < h(t),t € R. (3.50)

Then, for every t > 7 with 7 € R, one has

1 t t
y(t) < /y(r)eb(r_t)dr%—/ h(r)e!Ddr. (3.51)

t—1T1

In particular, if b= 0 then

1 t t
o0 < - / y(r)dr + / h(r)dr- (3.52)

—TJr T
Lemma 3.13. Suppose that H1-H6, (3.14)-(3.15)) hold. Let T € R, w € Q,T > 0,
and B be a bounded set of C. . Then there exists ¢ = c¢(Mq, \,v, B,T) > 0 such

that
(1) A weak solution u(-) of system (3.13)) with initial condition ¢ € B satisfies

/wun%www/wﬂnW+M@wﬁ?+M@mﬂuw+a<w$
forallt € (r,7+T).

(2) A weak solution u(-) of system (3.13) with initial condition ¢ € B and
©(0) € VN LYO) satisfies

[t zsar < e [ + GG + 6007+ i e, (350

forallt € [r,7+T)].
Proof. Multiplying (3.13) by |u|9"?u, and integrating over O, we have

—(aHUHZ)Jr/OApU(\WQu)diUJrAHUl\Z
=/Of(t’%u)(|u|q_2u)d$+/09(I7u(t—Q(t)))(|u|q_2u)dx
+/O(/ F(m,l,u(t—l—l))dl)(]u\q2u)d:c+/OJ(t,a:)(]u\q2u)dx

—0o0

+C(;(Gtw)/Oh(t,x,u)ﬂu\q_zu)d:v. (3.55)
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It is easy to check that for any ¢ > 2,
/OApu(\u|q_2u)d:E > 0. (3.56)
By and the Young inequality, we deduce that
[ (a2 e < [ =6 (ul+ ) + (el s

2g—2 —2 _
< Bl — Bllullzte2 + /O b (t, ) a2

2g—2 , A 1 g
< Bl Sl el @s7)
By Remark [3.2] and the Young inequality we have
0
/ (/ Fx, L ult + l))dl>(|u|q’2u)dx
@] —00
2m? 2m?2 _
< o lwlle, , + =7+ —|| I26—2. (3.58)
b b
By the Young inequality again,
_ B _ 1
/ J(t,2)(|ul**w)de < S ull3e25 + =1 (). (3.59)
o 4 b
Jointly with H5, we have
Gs(0) [ it ) (e
0
< G6(0w) [ t ol Al
o
6] _ 2q-2
< jHuH%Z_é + c|Cs(Guw) [ = [[¥a(t, )qu b +c\<};(9tw)\ s (2, )11 (3.60)
q—n
For g > 2, we substitute (3.56))-(3.60]) into (3.55)) to yield
d Biy 2q-2
Dl + 27y + 2l
_ 4 2qm 2qm?
< Q/ g(w, u(t = o(8)(Jul**u)de + 7+ Wl( g + 3 ——llwllg, , + 3 °
o 1 1
q 2g-2
N EHJ(t, IZ + elGs (Ouw) | = [[eba(t, )qu b +C\C5(9tw)| ll4s (. )11 (3.61)

Then, using (3.51]) in Lemma over the interval [7,t], we have

t
el + 5 [ Xt 3
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1 t t

<2 [ ANt +a [ @0 [ glautr o)) ulr) 2 u))dadr
T T (@)
t t

+ c/ A=) ||u,qHQC%Hdr + c/ A0\ (r, )| 2dr
! Ar—t) 292 2

+cf e (I¢s(Orw)| o= + |Cs(0,w) | + 1)dr, (3.62)

where € € (0, — 7). By the same method as (3.22))-(3.23), for all 7 < ¢t < 7+ T, we

derive
/ . t)/ z, u(r — o(r))) (Ju(r)| " *u(r))dxdr
qMy A(r— 2q-2 4 q g
< T [t s [Nt o) P
M, [t Y[
< q 1/ Ar— tHu< )H2q 2d7“+qﬂ3—ep*)/ eA(T*t)”u(T')HZdT
T - T=p

2 2M, (1
qfse™” / ' A(r—t) 2 / t A(r—t)
NI L A eV TN u(r)||fdr +¢ | e Vdr
L) . [[u(r)]] i
gMy [t - 2, AMiE” s
=7y / AN logadr + e ez,
M, [ !
+ B8 [ ) Par e [ 0ar, (3.63)

where M; = ﬁvfieptp. By (3.63)) and let » = 7 in (3.36)), we have for all t € (7, 7+ T],

9 [t _
)l +5 [ O utr)|3ySar
1 [t M, [t
< _/ eA(r—t)Hu(r)Hng-i—%/ eA(r—t)Hu(T)HQdT
8 T T
t t
+ee T ugfZ, + e / A u, [, dr + ¢ / DN I (r, )| Pdr
t 2q—2
- / (|G (0,w)] T + (G (0,w)[* + )dr
t
< Ce_A(t_T)HuTH%»y,H +c/ ek(r—t)HuTH?C%HdT
' Mr—t) 2 29-2 2
+c/ O[T ()P + G (0rw) | o=+ 1G5 (0,w)]* 4 1)dr, (3.64)

where ¥ = 1 — ¢M; > 0 is defined in (3.15). Since ¢ € B, thus ||u7n||2CwH <(C, =
Cy(B,T) for r € [r,7 + T] as proved in Lemma (3.9, Thus for all t € (7,7 + T,

/ lu(r)z5-2dr < Cy + C/ (T )P + 160|757 + G (0P + V). (3.65)
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(2) Applying the general Gronwall inequality to (3.61)), we have for all t € [r, 7+

t
Ju®llg+ 5 [ X0 utr) 5 3ar
t
<N urlgdr g [ X0 [ gaate = o)) (ul)l ulr)dedr
T (@)
t

t
e [ @O INuldr e [ N0 ldr

T

! Mr—t) 29-2 2
te / A (165 (0n0) 35 + 1G5 (6r0)| + 1), (3.66)
By (3.63)) and similar to (3.64)), we have

9 [t )
)l +5 [ O utr|3y Sar

t
< e M| || 2dr + ce’A(t’T)HuTHZC%H + c/ e’\(“t)HuTHQC%Hdr
' Ar—t) 2 29-2 2
+cf e (1T (r, )N* + ¢ (0rw)| a7 + |5 (Ow) | + 1)dr. (3.67)

On account of ¢ € B and ¢(0) € VN L1(0O), it follows that for all t € [r,7 + T7,

(3.54) holds. O

Now, we can show a regularity result for the solution of equation (|3.13]).

Theorem 3.14. Suppose that H1-H6, (3.14)-(3.15) hold and 7 € R, w € Q, ¢ €
C,.u. Then any weak solutions u to equation (3.13)) belongs to Cy,((1,7+T]; V). In
particular, if p(0) € VN LIY(O), then u € Cy([r, 7+ T]; V).

Proof. Given T' > 0, let u(+, 7,w, ¢) be a weak solution of equation (3.13]), for short
denoted by u. Consider that problem

(d
Y=~ Ay = My + f(tw,u) + g, ult - oft)))
0
(P,) 4 +/ F(z,l,u(t+1)dl+ J(t,z) + h(t,z,u)(s(Ow), x € O, (3.68)
y(t,z) =0, t > 71, =€ 00,
Ly(T+s,2) =u(t +s,2) = p(s,2), s€(—00,0], v€0,7€eR,

possesses a local solution by [77]. Now, we will show the local solution is a global

solution.
Recall from Lemma [3.9] that

HutHQC%H <C, Vtel|r,7+T]|, peBCC,u. (3.69)
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For fixed n € N, consider u"(t) = > i} (t)w;, where [i} are required to satisfy the

following system:

d
i

+ /O g(x, up(—o(t)))w;da + /O ( / 0 F e, 1 u(0))dl ) wyda

—0o0

+/ J(t, w;dz + Qg(é’tw)/ h(t, z,u(t))w;dz, 1<j<n.
0 0
Multiplying (3.70)) by 7% (¢), summing from j = 1 until n we have
d ~n
ZNa @I+ 21var [ + 22 @ 01
=2 [ (b )T ()do 2 [ glo.ult - )T ()
o o
0
+2/ (/ F(:z:,l,ut(l))dl>ﬂ“(t)d:z:+2/ J(t, 2)i" (t)dx
o

—00 O

+2§5(9tw)/ h(t,z,u(t))u"(t)dx.

o

By (3.7) and the Young inequality, we deduce

16432 _ 16
2 375 + e, )P

N A
2 [ fn i < o) +

By Remark [3.2] we obtain that

16m2 A

W@Wﬂ+@ﬁ%ﬂM+MW®mw=Ajﬁmwmwm

(3.70)

(3.71)

(3.72)

0 . 16m? o
2/0 (/ F(o, ult -+ D)) @ ()dr < 5 S, + =3 + 2@ ()]

—00

By Remark 3.1 we have
A

gl ult — o0), T(1) < 2, + S s+ S0

By the Young inequality again,

-~n A -n 2 8 2
2/OJ(t7x)u (t)dz < Sl @1 + Sl I

Jointly with H5, we derive
2C5(9tw)/ h(t,z,uw)u"(t)dx
o
< 26s(60) [ (walt. o)l + vs(t, ) (B

(@)

(3.73)

(3.74)

(3.75)

(3.76)
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2q—2

GO P les(t, ).

A _ 292
< Z[lam ()1 + cllull 323 + clCs(Orw) a |yhalt, )|

Substituting (3.72))-(3.76]) into (3.71)),

d 11
S + 21w a @l + Al (377)

16m2 884
-+ 7627’))”“7:”%% tc

qu_ln + |G () [ 0s (E, ).

q
q—
q—

5 16
< cflullzg= + st )17 +

A
8 2—2
+5 17 NP+ el¢s (B = [leba(t, )|

Multiplying (3.77) by e, and integrating over (7,t) with t € [r, 7 + T1,

t t
@@ +2 [ @COvE e+ g3 [ @) P (379)

‘ t
S R MO ey e T

8 [t ., b 2¢-2
+x/ ATD| T (r, ) |2dr + ¢ / AT (1¢s(0,w) 7 + |C5(0,0) ]2 + 1)dr.

Using the same method as (3.26])-(3.28)), and by (3.64]) and (3.69) we have for all
te(r,m+1T],

t
@12, < e el , +¢ / A, |[2,, dr
! Ar—t) 2 29-2 2
+o [ eI )T + G (Ow) e + (¢ (0,w)[7 + 1)dr
t 2q-2
< [T+ ) 55+ GOP + Ddr e 3T)

Hence, we deduce the existence of global solution to equation (P,) ont € [7+¢, 4+00)

with € € (0, — 7). Analogously, by (3.67)), (3.69) and ¢(0) € V N L(O), it follows
the existence of the global solution to equation (P,) on t € [, +00).

Now we prove the uniqueness of the solution for equation (P,). Let y1, y2 be two
solutions of (3.68]). Taking the inner product of (3.68) with u™ = y; — y,, we have

d
EW’HZ +2(Apy1 — Apys, ") + 2A[[7"]* = 0. (3.80)

By [32] Lemma 2.1], we know the following inequality: for every p > 2, there exists
¢ > 0 such that, for all a;,as € R,

(]a1|p*2a1 — |a2|p*2a2)(a1 — CLQ) 2 C|CL1 - a2|p. (381)
The above fact yields

(Apyr — Dy, ") = ([Vy|P?Viyr — [Via|P > Via, Vyr — Vo) > || V|2, (3.82)
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Thus
d ~n||2 ~n||p ~n||2
E||u 12 4 2¢||Va" |5 + 2A]|a"||* < 0. (3.83)

Multiplying by e, integrating over t € [7,£], we have for all £ € [r, 7 + T,
@™ (& 7w, 9)|? < e XD (7, 7,0, )| (3.84)
Let £ =t + s with s < 0, then using the same method as —, we have
¢ mw oz, , < e M NEHE, L, (3.85)

which, together with 4 = 0, implies the uniqueness of solution to (P,). Therefore,
on account of u is a solution to equation (3.13)), it follows that y; = y = u.
(1) Let C5 = min{2, 3A}. Then we infer from (3.78) that, for all t € (7,7 + 77,

t
Coe 0 (9Tl + |3 Py

T

t
< / ArO(VE () + @ () 2)dr

t t
< e MDA (n) |12 + c/ A u(r) 13 5dr + c/ e’\(’”*t)HuTHQC%Hdr

te [ DI + IO + GO + D (3.56)
which means that by and (3.69), for all ¢ € (1,7 + T,
[ v g + a0 Par
[0 + 166 + 16O+ Dir e (@87

Similarly, by (3.67)), (3.69) and ¢(0) € VN LY(O), for all t € [r,7 4+ T],

/(IIV@”(T)IIZd'f’Jr [ (r) 1) dr

T

c/ (17 (r, )|1* + ]C5(9rw)|% 4+ 1¢5(0,0) 2 + D)dr + c. (3.88)

duj ()

, summing from j = 1 until n we have

(2) Multiplying (3.70]) by
||Vu ||p+H H :-A/@ —dx—l—/ft:vu—dx
—i—/og(x,u(t— ot )))%dx—i—/o(/_oo F(x,l,u(t—i—l))dl)cil—/\ndx
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du™ du™
g M e 4 s (0) / hit, 2 u) 2 g (3.89)
o dt o dt
By (3.7) and the Young inequality,
[t rae < 3| 2 2t (390
The Young inequality once more and (3.9)) imply that
du dﬂ" du™
<G|+ s 31+ 6 [ 16t oPla-2do
46l 6 [ [os(t. )P da
o
1| du™ |2 _
<715 I+ 316, NP+ BFllullzas
2q—2
+ ¢ Go(Brew) = [[ 0t )qu b +6\C5(6tw)| s (2, )II*. (3.91)
By Remark 3.1 we have
du 2vp 2
[ gto.ute = o0 o < g T+ 2l + 200 (392
Similar to (3.73)), we obtain
0 du"
/ (/ Fla, Lut + D)dl) S da §2m%||ut||%%H—l—2m(2)+4H H (3.93)
@ —0o0
Then, plugging (3.90)-(3.93)) into (3.89)),
A\ omn i, P|AU" 2
v o+ 5|5
< 3Npll@* 1 + 3pBallullzg—2 + 2p(lla(t, )I1* + ¥ ()11?)
+ (2pm] + 2295362”")Hm|!20 o+ 2pmg + 3pll I ()17
2q—2
+ ¢ Go(Brw) o= [[at, )qu > +6p|46(9tW)! s (2, -)II”. (3.94)
Applying (3.52) in Lemma to (3.94) over the interval (7,1,
RO R i (3.95)

1 t t
<[ o+ 34 [+ 2 [l dr

t 2q—2
“/ lu(r)|5a—3dr + ¢ / (1T, ? + 1G5 (0rw)| 7 + [C5(0,0) | + 1)dr
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where € € (0,t — 7). By (3.53)), (3.69) and (3.87), we have

IVa" (B} < 0/ (T + 165(0w)] 77 + [G(0,w) + Ddr + ¢, (3.96)

for all 74+ ¢ <t <74 T with € € (0,t — 7). Therefore, we can deduce that {u"} is
bounded in L>®(7 +¢&,7 4+ T; V). Then, by the uniqueness of solution to (P,) and
uwe C([r, 7+ TJ; H), it follows that u € Cy,((7, 7 + T|; V') by [21,, Theorem 4].

(3) Integrating inre[rt], withrt <t <7+T, we have

v+ [ < @@+ [ ek +e [ Gl
P 8 T d/r o V T T " C’Y,H

+ llu(r)llzg—2)dr + C/ (1T, + 165(0r)] 70 + (GO + D). (3.97)

Similar to (2), by (3.54), (3.69), (3.88) and u™(7) = ¢(0) € V N L%(£2), we obtain
that

IVa" (B} < C/ (1T, )12 + [G(0,0) [0 + |G (0w + Ddr +¢, (3.98)

for all 7 <t <7+ T. As [21, Theorem 4], we have u € C,,([r, 7+ T];V). O

3.2.3 Generation of a multi-valued cocycle

Now, we define a multi-valued mapping ® : RT x R x Q x C, g — C(C, g) by

O(t, 7, w, ) = {ugr (-, 7,0_,w, @) : uis a solution of (3.13)} (3.99)

for every (t,7,w,u,) € RF x R x Q x C, g.

Lemma 3.15. Suppose that H1-H6, (3.14)-(3.15) hold and 7 € R, w € Q, ¢ €
Cy.u. The mapping ®(t,7,w, ) in (3.99) is a multi-valued cocycle on C, gy over
(Q, F,P0).

Proof. By the same argument as in [I3] Lemma 5.1], the cocycle property (ii) in
Definition of ® can be proved. Lemma implies that the set ®(¢, 7, w, @) is
nonempty. Moreover, we are able to verify ®(¢, 7, w, ¢) has compact values by using
Theorem Therefore, we complete the proof in the sense of Definition [3.4, O

Lemma 3.16. Suppose that H1-H6, (3.14)-(3.15) hold and 7 € R, w € Q, ¢ €
Cy.m. The mapping O(t,7,w,-) : Cy g — C(Cy ) is upper-semicontinuous.

Proof. Given T'> 0,n € N, let 7 € R,w € Q, ", ¢" € C, g such that " — ¢° in
C,.u. Meanwhile, let 7" such that " € ®(¢, 7,w, ¢"), that is,

77n = UH-T(') T, Q—Twa @n)
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As " = ¢% in C., u, without loss of generality, we can assume that
eI, < 1+2]°% ., VneN.

Arguing as in the proof of Lemma and Corollary , n™ is bounded in L*®(7, 7+
T;H)NLP(r, 7+ T; V)N LY7,7+T; L(O)). Similar to the proof of Theorem [3.11]
we can ensure that there exist n° € ®(¢,7,w, ") and a subsequence of n" (still
denote the same) such that 7" — n" in C, g for all t € [r,7 4+ T]. As T is arbitrary,
it follows that ® is upper-semicontinuous. [l

3.3 Existence of pullback random attractors

In this part, we need to establish the existence of ®-pullback attractor of ®, where
© is the universe of all tempered time-sample sets D = {D(1,w) : 7 € R,w € Q}
such that D(7,w) is a nonempty bounded subset of C., y and

lim e2'|D(r +t,0w)[2 , =0, ¥DeD,reRwe. (3.100)

t——o0
Consider a number « satisfying

2
4my

N —
a € (0, ;

). (3.101)

We state now an assumption.
H7. The non-autonomous term J € L7 (R, H) satisfies: For every 7 € R,

loc
0
/ e || J(r + 7, )||Pdr < oo, (3.102)
and for every positive constant c,

0
tlim ed/ e || J(r +t,-)||*dr = 0. (3.103)
——00 e

3.3.1 Existence of pullback attractors

We will prove the existence of a pullback attractor in C) p.

Lemma 3.17. Suppose that H1-H7, (3.14))-(3.15)) hold. For each (1,w,D) € R x
Q x D, there exists T =T (1,w, D, ) > 0 such that the solution of (3.13) satisfies

||UT('7 T — t) Q—Twa uT—t)Hé’%H S C()R(T,w), (3104)

forallt > T and u,_y € D(T —t,0_4w), where co is a constant and

0 am} 2g=2
R(r,w) = / e(’\_T)T(||J(7’ + 7, )17 418G (0w 7 + |G (0,w)]* + 1)dr. (3.105)

— 00
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Proof. Using 7 — ¢ instead of 7 and #_,w instead of w in (3.25)), we have for all
5 S [T —t, 7—]7

3
lu(©)II* + 02/ O (lu) I + Nur)g + llulr)|?)dr

T—1

—A(E—T+t) 2 4m? (¢ A(r—€) 2
< ce lur—llc, ,, + S e lurllc, , dr (3.106)
T—1

f 2q—2
* / AT (r, W2 + 16 Or—r)| 35+ 1G5(0r—r)]? + 1),
T—t

where [lu(r—=1)[* < [Ju,—¢ |2, ,, and C2 = min{2, 41, A} is defined in Corollary|3.10}
Multiplying ([3.106)) by €%?*, and replacing & by & + s, then taking the supremum in
s €[t —t—¢&, 0], we obtain that

sup X ||u(€ + 5,7 — 1, 0_rw, ur_y)||?

se[r—t—¢,0]

2v=Ns [ . —Ae—T+1) 2 4m% ¢ Mr—8) 2
< sup e [ce HufftHc%H-i‘T € HurHc%Hdr
s€[r—t—E&,0] T—t

3 -
de [ AT + 1G(O0r) FT 4166 r) P+ 1)
T—1

—A(E—T+1) 2 4m? ¢ Ar—€) 2
< ce lur—ille,  + == [ eV Pllulic, dr
T—t

13 2¢—2
de [ AT +1G(O) BT 4 Gl + Ddr, (3107
T—t

where we have used A < 27 defined in (3.15)). For s € (—oco, 7 — t — ], we consider

sup el u(é+ s, 7 — 1,0 1w, ury)|?
s€(—o0,7—t—¢]

= sup e ETHNUET Iy (s — 1,7 — 1, 0w, ury) ||
s€(—o0,7—t—¢]
_ 6_27(€_T+t)||u7—t||207,{ < e_)‘(f_7+t)||u7_t||207H. (3.108)

Therefore, similar to (3.28) we have for all £ € [7 — ¢, 7],
Huf(" T —1, Q*TW’ uﬂ'*t)H?)%H

—A(E—T+1) 2 4m? Y3 v 2
< e MO, + e [T a2, dr
T—t

f 2q—2
+ Ce—A&/ (| T, 1P 4 1E5(Or—rw)| 7 + |5 (0rrw)|? + 1)dr. (3.109)
T—t

Then, using the Gronwall lemma we have, for all £ € [T —t, 7],

HUE('v T —1, 9_7.0.), uT—t)H%J%H
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am?

4m2 & 47712
< TN Oy, e TN [T S
’ T—1

1O+ [C5(0y—rw) |2 + 1)dr

C ) 2 rdonen [ oot
<ce A ur—ille, , +cet s ’ e
' —t

) ([T 47, )P + 1Cs(0,0)] 57 + [C(8,0) [ + 1) (3.110)

Let & = 7, we have

4m?2
(-, 7 —t,0_rw, uT_t)||%%H < Ce(Tl_/\)tHuT_tHQc%H + cR(T,w), (3.111)

where R(7,w) is defined in (3.105)). Since u,_; € D(7 —t,0_,w) and D € D, we see
from (3.14]) and (3.100) that

4'm2
e X M urillf, , < e MD(T —t,0-w)|E,, =0, ast = oo (3112)

Thus, we complete the proof. [

Proposition 3.18. Suppose that H1-HT7, (3.14)-(3.15)) hold. Then, the multi-valued
cocycle ® has a closed D-pullback absorbing set I € ©, given by

K(r,w)={weCypu: ||w||2C%H <cR(t,w)}, VreR,wel (3.113)
where R(T,w) is defined in (3.105]).

Proof. By (3.104), we know that for t € R, 7 € R and w € (, there exists
T =T(r,w,D,d) > 0 such that, for all t > T,

O(t, 7 —t,0_yw,D(T —t,0_4w)) C K(1,w). (3.114)

Now, we show that L € ©. Let ap = min{\ — 4—72\1% —a, %}, by (3.105) and (3.113)
we have, for t < 0,

€%tR(T +t, 0w)

m

At ’ (/\fﬁ)r 2 29-2 2
= [ Ik I (G B (Gl Vi

0 a2
Te2 (TH) / AN I 4 8, )| P

=e
At ’ ar+()\fﬁfa)r+it 292 2
+es € > (1O raw) | 17 + ¢ (0r )| + 1)dr
A A 2
< 6_2762(7—"-)/ eI T(r 7+ 8, )||Pdr
2 ‘ ar+ao(r+t) 292 2
+es e (1o (Or i) | 17+ |Go(Or ) [ + 1) dlr. (3.115)
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By the same method as [I05, Lemma 3.4], we can deduce that there exist b, =
bi(w,d) > 0 and by = by(w,d) > 0 such that, for all v, <0

0 < 20T |¢5 (0,0 77 < b, 0 < eTD|C5(0,1w)|? < o (3.116)
Hence, by (3.103)) and (3.116)), it follows from ([3.115)) that, for ¢ < 0,
Jmle?R@=+u@w):0. (3.117)
——00

Therefore K € © as desired. [J

Now we establish the ®-pullback asymptotic compactness of ®.

Lemma 3.19. Suppose that H1-HT7, (3.14)-(3.15) hold. Then & is ®©-pullback
asymptotically compact in C, .

Proof. Let 7 € R, w € Q, D € ®©, and 2™ € D(t,, 7 — t,,0_4,w,u,—y,) with
Ur—y, € D(T —tp,0_4,w) and t,, — co. Then

z"(s) =ul(s, 7 —ty,0_;w,ur—y,), Vs € (—00,0], (3.118)

where u" is a solution of (3.13). We need to show {u?(s, 7 —t, 0_;w, u,_4,)}52, has
a convergent subsequence in C. .

(1) We will verify that there exists W € C(|—T,0]; H) and a subsequence of
{z"} (not relabeled) such that ™ — W in C([-T,0]; H) for every T > 0.

Let T be a positive integer, similar to (3.110)) and (3.112]) in Lemma there

4m
exist ng = no(7,w, D) > 1 and ¢ = coe® 37T > 0 such that, for all n > ng and
tn>T,

[uglle, , < erR(r,w), YEe[r—T,7], (3.119)
where R(T,w) is defined in and then
[u" (O < erR(r,w), V€€ [r—T,7], n>no. (3.120)
Consider
Y& =u"(§-T), VEe [T+ T]. (3.121)
By , we have
Y™ ()| < erR(r,w), V€€ [r,7+T], n>no. (3.122)

Thus, for fixed T, {Y"} is bounded in L*°(7,7 + T; H). Note that Y™ is a solution
of the following system:

dd};n = =AY =AY (€3, Y + Gl Y - 0(€))) (3.123)
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0 ~
+ / F(z, Y™+ D))l + J(E,x) + h(, 2, Y™ (0ew), VE € [r,7+T),

with initial data Y* = u”_,. It can be inferred from that
HYTnHaH < crR(T,w), Yn > ny. (3.124)
From and (3.123)), we consider for all £ € [r,7 + T,
(&Y™ = F(E =T 2,u"), G, Y"(€ = 0(€)) = glo,u"(€ = T = o(¢ = T)))
F(x,,Y"((+1)=F(z,L,Lu"(§ =T +1)), h(&,z,Y") =h(§ =T, z,u"). (3.125)

Therefore, using the same method as (3.106|), we have for all r € [7 — T, 7],

T

CoeT / ()1 + ([ () 2)dr

=T

<Co [ X+ lg)ar
=T
4m T r—1 n
< e Mgl + 5 [ I

e [ AU + GO [T (G0, + V)
T

4m? [T _
< e gl + 50 [ A dr
T

0 2¢—2
“/ NI +7.) 2 + G (0w) | 7 + [Go(Bw) + Ldr. (3.126)

Plugging (3.119) into (3.126]) and thanks to A > \ — 4m1 , we have
/ (la(r)[F + lJu(r)[[§)dr < coe* R(T,w), (3.127)
=T

which means that {Y™} is bounded in LP(7,7+T; V) and L(7,7+1T7 LY(0)) in view
of (3.121). In addltlon we are able to show {f(-,z, Y™} and {¢(Ow)h(-,z,Y™)}

are bounded in L1 (1, 7+ 1T, Lot (O)). Owing to the above estimates, there exists
Yel®(rr+T,H)NLP(r, 7+ T; V)N Li(7, 7+ T; LI(0O)) such that

{y” — Y weakly star in L>(7,7 + T H), (3.128)

Y*" =Y weakly in LP(1,7+T;V) and Li(r,7 + T;LY(0O)).
By Remark [3.1] Remark [3.2 - 2l and (3.119), we deduce that g(z,Y™) is bounded in

L*(r,7+T; H) and {f F(z,1,Y"(1))} is bounded in L*(7, 7 + T H). Similar to
the proof of Theorem 3. 11 we can come to this conclusion

Y"—=Y in C(r,7+T];H). (3.129)
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Let W(s) :=Y(s+ 7+ 1T) for s € [-T,0]. By (3.128), then using the diagonal
technique we can obtain that there exist a function W € C((—o0,0], H) and a
subsequence of {n} (relabeled the same) such that 2™ = u? — W in C([-7,0]; H)
on every interval [—T',0]. Thus, by we have for any T > 0,

lim sup e?*[[u”(s)||> = sup e**|W(s)|* < erR(T,w), (3.130)
N0 se[—T,0] s€[—T,0]

that is, W € C, g and
HW(S)”%&/H < e¢rR(r,w), Vs e [-T,0], forany T > 0. (3.131)

(2) We will prove that 2" — W in C, y. To that end, we consider for every
£ > 0 there exists n. such that, for all n > n,

sup X |[u”(s) — W(s)||* < e. (3.132)

s$€(—00,0]

im

Due to A — T% < A < 27, for every € > 0 there exists 7. > 0 such that

coe_m_(’\_ﬁ)]TER(T,w) < g (3.133)
By we have
|ul(s)]]* < coe’(’\’ﬁ)sR(T, w). (3.134)
Then, and yield
sup e |lu’(s)||* < cp sup 6[2%()\*@)183(7.’“)) < g. (3.135)

s<-T¢ s<-T¢

Given k > 0, by (3.131)) and (3.133)), we have for all s € [—(T. + k + 1), —(T. + k)]

2
(W () < coe™ 1T O FIT44) (7 )

am?2 4m%

< cpet e 21 T)}(TEM)R(T, w) < %, (3.136)
which means that
sup W) < - (3.137)
It can be inferred from and that for all n > n,
se(—SlloI,)—Tg e?5||ul(s) — W(s)|* < e. (3.138)

From (1), the convergence of u”(-) to W is true in compact intervals. Therefore,

together with (3.138]) we conclude (3.132). O

Then, we prove the existence of a pullback attractor in C .
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Theorem 3.20. Suppose that H1-H7, (3.14))-(3.15)) hold. Then, the multi-valued
cocycle ® generated from the p-Laplace equation (3.13) has a unique ©-pullback
attractor A € ®.

Proof. Givent € RT,7 € R and w € Q. We can obtain the multi-valued cocycle
® is upper semi-continuous by the result in Lemma [3.16, Proposition yields
the existence of a closed ®-pullback absorbing set K € ©. Lemma [3.19] gives
the asymptotic compactness of the multi-valued cocycle ®. Thus we come to this
conclusion in view of [I3, Theorem 3.4]. O

3.3.2 Measurability of the pullback attractor

We recall (see [4]) that €, a subspace of C(R,R), can be equipped with the Fréchet
metric

- 1 SUD¢e[—n,n] |w1 (t) — W2 (t) |
d = — ’ V. €
190 = BT s gler @t " €

n=1

and F is the Borel o-algebra B(£2) with respect to the metric.
For m € N, we introduce the subset of {2 as

Oy = {w e w®)| < It V= m}. (3.139)

Lemma 3.21. ([43]) Let § € (0,1] and §2,,, C Q given by (3.139) for m € N.
(1) If w" — w with W™, w € Q,,, then (5(0,w™) — (5(6,w) uniformly for t in any
compact interval of R as n — oo.

(11) Q, is a closed subset of Q and Q= |J .

m=1

(111) Given w € €, we have for all t < —m,
2
|Cs(Ow)] < 5]t| + 1. (3.140)

Lemma 3.22. Suppose that H1-H6, (3.14)-(3.15) hold. Let T > 0,M >0, 7 € R,
w" = w with w",w € Qy,. Then there exists ¢ = c(0,7,T, M,w) > 0 such that the

solutions of (3.13) satisfy
(-7, 050", Q) , < ¢, (3.141)

and
t
[ MMt - QI + a0 i <, (3142

for-alln € Nt € [7,7 +T] and the initial condition ¢ € C, i with |¢|lc, , < M.

Proof. Since w,w™ € Q,,, by Lemma (i) there exists N = N(0,T,7,w) > 1
such that, for all n > N and r € [r,7 4+ T],

|C(5(97"—Twn)’ S |C5(97‘—7w)’ + 17
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which, with the continuity of (5(fsw) in s, imply that there exists ¢; = ¢1(9, T, 7, w) >
0 such that, for all r € [7, 7+ T],

1G5 (Or—rw)| < c1, 80 |CG5(Or—rw™)| < 1+ ¢y. (3.143)

Replacing w in (3.18]) with #_,w", and plugging (3.143)) into (3.18) imply (3.141])).
Analogously, replace w by 0_,w™ and let r = 7 in (3.36]). Then, by (3.143|), we can
also figure out (3.142). OJ

Now, we will show the multi-valued cocycle ® is random in the sense of Definition
0.0l

Lemma 3.23. Suppose that H1-H6, (3.14))-(3.15)) hold. Then, for every 7 € R, the
mapping

(t,w,p) = P(t, T,w, )
is B(RY) x F x B(C, g)-measurable.

Proof. (1) Given n € N, ¢¥ > 0, let t" — t°, ¢" — ¢” in C, y and ", ¢° €
Com, w" — W with w0 € Q. By [13, Lemma 2.5], we need to verify the
above mapping is upper-semicontinuous, that is, we will show that for any se-
quence x" € ®(t", 7,w", ¢"), there exists a subsequence x"* converging to some
X € @t m,w’ ¢°) in O .

We assume that, for all n € N,

0<t" <1+t and [¢"[2, , <1+2[°2, - (3.144)

By the definition of ® in (3.99), then x" = u? (-, 7,6_,w", ¢"). On account of
in Lemma [3.22] we have the sequence {u"(-,7,0_,w",¢")} is bounded in
L>(1,74+1+t% H). By similar reasons to the ones in ([3.142)), {u"(-, 7, 0_,w", ¢")} is
bounded in LP(7, 74+1+t% V') and L(7, 7+1+t% L9(O)). Similar to the proof of The-
orem , there exist a subsequence {u™ (-, 7,0_,w™ ™)} and u°(-,7,0_,w°, ©Y) €
Lo(r,m+ 14+t H)NLP(r, 7+ 1+ t% V)N L7, 7+ 1 +t° L9(O)) such that

u™(-) = u’(:) in  C(r, 7+ 14+t H). (3.145)
Thus, for a given £ > 0, we have
sup || u (7 + " s, T, 0w ™) —ul (T 0+ s, 7, 0w, 00|

s€[—1-19,0]

< sup || U (T H " 4 s, T, 0w, ) — UO(T +t™ 457,000, g00)||
s€[—1-19,0]

+  sup Pl (T + " + 5,7, 0w @) —ul (7 + 0 + 5,7, 00, 0
s€[—1-19,0]

<=, (3.146)

A~ ™
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For s € (—o00,—1 — t°], we have

sup  eTF||u™ (7 4t 4 5) — uO (T + 1+ 5)||
s€(—o0,—1-19]
< sup (T + "™ +s) —ul(T + 7 + )|
$€(—00,—1—10]
+  sup el (Tt 4 5) —ul(7 + 10+ 5)|
s€(—o0,—1-19]

<e e = lleyy + sup PRt 4+ s) =@+ )|l (3.147)

s€(—o00,—1-19]
By the fact that ¢ — ¢° in C, g, for large k we obtain

- (3.148)

€ (pnk - SOOHC'\/,H S

1 ™

Owing to ¢° € C,, g, there exists lim €"°(s) = ¢ € H. Thus consider 7' > 1+ ¢°

S——00
we have

sup e[| @"(t" + 5) — (1" + 5)]|

s$€(—o00,—T]
5
< sup PR 4 s) —pll+ sup €llo =t +s)| < - (3.149)
s€(—o00,—T] s€(—o00,—T] 4
For s € [T, —1 — t°], we have
5
sup e (t™ +5) — " (t° + 5)|| < 7 (3.150)

s€[-T,—1—19]

for large k. It can be inferred from — that x™ — x%in C, y as k — oc.
Then, x° = v ,0(-,7,0--°,¢°) € Cy .

By the continuity of f,g,h (see H3-H5), Remark and Lemma [3.21] (i), we
know that u® is a solution of equation (3.13)), then x° € ®(¢%, 7,w°, ©°).

(2) Due to (1), we can obtain that the mapping (t,w,¢) — (¢, 7,w,p) is
B(R") x Fq,, x B(C, g)-measurable, where Fq,, is the trace o-algebra of F with

respect to €2,,,. Since €2, is a closed subset of €2 by Lemma (ii), then Q,, € F,
which implies that Fo,, C F. Then, together with Q = |J €, by Lemma [3.21| (ii),

m=1

we complete the proof. [J
Recall that the graph of a set-valued map w +— F(w) :  — 2% is defined by
Gr(F) ={(w,2) e Q2 x X : z € F(w)}.

Lemma 3.24. Suppose that H1-HT7, — hold and let m € N, 7 € R.

Then, for any t > 0, the map Q,, > w — (¢, 7,w,K(7,w)) is measurable with
respect to the P-completion of Fq,, . In addition, ®(t,7,w,K(T,w)) is closed.
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Proof. Based on the above definition of graph, by [5], we have to verify the graph
of the map w — ®(t, 7, w, K(7,w)) is closed in Q,, x C, y. Let w” — w® in Q,, and
X" — x"in C,, g, where x" € ®(¢,7,w", K(7,w") . Thus, we only need to prove that
X% € ®(t, 7,w° K(r,uw?).

On account of x™ € ®(¢, 7,w™, ¢"™) and ¢" € K(7,w™), we have

X"(s) =ul(t+s,7,0_,w" @"), Vs < —t,

where u™ is a solution of (3.13)). Then ¢™ — ¢° in C p.
By Lemma[3.21] (i), there exists ¢, > 0 such that, for all n € N and r € [-m, 0],

2

1G5 (6,05 + 1G(0,0) < e (3.151)

In view of H7 and (3.151)), applying the Lebesgue theorem, we have

. 0 ()\_ﬁ)r 2 ny|22=2 n\|2
T [ eI 7+ 1G0T (G0 4 Vdr

_ 7 oy 2 0y 242 o2
= [ YT+ 7 )P+ [G(0,00) [ 4 |G (0,w°))F 4+ 1)dr. (3.152)

—m

Since w™ € Q,, by Lemma [3.2]] (i), there exists ¢; > 0 such that, for all n € N and
r € (—oo,—mj,

G (O™ T < cs(fr]am +1) and |Cs(6,0™)|* < es(|r]? + 1). (3.153)

In view of H7 and (3.153)), applying the Lebesgue theorem, we have

" am3 292
Gim [ O 4 ) 4 166 [ 4 (G602 + D

2q

- / O 47, )2+ (G (0,605 + [G(0,”) 2 + Ldr. (3.154)

Thus, R(7,w") — R(7,w").

Since ™ € K(1,w™), from Proposition it follows that ||©" [, , < coR(T,w").
Hence, ||900||%7H < ¢oR(7,w°) and ¢" € K(7,w”). Using a similar argument as the
proof of Lemma we deduce that \° € ®(¢,7,w°, %) C ®(¢, 7,w°, K(1,0°). O

A pullback attractor A is random with respect to the P-completion F of the
o-algebra F, that is,

{lweQ: AT, w)NO # 0} € F,

for any open set O C Cy g and 7 € R.
Theorem 3.25. Suppose that H1-H7, (3.14)-(3.15)) hold. Then, the multi-valued

random non-autonomous dynamical system ® generated from the p-Laplace equation

(3.13) has a ®-pullback random attractor A over (Q, F,P).
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Proof. By Lemma (3.24] the map w — ®(¢, 7, w, K(7,w)) is measurable w.r.t. the
P-completion of Fg, , that is

Cr i ={w €y Ot, 7w, K(T,w))NO #P} € Fq,.
By Lemma (ii), we have

{weQ: o, 7w, K(r,w))NO #£0} = G Cn€F,

m=1

together with the closedness of the graph proved in Lemma [3.24] and Lemma (3.23],
we can deduce the conclusion according to [I3, Theorem 3.5]. O
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Chapter 4

Periodic measures for stochastic
lattice systems with delay

In this chapter, the existence and the limiting behavior of periodic measures for the
periodic stochastic modified Swift-Hohenberg lattice systems with variable delays
are analyzed. We first prove the existence and uniqueness of global solution when
the nonlinear T-periodic drift and diffusion terms are locally Lipchitz continuous
and linearly growing. Then we show the existence of periodic measures of the system
under some assumptions. Finally, by strengthening the assumptions, we prove that
the set of all periodic measures is weakly compact, and we also show that every limit
point of a sequence of periodic measures of the original system must be a periodic
measure of the limiting system when the noise intensity tends to zero.

In the next section, we introduce some assumptions about nonlinear and time-
delay terms and prove the existence and uniqueness of solutions to @ In Sect.
4.2] we establish uniform estimates of solutions in C'([—p,0],¢?). In Sect. we
discuss the existence of periodic measures in C([—p, 0], ¢?). In Sect. the limit
of periodic measures is studied when the noise intensity € — €y € [0, 1].

4.1 Well-posedness of the system

4.1.1 Some spaces and assumptions

Denote by C, = C([—p, 0]; £?) the Banach space of all /*-valued continuous functions
on [—p, 0] with the norm

lelle, = sup Jla(s) = sup 3" ai(s)P, Vi € G,

s€[—p,0] s€[—p,0] icZ

For any map w : [—p,00) — (2, we denote the delay shift (or segment of the map)
by
wi(s) =w(t+s), Yt>0, s€[—p,0].

For convenience, define some operators from £ to ¢? as below: for u = (u;)sez €
2

(AU)l = —U;j_1 + 2'LL1 — Ujt1, (BU,)Z = Ujy1 — Uy, (B*U)Z = Uj—1 — Uy, (41)

127
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and
(Du); = wjro — 4 + 6u; — du; g + uio. (4.2)
Thus, for u = (u;)iez € £? and v = (v;)icz € 2, we deduce from that
A=BB*=DB"B, (Bu,v)= (u,B"). (4.3)
and
(Au,v) = (Bu, Bv), ||Bull® = [|B"u|* < 4fJul]®, [[Au|® < 16]uf?.  (4.4)
Analogously, it follows from that
(Du,v) = (Au, Av), || Dul|* < 256||ul|?. (4.5)

In order to achieve our final result, we need to impose the following assumptions:
FO. The delay term o(-) € C'(R, [0, p]) and satisfies

J(t) < p* for some p* <0, Vi>0. (4.6)
F1. The same delay term as in FO satisfies
o'(t) < p* for some p* <1, Vt>0. (4.7)

F2. g() = (gz())zEZ € C(R, 62) and h,]() = (hi,j('))iEZJEN & C(R,£2), Wthh
means that for all t € R

lg@)I1* =Y 1g:(O)F <00 and Y [l (0)I1F =D > lhis(2)] (4.8)

1€EZ JEN jEN i€Z

F3. The nonlinear drift term f; € C(R x R x R/R), fi(¢,,-) : RxR = R
is locally Lipschitz continuous uniformly with respect to ¢ € Z; namely, for any
bounded interval I C R, there exists a constant Ly = Lo(I) > 0, independent of
t € R,7 € Z such that

|fi(t,s1,52) — fi(t, s3,54)]
< Lo(|sy — s3| 4+ [s2 — s4]), VteR,s, €I(m=1,234). (4.9)

F4. For each ¢ € Z, there exists a; > 0 such that,
’fz(t, S5,Sﬁ)| < ﬁo(t)(|$5| + ’86|) + oy, Vt, S5, S € ]R, (410)

where (;)icz € 2 and 3y : R — R is a positive continuous and non-increasing
function.

F5. The nonlinear diffusion term 0;; € C(RxR xR, R), 0;,(¢,-,-) : RxR = R
is locally Lipschitz continuous; that is, for any bounded interval I C R, there exists
a constant L; = Ly(/) > 0, independent of j € N;i € Z,t € R such that

loi j(t, s1,82) — 04 (t, S3,54)|
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§L1(|81—83‘+|82—84D, VsmGI(m:1,2,3,4),t€R,iEZ,jEN. (411)
F6. For each t € R,i € Z,j € N, there exists 7, ; > 0 such that for all s5,s6 € R

03,3 (L, 85, 56)| < B;(8)([s5] + [s6]) + i (4.12)

where (i ;)iezjen € €% and (B;(+))jen : R — €2 is a positive continuous and non-
increasing function.

Remarks on F0: Notice that we are assuming p* < 0 in FO, which is more re-
strictive than the general case p* < 1 in F1. The reason to consider this assumption
is that we will be able to provide in Remark [£.3] an easy way to prove the existence
and uniqueness of solutions to our problem under assumption FO.

Given 7 > 0, we assume that all time-dependent functions in are T -periodic
in t € R, which means that, for all t € R,;i € Z,j7 € N,

at+T)=a), t+T)=ql), at+T)=qgd),
ot+T)=o0(t), gt+T)=ygt), h(t+T)=h(),
Bot+T) = Po(t), filt+T,--)= filt,-,"),

oii(t+T, ) =0i(t,-), Bi(t+T)=B;(t)

(4.13)

4.1.2 Existence and uniqueness of solutions

Consider u = (u;)iez, 9(t) = (9i(t) )iez, hj(t) = (hj,i<t))ieZa [t u,v) = (filt, wi, vi) )iez
and o;(t,u,v) = (0;,(t,u;,v;));cz. Based on the above arguments, we study the fol-
lowing stochastic delay modified Swift-Hohenberg lattice system in ¢? for ¢ > 0:

(du(t) + qi(t)[Du(t) — 2Au(t)]dt + go(t)u(t)dt + g3(t)|Bu(t)[*dt + u’(t)dt
= f(t, u(t),u(t — o(t)))dt + g(t)dt

ey (hy(t) + ot ult), ult — o(t))))dW;(t),

J=1

(u(s) = ¢(s), s€[-p,0]

(4.14)

where g1, ¢ € C(R,RY), g3 = (g3,)icz € C(R,ﬁ); ¢ = (pi)icz € C.

By F3 and F4, f(t,-,-) : £* x {* — ¢* is locally Lipschitz continuous and grows
linearly, that is, for every R > 0, there exists Lé > 0 such that, for all £ € R and
Uy, V1, U, Vg € 2 with [Jug]| < R, ||us|] < R, ||v1]| £ R and ||vs]| < R,

1 (8w, 01) = (8w, 02) |7 < Lip(llun — ) + [Jor = vs]|?), (4.15)
and for all t € R and u,v € ¢2,
1f (s )17 < 465 (lull® + [|v]*) + 2]|al?, (4.16)

where @ = (;)iez € *. Similarly, it follows from F5 that o;(t,-,-) : €2 x (2 — (?
is locally Lipschitz continuous for j € N in the sense that, for every R > 0, there
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exists L% > 0 such that for all ¢ € R and uy, vy, ug, vo € €2 with |Jui|| < R, |Jug|| <
R? HUl” <R and ”UQH < R7

D ot ua, v0) = 0t uz, v2) | < Lg(|Jun — ws|® + [lor — va|?) (4.17)
JEN

For each j € N, we infer from F6 that, for all t € R and u,v € ¢2,

> llo(t,w, o)1 < 4B@IPlall® + [[o]?) + 2171, (4.18)
jeN
where 7 = (Vi )iczjen € €2 and || B(1)]* = %Iﬁj( )%
J€

Definition 4.1. Suppose p € L*(Q,C,) is Fo-measurable. Then, a continuous ¢*-
valued stochastic process w is called a solution of lattice system (4.14) if (uy)i>o is
Fi-adapted, ug = @, for all T >0,

ue L9, C([-p,T), ), (4.19)

and, for each t > 0,
u(t) = ¢(0) + /0 t (= au(s)Duls) + 2q1(s) Au(s) — ga(s)uls)
— g3(5)|Bu(s)[* — u’(s))ds + /Ot(f(s, u(s), u(s — o(s))) + g(s))ds
“Z/ s) + oi(s,u(s), u(s — o(s))))dW;(s), (4.20)

in 0% for almost all w € ().

Now, we will show the existence and uniqueness of solutions of system (4.14}). In
the particular case of p* < 0 in FO, a short and nice proof will be given in Remark

1.3 below.

Theorem 4.2. Suppose F2-F6 hold and ¢ € L*(Q,C,). Then, system (4.14)) has a
unique solution w in the sense of Definition[4.1. In addition, if F1 also holds, then
forany T >0,

E(ul2 ) < MM <1E(Hso|l2c,,) iT4 1), (4.21)

where M is a positive constant independent of ¢ and T.

Proof. (1) The existence and uniqueness of solution follow from a similar argument
to the one used by X. Mao [68] in the case of stochastic differential equations with
delay in R™ (see also Caraballo et al. [17] for stochastic lattices and PDE with
delay). We omit the details.



Chapter 4. Periodic measures for stochastic lattice systems with delay 131

(2) Now, we prove the uniform estimates of solutions. By (4.14)) and Ito’s for-
mula, we have for all ¢ € [0, 7],

t

Ju(t)]? +2 / 01(3)][ Au(s)|*ds — 4 / 01(3) | Bu(s) *ds + 2 / 02(3)u(s) 2ds
+2 i ||u(s)\|ids+2/0 (g5(s)|Bu(s)|?, u(s))ds

t

— ()| +2 / (f(s,uls), uls — o(s))), u(s))ds + 2 / (9(5). u(s))ds

0

& Z / 1hs(5) + 055, u(s), uls — o(s))|*ds

+262 / s) + (s, u(s),u(s — o(s))), u(s))dWj(s). (4.22)
By using Young’s inequality, we obtain

~2 [ (@) BuCo)uts) s

<2/ 3 a(5) i (5) = ()5 s

< [Nl ds + 3 [ 3 [ua(s) — 2use () + ) s
<8 [ (o) PlulPds+2 [ ute)lias (4.23)

From (4.16)) and the fact that 5y : R — R is a positive continuous and non-increasing
function as defined in F4, for all ¢t € [0, T],

2 [ (/s u(s).u(s = ). u(s))ds
= / 260 ()
(5)

4603 2 — o(sNI2Vds
< [ D o+ futs - )17 +

1 (s, uls), us — o(s)))|Pds + 2 / Bo(s) [u(s) | 2ds
laf?

d +2/ Bo(s)]|u( )||2ds

o Dols
<1 / A oy, / ol () ds (420
< ut)|? ds+n;om Bl T + =, . o).

Using Young’s inequality yields

2 [ utenis < [ —laPds+ [ woE(u@Ps @2
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By (£.18) and the fact that (5;(-))jen : R — £? is a positive continuous and non-
increasing function as defined in F6, for all ¢ € [0, T,

3 / I5(5) + (s, u(s), us — o(s))2ds
< 92 Z/ 1 (s)2ds + 2€ Z/ (s, u(s), u(s — ofs)))|ds

< 2¢ Z/O 1R ()[[*ds + 862/0 1B lu(s)I* + llu(s — o(s))[I*)ds

t
& / Iyl12ds

< 8¢

Gl

/ Z 1y ()12 + 20[]1%)ds (4.26)
Plugging (4.23)-(4.26) into (4.22),

)| [luls)

t 2p
A% < [[u(0)|? M 2 t
lu®)[* < Ju(O)I* + / 1(3)u(s) 1_p*(gg§jﬂo()
+4€* sup Ilﬁ(t)!P)HsoH%,, + ( min 5o (t)]|alf? +462H7HQ)T
te[0,7] t€[0,7]

‘1 2 2
+ [ e+ [ Zuh s
+2€Z/ s) + o;(s,u(s), u(s — o(s))), u(s)) dW;(s). (4.27)

where Mi(s) = 16¢1(s) + 8llgs(s)[|* + (4 + :257) Bo(s) + 8€*(1 + =) [|B(s)||*. Then
taking the expectation of (4.27), for all ¢ € [O T,

(s Iu(r)l?) < B + B [ Mao)uts)ds ) + 12 (s e

+4¢ sup Hﬁ(t)H2>E(I|<pH20p) ¥ ( min_o(t) +462H7H2)T
tef0,7] telo7]

vu( [ tq;(s)ng(s)n?ds) v ac( [ Znh 2as)

/r Z )+ 0;(s,u(s), u(s — o(s))), u(s))dW;(s)

+ QEE( sup

0<r<t

). (4.28)
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For the last term on the right-hand side of (4.28)), by the Burkhélder-Davis-Gundy
inequality and (4.26)), for all ¢ € [0, T1,

26E< sup / )+ oj(s,u(s), u(s — o(s))), u(s))dW;(s)

0<r<t

<cs( [ Zuu Bl (5) + 055 o) s = o)) P )
< (s, Ju(s)l A Znh )+ 0 u(s) uts - o)IPs) )

0<s<t

< 55 ( s u(s)?) +50§e2E( / Zuh )+ s uls) s — o)) P

2\ o<s<t

1

[NIES

1
< 53 ( s lulo)I?) +ac3e < JACEIRTe ds)
0<s<t
AC3e*p 2 2 2 2
+ 2990wy 130) Bl + Che Znh I+ 2lBds, (429)
- P te[07']

where Cj is a positive constant. Combining (4.28), ([4.29) and [[u(0)[]* < [l¢l2, , we
find

t

]E( sup Hu(r)HQ) < MgE(|]gp||%p)+M3E(/ sup Hu(s)H2ds) + M,T + M;,
—7<r<t 0 0<r<s

(4.30)

where

A4é'_

( max fo(t) + (46" + 2C5€’) sup II»B(t)”Q)’

L — p* \ tel0,7] t€[0,7]

1
Mz =2 max M (t) + 16C5e*(1 + ——) sup [|B(1)]]°,
L —p*" tepom

te[0,7]

M, = 2( min o(®)]lal? + (4 + 203e2>rwu2),
te[0,7]

M5 = max {%g{g% Q2<t)74€2 + 20362}(H9H%([0,T],e2) + Hh‘H2C([O,'T],Z2))7

are independent of ¢ and T'. It yields from (4.30) and the Gronwall inequality that
for all t € [0, 7] with T" > 0,

]E( sup |ju(r ||2) {ME ||g0HC)+M4T+M5}eM3T (4.31)

—7<r<t

Therefore, the conclusion (4.21]) can be obtained. O



134 4.1. Well-posedness of the system

Remark 4.3. We use the method mentioned in [9, Theorem 1] to consider the
existence and uniqueness of solutions to the system (4.14)) in the general case that
p* <0 as assumed in FO.

By FO we find that o(t) is non-increasing and non-negative, so there are only the
following three possibilities:

(a) tli+m o(t) =~ for some v > 0.
—+00
Since o(t) is non-increasing, we have [%)nf )Q(t) = and o(t) > 7 for 0 <t <7,
_l’_
sot—o(t) <t—y <0 for0<t<~. Then system (4.14]) on [0,7] can be considered

as:

(du(t) + qi(t) [Du(t) — 24u(t)]dt + go(t)u(t)dt + g5(t)|Bu(t)[dt + u*(t)dt
= f(t,u(t), ot — o(t)))dt + g(t)dt
S (hy(t) + o3t ut), ot — (1)) AW (), e [0,9], (4.52)
Lu(0) = ¢(0),

which is a non-delay system. Since q1,q2 : R — R and g3 = (g3,)icz : R — €% are
positive, continuous, and T -periodic functions as defined in , we can deduce
from [96, Theorem 3] that problem has a unique solution u on [0,v] such that
u € L*(Q,C([0,7],¢?)). For all k > 0, repeating this procedure, the solution u can
be extended from the interval [kv, (k+1)7] to [0,00), so that u € L*(Q2, C([0, T}, ¢?))
for any T > 0.

(b) tEeroo o(t) =0, but o(t) > 0 for any t > 0.

We choose an increasing sequence {ty}r>0 such that to = 0,tx T oo and

0(tks1) = the1 + 0(tkr1) — thrr > te + 0(tks1) — tirr > 0,

which means that ty 1 — o(tg11) < tg. Similar to (a), our system can be solved on
[tk,ter1] for k > 0, and hence the solution u can be extended to the entire interval
0, 00).

(c) There exists T, > 0 such that o(t) > 0 fort < T,, but o(t) =0 fort>1T,.
When t < T,, we can adopt the same method as in (b). Whent > T,, system
becomes

( )+ q1(t) [Du(t) — 2Au(t)] dt + go(t)u(t)dt + g3(t)|Bu(t)[*dt + v’ (t)dt
Ft,u(t), u(t))dt + g(t)dt

+e§: (hi(t) + o (t, u(t), u(t)))dW;(t), Vt € [T, 00), (4.33)

with initial data w(T,) € L*(Q,0%). It is easy to find that (4.33) is an equation
without delay, and similar to (4.32)), the existence of the solution is obvious.
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4.2 Uniform estimates of solutions

In this part, we will show some estimates of solutions for the stochastic delay lattice
system (4.14]). For this purpose, we assume that if ¢;(t), Bo(t) € R™ and ¢3(t), 8(t) €
% are small enough or ¢y(t) is large enough, there exists p > 2 such that

> 16 £)+8 2+ 24 Fptp— 1)
tg[l(]ll%qz()_ tg[lg%ql(H tes[%%H%()ll +2p (p— 1) tg}g;%ﬁo()
+4(3p —4) sup [B(1)]]*. (4.34)
t€[0.7)

For all t € R, we set

O1(t) = Saa(t) — Spar(t) — 4pllas(t) > — 2° 7 (p — 1) 75 Ao (1)
2p(3p — B, (4.35)
22 P12 2 2
Oa(t) =2° 5 (p— 1) ¥ ho(t) + 8(5) 2 = 1)=[BAI
and .
{@ 1(t) = @2(t) = 21(t) — 8llas (D) — 460(t) — 8B, (4.36)
Ot ) = 206,(t) + 8[1B8()[1*.
By (4.34) and p one can obtain ©;(t) > 0 directly. Since p > 2, we can verify
that
2 (p— 1) > 4p, dp(3p—4) > $p,
which, together with (4.34)), implies ©;(¢) > 0
We also need to assume that
T S
X = / (@1(5) — Oy(s)els-» 91(”‘") ds >0, (4.37)
0
and
T, - L
Y= / (@1(8) - @Q(S)efsf»@md?“)ds > 0. (4.38)
0

In addition, the following lemma will be very helpful in computing uniform estimates
of solutions.

Lemma 4.4. [55, Lemma 3.1] Suppose v € C([tg — 7,00),RT) is a solution of the
delay inequality

{D+v(t) < —r1(O)o(t) + ka(BV(t — 1o(t)) + K3, t > to,

(to +s) < ¢(s), s€[-,0], (4.39)

where DY o(t) is the upper right-hand Dini derivative of v att, tg € R, 7 > 0 and k3 >
0,9 € C([—7,0],R"), 70 € C([ty, 0), (0,7]), k1(t) and ka(t),t € R, are nonnegative,
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continuous, T -periodic functions. Assume that the average of the function n(t) =
t
k1 (t) — ka(t)eli—=1 01 o [0, T] is positive; that is,

N = % / "0yt > 0. (4.40)

Then, there exist positive constants K = K(ky,ke,7,T) and G = G(ky, ko, 7,7T)
such that, fort > to,

v(t) < K(b(())e*)‘(tfto) + G(kr3 + HH2HC([O,T],R+)H¢HC([—T7O],R+))- (4.41)
We now apply Lemma [4.4] to establish the following uniform estimate.

Lemma 4.5. Suppose F1-F6, (4.34) and [4.37) hold. If p € LP(Q,C,) with p > 2,
then for e € (0,1], the solution of system (4.14) satisfies for all t > —p,

E(lu®)]”) < CiE(lollg, ) (e +1) + 1, (4.42)

where C7 > 0 may depend on p, but not on t,e,p or p.

Proof. For every t > 0 and R > 0, we define the stopping time
ng = inf{s >t : Ju(s)|| > R}, (4.43)

where ng = +oo if {s >t : ||u(s)|| > R} = 0.
Given At > 0, by (4.22) and Ito’s theorem in [3, P92, we have

(t+At)ADR
E(|[u((t + At) Angr)||P) + pE </t 1 (s) |IU(S)H”‘2||AU(t)I|2dS)

([ e B s
([ womoras) s [ i
([ s Bt o) s

= mu) ([ 1 ) ats — o), u(o)as )
([ el o) ue)s )
+ gE(f’; [ )+ 05060 et Pas)
+ Mm:(f; L7

x [ (hy(s) + o;(s,u(s), u(s — o(s))), u(s)) |2ds>. (4.44)
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For the last term on the left-hand side of (4.44)), we obtain
(t+At)AnR , ,
([ I o) Bt ()
t
(t+A8) AR ) )
([ P s lllen(s) — (oo las)
t

€L

<om ([ o (4 ot

1€EZL

IN

+ % > [y (1) = 2upp (B (t) + u?(t)|2>ds> (4.45)

1€EZ

(t+At) AR ) (t+A) AR ) .
< 4pE( / las(s)] ||u<s>||pds) +pE< / Ju(s) P~ ||u<s>r|4ds).
t t

For the second term on the right-hand side of (4.44)), by (4.16)) and Young’s inequal-
ity

= -1
p Ped

bp, Veg > 0,
we can deduce

([ ()2 (s, us) s — o)), ols))ds)
<pe( [ O )P 5, — o))l )

<2 (p- 1)1—;1E(/t T Hu<s>deS) +2 T (p - 1) e

([T R O+ s - o)) + 278 (el s
, ) (t+AH) AR

<o ip-vn( [ wele )

v ([ we s - o)

o o (t+oONm
+2°"r(p—1) _pE(/ Op(3)|]a\|pds>. (4.46)
t

For the third term on the right-hand side of (4.44), we derive
(t—‘y—At)/\'qR 9 p (t—‘y—At)/\nR
([ e uenas) < Be( [ wluopa)
t t
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r (e ([T et as), (1.47)

p
For the last two terms on the right-hand side of (4.44)), by (4.18) we have

oo (t+At)AnR
§€2E(;/t [u()IP2[15(s) + (s, uls), uls — Q(S)))||2d5)

_ > (t+A) AR
P2 ey [
x | (hy(s) + o;(s,u(s), u(s — o(s))), u(s)) lzds) (4.48)

_ ©  p(t+AN)AR
<KD [l ) + st — o) s

. (t+AE)AnR
- p(p2 . E(/t () 172 (20B()2 + 2l (5, u(s), uls Q(S)))H2>d3>
<L+ I+ I3,

where

(t+A8) AR
I = ap(p - 1>e2E( / ||ﬁ<s>n2uu<s>upds),
(t+A)AnR
I = 4p(p - 1>e2E( / 1) 2 ()72l @<s>>||2ds),
(t+A8) AR
Is = p(p— 1>62E( / () P-2(lA(s) 2 + 2uw|2>ds).

The Young inequality yields
(t+At)AnR
I < 2p(p - 2>e2E( / ||5<s>||2||u<s>||pds)
t
i . (t+ A8 AR ,
st niee( [ 16 G - dolPas).
t

Similarly,

’ (t+D)AnR
n<te( [ welre)
t

Pe(p-1)i(p 25t ARy :
. L E / & (IR + 21 ]12)Eds ).
t

p2t

Therefore, by € € (0, 1] and (4.48)),

o p(t+ADANR
geQE(;/t [u() P2 (IR (s) + a(s, uls), u(s — Q(S)))||2d5)
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2>E(§ [ e
<1 (16) + 055 = o). () s
<m( [ [oren - 0156 + Bt o)
rarto- i [ IeG - oo iras)
§ DR D (T S e+ 2P ). )

It follows from (4.45)—(4.49) that for all ¢ > 0,

E(Jul(t + At) Ang)P)
(t+A) AR
< E(Ju®)|?) - E( / @1<s>uu<s>||pds)

(t+A8) AR
ve( [ 0x(s) (s — o(s)|"ds)

t

9 L (t+A)AnR
s -y e S lalras)

t
— 1\p-1 (t+At)Anr
pet (N[ el )
t

p
2p—1(p_1)g(p 2)§ 1E</(t+At)AnR 1
P_1 2
D2 t

l\.’:\’ﬁ

+

(s)([lA(s )||2+2|Iv||2)5d8), (4.50)

where ©4(t), ©y(t) are defined in (4.35). It can be deduced from (4.50)) that for all
t>0,

E(lut + AP Ls arcon)
t+At t+A\t
< E(Ju(®)]]") - E( / @1<s>||u<s>||pds> n E( | estolluts - @<s>>||pds)

3—p—2/ P p—1 p—1<p_1>p1 i p—1
+At[2 pp—1)"7 ol i G (t) + 4 5 Jnin g (t)

27 2(p—1)2(p—2)&! 2
min (J2 ( )(HhHg([o,ﬂ,p) +22H7Hp) )

p
x Ngliego e + 1 i
(4.51)

Thanks to lim ngr = +oo and the continuity of solutions, we find from (4.51]) that,
n—oo
for all t > 0,

DTE(|[u®)[") < =©1(OE(|[u®)[") + O2()E([lu(t — o(t)]")
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_p_2 —i(p = Lyt
+257 70 (p— 1) o lafl” min 85(1) + 47 1(T> min g5~ (Ollglleo 7.0

0<t<T 0<t<T
27 2(p— 1)5(p —
—1

g 1 P
min_gq; (t)(HhHg([o,ﬂ,p) +22||7Hp)- (4.52)

0<t<T
Applying Lemma to (4.52), then there exists A = 2 > 0 such that, for all ¢ > 0,

E(lu(t)lI’) < cleo()Pe™ + (1 + el )- (4.53)
Note that for all t € [—p, 0],

E(lu@®)|”) < E(lele, ), (4.54)
which, together with (4.53) and the fact that [[¢(0)[| < sup ||¢(s)]| = |l¢llc,, can
sG[—p,O}

conclude (4.42)). O

As a consequence of Lemma [4.5] it can be immediately deduced that:

Lemma 4.6. Suppose F1-F6, (4.34) and [4.37) hold. If p € LP(Q,C,) with p > 6,
then for e € (0,1], the solution of system (4.14) satisfies for allt >r >0,

E([lu(t) = u(r)]5) < Co(L +E(lelle,)) (1t = |5 + |t = r[F), (4.55)
where Cy > 0 is depending on p, but not on €, p,t,r or .

Proof. From (4.14)), we have that, for ¢ > r > 0,
lt) = u(r) = - | u(9)[Du(s) — 24u(s)]ds — / ' go(s)u(s)ds
- / N Bu)ds — [ a6 [ (Fuls)uts = ofs)) + g(9))ds
+€Z / s) + o;(s,u(s), u(s — o(s))))dW;(s). (4.56)

We infer from (4.56|) that
E(|fu(t) —u(r)]%)

<t ( [ o) + 158 [ aelos)

+ 7B ([ ol ds) 78 [ P )
+ 7 ( [ 1Gsuts)uts - @<s>>>||ds)p + T =Sl
+7§_1€§E(Hf:/rt(hj(s)—I—Uj(s,u(s),u(s—Q(s))))de(s) ) (4.57)

J=1
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For the first and second terms on the right-hand side of (4.57)), by using Holder’s
inequality and the conclusion of Lemma[4.5] it can be concluded that, for p > 6 and
t>r >0,

oats( [ t ql<s>||u<s>uds)g rrig( | t w(luls)lds )

21

<ottt s ) - [ Bt

0<t<T

w\‘d

+7‘3’—1< max gf ° <t>) e / B (Ju(s)|f)ds

0<t<T

p %71 _p_ §,1
=a [(mTq e >) * (mﬂ <t>)
Similarly, for p > 6 and ¢ > r > 0, the third and fourth terms on the right-hand

side of (4.57)) satisfy
p_q,p t 2 % P_q ! 3 %
P ( [l 1) + 78 [ w6 ) P

P P p % ! t 2p
< 73‘143( sup \qu(t)\!“) It—r\*/ E([lu(s)[|#)ds
0<t<T T

=l [ Bt

g[( sup uq3<t>|rpfs)3_ (1+E(lelld))

0<t<T

(1+E(lell )l =[5, (4.58)

b
3

+ 751( max qs - (t))

0<t<T

p_
3

¥ (mTq <t>) (1+E<Hsoua>>] £l (459)

For the fifth term on the right-hand side of (4.57)), by (4.16|) and (4.42)), we have for
t>r>0,

FE( [ s uts = o)) is)’
< T59b b /55 E([lu(s)||#)ds
+7502648 e o5 [ )Rt — ofs) s + 75128 =/

< ca g 5500+ BAIIE,) + Ha||3) ¥ (4.60)

By (4.18), (4.42) and the Burkholder-Davis-Gundy inequality, for all € € (0, 1] and
t>r >0,

\Z [ 0565+ s.u65)uts — el
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ors

<c( [ Zuh )+ (s, u(s) us — o(s)))) Pds)

[SS]

< ([ [2I) 17+ SIBIPI + fuls = el IF) + 4l217] s

T

t
< 428Gl = rF 1A g+ 48158l = 8B ([ IS o s )
+ 45188t — B ([ 130601l - olsDlFas) + 451Gl =1
<o OgggT|rﬂ<t>r|§(1 +B(elE) + 101 o + rwns) )

Substituting (4.58)) to into (4.57)), the desired result (4.55)) can be obtained. [J

Next, we present uniform estimates for the tails of the solution to the system
(4.14).

Lemma 4.7. Suppose F1-F6, (4.34) and [4.38) hold. If ¢ € L*(Q,C,), then for
€ (0,1],

lim sup sup Z (Jus(t)]?) = 0. (4.62)

k—oo t>— p||>k

Proof. Consider a smooth function ¥ : R — [0, 1] such that

0, for |r| <1,
9(r) = 4.63
(r) {1, for |r| > 2, ( )

and define a constant co > 0 such that |¢'(r)| < ¢y uniformly for r € R.
Given k € N, define

Upu = (Vi) iez = (19(—)%) - for u = (u;)icz. (4.64)

By (4.14]), we have

d(Iku(t)) + q(t)eDu(t)dt — 2¢: (1) Au(t)dl + g2 (t)Vyu(t)dt
+ q3(t)0% | Bu(t)|2dt + 9, (t)dt (4.65)
= O f(t,u(t), u(t — o(t)))dt + Irg(t)dt

[e.9]

e (Dkhy(t) + Vroy(tu(t), ult — o(t)))dW(2).

=1

Applying Ito’s formula to (4.65)), and taking expectation, for all ¢ > 0, we have

E(|0cu(t)2) + 2 / 01 ($)E(Au(s), A(02u(s)))ds
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t

—4AqﬂﬂWAM$ﬁ@<D®+2/ VE(|0,u(s)|?)ds

+ 2/0 E(gs(s)0k| Bu(s)|?, 9xu(s))ds + 2 [ E(Ipu’(s), dyu(s))ds

2(s
= E(||9ru(0)]|?) + 2/0 E(Vrg(s), Oru(s))ds
+2/ B0 f (s, u(s), uls — o(s))), dhu(s))ds
+e Z / (19kh;(s) + Dro; (s, uls), u(s — o(s)))]|?)ds. (4.66)
It follows from - that, for At > 0 and t > 0,
t+At
E(|[0ku(t + A)|*) +2 / 0(s)E(Au(s), A(Vyu(s)))ds
t+/A\t ' t+At
[ B ue)ds 12 [ B du()|)ds
tt+At ' t+At
+ 2/ E(gs(s)|Bu(s)|?, 9iu(s))ds + 2/ E(u?(s), iu(s))ds  (4.67)
' t+ At '
= E(||0ru(t)]|?) + 2/ E(Vrg(s), Oru(s))ds
t+At '
49 /t (04 f (s, u(s), uls — o(s))), dwu(s))ds
o0 t+At
+é Z/t E([[0kh;i(s) + Iroj(s, uls), u(s — o(s)))|1*)ds

For the second term on the left-hand side of (4.67)), by using the result in [99, Lemma
7], yields

t+A\t
) /t 01 (5)E (Au(s), A(%2u(s)))ds

22 [ pE(hAu) s = 2 [ @R (469

For the third term on the left-hand side of (4.67]), by the Young inequality, we obtain
t+AtL
4/ a1(s)E(Au(s), Fru(s))ds
' t+At t+At
<2 / 01 ()E([9x Au(s)|2)ds + 2 / a(SE([Ou(s)|P)ds.  (4.69)
t t

For the penultimate term on the left-hand side of (4.67)), by considering the definition

of B in (4.1}, we derive
t+A\t
—2/ E(qs(s)| Bu(s) %, 02u(s))ds
t



144 4.2. Uniform estimates of solutions

<2 [ Bl 0) - )Pl )
<4 [ B S el + i)l o (1.70)
<8/ %mgl WPE(||druls)] )ds+2/t (;W |4>ds

For the second and third terms on the right-hand side of (4.67)), it follows from
(4.16) and Young’s inequality that

2/t ]E(Q?kf(s, u(s),u(s — o(s))), ﬁku(s))ds + Q/t E(ﬁkg(s), ﬁku(s))ds
<3/ 3 (Zﬁ? )(A53() () + (s — o)) + 2N ) ) ds

t+At t+At
2 / Bo(s E([95uu(s) [2)ds + /

t+At
+/t ¢ (3)E(|[Oxu(s)||*)ds

li|>k

t+At

t+At
</ (4ﬁo<s>+q2<s>)E<rwku<s>u2>ds+2 / ols)E([9su(s — os))][2)ds
t+/A\t t+At
+ /t Z | |2ds + /

|i|>k |i|>k

(4.71)

By (4.18)), for ¢ > 0 and € € (0, 1], the last term on the right-hand side of (4.67))
satisfies

3 BOA) + ol s~ eI

oo

<90 /MZZW (5)[ds + 2¢ /A B( 3 o) @) P(utor

li|>k j=1 i€Z

+ Jus(s = o(s)) ) + 20l?) ) ds

o

<2 [N hts \ds+8/ S 15 PE(dgu(s) ) s

li|>k j=1 |i| >k
t+At t+ At
+8/ > 1Bi(s)PE([|9u(s — o(s))]> ds+4/ > hilds.  (472)
i >k i[>k

Plugging (4.68)-(4.72) into (4.67),

E(|9xu(t + At)[*) — E([dru(t)]|?)
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S—/tHAt[(h( ) —2q1(s _82|QS1 )2 = 4B0(s —SZW }

|7 >k [7|>k

t+ At
E(||iu(s)|2)ds + / 1260(5) +8 D 18:(5) | E(19gu(s — ofs))|2)ds

li=k
136¢, /t+At ) /t—i—At 1 ,

+ S)E(||u(s ds + — o;|“ds 4.73
) @1 (s)E([[u(s)]]%) B0 Z:I | (4.73)
t+At

+/ ds—l—Q/ Zz}hﬂ ‘d$+4/ Z|%| ds.
t | |>k li|>k j=1 li|>k

Thanks to Lemma [4.5] for all ¢ > 0,

13600
k

where ¢ is positive and independent of ¢, ¢, k, p and ¢. Given € > 0, there exists
Ki(e) > 1 such that, for all t > 0, At > 0 and k > K;(¢),

0<t<T

t+At
/t qu(s)E(|Ju(s)]*)ds < ?( (lelle,) + 1) max qi(t)At, (4.74)

136c [ SR 2)ds < =(E(||¢]) 1At 4.75
= ), a(s)E(|lu(s)[*)ds < e(E(llellg,) + )Ofgag;q 1(t) At (4.75)
Combining (4.73)) and ( -

E(|0uu(t + A1) — E([dxu(t)]?)
<- / B, (s)E(||0xu(s)|2)ds + / Ba()E(||0xu(s — ols))[?)ds

(Bl +1) g )51+ i 5570 3 o

0<t<T
li|>k
t+At
+/ ds+2/ ZZVW ‘ds+42|%| At, (4.76)
t li|>k li|>k j=1 li|>k

where ©; and O, are defined in ([4.36). Since o,y € 2, g(-), h;(:) € C(R,¢*) and
are T-periodic in t € R | for the same ¢ > 0 in (4.75)), there exists Ky(c) > K;(¢)
such that for all t > 0,7 > 0, and k > Ky(e),

S a2+l <, (4.77)

li| =k li| >k
and, for all t € [0, T],
ST+ 33 )] < (4.78)
i[>k i[>k j=1
Therefore, for all t > 0 and k& > Ks(e),
DYE([[0xu(t)]?) < =01 (E(([9xu(®)[*) + O2(t)E([|dxult — o(t))[*)
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+5<E(||go||%p)0r§zg%q1(t) + max ql(t) + min B, (t) + min q2 Lt )~|—6>. (4.79)

0<t< 0<t<T 0<t<

By (4.38) and Lemma there exists A = % > 0 such that, for all £ > 0 and
k Z KQ(E),
E([[9xu(t)]*) < C3E(|9xp(0)[|*)e ™ + C4E(|[9xe ]2, (4.80)

2
- Cae (B2, s 0(0)+ s 06+ i 55°(0)+ i 450+ ),

where C3, Cy, Cs > 0 are independent of ¢, ¢, p.

Thanks to ¢ € L*(Q,C,) and the fact that [—p, 0] is compact, we infer that the
set {¢(s) € 2 : s € [—p,0]} is compact, that is, for € > 0, there exists K3(¢) > Ky (¢)
such that for all s € [—p,0] and k > K3(e),

Z lpi(s)? < e. (4.81)

i[>k
Note that for all t € [—p, 0],

E(0u()]?) < E( 3 |soz-<s>|2). (1.82)

|i|=k

From (4.80) to (4.82)), for all t > —p and k > Kj(¢),

> E(u(®)) < E([9pu(t)|”) < Csee™ + Che + Cre (E(H<P||c ) max_q,(t)

0<t<T
li|>2k

+ s () + min 55°() + in 6570 +6).

thus the desired result is obtained. UJ

We improve the tail estimates established in Lemma [£.7, which are useful for the
tightness of a family of probability distributions of solutions in the space C,,, as will
be shown in Lemma [£.9

Lemma 4.8. Suppose F1-F6, (4.34), (4.37) and [.38) hold. If ¢ € L*(Q,C,),
then for e € (0,1],

limsupsupE< sup Z |uz(r)|2> = 0. (4.83)
i[>k

k—oco t>p t—p<r<t i

Proof. Consider the same smooth function ¥ as defined in Lemma [4.7] thus also
satisfying (4.63)) and (4.64])). It follows from (4.65)) that, forallt > pandt—p < r < ¢,

P +2 [ a(s) (Auls) AGu(s)ds
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—4/; ql(s)(Au(s),ﬁiu(s))ds—i-2/; (q3(5)0%|Bu(s)|?, Vpu(s))ds

+2/tT q2(s)||19ku(s)\|2ds+2/tr (Ve (s), Vpu(s))ds

= et = )P +2 | (O0f(s.u(s),uls = o9), duu(s))ds

+2/t (9eg(s), Dpu(s))ds + € Z/ |91k (s) + Droj(s,u(s), u(s — o(s)))||*ds
+262 / (92u(s), hy(s) + 055, uls), uls — o(s))))dWy(s). (4.84)

Similar to (4.68]), for the second term on the left-hand side of (4.84]), we have

5 /t_ a1(5) (Au(s), A(Pu(s)))ds
136¢q

>0 /t_ 01 (5) [0 Au(s) | 2ds — /t_ a1 (5) lu(s)|2ds. (4.85)

For the third and fourth terms on the left-hand side of (4.84)), the Young inequality
yields

4/; a1 (s) (Au(s), Fru(s))ds
< 2/; ql(s)HﬂkAu(s)HQdS—l—Q/tj q1(8)||9xu(s)||*ds, (4.86)

p

and
=7 /t;(q‘”’(s)'B“(S)!Qv Wu(s))ds
/p <Z192 )z (s)| (ufy (s) +ui(s ))|u2(5)\>d5

€L
<8 Z g3 ()| u(s) ||2ds—|—2/ > P s, (4.87)
= p| |>k t=p €L

Substituting (4.85))-(4.87)) into (4.84]), taking the supremum in r € [t — p, t] and its
expectation, we derive for allt > pand t — p <r <t

| e

+2/t_ 1(8)E(][Fru(s)|*)ds + 8 ZIQs,i(S)I2E(Hﬁ9kU(S)I\Q)ds

=P Ji|>k

13600

E( sup IWW(T)W) <E(|0xu(t = p)II°) +

t—p<r<t
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+ 2E</t [0k f (s, u(s), u(s — 9(5)))||||19ku(8)||d3>
+2E</t_ ||19k9(8)||||19ku(3)||d8> (4.88)
e Z/ (103 (5) + Duos (s, uls), uls — o(s)))|2)ds

+ 26E< sup )
t—p<r<t

It can be deduced from (4 in Lemmamthat for any ¢ > 0, there exists K;(g) > 1
such that, for all s > —p and k> Ki(e),

[e.e]

Z /tj (ﬁku<3)ﬂ9kh](8) + lgkO'j(S, U(S) (3 — Q

j=1

> E(ui(s)]?) <, (4.89)
|i|>k
which means that, for all s > —p and k > K;(¢),
E([[9xu(s)[?) <> E(lui(s)]*) < e. (4.90)
i[>k

Considering the second term on the right-hand side of (4.88)), we infer from Lemma
that there exists M(¢) > 0 such that for all ¢t > p,

136¢o [* 13660p
E M
P B < S e 0 (9O (),

which means that, for every e > 0, there exists Ky(p,e) > K;(¢) such that, for all
t>pand k> Ky(p,e),

[ B < e (1.9)

For the third and fourth terms of the right-hand side of (4.88]), by (4.90) and ¢3(-) =
(g34("))icz. € (2, there exists K3(p,e) > Ka(p,e) such that, for all ¢ > p and
k > K3(907 5)7

2 [ a@B(a(s)])ds + S lasal5) PE(I () ) s

E=P i >k
< 2pe max + 8pe su i < cs¢, 4.92
P te[0,7] () P te[ogj ||Z>:k (1 | ’ ( )
where ¢5 = ¢5(p, q1(t), gs3(t)). For the fifth term of the right-hand side of (4.88)), by
- - nd - there exists Ky(p,e) > K3(p,¢) such that, for all ¢ > p
> Ky(

( [0k f (s, u(s), uls — 9(8)))||||19W(8)||d8>
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/ Bo(sE([95uu(s)[2)ds + 4 / Bo(sE([95uu(s)|?)ds

+4/ Bo($)E(||9xul(s — o(s))|? ds+2/ Byt (s) ) loul*ds
li

>k
<5 max Bo(t) E(|[9xu(s)]|*)ds + 2p min £ (t)e
t€[0,7] t€[0,7]
<5 2 < 4.93
s Bo0e + 2 e Go(6)+ 2 min 50 S e (499

where ¢g = c¢(p, 5o(t)). Meanwhile, by Young’s inequality, (4.78) and (4.90)), there
exists K5(p,e) > K4(p,e) such that, for all t > p and k > K5(yp,¢),

Q]E(/t ||19k9(8)||||19ku(8)||d8> S/t E(||Q9kg(8)||2)d$—|—/t E(|[dpuls)|?)ds

< p sup Z g2 (t) + pmax E(|[9pu(s)|*) < cre, (4.94)
te[0,7] 520
i[>k

where ¢; = ¢7(p, g). Similar to - for the second-to-last term of the right-hand

side of (4.88)), by (4.18), ([4.77), and (4.78)), there exists Kg(ip,£) > Ks(p,e) such

that, for all ¢ > p,e € (0, 1] and k> Kg(p,€),

Z / (1:hy(s) + 90 (5, u(s), u(s — o(s))|?)ds

<20 sup 33 b0 +8/ S 18 PE(9u(s) [2)ds

tG[Oﬂ\|>ky 1 P li|>k
S)PE(|9xuls)|*)ds +4p Y [l
t=20 1i1>k li|>k
16p sup >- |8;(t)[?
t€[0,7] |i
< 2pe + 8p sup Z |Bi(t) b7 |2]: e + 4pe < cge, (4.95)
tel0.7] 55 IL—p

where cg = cs(p, B(t), h(t),7). For the last term of the right-hand side of (4.88)),
by the Burkhélder-Davis-Gundy inequality and (4.95)), for all t > p,e € (0,1] and

k Z KG(SO7€)’

2€E< sup
t—p<r<t

o0

Z /t_’“ (Dpuls), Ikhy(s) + Inos(s, u(s), u(s — o(s))))dW;(s)

< COIE< 5 Z } (Dpu(s (s) + Vxoj(s, u(s), u(s — Q(s))))fds)g)
< %E<ti2?§t ||ﬁku<r>||2)
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+ 022/ (194hs(5) + O (s, u(s), uls — ofs))|P)ds

1
< —E( sup Hﬂku(r)H2> + cye. (4.96)
2 t—p<r<t

From (4.91)) to (4.96) we deduce that, for all t > p and k > Kg(p, ¢),

E( sup Z \ul(r)|2> gE( sup Hﬂku(r)W) < ce, (4.97)
i >2k

t—p<r<t i t—p<r<t

where ¢ = max{c¢;};—567s09. Therefore, (4.83) is completely proved. [

4.3 Periodic measures for stochastic delay modi-
fied Swift-Hohenberg lattice systems

In this section, we will establish the existence of periodic measures of the system
in C,. Let B,(C,) be the space of all bounded Borel-measurable functions on
C,, and #(C,) be the Borel o-algebra on C,,.

If ¢ € By(C,), then for 0 < r < ¢, we define a probability transition operator
with delay by

(pr1®)(v) = Elp(ue(-;7,v))], forall veC,. (4.98)

In addition, for A € #(C,) and 0 < r < t, denote a transition probability function
by

p(ryvit,A) = (prala)(v) = P{w € Q : w(+;r,v)(w) € A}, (4.99)

where v € C, and 1, is the indicator function of A. We now recall the definition
of periodic measure, namely, a probability measure @ on C, is called a periodic
measure with period 7 > 0 if

/C (Pos+79)(W)du(v) = /C (posd) W)du(v), Vt>0,veC,. (4.100)

P P

4.3.1 Tightness of a family of probability distributions

In this part, we show the tightness of a family of probability distributions of solutions
to system . For this purpose, we need to recall a definition, that is, a family
of probability distributions of solutions is called tight if for each ¢ € (0, 1], there
exists a compact set Z. of C, such that

P{weQ:w(;rv)(w)eZ}t>1—¢e forall 0<r<teRrvel, (4101)

As verified in Section [4.1] for any ¢ > 0, and any F;,-measurable ¢ € L*(2, C,),
the system (4.14)) has a unique solution wu(t, to, ¢) for t € [to— p, 00). In the following
lemma, we consider the initial data ¢ = 0 at initial time ¢, = 0.
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Lemma 4.9. Suppose F1-F6, (4.34)), (4.37) and (4.38)) hold with p > 6. Then, for
€ € (0,1], the distribution laws of the process {u:(+;0,0)}i>o to the system (4.14]) are
tight on C,.

Proof. By Lemma [£.5] Lemma Lemma [£.8 and the Arzela-Ascoli theorem, we

can use similar arguments to those in [23, Lemma 4.8] to obtain the conclusion in

the sense of (4.101]). O

4.3.2 Existence of periodic measures

To obtain the existence of the periodic measures, we need to do some pre-preparation
as follows.

We use the same method as in [96] to approximate nonlinear locally Lipschitz
continuous functions f, o, |Bul* and u® by using a suitable cut-off function as fol-
lows:

s, if |s| < R.
= 4.102
RE=VEs s R (4.102)
||
Then, we find that for all s, sy, s9 € R,
[Cr(s1) — Cr(s2)| < [s1 =2l [Cr(s)] < [s| AR, Cr(0) =0. (4.103)

Given j € NJR >0 and i € Z. For all u = (u;)icz € €*,v = (v;)icz € %, let
fR(t7 u, U) = (fz(t7 CR(ui)7 CR(UZ')))Z'627 O-jR<t7 u, U) - (Uj,i (tu CR(ui)a CR(Ui>))iEZ'
It can be deduced from (4.9) that for all uy, ug, vy, vy € €2,

£, 1) = FR(E ug, vo) )P
<2LE(R)(Jlug — ug||* + |lor — wal?), VtE€R, (4.104)

and by (4.10)), for all u,v € 2,

LR w0) |2 < 2] Rt u,0) = FR(E, 0,07+ 2) (2,0, 0)?
<2LY(R)(lu —v||*) + 2||laf]?, VteR. (4.105)

Similarly, by (4.11]), for all uy,ug, vy, v9 € (2,

> llof (g, v1) — o (t ug, 00|

jeN

<2LY(R)([lur — ua|]* + [lor — v2]|?), Vit € R, (4.106)
and by (4.18)), for all u,v € 2,

D lloft w o)1 < 41B@1Plal® + lloll?) + 2]

jEN
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<4 sup [IBOIP(lull® + lol*) +27[°, VteR.  (4.107)

t€[0,7]

The approximation of nonlinear terms |Bu|* and u? is the same as (2.25)-(2.28) in
[96], that is, for all u,v € £2,

1BCR()? = 1BCr(@)[|* < 64R Ju— v, [[| Bér(w)P||* < 64R2|[ul>,  (4.108)
and
G () = )P < IR |u— vl IIGhwI? < 9R*|lul (4.109)

Replace now f(t,u(t), u(t —o(t))), o;(t, u(t),u(t—o(t))), | Bu|* and u® with ff(t,
uf(t), u(t — o(t))), o f(t, u(t), u(t — o(t))), |BCr(u)|* and ¢} (u®), then the ex-
istence of a unique solution u!* for the approximate stochastic system can be proved
by [68]. We define a stopping time by

sp=inf{t > 0: |[ul(")|| > R}, (4.110)
where ¢g = +oo if {t > 0: [[ul(-)|| > R} = 0.
Lemma 4.10. Suppose F1-F6 hold. If o € L*(Q,C,), then for all 0 < s <t,

lim ul(-, s, 0) = (-, 8,9) P-a.s., (4.111)

R—o0

where uy(+) is a solution of (4.14).
Proof. (1) We want to verify that

u (t Acr) = u(t Asg) and spi1 > sg, (4.112)
a.s. for all t > —p and R > 0. Due to the delay term, it will be different from the

treatment of f¥, o in [96, Lemma 1]. We only include the proof of f* here, and as

the one for of is similar, we omit it.

By (4.104) and the Young inequality, we have for all ¢ > 0,

o [ (5 o ) s = ofs)
. fR(S, uR(S), uR(S _ Q(3>))’UR+1(5) — uR(S)>d8

<R [ It — ) s
FRLR(R) [ s — o) s - o))

2 then R+1 R 2 2L3(R) ter R+1 R 2
< (1+2Ly(R)) ; lu™(s) = w™(s)lIPds + T pe [ (s) —u™(s)|["ds
-P

2L2 t
< (1 +2L3(R) + ﬂ) / sup |[u(r Asg) — uf(r Acr)|Pds, (4.113)
0

1-— p* —p<r<s
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where we used the fact that (s, uf(s), uf*(s—o(s))) = ff(s, u?(s), u*(s—o(s)))
due to |[uff(-)|| < R for all s € [0,55). We replace (2.41) in [96] with (4.113), then
following the arguments in [96, Lemma 1] and noticing that ¢1,¢2 : R — R and
¢z = (g3.i)icz : R — £? are positive, continuous and T-periodic functions, we can

derive (4.112)).

(2) Next we prove that

¢:= lim ¢g =00, P-almost surely. (4.114)
R—+o00
Similarly to Theorem (2) and [90, Lemma 2], we obtain (4.114). Combining

(4.112)) and (4.114)), using the argument of [96, Theorem 3], we can derive (4.111)).
O

We now prove the existence of periodic measures of stochastic delay modified
Swift-Hohenberg lattice system (4.14]).

Theorem 4.11. Suppose F1-F6, (4.34)), (4.37) and (4.38)) hold with p > 6. Then,
system (4.14) has a periodic measures on C,, for any € € (0, 1].

Proof. We first need to consider some properties of the transition operator {p, ¢+ },<:
for solutions of system (4.14]) as follows:

(1) Feller property: Using a similar approach to [96, Lemma 7] and combining
Lemma 4.9, we realize that {p,:}o<,<; is Feller, that is, for any 0 < r < ¢, if for any
¢ : C, — R is bounded and continuous, then p,;¢ : C, = R is also bounded and
continuous.

(2) T-periodic: It follows from [55, Lemma 4.1] that {p,+}o<,<: is T-periodic,
namely, for any 0 <r <tand v € C,, p(r,v;t,-) =pr+T,v;t+T,").

(3) Markov property: Given r > 0 and v € C,, we mainly need to prove that
the solution {w;(+, 7, v)}.<; of system is a C),-valued Markov process, that is,
for every bounded and continuous function ¢ : C, — R and for all 0 <r < s <,

E((ui (- mv)IFs) = Ps,t0)(2)s=us ), Pras.. (4.115)

Now we briefly provide a standard proof procedure similar to [89, Lemma 4.5]. Since

B ool |BCr(u)|* and (3 (u') satisfy (4.104)-(4.109), we can obtain that for every

Fo-measurable random variable ¢ € L*(Q,C,),

E(Cb(uﬁ(’ 85 90))|Jr8) = E(qb(uf(» 5, Z)))|Z:<Pa P-a.s., (4'116)
which can be derived from [71, P51]. Recall that Lemma ensures:

lim uf(-, 5, 0) = u(-,s,0) P-as.. (4.117)
R—o0

From the uniqueness of the solution, for all 0 < r < s <t, we have

ur(-, 7y 0) = w(v, s, us(+,r0)) P-ass., (4.118)
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which together with (4.116))-(4.117) and the Lebesgue dominated convergence the-
orem, we conclude (4.115)).

Then, it can be inferred from (3) that if ¢ € B,(C,), for any v € C, and
0<s<r<t Pas., (ps.0)(v) = (psy(pre¢))(v). Thus the Chapman-Kolmogorov
equation can be satisfied as:

Mw%Mz/p@memeM, (4.119)
C

P

where v € C, and A € #(C,).

Finally, based on the Krylov-Bogolyubov method and the tightness of distribu-
tions of solutions shown in Lemma 1.9, we can use the method of Theorem 4.3 in
[55] to prove the existence of periodic measures in the sense of (4.100)). O

4.4 Limits stability of periodic measures as noise
intensity goes to zero

In this section, we consider the limiting behavior of periodic measures of (4.14) as
the noise intensity ¢ — 0. To that end, we need to strengthen assumptions (4.34)
as follows:

2 1
min t) > 16 ma t)+ 8 su OIF+3-252p(p— 1% ma t
i 00) > 16 s (1) 48 sup as(0)] =)' max Aol

+4[(Bp—4) +2(2 - 2)%} sup ||5(t)]|% (4.120)
b t€[0,7]

Then, we can still apply (4.120)) to derive ©,(¢) > 0 and ©;(t) > 0 for t € R. In
addition, most importantly, we can also deduce from (4.120]) that

O1(t) > Oy(t) and O4(t) > O,(t), Vt € R, (4.121)
where O, (t), ©5(t) and ©,(t), O4(t) are defined in (4.35)) and (4.36), respectively. By
(4.98) and the continuity and periodicity of ©1,0, and ©1, Oy, there exists ¢ > 0

such that ©;(t) — ©y(t) > € and ©,(t) — O,(t) > . Hence there exists hy > 0 such
that

7- S
/ (@1(5) — Oy(s)elsro @1<T>d’“)ds >0, (4.122)
0
and
T, - s =
/ (@1(5) — Oy(s)elro @1<T>d’“)ds > 0. (4.123)
0

Noting that (4.121)-(4.123)) exactly satisfy conditions in [56, Lemma 3.1|, we can
use this lemma so that all the estimates of Section are independent of the initial
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data. Furthermore, to illustrate the dependence of solutions of system on the
noise intensity €, we denote it as u{(-,0, ¢) in the relevant proofs that follow.

Applying the conclusion of [56, Lemma 3.1] in the proof of Lemma immedi-
ately leads to the following Lemma.

Lemma 4.12. Suppose F1-F6 and (4.120) hold. Then, for every R > 0, there
exists Ty = T1(R) > 0 such that the solution of the system (4.14)) satisfies for all
t>T and € € ]0,1],

E(Hue(tv Oa @)Hp) < 067
where E([|¢[|¢.)) < R and Cs > 0 is not depending on t,e, p, R and ¢.
Similar to Lemma [£.6] it can also be deduced from Lemma that

Lemma 4.13. Suppose F1-F6 and (4.120) hold. Then for every R > 0, there exists
Ty = To(R) > 0 such that the solution of system (4.14)) satisfies for allt > r > T,
and € € [0,1],

E([[u(,0,0) = u(r,0,0)[|5) < Cr(|t =[5 + [t — %),
where E([|¢llz,) < R and C7 > 0 is independent of €, p, R and .

By replacing Lemma with the conclusion of [50, Lemma 3.1] and applying it
to the proof of Lemma [4.8] we can derive the following tail-estimate of solutions:

Lemma 4.14. Suppose F1-F6 and (4.120) hold. Then, for every R > 0 and € > 0,
there exist Ty = T3(R,e) > 0 and Ky = K1(g) > K such that the solution of system
(4.14)) satisfies for allt > T3, k > Ky and € € [0, 1],

]E( sup Z \u?(r,O,gp)]Q) <eg, (4.124)

—p<r<
PSS >k

where ¢ € L*(Q,C,) such that E(||lp|l2,) < R.

We now show the convergence of solutions of system (4.14)) w.r.t. noise intensity
¢ as follows:

Lemma 4.15. Suppose F1-F6 and (4.120)) hold. Then, for every compact set K of
Cy, 0>0,t>0 and ¢ > 0,

lim sup P[5, 0,9) — i’ (-, 0, 9)l|o, > 6] = 0. (4.125)

E—€Q peK

Proof. For the sake of simplicity, we let uy(t) = u(t,0,¢) and us(t) = u®(t,0, ¢)
for t > —p. Given T > 0, for every compact set K of C,, it follows from Theorem
that there exists ¢ = ¢(IC,T") > 0 such that, for all ¢ € K and € € (0, 1],

E( sup fu(®)]?) <e

tE[fp,T}
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Thus, for every e > 0, there exists n = n(e, C,T") > 0 such that, for all ¢ € K and

e € (0,1],
1
P {w €Q: sup |ui(t)]| > n} < -e.
tel-p.1] 2

Given ¢ € K and €, ¢y € (0, 1], we define

Q. = {w eQ: sup |lw(t)|]| <mand sup |juz(t)| < n}

te[—p,T] te[—p,T]

Then, for all ¢ € K and € € (0, 1], we have P(2\ €,) < e.
Given R > 0, we define a stopping time by

Tp=inf{t > 0: u()] > R or |us(t)] > R}. (4.126)

Generally, inf ) = co, and we can see that Tr > T for each w € Q.. For any ¢ € K
and 6 > 0,

sup[P’({w € Q: sup |ui(t) —ua(t)|| > 5})
pe te[—p,T]

:sup]P)<{w€Q€: sup Hul(t/\TR)—ug(t/\TR)H25})

pek te[—p,T)

+sup]P’<{w e Q\ Q.. sup |ur(t) —u2(t)]] > 5}) (4.127)

ek te[—p,T]

gsupP({weQ: sup |Jui(t ATR) — ua(t A Tr)| 25}) +e.
te

ek /7]

To complete the proof, we need to show that

lim supIP’({w €Q: sup |lur(t ATR) —us(t NTR)|| > 5}) =0. (4.128)

€60 pek te[-p.T]

Similar to [96, Lemma 11], we can obtain from that, for all ¢t > 0,
tATR
o ATe) =t A TP +2 [ (D AG() = o) P
tATR ’ tATR
4 [ @B - )P -2 [ wl) ) - e
Ot/\TR "
+ 2/0 (u?(r) —us(r), uy (r) — ug(r))dr

w2 [ (@B - B ()~ w0))r
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< 2/ ’ (f(roua(r), ua(r — o(r))) = f(r,ua(r), ua(r — o(r))), ur (r) — uz(r))dr

+ 3602/ o (ry ua (r), ua (r = o(r))) = 7;(r, ua(r), ua(r = o(r)))|*dr

+3(e— 60)22 | et = ooy P

t/\TR

3e - e0) z/ Iyl dr+2|€—€o|2/ (1) = ua(r)) AW (r)

tA\TRr

—|—2|6—€0|Z/ (oj(r,ur(r), us(r — o(r))), ur (r) — us(r))dW;(r)

4 2602/0 " (o5(ry (), wa(r — or)))
— 0j(r,us(r), ua(r — o(r))), ur(r) — ug(r))dVVj (). (4.129)

For the second-to-last term on the left-hand side of , we obtain
tATR
- 2/ (ui(r) = u3(r), uwi(r) — ua(r))dr
tATR
<2 [ S (unalr) = )0 0) + i)

€L

(1) [Juri(r) — uai(r) |dr

< 3R? / s () — ua(r) [2dr- (4.130)
0

For the last term on the left-hand side of , by we have
tATR
=2 [ (w0 (B = Buatr) ). () = wale) )
tA\TR
/ Z|QSZ |‘|u12+1 ) — ur(r )|2

€L

~ i1 (r) = () 2| Jur(r) — w1l dr

tA\Tg 1 tA\TR
S 8/0 Z |Q3,i(’l“)|2|u17i(’l“) — U27Z~(T)|2d7‘ + g/o Z (|U17i+1(’l") — U17i(’f‘)|

€L 1E€EL

+ Jug,ipa (1) — Uz,i(T)DQ

Ui (1) — uri(r) — (ug,ipa(r) — U2,¢(7’))’2d7’

<8 [ ) Pntr) = v+ 5 [ B GP + |Bu()1?)
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x || Bui(r) — Bus(r)|*

< 8/0 s + Bl () — ol %

Combining (4.126)) and (4.15)), for the first term on the right-hand side of (4.129)),

we can deduce

2/0 ’ (f(rua(r), ua(r = o(r))) = f(r,ua(r), ua(r — o(r))), ur (r) — uz(r))dr

(4.131)

< /0 A () s (r = o) = (s, us(r — o)) Pdr

tATR
4 / lr(r) — s (r) [2dr
0

< Lﬂ/o () = wa) 2 + s = () = ws(r = o(r))][2)dr

tATRr
[ )~ wlfar
0
Lf tATRr
< (Lh+1+4 - Rp*)/ s () — a2 (4.132)
- 0

Analogously, by (4.126)), (4.17) and (4.18)), for the second and third terms on the
right-hand side of (4.129)),

3602/
+3(c— eoﬂz / o (ryun(r), (v — o(r)))|dr

363 ‘L?% tATR ) ) tATR N
<R+ [ ) - w12 [ 150
- 0 0

X [Jua (r)Pdr +12(e — €0)2/0 BN s (r — ofr))]2dr

tATR
1 6(c - e)? / Iy|12dr
0

lo (r, ua(r), wa (r = o(r))) = 0;(r, ua(r), ua(r — o(r))) || *dr

3€j L [ 2, 12(e—€)? [°
< —(L%+1 — dr + ——— 2
< SR L) [ ) et P+ S [ )

<le)Par+6e—eo [ 20+ T RIBOIE + nPJar. (4133)

Bringing the combination of (4.131))-(4.133]) into (4.129]) and taking expectation, we

have

E( sup |luy(r A Tg) —uz(r/\TR)HQ>

0<r<t
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< [ 160()+ Sl + ) sup sl A Ti) = sl ATi) ) s

0<r<s

o0 t/\TR
3(6—60)22/ b ()| 2dr + I, (4.134)
j=1"0

where 19 = 1TR? + L, + 14+ 25 4+ 55(17 41+ - ££) and

o0

> / T<h]~<s>, (s) ~ ua()0;)|

=1

I, =2le — €0|E< sup

0<r<tATR

+2|e—eo\E sup

0<r<tATg

Z [ o un(s)as = o(61).u1(s) = )i )]

o0

> /0 (0 (s, ur(s), ur(s — o(s)))

J=1

+ 2¢0E ( sup

0<r<tATr

— 055, ua(s), ua(s — 0(s))), 1 (5) — wa(s)) AW s) ).

By the Burkholder-Davis-Gundy inequality, we derive from (4.133)) that

3
I, < ZLE< sup |lui(r ATg) — uz(r A TR)||2)

0<r<t
tATR

0 tATR
bele—af Ry [ I +ete—e?c [ 1501
j=1

0
+||7H2]d7”+6(6—60)203/_ 1B o (r) | *dr

t
s} [ B( sup (uslr A Tr) = wslr A T s (4.135)
0

0<r<s

Combining (4.134) and (4.135)), for every compact set K of C,, there exists ¢ =
¢11(K) > 0 such that, for all ¢ € K and ¢ € [0, 7],

E< sup [|Jus(r A Tx) —UQ(MTR)HQ) (4.136)

0<r<t

t
< 4(16 max ¢;(t) + 8 sup HQ3<t)H2 + cw)/ E( sup ([Jus(r A Tg)
te€[0,7] te[0,7] 0 0<r<s

—uatr AT )ds + enfe = )T sup Znh I+ s A + 117 ).

From the Gronwall inequality, for all ¢ € [0, T,

E( sup |luq(r) — UQ(T)HQ>

0<r<t
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< enle— eo)? ( ap S b + 140 )H2+Hv|!2)

7"607']] 1

x ed(16maxie(o, 7 a1 (D) +8supepo, 7 llas(®)l* +e10)T (4.137)

which means that, for all ¢ € [0, 7],

E( sup ||ul(7“)—u2(7“)||2)

—p<r<t

< el — eo)? ( sup 3 Ik ()? + 140 >||2+||fy||2)

TEOT]J 1

w (16 maxcio 71 q1(t)+8supeqo, 1 llas(t)]? +010)T’ (4.138)

which together with Chebyshev’s inequality, we can obtain (4.128)) as € tends to €.
The proof can then be completed by (4.127]) and (4.128]). [J

Given € € [0, 1], let S¢ be the collection of all T-periodic measures pu€ of system
4.14)). Notice that all estimates in Section are valid under (4.120)),(4.122]) and
4.123)), thus for every € € [0,1], S is nonempty by the argument of Theorem

Now, we show the tightness of [J S€in the sense of (4.101]), then use Theorem
€€[0,1]
5.1 in [55] to establish the limiting behavior of any sequence of S¢ for the system

(4.14) as € — 0.
Theorem 4.16. Suppose F1-F6 and (4.120) hold. Then,

(1) U S is tight on C,,.
€€[0,1]

(i1) If u € S with €, — € € [0,1], then there exist a subsequence €,, and a
T -periodic measure u®© € S such that p — p.

Proof. (i) Given a compact set K of C,. Based on Lemma Lemma , using
a similar approach to Lemma , it is known that, for every ¢ > 0 and ¢ € C,,
there exists T. > 0 such that, for all ¢ > T, and € € [0, 1],

P{lwe Q:uf(0,0) €L} >1—c.

Then using the method of [55, Theorem 5.6], we can obtain that for any u¢ € S¢
with € € [0, 1],

P(K) > 1 —e,

which implies that |J 5S¢ is tight in the sense of (4.101)).
€€[0,1]
(ii) Tt is clear from (i) that {u}52, is tight, which means that there exist a sub-
sequence {pm }°°_ of {u}°2, and a probability measure p such that ;"™ — p as

m — oo. Then, by Lemma and [55, Theorem 5.1], we can complete the proof. [J



Chapter 5

Evolution systems of measures for
stochastic lattice systems without
delay

In this chapter, we are concerned with the asymptotic stability of evolution sys-
tems of probability measures for non-autonomous stochastic discrete modified Swift-
Hohenberg equations driven by local Lipschitz nonlinear noise. We first show the
existence of evolution systems of probability measures of the original equation. Then
using the theoretical results in [I00], it is proved that the evolution system of probab-
ility measures of the limit equation is the limit of the evolution system of probability
measures when the noise intensity tends to a certain value.

We emphasize that the methods used in this chapter can be applied to other
stochastic lattice point systems, stochastic partial differential equations (e.g., con-
taining different kinds of noise sources like Lévy processes), stochastic fractional
partial differential equations, etc.

In Sect. [5.1) we show the existence of solutions under suitable assumptions. In
Sect. [5.2] we establish the existence of evolution systems of probability measures,
and then prove the limiting stability of evolution systems of probability measures in
2.

5.1 Existence of solutions

5.1.1 Some assumptions
We define a nonlinear function G : R — R by

G(s) =s*, Vs €R, (5.1)
which is locally Lipschitz continuous. Indeed, for all sy, s, € R,

1G(s1) — G(s2)| = |s] — s3] = |(s1 — s2)(57 + s152 + 53)| < =(s7 + 53)|s51 — 5.
(5.2)

DN W
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162 5.1. Existence of solutions

Assume that the progressively measurable processes g(t) = (¢;(t))icz and h;(t) =
(hji(t))iez satisty:

T+T e
/ E(llgt)|” + > 1h(t)|*)dt < 0o, ¥ € R, T > 0. (5.3)
T j=1

Then suppose that the drift term f; : R — R is locally Lipschitz continuous, uni-
formly in ¢ € Z, namely, for every bounded subset I C R, there exists a constant
L; > 0 such that

|fi(51) — fz(82)| < L[|81 — 82|, \V/Sl, s, I CR and 1€ Z. (54)

Furthermore, for each i € Z, we assume there exist positive numbers «; and Ly such
that

|fi(s)] < Lols| + ci, Vs €R, (5.5)

where o = (;)iez € (2.

For the diffusion term, we also assume that 0;;(¢,-) : R — R is locally Lipschitz
continuous, that is, for any bounded subset K C R, there exists a constant Ly > 0
such that

|l0j.i(t,s1) — 05i(t, 2)] < L|sy — sa|, Vsi,s2 € K,t€Ri€Z,jEN.  (5.6)
Moreover, we assume that for each t € R,i € Z,j € N and s € R,
|0,4(t, 8)| < Lals| + Bi(¢), (5.7)

where L; is a positive constant and 8 = (5;)icz € L3,.(R, ¢?). Notice that L, Ly,
and Ly do not depend on 7 and j.

Let By((?) (respectively, Cy,(¢%)) be the space of all bounded Borel-measurable
(respectively, bounded continuous) functions on £2, P(£?) be the set of all probability
measures on £2. Suppose {X¢(t,7,x),t > 7 € R} is a stochastic process with initial
value z € (2 and € € (0, € for any € > 0.

For ¢ € By(¢?) and A € A(¢*) (the Borel o-algebra on £?), we define a probability
transition operator (Ps;);>, of X(¢,7,x) by

(P o) (@) = Blp(X(t, 7, 2))], for all z € 2, (5.8)
and a transition probability function

Pz, N) =P{w e Q: X(t,7,2) € A}, forall z e * (5.9)

For n € P(¢?), we define the adjoint operator (Q%,)i>r of (P,)e=r by
2n(A) :/ Pty (z, A)n(dx), for all z e (%, (5.10)

02

Moreover, for any —oo < 7 < r <t < 400, the semigroup laws hold:

Pry =P, P, and Q7 = Q07 (5.11)

Let us recall some definitions that will be used in some of the later proofs.
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Definition 5.1. ([6]) A family {n:}ier C P(¢*) of measures on ((2, B((?)) is tight
if for each € > 0, there exists a compact set Z. of {* such that

n(>\ Z.) <e, forall tER.

Definition 5.2. ([35]) {n:}ier C P(¢?) is an evolution system of probability
measures of (P5,);>r if for allt > 7 € R,

Q%41 = M- (5.12)

In order to achieve our final result, we need to impose the following assumptions:
R1. There are ag € (0,a) and b € £ such that ¥ > 0.
R2. For all t € R,

—0o0

| B (Il + 150117 + 3 )17 dr < o

where g, h; € C(R, (?) and 8 € L2 (R, ¢?) is defined in (5.7).

loc

5.1.2 Estimates of solutions
We denote the following operators from ¢ to (2 as follows: for u = (u;);ez € €3,
(Au)i = —uiq + 2w — uipr,  (Bu)i = wipr — w;, (B u)i = g —

and
(Du); = tigo — iy + 6u; — 4wy + uip.

Then, for u = (u;);ez € £* and v = (v;);ez € (?, we infer that

A = BB* = B*B and (Bu,v) = (u, B*v), (5.13)
(Au,v) = (Bu, Bv) and (Du,v) = (Au, Av), (5.14)
[Bull = [ B*ull® < 4flul®, [[Aul* < 16]ull®, [[Dull* < 256]ul|*. (5.15)

For u = (u;)iez € %, we define an operator F : (> — (* by

(F(u)); = ((l(BU)iF)iGZ)Z» = |uiy1 — uil? (5.16)

Hence, it follows from (5.15)) and (5.16)) that for each u = (u;)icz € (3, v = (v;)icz €
2,

2 2 2 2
SIE@): ~ (FEE = 3 [luser =l = Joia = v
€L I€Z
< Z(Ium — ] + Vi1 — vi])*|uipr — u — (vig1 — ) ]?
1€ZL

< 2(]| Bull* + [ Bv|*) [ Bu — Bol* < 32(||ull* + [[o]|*)lw — v]* (5.17)
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Now, we consider v = (u;)icz, G(u) = (G(w;))icz, F(u) = (Fi(w;))icz, f(u) =
(fi(ui))iez and o(u) = (0i(u;))iez for j € N.
By , we have

IG(w) = Gl < Slull® + [ll*)lu — v, Vu,v e (5.18)

DO | o

which implies that G : #2 — ¢? is locally Lipschitz continuous.

It follows from that I : (> — ¢? is locally Lipschitz continuous, that is,
for every bounded set E of ¢2, there exists positive constant Lr (which may depend
on F) such that for all u,v € F,

[1F(u) = F(o)|| < Lellu —vl| (5.19)

It can be inferred from (5.4) that f : 2 — (2 is locally Lipschitz continuous,
namely, for every n € N, there exists a constant LJ(n) > 0 such that, for all
u,v € £? with [Ju| < n and [jv]| < n,

1£(w) = f)I* < LE(n)|Ju - of|. (5.20)
By (5.5), we deduce that, for all u € ¢?
LF()l* < 2LG|ul® + 2>, (5.21)

Similarly, by (5.6]) we find that o;(¢,-) : ¢ — ¢* is locally Lipschitz continuous.
More precisely, for every n € N, there exists a constant LJ(n) > 0 such that, for all
u,v € €% with [Ju| <n and ||v]| < n,

S lloy(tu) = o1, 0} < L5(m)lu— ol Vi€ R (5.22)
jEN
In addition, by , we have for all t € R, u € (2,
> ot w))” < 2L3lul® + 2] 8(1)]1*. (5.23)
jeN

Now, we rewrite as the following stochastic modified S-H lattice systems in
(2 for t > 7 with 7 € R:

du(t) + (Du(t) — 2Au(t) + au(t) + bF (u(t)) + G(u(t)))dt

o0

= flu(®)dt + g(t)dt + €Y (hy(t) + o5(t, u(t)))dW; (0), (5.24)

j=1

u(T) =ty = (Ury)iez,

where a > 0 and b = (b;);c7 € (? satisfy R1.
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Definition 5.3. Suppose u, € L*(Q, F,;(%). Then a continuous (*-valued stochastic
process u is called a solution of system (5.24) if, for all T >0

we LA, C(fr, 7+ T),2)), (5.25)

and, for all T <t < 74T and almost all w € €,
u(t) = u, + / (= Du(s) + 2Au(s) — au(s) — bF (u(s)) — G(u(s)))ds
+/ (f(u(s))+g(s ds—i—eZ/ )+ oj(s,u(s)))dW;(s) in *. (5.26)

To obtain the global existence of solutions of , we use a classical method
proposed in [51]: approximate the nonlinear term using a suitable cut-off function.
Since G, F, f and 0; in are nonlinear functions and locally Lipschitz continuous
from ¢? to (2, then, to approximate G, F, f, and o;, we choose a globally Lipschitz
continuous function as the cut-off function. Given n € N| define ¢, : R — R by

s, if |s| < n.

Ca(s) = ¢ ns : (5.27)

ok if |s| > n.

Then, we find that (, : R — R is increasing and satisfies for all s, s, s9 € R,
[Cnl51) = Culs2)| < [s1 =82l |Ga(s)] < [s[An,  Gi(0) = 0. (5.28)
For all u = (u;)iez € (2, we set (,(u) = ((u(uy))iez and define
F*(u) = F(Cu(u)) and G"(u) = G(Cn(u)).
By (5.17) and (5.28)), we obtain that for all u,v € ¢2,

17 (w) (I = I(F( = (F(Ga()))il? (5.29)

€L

< 32(/[Ga(@)I* + 16 ()P G (1) = Ga(@)I* < Ly (m)[Ju — 0|,

where L (n) = 64n?. From the definition of F and (5.29)), we can deduce that for
all u € 2,

1™ ()| < Ly (n) [[ul|*. (5.30)

It follows from (5.18)) and (5.28)) that for all u,v € £2,

1G™ (u) W)I* = I(G( — (G(Ga(v))if?

€L

< §<||<n<u>||2 162G () = Guw)]
< LY (n)Ju — o], (5.31)
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where L (n) = 9n*. By G™(0) = G((,(0)) = 0 and (5.31]), we have for all u € 2
IG™ (W)|* < L (n)ul*. (5.32)
Given j,n € N and i € Z. For all u = (u;);ez € (2, let
Fr(u) = (filGa(w))) g 05 (t0) = (050(t, Cu(W))) oy

It can be inferred from ([5.4) and (5.28) that f™ : 2 — (2 is globally Lipschitz
continuous, thus there exists a constant Lg(n) > 0 such that for all u,v € %,

1™ (w) = @) < Ly(n)]|lu = o], (5.33)
and by (5.5)) and (5.33]), we have for all u € 2,
L @)l* < 201" (w) = 1O+ 2[ /" O)F < 2LE ) Jul® + 2]l (5.34)

Similarly, by (5.6) and (5.7), there exists a constant L§(n) > 0 such that for all
u,v € 02,

> ot u) — o (t )| < L5 (n)|lu — o], VtER. (5.35)
jEN
and
D oyt wl” < 2L3ul® + 287, Vi€R,ue . (5.36)
jeN

For each n € N, we now consider the approximate stochastic system for ¢ > 7
with 7 € R:

dug (t) + (Dun(t) — 24u, (1) + aw,(t) + bF™ (u,(t)) + G™(un(t)))dt
= f"(un(t))dt + g(t)dt + € (hy(t) + o7 (£, un (1)) dW; (2), (5.37)

J=1

Un(T) =Ur = (u‘r,i)iEZa

where a > 0, b = (b;);cz € (2.

Similar to the argument of [4] for stochastic differential equations in R", by
(5.29)-(5.36), we can prove that for every n € N, 7 € R and u, € L3(Q, F,; (?),
system possesses a unique solution w, in the sense of Definition as the
drift term f and the diffusion term o; are replaced by f™ and o7, respectively.

We shall establish the existence and uniqueness of solutions for by ex-
amining the limit behavior of {u,}, as n — oo. For this purpose, we define a
stopping time

Go = inf{t > 71 Jun(t)]| > n}, (5.38)

where ¢, = 400 if {t > 7 : ||[u,(t)]| > n} = 0.
We first prove the consistency of solutions to (5.37)) as follows.
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Lemma 5.4. Suppose (5.2))-(5.7) hold. Let u,, be the solution of (5.37). Then,

Unt1(EAG) = un(tANs,) and 1 > 6, a.s. forall t>71,n€N. (5.39)
Proof. By (5.37), for all n € N and ¢ > 7 we have
tAGn
Unt1(EAG) —un(t A p) + D(upy1(8) — un(s))ds

T

~2 [ At () = s+ [ 5] = (o))
+ / o B(F™ (t11(5)) — F"™(un(s))) ds
[ a6 - o) s

= [ ) - £ ) s

e}

tAGn
+ EZ/ (07 (s, tng1 () — o) (5, un(s))) AW, (s). (5.40)
=177
By Ito’s formula in [3, P90], we infer from (5.40) that, for all ¢ > 7,
tASn
(02 60) = it AP +2 [ Al () = uns))ds
tASn ! tASn
4 [ 1B () — wnlDIPds 20 [ i (5) = o) s
Tt/\Cn ’
2 [ O s (9) = F (0 (5)))s s 5) — ns))ds
Tt/\Cn
2 [ (6 tia(5)) = G a9, () — ) s

= 2/ ! (S (wns1(5) = " (un(s)), tns1(s) — n(s))ds (5.41)

oo tASn
ey / 1075, ta (8)) — 07 (s, () 2
j=1v7

+ QEZ/ o (077 (5, tng1(5)) = 07 (5, Un(s)), tnga (s) — un(s)) dW;(s).

Notice that [|u,(s)|| < n for all s € [1,,). Thus, for all n € N,
G"(un(s)) = G(un(s)) = G"H(un(s)), F"(un(s)) = F(un(s)) = F"" (un(s))
and f"(u,(s)) = f"(un(s)), J}”l(s,un(s)) = 07 (s,un(s)). (5.42)
By (5.29) and (5.42), for the fifth term on the left-hand side of (5.41]), we have

2 [ (B s (5)) = F (i (5)): e (5) = () ds
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a [t 2”sz tsn 1 1 2
<! / s (5) — un(s)|Pds + 2020 / 1E™ (i (5)) — F™ (un(s)|Pds
a 2bl|PLEY (n+1 thsn
<(5+ ol f;( ))/ 1 (5) — un(s)|[ds. (5.43)

By (5.31)) and (5.42)), the last term on the left-hand side of (5.41)) satisfies

2 [ (6 (ter(5) = G (5]t (5) = () ds
<5 [ o)~ walPds + 2 16 s (9) - 6 (s s
a G n tA\Sn
<(5+ W) / lttnsr (5) — () | 2ds. (5.44)

By (5.33) and (5.42)), for the first term on the right-hand side of (5.41]), we can
obtain

2 / gn(f"“(unﬂ(S)) — " (un(5)), unt1(s) — un(s))ds

<5 [ ) = @Pds+ 2 [ i (5) = £ ) s
f tASn
<(5+ %) / ttnss (5) — wn(s)|2ds. (5.45)

Similarly, by (5.35)) and ([5.42]), we have

0 tA\Sn
e[ 10 s (9) - o} s ua () s

=1
tAGn,
< 62Lg(n + 1)/ |tns1(s) — un(s)Hst. (5.46)

Letting C’O = 16 + 2||b”2LF(n+1) + QLG(nH) 42 (nﬂ) + €2Lg(n + 1), substituting

- into ( - taklng the expectatlon of it, for all t > 7,

B sup (a5 A 60) = a5 A )12

T<s<t
¢
< C’o/ E( sup (||uns1(s Agn) — un(s A gn)|]2)d7’ + I, (5.47)
T T<s<r
where
Iy = 2€E< sup Z/ ( ;H_I(T Up11(T)) —U;‘(T, un(r)),

T<s<tAsn =1

).

tn1(r) = (1)) dW;(r)
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By the Burkholder-Davis-Gundy inequality, we can infer from ([5.35)) and (5.42)) that

there exists a positive constant C; such that

1o < 2CB(( [ () = I

<3 167 1t 0)) = 1))

< 2€C'1E< sup |[une1(r A cy) — un(r Ayl

T<r<t
Ay 1
([ I ) = o3 ) )
T ]:1

< 2eCi/LE(n + 1)E< sup ||[tna1(r A ) — un(r A G|

< ([ ) = )

1
< SE( s unsa(s A ) = unls A o))

T<s<t

t
+ s / E( sup |[tun41(8 A ) — un(s A gn)|]2>d7", (5.48)

T<s<r

[

where Cy = 20%¢2L(n + 1). Combining (5.47) and (5.48)), we find

E( sup (fma(s A 60) = uals A ) [))

T<s<t

t
< Cg/ E( sup (||uns1(s A <) — un(s A qn)||2)d7‘, (5.49)

T<s<r
where C3 = 2(Cy,,+Cs,,). Then, using the Gronwall inequality to ((5.49), we deduce
that (5.39)) holds. O

Then we show that ¢, — 0o as n — oo almost surely.

Lemma 5.5. Suppose (5.2))-(5.7) hold. Then the sequence of stopping times {s,}5°,
satisfies that

¢:= lim ¢, =supg, =00, P-almost surely. (5.50)

n—oo neN

Proof. (1) We first need to derive the following uniform estimates for the solution

u, of (5.37)):

E( sup  |Ju,(r A gn)Hz) < M, for every T' > 0, (5.51)

T<r<t+T

where

M= MOeMoT(1 YT E(||u7||2))
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and M, is a finite number independent of u,,7,n,T.
By Ito’s formula and ([5.37)), we derive

Junte A )P +2 [ " Au(s) Pds — 4 / | Bun(s)|%ds + 2a / " un(s) s
2 f " OF™ (n(5)), i (5))ds + 2 / (G (), un(s))ds
—HuT||2—|—2/ " n(3)), ds+2/ " (5))ds

+e Z/ " lhy(5) + 07 (s, un(s))|Pds

+ 262/ K Un(5)(hj(s) + o7 (s, un(s)))dW;(s). (5.52)

j=1

For the fifth term on the left-hand side of m ), by (5.16]) and m we have

tASn tASn
_2/ (bF™ (1 (5)), tn (5)) ds<2/ S bulltni11(5) — g (5)2 4 (5)] s

€L

tASn
<8 / 1812 ln ()P

1 tA\Sn, 9
- 5/ D | (i1 (9))* = 2 i1 ()t i(8) + (tni(s))?| ds
T i€Z

tASh tASn
<8 / 1612l () Pdls + 2 / lan(s)][ . (5.53)

For the second term on the right-hand side of (5.52)), by (5.34) and the Young
inequality, we have

2 / gn(f”(%(s)) n(5))ds

tASn INSn
VI 1 s+ F [ tsipas

4 tAGn ) 9 7 tASn 5
<[ lalPds+ gy/2h [ (o) Pds
Ly(n) 77 !
9 tASn
T+ 3y/Li0) [ )P (550

Thanks to the Young inequality again, the third term on the right-hand side of

(5.52)) satisfies
tAGn 2 tAGSn 5 a tASn 5
2 [ ahuonds <2 [ lglPds 5 [ s 6559

(VAN
c.oh&h P~
2
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By (5.36)), the fourth term on the right-hand side of (5.52)) fulfills
0 tASh
“3 [ )+ op s
tASh tASn
< 2¢ Z/ |hj(s)||ds + 2€ Z/ |07 (s, un(s))[*ds (5.56)

tASh tASn
<00 [ a1t [ s £ 11
]:1 T T
Let Cy = \/L4—T||OzH2+4€2||6HL2TT+TZ2 and Cs = 16+ 80| + 21/ L4 (n) +4€>L3.
Along with (5.53)-(5.50) and
tASh tASn
2 [ G o) wn(sDds =2 [ )

it holds that, for all ¢ € [r, 7+ T1,

3 tAGn
fun(e AP+ 50 [ o)l

tAsn 2 tASn
< sl + Cs / lun(s)|ds + 2 / l9(s)[2ds + G (5.57)
—|—2e Z/

We further derive

tASn tASn

17 (s)]| ds+2eZ/ ) + 07 (s, un(s)))dW;(s).

t
B sup fun(r A 6I)) < E(lurlP) + Cs [ ECsup [un(r A )]s

T<r<t T7<r<s

r2( s |30 [ w6 (565) + 035,

T<r<tAsp j=

+c6/ E(llg(s !!2+Zuh )12)ds + Cy, (5.58)

where Cg = max{2,2¢?}. According to the Burkholder-Davis-Gundy inequality and

(5.36)), for all ¢t € [r, 7+ T],

< 20,8 /Tt“"znun W2l 5) + 35, uas)) P

[e.9]

268(_sup |3 [ ualo)(by(5) + 03 (s o)

T<r<tAsp j=

=



172 5.1. Existence of solutions

T<s<t

< 2CleE< sup |[un(s A gn)”(i/:/\cn |\ h;(s) + a?(s,un(s))Hst)%)

1 2 2 2 - then n 2
< §E( sup ||un(s Ay )+201€ Z/ E<||hj(s) + 07 (5, un(s)) )ds

T7<s5<t
1
<—E< sup ||un(s A,) %—402 2 / h( ds
< 5E( sup flus(s 1 5)F) Z (I (5))
t
+8ECHBIR ey +8ECEEE [ B( sup funlr A )7 s, (5.5
T T<r<s

where () is defined in (5.48). It can be inferred from (5.58))-(5.59) that, for all
te(r,m+1T]

E( sup flun(rAs)]?)

T<r<t

t
< 2E(||u7||2) —{—C’7/ E( sup ||un(r/\gn)||2)ds+08, (5.60)

T<r<s
where C7 = 2(Cs + 8¢2C?L3), and

Cs = 20, + 16E°C3 1320y

T+T S
+9(Cy + 402 / E(lg()[2 + S 11hs(s)]?
T j=1

Applying the Gronwall inequality to (5.60]),

E( sup ([[un(r A gn)||2>) < QE(|Ju,|?) + C)e€ T, forallt € [r,7+T], (5.61)

T<r<t
which implies the desired result (5.51]).

2) By (b.38)), we have

{sn<T7+T}C { sup |lun(r Acy)|| > n}
T<r<t+T

Then it follows from (5.51)) and Chebyshev’s inequality that

Plon <7+T} <P{ sup [un(r Aca)ll = n}

T<r<t+T

1 M
<—E< su Un (TN Sy 2) < —.
< B e As)I?) <

Consequently,

o0 oo 1
P{e, <7+T}<M)» — <o0. (5.62)
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Thanks to the Borel-Cantelli lemma and ([5.62)), we can derive

IP( ﬁ G (< T+ T}) —0. (5.63)

m=1n=m

Denoting Qr = (| U {s. <7+ T}, for every w € Q\ Qr, we have ¢,(w) > 7+ T

m=1n=m
for n sufficiently large. Then, we deduce from the increasing property of ¢, in n that

S(w)>7+T forallw € Q\ Qp. Let Qg = |J Qp, then P(Qy) =0 and ¢(w) > 7+ T
T=1

for all w € Q\ Qy and 7" € N. Thus, we obtain the desired result ((5.50]). O

Now, we establish the existence and uniqueness of solutions for ((5.24]).

Theorem 5.6. Suppose (5.2)-(5.7)) hold. For anyu, € L*(Q, F,;(?), problem (j5.24))
has a unique solution u in the sense of Definition and, for every T > 0, it holds

B (1l rezy ) < Moe™ (14T +E(Jur 2, (5.64)

where My is defined in (5.51)).

Proof. By Lemma [5.4] and Lemma [5.5, we consider a subset {2y of ) satisfying
P(Q\ ©;) = 0 such that, for all n € NJw € Qq,t > 1,

Un1(E A Gy w) = Up(t A Gy w), and ¢(w) = lim ¢, (w) = co. (5.65)
n—oo

Define a mapping u : [1,00) x Q — % by
n t7 9 f e Q d t E s Sn
ult,w) = 4 wnlb@) € and EE T 60 (w)) (5.66)
ur(w), fQ\Q and t € [1,00).

By , for every w € €y and t > 7, there exists ng = ng(t,w) > 1 such that
Sn(w) >t and u,(t,w) = up, (t,w) for all n > ny. Meanwhile, the mapping in ([5.66))
is well-defined. Combining the fact that u, is a continuous ¢2-valued process with
5.66), we can deduce that u is continuous concerning ¢ in ¢? almost surely. By
5.60)), we have

lim u,(t,w) = u(t,w), forall we Q,t>r7. (5.67)
n—o0
By (5.67), we know that u is F,-adapted since u,, is F,-adapted. Conditions (5.51)),
(5.67), and Fatou’s lemma imply that (5.64) holds true. Moreover, thanks to (5.37)),
for all t > 7, we obtain

Un(t A Gp) = ur + / K (= Dun(s) + 2Aun(s) — aun(s) — bF™ (un(s))

G (un(s)))ds + / " () + 9(s))ds



174 5.1. Existence of solutions

+e§:/‘%(m@)+aﬁ&u4@»dwx@. (5.68)

By (5.66), we know that u,(t Ac,) = u(t Ag,) almost surely and for all s € [7,,),
F(un(s)) = F(u(s)), G"(un(s)) = G(u(s)) and (5.69)

["(un(s)) = f(u(s)), a7 (s,un(s)) = o;(s, u(s))). (5.70)

Therefore, it follows from ([5.68)) that a.s.,
tASn
u(t Ag,) = u, + / (= Du(s) + 2Au(s) — au(s) — bF(u(s)) — G(u(s)))ds

+/ gn(f( (s)) +g(s ds+eZ/ g” s) + 0;(s, u(s)))dW;(s).
(5.71)

By (5.50) and (5.71)), we find that a.s.,

u(t) = u, + / (= Du(s) + 2Au(s) — au(s) — bF (u(s)) — G(u(s)))ds
+/ (f(u(s)) +g(s ds—i—eZ/ s) + oj(s,u(s)))dW;(s), (5.72)

j=1"7

which implies that u is a solution of -
Now, we prove the uniqueness of solutions for the system ([5.24)). Let u; and uy
be two solutions of (5.24)), for every n € N and T' > 0, we define a stopping time by

T,=(t+T)Ninf{t > 7 :||u ()| >n or |us(t)] > n}. (5.73)
By (5.24)), we have

m@AﬂJ—m@Aﬂg+/ianﬂ$—m@»®

2 [ At s +a [ ) - wale)s

-
tA\Ty,

+ / n b(F(ui(s)) — Flus(s)))ds + / (G(ui(s)) — G(ua(s)))ds

T

:mm—mm+/ (Flun(s)) — flus(s)))ds
+e§:/h (05 (s, u1(s)) — 05 (s, us(s)))dW;(s). (5.74)

j=1v7

Then, Ito’s formula yields

[ur (8 A T) —uQ(MTn)Her?/ A (s) — un(s))|ds
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[ 1B ) el 20 [ (o)~ o)) s
w2 [ O ) ~ Fne)ns) - uale)ds
#2 [ G - Glunts))(s) — (o)

= o) = a2 [ s) = Fals) ()~ o))

ey / " llo (5, us(s)) — 05(s, ua(s))|*ds

[e.e]

+ 262/ n("i(saul(s)) —0j(s,u2(s)), u1(s) — ua(s))dW;(s). (5.75)

Jj=1

Using a similar argument as in Lemma to (5.75]), there exists Cy = Cy(n) > 0
such that

E( sup (||ui(s ATy) — ua(s A Tn)||2)>

T7<s<t
¢
< CoE(|lui (1) — ua (7)) + 09/ sup E(|Ju1(s ATy) — ua(s AT)||*)dr.  (5.76)
Applying now the Gronwall lemma to (5.76)), for ui(7) = ua(7) in L*(Q, F,, (%), we
have

E( sup (||ur(s AT,) —u2(5/\Tn)||2)> —0, (5.77)

T7<s<t

which indicates that ||ui(t AT},) —ua(t AT,)|| = 0 for all t € [, 7+ T] almost surely.
As uy and wgy are continuous in ¢, then 7,, = 7 + T" as n is large enough. Thus, for
every T > 0,

P(lu1(t AT;) —ua(t AT)|| =0, for all t € [r, 7+ T])
= P(||u1(t) —ua(t)|| =0, forall te[r,7+T]) =1. (5.78)

Since T' is arbitrary, the uniqueness of the solution follows. [J

Remark 5.7. By Theorem for every 7 € R and u, € L*(Q, Fy; (?), the problem
(5.24) admits an F;-adapted unique solution u(-,7,u,) € L*(Q, C([r,7+T)), %)) for
all T > 0. Since u € C([1,0), (?) P-a.s., we can show that u € C([r,00), L*(£2, (?))
by using and the Lebesque dominated convergence theorem.

5.2 Limiting stability of evolution systems of meas-
ures

In this section, we will prove the limiting stability of evolution systems of probability

measures for the system ([5.24) on (2.
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Now, we list the theoretical results that we will use. As explained in Wang et
al. [100, Theorem 1.3], the following assumption about probability convergence is
required:

R. For each compact set K C % t > 7€ R, 5> 0, ¢ € (0,6,

lim supP({w € Q : || X(¢,7,2) — XO(t, 7, 2)|| > }) = 0. (5.79)

E—€Q zeK

Theorem 5.8. [100] Assume R hold and (P;});>- is Feller. Let {n;°}icr be a family
of probability measures on (% for ¢y € [0,€], and {n" }cr be an evolution system of

probability measures of (P{})i>r on 0% with €, — €y. For each t € R, if there exists

a subsequence {e,, (t)}%2, of {e.}o2, such that n," ) 0 weakly, then {n;°}ier

must be an evolution system of probability measures of (Pry)i>r.

To indicate the dependence of solutions on noise intensity €, we write the solution
of system ((5.24)) as u®(t, T, up) in the following.

5.2.1 Uniform estimates the solutions

In this part, we need to define a parameter v/ by
¥ = ap — 32 — 16|b]|* — 5V2L, (5.80)

where ag € (0,a), b= (b;)icz € £* and Ly > 0 is defined in (5.5)).
Now, we show the following uniform estimates of solutions for stochastic lattice

systems ((5.24) in L?(9, ¢?).

Lemma 5.9. Suppose (5.18)-(5.23) and R1-R2 hold. Then, for all t > T with
7 €R and e € |0, %], the solution u(-,T,ug) of problem (5.24)) satisfies,

t
Bt o))+ § [ OB, ) ) (551
t
<O (JulP) + e [ e B(lglo)] + 15(6) u2+2uh *)ds +

where ¢ is a positive constant independent of €,t and uy.

Proof. By (5.24), Remark and Ito’s formula, we have

d([lu@®)1*) + 2l Au@)]* = 2[| Bu ()| + allu (@) 1* + lu(t)[|5)dt
+ 2(bF (u(t)), u(t))dt

= 2(f(u(t)),u(t))dt + 2(g(t), u(t))dt + ¢ leh ) + o;(t,uc(t))|Pdt
+ 26 Y (hy(t) + oj(t, us(8)), u(t))dW; (t), (5.82)

j=1
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which implies

%E(Hue(t)lﬁ) + 2B([| Aut(t)[]*) — 4E(| Bu (t)|*) + 20B([Ju(t)[|*)
+2E(Ju(D)]13) + 2B (bF (u (1), u(#))

= 2E(f(u(1)), u (1)) + 2E(g(t ) +e ZE 1R (t) + o (t, u ®)]*). (5.83)

The Young inequality yields
2B (bF (u(t)), u(t))
= 2B (3 bl () — ws (O] s (1))

< SR + (3 s (0 = 205, () + (07
< SIOPE(OIF) + 2B O (5.84)
By the Young inequality again and (5.21]), we derive
2B (0) ) + () ()
< 2VRLGE(lu (1)) + ILO E(LFu O + E(lg(0)?) + SE(u(0)P)

led* + —fLoE(Ilu ‘O + EE(Hg(t)IIQ) + %E(Ilue(t)HZ)- (5.85)

B \/_ 2Ly
By (5.23)), we have

ZE 1 (t) + o (¢, u (1))
< 262 ZE 1h; (1)]13) + 4€||B()]|> + 42 LAR(||us(t)]|?). (5.86)

Substituting ((5.84)-(5.86|) into ((5.83)), there is

LB (e 0))?) + aE(IIU()Hz)

dt
< (16 + 8[|b[|* + ﬂLo +4e’ LE(|Ju(t)]*) + %E(Ilg(t)llg) +2€° ZE(IIhj(t)HQ)

+

Sl + a3 (5:87)

By R1 and € € [0, %], we can deduce

5V 2 5) a a
16 + 8||b||* + T\[L0 +4€ L3 =16 + 8|b||* + —\/_LO +5= 50 <3
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Therefore, by (5.87) and € € [0, 2],

2214
! E(|Ju(t)[? )+ E(Ju(#)[*)
—aE(||u
dt
< aB([lg@)I* + 18O + D 1A )17) + s, (5.88)
j=1
where
ax{ 192} N {4 a—32—16||b||2—6\/§L0} | c||?
€1 = MaXy—, — ; = Max{y— G2 = .
! a’ 412 a’ AL? T
Multiplying (5.88]) by e* and integrating on (7,t¢) implies
t
a — €
E(\|u€(t,T,UO)H2)+1/ " CIR([|uc (s, 7, uo)|[*)ds (5.89)
t
< 6“(Tt)E(\|uOH2)+61€“t/ e“E(|lg(s)1* +18(s H2+Z||h *)ds +—

Thus the proof is complete. [

Then, we show the uniform estimates on the tails of solutions for stochastic lattice
systems (5.24)) in L?(Q, ¢?), which helps to establish the tightness of probability
measures of solutions.

Lemma 5.10. Suppose (5.18)-(5.23) and R1-R2 hold. Then, for each compact set
K of 2 and e > 0, there exists N = N(K,¢) € N such that, for alln > N, t > 7 with
T € R, the solution u(-,7,ug) of problem (5.24]) with initial data uy € KC satisfies

sup > E(us(t, 7, u0)]?) < e (5.90)

VI ;
66[0’2\/§L1] li[=n

Proof. Let p : R — [0,1] be a smooth function such that p(s) = 0 for |s|] <1
and p(s) = 1 for |s|] > 2. We define a positive constant ¢ such that |[p'(s)| < ¢o
uniformly for s € R. Moreover, given n € N, we set

l
p=(oniez = (o)) and pait = (puuies for ut = (uf)cn
n 1E€EL
By (5.24),

d(pau) = (= puDus + 2p, Au’ — apu — bp, F(u) — p,G(u))dt

o0

+ puf (W)t + pug(t)dt + € (puhj(t) + puoj(t,ue))dW;, (5.91)

J=1

which, together with Ito’s formula, implies

d([lpau(®)*) + (2(Aue(t)7 Alpput(8))) — 4(Auc(t), pru(1) + 2all pou(£)]*
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+ 2bF (), p2u (1)) + 2Gu (1)), pRuc (1)) ) dt

= 2(pnf (u), ppu(t))dt + 2(png(t), pauc(t))dt (5.92)
+ ¢ Z lpnte(t) + puos(t, u(t))[*dt + 262(%‘(1?) + oy (t, us(t)), pruc(t))dW;.

Taking the expectation of (5.92)), by Remark we obtain

LBl (1)2) + 2B (Aue(8), A(pu (1)) — 4B (Aut (1), o2 ()

+ 208l () + 22 F (), o2 (1) + 28 3 (Do)
= 2B (" (1)), pus (1)) + 2E(png (1), ot (1))

+622E(|Ipnhj( + o (8, (1)) (5.93)

By [99, Lemma 7], the second term on the left-hand side of (5.93)) satisfies

. . 136¢ .
2R (Aus(t), A(phuc(1))) > 2B(||paAu(t)[*) — ——E(||u(1)[|*). (5.94)
For the third term on the left-hand side of (5.93)), we have
AE (Au(t), ppu(t)) < 2E(||pnAuc(t)?) + 2E([|ppuc(t)]]*)- (5.95)

For the penultimate term on the left-hand side of ((5.93)), by the definition of operator
F in (5.16)), we obtain

— 2E(bF (u), p2uc (1))

| ’ € € €
< QE(ZP%E)V%H%H - u2]2|ul|)

€L

<a8(( Y A7 + )

€L

< 018 ( Y 2D FIE) + (D (0 + 0)?)

€L 1E€EZL

< 3 b+ 2530 (D). (5.96)

|i|>n 1</
For the first term on the right-hand side of (5.93)), by (5.21)) we have

2B (o f (" (1)), pat (1))
< 2VELGE([|puu(H)?)

+ 5B bnwor)

€L
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< 2BLB(lpu O) + 5B & Dl + 2180
> loul + 2R o)), (5:97)

_\/_L0|

For the second term on the right-hand side of (5.93)), we have

W pug(t), pu (1)) < SE(Ipn O + E( S G0). (5.98)

|i|=n

By (5.23)), we find that the third term on the right-hand side of (5.93) is satisfied
by

¢’ ZE(Hpnhj(t) + pnoi (8, u(1)[1%)

<28( 3 lpabs01?) +2¢ S_B( oot i)

Jj=1 €L

<298( 3 oo \|2)+262E(2p2% QB + 280

€L

<252E<ZZh ) B2(t) + 42 L2E(|| o (1) ||?). (5.99)

J=1 |i|>n [i]>n

Substituting ((5.94))-(5.99) into (5.93)), we deduce that

—E(llpnu(®)[I*) + a]E(Ilpn ‘@I

5v2L

0 13660
<(2+ — T 4 LY)E(|| ppus(t)]|?) +

E(|lu“(t)]?) + s > [b:*  (5.100)

lil>n
41 3 Jal? +4e 3 B2t + EE( 3 g§<t)) n 281@(% 3 hii(t)).
V2L li|>n li|>n a li|>n j=1 |i|>n

By R1 and € € [0, %], we have

d

SE(lpu(1)|) + aE(llowuc ()]1)

<~k (1)) mE(ZgZ + st RSB A0)

li|=n li|2n J=1lilzn

+c5(z Bt ol ) (5.101)

li|>n |i|=n
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Multiplying (5.101)) by e* and then integrating on (7, 1),

E([lpnu(t, 7 u0)|*) < e TE(|| puuol|?) +

136¢, |
nCO/ " CIR([|uc (s, 7, uo)|*)ds

+ 64/ CCTIE(Y gl s)+ Y Bs)+ D) h2(s))ds

li|=n li|=n J=1|i|>n
(Z [bl* + Z v ) (5.102)
li|>n li|>n

By R2 and (5.81)), there exists ¢g > 0 depending only on K such that, as n — oo,
13600

t
[ e B s, 7))

— 00

< 00 (14 e / E(lg(s) |12+ 1B()]1* + D s (s)]I2)ds) = 0, (5.108)
j=1

uniformly for uy € K and t > 7. By R2 once more, the second term on the right-
hand side of (5.102) tends to zero as n — oo and 7 — —oo. In addition, from
a,3,b € % and 2 C ¢* we deduce that, as n — oo,

<Z|b|4+Z|az >_—(Z|b| £ ) (5.104)

li|>n [i|>n [i|>n [i|>n

Therefore, for every ¢ > 0, there exists N; = Nj(¢) > 0 such that, for all n > N,
and t > T,

1
E(|lpnu (¢, 7 uo)|*) < e VE(lpnuol®) +& < Y Juoal® + € (5.105)

li|>n

Since uy € K, there exists Ny = Ny(¢) > Nj such that, for all n > Ny,

1
> Jueal < S€ (5.106)

li|>n

In conclusion, there exists N = max{Nj, No} > 0 such that, for all n > N and
t >,

E( Y [uslt,7,u0)[2) < E(llow (t, 7, w)ll?) < e, (5.107)

[i[>2n

which completes the proof. [

Now, we show the Feller property of the transition operator (Ps,);>, for the
solution u®(+, 7, ug) to satisfy the conditions required by Theorem [5.8

The transition operator (Pse,t)tzseR is called Feller, that is, for any s < t, if
for any ¢ : £ = R bounded and continuous, P, : /> — R is also bounded and
continuous.
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Lemma 5.11. Suppose (5.18)-(5.23) and R1-R2 hold. If € Cy((?), then PS,p €
Cy(€%) for allt > s € R.

Proof. Since ¢ € Cy(£?), there exists ¢; = c¢7(p) > 0 such that, for all z € ¢2,
p(2)] < e, (5.108)
which implies that, for all s < tq and y € ¢2,
|(Pey 102) ()] = [E(p(u (to, 50,9)))| < c7. (5.109)

Thus, PS¢, ¢ : £> — R is bounded. Consider a sequence {v,}°°; in ¢? and v € (2

S0,
such that |(|)vn — || — 0, then we will show that
T E(p(u (to, 50, 00) = E(p(u(ta, 50.0))) (5.110)

(1) Note that the set {v,v,}°2, is compact in ¢?. By Lemma , for every
compact set K C 2, there exists ¢, = cx(K) > 0 such that

E(||ut(to, s0,v)||*) < ci, forall ty > sp,v € K. (5.111)
Given n € N, we denote by s, (to, so,v) = (5, ;(to, S0,v))icz, where

ug(to, so,v), 1f [i] <n,

5.112
0, if |i| > n, ( )

ﬁ;i(tm SO7U> = {

and u®(to, sp,v) is a solution to the problem (5.24)). For each m € N and € > 0, we
infer from Lemma that there exists n,, = n(e,,m) € N such that

. £
E(||lu(to, s0,v) — @S, (to, S0,0)||*) < Sim for all to > so,v € K. (5.113)

For every m € N, we define

2m+1 Ck

NG

for some w € X} and Z° = m Z:s. (5.115)
m=1

X& = {u= (u)icz € *:u; =0 for |i| >n,, and |Jul < 1 (5.114)

7t ={uel?: ||lu—w| < ST

Therefore, we deduce from (5.111)), ((5.113)), and Chebyshev’s inequality that for all
v € K and ty > s,

P({w € Q: u(to, 50,v) € Z,,})
<P({w e Q:a, (to, s0,v) & X5 })
+P({w € Q: u(to, 50,v) & Z5, and i, (to, 50,v) € X5,})
2m+lc
“})

NG

<P({w € Q:|ay, (to, s0,v)|| >
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+ P{w € Q: ||u(to, So,v) — us,

Nm

(t0,50,0)| > 525 })

< g

— 22m+20i
£

< —.

— 22m+1

E(][u(to, s0,v)[|*) + 2" *E(|Ju(to, 0. v) — 5, (to, 50, ) |*)
(5.116)

Note that Z¢ is closed and totally bounded in ¢2, thus Z¢ is compact in 2. Then
for all v € KL and ty > sg,

P({w € Q: u(ty, $0,v) & Z°}) < i % < %’ (5.117)
m=1
or equivalently,
P({w € Q : u(to, so,v) € Z°}) > 1 — is. (5.118)
Analogously, for all v, € K and ty > sy,
P({w € Q: u(to, s0,00) € Z°}) > 1 — %g, for all n € N. (5.119)

(2) Since v,, — v in €2, by (5.64) there exists cg > 0 such that for all n € N

IE< sup ||ue(t,50,vn)||2>+E( sup Hue(t,so,v)HQ) < s, (5.120)

so<t<to so<t<to

which, together with Chebyshev’s inequality, implies, as 0 < r — 400,

PlweQ: sup [|u(t, so,00)l| > 1}

so<t<to
1 € 2 Cg
< —2E< sup |Ju(t, so, vn)|| ) < —0, (5.121)
r so<t<to r

and

P{we Q: sup [[u(t,so,v)|| >r}
so<t<to

1 € 2 Cg
< ﬁ]E< sup |[u(t, s0,0)|| ) <5 =0 (5.122)

so<t<to

By (5.121)) and (5.122)), there exists r. > 0 such that, for all n € N,

PlweQ: sup [[us(t,so,v0)] > 7} < -,
so<t<to 4
. (5.123)
P{we Q: sup |u(t,so,v)|| >r:} < -.
so<t<to 4

Given n € N, let €25 = QfL N Qe, where

Qe {w € Q:u(tg, S0,vn) € Z° and  sup ||u(t, so,v,)|| < 7"5},

n p—
s0<t<tg
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OF = {w € Q:u(tg, s0,v) € Z° and  sup |[u(t, so,v)|| < rg}.

so<t<to
By (5.118)-(5.119)) and (5.123|), we obtain
P(Q\ Q) <P(Q\ Q) +P(Q\ ) <e, forallneN. (5.124)

Since ¢ is uniformly continuous in Z¢, there exists 0 > 0 such that, for all z1,z, € Z°¢
with ||z; — 23] < 6,

lp(z1) — p(z2)| < €. (5.125)
Now, we define the following stopping times by
G = Inf{t > sq : ||u(t, so,vn)|| > 7.}, n €N,
¢ = inf{t > so : ||u(t, so,v)|| > 7.} (5.126)
Similarly, as in Theorem 5.6 we find that there exists ¢g > 0 such that, for all n € N,

]E( sup [Ju(t A<y AG, S, vn) — u(t A s, AG, So, v)||2> < collv, —v|]2. (5.127)
s0<t<to

It is easily deduced that ¢,(w) > to and ¢(w) > o for all w € QF | thus togAg, A = to.
By (5.127) and Chebyshev’s inequality, we obtain
P({w € €% : ||u(to, S0, vn) — u(to, So,v)|| > 0})
=P{w € O : ||[u(to A sn A S, S0, ) — u(to A sp A S, S, 0)|| > 0})
<PHw € Q:||Ju(to Asn A, S0, ) — u(to Ay NS, S0,0)|| > 60})
C9
< §||vn —o|?, VnéeN. (5.128)

By (5.108)), (5.124)-(5.125)) and (5.128) we derive, as v, — v in (2,

lim sup / (6 (Fos 50, 0m)) — o(u (Fo, 50, 0))|dP
Q

n—oo

n—o0

= lim SUP/ |o(u (to, s0,0n)) — o (u(to, s0,0))|dP
Q

£
n

+ Tim sup / [0(6 (tos 50, ) — (u (fo, 50, 0))|dP
Q\Qs,

n—oo

< lim sup lo(u(to, S0, vn)) — @(u(to, so,v))|dP

n—00 /{LUGQ%:UE (to,s0,vn)—us(to,s0,v)||>d}

+ lim Sup/ |90(U6(t07 50, Un)) - 90(u6<t0a 50, U))|d]P)
n—00 {weQs :||uf (to,s0,vn ) —u(to,s0,v)||<6}
+20B((2)\ 2])
2
< 057209 limsup [|v, — v||* + € + 2c7e < € + 2c7e. (5.129)
n—o00

According to the arbitrariness of e, (5.110)) follows from (5.129)) immediately. [
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5.2.2 Existence of evolution systems of probability measures
As a consequence of Lemmal[5.9] the following Corollary can be immediately proved.

Corollary 5.12. Suppose (5.18)-(5.23) and R1-R2 hold. Then, for all t € R,

e € |0, 2\/@1] and —t < k € N, the solution u(-,7,ug) of problem (5.24]) satisfies,

1 ¢ t ot
—k—i-t/kE(Hug(t’T’ u0)||2)d7-+ ka+t / / ea(s_t)E(||u€(5,7',Uo)||2)dsd7‘
t
€ —a as
< Bl +ee [ B (lg(s)IP + 15 ||2+2||h s + e
(5.130)

where ¢ is a positive constant independent of €,t, k and ug.
Proof. Integrating (5.81) in Lemma 5.9 over (—k,t) in 7, we obtain (5.130]). O

Next, we can deduce from Lemma that:

Corollary 5.13. Suppose (5.18)-(5.23) and R1-R2 hold. Then, for each compact
set K of_€2, e >0 and —t < k € N, there exists N = N(K,e) € N such that, for
alln > N, t € R, the solution u(-,7,ug) of problem (5.24)) with initial data uy € K
satisfies,

sup —/ Z]E lus(t, 7, uo)|?)dr < e. (5.131)

c€l0,5 5] [i|>n

Proof. By (5.102) in Lemma [5.10, we have

E( 3 Juslt. uO)P)

li[>2n

—a(t—7) 2 136¢0 ' a(s—t) € 2
<e E( > |uoil?) + - e TVE(|Ju(s, T, u0) %) ds

|i|2n

+c/T =R <Zgz +Zﬁf(s)+i2hii(s)>ds

[il>n [il=n j=1 lil>n

2l S lel?). (5.132)

li|=n |i|>n

Then, integrating (5.132)) for 7 over (—k,t), we deduce

k—l—t (Z|ut7u0 )dT

|7|>2n

136¢ bt
SE( X o) + s [ [ e B (s, o) Psar

li|>n
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+ cqe” ™ /_t “SE( Z g7 (s) + Z B(s) + i Z hii(s))ds

[il>n [il>n J=1 [i|>n

2 (3l D Jeul?). (5.133)

|i|>n li|>n

By (5.130), for uy € K and —t < k, there exists ¢;9 > 0 depending only on IC such
that, as n — oo,

136¢
k+0t / / DE(||us(s, 7, u)||?)dsdT (5.134)

136
<k+c0t>cw(1+e“t/_ eE(|lg(s)II* + [15(s) H2+Zuh ?)ds) =0,

which, together with R2 and ([5.104)), completes the proof. [

Now, we show the existence of evolution systems of probability measures for
system on ¢? in the sense of Definition . In particular, we shall prove the
tightness of the probability measure of the solution in the sense of Definition [5.1]
Theorem 5.14. Suppose (5.18)-(5.23) and R1-R2 hold. For any € € [0, zﬁ 1,
the transition operator (Pf,)y>- for has an evolution system of probability
measures {us}ier on €2

Proof. For n € N, we denote by (¢, 7, uo) = (us, ;(t, 7, u0))icz, Where

_ ui(t, T, up), if |if <,
© (t. 7. up) = 5.135
i, 7, o) {0, it il > n. (5.135)

Givenm € Nje > 0 and k, h € N with £ > h, by Corollary and R2, there exists
Cy, = C(h) > 0 (independent on ¢, k) such that

—h

E(||u(=h,,0)|[*)dr

sup
56[02\FL1}I€ h
0
<cert [ B(l(s)I? + 180) |!2+Z|!h as+e<Cho (5150

For each m € N and € > 0, we can indicate from Corollary that there exists
Nm = n(e, h,m) € N such that

—h
e(__ e (. < = .
swp o [ B (R 0) =, (o 0)[dr < 5 (5187
e€|0, Q\le]
Then, we define
. 2mCY,

X, (h) = {u = (u;)icz € * :u; =0 for |i| >n,, and |jul < b, (5.138)

NG
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€

— 1 e
Z(h)={uel?:||lu—w|< o for some w € X, (h)}. (5.139)

Using the same method as (5.116)), by (5.136)-(5.137)), we can verify that

I e
i IP’{w €Q:u(—h,7,0) ¢ Zm(h)}dT

1 —h ) o,
< — e (—
<=/, Heeim, cnnon> Tt ar

S 1

) P{w € Q: |lu(=h,7,0) — i, (—h,7,0)] > Q—m}dT
€ 1 —h

< E “(—h 0 2 d
—22mc,§k,-—h/k (lu(=h, 7, 0)|*)dr

22m —h . . , .
i) E(|lu(=h,7,0) = &, (~h.7.0)|P)dr < 55 (5.140)

Define a probabﬂlty measure nkh =7 f ]P’{w € Q:u(—h,7,0) € -}dT on (2.

Let Z° (h) = ﬂ Zm( ), we know that Z (h) is compact in ¢2. By (5.140), we have
m=1

n(P\NZ (h Oon,zhfz\z (h)) < e, (5.141)

m=1

which means that {7f ,}r>n is tight on ¢* for each fixed h € N in the sense of
Definition[5.1] Thus, there exists 7§, € P(¢2) and an index subsequence (still denoted
by {n ,}) such that

Nen = M, as k — oo. (5.142)

For any fixed ¢t € R, consider h € N such that —h <t and define

¢ 1= QLM (5.143)

Where Q° 1,; is defined in (5.10). By [35, Theorem 3.1], we know that the definition
5.143) is independent of h. Then, by (5.11) and (5.143), for any ¢ > 7 > —h,

w1th h € N, we have

Qi,tﬂi = Qi,tQih,mZ
= (Pr)"(Ph.)
= (P, Pry) ™y,
= (P = Qp ) = 4, (5.144)

which completes the proof in the sense of Definition [5.2] [J
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5.2.3 Limits stability of evolution systems of probability
measures as noise intensity approaches a certain value

Now, we temper to prove the probability convergence of the solution u of (5.24)) to
satisfy the assumption R required by Theorem [5.8]

Lemma 5.15. Suppose (5.3)) and (5.18)-(5.23) hold. For every compact set K of

2, 5>0,t>7cR andege[o,ﬁ],
lim sup P({w € Q : ||u®(t, 7, u0) — u®(t, T,up)|| > }) = 0. (5.145)
€E—€Q quE

Proof. For every T > 0 and any bounded set K C ¢ we know from Theorem

that there exists ¢ = ¢(K, T) > 0 such that for all uy € K and € € [0, 2\/‘/5:1]

E( sup ||u€(t,7',u0)||2>§c,
te[r,7+7T)

which, together with Chebyshev’s inequality, can imply that for every ¢ > 0, there
exists n = n(e, K, T) > 0 such that, for all vy € K and € € [0 Vo ],

? 24/2L14
1
P {w €Q: sup |u(t,T,up)| > n} < —e.
te[r,7+T] 2
. = Vi
Given uy € K and €, ¢q € [0, 2\/§L1], we define

Q.= {w €Q: sup |u(t,7,up)|| <nmand sup |[uC(t,T,uo)l < n}
telr,7+T) te[r,7+T]

Thus, for all ug € K and € € 0, T\/le], we have P(Q\ ) < €. Define a stopping
time by

T, =inf{t > 7: ||[u‘(t)|| >n or |u®(t)| > n}. (5.146)

where T,, = +oo if {t > 7: ||[u(t)|| > n or |[u®(t)]| >n}=0. Then T, > 7+ T
for each w € Q.. R
For any ug € K and 6 > 0, we have

sup P({w €Q: sup ||u(t,7,up) — uC(t, T, up)|| > 5})
te

uo EI/C\ [TvT"’_T]

= sup P({w €Qc: sup ||JuS(t ATy, 7up) —u®(t ATy, T, u)|| > 5})

= te[r,7+T)

+ sup P({w €Q\Qc: sup ||u(t, 7, up) — u®(t, T, up)l| > 6}) (5.147)

”LLOGE tE[TvT+T}
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uo EIC [T77+T]

< sup P({w cQ: sup |u(t AT, T,u0) —u®(tATh,7,u)| > 5}) +e.
ic te

Now we just need to confirm that

E—€Q

lim sup P({w €Q: sup |Ju(tAT,,T,u0) —u®t ATy, 7,u)| > (5}) =0
te

et o (5.148)
to complete the proof. By and (5.146)), for all t > 7, we have
Wt AT — u(t AT,) + /:AT" D(u(s) — u®(s))ds
o [ e —unopas o [T o) —un(o)as
< [ P - P ()s + / " (G - G (s))ds
-/ " (6D — S () s o / . fj (hi(5) + 03t w(5))) AV (5
e / - il (hy(5) + 0yt u(s))) W) (s)
-/ ) — () + Z / (e = €0) (hy(s) + (5. ()
+ e (055, u(s)) — 055, u” <s>>)}dwj<s>. (5.149)

Thanks to Ito’s formula, for all £ > 7,
AT AT 2 [ AGE) — () s
[ ) e 2 [ o) — e s
v2 [ ) — P ). (5) - et
w2 [ (@) G o)) o) as
< / " () — £ (5) () — w(5))

tAT

| s 3t S [ ot el
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tATh,

+3EOZ/ o (s, u(s)) — o (s, u®(s))||?ds + I, (5.150)

where
11—2|€—€0|Z/ " (8) — u(s))dW;(s)
+ﬂv#d§:/ (a5 (s)) w(s) — u ()W)

For the first term on the right-hand side of ([5.150)), by (5.20]), we have

2/ " (fu(s)) — F(u(s)), uc(s) — uo(s))ds

a f . tATy,
< G+ 220 [ () — w o) Pas, (5.151)

a

and for the third and fourth terms on the right-hand side of (5.150)), by ((5.22)) and
(5.23)), we obtain

stema 32 [ oo elias

tAT,

+%Z/ lors(s,u(s)) — 150, u(s)) |di

tATn t
§6(e—60)2/ |\ﬁ<s)u2ds+6(e—eo)2m/ lu(s AT ||2ds
. tAT, ’
+ 3L (n) / [ (s) — u (s)||2ds. (5.152)

By the same method as ([5.43)-(5.44)), taking expectation, there exists a positive
constant Cjg = C1o(n) such that, for all ¢ > 7,

= s (o A To) — e ATI))

t tATh
< Cuo [ B( sup (Jucls A7) = u (s AT+ 6~ e [ 505

tATy
+ 6(€ — eO)QLf/ E(|Juf(s)||*)ds + I, (5.153)
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where

I =2|e — 60|E sup / —u(r))dW;(r)

7—<s<t/\Tn j=1

)

+ 2Je — 60|E sup / oj(r,u(r)), u(r) — ueo(r))dI/Vj(r)D

T<s<tAT | o

+ QEOJE sup ’ Z/ o;(r,u’(r)) —oj(r,u®(r)),u(r) — u® (r))de(r)D.

T<8<t/\Tn

By the Burkholder-Davis-Gundy inequality, we derive from ([5.22)) and (5.23) that

I, < ZE( sup (lu(s AT,) — u®(s /\Tn)HQ))

T<s<t
00t
(e P2y [ E(In(s)|)ds
=177

t
+ 16(e — 60)2012/ 18(s)||2ds + 16(e — €o)*LIn*T

t
+863012L‘2’(n)/ E( sup (Jut(s AT,) — (s AT,)|P)dr. (5.154)

T<s<r

where C is defined in (5.48)). Therefore, there exists C; = Cy1(n) > 0 such that,
for all t € [r,7 4+ T,

IE( sup (|lu(s AT,) — u®(s /\Tn)HQ))

T<s<t
t —_— —_—
< c/ E( sup (Ju‘(s AT) —ufo(sATn)|\2)dr
T T<s<r
+ CnT(e — ) ( s<uf<) ZE R (s)]|7) + sup. ||5( )H2> (5.155)
7<s t

By the Gronwall inequality applied to ((5.155]), we derive that, for all ¢t € [r, 7 + T,

IE( sup (||u(s AT,) — u®(s /\Tn)Hz))

T<s<t
< O T (e — €) ( sup ZE 1hi(s)]|?) + sup 18(s )||2)eCT. (5.156)
T<s<t T<s<t

Using Chebyshev’s inequality, we obtain the result (5.148|) when ¢ — ¢y, and then
the proof can be completed by combining (5.147)). [

Given t € R and € € [0, Qﬁ ], let S§ be the collection of all evolution systems

of probability measures {u§}ier of (PS,)es- for system (5.24). Now, we show the
tightness of  |J 5§ in the sense of Definition and the limit stability of any

N
€€HL2V§LJ

sequence of S; for non-autonomous stochastic modified S-H lattice system (5.24)).
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Theorem 5.16. Suppose ((5.18))-(5.23|) and R1-R2 hold. Then, for eacht € R,

(i) UEE S is tight on (2.

i) If pgm € Sim with €, — ¢y € [0, il , then there exists a subsequence (still
Mt ¢ 22l,

denoted by itself) and p;® € S;° such that pe" — g’ weakly.

Proof. (i) Given t € R,m € N and a compact set K of ¢*, by Lemma , Lemma,
.10} and (5.135)), for all £ > 0, there exist n,, = n(t,m,e) € N, T,,, = T (t, K, m,¢e) <
t and ¢; = ¢(t) > 0 such that

sup sup sup E(|lu(t, 7, uo)|*) < ¢, (5.157)
EE[O ] T<Tm up€EK
szl
€
sup sup sup E([lu(t, 7, u0) — s, (¢, 7,u0)|]*) < 51— (5.158)
e€[0, fL ]T<Tm uoek 2
2 1

For every m € N, we define

~ om
X () = {u= (u)iez € 0* :u; =0 for |i| >n,, and |ul| < Ci

ek
N 1 N
ZEt) ={uel: |lu—w| < om for some w € X: (t)}, (5.160)

(5.159)

and Z=(t) = (°°_, Z5,(t). Note that Z=(t) is compact in ¢2.
Let us pick a bounded ball By, := {z € ¢*: ||z|| < M} of ¢* with M € N. By
(5.9, (5.10)), and the definition of {uf}iecr, we have

JE( N Z5(1)) = Qs (02 \ Z2(1))
_ / P({we it ma) & Z°(0)} ) e ()
Z2
< /B P({w € Q:u(t,T,z) & Z\E(t)}>,uj(dm)
+ /42\3 P({w €O u(t, T z) & Ea(t)}>u§(dx) (5.161)

< sup P({w € Q:u(t,T,z) & 2%5)})/@(31\4) + ps (0% \ Byy).

xEB)

It follows from (5.157) and (5.153) that for all 2 € By and 7y, = %(t, By, mye) > 1,
P{w e Q:u(t,7,2) & Z°(t)}

< ZIP’{w € Qrult, o) & Z5, (1)}

< Plw e Q:fla;, (t,7,)

n

4
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> 1
Pl{w e Q: ||u(t —as (t > — 5.162
+m§:1 {w |u(t, 7, 2) =y, (t,7,z) o ( )
cN € ENM@TxM%+§%fWMWﬂtT@—ﬂ€@Txm%<gg
—_ m:1 22mcf M ) m:1 ) ) Nm M M f— 3

For all r € R, we deduce

1y (£%) Zui< U BM> = iy <31U( U (BM+1\BM))> = lim 45(Bw),

MeN MeN

which together with & € P(¢?) means that limps oo uS(By) = 1. Thus we can
obtain that A}im ps(f2\ Byr) = 0, that is, for every e > 0, there exists M =
—00

M (e, e,t) € N such that

>\ Byy) < = (5.163)

Wl ™

'u%:(t,B]w ,E) (

Combining (5.162) and (5.163|), it follows that, for every ¢ > 0, there exists M =

M(e,e,t) e Nand 7 = T (¢, By, e) < t such that
po(2\ Z5 (1)) < e. (5.164)

(ii) We deduce from (i) that {p;"} is tight, which means that there exists a
subsequence (not relabeled) and probability measures u§ such that uf" — u§ for
each ¢ € R. Then, by Lemma [5.11} Lemma [5.15] Theorem [5.14], and Theorem
we can complete the proof. [
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