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A B S T R A C T   

The 210Pb-based method aims at determining the absolute age of recent sediments on the centennial scale. A 
family of models assumes that at the sediment-water interface the flux of unsupported 210Pb (210Pbexc), F, relates 
to its initial activity concentration, Ao, and the mass sedimentation rate, w, as: F = Aow. Additional specific 
assumptions that allow for analytical formulations of the models are: i) constant Ao (CIC), constant F (CF), and 
constant F with constant w (CFCS). A model with constant w (CSAR) was suggested for completeness but never 
used because of the lack of a suitable analytical formulation. The TERESA model assumes random and inde
pendent variability for Ao and w, described by normal distributions. It systematically generates a large number 
(~105) of potential solutions, whose performance for fitting the empirical 210Pbexc profile is quantified through 
the χ-function. This work aims to adapt the above methodology to formulate the χ-mapping version of the CSAR 
model. The performance of the model is evaluated with a set of synthetic and real cores for which an independent 
chronology is available. CSAR is able to capture the mean sedimentation rate from the 210Pbexc data and provides 
reliable chronologies and paleorecords of Ao, useful for tracking past changes in sedimentary conditions. CSAR 
provides an interesting different perspective for researchers working with 210Pb-based dating of recent 
sediments.   

1. Introduction 

The 210Pb-based method has been widely used during the last five 
decades for determination of absolute ages in recent sediments at 
centennial scale (e.g., Koide et al., 1973; Caroll and Lerche, 2003; 
Appleby, 2008; Mabit et al., 2014; Arias-Ortiz et al., 2018). The tech
nique relays on the geochemical cycling of 210Pb (T1/2 = 22.3 a) in 
nature (Robbins, 1978), and it uses the 210Pb found in excess (labelled 
hereafter as 210Pbexc) with respect to its parent radionuclide 226Ra along 
the sediment core. 

In the porous medium of aquatic sediments, 210Pb tends to be 
strongly bound to solids (IAEA, 2004), which justifies the common 
approach of considering the sediment as a continuous medium charac
terised by its bulk density to study the space-temporal changes of the 
concentrations of 210Pbexc. For the same reason, 210Pbexc reaches the 
sediment-water interface (SWI) mostly associated with mass flows, with 
an initial mass activity concentration Ao. The deposition of 
particle-bound 210Pbexc on the previously existing material is generally a 
reliable condition. Post-depositional reworking of solids requires forcing 

agents such as bioturbation or tidal cycles of resuspension and deposi
tion, which are absent in many study cases. Under these conditions, the 
mass sediment accumulation rate (referred as SAR, and denoted with the 
symbol w) and Ao relates with the 210Pbexc flux at the SWI, F, by the 
mathematical condition of continuity: 

F =Aow (1) 

In the above sedimentary scenario, after deposition 210Pbexc mass 
activity concentrations only decrease by radioactive decay while the 
sediment accretes with the accumulation of new materials. This requires 
the continuity of the sedimentary sequence (i.e., the absence of erosion). 

The above assumptions can be violated in some sedimentary sce
narios. Examples are: i) the existence of post-depositional redistribution 
(e.g., Robbins and Edgington, 1975; Abril et al., 1992; Laissaoui et al., 
2008); ii) non-ideal deposition of fluxes, when a mobile fraction of the 
210Pbexc flux undergoes a fast distribution in depth (Abril and Gharbi, 
2012); iii) polyphasic porous media (e.g., when rhizospheres shows 
different uptake and mobility than mineral solids; Iurian et al., 2021). In 
the most general case, the long-term fate of tracer elements in the porous 
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medium of sediments is governed by the kinetics of their uptake by 
solids and by physical transport through the pore fluid (Abril and Barros, 
2022; Abril, 2023). 

A fundamental feature of the 210Pb-based dating method is that the 
empirical data (consisting of the 210Pbexc mass activity concentrations 
along the core depth) do not unambiguously define a chronology (an 
age-depth relationships). Even for the simplest but quite common sedi
mentary conditions behind Eq. (1), it can be demonstrated that there are 
an infinite number of chronologies that are mathematically exact solu
tions for any given dataset, independently of the accuracy of the 
analytical measurements (Abril, 2015). 

Selecting a single chronology (more properly constraining it with the 
analytical errors) from the above infinite set of possibilities is only 
possible after introducing additional assumptions on F, w and/or Ao. The 
most widely used model assumes constant flux, leading to the CF model, 
with two known versions: its Bayesian formulation, the PLUM model 
(Aquino-López et al., 2018), and the classical CRS model, which includes 
the additional assumption of a steady-state total inventory of 210Pbexc 
(Appleby and Oldfield, 1978). A less popular assumption is that of a 
constant A0 (the CIC model) (Goldberg, 1963). The CFCS model assumes 
that F and w are constant over time (Robbins, 1978). These assumptions 
are mathematically convenient choices, since they allow for analytical 
solutions. However, this does not ensure their physical reliability. A 
detailed presentation of these models can be seen in Sánchez-Cabeza and 
Ruíz-Fernández (2012), and a R software package can be seen in Bruel 
and Sabatier (2020). 

A model with constant sedimentation was first considered by Rob
bins (1978) for the sake of completeness of the cases inferred from Eq. 
(1). A brief presentation can be found in Sánchez-Cabeza and Ruíz-
Fernández (2012). The mass activity concentration of 210Pbexc found in 
the sediment slice of index k, that is at a mass depth m, relates with the 
flux Fk that it received when was forming at the SWI: 

Ak =
Fk

w
e− λm

w, (2)  

where λ is the radioactive decay constant for 210Pb. These authors 
noticed that this model can only be used if the values of the fluxes to the 
sediment surface are known during the interest period. 

A trivial application of the model is possible when w is known from a 
time mark such as the 137Cs peaks related to the history of its atmo
spheric deposition (e.g., Iurian et al., 2021). However, this model has 
never been used to establish a chronology using only the 210Pb data. 

The basic formulation of the TERESA model (Abril, 2016) uses 
normal and independent distributions for A0 and w, a sorting algorithm 
for the arrangement of their values along the core, and the mapping of 
the χ-function to find the parameter values for the normal distributions 
that best fit the empirical profile (the absolute minimum of χ). For 
complex profiles, a multimodal version of TERESA was presented (Abril, 
2020). Other applications of the TERESA model can be seen, among 
others, in Botwe et al. (2017); Klubi et al. (2017); Iurian et al. (2021); 
and Abril (2022). 

This work aims at adapting the above methodology of TERESA to 
formulate the χ-mapping version of the CSAR model. The performance 
of the model will be evaluated with a set of synthetic and real cores, for 
which an independent chronology is available. 

2. Methods 

2.1. The χ-mapping CSAR model 

The mass depth scale, m, the dry mass per unit area accumulated 
from the SWI, remains invariant under natural compaction and sediment 
shortening (during the coring, storage, and extrusion processes). It is a 
physically meaningful and appropriate scale for formulating the 
advection-diffusion equation and 210Pb-based dating models (Abril, 

2003). 
For a core sectioned into n slices, the empirical dataset is a set of pairs 

(Ak,Δmk), with k being an integer number ranging from 1 to n. Ak is the 
mass activity concentration of 210Pbexc in the slice of index k, and Δmk =

ρb,kΔzk, with ρb,k the bulk density of the slice, and Δzk its depth thick
ness. Both magnitudes are known with their respective analytical un
certainties, σA,k and σm,k. 

The slice of index k was formed at the SWI during a time interval ΔTk, 
with a time-averaged SAR, wk, a mean initial activity concentration A0,k, 
and a mean flux Fk = Ao,kwk. If the n pairs of values (Ao,k, wk) were 
known and sorted in the true sequence of the formation of the subse
quent slices, then the chronology and the decay-corrected profile that 
matches the empirical one can be estimated as follows: 

ΔTk =
Δmk

wk
; Tk = Tk− 1 + ΔTk (3a)  

Ak =Ao,k
1 − e− λΔTk

λΔTk
e− λTk− 1 (3b) 

The pairs (Ao,k,wk) are unknown, but the n A0,k values follow a certain 
statistical distribution. The method can be applied to other choices of 
probability distribution functions, but here it will be assumed that A0,k 

values are normally distributed with (unknown) mean, Ao, and relative 
standard deviation sA (sA = σA/Ao). CSAR also assumes that wk takes a 
constant (but unknown) value w. 

The first step is to adopt the initial tentative values for the above 
three parameters. Then, it is possible generating a sample of size n of Ao,i 

values following such a normal distribution. A practical procedure, but 
not the only possible, is to use the so-called canonical representative 
sample of size n from a normal typified distribution N (0,1). It comprises 
the n zi values generated from equal intervals in the cumulative distri
bution function (CFD) centred in 1

2 , and then randomly sorted, as 
described in detail in Abril (2016, 2020). This ensures a mean value of 
zero and a standard deviation of 1, even for samples of small size. Then, 
the sample of n Ao,i values is 

Ao,i =Ao(1+ sAzi) ; i= 1, 2,…n (4) 

The set of n pairs (Ao,i, w) is referred as to a solver. By systematically 
varying the initial estimate of the Ao, w, and sA values one can generate a 
very large number (~105-106) of potential solvers for selecting the one 
with the best performance. 

For each solver, the n pairs (Ao,i, w) must be conveniently sorted 
along the core to get the best possible agreement with the empirical 
profile. To this end, the sorting algorithm proposed by Abril (2016) is 
used in this work (the code can be seen as supplementary material in 
Abril, 2020). It uses a top to down approach. For the first slice (k = 1), it 
applies Eq. (3) with the n pairs to find which of them best fit the 
empirical value A1. The pair is stored as part of the solution, and the 
process continues with the second slice and the remaining n − 1 pairs, 
and so on. This method has shown its practical use, although other 
programming approaches are possible. 

After sorting, Eq. (3) provides the decay-corrected profile generated 
from the solver, denoted as A∗

k. The global performance of the solver can 
be quantified through the Q2 function: 

Q2 =
∑n

k=1

(
A∗

k − Ak
)2

σ2
A,k

(5) 

The χ2 = Q2/f function involves the number of degrees of freedom, 
f = n − p+ 1, with p the number of free parameters in the model. The 
best solution for the problem will be that solver that minimizes Q2 (or χ). 
Intuitively, a value χ = 1 means that the distances between the pre
dictions and measurements are of the same size as the analytical un
certainties. The model output is a chronology, the value of SAR, and the 
temporal records of the initial activity concentrations and fluxes. 
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In some complex cases, the χ-function may comprise an absolute 
minimum and several secondary minima. Therefore, the algorithm or 
the method for walking on the χ-hypersurface must be replicated with 
different starting points to ensure a robust identification of the absolute 
minimum. 

The uncertainties in the fitting parameters can be estimated from the 
curvature of the parametric lines at the absolute minimum, according to 
Bevington and Robinson (2003). Thus, for a generic parameter, x, 

σ2
x = 2

(
∂2Q2

∂x2

)− 1

. (6) 

The propagated uncertainties in the chronology can be estimated by 
the following general rule: 

σ2
T,k =

(
∂Tk

∂Ao

)2

σ2
A +

(
∂Tk

∂w

)2

σ2
w +

(
∂Tk

∂sA

)2

σ2
sA (7)  

2.2. Application to synthetic and real cores 

A set of cores has been selected for the application and testing of the 
model. In all the cases, an independent chronology is used for model 
validation. This provides a more robust test, since the use of a single or a 
few independent chronostratigraphic markers, as suggested by Smith 
(2001), has shown to be of ambiguous interpretation or a weak 
constraint in some cases (see Abril, 2004, 2019). 

Core C1 is a varved sediment sampled in 2007 in Lake Lazduny 
(northeastern Poland), at 20 m depth (data from Tylmann et al., 2013 - 
their core LAZ 07/02). It was included in the survey by Abril and 
Brunskill (2014) –their core C9. It comprises n = 14 slices. 

Core C2 is a varved sediment sampled in April 1999 in the Petta
quamscutt River basin (Rhode Island, Northeast USA), 41◦30′N, 
71◦26′W, at 19.5 m depth (data from Lima et al., 2005). The recon
structed paleorecords of F, w and Ao were presented in Abril (2020). It 
comprises n = 23 slices. 

Core C3 is a varved sediment sampled in April 2011 in Lake 
Kevojärvi, Finland (69◦45′N, 27◦00’ E) at 35 m water depth (data from 
Haltia et al., 2021). The raw data used (from their Table 1 and 2) have 
been: mid-varve age, varve bottom depth, dry bulk density, total 210Pb 
(with analytical uncertainties) and 226Ra (with uncertainties). 210Pbexc 
has been estimated by subtracting 226Ra from the total 210Pb 
layer-by-layer basis (interpolations were necessary for few missing 226Ra 
measurements). This core comprises n = 53 slices. 

Core C4 is a synthetic core generated following the methodology 
presented in Abril (2016). Briefly, n = 34 values of A0 and SAR were 
generated as in Eq. (4) by using Ao = 100 Bq kg− 1; sA = 0.30; w = 0.20 g 
cm− 2a− 1; sw = 0.30, and then randomly sorted. They represented the 
sedimentary conditions for a core comprising 34 slices of 1 cm thick 
each. A realistic bulk density profile was used to generate the mass 
thickness of each slice. This, along with the value of wi, allows for 
estimating the time interval in each slice, and then the chronology. This 
last is used to convert (through radioactive decay) Ao,i into the ‘empir
ical’ 210Pbexc mass activity concentrations. Uncertainties of 10% plus a 
constant contribution were arbitrarily ascribed. 

2.3. Software 

A set of codes has been written in the BASIC language using Quick- 
Basic software and run under an MSDOS emulator. The TERESA codes 
are available for scientific evaluation as supplementary material in Abril 
(2020). The adaptations required for the χ-mapping versions of the 
CSAR model are relatively simple to implement from these codes and the 
methods presented above. The available package also includes an Excel 
file with the method to generate the canonical representative distribu
tions of varying sizes from N (0, 1). 

3. Results and discussion 

Figs. 1–4 and Table 1 summarise the results for the application of the 
CSAR model to the selected cores. 

The empirical 210Pbexc versus mass depth profiles show a varying 

Table 1 
Fitted model parameters for the application of the CSAR model, and χ values.  

Core Ao (Bq kg− 1) w (g cm− 2a− 1) sA χ 

C1 560 ± 8 0.0370 ± 0.0012 0.234 ± 0.002 0.57 
C2 514.6 ± 1.6 0.0601 ± 0.0002 0.190 ± 0.002 0.51 
C3 320.0 ± 1.6 0.1250 ± 0.0007 0.378 ± 0.008 0.56 
C4 104 ± 6 0.1700 ± 0.0014 0.318 ± 0.015 0.19 

Uncertainties in the fitted parameters have been estimated by Eq. (6). 

Fig. 1. Application of the CSAR model to core C1 (Lake Lazduny). Upper panel: 
210Pbexc versus mass depth, with1-σ analytical uncertainties. The continuous 
line is the best-fit obtained with CSAR (the line connects the model values, 
ascribed to the centre of each slice). The ages from the varves and from the 
model are depicted in the secondary Y-axis. For the latter, the error bars are 1-σ 
propagated uncertainties (by Eq. (7)). Lower panel: Initial activity concentra
tions and SARs estimated from varves and for direct output of the CSAR model. 
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degree of irregularities over the ideal pattern of an exponential decrease. 
They range from moderate (cores C1 and C2) to very large irregularities 
(cores C3 and C4). In all cases, the CSAR model provided solutions in 
excellent agreement with the empirical data, with χ values < 0.6 (see 
Table 1). The fitted parameters were well constrained in all cases, as 
shown in Table 1. 

The varve chronology for core C1 was provided with associated 
uncertainties, which are reported in Fig. 1. As seen in that figure, the 
model chronology is in rather good agreement with the one from varves. 
The CSAR model only captures a mean value for SAR, but is able to 
reasonably reproduce the temporal variability of the initial activity 
concentrations (Fig. 1), which is roughly randomly distributed along the 
time line. 

With core C2 (Fig. 2) the CSAR model also provides an excellent fit to 
the 210Pbexc data, and the model chronology is overall in good agree
ment with that from varves, although with a moderate departure for 
older ages. The model also captures the major features of the temporal 
variability of Ao. In this case, the variability is not purely random and 
has a markedly different structure in older layers. A more detailed study 
of this core in terms of piecewise versions of the CF and TERESA models 
can be seen in Abril (2020). 

Fig. 3 summarises the results for core C3. Despite the complexity of 
the 210Pbexc profile, CSAR produces an excellent fit (χ = 0.56), and a 
reasonable proxy of the chronology of the varves (Fig. 3). In this case, 
the paleorecords of initial activity concentrations from varves show 
strong variability with a sequence of periods with high and low values of 
Ao. CSAR is able to capture the major features of this variability although 
with poorer agreement in deeper layers. CSAR also captures the mean 
value of SAR. 

The solution provided by CSAR for the synthetic core C4 is in 
particular good agreement with the 210Pbexc profile (χ = 0.19), and the 

model chronology closely matches the synthetic one (Fig. 4). The model 
captures a mean SAR value of 0.17 g cm− 2a− 1. It is a time-averaged 
value over the whole length of the core, and it is not in contradiction 
with the stated arithmetic mean (0.20 g cm− 2a− 1) of the values of the 34 
slices, which are of varying mass thickness and with wi values deviating 
from the mean, so that they have associated varying time intervals. In 
fact, the average SAR for the synthetic core can easily be calculated as 
the mass depth of the deepest layer divided by its synthetic age (0.179 g 
cm− 2a− 1). 

The propagated uncertainties (from Eq. (7)) were below 4% in core 
C1 and below 1% for the other cores. They inform the effects of the 
computations involved in the application of the model. However, there 
are always nonquantifiable model errors that are deviations of the model 
ages from the true chronology due to the partial or null achievement of 
some of the model assumptions (Abril, 2022), as observed in the studied 
cases, in Figs. 1–4. The CSAR model assumes a constant SAR, while the 
sedimentation rates inferred from the varve chronology show a large 
temporal variability (Figs. 1–4). Other sources of model errors are the 
assumption of normally distributed Ao, and the particular choice for 
generating solvers (Eq. (4)), which only can provide a proxy for the true 
(but unknown) distributions. However, CSAR has shown its ability to 
compensate for positive and negative deviations in chronology in the 
studied cases, where the temporal variability of A0 and SAR were 
roughly randomly distributed along the time line (Figs. 1–4). This result 
is in agreement with previous findings (Abril 2019, 2020) showing that 
under random temporal variability in fluxes, the CF and CFCS models 
are able to compensate positive and negative deviations, producing 
chronologies that keep close to the true solution (when known from 
varves and in synthetic cores). 

Going into detail, in the studied cores, the largest model errors in the 

Fig. 2. As in Fig. 1, but with the application of the CSAR model to the core C2 
(Pettaquamscutt River basin). Fig. 3. As in Fig. 1, but with the application of the CSAR model to core C3 

(Lake Kevojärvi). 
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chronologies appeared in the deeper region of core C2, linked to a non- 
random variability in Ao (Fig. 2, Abril, 2020), and in core C3, where the 
variability in Ao showed a pseudo-periodic structure with high and low 
values, which was difficult for the model to balance (Fig. 3). 

It is worth noting that the sorting algorithm used, which runs from 
top to bottom, necessarily has a poorer performance for older (deeper) 
layers. This effect interplays with the cumulative behaviour of model 
errors during transects with continuous trends of increase or decrease. 

It has been shown (Abril, 2022) that model errors differently affect 
the output paleorecords of SARs and Ao, being the former largely 
affected by spurious fluctuations than make them unusable for tracking 
past changes in sedimentary conditions. On the contrary, Ao are less 
affected by model errors, so they are the suitable magnitude for the 
above goal. For the same reason, SARs and Ao differently contribute to 
the value of Ak in Eq. (3). After a second order expansion (λΔTk≪ 1), 

Ak ≅ Ao,ke− λTk− 1

(

1 −
λ
2

Δmk

wk

)

. (8) 

Thus, once the mean values of Ao and w have been captured, a 
fluctuation by a factor two in Ao,k automatically translates into a change 
of equal size in Ak, while such a change in wk yields to changes of the 
order of 2%–5%. As a consequence, those models allowing for varying 
Ao (CF, CSAR, and TERESA) have the chance of producing solutions in 
close agreement with the empirical 210Pbexc profiles, as well as reliable 
paleorecords of Ao, as shown in this work. 

The synthetic core C4 gives the opportunity to observe how the 
prescribed variability in SARs, which by the main assumption of the 
CSAR is ignored, is compensated by tiny deviations in the paleorecords 
of Ao, which are slightly higher than the synthetic records in deeper 
layers. 

The model assumptions may not reliably describe the true behaviour 
of F, A0 and w in the sedimentary system studied, but this does not 
necessarily invalidate them. The poor or null accomplishment of model 
assumptions results in model errors. Models show the capability of 
compensating positive and negative deviations from the true chronology 
when the temporal variability of the above magnitudes is randomly 
distributed along the time line. A0 and w differently contribute to the 
model chronology, the former being the dominant one. Thus, those 
models allowing for variability in A0 can show better performance. This 
is the case for the CSAR model, which in its χ-mapping version repre
sents a new tool for researchers deading with the 210Pb-based dating of 
recent sediments. It is necessary to gain more experience with its 
application to a large variety of scenarios to discover its potentials and 
limitations, and the insights it can provide when used in combination 
with other dating models. Especially, it should be noted that, although 
conceptually the CSAR model is a particular case of the TERESA model, 
there are some practical advantages to support its combined use: i) CSAR 
defines 3D χ-hypersurfaces (from Eq. (5)) which are simpler and 
smoother than the 4D ones from TERESA, which can be helpful for 
identifying the absolute minimum in complex cases; ii) the concordance 
of their chronologies may inform on the occurrence of sedimentary 
conditions with randomly distributed variability in SAR. 

4. Conclusions 

The χ-mapping version of the CSAR model has been presented. It 
arises as a particular case of the TERESA model, restricted by the con
dition of a constant SAR (set in the software as a null standard deviation 
in w). 

This work has presented the first applications of this model using 
exclusively 210Pbexc data and the mass depth scale in the sediment core. 

The model has shown good performance with real and synthetic 
cores for which an independent chronology (synthetic or from varves) 
was available. It produced solutions that fitted the experimental profiles 
with χ values < 0.6, and model ages, in general, in good agreement with 
the independent chronology. 

The CSAR model is able to output paleorecords of initial activity 
concentrations that are in good agreement with those inferred from the 
varve or synthetic chronologies, so they are suitable for tracking past 
changes in sedimentary conditions. 

The studied cores show large temporal variability in both, Ao and w, 
and then in fluxes. However, such a variability was more or less 
randomly distributed along the time line or showed periods of increase 
mostly compensated by others of decrease (core C3). Under these con
ditions, CSAR is able to compensate for model errors in the chronology, 
which is consistent with similar findings for the CRS and CFCS models. 

CSAR complements the set of classical models. As all the models, it 
can be applied separately, subjected to validation with at least an in
dependent chronostratigraphic marker. As a practical advantage, it can 
be applied to complex profiles without a complete recovery of the total 
inventory, and it is simpler to use than the TERESA model. The combi
nation with other models can provide useful information on the pre
vailing sedimentary conditions. Thus, the CSAR model provides an 
interesting new perspective for researchers working with the 210Pb- 
based dating of recent sediments. 
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Fig. 4. As in Fig. 1, but with the application of the CSAR model to the synthetic 
core C4. Here, model outputs are compared against the synthetics chronology, 
Ao and SAR. 
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Arias-Ortiz, A., Masqué, P., Garcia-Orellana, J., Serrano, O., Mazarrasa, I., Marbà, N., 
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