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Abstract

In this paper we deal with an eigenvalue problem in an interface elliptic equation. We characterize the set
of principal eigenvalues as a level set of a concave and regular function. As application, we study a problem
arising in population dynamics. In these problems each species lives in a subdomain, and they interact in a
common border, which acts as a geographical barrier; but unlike previous results, we consider the case of
different growth rates in each subdomain.
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Fig. 1. A possible configuration of the domain Q = Q1 U Q, U X.

1. Introduction
Recently, the following semilinear interface problems have been analyzed

—Au; =Afi(x,u;) inQ,i=1,2,

ou; =y;(upy —uy) onx, 1)
dyur =0 onT,

where € is a bounded domain of RY with

Q=QUQUEZ,

with €; subdomains, with internal interface ¥ = 02y, and I' = 92, \ %, v; is the outward normal
to 2;, and we call v := v; = —v; (see Fig. | where we have illustrated an example of €2).

In (1), u; represents the density of a species inhabiting in €2;, and they interact on ¥ under
the so called Kedem-Katchalsky conditions (see [7]), and it means that the flux is proportional
to the jump of the function through X (see [3], [4], [5], [6] and references therein). Here, f; :
Q; x R~ R are regular functions, y; > 0 stands for the proportional coefficient of the jump and
1/A, A > 0, is a real parameter representing the diffusion coefficient of the species, the same in
both subdomains. It seems natural to consider two different diffusion coefficients, one for each
species, that is, a problem as

—AM,‘ =Aiﬁ(x,ui) in Qi,

Opu; =yi(up —uy) onx, (2)
dvur =0 onT,

with A; € R. Although mathematically it makes sense to consider A; as a real parameter, its usual
meaning is that 1/A; is the diffusion coefficient in 2;, A; being a positive parameter in such a
case.

As a first step towards the study of (1), it is necessary to analyze the eigenvalue problem

—Au; = m;(x)u; in Q;,
u; >0 in ©;,
3
Oyu; =yi(up —uy) onkZ,
dur =0 onT,

495



B.B.V. Maia, M. Molina-Becerra, C. Morales-Rodrigo et al. Journal of Differential Equations 390 (2024) 494-524

where m; € L*°(2;), m; # 0 in ;. (3) has been analyzed in [9] in the self-adjoint case y; = y».
For that, the authors used variational arguments to prove the existence of principal eigenvalue
as well as its main properties. The general case y; # y» was studied in [8] using a different
argument. In [8], to study (3), the authors first analyze the problem

—Au; +ci(x)u; = Au; in ;,

ovu; = yi(up —uy) on X, “
oyupr =0 onl,

where ¢; € L>(2;). They prove the existence of a unique principal eigenvalue of (4), denoted
by Ai(c1, c2). Hence, the study of (3) is equivalent to find the zeros of the map

reR—= f(A):=A1(—rmy, —Amy).
The main goal of this paper is to study the following generalized eigenvalue problem:

—Au; = Aim; (X)u;  in Q;,

u; >0 in €2,

()
ovu; = yi(up —u1) onx,
oyupr =0 onl.

Motivated by [8], to study (5) we analyze the zeros of the map
(A1, 22) € R > F(h1, Xa) 1= A (—Aimy, —hamy),

that is, we analyze the set
Ci={(1. %) €R?: F(h1,h2) = 0.

We show that F is a regular function, concave and F(0, 0) = 0. Hence, for instance, fixed A1,
there exist at most two values of A such that F' (A1, A2) = 0. Moreover, due to the concavity of
F, it is well known that the set {(A1, A1) € R%: F(A, A2) > 0} is convex. In any case, the study
of the set C depends strongly on the signs of m;. It is obvious that the case where the functions
m; have a definite sign, for example they are positive, is a simpler case than the case where one
or both of them change sign.

We summarize the main results.

Our first result deals with the case both m; non-negative and non-trivial functions (see Fig. 2).

Theorem 1.1. Assume that m; > 0in Q;, i = 1,2 and define

M=\ (x € Q; :m;(x) > 0}
and assume that 8Mio is regular and
M0 c Q. (6)
Then, there exist positive values Af, i =1, 2 such that:
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F(/\l, )\g) >0

Fig. 2. Case m and mj both non-negative and non-trivial verifying (6): we have represented in the plane A — A, the
curve F(Ay, 2p) =0, as well as, the regions where F is negative and positive. In this case, C = {(A1, 22) : Ay = H(A1)}.

1. Assume that A1 > Afr. Then, F (11, X12) <0 forall My € R.
2. Assume that A < Afr. There exists a unique Ay := H (A1) such that F (A1, A2) =0 and

F(\1,2) <0 foriy>HA1), FQi,A) >0 foriy <H(Ap).

Moreover, the map A1 +— H(X\1) is continuous, decreasing, H(0) =0 and

lim H() = A7, lim H(A) = —o0.

A—>—00 )\|—>Afr

The values AT and A; will be defined in Section 2.
In the next result we analyze the case m non-negative and non-trivial and m, changing sign
(see Fig. 3).

Theorem 1.2. Assume that m1 > 0 in Q1 and verifies (6) and my changes sign in 2. There
exists A > 0 such that:

L If > A, then F (A1, A2) <O for all 1, € R.

2. If Ay = AT™, then there exists a unique Ao such that FAT™, 22) =0 and FAT™,x2) <0
forall Ay € R\ {1}

3. Forall hy <A™, there exist A, =H™ (A1) < A =HT (A1) such that

F(Ai,43)=F(A1,23) =0,
and

<0 forxy>HT(A1) orky < H™ (A1),
F(““){ >0 for ko€ (™ () HE ().
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AQ“
A
T TT— A ) <0
% F//l,)
F()\l, )\2) >0 X
. '
W Q\x\ A l
Ay

FlA, ) <0

e o

A

Fig. 4. Case m1 > 0 and verifying (6), m, changing sign and sz my > 0 (left) and sz my =0 (right).

Moreover, the map * — HYT (A1) (resp. H™ (A1) is continuous, decreasing (resp. increas-
ing) and

lim HEQ)=AF and  lim HEG) =7

A ——00 A=A

4. Finally,
(a) Ifo2 my <0, then AT > 0 and %, > 0.
(b) Ifo2 my > 0, then A > 0 and X, < 0.
© Ifo2 my =0, then \|"™ = A =0.

Remark 1.3.

1. In Fig. 4 we have represented the cases m1 > 0 in 1 verifying (6), m> changes sign in 2,
fﬂz my > 0 and sz my=0.
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F(A,X2) <0
G, 20) < F(M,A2) <0 F(A, ) <0

F(A,A2) >0 —» ¢

AL

) F(A\,A9) >0
N FbAs) >0

Fig. 5. Cases m; changing sign. le my <0 and: fﬂz my < 0 (left), fﬂz my > 0 (center) and sz my = 0 (right).

2. Of course, by symmetry, a similar result holds for m; changing sign in 7 and m> non-
negative, non-trivial and verifying (6).

Finally, we deal with the case of both m; changing sing.

Theorem 1.4. Assume that m; changes sign in Q;. Then, there exists a closed curve C C R?,
such that F (A1, M2) =0 if and only if (A1, A2) € C. Moreover,

F (A1, X2) > 0ifand only if (A1, Ap) € int(C),

and
F (A1, A2) <O ifand only if (A1, Ap) € Ext(C).

Remark 1.5. The form and structure of C depends strongly on the sign of the integrals of m;. In
all the cases, (0,0) € C.

In the following result, we complete the above Theorem, see Fig. 5.

Theorem 1.6. Assume that m; changes sign for i =1, 2. There exist Arlni“ <0< )Jlmx such that

L If ki < AT or kg > AT then F (A, A2) <O forall A, € R.

2. If M = _)Jlmx (resp. A = )ﬁ“i“ ) then there exists a unique Ay (resp. .&2 ) such that
FAT™, k2) =0 (resp. F(A[™, Ay) =0) and F(AT™, A2) <O (resp. F(AT"™, A2) < 0) for
all 2o e R\ {A2} (resp. 1o e R\ {A0).

3. If\ € ()Jlni“, A" there exist unique Ay, =H™ (A1) < AT =HT (A1) such that F (A, kzi) =
0. Moreover,

<0 fory>HT(A1) orky < H™ (A1),

F(A1,A2) { >0 fori;e(H (L), HT (A1)

Finally,

lim HE*()=2,, and lim HE(A) = A

Al_)krlnm Al _>)Lflﬂax
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We apply these results to the nonlinear problem

—Au; =Aimi(xX)u; — ul{’i in ;,
dvui = yi(up —uy) on X, )
oyupr =0 onT,

with ; € R, m; € L*°(2;) and p; > 1. Again, we consider the general case A; € R and
m; € L°°(L2;) but of course from a biological point of view only some cases are interesting.
For example, when m| = 1 in 1, A represents the growth rate of the species u1, which could
be positive or negative. When m1 changes sign, only the case A1 > 0 should be considered.

We prove (Theorem 5.1) that (7) possesses a positive solution if and only if

F(hi, A2) <O.

Moreover, in such a case, the solution is the unique positive solution. Hence, we can give the
following consequences:

1. Assume that m| and m, are non-negative and non-trivial functions.
(a) For A large (A1 > AT), there exists a positive solution for all 1, € R.
(b) For A1 < AT, there exists a value A, = H.(11) such that (7) possesses a positive solution
for Ay > H(A1).

In both cases, for A1 > 0 we have that there exists a positive solution for negative growth rate
(A2) of us. In the case without interface, this is not possible, that is, even if the population
has negative growth in one part of the domain, the interface effect makes it possible for the
species to persist throughout the domain.

2. Assume that m is non-negative and non-trivial and mj changes sign. Then, if A1 is large,
then there exists positive solution for all A, € R. However, for A1 < A‘lnax, then there exists
positive solution for Ay < H™ (A1) or Ay > HT(A1).

3. Assume that m| and m, change sign. There exist )Jlni“ < A"™ such that for Ay > AT or
A< ATi“, (7) possesses a positive solution for all A, € R. However, for A| € ()Jlni“, A,
there exist H™ (A1) < HT (A1) such that (7) possesses a positive solution only for Ay <
H= (A1) or ko > HT(1y).

An outline of the paper is: in Section 2 we include some preliminary results related to scalar
eigenvalue problems. Section 3 is devoted to show some general properties of F (i1, A2). The
main results concerning to the eigenvalue problem (5) are proved in Section 4. Finally, in Sec-
tion 5, we analyze (7).

2. Preliminary results
2.1. Scalar eigenvalue problem

In this section we recall some results concerning to scalar eigenvalue problems, see [2] for
example.

Here Gisa C%%, o € (0, 1), domain of RY, 3G =T Uy, where 'y and I, are two disjoint

open and closed subsets of G and v is the outward unit normal vector field. For ¢ € L*°(G),
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heC(1), g € C(I'2), we denote by olG (=A+c; N+ h, N + g) the principal eigenvalue of the
problem

—Ap+c(x)p=rp in G,
g—f—i—hqﬁ:O on I,

g—f +8¢9p=0 on I,
and by O'IG(—A + ¢; N + h, D) that of the problem

—Ap+cx)p=rp in G,
%—i—hd):O on I,

¢=0 on I.

We will quote some important properties of alG(—A +c;N+h,N+g)and O’IG(—A +c; N+
h, D). We denote the boundary operator

_Joop+hp=0 only, _Joop+hp=0 only,
B(¢)_{8u¢+g¢=0 on Iy, or B(¢)_{¢=O on I'.

Proposition 2.1.

1. The map ¢ € L*°(G) — UIG(—A + ¢; B) is continuous and increasing.
2. It holds that

ol (=A4¢;N+h,N+g) <oP(=A+c;N+h,D).

3. Assume that there exists a positive supersolution, that is, a positive function u € W>P(G),
p > N, such that

—Au+cx)u>0 inG, Bu)>0 onoG,
and some strict inequalities, then
O'IG(—A +c; B) > 0.
Now, we define
n) =0 (—=A —ic; B), AeR.
The main properties of (£ (A) are stated in the next result.
Proposition 2.2.
1. Assume that c #0 in G. Then, A € R+ () is regular and concave.
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2. Assume that ¢ > 0 in G, define

Co:=G\{xeG:cx) >0}, ®)

and assume that

CoCG. &)

The map A +— () is decreasing and
lim p() = —oo, lim pu(h) =0 (—A; D).
A—+00 A——00
3. Assume that c changes sign, then
li A) = —o0.
A—ir:iloo'u( )

Moreover, there exists Ao € R such that u'(,g) =0, u' (L) > 0 for A < Ao and ' (1) < 0 for
A > Ag.

We can describe exactly the sign of the map w(1).
Corollary 2.3.

1. Assume that ¢ > 0 and the set Cy satisfies (9). Then, there exists a unique zero of the map
w(A), we denote it by AT(G, c¢; B), and as consequence,

>0 ifA<Ai{ (G, c;B),
n) § =0 ifr=17(G,c;B),
<0 ifr>Ar{(G,c;B).

2. Assume that c changes sign.
@) If u(hg) <O, then u()) <0 forall . € R.
®) If u(ro) =0, then Ay is the unique zero of the map (L(A).
(©) If u(ro) > O, then there exist two zeros of the map (i), we call them A| (G, c; B) <
M < AT(G, ¢; B). As a consequence,

>0 ifrae@(G,c B),KT(G, c; B)),
p) 3 =0 ifr=17(G,c;B)orr=xr{ (G, c;B),
<0 ifk<)»1_(G,C;B)0rk>)»i"(G,c;B).

2.2. Interface eigenvalue problem
First, we fix some notations that will be used throughout the paper. For convenience, we write
u = (u1, up) with u; defined in ; and similarly ¢ = (cy, ¢2). In order to simplify the notation

we write the boundary conditions as
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{ du; =yi(ua —u;) onx,

P 0nF,}<:>I(u):O on XUT.

We write

Oyur > y1(u2 —uy) onx,
Zw) >0 on (X, 1)< 3 dyur <y2(up —u1) onx,
dyup >0 onl.

We consider the Banach spaces

LP :={u:u; e LP(2)}, p=>1,
H':={u:u; e H' ()},
WP ={u:u; e WP(Q)}, p=1.
The norm of a function u is defined as the sum of the norms of u; in the respective spaces.
On the other hand, given u = (11, u) we writte u>0in Q if u; > 01in Q; fori = 1,2 and
u > 0in Qifbothu; > 0in Q; fori =1, 2, and finally u # 0 in Q if #; # 0 in a subset of positive

measure of 2; for some i =1, 2.
Given ¢; € L*°(R;), we denote by A(c) = Aj(cy, ¢p) the principal eigenvalue of (see [9])

—Au; +c¢;(x)u; = Au; in ;, (10)
Z(w) =0 on XUT.
First, we recall some properties of A1(cq, c2), see [8].

Definition 2.4. Given u > 0in Q, u= (u;,un), U € w2rp, p > N, is a strict supersolution of
(—A+cI)if

—Au+c(x)u>=0 inQ, Z@@ >0 on(X1I),
and some of these inequalities are strict.

Proposition 2.5.
1. Assume that ¢ <d in Q2. Then, A1(c) < A1(d). Moreover, if c #d in 2, A1(c) < Ai(d).

2. Assume that ¢, — ¢ in L, then A1(¢c,) — Aj(c).
3. It holds that

A1(©) <min{o] (=A +c1; N +y1), 0.2 (= A +c2; N +y2, N)J.

4. The map ¢ € L +— A(c) is concave.
5. A1(c) > 0 if and only if there exists a strict positive supersolution u of (—A + ¢, T).
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3. Generalized interface principal eigenvalue: first properties
The main goal in this paper is to analyze the eigenvalue problem

—Aui =)Limi(x)ui in Q,’,
u; >0 in €;, (11)
Z(w) =0 on X UT,

where m; € L*°(R;), m; 20 in Q;, i = 1, 2. It is obvious that
(A1, A7) is an eigenvalue of (11) if and only if Ay(—Ajmy, —Aoymy) =0.
Hence, we define F : R* — R by
F(h1, A2) i= Ai(=Aimy, —Aamy).
The following result addresses the concavity of A(cy, c2) in each component.
Proposition 3.1. Fix ¢; € L°°(2;). Then, the map ¢y € L®° () — Ai(c1, ¢2) € R is concave.
Proof. Denote G(c1) := A(cy, c2), take c’i € L*®(R1),i=1,2and t € [0, 1]. Then,
Gltel + (1 =02y = A(tcl + (1= 1)t ) = Af(tel + (1 —1)cd ter + (1 = 1)ep)
=A1(tc+ (1 —1d),
where ¢ = (c{, c)andd = (c%, ¢2). Using now Proposition 2.5 4., we get that

G(tel +(1—1)cd) = Aj(te+ (1 —1)d)

tA1(e) + (1 —)A(d)
tA1(ci,c2) + (1 =D A(ci, c2)
tG(c}) + (1 =DG(c)).

vl

This completes the proof. O
As a consequence, we deduce the concavity of the map F (A1, A2).

Corollary 3.2. Fixed A1 € R, A — F (A1, A2) is concave, and then, there exist at most two values
of Ay such that F (A1, A2) = 0. A similar result holds when we fix Aj.

In order to simplify the notation, we denote (recall Corollary 2.3)
AT =27Qumi N4y, A i=A7(Q,ma; N+, N). (12)

Observe that if we denote by p(A) = 0191 (—=A — Amq; N + y1), then u(0) > 0. Hence, if m
changes sign the existence of A} <0 < AT is guaranteed by Corollary 2.3. If m1 > 0 in
then A| = —o0.

The first result provides upper bounds of F (A1, Ap).
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Lemma 3.3. It holds:
. Q Q
F(A1,22) <minfo," (=A —Aym; N +y1),0, 2 (=A —homa; N+ 2, N)},  (13)

and

—/\1/7711 —kz/m2+()/1 + )| X
Q Q0

F(A,2p) <
[21] + |€22]

(14)

Proof. (13) follows from Proposition 2.5 3.
Let ¢ = (¢1, ¢2) be a positive eigenfunction associated to F (A1, A2). Observe that

—Ag; — Aim(x)p; = F(A1, A2)e; in Q;,
Z(p)=0 onXUT.

Multiplying by 1/¢;, integrating and adding the two resulting equations, we obtain

V1 2 Vo |?

2 2
¥ %)
2 Y Q2

Q)
2 1
+/(<ﬂ2—<p1)<y——y—>.
5 (2%

Fh.22)(1Q1] +122]) = 4 fml —)»2/7712 _

Observe that

2 2

V2 V1 Y195, + 2@
/(‘PZ_(PI) (— - —) =1 +n)IZ| —/Q,
g Y2 91 g 192

whence we conclude (14). O
Corollary 3.4.

1. F(A,A2) <0 for A € (=00, ATIU[AT, +00) or Az € (=00, A TU[AS, +00).
2. Assume that F (A1, Ay) = 0. Then,

AT <M <A and A5 <ly<Aj.

Proof. 1. Observe that if A1 € (—o0, A|]U [A+,+oo), then, by Corollary 2.3, we get
UIQI(—A — Aimy; N + y1) <0. Hence, by (13) we obtain that

F(1,A) <O.
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2. Since F (A1, A2) =0, by (13), we have that
0 <min{0191(—A —Aimy; N-I—J/l),cflgz(—A —dama; N +y2, N)},

and then olQ‘ (—=A —Aimy; N +y1) > 0 and 01522(_A — Aom2; N + y2, N) > 0, and hence
the result concludes by Corollary 2.3. O

The following result will be very useful.

Proposition 3.5. Assume that m; > 0 in Q; and that the set Mg verifies (6). Take two sequences
{a,} and {b,} such that

a, — a, € (—00,00), b, > —00 asn— +oo.
Then, at least for a subsequence,
T F(ay. by) = minlo (~A —aumi: N+ p1).0, % (~A: D))
Proof. Observe that
F(an, by) <min{o ™ (—=A — aymy; N + 1), 02 (=A — byma: N + y2, N)}.
By continuity,
o2 (A —agmi; N +y1) = 0" (=A — awmi; N + 1),
and using Proposition 2.2 2., we get
0B (=& —bymai N+ y2, N) — 0 (—A: D).

Hence, F(ay, b,) is bounded.
Assume that

0
o0i=01"(—A: D) < 6 (—A — aymy; N + y1). (15)

Consequently, we conclude that, for a subsequence,

0
F(a,,,b,,)—)Fofoozale(—A;D)<UIQI(—A—a*m1;N+y1)<oo as n — oo.

Without loss of generality, we consider ¢, = (@1, ¢2,) a positive eigenfunction associated to
F(ay, by) such that ||¢, |2 = 1. Then,

/|V¢n|2_anfml¢12n —bnfmw%n+/(y1<pfn+yz<p§n)—(y1 +V2)/<p1n<pzn
Q Q o 5 5
= F(ay, bn) <C,
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where we have denoted
2
/ IVul* = Z/ IV inl*.
Q i=lg,

Since b, <0, m > 0in 2 and a, — a, € (—00, 00), we get that
/ IVoul* — (1 + Vz)/fplnwzn <C. (16)
Q )

Using now the inequalities

1
/u1u2§§ /u%+/u§ , (17)
D) ) X

and that for any & > 0 there exists C(g) > 0 such that

/v2 <e | [Vv>+C(e)

/v2 v e HY(), (18)
) Q; i

Q;

(see for instance Lemma 1 in [1]) and ||¢, |2 = 1, wet get that

1 2 2 1 2 2
PP = 3 O+ | 92, | = 5 2 IVoi,l+ [ Vo3, | | +C(e) |,
Y Q

= T b
and then from (16) we get

/sz -c.

Q

Hence,

l@nll g1 = Co.

Thus,
Pn = Yoo = (Ploos P200) =0 in H', @, — g0 in L? and L*(¥) with [lgeoll2 = 1.

By definition of F'(a,, b,) we have that
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2
Z /V%n -V —an/mw?lnvl _bn/m2(/72nv2 +

i=l1 .
Qi Qi Q0 (19)
+/(¢2n — 1) (202 — y1v1) = Flan, by) /somvl + f omvr |, Vo e H'@).
by Qi Q
First, we prove that
9200 € HJ (M3). (20)

Since
Hy(MY)) ={uec H'(Q) :u=0inQp \ MY},

we claim that g2oc =01in Q7 \ Mg.
By contradiction, assume that oo, > 0 in D, for some D C 27 \ Mg and take v; =0 in
and vz € C;°(D), v2 > 0in D. Then, by (19)

- / Av2gan — b / M2 (X)p202 = F(tn, by) / a2, 1)
D D D

If 200 > 0in D, then —b,, fD my (x)@2,v2 — 00 as b, — —o0, a contradiction with (21). Hence,
we conclude that @2 = 0 in D. This implies (20).
Taking vy € Hl(SZ]) and vy = 01n (19), taking limit, we get

/V‘Pln -V —an/muplnvl +/(<pzn —wln)(—ylvl)=F(an,bn)/¢1nv1,
Q1 Q) z Q)
then passing to the limit, taking into account (20) in the boundary integral,

/Vﬁf)loo'Vvl —a*/mw?loovl +V1/§01c>ov1 =F0/<P1<>0U1-

Q Q p) Q1

Hence, if ||¢100ll2 # 0, then Fy = 0191 (=A —aymy; N 4 y1), an absurdum due to Fy < o and
(15). Then, ||¢100ll2 = 0. Hence,

llp2coll2 = 1.

Then, take vy =0 and v, € H& (Mg) in (19), we obtain

/przoo -V, = Fofwzoovz,

2 2
My My
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0
which yields that Fy = 0, > (—A; D) = 0.

0
A similar reasoning can be carried out when GIQ] (=A —aum; N +y1) < Gle (—=A; D).
This finishes the proof. O

4. Proofs of the main results
The main idea of the proof can be summarized as follows. Instead of looking for solutions of
F (A1, X2) = 0in the general form (11, A7), we look for solutions in the particular form Ay = puAq,

for all u € R.
Hence, the following map plays an essential role in our study. Given u € R, we define

fu) == A1 (=aymy, —Apump) = F (A1, A ).

In the following result we state that, for A; # 0, it is equivalent to solve F(A1,A2) =0 to
Su(1) =0. Specifically, we have:

Proposition 4.1. Assume that F ()9, 19) =0 and 10 0, then f,,,(A) =0 for po = 19/19.
Conversely, if fu, (A?) =0 then F(\Y, Ag) =0for A= /L())»(l).

In what follows, we explore the particular case 11 = 0.
Proposition 4.2. Assume that »| = 0 and denote
g(2) :==F (0, 22) = A1(0, —Aam3).

The map A — g(A2) is regular, concave, g(0) =0 and

sign(g'(0)) =sign —/mz . (22)
Q)

Moreover,

1. If my > 0in Q) and Mg verifies (6), then Ay — g(A2) is decreasing and

0
lim g(i)=—00 and . lim g() =min{algl(—A; N+ )/1),01M2 (=A; D)}.
2—>—00

Ay—+400

In this case, g(A2) > 0 for Ay <0 and g(A) <0 if k2 > 0.
2. If my changes sign in Q2;, then

li A2) = —00.
lim 80 =~
Moreover,
(a) Ifo2 my =0, then g’(0) =0 and Ay = 0 is the unique root of g(Ay) = 0. As a conse-
quence, g(A2) < 0 for Ay # 0.
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(b) Ifo2 my < 0, then g'(0) > 0 and there exists ){ > 0 such that g(k;) = 0. In this case,

>0 ifr e (0,A)),

g(AZ){ <0 if)L2<OorX>)L;“.

©) Ifo2 my > 0, then g'(0) < 0 and there exists Ay <0 such that g(A, ) = 0. Hence,

>0 ifrare(hr,,0),
g(kz){<0 ifha <Xy or iy >0.

Proof. To begin with, the regularity of g follows by the regularity of the function F. On the
other hand, by Proposition 3.1 follows that g() is concave. It is obvious that g(0) = F(0,0) =
A1(0,0) = 0. On the other hand, taking m = (0, m>) in Proposition 3.17 in [8], we conclude
22).

Finally, observe that by (13) we have

g(2) <0 (—A —damy: N+ y2. N). (23)
whence we deduce that lim g(X2) = —oo from Proposition 2.2 2. and 3.
Ao—>—+00

1. Assume that m > 0in 2. In this case, g is decreasing. Moreover, by Proposition 3.5, taking
a, = 0, we conclude that

0
lim  g(k2) =min{o 2 (—=A; N + 1), 01 2 (—A; D)},
Ay——00
2. Assume that my changes sign. Then, using (23) and Proposition 2.2 3., we deduce that
lim g(Ap) =—o0.
Ay——00

Now, from the sign of g’(0) in (22), we conclude the result. O
In the next result, we study in detail the map A1 > fj,(A1).

Proposition 4.3. Fix . € R. Then, L1 — f, (A1) is regular, concave, f,,(0) =0 and

sign(f,,(0)) = —sign | 2 / my+ i f m | 24)

Q Q)

1. If m; > 0in Qq, then

li A)=—
)»1—1>T—00fu( 1) o
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2. If my or my changes sign, then
lim A1) = —00.
A —+00 Fu1)

Proof. It is clear that f,,(0) = 0. The regularity follows by the regularity of F, the concavity
of f,. (A1) follows by Proposition 2.5 4., and (24) follows taking m = (m1, m3) in Proposition
3.17 in [8].

On the other hand, by (13) we get

fu() <min{of? (=A = Aymi; N 4 1), 002 (= A = hjuma; N + y2, N)J,

and then lim f,, (A1) = —o0, and if m; or my changes sign, lim f,(A;) =—oc0. O
A —>+00 A—>—00

For sz my # 0, we define

Q
W= ———, (25)
[
Q0
in such a way that f/.(0) =0.
4.1. Casem; >0in Q;,i=1,2
Observe that in this case
uw* <0.

Proposition 4.4. Assume that m; > 0 in Q; and M} verify (6) fori = 1, 2.

1. If u >0, the unique zero of f,, (A1) is Ay =0.
2. If w <0, w## u*, there exists an unique Ay = h1() # 0 such that f,, (A1) =0. Moreover,

<0 ifpu>u*,
hi(w)y =0 ifu=pu*
>0 ifu<p*

3. The map ju € (—00,0) — h(w) is continuous and decreasing. Moreover,
limh () = —oo,  lim hi(u)=Af.
uto H—>—00

Proof. 1. Assume that u > 0. Then, since A; > f, (A1) is decreasing and f},(0) = 0, the result
follows.
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2. Assume that u < 0. Recall that A1 — f, (A1) is concave and f,,(0) = 0. If u > u* then
f,Q (0) < 0, and hence there exists a unique 71(p) < 0 such that fj,(h;(n)) = 0. Similarly,
when p < p* there exists a unique 21 (u) > 0 such that f,,(h1(n)) =0.

3. We will show that p +— h1(w) is decreasing. Take now p| < sy < 0. Observe that —p1iy >
—uoAp if Ay > 0and —pu1r; < —uahg if A1 < 0. Hence, we distinguish several cases:

(a) Assume that pu* < u; < po < 0. In this case, h1(u2) and hy(u)) are negative, and
then we compare the functions f,, and f,, for negative values. Indeed, observe that

Sus (A1) > fu, (A1) for A1 <0, and then hy(u2) < hi(uy).
(b) Assume that 1 < u* < o < 0: in this case 1 (u2) <0 < h1(uy).
(c) Assume that it < 2 < pu* <0, then fj, (A1) < fu, (A1) for A1 > 0, and then h1(u2) <

hi(pr).
This shows that u — h(u) is decreasing.
We prove now the continuity. Take wu, € (—00,0) — uo < 0 and consider A, = hi(u,).
Since 0 = fy,,, (An) = F(An, nry), by Corollary 3.4 we conclude that

A< AT and  pah < AF. (26)

Hence, there exists A; € (—o0, +00) such that A, — A;. We have to show that

A1 = hi(po)-

Indeed, observe that

0= fu,(hn) = At(=Agm1, —Agptyma) = Ay (—himi, —Aipoma) = fu, (A1),

thatis, f, (A1) = 0. We separate now two cases:

(@) o # p*: In this case, we assert, that A1 # 0. Indeed, assume that A; = 0, that is,
h1(u,) — 0. If, for instance, ug > u*, then there exists pi(u,) € (h1(n),0) such
that flin (p1(un)) = 0. Since hi(u,) — 0, then p1(u,) — 0, and as consequence,

/LO (0) = 0, a contradiction. This shows that A # 0. Then, since /1 (j10) is the unique
nonzero root of f,,,(A1) =0, we have that A1 =h1(o).

(b) mo = w*: in this case fy+ (A1) = 0 implies that A =0 = hy(u*).

This concludes that A1 = /1 (o), and hence the continuity.

We claim that

h1(un) — —o00  as u, — 0. (27)

Assume that |71 ()| < C. Then, we can assume that, at least for a subsequence, h1(u,) —
h} < 0 and hence

0= A1(—=hi(up)m1, —penhi(p)ma) — A1 (=himy,0) =0,
a contradiction because A (—hTml , 0) > 0. This proves (27).
By (26), if w — —oo we can assume that i1 (u) — h* < Afr and h* > 0. Then, whi(n) —

—00. Since
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0= fu(hi(w) = F(hi(w), hi ()
and by Proposition 3.5
. MY
0= F(hi (). hy(p) — min{o{* (—A = 1*m1; N +y1), 0 * (—A; D)},
it follows that

. Q MO
0 =min{o,"' (A —A*m|, N +y1),0, *(—A, D)}.

0
Since G]MZ (=A, D) > 0, we conclude that G]Q' (=A — h*my, N + y;) = 0, that means that
h* = AT, that is

lim hi(w)=A7.
H—>—00
This concludes the proof. O
Once we have studied the map p — h1(u), we need to analyze the map

u € (=00, 0) > ha(p) == phi(u).

Proposition 4.5. Assume that m; > 0 in ; and MlQ verify (6) for i = 1,2. The map n €
(—00,0) = ho(u) := phy () is continuous, increasing,

>0 ifp>u”,
ha(w) § =0 if p=p*
<0 ifu<pt
lim hy(u) = —o0, (28)
n—>—00
and
lim ho(w) = AF. (29)
n—0

Proof. To start with, the continuity and the sign of the map /> (u) follow directly from Proposi-
tion 4.4. Moreover, it is clear that

lim hy(u)= lim phi(u)=—o0.
n—>—00 m—>—00
In order to prove (29) we can argue exactly as the proof of Proposition 4.4.

Finally, using that F is increasing, we prove that the map u +— ho(u) is increasing. Take
1 < pp and assume that a1y () > ha(up). Since hi (1) > h1(uy), then

0=F(hi(n1), ha(1)) < F(h1(u2), ha(ur)) < F(hi(u2), ha(u2)) =0,
a contradiction. O
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h () ha(p)
A

Fig. 6. Case m; > 0 in ; and verifying (6) for i = 1,2. We have represented the functions p +— hy(u) (left) and
= ha () (right).

In Fig. 6 we have represented the functions u +— h1(u), ho (). Now, we proceed to the proof
of Theorem 1.1.

Proof of Theorem 1.1: (see Fig. 2)
1. Observe that by Corollary 3.4, we obtain
F(hi,h2) <0 if Ay > A or ko > AS.

2. Take A1 < Af. Then, by Proposition 4.4 there exists a unique u = (A1) < 0 such that
A1 =hi(un). Take A2 = hp (1) = whi(u), then

F(A1,A2) = F(h1 (@), ha(p)) = F(h (@), phi(w)) = fru (h1(w)) =0.
‘We define the function
HO) i=hoh7 ), A< AT

It is clear that # is well-defined (observe that hl_l exists due to that & is a decreasing
function), is continuous and

F(A1, H(x1)) =0.
Moreover, since fixed A1, the map Ay — F (A1, A2) is concave, it follows that F (A1, A2) > 0

for Ay < H(A1) and F(Aq, Ap) <O for Ay > H(Ay).
Furthermore, by Propositions 4.4 and 4.5,

lim H) = lim ha(hy () = lim ho(u) = —oo,
atAT MAAT p—>—00

and,
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lim H(h) = lim hy(hy' (A1) = lim ho(u) = AT
At—o00 A 1—00 n—0

Finally, we prove that A1 — H (A1) is decreasing. Take 1| < o< AT and consider H (A1)
and H(A1). We are going to show that (A1) > H(A1). Assume that H(x1) < H (A1), then

0=F(1, HM)) > F(u, HM)) = F(A, H(M)) =0,
a contradiction.
This concludes the proof. O
4.2. Case my > 0in Q1 and my changes sign in Q2
In this case, the results depend on the sign of sz my>. We detail the case

/m2<0,

Q2
similarly the other cases can be studied (see Remark 4.8). Observe that in this case

Vmel

Q
P =—— > 0.

e

Q2

Proposition 4.6. Assume that my > 0 in Q1 and M? verifies (6), my changes sign in Qy and
sz my < 0. Then, for each w # 0 there exists a unique hi() € R such that f,,(h1(n)) = 0.
Moreover,

>0 ifp>u*,
hi(u)q =0 if u=np*
<0 ifu<pu*

Furthermore, the map i € R\ {0} — h1(u) € R is continuous, and
lim hy(uw) =0, lim h{(u)=—o0.
—>F00 n—0
As consequence, there exists [imax > W such that
max hy(p) =hi(max) == A
u#0

Finally, the map 1 € R\ {0} — h1(un) € R is increasing in (0, itmax) and decreasing in (—o0, 0)
and ({imax, 00).
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Proof. The proof of this result is rather similar to the proof of Proposition 4.4, hence we sketch
the proof.

Since Sin A1 (i) = F (1 (n), nhi1(n)) = 0, by Corollary 3.4 we get
Ay <hi(ua)pn < A3,
whence we conclude that 4 (w,) — 0 as u, — oo.

Before proving the monotony, we claim that for any ¢ € R there exist at most two values of
such that

hi(p) =c.

We argue by contradiction. Assume that for u; < up < u3z we get hi(u;) =c fori =1,2,3.
Taking A, = cu; we obtain

0=F(c,Ay), Ah<A3<A3,
a contradiction because, fixed c, the map A, — F(c, A2) is concave.

Now, for instance, we show that &1 (u) is decreasing in (—oo, 0). Take 1 < ua < 0 and as-
sume that &1 (1) < hi(u2). Since () — 0as 4 — —oo and h(u) — —oo as u — 0. Then,
there exists ¢ < 0 such that 41 () = ¢ possesses at least three solutions. This is a contradiction
and proves that 41(u) is decreasing in (—o0, 0). With a similar argument, it can be proved that
h1(w) is decreasing in (max, ©0) and increasing in (0, ftmax). O

Again, we can deduce properties of the map hy(u) = whi(w).

Proposition 4.7. Assume that my > 0 in Q1 and M? verifies (6), my changes sign in Qy and
sz my < 0. Then ho() = phi(w) is continuous in u # 0, increasing and verifies

>0 ifu>pu*oru<0,
ha(w) § =0 if p=p*
<0 ifue,u),

and
. AT . gk
Mlggi ha(p) = A3, ;LEToohz('u) =15,

Sfor some A5 € (0, A;‘).

Proof. Assime that u, — 0T, then since hy(u,) is bounded, at least for a subsequence,
ha(n) — Az < 0. Observe that since a1 (u,) — —oo, by Proposition 3.5

0= F(h1(1n), ha(un)) = 07> (= A = Jama; N + 72, N) =0,
and then 1, = A5 . Analogously for y, — 0~.
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A
ha (1)

/\r]mu

Hmaz s

hi ()

Fig. 7. Representation of the maps i1 (u) (left) and hp(w) (right) in the case m| non-negative, non-trivial and verifies
(6), my changing sign and fﬂz my < 0.

On the other hand, assume that u,, — 400 and h(u,) — A2 < 0. In this case, i1 (i) — O,
and then

0= F(—=hi(up)mi, —ha(un)mz) — F (0, —Aam3),

whence 1, = A3.
Observe that

0=F(0, —Asm2) < 0.2 (=A — Mma; N + 2, N)
and so A3 < AJ.

Finally, with an argument similar to the one used in Proposition 4.6 we can conclude that the
equation Ay () = ¢ possesses at most a unique solution. Hence, the monotony of 4, (i) follows.
This completes the proof. O

In Fig. 7, one may see a representation of the maps u — h1 (), ha ().

Remark 4.8.

1. In the case

fm2>0

Q0

we can obtain a similar result switching p by —u (see Fig. 8).

2. When
/mz =0

Q2
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ha (1)

maz
A
L

1

%

Fig. 8. Representations of the maps /1 (i) (left) and hy(w) (right) in the case m{ non-negative, non-trivial and verifies
(6), mp changing sign and sz myp > 0.

A

ha () ha(p)

Ty

hi(p)

Fig. 9. We have represented the maps /1 () (left) and hp(w) (right) in the case m1 non-negative, non-trivial and verifies
(6), my changing sign and fﬂz mypy =0.

observe that fIQ(O) < O for all i (see (24)), and then A () < O for all w. The global behavior
of h1(un) at w =0 and u — oo is similar to Proposition 4.6 (see Fig. 9).

Proof of Theorem 1.2: (See Fig. 3.) Assume that sz my < 0 (see Fig. 7). We introduce the
following notation:

hi(w) if u <0,
hi(u) =1 h3(u) if € (0, ftmax],
h?(/’«) if ;&> Wmax-

1. If Ay > A7, then there does not exist 1 € R such that A; = &1 (u). Hence, F (A, A2) #
0 for all A, € R, in fact, F(A1, A2) < O for all A, € R. Indeed, if for some A, we have
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F(A1,22) > 0, then there exists at least Ag such that F(Aq, Ag) = 0. Then, for some pg we
have A1 = h1 (o), a contradiction.

2. If Ay = A7, there exists a unique umax > " such that A7 = hy (imax), and then
hZ(Mmax) > 0 and F(Amax )LmaX) =

3. We fix A1 € (0, A"™). Then (see Fig. 7), there exist o, 3 with u* < U2 < tmax < 13
such that hl1 (ni) = A1 i =2, 3. To these values correspond two different values of hy(u;).
Moreover, as A; — 0, then up — p* and w3 — +00, and this case hy(up) = h%(uz) —
() =0 and ha(u3) = h3(u3) — 43

4. On the other hand, when A; € (—00,0). There exist ; <0 < ur < u* such that A =
h’i(ui) i =1,2, with gy — —oo and upy — u* as Ay — 0. Then, hr(u1) = hé(m) — A3
and hy(u2) = h3(112) — 0.
Observe that when A; — —oo then ; — 0~ and u> — 07, and hence hy (1) — A;r and
ha(u2) — A3 .

max __
Ayt =

With this construction, we can define

ha((h) ™1 (A)) if Ap € (0, A,

+ R
= { ha((h) 7 () if 2 <0,

and

H™ (k1) :=ha((BD) 7)) if A < A

Observe that thanks to the monotony of the maps h’1 fori =1,2,3,H* and H~ are well defined.
Moreover,

lim 7'[+(?»1)— hm hz((h3) ()»1))— hm ha () = 43,
A1—0+ -0+

and

hn(l) HE () = hn% ha((hy)~ 1()»1))— lim ha(u) =
r—0~

As a consequence, HT is continuous.

On the other hand,
Ahm ”H+(A1)— lim o) = X2,
= A max
L G0l o) =
Finally,
Jim HEGa) = Tim koo = A7,
and
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lim H™(A) = lim ho(n) = A;.
00 u—0"

A——
We show that H T (A;) is decreasing. Take )»{ < )»%.

I. When A] < 22 < 0: then (h)7'(A}) < (AH7'(A]) < 0 and so ha((h])7'(M3) <
hz((h})’1 (A})). This concludes that
HT D > HTOD.

2. Assume now that )L} <0< k%: in this case (h{)_l()\{) <0< (h?)_l()\%) and then
ha((hH 71 D) > 0> ha((hD) 1 (AD)), thatis HT (M) > HT (D).

3. Finally when 0 < A} < A2: in this case 0 < (})"'(A}) < (h])~'(A}). Again, HT(A]) >
HEGD).

We can argue in the same manner for 7{~. This completes the proof. O

Remark 4.9. Case sz my > 0 can be handled in an analogous way, but the case sz my =0
deserves a comment. In this case, # T and A~ should be defined as follows:

1\—1 .
HE () = { 32((h1) (A1) iiii 28,
and
o R )) ifag <0,
" (M)'_{O 1 ifA; =0.

4.3. Case m; changes sign, i = 1,2

/m1<0, /m2<0,
Q)

Q)

Consider in this case

and then
w* <0.

Proposition 4.10. Assume that m; changes sign fori = 1,2 and fQ] mp <0, sz mo < 0. Then,
for each u € R there exists a unique value Ay = hy () such that f,, (A1) = 0. Moreover, the map
€ Ri— hi(w) is continuous,

>0 ifpu>up*,
hi(w)§ =0 ifp=pu*
<0 ifu<pt
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ha(p)

min
A

hi(n)

Fig. 10. Functions /11 () (left) and s () (right) in the case m and mo changing sign and le mp < 0and sz my < 0.

and
lim hy(u)=0.
n—£oo
As consequence, there exist [tmin < ¥ < max Such that
h1(tmin) =minhy(u) =27 <0, 7 (tmax) = maxhy () = A7 > 0.
neR neR

Finally, the map  — h1(u) is decreasing in (—00, min) and (Mmax, 00) and increasing in
(Mmins Mmax)-

For h>(u), we can deduce the following

Proposition 4.11. Assume that m; changes sign fori = 1,2 and le mp <0, sz my < 0. Then,
the map (1 € R ha(w) is continuous,

>0 ifu<p*oru=>0,
hay(w){ =0 ifpu=p*and pn=0,
<0 ifuew*0).
Moreover,
: 9k
//,Ellloo ha(p) = 2;.

As a consequence, there exists (imin € (u*, 0) such that

ho(fmin) =minhy(n) = A; <0.
HeR

We have represented in Figs. 10 and 11 some examples of the maps 1(u) and hy(w) in the
case m1 and m, changing sign and le m1 < 0 and sz my < 0.
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A

A
Pal) ha)

y
v

Fig. 11. Functions /1 (u) (left) and s7 () (right) in the case m and mo changing sign and le mq < 0and sz my =0.

Proof of Theorem 1.6: 1. By Proposition 4.10, we deduce that

F(h,22) <0 if a1 > AT or Ay < A" or ky > AJ or A < A5

2. Now, we introduce some notation:

h}(ﬂ) if ;0 < Wmin,
hi(w) == hi(w) if 1 € [femins Lmax],
h? (n) if > pmax.

(a) When A1 = A", there exists a unique value of i, it = tmax such that 11 (imax) = A1.
The value 712 (jimax) := A2 verifies that F (AT, 12) =0.

(b) Takenow A € (0, A7*). Then, there exist u* < p2 < p3 suchthat Ay = h’l (ui)i=2,3,
specifically, A| = h%(uz) = h%(ug).
Moreover, uy — u* and w3 — 400 as Ay — 0. For these values, hy(up) — 0 and
ha(3) — Aj. Observe that h(0) = 0.

(c) Consider the case A € (Arlni“, 0). There exists a unique value of | < pup < u* such that
=R () i =1,2,in fact, Ay = (1) = hi (o).
In this case, as A; — 0, then with ;1 — —o0 and uy — pu*. Hence, ha(u1) — A3 and

ho(ua) > 0.
(d) The case A1 = A" is analogous to the first case.
Now, we define the maps

ha((h3) ™Y (k1)) if A1 € (0, A1),

() = . :
HTG) {hz((h})l(?»l)) if A €[4T 0]

and
H™ () = ha((hD T )i A1 € AP, AP,
This completes the proof. O
5. Semilinear interface problems

In this section we study the semilinear problem (7).
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Theorem 5.1. Problem (7) possesses a positive solution if and only if F (A1, A2) < 0. In case the
existence, the positive solution is unique.

Proof. Assume that there exists at least a positive solution (u1, u2) of (7). Then, using Proposi-
tion 2.5 1.,

-1 -1
0=A1(=Aymi+uy'™ ", —ramy 4+ ub>"") > Aj(=Aimy, —Aama) = F (A1, A2),

whence we deduce that F (A1, Ap) <O.
On the other hand, assume that F' (A1, X2) < 0. Let ¢ = (¢1, ¢2) be a positive eigenfunction
associated to F' (A1, A2), then

EZ(EDEZ):E((/”’QOZ)’ EZ(EI,EZ)ZK(LI),

it is a pair of sub-supersolution for ¢ small and K large. Indeed, K and & must verify
K77 > il mill e ). e’ NillLo@n < —FOa, k) i=1,2.

Clearly, we can take ¢ small and K large verifying both inequalities and such that u <u in 2.
The uniqueness follows by Theorem 4.3 in [8]. O
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