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Introduction

C'est par la logique qu’on démontre, c'est par I'intuition qu’on invente.
(It is by logic that we prove, but by intuition that we discover).
Henri Poincaré, Science et Méthode, 1908.

This year is the 100" anniversary of the death of Jules Henri Poincaré (Nancy, France, 29 April
1854-Paris, France, 17 July 1912), the founding father of Dynamical Systems theory. In mathematics,
he is known as The Last Universalist, since he excelled in all fields of the discipline during his life.
As it is well-known, the motivation of part of his work was the Celestial Mechanics [82, 83] and
more specifically, the three-body problem. Within these more than 100 years, the Dynamical Systems
theory has become one of the most important topics of interest for the scientific community. This
is mainly due to the broad field of application. Although the first applications of Poincaré’s ideas
were in engineering, more concretely in electronic circuits and control theory in the 20's (Appleton
and Van der Pol [3, 4, 93], Cartan [27], Liénard [69], Andronov and Pontryaguin [1, 2]), nowadays
the applications go from engineering to biomathematics, (such as neural networks [63, 95]) passing
through financial problems and social behaviors [84].

Among dynamical systems, in the last years we have attended to the expansion of the field
of Piecewise-Smooth dynamical systems. First examples of the use of piecewise-smooth functions
(in particular, piecewise linear) are found in the 1937 book of Andronov, Vitt and Khaikin [1],
where they used it to model electronic, mechanical and control systems (saturation functions,
impacts, switching...). Since then, the capability of piecewise-smooth systems to model a multitude
of phenomena has been proven. In the 2008 published book of Mario di Bernardo et al. [35] they

revise the state of the art of piecewise-smooth systems and we can find a huge number of references.



v INTRODUCTION

In the framework of piecewise-smooth dynamical systems, there exists a class that is worth
mentioning: the Piecewise Linear (PWL) Systems. As we have just said, the first examples of their
use can be found in [1]. The importance of PWL systems is due, inter alia, to their ability to model
faithfully real applications (neuron models [5, 33, 86], Chua's circuit [81], Colpitts's oscillator [74],
Wien-Bridge oscillator [62, 76]), to reproduce bifurcations of differential systems and to show new
behaviors, impossible to obtain under differentiability hypothesis (the behavior around the Teixeira
singularity [90, 91], the continuous matching of two stable linear systems can be unstable [26]...).
Furthermore, although the system can be integrated in each zone of linearity, which allows us to
obtain explicitly some geometric and dynamical basic elements, it is not possible to obtain the
general solution of the system and the classical theory of differential systems cannot be applied to

PWL systems. Therefore, it is necessary creating a new theory to tackle PWL systems.

The first step to analyze PWL systems is their simplification and reduction to a canonical form
[13, 22, 45, 60, 61]. In this thesis, we focus our attention, mainly, on two-zonal three-dimensional
continuous and planar discontinuous PWL systems. The work is split into six chapters. In the first
section of the introductory Chapter 1, we show the canonical forms of the systems object of study
along this work and we do it by classifying the systems from the point of view of the control notions

(observability and controllability), as it was performed in [13, 22].

In a second step, the dynamical behavior must be studied. The analysis begins usually by finding
the equilibrium states, i.e., the equilibrium points of the system and their stabilities. After that,
the objective is the searching of periodic behaviors, that is, periodic orbits. This is neither an easy
task in a differential system in general, nor in a piecewise-smooth system. A usual technique is the
construction of the so-called Poincaré map, which in the case of PWL systems is defined through
the composition of some transition maps, the Poincaré half-maps [56, 59, 72], defined in each zone
of linearity. The second section of Chapter 1 is devoted to defining the Poincaré map for continuous
PWL systems.

As we have just commented, the analysis of periodic orbits in piecewise-smooth systems is not
obvious. One of the aims of this essay is to shed light on this problem, by using different techniques
to analyze the existence, bifurcations and stabilities of periodic orbits in planar and three-dimensional
PWL systems.

To find periodic orbits in planar smooth systems it is well-known the Melnikov theory [8],
sometimes called Malkin-Loud theory [73, 75, 78]. The most important property that a family of

systems must fulfill to apply the Melnikov theory is the existence of a system of the family having a
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continuum of periodic orbits, homoclinic connections or heteroclininic cycles. The Melnikov method
was generalized to planar continuous piecewise-smooth systems in [13]. In Chapter 2 of this thesis,
we generalize the Melnikov theory to hybrid systems (mixture between a flow and a map [35]) and we
apply it to discontinuous PWL systems with two zones of linearity and to continuous PWL systems

with three zones.

On the other hand, we will consider three-dimensional homogeneous continuous PWL systems. In
such systems, when only equilibrium point is the origin, the most significant question is the stability
of this equilibrium point. This is not at all an easy question and the answer can be counterintuitive.
In fact, the continuous matching of two stable linear systems can be unstable [26]. As we explain
in the last section of Chapter 1, the stability of the system is related to the existence of a type of
invariant objects called invariant cones. The analysis of their existence, bifurcations and stabilities is
other objective of this thesis. Specifically, in Chapter 3, we analyze the invariant cones of a family
of observable three-dimensional continuous PWL linear systems by studying the periodic orbits of a

family of planar hybrid PWL systems, where the Melnikov theory of Chapter 2 can be applied.

The original Melnikov theory was developed for smooth planar systems, and in Chapter 2 we have
generalized it to a class of non-smooth systems. In Chapter 4 we adapt it to a class of continuous
three-dimensional systems. As it has been commented, one of the properties that a family of systems
must fulfill to be able to adapt the ideas of the Melnikov theory is the existence of a system of the
family having a continuum of periodic orbits. We have found an appropriate family of non-controllable
systems in Chapter 4 and we have applied the ideas of the Melnikov theory to analyze the existence

of periodic orbits.

The existence of invariant cones in observable PWL systems has been analyzed, inter alia, in
[18, 21, 25]. However, as far as we know, the problem has not been tackled for the non-observable case.
Chapter 5 begins with the analysis of invariant cones in three-dimensional continuous homogeneous
non-observable PWL systems. Among these systems, we set the conditions for the existence of a
system having a cone foliated by periodic orbits. Beyond the Melnikov theory, there exist other
methods to find periodic orbits. For instance, in Chapter 5, we have adapted the method of Chapter
14 of [31] for analyzing the periodic orbits of the continuum that remain after a perturbation which
makes the system observable and non-homogeneous.

The analysis of the existence of periodic orbits or invariant cones by the usual techniques in
PWL systems, for instance, by computing the fixed points of the Poincaré map, needs the transversal

intersection of the orbits (respectively, cones) with the separation boundary between the linearity
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Vi INTRODUCTION

zones. With the theory and methods that has been developed in this thesis, we have been able to
study the existence of periodic orbits and invariant cones with tangential intersection to the separation
boundary. Between the periodic orbits with tangential intersection with the separation boundary, we
can distinguish two different cases. In a first case, the orbit remain locally in the same zone of
differentiability. This case has been analyzed along the work in chapters 3 and 4. The other possible
case is when the tangent orbit crosses the separation boundary. In Chapter 6, the dynamical richness
that this situation fosters has been shown by analyzing a three-dimensional continuous PWL system
with two zones of linearity, which is considered a PWL version of the well-known Michelson system
[77], which possesses a periodic orbit with two intersection points with the separation plane, which
crosses it with tangential intersection. In particular, it will be shown that the presence of this orbit
is the necessary germ for the existence of the so-called noose bifurcation [58]. The noose bifurcation
occurs when the curve of the family of periodic orbits that appears from a period-doubling bifurcation
and the curve of the original family of periodic orbits come together and annihilate at a saddle-node
bifurcation. Therefore, two of the most common bifurcations of periodic orbits (saddle-node and
period-doubling) are connected by a noose-shaped curve.

To conclude the thesis, we will write a short summary and we will consider the open problems

that arise from this study.

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.



Chapter] g

Piecewise Linear Systems. Basic Concepts

In this chapter, we introduce some concepts and tools that are used in the thesis. Among other
things, we will familiarize with the notation that will be employed along the work and the systems
object of study.

The chapter is outlined as follows. In a first section we introduce the main part of the differential
systems to be studied in this work. Continuous Piecewise Linear systems (later on, CPWL) are
introduced and classified from the point of view of control theory, as it was done in [22]. Moreover,
in this first section the canonical forms of planar Discontinuous Piecewise Linear systems (later on,
DPWL) is considered [45]. After that, in a second section we define a useful tool to study the
existence of periodic orbits and invariant manifolds in differential systems in general, but adapted to
CPWL systems: the Poincaré map and the displacement function. Finally, in the last section of this
chapter, we explain the motivation of studying invariant cones in three-dimensional CPWL systems
and we state the basis for their study.

Let us begin by introducing some notation. For a function

x: R— R",

tes (1(t), 2a(t), ...,z (t)7T,

let us denote by x the derivative of x with respect to the temporal variable .

Let e; be the i-th vector of the canonical basis of R"” and M,,,x,(R) with m, n € N the set
of matrices of order m x n with elements in R. Specifically, we denote M,,(R) the set of squared
matrices of order n with elements in R. By (-,-) we denote the usual dot product in R™ and by || - ||
the euclidean norm associated to this product. Furthermore, in this work, we will use the following

notation, which will be truly useful in the systems object of study and that was previously used in



2 CHAPTER 1. PIECEWISE LINEAR SYSTEMS. BASIC CONCEPTS

[13].

M~x if 1 <0,
MVx =
M*x if x1 >0,

where M+, M~ € Mun(R).

1.1 Piecewise Linear Systems. Observability and Controllability.

Canonical forms

In a first subsection we introduce the CPWL systems that have appeared in the literature up to
now, by centering our attention on those that will be studied in this thesis, whose are, mainly, three-
dimensional. After that, we will introduce the canonical form of planar DPWL systems recently found
in [45].

1.1.1 Continuous Piecewise Linear Systems

Definition 1.1 It is said that the autonomous equation
x = f(x), x € R", (1.1)

defines a two-zonal continuous piecewise linear (CPWL) system in R" if there exist aj,as,v € R”,
with v # 0, A1, Ay € M, (R) and § € R such that

Aix+a; if (x,v)+6<0,
Aox +ag if (x,v)+6>0.

(a) £(x) = {

(b) Ajx+a; = Asx+as when (x,v)+0=0.

The hyperplane (x,v) + 9 = 0 is called the separation boundary.

Later on, the set of dynamical systems satisfying Definition 1.1 will be denoted by 2CPWL,,. The
separation hyperplane splits the space into two regions, in which system (1.1) is linear. We will see
in the next Proposition that doing an appropriate change of variables the separation boundary can

be transformed into the hyperplane {z; = 0}.

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.



1.1. PIECEWISE LINEAR SYSTEMS. OBSERVABILITY AND CONTROLLABILITY. CANONICAL FORMS 3

Proposition 1.2 The CPWL system (1.1) can be written into the form

k:f(x):{Aerb if 21 <0, 12)
ATx+b if z; >0.
where b € R" and the matrices AT, A~ € M,,(R) satisfy the relationship
At — A7 = (AT — A7 )eel.
Proof: Consider the Householder matrix H which verifies condition Hv = (||v|,0,...,0)T € R™.

The change of variable y = H (x + dv/||v||?) allows us to write system (1.1) as

. HAHy + H (a; — A16v/||[v|?) if 1 <0,
y =
HA;Hy + H (ag — A36v/||v]]?) if y1 > 0.

Taking into account the continuity of the field we deduce, on the one hand, the coincidence of

the last n — 1 columns of the matrices HA1H and HAsH and, on the other hand, the equality
H (a; — 416v/||[v[]?) = H (az — Ax0v/||v]]?) .

By taking A~ = HAH, At = HA;H and b = H (a; — Adv/||v||?), we conclude the proof by

renaming the variable y by x. O

In the following proposition it is stated that the existence and uniqueness of solution of the initial
value problem associated to systems of the class 2CPWL,, is guaranteed. In fact, this result is also

valid for systems with m € N zones of definition, mCPWL,,.
Proposition 1.3 The initial value problem

{ % =1(x), (1.3)
with f given in Definition 1.1 and xy € R™ possesses a unique solution which is defined in R.

Proof: It is sufficient to prove that function f is globally Lipschitz in R™. (see [31, 80]).

Soledad Fernandez Garcia



4 CHAPTER 1. PIECEWISE LINEAR SYSTEMS. BASIC CONCEPTS

From Proposition 1.2, it can be assumed, without loss of generality, that the field f takes the
form (1.2).

Consider the euclidean matrix norm. For x, y € R™, the following possibilities arise.

(a) If 21 > 0and y; > 0, then

[£(x) = £(y)]| = [|ATx — ATy|| < [[AT]| - [x — y]|.
(b) If 21 <0 ey <0, then

If(x) —f)ll = [[A7x = A7y[| < [[A7] - [Ix = yl].

(c) If z1 > 0 and y; <0, take
Y1
Y1 — 21

z = (X_y)+y,

then z; = 0 and from the continuity of f it follows

[£0) = £l = [f(x) = (2) +£(z) - £(y)] <
1£(x) = £(2)[| + [|f(2) — £(y)Il =

[ATx = ATz + A7z - A7yl <

IN

IN

AT llx =2l + A7) - [lz =yl <

IN

max {[|AT |A7 ]} - Ix — vl

Therefore,
[f(x) — f(y)l| < K[x —y[ forall x,y € R",

where K = max {||A™|,||[A~||}. That is, f is globally Lipschitz in R", so the initial value problem

(1.3) possesses a unique solution defined in R. O

In control theory, it is usual to find CPWL systems [6, 13, 22]. In particular, by taking into
consideration observability and controllability notions, the equations of the system can be simplified.
Subsequently, we give a definition of the observability and controllability concepts for 2CPWL,,

systems.

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.



1.1. PIECEWISE LINEAR SYSTEMS. OBSERVABILITY AND CONTROLLABILITY. CANONICAL FORMS 5

Definition 1.4 System (1.2) is said to be observable if the observability matrix

0 = (eLl(A)Ter|((A) el ... [(A7)7)" ter)”

has full rank. The system is said to be controllable if the controllability matrix
¢ = (b|A™b|(A7)%b]...|(A7)"'b)",

where b = (AT — A7 )eq, has full rank.

From the notions of observability and controllability, it is possible to simplify the expression of
CPWL systems getting canonical forms. Although the analysis of these canonical forms could be
done in R™ as it was done in [13, 22], we prefer to focus our attention on the three-dimensional case.
In this work, the main part of CPWL systems to consider are in the three-dimensional space.

When n = 3 system (1.2) can be written as block matrices

vla
szvarb:(Zlvl A12>x+b, (1.4)
21 22

where b = (bl,bg,bg)T € R?’, afl,aﬁ € R, Ap € Mlxz(R), A;rl,Agl S szl(R) and
AQQ < MQ(R).
In the following proposition, which was proven in [13, 22], we obtain a canonical form for system

(1.4), under observability hypothesis. The obtained form will be called the Liénard form.

Proposition 1.5 The CPWL system (1.4) is observable if and only if the set of vectors
{A12, A19 A} C R? is a basis of R2. Moreover, in such a case, there exists a linear change of

variable which takes the system to the Liénard form

tv.o -1 0
x=| mvV 0 -1 |x—aes, (1.5)
av 0 0

where tV = tr(AV), mV and dV = det(AV) are the coefficient of the characteristic polinomial of

AV and a € R.

Soledad Fernandez Garcia



6 CHAPTER 1. PIECEWISE LINEAR SYSTEMS. BASIC CONCEPTS

Note that, if system (1.4) is non-observable, it can be decoupled. For instance, if Aj2 = 0 system

(1.4) is, from Proposition 1.5, non-observable, and its equations are

T = alvlac+b1,

] b
Z z b3

where variable x evolves independently.
If A2 # 0 and the set of vectors {Aja, AjsA2} C R? is linearly dependent, then after direct
changes of variable [13, 22], system (1.4) is written as

i ayy -1 T 0

)= + ,

Y as) a2 Yy ba (1.6)
2 = ayix + azey + azsz + by,

and variables x and y evolve independently of z.

Under the hypothesis of observability, the loss of controllability also allows us to decouple the
system. Thus, if system (1.4) is observable, by following [13, 22], it is non-controllable if and only
if matrices A~ and AT share some eigenvalue. If the shared eigenvalue is real, for example A, the

system can be reduced to

r = (tv - )\)$ - Y,
g = (mV —tVA+ Az — 2,
Z = Az—a,

where variable z evolves independently.

If the shared eigenvalue is complex, for example o & f3i, then the system can be written as

z = (tV —2a)z —y,
z = (QZ + BQ)y - a,

where variables y and z evolve independently of . Chapter 4 is focused on the study of the dynamical
behavior of an observable non-controllable system of the family (1.7) and a perturbation of this

situation. The main results of Chapter 4 are published in [17].

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.



1.1. PIECEWISE LINEAR SYSTEMS. OBSERVABILITY AND CONTROLLABILITY. CANONICAL FORMS 7

To finish this subsection, we introduce the system that will be considered in the last chapter of
this thesis. It is the representantive of a particular class of observable systems. Specifically, we will
consider a observable reversible divergence-free 2CPWL system with a saddle-focus equilibria in each

zone of linearity.

Consider a non-homogeneous 2CPWL3 system. First, under observability hypothesis, we know
from Proposition 1.5 that the system can be written into the Liénard form (1.5). Without loss of

generality, we can take a =1,

tv.o -1 0
x=| mV 0 -1 |x—e;3. (1.8)
av 0 0

By assuming that the system is time-reversible with respect to the involution
R(z,y,2) = (—2,y, —2), (1.9)
that is, it is invariant under the transformation
(x,1) = (R(x),—t),
the following conditions must be fulfilled
tm=—t", m =m", and d =-d.

On the other hand, by assuming that the system is divergence-free (i.e., volume preserving), it is
a necessary condition that t = ¢~ = 0. Finally, the supposition of the existence of saddle-focus
equilibria in both zones of linearity assures that d™,m™ > 0. By writing d = d™ and m = m™,

system (1.8) must be

r= -y,
Yy =mz — z, (1.10)
z=dlz| - 1.
The change of variables
X =-m*?z, Y= my, 72 = m® %z —m'?2 and s=m'/?,

Soledad Fernandez Garcia



8 CHAPTER 1. PIECEWISE LINEAR SYSTEMS. BASIC CONCEPTS

transforms the system into

X' =,

Y'=2Z, (1.11)
d

I __

7'=1-Y - —5|X|,

where the prime stands for the derivative with respect to s. Renaming X =z, Y =y, Z = z,

d/m?3/? = ¢ and s = t, system (1.11) is rewritten as

T =y,
Y=z (1.12)

Z=1—y—clz|

In the half-space {z < 0}, the system has exactly one saddle-focus equilibrium point p_ =
(—1/c¢,0,0)T, since the eigenvalues of the coefficient matrix of the left zone are A\, a £ i3, with

A V4 +3\2
2

c=M1+X), a=-5, p="—""". (1.13)

2

By the reversibility with respect to R, there exists exactly one saddle-focus equilibrium py = —p_
in the half-space {x > 0} whose eigenvalues are given by —\ and —a +ip.
Thus, the parameter A > 0 can be chosen as the parameter of the family and the system can be

rewritten as
T =y,
Y=z, (1.14)
F=1—y— A1+ M\)|z|.

This system is a piecewise linear version of the well-known Michelson system [39, 58, 67, 77],

namely,
T =y,
Y=z (1.15)
. 1
zzf—y—iﬁ,

where the parameter p is strictly positive.
Some authors have analyzed the PWL version (1.14) of the well-known Michelson system.
In [19, 20, 46] the authors studied some global connections of the PWL version of the system.

Particularly, they gave an analytical proof of the existence of a pair of homoclinic connections and a
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T-point heteroclinic cycle. On the other hand, in [15, 46] the existence of a family of periodic orbits
which intersects the separation plane at two points is proven. This family of periodic orbits ends in a
special periodic orbit which crosses tangentially the separation plane. As we have commented in the
Introduction of this work, in looking for periodic orbits which cross the separation plane tangentially,
the usual techniques for proving the existence of periodic orbits in PWL systems cannot be applied.
In [68] the authors analyze the dynamics around a flow which is tangent to the section where the
Poincare map is defined (in our case, as we will see in the next section, the separation boundary).
Chapter 6 of this work is devoted to analyzing in system (1.14) the behavior of periodic orbits beyond
the existence of a special periodic orbit which crosses the separation plane tangentially. In particular,
we find that this orbit fosters the existence of periodic orbits which intersect the separation plane at
four points and we study the bifurcations that occur. Furthermore, we will see that this tangential
orbit is the necessary germ for the existence of the so-called noose bifurcation [58]. The results shown

in Chapter 6 are gathered in [14].

1.1.2 Planar Discontinuous Piecewise Linear Systems

After the pioneering book of Filippov [38] in the 80's and due to the demonstrated applicability
of discontinuous piecewise linear (DPWL) systems, for instance, in engineering and biomathematics
[35], a lot of works have recently appeared in the literature dealing with vector fields where continuity

at the common boundary is not assumed, for instance, [32, 36, 47, 48, 50, 54, 71, 89].

The simplest possible configuration in DPWL systems is the planar case with two linearity regions
separated by a straight line. Similarly to the continuous case, it can be assumed without loss of

generality that the separation line is z = 0, as we enunciate subsequently.

Proposition 1.6 Every planar DPWL system can be written into the form

c — £(x) A x+b™ if =<0, (1.16)
X = X) = .
Atx+bT if >0,

where bT b~ € R? and AT, A~ € My (R).
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Note that, the planar DPWL systems satisfy the relationship

A+<0>+b+¢A—<O>+bi
Yy Yy

In studying planar DPWL systems (1.16), as usual, the first step is searching a canonical form
which copes with a sufficient broad class of systems. A first canonical form for planar DPWL systems
has been introduced in [45]. In particular, the authors deduce a Liénard-like canonical form with

seven parameters, which is able to cover all the cases where self-sustained oscillations are possible.

The main objective in dealing with planar DPWL systems in this thesis is the analysis of the
existence of periodic orbits. In this subsection we state the Liénard canonical form of planar DPWL
system introduced in Proposition 3.1 of [45],

T=t"x—uy,
4 iz <0,
y=d x—a,

(1.17)

P =ttt —y+0,
{x vy >0,

y=d "z —a",

where 7.+, d",d",a",a” € Rand b > 0, being t7,¢t~ and d™,d~ the trace and the determinant

of the coefficient matrices in their corresponding zone of linearity.

The discontinuity of the vector field at the separation boundary x = 0 leads us to adopt the
Filippov convection (see [38]) to define the vector field at the discontinuity line. Then, the line
x = 0 is divided into two different sets, the sliding set and the crossing set. The sliding set, where
the normal components of both vector fields to the line = 0 have different sign, is the segment
{(z,y) : x = 0,0 <y < b}. On the crossing set, which is the complement of the sliding set, the
normal components of both vector fields to the line z = 0 have the same sign and so, the orbits can

be concatenated in the natural way.

System (1.17) can have sliding limit cycles, i.e., limit cycles which have some point in the sliding
set. However, in this work, we will focus our attention on crossing limit cycles, that is, limit cycles
which do not share points with the sliding set. In Chapter 2, crossing limit cycles for the DPWL
system (1.17) are analyzed by means of an adaptation of the Melnikov theory to discontinuous

systems.

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.



1.2. POINCARE MAP AND DISPLACEMENT FUNCTION 11

1.2 Poincaré map and Displacement function

To analyze the dynamical behavior of CPWL systems, it is usual to introduce a suitable Poincaré map
defined in the separation boundary, by using some Poincaré half-maps. In the case of system (1.2),
the separation boundary is the hyperplane IT = {z; = 0}. Now, a Poincaré map for system (1.2) is
defined. A detailed study of Poincaré half-maps can be found in [56, 59, 72].

For every point p = (2§, 25,...,25)T € R™ we denote by x(t) = (2 (¢), 25 (), ..., 2% (¢)T
the solution of system (1.2) with initial condition x,(0) = p. The corresponding orbit is denoted
by vp.-

Let p be a point located at the separation boundary II. We say that the orbit 7y is transversal
to the boundary in the point p, if the vector tangent to the orbit v, in p is not contained in 11, i.e.,
if the following condition holds

(e1,AVp +b) #£0. (1.18)

Due to the continuity of field (1.2), it is satisfied that (e;, A"p +b) = (e1, ATp+b), for every
point p belonging to the separation boundary. Note that, if condition (1.18) is not verified, then p
is a point of tangency of the orbit with II.

Let us define the left Poincaré half-map associated to system (1.2).

Definition 1.7 Assume that a point p belonging to the separation boundary II verifies condition
(e1, AVp+b) < 0. If there exists 7 > 0 such that x,(7) € II, then we define the left flying half-time
as the positive value 7, such that 7 (7;) = 0 and 27 (t) < 0 for all t € (0,7;,). In such a case, we

define the left Poincaré half-map in the point p as P~ (p) = xp(7, ).

Given a point p where the left Poincaré half-map is defined and such that both p and its image are
not points of tangency, then the left Poincaré half-map and the left flying half-time are well-defined
in a neighborhood of p and, moreover, they are analytic [72].

Now, we define the right Poincaré half-map associated to system (1.2).

Definition 1.8 Assume that a point p belonging to the separation boundary II verifies condition
(e1,AVp + b) > 0. If there exists 7 > 0 such that xp(7) € II, then we define the right flying

half-time as the positive value 7} such that 27 (7;}) = 0 and 2 (t) > 0 for all t € (0, 7). In such a
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case, we define the right Poincaré half-map in the point p as P (p) = xp (7).

Analogously, given a point p where the right Poincaré half-map is defined and such that both
p and its image are not points of tangency, then the right Poincaré half-map and the right flying

half-time are well-defined in a neighborhood of p and, moreover, they are analytic [72].

From the Poincaré half-maps, we define the Poincaré map associated to system (1.2).

Definition 1.9 The Poincaré map P : IT — II associated to the CPWL system (1.2) is given by the

composition of both Poincaré half-maps, namely,

P=P"opP.

Note that, the Poincaré map associated to system (1.2) is well-defined in a point p € II verifying
(e1, AVp+Db) < 0 if the left Poincaré half-map in p and the right Poincaré half-map in q := P~ (p)
are well-defined. In this case, there exist two positive values 7, and 7. such that z{(7,) = 0,
e (rd) =0, 2f(t) < 0 forall t € (0,7;) and 2(t) > 0 for all £ € (0,77). The positive value
o = Tp %—7'(:r is called the flying time and the Poincaré map associated to system (1.2) in the point
p is given by

P(p) = XpP—(p) (T;—(p)) = Xp(Tp)'

Finally, given a point p where the Poincaré map is well-defined and such that points p, P~ (p)
and P(p) are not points of tangency, then the Poincaré map and the flying time are well-defined in

a neighborhood of p and, moreover, both functions are analytic [72].

On the other hand, it is obvious that the fixed points of the Poincaré map correspond to periodic
orbits of system (1.2). Thus, it makes sense to consider a function whose zeros correspond to periodic

orbits of system (1.2), which will be done in the following definition.

Definition 1.10 The displacement function d : II — II associated to the CPWL system (1.2) is

given by the difference between the Poincaré map and the identity function, namely,

d=P —id.
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1.3 Invariant Cones in Homogeneous Piecewise Linear Systems

Piecewise linear systems can be used as a tool to understand some basic bifurcations that have their
starting point in the change of stability of one equilibrium point [24, 40, 42, 44, 48]. In some of
the previous works, it is shown that the change of the stability of one equilibrium point forces the
appearance of a limit cycle. Indeed, to analyze this phenomenon it is necessary to study, in some
situations, the behavior of the equilibria on the separation boundaries. The topological type of these
equilibria is essential to assure (or not) the existence of limit cycles. When the system is 2CPWL,,
this behavior is well known [40, 44]. However, the problem is compounded for continuous three-
dimensional systems. For instance, in [26] the authors prove that the continuous matching of two
stable linear systems can be unstable. The instability of the origin, the unique equilibrium point of the
system, can only appear when the system has an invariant cone; by contrast, the absence of invariant
cones assure the stability of the origin when the matrices of the system are Hurwitzian [25, 26]. This is
a generalization of Theorem 3.4 of [12]. Therefore, it is important to study the existence of invariant
cones for this class of systems. We realize that these invariant manifolds can be considered, in the
non-generic case where it is foliated by periodic orbits, as the center manifold for non-smooth systems
[66] and so, the invariant cones have to play an important role. As a remark related, the stability of
the origin can be guaranteed, as it is well known, by means of Lyapunov functions. However, it is not
easy to find Lyapunov functions for PWL systems, even when the involved matrices are Hurwitzian
[55, 88].

In this section the concept of invariant cone in a three-dimensional continuous PWL system is
introduced. To begin with, every homogeneous 2CPWL3 system can be written as

x=1f(x) =

Ax if 2 <0
{ = (1.19)

Atx if x1 >0,

where the matrices AT, A~ € M3(R) satisfy the relationship AT — A~ = (AT — A7 )ejel.

It is possible to introduce an adequate Poincaré map defined in the separation boundary, by using
some Poincaré half-maps, as it has been done in the previous section for a n—dimensional system.
In this case, the separation boundary is the plane IT = {z; = 0}.

Taking into consideration that vector field f of system (1.19) is homogeneous, i.e. f(ux) = pf(x)
for all x € R? and 4 > 0, it is easy to see that the maps P, P~ and P are also homogeneous and

hence, these maps transform straight half-lines contained in the plane z; = 0 and passing through
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14 CHAPTER 1. PIECEWISE LINEAR SYSTEMS. BASIC CONCEPTS

the origin into straight half-lines contained in the plane 21 = 0 that also pass through the origin
(see Fig. 1.1). Thus, if the Poincaré map P possesses an invariant straight half-line line we say that
system (1.19) has a two-zonal invariant cone. In Fig. 1.2 it is shown a two-zonal invariant cone
and a continuum of one-zonal invariant cones. In the last case, the system has an invariant cone

intersecting tangentially the separation plane.

x1:0

Figure 1.1: Poincaré half-maps Pt and P~ and Poincaré map P of system (1.19).

Furthermore, it is possible to define a map S~ that transforms the slopes of the initial straight
half-lines into the slopes of the final straight half-lines by means of P~. Similarly, we can also define a
map S by considering the slopes of initial and final straight half-lines by applying the right Poincaré
half-map P*. Hence, system (1.19) has a two-zonal invariant cone if and only if the map § = SToS™
has a fixed point, or equivalently, the generalized eigenvalue problem P(v) = v has solution. In

[65], the author studies the eigenvalue problem to give some bifurcations of periodic orbits which
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(a)

Figure 1.2: (a) A two-zonal invariant cone of system (1.19). (b) A continuum of one-zonal invariant
cones of system (1.19). Note that an invariant cone intersecting tangentially the separation plane

appears.

live in the invariant cones; in particular, a generalization of the Hopf bifurcation is analyzed. When
the system is observable, an analysis of maps S and S~ can be found in [25], where the authors
provide a parametric representation of these maps as functions of the flying half-times.
On the other hand, if the flow of system (1.19) is projected onto the unit sphere S2, then the
invariant cones of the system can be considered as periodic orbits of a suitable system defined on
the unit sphere. To see this, by following the original work of Hadeler [52], it is just necessary to do

the change of variables u = x||x|| !, » = ||x||, for x # 0. Then, we obtain the system

ucS?,

r > 0.

{ i = f(u) — (f(u), w)u,
= (f(u),u)r,

Now, it is immediate to observe that the invariant cones of system (1.19) correspond one-to-one to

the periodic orbits of the following continuous piecewise cubic system on S?
(1.20)

u=f(u) — (f(u),u)u, ues?
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Here, it is possible to define the periodic orbits as one-zonal and two-zonal ones. By using, for example,
system (1.20), one can prove that the one-zonal invariant cones of (1.19) cannot be isolated and in
this case matrix A" (or A™) has complex eigenvalues with the real part of the complex eigenvalues
and the real eigenvalue shared. Moreover, when system (1.19) possesses one invariant cone living in
each zone of linearity, then the sphere is foliated by a continuum of periodic orbits when the traces
of matrices A* and A~ coincide. Here, two invariant cones tangent to the separation plane appear.

Let us introduce a definition about the invariant cones.

Definition 1.11 It is said that a invariant cone of system (3.1) is hyperbolic (resp. non-hyperbolic)
if its corresponding periodic orbit in S? is hyperbolic (resp. non-hyperbolic). In the same way, we will
say that the cone is attractive (resp. repulsive, semi-attractive) if its corresponding periodic orbit is

asymptotically stable (resp. unstable, semi-stable).

The works about invariant cones for systems (1.19) that we have found in the current literature
[21, 25] assume observability hypothesis, thus, they study homogeneous systems written in the Liénard
form (1.5). In Chapter 3 of this thesis, we extend the results obtained in [21] and we prove a conjecture
about the existence of saddle-node bifurcation of invariant cones that was stated in [25]. The results
of Chapter 3 have been published in [18]. With the objective of sorting out this lack of information
about the existence of invariant cones in non-observable systems, we center our attention on that

matter in Chapter 5 of this work.
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Chapter2 I

Melnikov Theory for a Class of Planar Hybrid Systems. Some
Applications

In this chapter, the existence of periodic orbits in a class of planar hybrid piecewise smooth systems
is studied. We understand as hybrid system, a piecewise-smooth system which is a mixture of a flow
and a map. In this class, each zone of differentiability is separated by a straight line and in these
zones, the dynamics is governed by a smooth system. When an orbit reaches the separation line then
a reset map applies before entering the orbit in the other zone.

To find periodic orbits in smooth systems, we can use different techniques. One of them is the
averaging theory [30, 70, 94]. The idea of this theory is to relate the periodic orbits of a system to the
equilibrium points of an autonomous one, the averaged differential system. When a planar smooth
system can be written as a perturbation of another system which has a continuum of periodic orbits,
the Melnikov theory [8], sometimes called Malkin-Loud theory [73, 75, 78], can be applied. Thus,
from the Poincaré map we compute a function, the so-called Melnikov function, whose zeros provide
us the number and positions of the periodic orbits of the perturbed system. Moreover, the Melnikov
theory is applied to study the existence of homoclinic and heteroclinic connections in perturbations
of systems having global connections [51].

The method of averaging has been generalized to continuous non-smooth dynamical systems
[10, 11, 13, 64] but, due to the loss of continuity of the hybrid systems in the separation boundary,
as far as we know, the theory developed up to now cannot be applied to this case. The generalization
of the Melnikov theory for periodic orbits in non-smooth systems has been studied in [13] with planar
continuous piecewise smooth systems. The extension for planar Filippov systems can be seen in [36].
The Melnikov theory for global connections has been generalized to non-smooth systems in [7, 64]. In

[49], the authors consider a Hamiltonian piecewise-defined autonomous system with a region closed

17



18 CHAPTER 2. MELNIKOV THEORY FOR A CLASS OF PLANAR HYBRID SYSTEMS. SOME APPLICATIONS

by two heteroclinic connections fully covered by periodic orbits, and the splitting of the separatrices as
well as the persistence of periodic orbits under a non-autonomous periodic Hamiltonian perturbation
is analyzed. In the same spirit, this chapter is devoted to the extension of the Melnikov theory for
periodic orbits to planar hybrid systems, which include the discontinuous ones.

The chapter is organized as follows. In a first section, the classical Melnikov Theory for planar
smooth systems is introduced. Next, in the second section, the planar hybrid systems object of our
study are stated. After that, Sec. 2.3 is focused on defining a Poincaré map and a displacement
function for the hybrid systems presented in Section 2.2. Subsequently, in Section 2.4, the expression
of the Melnikov function is deduced from the displacement function, and the main results of the
chapter are stated. Finally, Section 2.5 is devoted to applying the developed theory to DPWL with
two zones of linearity and CPWL systems with three zones of linearity.

The most important application of the theory developed in this chapter, will be given in Chapter
3. There, we will study the invariant cones of a observable homogeneous 2CPWLj3 system, taking
into account their correspondence to periodic orbits of planar hybrid PWL systems with a bilinear

reset map.

The main results of this chapter are enshrined in [16].

2.1 The classical Melnikov theory

Let us consider a vector field f € C*(R?) and assume that the planar system
x=f(x), xeR? (2.1)

possesses a continuum of periodic orbits which are transversal to a section. We can assume, without
loss of generality, that the section is ¥ = {(0,y) : y € I}, where I C R is an open interval.
Denote by 7, (t) the periodic orbit of system (2.1) which passes through the point x(0) = (0, yo).
Its period will be denoted by T, yo € 1.
The problem is to know which of the periodic orbits of system (2.1) remain if the system is
perturbed in the following form
x =f(x) +eg(x,e, 1), (2.2)

wherexERQ,geR,ueRkandgECl.
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If the solution of system (2.2) that for t = 0 passes through (0, yo), with yo € I, is denoted by

X(t, Yo, &, l’l') = (x(t’ Yo, €, l’l')a y(ta Yo, €, “’))T7

then, the continuity and differentiability with respect to the initial conditions and parameters, let us

assure that, for € small enough, the orbit of this solution intersects again to X for the first time after
T(yo, e, p) in a point (T (yo, &, 1), Yo, &, 1)

We can now define the Poincaré map as

P(yo,e, ) = (T (yo,€, 1), Yo, €, i)

and the displacement function as
d(yo, e, ) = P(yo, &, ) = yo.
It is obvious that if yg is a zero of the displacement function d, then the solution

(Cﬂ(t, Yo, €, u)a y(ta Yo, €, H))T

provides a periodic orbit of system (2.2) with a period of T'(yo, ¢, u).

Thus, the idea is to find a function yo = h(e, ) such that d(h(e, u),e,u) = 0. Note that
d(yo,0, ) = 0 for all yo € I, and so dd/dyy = 0, which prevent from applying the Implicit Function
Theorem for finding the function yo = h(e, i) such that the displacement function vanishes. However,
this allow us to write d as

d(yo, e, u) = eD(yo, €, ).

Therefore, if there exists a function h such that D(h(e,p),e, ) = 0, then it is satisfied that
d(h(e, ), e, 1) = 0.

Hence, the problem of finding periodic orbits in the perturbed system (2.2) has been reduced to
the problem of finding implicit solutions of the equation D(yo,e, ) = 0.

Then, if there exists yy € I such that

2

ad D
D(0,0, 1) = 2(y0,0,1) =0 and 2= (30,0, 1) = —2 (30,0 0
(yO, ) l’l') Oe (yOa ) H) an Yo (yOa ) H) Byo&s (yO, ) l’l') 7£ 3
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the Implicit Function Theorem assures the existence of a solution function defined implicitly

Yo = h(e, p).
We call the reduced displacement function to

od
D(y(]aoa l’l') = E(y(]a 07“)

The Melnikov method establishes that the reduced displacement function is proportional to a
function, so-called Melnikov function, which is exclusively defined from the vector fields f and g.

The Melnikov function for system (2.2) along a periodic orbit v, (¢) with a period of T is given
by

Tyo [
M(yo, ) = /0 e Jo AWV £0uo (Ndsg (1)) A g, (1), 0, )t (2.3)

where, if x,y € R?, we define the wedge product x Ay = 212 — y122 and div f is the divergence
of the vector field f.

Now, by applying the Implicit Function Theorem and the Weierstrass Preparation Theorem [29],
it can be verified the relationship between the number, position and multiplicity of the limit cycles
of system (2.2), when ¢ is sufficiently small, and the number, position and multiplicity of the zeros
of the Melnikov function. The mail goal of this chapter is to extrapolate the ideas of the Melnikov
theory and to adapt it to a class of planar hybrid systems. In particular, the systems to be considered

are introduced in the following section.

2.2 Statement of the problem

Let us consider the following piecewise smooth system

% = £(x) = (f1(x), f2(x))T, (2.4)

where x = (z,y)” € R? and

{ f(x) = (fi (x),fy (x))T ifz <0, (2.5)

f(x) = (f (%), f7(x)T ifz>0,

with £+ £~ € C"(R?),r > 1 and f1(0,y) = f;7(0,y) = f; (0,y), for all y € R. Note that only the

continuity of the first component of vector field f is required.
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Let us suppose that system (2.4) possesses a continuum of periodic orbits. Specifically, we will

consider the following hypothesis.

Hypothesis 2.1 System (2.4) possesses a continuum of periodic orbits crossing transversally the
separation straight line {x = 0} at two points, (0,yo) and (0, 7o) with yo € I, g € I and yo > 90,
where I, € R are open intervals. Furthermore, we assume without loss of generality that the orbits
are counterclockwise oriented, that is, f1(0,40) < 0 for all yo € I and f1(0,50) > 0 for all gy € I,
see Fig. 2.1.

<

Yyo

~_ 7

Figure 2.1: Schematic picture of the continuum of periodic orbits of system (2.4).

In the following, we will denote by 7. (t) the orbit of system (2.4) passing for ¢ = 0 through the
point (0, z), with z € T U I.

Let us define the left half-period 7}, of the orbit v,,(¢) as the time that the orbit ~,,(¢) spends
going from 1 to 7o, the right half-period TerO as the time that the orbit v, () takes going from g to
Yo and the period T}, as the time that the orbit spends to return to yo from itself, i.e. T, =T} +Ty‘g.

Because system (2.4) has a continuum of periodic orbits, it is natural to think about the number
and positions of the periodic orbits that persist after a perturbation. Here, we consider the following
perturbation of system (2.4)

x = f(x) +eg(x, e, n), (2.6)
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where e € R, |e| < 1, k€ N, pu = (1, i, - .., i) € RF with the reset map

(RFFZ — R
K (2.7)
(y()aeall') — 77(?/0>5>N)
satisfying
(Yo, 0,) =0 €R,  f1(0,50) - f1(0,n(y0,¢, 1)) >0
and 1 € C"(R*+2) with » > 1. Finally, let us assume that
g (x,e,u) ifz<0,
g(x,e,p) = _ (2.8)
gt(x,e,pu) ifz>0,

where gt g7 € C"(R2 x R x RF),r > 1.

Note that hybrid system (2.6) has two zones of differentiability, separated by the straight line
2 = 0. The dynamics in each zone of differentiability is governed by a smooth system and, when an
orbit reaches the separation line, then before entering the system in the other zone the reset map
given in (2.7) applies. For the sake of clarity, an orbit of system (2.6) visiting both smooth zones is
represented in Fig. 2.2.

Although, a priori, it does not make sense to consider a solution of (2.6) with initial condition in
the separation line 2 = 0, there is no problem to define a two-zonal periodic orbit for this system. In

fact, according to Fig. 2.2, we have a two-zonal periodic orbit when yo = n(y2, ¢, p).
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Smooth system Smooth system
» (anO)
? (07 7)(3/27 &, p‘))
(073/2) ‘
q (07 yl)
(07 77(91 = “’)) e

r=0

Figure 2.2: Representation of an orbit of the hybrid system (2.6) visiting both zones of differentiability,
beginning at (0,yo). The orbit evolves in the zone = < 0 arriving at the point (0,y;), then a reset
map acts getting the orbit to the point (0,7(y1,e, it)). After that, the orbit evolves in the zone
x > 0 up to arriving at the point (0, y2), where the reset map applies getting the orbit to the point

(0,1(y2, €, 1))-

2.3 Definition of a Poincaré map and a displacement function

The first step in the definition of the Melnikov function for system (2.6) is considering some adequate

Poincaré half-maps for both planar smooth systems
x=1"(x)+eg (x,6, 1) (2.9)

and
x =fT(x) +egt(x,e, ). (2.10)

For every point p = (0,y0)” with yg € I, let us denote by

(z (t, 90,8, 1),y (L, 90,6, )"

the solution of system (2.9) with initial condition p. Due to Hypothesis 2.1, it is clear that for ||
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sufficiently small, function z(-,yo,&, ) vanishes at some value in the interval (0,400), and then,
the corresponding orbit crosses transversally the separation line. We define the left flying half-time
77 (yo,¢€, i) as the positive value such that x (77 (yo, &, 1), yo, €, ) = 0 and z (¢, yo, &, ) < 0 for ¢
belonging to the interval (0,7 (yo,&, )). In such a case, the left Poincaré half-map P~ of system
(2.9) at the point yq is defined as P~ (yo,e, ) = y (7~ (Yo, &, 1), Y0, &, 1)

For system (2.10), one can define in the same way, the right flying half-time 77 (g, ¢, ) and the
right Poincaré half-map P* (9o, e, u).

Note that the left and the right half-periods of the orbit ~,,(t) of the continuum of system (2.4)
satisfy T, = 77 (30,0, ) and T, = 77 (5o, 0, ), with go = P(y0,0, ).

At this point, the Poincaré map and the displacement function for the hybrid system (2.6) can
be defined.

Definition 2.2 Assume that system (2.4) satisfies Hypothesis 2.1. The Poincare map P of system
(2.6) defined in a neighborhood of I x {0} x R*+! is given by

P(yo,&li) = U(P+(77(P_(y0>5>u)757ll')>€>u)ve>u)‘ (211)

The displacement function d of system (2.6) is defined by

d(yo, €, 1) = P(yo, €, ) — Yo- (2.12)

Note that P and d are functions of class C" in their respective domains of definition. In Fig. 2.1 the
Poincaré map P defined in (2.11) is represented.

Also note that if n(yg,e, ) = yo for all (yo,e, ) € R¥2, then the Poincaré map defined in
(2.11) is given by P = Pt o P~.

It is obvious that the periodic orbits of system (2.6) correspond one-to-one to the fixed points of
the Poincaré map or, equivalently, to the zeros of the displacement function given in (4.17). Now,

the stability and multiplicity of periodic orbits of system (2.6) are defined.

Definition 2.3 Let gy be a value such that d(go,e, u) = 0. We say that the corresponding two-
zonal periodic orbit of system (2.6) is a hyperbolic limit cycle if the derivative of the displacement

function d with respect to yo evaluated at (go,e, ) does not vanish. If this derivative is negative
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» Yo
¢ P(yo)

7 +

e o« PT(n(P~(y0)))

Py T

7

n(P~(yo))
=0

Figure 2.3: Representation of the Poincaré function defined in (2.11). The dependence with respect
to € and p has been removed for the sake of brevity and clarity.

(resp. positive) the limit cycle will be called stable (resp. unstable). If this derivative vanishes, then
we say that the periodic orbit is non-hyperbolic.
It is said that a periodic orbit has multiplicity m € N if the corresponding zero ¢y of the

displacement function is a root of multiplicity m.

Once the Poincaré map and the displacement function are defined, it is possible to derive a real
function of a real variable whose zeros provide us the number and position of the limit cycles that

appear after the perturbation. This derivation is developed in Section 2.4.

2.4 Derivation of the Melnikov function. Statement of the main
result
From the definitions of the Poincaré map and the displacement function done for the hybrid system

(2.6), we deduce in this section a function whose roots give us the number and position of the

periodic orbits of the continuum of system (2.4) that remain after the perturbation. This function
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will be called the Melnikov function by similarity between our theory and the Melnikov theory for

smooth systems.
We proceed by analogy with the classical Melnikov theory written in 2.1.

In looking for periodic orbits of the perturbed system (2.6), we must determine the zeros of the
displacement function d defined in (4.17). Then, for every ¢ sufficiently small, we must find yy and

o such that
d(yo, &, ) = P(yo, &, 1) — yo = 0.

Let us consider the Taylor series expansion of the displacement function at e =0

d(y0>€>u/) = d(yOa 07“) + 5D(y0,5, “’)

From Hypothesis 2.1, it is clear that d(yo, 0, ) = 0, and then, solutions for € # 0 of d(yo,e, ) =0

corresponds to solutions of equation
D(yo,e, ) = 0.

To apply the Implicit Function Theorem we need to find yg and u such that

b (y0> 07 l’l’) 7£ 0.

D(yo,0,p) =0 and ——
Yo

It is clear that
od oP
D(y0,0 = — 0 = —(%0,0
(40,0, 1) = 5= (40,0, 1) = 5~(%0,0, 1),

and so, it is enough to search for zeros of the following equation

oP

— 0 =0. 2.13

5 (W0, 0, 1) (2.13)

oo . . oprP :
To get it, first we look for an explicit expression of a—(yo,O,u). Let us start by computing the
e

characteristic exponent of the periodic orbits of the continuum of system (2.4).

Let us consider the divergence of the discontinuous and piecewise smooth function f as

%(x) %(x) if z >0,
divf(x) =

ofy Ofy .

8—;()()_'—8—;()() if x <0.
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Proposition 2.4 If system (2.4) satisfies Hypothesis 2.1, then

Ty
/ ’ divf(yy,(t))dt =0 forall yoel. (2.14)
0

Proof: From Hypothesis 2.1, P(yo,0, ) = yo for all yo € I, so,

oprP
a—yo(yo,O,u) =1 forall yyel.

From the results given in [28] about the derivatives of the transition maps, we obtain

opP- I S (U5 T) B (Ol
agr W0 00 = B S p(/0 d f(vyo@))dt)

and

oPt _ hi(0.40) T
S 00, 0.0) = B e < /0 duvf(%t))dt) (2.15)

for all yg € I and §jp € I. Since P = Pt o P, )y = P~ (y0,0, ) and on a periodic orbit we have
yo = P* (40,0, 1), the proof follows from a direct application of the chain rule. O

To obtain the derivatives of the Poincaré half-maps with respect to e for ¢ = 0, we will use the

following lemma, whose proof is straightforward.

Lemma 2.5 Consider F € C!(R% R?), v(¢) a solution of x = F(x), w € C(R,R?) and x¢(t) a
solution of the equation
x = DF(y(t))x +w(t), x€R? (2.16)

where DF denotes the jacobian matrix of vector field F.

Then, ¥(t) = F(v(t)) A xo(t) is a solution of the one-dimensional differential equation

P(t) = divF((2)(t) + F (1) Aw(t). (2.17)
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Proposition 2.6 If system (2.4) satisfies Hypothesis 2.1, then the following statements hold.

(a) The derivative of the left Poincaré half-map P~ with respect to € for ¢ = 0 is given by

or- _ (@) [T £ (0 (1) A g (i (1), 0, )
gm0 = 5 | ) o el
where o = P~ (0,0, ) and
p~(t) =exp </0 divf('yyO(T))dT> . (2.19)

(b) The derivative of the right Poincaré half-map P* with respect to ¢ for ¢ = 0 is given by

OPT o PR [T £ (0 (1) A gt (0 (6),0 1)
gm0 = St | 0 o @
where yo = P (4,0, n) and
pt(t) =exp </0 divf+(fyg0(7'))d7'> . (2.21)

Proof: We focus our attention on proving item (a). A similar reasoning allows us to prove statement

(b).

Let us begin by computing the derivatives with respect to ¢ of the relationships

x(77(3/0757ﬂ)73/07<€7ﬂ) =0 and y(77(1/0757ﬂ)71/07<€7ﬂ) = Pi(y07€7/~l/)-

Then, we see that the vector function

ox dy T
W(t) = g(tay()aoyu)a g(tayO,Oa“’)

satisfies
or—

_ T
T .08 (0.0) 4 w(Ty) = (0.0, 0.)) (2.22)

where go = P~ (yo, 0, p).
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On the other hand, function w(t) is the solution of the initial value problem

W(t) = DE™ (9, (1)) w(t) + 87 (1 (1), 0, ),
(2.23)
w(0) = (0,0)7.
Now, from Lemma 2.5, it follows that 1(t) = £~ (7,,(t)) A w(t) satisfies
{ (1) = divE™ (7 ()10 (1) + £ (750 (1) A& (0 (), 0, ), (220
¥(0) =0,
The solution v of the linear equation (2.24) can be expressed as
t p— _
w(t) — p_(t)/ f ('Yyo(T)) /\_g (’YyO(T)voJJ/) de
0 p=(7)
where p~(t) is defined in (2.19).
From relationship (2.22), directly follows that
. oP~
w(Tyo) = fl(oa yO) : ?(07 Yo, u)a
and the proof is finished. O

Now, the Melnikov function of the perturbed system (2.6) along a periodic orbit 7, () of the

unperturbed system (2.4) can be defined, as follows.

Definition 2.7 If system (2.4) satisfies Hypothesis 2.1, the Melnikov function of the perturbed
system (2.6) along a periodic orbit ~,,(t) of the unperturbed system (2.4) is defined as

0
(yOa 07 H)+

n
M (yos p) = ==
Oe
1 oy on .. Too £7 (0 (1)) A g™ (10 (1), 0, 1)
o (90,0, p / ) dt+ (2.25)

fl(Ovyo)a—yo(yO’O’M)
T ¢+ (~ - + (0
o (T) (%@o,o,um(o,yo) w [ TR0 e 0.08) dt)

)
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where g9 = P~ (yo,0, p),

(1) = exp ( /O CdivE (1, (T))dT> () = exp < /O divE* (o, (T))d7> .

Through the Melnikov function it is possible to state results about the existence and bifurcation

of limit cycles.

Theorem 2.8 Assume that unperturbed system (2.4) satisfies Hypothesis 2.1 and the functions

ft + egt, £~ + eg™ and 7 are C" with r > 1. Consider jy € I and py € RF. The following

statements hold.

()

If M (go; po) # 0 then, there exists €9 > 0 and small enough, such that the perturbed system
(2.6) does not possess periodic orbits in a neighborhood of the periodic orbit 73, for p = pg

and |g| < eo.

If » > 2, M(go; o) =0 and qp := g—%(go;uo) # 0, then, the perturbed system (2.6) has a
hyperbolic limit cycle in a neighborhood of 7y, for p = pg and |e| different from zero and

sufficiently small. Moreover, the limit cycle is asymptotically stable if € - g < 0 and unstable

if £-qo > 0.

If » >3, M(go; o) = go = 0 and there exits j € {1,2,...,k} such that
0?’M oM
——5 (Yo, 0) #0 and  —(Yo; po) # 0,
gy 0 10) 5,010

then, there exist a function p(e) = po + O(e) such that the perturbed system (2.6) has a
unique limit cycle of multiplicity two in a neighborhood of v;;,, for = p(e) and |e] different

from zero and sufficiently small.

Proof: By applying the chain rule in expression (2.11), one obtains

op P P

—(290707“) - _n(y0707u') + —n(y0707u’)

8Eap+ o P 65110} P op+ (2.26)
A o . A |

00,00 00,00 %~ 00,4 + 5 0,1) ) + (010
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Substituting expression (2.15) in relationship (2.26) and taking into account Proposition 2.6, we

arrive to

G 00.0) = 5L 0.0+ S T 0,1,
gyn (0,0, 1) (T2) /Tyo £~ (1 (1)) Ag(t§7yo( UYL (2.27)
00 500,11 1(0,0) + /OT £ (0 (1)) A +t<)fyyo< 0.1 4
On the other hand, it is clear that
p(Ty) - o (L) = 1. (2:28)

Finally, from expressions (2.27) and (2.28), one obtains

oP

where M (yo; p) is the Melnikov function for hybrid systems given in (2.25).

The proof continues by using the Implicit Function Theorem and following similar ideas to the
proofs of theorems 1.2 and 1.3 of [8]. O

We remark that the third statement of Theorem 2.8 can be extended to limit cycles of higher
multiplicity. Also, the above result can be generalized to the case f;"(0,y) # f; (0,y) by obtaining
a slightly different expression for the Melnikov function, see [16]. The expression of the Melnikov
function for Filippov systems can be seen in [36]. In addition, the theory can be extended to the case
with an hybrid unperturbed system and to systems with multiple zones of definition of the vector
field. Nevertheless, we will not detailed these cases to keep the chapter within a reasonable length.

Obviously, when the reset map becomes the identity, (that is, 1(yo,&, t) = yo), the Melnikov

function (2.25) can be simplified, as we do in the following result.

Proposition 2.9 If system (2.4) satisfies Hypothesis 2.1 and the reset map 7 satisfies n(y, e, u) = v,
in a neighborhood of (I UT) x {0} x R¥, then the Melnikov function defined in (2.25) becomes

M (yo; p) =

1 /Tyo F(0 (1)) A 8 (00 (), 0, 1), (2.30)

f1(0,90) p(t) ’
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where p(t) = exp ( /0 t div £ (7, (7))d7> .

Proof: Taking into account that n(y,e, u) = y, it follows that expression (2.25) becomes

Yo (t)> 07 l’l') dt—|—

(
J1(0,90) {Jo (t)

T ( /OT £+ (330 (1)) Ap igm (1),0, 1) dt)

Ty - _
Mlyoip) = ——— [/ f(m(t))tf

(2.31)

)

where go = P~ (yo,0, ) and p~(t), pT () are given in (2.19) and (2.21), respectively.

By doing the change of variables s =t + Tyo- in the second integral of (2.31) and taking into

account that 7y, (s — Tya) = Yyo(s) and p™(T,F) - p~(T,;) = 1, we get

p(T;) / £ (30 (8) A B (030 (1).0. 1)

. pr(t) "
/ o (f (o (8) A 8T (1o (5).0,1))
v P~ (Tyo) - pt(s — Ty,)
Since for Ty_O <5< Ty, we have
p_(Ty_O) pt (s — Ty_o) = exp (/0 divf(WyO(T))dT> ,
the conclusion follows. O

Note that expression (2.30) coincides, except for the leading factor 1/(f1(0, o)), with the classical
Melnikov function [8], see (4.6). If additionally divf(x) = O then, expression (2.30) can be further
simplified.

Proposition 2.10 If system (2.4) satisfies Hypothesis 2.1, the reset map 7 satisfies 1(y,e, u) = vy,
in a neighborhood of (I UT) x {0} x R¥, and divf(z,y) = 0 for all (x,y) € R2, z # 0, then the

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.



2.4. DERIVATION OF THE MELNIKOV FUNCTION. STATEMENT OF THE MAIN RESULT 33

Melnikov function defined in (2.25) becomes

M (yo; ) = ﬁ'

| o, ) (2.33)
: // divg(z,y,0, ) dwdy+/ (91 (09,0, 1) — g7 (0,9,0, )] dy | -
int('yyo) 7o

Proof: Let us consider the following sets
Vo = N {(z,y) €R* 12> 0}, v- =, N{(z,y) €R*: 2 <0},

Ly ={(z,y) €R* 1y = ryo + (1 — k)30,0 < & < 1)}

and
Lo ={(z,y) e R* 1y = (1 — K)yo + k0,0 < & < 1)},

(see Fig. 2.4). Since v+ U L is a closed Jordan curve, it surrounds a region O, =int{~y; U L }.
Analogously, v U L_ surrounds a region ©_ =int{y_ U L_}. (see Fig. 2.4). If we denote the

Yy Yy
+ Yo Yo
- Y+
O- | » O+ x
L L.
o "Jo

Figure 2.4: Path along the boundary of the set ©, U ©_ for applying the Green's Theorem to a
crossing periodic orbit ,, of system (2.4).
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orthogonal of a vector field h = (hy, h2)T as h' = (hg, —hy), from expression (2.30) we can write

Tyo
f1(0,90) M (yo; ) = /O £(v0 (1)) A 81y (1), 0, p)dt =

/v (g‘)ldr+/ (g‘)Ldr—/ (g7) " dr+ (2.34)

/%(g*)Lerr/M(g*)ldr - /L+(g+)Ldr-

Now, by using the Green's Theorem, it follows that

Yo

f1(0,90) M (yo; 1) = —/e div g‘(w,y,07u)dﬂcdy+/ g1 (0,y,0, p)dy
_ Yi

0

Yo
—/ dIV g+($,y,0,u)d£ﬂdy —/ gf(oayaoau)dya
o4 (]

0

and expression (2.33) is obtained. O

Remark 2.11 Note that, expression (2.30) continues being valid for systems with multiple zones,
obviously, when fi is continuous in R? and system (2.6) has not a reset map. Furthermore, if g; is

continuous, expression (2.33) is translated into

-1
M (yo: - 7// divg(z,y,0, u) dz dy, 2.35
(yo; 1) 720,50) S g(r,y,0, ) dvdy (2.35)

expression that remains valid for systems with multiple zones.

To conclude the chapter, we will apply the developed theory to planar DPWL systems with two

zones and to planar CPWL systems with three zones.

2.5 Application to planar continuous and discontinuous piecewise
linear systems
In this section, we apply the developed Melnikov theory to find periodic orbits of two different types

of systems. The section is divided in two subsections.

In the first one, we analyze the existence and saddle-node bifurcation of periodic orbits for two
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different classes of two-zonal planar DPWL systems. Subsequently, a saddle-node bifurcation of

periodic orbits in a class of planar CPWL systems with three zones (3CPWLy) is considered.

2.5.1 Application to two-zonal planar discontinuous piecewise linear systems

We work in this subsection with DPWL systems of the class (1.17). In order to apply the Melnikov
method, we look for systems having a continuum of crossing periodic orbits. There exist different

possibilities, among them, we will focus our attention on two different situations.

First, let us consider a continuous and homogeneous system whose coefficient matrices possess
a pair of complex eigenvalues and they have traces with opposite sign and equal determinants, that

is, we consider the system

T = —2ar-—y,
if £ <0,
Yy = (on + 1) z,
(2.36)
T = 20—,
if v >0,
Yy = (a2 + 1) x,

where o € R. Note that, without loss of generality, we have assumed that the imaginary part of the
eigenvalues is equal to the unity. Otherwise, we can make an appropriate rescaling in time in each
zone of differentiability. System (2.36) is homogeneous, the origin is the unique equilibrium and it is
surrounded by an unbounded continuum of periodic orbits with a period of 7' = 27 (see [40, 44]).
Specifically, the periodic solution 7, (t) = (xy,(t), ¥y, (t)) with initial condition ~,,(0) = (0,yo),
being yo > 0, is given by

Ty (t) = —yoe ' sint, .
if 0<t<m,
ozt(

Yyo (t) = yoe~ " (asint + cost),

Ty (1) = —yoe 2™ sint,
if 7 <t<27.
t—21) (

Yyo () = —yoe® asint 4 cost),

The phase plane of system (2.36) can be seen in Fig. 2.5.

Soledad Fernandez Garcia



36 CHAPTER 2. MELNIKOV THEORY FOR A CLASS OF PLANAR HYBRID SYSTEMS. SOME APPLICATIONS

Yo

Yyo
=B R

N

Figure 2.5: Phase plane of the unperturbed system (2.36).

Now, we consider the following perturbation of system (2.36),

{ T =2(ew — a)r — ¥,
7= ((tw—a)+1)z+eA_,

T =2ar —y+eB,
= (a®+ 1)z +eAy,

if x <0,
(2.37)

if >0,

where A_ A, B,w,e € R and |¢] < 1.

By studying the Melnikov function (2.25) in this case, since Theorem 2.8, we are able to give the

following result.

Proposition 2.12 If w # 0 and sgn (w)= sgn (2a (A4 + A_) — B(a? 4+ 1)), then for |e] # 0 and
sufficiently small, system (2.37) possesses a hyperbolic limit cycle which is asymptotically stable if

€-w < 0 and unstable if ¢ - w > 0. Furthermore, the limit cycle is located in a neighborhood of the

o = (20/1* A —B> Lre? (2.38)

orbit ;,, where

a?+1 wT
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Proof: The divergence of the vector field f of system (2.36) is given by

—2a if z<0,
divf(z,y) =
2 if x> 0.

Some direct but tedious computations allow us to compute the expression of the Melnikov function

(2.25) along a periodic orbit

Ay + A

2+1

M@mm=41+&ﬂ<3—2aa

) + wmyo, (2.39)

where p = (o, A_, A, B,w).
If w # 0, then the Melnikov function (2.39) has strictly positive zeros only when

sgn (w) = sgn (2a (A4 + A_) — B(a? +1)).

In this case, the Melnikov function vanishes at the point

AL+ A 14 eom
Jjo = | 2a——— — B
Yo <aa2+1 > wT

and the proof concludes by a direct application of Theorem 2.8. O

Secondly, let us focus our attention on a different situation where the system possesses a

continuum of periodic orbits. Precisely, we consider

&= —y,
4 if 2 <0,
y:x_av
(2.40)
{?:_% if >0,
y=x—|a,

where a € R. Note that the second component of system (2.40) is discontinuous for |a| # 0. The
shape of the continuum of periodic orbits crossing the straight line z = 0 depends on the sign of the
parameter a.

For the case a < 0, the system has two equilibria, the point = = (a,0) in the zone x < 0 and the

point Z+ = (|al,0) in the zone z > 0. Each equilibrium point is surrounded by a bounded continuum
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of periodic orbits contained in its respective zone and both equilibrium points are surrounded by an

unbounded continuum of periodic orbits v,,, see Fig. 2.6.

Y

NI NN,

Figure 2.6: Phase plane of system (2.40) for a < 0.

For the case a > 0, the system has only one equilibrium point which is surrounded by an
unbounded continuum of periodic orbits. The phase plane of system (2.40) for a > 0 is represented
in Fig. 2.7.

We consider the following perturbation of system (2.40)

T = 20ex — vy, .
if z <0,
y':iE—CL,

(2.41)

if x > 0.

{ T =20ex —y—ebB,
y=x—|al,

The analysis of system (2.41) via the Melnikov method let us state the following results about

the existence of limit cycles. First, we consider the case a < 0.

Proposition 2.13 Consider system (2.41) with a < 0 and & # 0. Let us define B = —2ac(1 + 27).

The following statements hold.
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Figure 2.7: Phase plane of system (2.40) for a= > 0.

(a) If o - (B — B) > 0, then system (2.41) has two hyperbolic limit cycles for |¢| # 0 and small
enough, one asymptotically stable and the other one unstable, and they live in a neighborhood

of the periodic orbits Vos and Vgt respectively, where

o= B+ 2a0 £ /(B + 2a0)? — 16a2m%02
0 = :

4o

(b) If B = B, then there exist functions ¢(¢) and B(e) defined for ¢ sufficiently small, such that
the perturbed system (2.41) with ¢ = o(¢) and B = B(e) has a unique periodic orbit in a

neighborhood of the periodic orbit v_,, and it possesses multiplicity two.

(c) If o-(B—B) < 0, then for every yo > 0 there exists g > 0 sufficiently small such that system
(2.41) has not periodic orbits for 0 < |¢| < ¢ near to the periodic orbit ~,,.

Proof: Since vector field of system (2.41) is divergence-free, the Melnikov function M given in
(2.25) can be obtained by means of Proposition 2.10, and after some computations we get that it is
given by

2
M((yo,0,a,B) = — (2@27TU — (2a0 + B)yo + 27T0'y8) . (2.42)
Yo
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By studying the positive roots and applying Theorem 2.8, the conclusion is straightforward. O

Next, we consider the case a > 0.

Proposition 2.14 Consider system (2.41) with a > 0 and ¢ # 0 and let us define B = 2ao7. The

following statements hold

(@) If - (B — B) > 0, then system (2.41) has two hyperbolic limit cycles for || # 0 and
small enough, one asymptotically stable and the other one unstable. Furthermore, they are,

respectively, in a neighborhood of the periodic orbits Voo and Vit where

.  B+vVB?—4a?0%n?

Yo = 2ro

(b) If B = B, then there exist functions o(¢) and B(e) defined for e sufficiently small, such that
the perturbed system (2.41) with 0 = o(e) and B = B(e) has a unique periodic orbit in a

neighborhood of the periodic orbit =, and it possesses multiplicity two.

(c) If o-(B—B) < 0, then for every 3 > 0 there exists ¢y > 0 sufficiently small such that system
(2.41) has not periodic orbits for 0 < |¢| < ¢ near to the periodic orbit ~,,.

Proof: Since vector field of system (2.41) is divergence-free, it results from Proposition 2.10 that

the Melnikov function M is given by
2
M(yg,0,a,B) = — (O’?Ty% —yoB + a2071') . (2.43)
Yo

By studying positive roots and applying Theorem 2.8, the conclusion is direct. O

2.5.2 Application to three-zonal planar continuous piecewise linear systems

To complete this chapter, the Melnikov theory will be applied to 3CPWLy systems (see Remark

2.11). Specifically, the existence of a saddle-node bifurcation of three-zonal limit cycles is proven.

Let us consider the Lienard canonical form for continuous symmetric PWL systems with three
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zones of linearity

b=t~y — (f — to)sat (),
(2.44)
y = dex + (d; — de)sat(x),

where t;,t.,d;,d. € R and sat(x) is the saturation function, that is,
sgn(z) if |z| > 1,

sat (x) =
x if |z < 1.

The developed Melnikov theory allows us to get some of the results shown in [41, 92]. In particular,
the saddle-node bifurcation of limit cycles conjectured in [41] and proven in [92] can be proven now

through the Melnikov theory.

Let us remark that ¢; - t. < 0 is a necessary condition for the existence of limit cycles of system
(2.44), see Theorem 1.1 of [41]. We will focus our attention on the analysis of system (2.44) for t;

and ¢, different from zero and small enough. Hence, we consider
ti=eT;, te=cTe, with || < 1.

With this choice and doing £ = 0, system (2.44) becames

T = -y,
(2.45)
y = dex + (d; — de)sat(x),
and we have for ¢ different from zero,
&= —y+e(T; — Te)sat(z),
(2.46)

Y = dex + (d; — d.)sat(x).

We show only the analysis for d; < 0 and d. > 0. In this case, system (2.45) possesses three
equilibrium points, one of them is the origin, another one is found in the half-plane © < —1 and the
last one in the half-plane = > 1.

In this case, according to symmetry properties of the unperturbed system (2.45), it can be proven
that the system possesses three different continua of periodic orbits and a pair of homoclinic loops
(see Fig. 2.8).
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r=—1 r=1

Figure 2.8: Phase plane of the unperturbed system (2.45) for d; < 0 and d. > 0 .

The unbounded continuum of periodic orbits that surrounds the three equilibrium points of system
(2.45) is represented as v,,, for yo > /—d;, where (1,y0) is the intersection point of the curve v,,
with the half straight-line {z = 1,y > 0}, see Fig. 2.8.

Due to vector field (2.45) is divergence-free, taking into account the symmetry of the system and

that
Te if |z| > 1,
divg(z,y,0,7;, Te) =
T it x| <1,

it results from expression (2.35) that the Melnikov function M is given by

~ 1
M (yo; Ti, Te) = " (4TiR;i(yo) + 4T R.(v0)) , (2.47)

for yo > v/ —d;, with
R;(yo) = Area (int (yy,) N {(z,y) € R*: 0 <z < 1,y > 0})

and
Re(yo) = Area (int (y,) N {(z,y) € R* : 2 > 1,y > 0}) .
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For analyzing the roots of the Melnikov function given in (2.47), it is convenient to consider the

function
M(yo; Ti, Te) = yoM (yo, Ti, To) = 4T; Ri(yo) + 4T2Re(y0)- (2.48)

By analyzing the function M we reproduce faithfully the results obtained in [41] and [92] about
the existence and bifurcations of three-zonal limit cycles. In particular, we prove the existence of
a saddle-node bifurcation of three-zonal periodic orbits for system (2.46). Let us remark that the
persistence of the homoclinic loops of system (2.45) can be analyzed through the works [7, 13, 64].
From these works, it can be proven that these homoclinic connections remain if the value K given

in the next result vanishes.

Proposition 2.15 Consider the perturbed system (2.46) with d; < 0,d. > 0 and 7;- 7. < 0 and let

us define

Te | di - de di
K=Tiv—-di+—=|—(d; — de — —dir|——| -
Tiv + T [de ( ) (71 sin - dz‘) de]
Then, the following statements hold.
(a) Function M(-,7;,T) has a unique critic point y5 € (v/—d;, +00).

(b) If K # 0 and sgn(7;) # sgn(K), then the following statements hold.

a) If sgn(7;) = sgn(M(y§, Ti, Te)), then system (2.46) possesses two three-zonal hyperbolic
limit cycles for |e| # 0 and small enough, one asymptotically stable and the other one
unstable. Furthermore, they are, respectively, in a neighborhood of Vgl and Vg2 where

s, 5 are the only solutions of the equation M (-, T;, To) = 0 in the interval (v/—d;, +00).

b) If M(ys,Ti,Te) = 0, then there exist two functions 7;(¢) and 7.(c), defined for e
sufficiently small, such that system (2.46) with 7; = 7;(¢) and T, = Tc(¢) has a unique

three-zonal periodic orbit in a neighborhood of v+, and it possesses multiplicity two.

c) If M(yg,7i,Te) # 0 and sgn(7T;) # sgn(M (yg, Ti, Te)), then for every yo > 0 there exists
g0 > 0 sufficiently small such that system (2.46) has no three-zonal periodic orbits close

to the periodic orbit v, for 0 < [e] < &p.
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Proof: Let us suppose 7; > 0, 7. < 0. It is easy to see that function M defined in (2.48) satisfies

lim  M(yo; Ti, Te) = 2K,
Yo — V—d;
Yo > vV —d;

where

Te | d; .1 de d;
K=T/—d+— %@, -a)n- —d /=%
7i T [de( )<7T St de—di> de]

The three-zonal periodic orbits v, for yo > \/—d;, are formed from pieces of ellipses in the exterior

zones and pieces from hyperbolas in the interior zone, namely,

(dex — di)* + dey® = (de — di)? +dey? and  dia? + 9% = d; + 2.

The area of the portions of these ellipses and hyperbolas which take part in the expression of

function M defined in (2.48), are given by

0
Ri(yo) = / \/dZ — di(.%' + 1)2 + yg dx (2.49)
—1
and P ’
“ 4+ deyg 1 /O 9
R, =t — de —d; —y? d; | dy. 2.50
(o) TN \/ (o y?) + y (2.50)

By substituting expressions (2.49) and (2.50) in (2.48) and by taking the derivative with respect

to 1y, one obtains
oM

a—yo(yo; Ti, Te) = 4yoF (yo),
where

Ti .1 —d; Te Te . 1 dey(Q)
Flyo) = h + - el
W)= v a TV TV E o de

Since
im  F(y) = 400, and  lim Fy) = —% < 0
yO*)\/Tdi Yo) = ) Yo—4-00 Yo _2\/d_e )

Yo > V—d;

we deduce that there exists a value y; > \/—d; such that F(y3) = 0.
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Due to the function
ar -T; Ted;

—(yo) = +
dyo(yo) ve+d; A2+ dey?

vanishes at most once in the interval (v/—d;, +00), the root y5 > +/—d; of function F' is unique.
That proves the first item.
Let us now turn to the second statement.

It is easy to see that lim M (yo;7;, Te) = —oo. If K < 0, then the following items hold.

Yyo—>+00

e When M (yg; T;, Tc) > 0, then function M (-;T;, Tc) possesses exactly two zeros §i§ < ¢ in the

M M
interval (/—d;, +00), which satisfy g—@g;ﬁaﬁ) <0< g—(@é;ﬁﬂ;), see Fig. 2.9.
Yo Yo

M (yo)

—d; /\ Yo

2K ---

Figure 2.9: Function M defined in (2.48) for 7; > 0,7, < 0, K <0 and M (y, 7, Tc) > 0.

2

M M
o If M(ys;Ti,Te) =0, then a—(yg;ﬁ,Te) =0 and %—Q(yﬁ;ﬁ,ﬁ) # 0, see Fig. 2.10.
Yo

Yo

o When M(y5:Ti, Te) < 0, then function M(-;7;,7.) does not possess zeros in the interval
(V/d;, +0), see Fig. 2.11.

The case K > 0 can be analyzed in the same manner.

From this, the conclusions of the second statement are a direct consequence of Theorem 2.8.

That concludes the proof for 7; > 0 and 7. < 0. In an analogous way, it would do for 7; < 0
and 7. > 0. O

In this chapter, we have generalized the Melnikov theory for a class of planar hybrid systems

and we have applied our results to analyze the existence of periodic orbits in planar continuous
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M (yo)

Tdi Yo
3 Yo

K- -

Figure 2.10: Function M defined in (2.48) for 7; > 0,7, < 0, K <0 and M(yg, Ti, Te) = 0.

—d; Yo

Figure 2.11: Function M defined in (2.48) for 7; > 0,7, < 0, K <0 and M(yg, Ti, Te) < 0.

and discontinuous PWL systems. One application of the developed theory will be done in the next

chapter, where we analyze periodic orbits of a family of planar hybrid PWL systems.
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Chapter3 g

Invariant Cones in Three-Dimensional Observable Continuous

Piecewise Linear Systems via Melnikov Theory

In the last section of Chapter 1, the motivation for the analysis of the existence of invariant cones in

CPWL systems was expounded.

The principal aim of this chapter is the application of the theory that has been developed in
Chapter 2 to find invariant cones in three-dimensional observable CPWL homogeneous systems. To
get it, we will relate one-to-one the invariant cones in this class of systems to the periodic orbits of

several planar hybrid systems.

The obtained results, among other things, extend those results given in [25] and prove the

conjecture about the existence of a saddle-node bifurcation of invariant cones stated in that paper.

The chapter is organized as follows. In an introductory section, we state the problem of studying
invariant cones in three-dimensional observable CPWL systems. Next, the equivalence between
invariant cones in three-dimensional observable CPWL systems and periodic orbits in some planar
hybrid systems is stated. The main results are written in Sec. 3.3. Subsequently, we state results of
existence of invariant cones and saddle-node bifurcations of invariant cones. Finally, the last section
is devoted to analyzing the two-zonal invariant cones which arise from the invariant cones of the

unperturbed situation which are tangent to the separation plane z = 0.

The main results of this chapter are published in [18].
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3.1 Introduction and preliminary results

As it was stated in Chapter 1, every homogeneous observable 2CPWL3 system can be written into

the Liénard form

tv 1 0
x=MVx=| mV 0 -1 |x, (3.1)
vV 0 0

where x = (z,1,2)", being t*,m* and d* the coefficients of the characteristic polynomials of
matrix M*.

On the other hand, in Chapter 1 it has been said that the one-zonal invariant cones of (3.1)
cannot be isolated and in this case matrix M ™ (or M ~) has complex eigenvalues with the real part
of the complex eigenvalues and the real eigenvalue shared. Moreover, when system (3.1) possesses
one invariant cone living in each zone of linearity, then the space is foliated by invariant cones when
the traces of matrices M and M~ coincide. Here, two invariant cones tangent to the separation
plane appear. These statements are stated in the next results and are deduced from Proposition 6

and statement (b) of Theorem 2 in [25].

Proposition 3.1 Assume that the eigenvalues of the matrices of system (3.1), M and M~ are
A7, o~ £iB7 and AT, at £iBT, respectively, with A=, o=, 3=, AT, at, BT € R, B~ > 0 and
BT > 0. Then, the following statements hold.

(a) If system (3.1) has a one-zonal invariant cone C living in the half-space {x < 0}, then o™ = A~

and the system has a continuum of one-zonal invariant cones living in the zone {z < 0}.

(b) If system (3.1) has a one-zonal invariant cone C living in the half-space {z > 0}, then at = AT

and the system has a continuum of one-zonal invariant cones living in the zone {z > 0}.

Proposition 3.2 Under the hypotheses of Proposition 3.1, the three-dimensional space R? is foliated

by invariant cones of system (3.1) if and only if &= = A~ = a™ = \T.

Let us introduce one remark about the invariant cones.

Remark 3.3 Under the hypothesis of complex eigenvalues of the matrices of system (3.1), in [25]
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is proven that when two different two-zonal invariant cones appear, they are hyperbolic and they
have exchanged attractiveness. Moreover, if (a= — A7)(at — AT) < 0 and there exists one unique

invariant cone, it is non-hyperbolic and semi-attractive.

The dynamical behavior considered in Proposition 3.2 provide us the germ necessary to analyze
the presence of invariant cones and the existence of saddle-node bifurcations of invariant cones. The

key idea is to know what invariant cones persist when this situation is perturbed.

3.2 Equivalence between invariant cones in 2CPWL; systems and

periodic orbits in planar PWL hybrid systems

The correspondence one-to-one between the invariant cones of system (3.1) and periodic orbits of
certain planar hybrid PWL systems is considered in this section. In the following, the characteristic

polynomial of matrices M~ and M will be denoted by
pru-A) =det(M™ = A) = =N+t A2 —m~A+d”

and
pa+N) =det(MT = M) = =X3 +tFA2 —mFTXA +dF,

respectively.

Let us expose some geometrical properties of the invariant cones that may appear in the class of
systems that we are studying. To begin with, if A= € R is an eigenvalue of matrix M, then it is
immediate to observe that the plane I~ = ()\_)2 x — A"y + 2z = 0 is an invariant manifold for the
linear system x = M ~x, x € R3. Analogously, if AT is a real eigenvalue of matrix M T, then the plane
It = (AT)? 2= ATy +2 = 0is an invariant manifold for the linear system x = M*x, x € R3. When
A~ # AT, then II™ and I are not invariant manifolds of system (3.1) and when A= = ™, then
the planes I~ and II* coincide and constitute a planar two-zonal invariant cone for system (3.1).
It is clear that the invariance of these planes must restrict the sets where the invariant cones of
system (3.1), if any, are located. We will say that a cone is above (resp. below) a plane if for every
point (z1,y1,21) not at the origin and belonging to the cone, there exists another point (z1,y1, 22)
belonging to the plane such that z; > 25 (resp. z; < z2). Now, from Lemma 21 and Proposition 22

of [25], it has been proven that the non-planar two-zonal invariant cones of the system, if they exist,
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are located either above or below both planes II~ and IIT. Therefore, we must look for the invariant

cones for system (3.1) above the planes IT~ and IT" or below these planes.

When one search invariant cones above IIT, these cones correspond one-to-one to the periodic

orbits of a planar continuous piecewise quadratic system, as it is established in the next result.

Proposition 3.4 Let A" be a real eigenvalue of matrix M ™, then the invariant cones of system (3.1)
located above the plane IT* are in one-to-one correspondence to the periodic orbits of the continuous

planar piecewise quadratic system

i o= (7 = A up —ug — py- (A,
9 if U] < 0,
Z.Ll = (t+ —)\+)U1 — U2, .
) if up > 0.
Uy = [m"" + ()\+) } Uy — 2)\+UQ —1,
Proof: It is sufficient to do the change of variables
T Y 2
up = , Uy = , Zt ="z = Aty + 2,
1 Oz Ayt 2 2 O 2z — My + 2 (A1) y (3.3)
when (A2 — Aty + 2> 0. O

We can establish an analogous result for the invariant cones living above the plane II~.

Proposition 3.5 Let A\~ be a real eigenvalue of matrix M ~, then the invariant cones of system (3.1)
located above the plane I~ are in one-to-one correspondence to the periodic orbits of the continuous

planar piecewise quadratic system

01 = (t7 — A7) v — v,
if v1 <0,
Vg = [m_ + ()\_)2} vy — 2\ vy — 1, (3.4)
P e |
) if v1 > 0.
Oy = {m+ + (A7) } v = 2702 — pyt (AT )vgve — 1,
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Proof: It is sufficient to do the change of variables

x y _ _\2 _
, = , Zm=A")Vxz—XNy+z
O zr— Ayt 2T O r—Ay+z (A7) Y (3.5)

v =

when ()\_)256 —ATy+2>0. O

Note that for AT = A~ systems (3.2) and (3.4) are planar CPWL systems. Moreover, if AT # A\~
then system (3.2) is linear for u; > 0 and quadratic for u; < 0; and system (3.4) is linear for v; < 0
and quadratic for v; > 0.

Taking into account that piecewise quadratic systems (3.2) and (3.4) have been obtained from
system (3.1) by means of the changes of variables given in (3.3) and (3.5), respectively, we can
conclude that both continuous piecewise quadratic systems must be equivalent in a suitable region
of R?. Indeed, it is possible to obtain the change of variable which transforms system (3.2) into

system (3.4) as well as the suitable region. From expressions (3.3) and (3.5), one obtains
Zt -7 = ()\+ — )\_) [()\+ +)\_) x —y]

and so, B
%:1—(A+—)\_) [ a) 2 - 2.
Hence, since u1 = /2%, us = y/Z*, ZT >0, Z~ >0 and Z~/Z+ = uy /vy = us/ve, we deduce
that
L= (AT =A7) [(AT+ A7) ug —ug] >0,
— ui
1— ()\Jr — )\7) [()\Jr + )\*)ul — UQ]

U1

and
Uz

T IO =) [ A ) u — )

V2

A similar argument can be done to determine that

T OF ) [ A ) o1 — v
and
V2
U2

T I+ A (AT A — 0]
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The above reasoning allows us to state that if A™ # A\~ the quadratic system

o= (7 = A u —ue — pp- (A,

Uy = {m_ + ()\J’)ﬂ uy — 22X uy — pp—- (AT ugug — 1,
is equivalent to the linear system
01 = (7 —A7)vy — ve,
Uy = {m_ + ()\_)2] vy — 2\ vy — 1,
for each open half-plane determined by the straight line
L= (AT =A7) [(AT+ A7) ug —ug] =0,
and in the same way, the quadratic system

0 = (7 = A7) v —vg —ppr (A7)07,
vy = {er + ()\*)2} v — 22X\ vy — ppr+ (AT )vvg — 1,
is equivalent to the linear system
Z.Ll = (t+ — )\+)U1 — Uug,
iy — [m"’ v ()\+)2] u — 22tup — 1,

for each open half-plane determined by the straight line

1 (0 = A7) [(A + A7) 01— 0] = 0.

Observe that periodic orbits of piecewise quadratic system (3.2) must belong to the open half-
plane
Or = {(ul,uQ) eR?:1— ()\Jr — )\7) [()\Jr + )\7) Uy — UQ] > 0}, (3.6)

because the invariant cones of system (3.1) located above the plane II* also have to be located above

the plane II~. Analogously, the periodic orbits of piecewise quadratic system (3.4) must belong to
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the open half-plane
07 = {(u1,m) € B 14 (F A7) [(F +X7) vy — 2] > 0}, 67)

We represent the half-planes Q" and Q™ in the Fig. 3.1 in thecase A\™— A" > 0and A+ A" < 0.
The remaining cases have analogous representations.

Note that the origin belongs to half-planes QT and 2, and that Q7 = Q™ =R for AT = \™.

U9 V2

(A~ =)t
U1 U1

O+

Figure 3.1: The half-planes Q* and Q~ defined in (3.6) and (3.7) for the case A= — AT > 0 and
AT+ AT <.

From the above reasoning, we can describe a hybrid planar PWL system, with the proposal to
search the periodic orbits of systems (3.2) or (3.4), that is, the invariant cones of system (3.1) above
planes II™ and IIT.

Proposition 3.6 The invariant cones of system (3.1) located above planes IT~ and IT* are in one-

to-one correspondence to periodic orbits of the planar hybrid piecewise linear system

T=2(a" =X )z —y
if x
[ S s S B,
(3.8)
=2 =AMz —y . 0
i=[et - @]e-1 7T
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defined in the region = Qq U Qs, where
O ={(z,y) eR*: 1+ (A" = A) [\ =X )z—y] > 0,2 <0} (3.9)

and
O ={(r,y) eR*:1— M = A7) [A™ = ANz —y] >0,z >0}, (3.10)

with the reset map
R:QN{z=0} — Qn{z=0}

(3.11)
(0,y) — (0,0(y)),
being
Y if y<0
L= (AT =)y ’
5(y) = (3.12)
Y .
f 0.
1+ =Xy R e
Proof: The following discontinuous change of variables
Uy
U= T 0F 0 [OF 3 s —
S L S TR
Vo =
2T IO =) (A A ) ug — ug (3.13)
U1 = Uz,
for wup; >0,
V2 = U2,

defined in the half-plane Q*, where QT is given in (3.6), transforms system (3.2) into the planar
PWL system

v = (ti —)\7)?}1 — V2,
if v < 0,
vy = m- + ()\7)2} v —2A vy — 1,
(3.14)
’L')l = (t+ —)\+)2}1 — V2,
if v > 0,
vy = [m"" + ()\+)2} vl — 2)\+’L)2 —1,

and the set Q7 into the set Q = Oy U Qy, where

Q1= {(v,v2) eR?: 1+ (AT = A7) [(AT + A7) vy — 2] > 0,01 <0}
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and
QQ = {(Ul,vg) eR?:1— ()\Jr — )\7) [()\Jr —l—)\f) U1 —1)2] >0,v1 > O} .

Note that system (3.14) needs the reset map

ﬁ:ﬁﬂ{m:O} — Qﬂ{m:O}

(07 UQ) L (0’ 5(02))7
where vy
if vo <O,
= —aJuy 2SO
5(?}2) =
%2 if vo >0,

1+ ()\Jr — )\7)’02

which is a direct consequence of the discontinuous change (3.13). Now, the last change of variables

—2\"v1 +vy if v <0,
T =i, Y= .
—2)\+1)1 +wvy if v >0,

transforms system (3.14) into system (3.8), the regions €; and s into the regions €; and Qs, given
in (3.9) and (3.10), respectively, and the reset map R into the reset map R. This concludes the
proof. O

We represent the sets  and € in Fig. 3.2 for the case A~ — A* > 0 and A~ + AT < 0. The
remaining cases have analogous representations.
It is clear that Proposition 3.6 has a dual result, that we enunciate without proof, for the invariant

cones living below planes II~ and IIT.

Proposition 3.7 The invariant cones of system (3.1) located below planes II~ and II" are in one-

to-one correspondence to the periodic orbits of the planar hybrid PWL system

#=2a” =A)e —y if 2 <0
i= @ =X () |
(3.15)
=2 =)z —y . 0
i= [ -3zt "7
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(%) Y

0y O\Wl o y
(1 x

Q2

Figure 3.2: The sets Q=0UQand Q=0Q,UQy for A\ = AT >0and A\ + AT < 0.

defined in the region 0= Ql U QQ, where

and

QQ:{(x,y)€R2:1+()\+—)\_) (A=A z—y] >0,2>0},

with the reset map
R1L:Q0n{z=0 — Qn{z=0}
(0,y) — (0,671 (y)),

where ¢ is defined in (3.12).

3.3 Statement of main results

To begin this section we present the unperturbed system and its perturbation. As we have written
in Sec. 3.1, the dynamical behavior considered in Proposition 3.2 provide us the germ necessary to

analyze the existence and bifurcations of two-zonal invariant cones. Note that system (3.1), under
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conditions of Proposition 3.2, can be written as

Ntx if x>0,
X = (3.16)
N7 x if x<0,

where
3\~ -1 0
Nt=1 2072+ 0 -1 |,
AP +A(BEH)? 00
(3.17)
3\~ -1 0
N-=1 20)+(B) 0 -1 ],

(PHAE? 0 0

with A=, 87,87 € R, 37 > 0 and 87 > 0. This system will be called the unperturbed system.

We ask about invariant cones of the unperturbed system (3.16) that remain when it is perturbed.
As the eigenvalues of the coefficient matrices N~ and N* are A=, A= i~ and A=, A\~ £igT,
respectively, to perturb the system it is natural to assume that coefficient matrices of the perturbed
system possess a pair of complex conjugate eigenvalues. Furthermore, these eigenvalues must be
close to the eigenvalues of the unperturbed system. Hence, we can assume that the eigenvalues of

the coefficient matrices of the perturbed system are A=, = £i5~ and A", o™ i3, with
a” =X +4eo,at =1 +eot and AT =27 +eA, (3.18)

where A=, 07,0, Aje € R and |¢| << 1.

From system (3.1), assuming that the eigenvalues of matrices M and M~ have the form given

in (3.18), we arrive to the perturbed system

(Nt +eLt)x if x>0,
% = (3.19)
(N 4+eL7)x if z<0,
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where N~ and N+ are given in (3.17), L~ =b~e;” and Lt = bte;”, with

200 + A
bt = BANToT +ATA+O(e)

200720 + A(A7)? +(87)%) + Oe)
and A\ 07, 0t A e €R, g] < 1.

Note that the invariant plane of the left zone for the perturbed system (3.19) is II™, the same
as that of the unperturbed system (3.16). Nevertheless, the invariant plane of the right zone, which
we will denote by 1T, has a different expression IIF = (A~ +£A)’z — (A~ + M)y + z = 0.

At this time, we are able to expose the main results of this chapter. The proofs are based on
the equivalence between invariant cones in three-dimensional CPWL systems and periodic orbits in
planar hybrid PWL systems (which is stated in Sec. 3.2). Thus, two functions whose zeros provide us
the invariant cones that persist will be constructed. These functions will be called Melnikov functions.
Note that one could also use the method of averaging for manifolds [79], since, as it is proved in
[10], this approach can be extended for Lipschitzian systems; but that would require us to work with
system (1.20), which is a continuous piecewise cubic system on S2, rather than a planar piecewise

linear system.

The second items of the following theorems will allow us give some results of saddle-node

bifurcation of invariant cones of system (3.1).

We only prove Theorem 3.8. Similar reasoning let us prove Theorem 3.9.

Theorem 3.8 Consider the Melnikov function

My (yo; ) = (07 = N F(yo, 1) + 0~ Glyo, 57) — yaA, (3.20)
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defined for yg > 0 and p = (0=,0", A, 37, 3") € R, where

7(1+a’y?) 2 -2

F(yo,a) = a3

being

1 1
[(yo,a,):a ((?4_%) sin_lﬂ—k@) for a > 0.

V1i+a?y: a

Assume that there exist o > 0 and pg € R such that M (3jo; po) = 0 and denote

_aMl(—. )
q1 = I Yos Ko )-

Then, the following statements hold.

(a) If ¢1 # 0, then the perturbed system (3.19) has a hyperbolic two-zonal invariant cone located
above the planes II~ and II}, for ¢ different from zero and sufficiently small. Moreover, the

invariant cone is repulsive if € - ¢ < 0 and attractive if € - ¢; > 0.

(b) If g1 = 0, then there exists a function p = () = po + O(e) such that system (3.19) has a
unique non-hyperbolic semi-attractive two-zonal invariant cone located above the planes I~

and IIf, for £ different from zero and sufficiently small.

Proof: For the unperturbed system (3.16), = = A\~ = a™ = A", so applying Proposition 3.6, the

invariant cones located above plane II~ = IIT are in one-to-one correspondence to periodic orbits
of the planar CPWL system
T =—
. if 2 < 0,
y=(B")zr—-1
(3.22)
T=—
4 >0,
y=(6*) x-1

defined in R2. Note that, as At = A~ the reset map defined in (3.11) is the identity function and the
resulting system is a planar CPWL system. Now, let us describe the phase plane of system (3.22). As
B~, 8% >0, system (3.22) possesses only one equilibrium point = (1/(37)2,0). Moreover, system
(3.22) is invariant under the transformation (¢,y) — (—t, —y). From this invariance and taking into

account that the equilibrium point Z is a linear center of the right zone, we conclude that there exists
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an unbounded continuum of periodic orbits surrounding the equilibrium point Z (see Fig. 3.3). In the

<
S

g(

Figure 3.3: Representation of the continuum of periodic orbits of system (3.22).

continuum, there exist periodic orbits contained in the zone x > 0 and periodic orbits contained in
both zones. The orbit passing through (z,y) = (0,0) is tangent to the vertical axis and corresponds
to the invariant cone which is tangent to the separation plane and it is located above the planes 11~
and II". The two-zonal orbits form an unbounded continuum of periodic orbits crossing transversally
the separation line z = 0 counterclockwise. If we integrate the system, we find out that every two-
zonal orbit is formed from two pieces of ellipses, joined with continuity and differentiability at the

separation line x = 0. This family of periodic orbits can be parameterized as

r, =

{ (B )2z =12+ (B)22 =1+ (8)%2 ifa<0,
Yyo —

(BF)2x—1)2+ (BN =1+ (8723 ifz>0,
where yg € (0,400) is the intersection point of the periodic orbit with the vertical axis.

On the other hand, applying Proposition 3.6 to system (3.19), we can asserts that invariant cones

of this system located above planes II~ and I are in one-to-one correspondence to periodic orbits
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of the planar hybrid PWL system
9o
ro e vy if 2 <0,
j=(e*(07)?+(B7))r -1

T =2(ct —ANz—y
g = (" = A2+ (B))e -1

(3.23)

if x >0,

defined into the region . = Q.1 U Q.9, where
Qe1 = {(z,y) € R?:1+eA(eAz —y) > 0,2 < 0}

and

Qer = {(z,y) € R®: 1 + A (eAz +y) > 0,2 > 0},

with the reset map
Re:Q.N{z =0} — Q.Nn{x=0}

(0,y) — (0,6:(y)),
being
1 —ysAy ity <0,
o (y) =
1+ysAy if y> 0.

Note that system (3.23) is a perturbation of system (3.22).

The previous system (3.23) is a planar hybrid PWL system of the family (2.6). Therefore, the
theory that has been developed in Chapter 2 can be applied here. Specifically, the Melnikov function
M defined in (2.25) particularized for system (3.23) is given by

2
M (yo; p) = _%Ml(yOQN)v

where M (yo; ) = Mc(yo; ) — yaA, with

Me(yo; p) = (6" = NS (yo, ) + 0~ S~ (yo, 1),
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being
ST (yo; ) = Area(int(Ty, N {(z,y) € R* : 2 > 0})) (3.24)

and

S~ (yo; w) = Area(int(Ty, N {(z,y) € R? : & < 0})). (3.25)

Finding the explicit formulas of areas (3.24) and (3.25), the function M is given in expression (3.20).
The proof conclude by direct application of Theorem 2.8 O

Theorem 3.9 Consider the Melnikov function

Ma(yo; p) = (07 — N)G(yo, 87) + 07 F(yo,87) + yiA, (3.26)

defined for yo > 0 and u = (0=,0", A, 37, 8") € R?, where F and G are given in (3.21). Assume
that there exist 7o > 0 and po € R® such that Ms(%o; po) = 0 and denote

_8M2(—. )
q2 = I Yos Ko )-

Then, the following statements hold.

(a) If g2 # 0, then the perturbed system (3.19) has a hyperbolic two-zonal invariant cone located
below the planes 11~ and II}, for ¢ different from zero and sufficiently small. Moreover, the

invariant cone is repulsive if € - g3 < 0 and attractive if € - g > 0.

(b) If g2 = 0, then there exists a function p = () = po + O(e) such that system (3.19) has a
unique non-hyperbolic semi-attractive two-zonal invariant cone located below the planes TI~

and II, for ¢ different from zero and sufficiently small.

3.4 Conditions for the existence and saddle-node bifurcation of

invariant cones

In this section, by using theorems 3.8 and 3.9, we give specific conditions about the parameters of
the perturbed system (3.19), which allow us to guarantee the existence of two-zonal invariant cones.
These results agree with those given in Theorem 2 of [25]. Furthermore, by means of the theory

developed in this work, we are able to prove the conjecture done in [25] about the existence of a
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saddle-node bifurcation of invariant cones. In fact, we will give an explicit expression of the function
which characterize the saddle-node bifurcation.

In the next section we will see that, although the results given in [21] about the existence and
saddle-node bifurcation of invariant cones cannot be applied to system (3.19), we are able to extend
the results given there through the theory developed in this work.

Let us begin by proving some results about the existence of invariant cones in system (3.19).

Functions M; and M, given in (3.20) and (3.26), respectively, are defined for yo > 0. However,

we can extend by continuity the definition to yy = 0,

T ™
Mi(0,p) = ——=(c"—A) and My(0,p) = ———0".
’ (8+)? ’ Gk
We will occasionally delete the parameter p in the expressions of Melnikov functions and we will
denote the derivative with respect to the variable yg by a prime.
To start, a result about the existence of exactly two two-zonal invariant cones for the perturbed

system (3.19) is stated.

Theorem 3.10 If A- 0~ < 0 and A(c" — A) > 0, then the perturbed system (3.19) has exactly
two two-zonal invariant cones for |¢| # 0 sufficiently small, one of them above the planes II~ and
I+ and another below them. Moreover, if A - & < 0, the invariant cone located above the planes is
attractive and the other one is repulsive. On the contrary, if A-¢ > 0, the invariant cone located

above the planes is repulsive and the other one is attractive.

Proof: To prove the existence of invariant cones we first show that functions M7 and M> given in
(3.20) and (3.26), respectively, possess simple zeros in (0, 4+00).

The function M; satisfies the following properties

— T : —
M, (0) = W(O’ —A) and yol—lgrloo M (yo) = —(sgn(A))(400). (3.27)
Therefore, if A(ot — A) > 0, M, possesses at least one zero o > 0. In the same way, the function
M, satisfies

M3(0) = WU_ and yol_i}iloo M>(yo) = (sgn(A))(+00),

so, if 07 - A < 0, My possesses at least one zero g > 0.
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Taking into account Remark 3.3, the roots 7y and g must be unique and simple. Moreover, it

is easy to see that

sgn(Mj(3o)) = —sgn(A) and  sgn(M;(y5)) = sgn(A),
so, the proof concludes by direct application of the first item of theorems 3.8 and 3.9. O

After that, we give two results about the existence of one two-zonal invariant cone above
(respectively, below) the planes I~ and IIF. We shall only prove the first theorem because the
second one can be demonstrated working with the Melnikov function M5 in the same way as we do

with My in the proof of the first one.

Theorem 3.11 If A(c™—A) > 0and A(2(c~ —o")—A) > 0, then the perturbed system (3.19) has
one two-zonal invariant cone above the planes II™ and II} for || # O sufficiently small. Moreover,

if A-e <0, the invariant cone is attractive and if A - & > 0, the invariant cone is repulsive.

Proof: From (3.27), we know that if A(ct — A) < 0, M; possesses at least one zero o > 0. We
can now obtain M/ (yo) = Ma(yo)yo, where

Ma(yo) =
B 20 1 (B7)%w 20 =N (. (BYm (3.28)
3Ayo + e sin TR + 5+ (77 sin NG DR .

This function satisfies

21(oT — A) )
M4(0) = 5 and yol_l)ffrloo Ma(yo) = —(sgn(A))(+00),
so, under the hypothesis A(ct — A) < 0, M, possesses at least one zero in (0,+00). Moreover,
it is easy to see that M (yo) has at most two strictly positive zeros. Taking into account that
M/ (0) = 2(¢~ — o) — A and assuming A(2(c™ —o™) — AT) > 0, it is direct to check that M,
possesses exactly one zero in (0,+00) and so, the zero gy is unique and it is simple. The proof

concludes by direct application of the first item of Theorem 3.8. O

Theorem 3.12 If A- 0~ < 0 and A(2(c~ —o™) — A) > 0, then the perturbed system (3.19) has
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one two-zonal invariant cone below the planes II™ and II} for || # 0 sufficiently small. Moreover,

if A-e >0, the invariant cone is attractive and if A - e < 0, the invariant cone is repulsive.

Note that, under the hypotheses of theorems 3.10, 3.11 and 3.12, it is impossible to find a saddle-
node bifurcation of two-zonal invariant cones, because we know from [25] that the maximum number
of two-zonal invariant cones which can appear is two. Nevertheless, if we consider 5~ = 3T, we are
able to prove the conjecture about the existence of saddle-node bifurcation of two-zonal invariant

cones given in [25].

Specifically, the hypotheses in Conjecture 3 of [25] were t™ # ¢~ and A™ # A~ which in the case
of system (3.19) are translated into (2(c~ — o) —A) # 0 and A # 0, hypotheses that are fulfilled

in the following two results about the existence of a saddle-node bifurcation of invariant cones.

In the first result, the invariant cones arise above the planes II™ and H+, and in the next one,
below them. Only the first theorem is proven because the second one can be demonstrated simply
by working with the Melnikov function M5 in the same way as we do with M; in the proof of the

first one.

Theorem 3.13 Suppose 3~ =7, A+~ —ot #0and A(2(c~ —o™) —A) > 0. Let the function
SNi(A, 0,07, 3") be defined as

SNL(A, o+, 0-, B+) = w(A —oF) + gm(z(f s gy y O
(8)240 (3.29)

A+o~ —ot)sin™! ,
A N S DN

where

o —otT) —
zio=\/2( (ﬁﬂQK A. (3.30)

If there exist A,6%,57,5T € R for which SNy(A,61,67,
Ae)=A+0(), 0" () =T+ 0(e) and 07 (e) =5~ +O(
that the perturbed system (3.19) with A = A(¢), o7 =07 (e), 0~ = 07 (¢) and B~ = B+ = B+,

has exactly one two-zonal invariant cone above the planes IT~ and IIF, which is non-hyperbolic and

~,B%) = 0, then there exist functions
);

defined for || sufficiently small, so

semi-attractive, for |¢| # 0 and small enough.
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Proof: We are looking for a strictly positive double zero of the Melnikov function Mj, i.e., a solution

of the system

M =0,
1@0) (3.31)
M (yo) = 0.
This system is equivalent, for 3y # 0, to
M =0,
Md(yO) = 07

where My(yo) is given in (3.28). Imposing 3~ = 3%, we can find the value of sin=!((3%)%yo/(1 +
(B)2y3)~1/?) from the first equation of (3.32), provided that A + ¢+ — o~ # 0. Substituting it in

the second equation of (3.32), we arrive to

200~ —ot) AL+ (BN
y°< 1+ (322 : > -0

The unique strictly positive solution of the previous equation is given by

(2007 —0")—A
PN

provided that A(2(c~ — o) — A) > 0. Now, substituting yo = 7o in the first equation of (3.31), we

have that M, has a positive double zero when

7(A—ot)+
+\2~
§\/A(Q(U_ — 0t —A)—(A+0~ —ot)sin™! (B7)%o ___o.
’ T+ (320
The proof concludes by direct application of the second item of Theorem 3.8. O

Theorem 3.14 Suppose 3~ = 7, A+0~ —oT #0and A(2(c~ —ot)—A) > 0. Let the function
SNy(A, 0,07, 3") be defined as

SNQ(Aa 0-+70-_7B+) =

To~ + g\/A(Q(U* —0t)=A)—(A+0~ —0o)sin!
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where 7 is given in (3.30). If there exist A,a7,5~,3" € R for which SNo(A,6%,67,5%) = 0,
then there exist functions A(e) = A+O(¢), ot () =6+t +0(e) and 07 (¢) = = +O(e), defined for
|e| sufficiently small, so that the perturbed system (3.19) with A = A(e), ot =0T (), 0~ =07 (¢)
and 8~ = B+ = B*, has exactly one two-zonal invariant cone below the planes II~ and ITS, which

is non-hyperbolic and semi-attractive, for || # 0 and small enough.

To illustrate the behavior of the Melnikov functions described in Theorem 3.13, we represent in
Fig. 3.4 the Melnikov function M; under the hypotheses of this theorem. Note that this situation
corresponds to a saddle-node bifurcation of invariant cones. If we change a little bit the values of the
parameters of the perturbed system (3.19), the Melnikov function M; can have exactly two simple
roots, which give us two two-zonal hyperbolic invariant cones or, in the opposite way, it has not
roots, which corresponds to the non-existence of invariant cones of the perturbed system (3.19) in a
neighborhood of the invariant cone of the unperturbed system (3.16) corresponding to the periodic
orbit I',.

M,y

/'\ "

Yo

Figure 3.4: The Melnikov function M7 under the hypotheses of Theorem 3.13 when S N7 defined in
(3.29) vanishes.

3.5 Bifurcations of invariant cones which are tangent to the

separation plane

In this last section, we will focus our attention on the existence of invariant cones which arise from

the invariant cones of the unperturbed system (3.16) which are tangent to the separation plane
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x = 0. A similar situation was analyzed in [21]. There, the following parameters were considered,
n=3\"—-)X"—2a" and =3\ — AT —2a". (3.33)
For the perturbed system (3.19), these quantities are
n=e(BA" —207) and ij=—c(A+20T). (3.34)

It is a necessary condition for the application of the results given in [21], that these parameters were
different from zero in system (3.16), which is not fulfilled in our case. Nevertheless, we are able to
prove similar results about the existence and bifurcation of invariant cones, by applying the theory
developed in this chapter, as we are going to see in detail in the following lines.

Let us begin by analyzing the existence of tangent cones for system (3.16). Note that there are
two tangent cones, one on each zone of linearity. We will denote the tangent cone contained in the
half-space {z < 0} as C;, and the tangent cone contained in the half-space {z > 0} as Cj. The
invariant cone Car corresponds to the periodic orbit of planar CPWL unperturbed system (3.22) which
is tangent to the separation straight line z = 0. A similar comment can be done for the invariant
cone C .

To begin with, we present two results about the existence of one two-zonal invariant cone above
(respectively, below) the planes IT~ and II. Only the first theorem will be proven because the second

one can be demonstrated working with the Melnikov function M.

Theorem 3.15 Suppose (6 — A)(207 — 3A) < 0 and |0t — A| is sufficiently small. Then, the
perturbed system (3.19) has one two-zonal invariant cone located above the planes I~ and II,
near to Cg, for |g| # 0 and small enough. Moreover, if (6% — A)e < 0, the invariant cone is

attractive and if (67 — A)e > 0, the invariant cone is repulsive.

Proof: Consider the function

My (yo) = <7 (3.35)

Due to function S*(y) is strictly positive for yo > 0, see (3.24), function M, possesses the same

roots as M7, with the same multiplicity.

Assume that all the parameters of the system are fixed, except ™. We define the following
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function
H(s,ob) = M, (s"/%,6"),

where we have assumed that the Melnikov reduced function (3.35) is function of o too. Then,

assuming 20~ — 3A # 0, one obtains

0H
H(0,A) = —-—
(0,A) =0 and 95

(0,4) = (85)*(20 — 3A)/(37) 0.

By applying the Implicit Function Theorem we deduce that there exists a function f which is defined
in a neighborhood U of (0,A), such that H(f(c"),0") = 0 for all o™ € U, i.e., the equation
M, (30) = 0 has one solution gjo = (f(cF))'/? provided that |o+ — A| is small enough. Moreover, it
is easy to see that sgn(f(c™)) = —sgn((c™ — A)(20~ — 3A)). So, the solution gy is positive when
(67 — A)(207 — 3A) < 0. Therefore, there exists a positive simple root 5o > 0 of the Melnikov
function M; near to yo = 0. On the other hand, sgn(Mj(g0))=sgn(M/ (o)) = sgn(20~ — 3A) # 0.
The proof concludes by direct application of the first item of Theorem 3.8. O

Theorem 3.16 Suppose o~ (20" +A) < 0 and |0~ | is sufficiently small. Then, the perturbed system
(3.19) has one two-zonal invariant cone located below the planes II™ and II, near to Cy , for |e| # 0
and small enough. Moreover, if 0~ - ¢ < 0, the invariant cone is attractive and if 0~ - ¢ > 0, the

invariant cone is repulsive.

Finally, by adding some more hypotheses to those considered in theorems 3.15 and 3.16,
respectively, we establish two results about a saddle-node bifurcation of two-zonal invariant cones.
We only prove the first theorem because the second one can be proven just working with the Melnikov
function M5. To do that, we need a previous result about the roots of a polynomial of degree 5. The

result is given in Proposition 6 of [43].

Lemma 3.17 Consider the function

P(x) = by + b3a® + by, (3.36)
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with b5 # 0. The nonnegative solutions of equation
P(z) =0, (3.37)

behave as follows.

1. For by = 0 the equation has always the zero solution, it has not positive solution if b3 - b5 > 0
and it has the positive solution = \/—b3/bs > 0 when b3 - b5 < 0.

2. For b3 = 0 the equation has not positive solution if by - b5 > 0 and has one positive solution

for by - bs < 0.
3. If by -bs > 0 and by - b > 0 there are not positive solutions.
4. If by - bs < 0 there is only one positive solution.

5. If bp-bs > 0 and by - bs < 0, we can define in the parameter plane (bg, b3) the expression given
by

i 2
h (bo,bg) — bo + gbg <—%

(3.38)

so that,
(a) If boh*(bo,bs) < 0, then equation (3.37) has two positive solutions.

(b) If boh*(bg,b3) = 0, then equation (3.37) has only one positive solution, namely z =
/=3b3/5b5 > 0.

(c) If boh*(bg,bs) > 0, the equation (3.37) has not positive solutions.

Theorem 3.18 Assume |c" — A| and |20~ — 3A] are sufficiently small, (6 — A)(20~ —3A) < 0
and (67 —A)o~ < 0. Then, there exists a function SNg; (A, 0", 07,87, 37) whose local expression

is given by

SNOl(A>O-+7U_7B+7B_) —

B 20~ — 3A 3(20~ — 3A) 8/2
— ot —A42(61)° o <2(ﬁ)20 TR = 3A)> +...

such that the following statements hold.
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(@) If (67 — A)SNo1 (Ao, 07,87,87) < 0, then system (3.19) has two two-zonal invariant
cones above the planes I~ and II, near to Cg, for |¢| # 0 and small enough. One of them

is attractive and the other one is repulsive.

(b) If there exist A, 6+, &=, 3+, B~ € R for which SNy1(A,67,6-,3%,37) = 0, then there
exist functions A(e) = A+ O(¢), 07 (¢) =+ + O(¢) and 07 (¢) = 5~ + O(¢), defined for
|e| sufficiently small, such that the perturbed system (3.19) with A = A(e), o™ = o™ (),
o~ =0 (g), B¥ = BT and B~ = B, has exactly one two-zonal invariant cone above the
planes II™ and IIF

£, near to Cg, which is non-hyperbolic and semi-attractive, for || # 0 and

small enough.

(c) If (67 —A)SNo1 (A, 0T, 07,87, 87) > 0, then system (3.19) has no two-zonal invariant cones

above the planes I~ and II}, for |¢| # 0 and small enough, near to Cj .

Proof: As we have noted in the proof of Theorem 3.15, function M, defined in (3.35) possesses
the same roots as M7 with the same multiplicity. This function can be written in a neighborhood of

yo = 0 into the form

Mr(yO) =

ot — A+ (B+)3 <2U— —3A 4 2(87)%0~ +5(8T)%(20~ — 3A) 5

_ 6
3r 0 157 y0> +Oo)-

Therefore, if (6 — A,20~ — 3A) =~ (0,0), then we can find zeros of M, for |yo| sufficiently small
finding the roots of

+30.* +)3 720'7 +20_,_
(8%) (2377 +38) 5 (BP0 458207 =30) 5 g5

ot - A
Qo) =0 + 157

By applying statement 5 of Lemma 3.17 and taking into account that for the polynomial ) given
in (3.39),
(B4)*(20~ — 3A)
3

b0:J+—A, b3:

and

b — _BPR(B7)%0 +5(8)*(20~ —3A))
T 157 ’
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it follows that for (6 — A)(20~ +3A) < 0 and (67 — A) < 0, there exits a function given by

h(A7 0'+70'77/8+7/87) =

_ 20~ — 3A 3(20 —3A) v
=0t S A2 (2(ﬁ‘)20— +5(8)2(20~ ~ 3A>> ’

such that,
(@) If (6™ = A)h(A,0",07,8%,87) <0, then polynomial Q has two positive roots.
(b) If h(A,0T,07,8",57) =0, then polynomial @ has only one positive root.
(c) If (o7 = A)h(A,0",07,8T,87) > 0, the polynomial ) has not positive roots.

The proof concludes by direct application of Theorem 3.8. O

Theorem 3.19 Assume |0~ | and |20" + A| are sufficiently small, ¢~ - (207 + A) < 0 and

(67 —A)-0~ < 0. Then, there exists a function SNy2(A, 0,07, 37, 37) whose local expression is

SNOQ(A7U+7O'77/8+7/87) =
20 + A 320 + A) 3/2
157 (5(5)2(20+ T A) 287200 —A)> T

=0~ +2(87)°

such that the following statements hold.

(@) If 0= - SNyo(A, 0,07, 8",87) < 0, then system (3.19) has two two-zonal invariant cones
below the planes II~ and II*

g

near to C; , for |¢| # 0 and small enough. One of them is

attractive and the other one is repulsive.

(b) If there exist A, 6+, 6=, 3%, B~ € R for which SNya(A,67,67,87,87) = 0, then there
exist functions A() = A+ O(¢), 07 (e) = 67 + O(g) and 07 (¢) = 5~ + O(e), defined for
|| sufficiently small, such that the perturbed system (3.19) with A = A(e), o = o™ (e),
o~ =0 (g), B = BT and B~ = 37, has exactly one two-zonal invariant cone below the
planes IT™ and II, near to C; , which is non-hyperbolic and semi-attractive, for |e| # 0 and

small enough.

(c) If o= - SNoa(A, 0,07, 8%,87) > 0, then system (3.19) has no two-zonal invariant cones

below the planes II™ and II}, near to Cy , for |¢| # 0 and small enough.
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It is worth mentioning that theorems 3.15 and 3.16 describe the existence of invariant cones in
the perturbed system (3.19). We can say that these periodic orbits arise, under the hypothesis of
Theorem 3.15 (respectively, 3.16), from the invariant cone tangent to the separation plane z = 0
which is in the half-space © > 0 (respectively < 0). The appearance of this invariant cone is
known as the focus-center-limit cycle bifurcation. A generic situation of this bifurcation is described
in [21]. However, it is not possible to apply the results given in [21] to our unperturbed system (3.16)
because the coefficients 1 and 7 given in expression (3.34), which characterize the bifurcation, are
zero for system (3.16). We can say that theorems 3.15 and 3.16 give conditions for spreading out in
one direction the focus-center-limit cycle bifurcation when 7 = 0 (respectively, 77 = 0), and theorems

3.18 and 3.19 study the degeneration of this bifurcation.
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Periodic Orbits for Perturbations of Three-Dimensional

Non-Controllable Continuous Piecewise Linear Systems

In this chapter, we consider the existence of periodic orbits in a class of three-dimensional CPWL
systems with two zones.

In order to analyze a family of dynamical systems, it is usual to begin detecting the elements of
the family which satisfy some non-generic property (in our case, the lack of controllability). Next, the
dynamical behavior of this non-generic system is studied. After that, if it is possible, some systems in
the family are described as perturbations of the non-generic system studied, and then, the dynamical
behavior of the perturbed systems is analyzed [8, 30, 70, 87, 94].

The non-generic system object of study in this chapter is a non-controllable 2CPWL3 system
which possesses a continuum of periodic orbits. As it has been pointed out in the previous chapters,
if we perturb a planar differential system having continuum of periodic orbits, we can think about
the number and positions of the periodic orbits that persist under the perturbation. To solve this
problem in the planar case, we find the Melnikov theory, as we have been studying in the previous
chapters.

In the three-dimensional systems object of study, 2CPWL3 systems, we are going to extend the
ideas of the Melnikov theory for planar systems to dimension three, by defining a function whose roots
will provide us the number and position of the periodic orbits that survive after the perturbation.

The chapter is structured as follows. In a first section, the non-controllable 2CPWL3 system is
introduced. Subsequently, in Sec. 4.2, we perform a perturbation which makes the system controllable.
After that, in Sec. 4.3 we construct a suitable Melnikov function. The following section is devoted
to the analysis of the Melnikov function. Finally, in the last section we state some results about the

existence and stability of periodic orbits and we perform a bifurcation analysis.
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Some of the main results of this chapter are published in [17].

4.1 The unperturbed system

We consider 2CPWL3 systems. To be able to adapt the ideas of the Melnikov theory, we need
a 2CPWL3 system having a continuum of periodic orbits. From the analysis done in [22, 23] the
appropriate candidate is a non-controllable observable system of the family (1.7). By imposing the
existence of periodic orbits to systems of the form (1.7), (that is, &« = 0) and doing an appropriate

change of variable we obtain the following partially decoupled system

&= AVx —y,
=z (4.1)

Zzl_yv

with AT, A~ € R.
Moreover, coefficient matrices in both linear zones share the pair of complex eigenvalues +i. The

matrix of the zone x < 0 possesses the real eigenvalue A~ and the matrix of the zone x > 0 has the

real eigenvalue \T.

To start, the solution of the linear system

<.
I
kS

z=1- Y,
with initial condition
(y(0),2(0)) = (1 + rcos(bp), rsin(fp)), being >0 and 6y € 0,2n),

is given by
y(t) =1 +rcos(t —0y),  z(t) =rsin(t — ).

Therefore, the cylinders of equation

(y—1)2422=+% with >0 (4.2)
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are invariant manifolds for system (4.1).

Taking 8 =t — 6 as a new independent variable, we obtain
y(0) =1+ rcosb, z(0) = rsin6. (4.3)

The substitution of (4.3) in the first equation of (4.1) drives us to the following non-autonomous

one-dimensional reduced equation

(4.4)

dr Atoe —1—rcosf, ifx>0,
do

Az —1—rcosf, ifx<DO.

This equation collects the dynamical behavior of the three-dimensional system (4.1). It reminds us
to a Ricatti equation with periodic coefficients [53].

The analysis done in [23] about the equation (4.4) lets us state the following theorem about
system (4.1).

Theorem 4.1 System (4.1) satisfies the following properties.
(a) The periodic orbits, if they exist, have a period of 27.
(b) If AT <0 and A~ > 0, system (4.1) has neither equilibrium points nor periodic orbits.

(c) f A= < 0 and AT < 0 (respectively, A= > 0 and AT > 0), then system (4.1) has a

unique equilibrium point (z,7, z) = (1/A7,1,0), (respectively, (z,7,z) = (1/A*,1,0)) and an

unbounded continuum of periodic orbits.

(d) If A= < 0y At > 0, then system (4.1) has exactly two equilibrium points (z,7,2) =
(1/A7,1,0) and (Z,9,2) = (1/A",1,0) and a bounded continuum of periodic orbits. Moreover,
the system possesses a heteroclinic orbit of equation {(x,1,0) : 1/A\™ < 2 < 1/A"} joining

both equilibrium points.

The properties stated in Theorem 4.1 let us draw the bifurcation diagram of Fig. 4.1. The lines
AT = 0 and A\~ = 0 are bifurcation straight-lines of system (4.1). There, the equilibrium points

target to infinity, where they disappear and the structure of the periodic orbits changes.
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An unbounded continuum

A unique equilibrium point.
f periodic orbits.

There are not equilibria.
There are not periodic orbits.

[

)\+

Two equilibrium points.

A unique equilibrium point. gfbc;lﬁ%%?gé:%?ttsmuum
An unbounded continuum A r?eteroclinic conexion
of periodic orbits. .

Figure 4.1: Bifurcation diagram of system (4.1).

For the development which will be explored later, it is important to describe some other properties
of system (4.1). We show these properties graphically in Fig. 4.2.

We know from Theorem 4.1 that the unperturbed system (4.1) has one invariant manifold foliated
by periodic orbits in the cases A~ < 0, AT < 0 (resp. A= > 0, AT > 0) and A= < 0, A" > 0. Consider
one of these situations. For the sake of simplicity, we work in the polar coordinates introduced in (4.3).
We will focus our attention on the periodic orbits which have points in common with the separation
plane. Each one of these periodic orbits, except those that have a non-transversal intersection with the
separation plane, intersects this plane at two points, (0,6,70), (0,01,7¢), where 8y € Iy C (0,27),
0, € I, C (0,27), with Iy, I; open intervals. As a consequence, the continuum intersects the

separation plane in two curves which can be parameterized as

I'=r=7(0),0 € Iy and F=r= 7(61),01 € I
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T =21 @

(a) Bounded continuum.

(b) Unbounded continuum with a
unique equilibrium point in z > 0.

(c) Unbounded continuum with a
unique equilibrium point in 2 < 0.

Figure 4.2: Continuum of periodic orbits of the unperturbed system and its intersection with the
separation plane for cases explained in Theorem 4.1.

with 14 7(6g) cos g > 0 and 1+ 7(6;) cos §1 < 0, where Iy and I are, respectively, the intervals Iy
and I; by adding it some of their endpoints, depending on the properties of the chosen continuum,
as it will be explained in a few lines. Therefore, for the unperturbed system, each point of the curve
(60, 7(00)) with g € Iy, is a fixed point of the Poincaré map.

Let 6y be a point in Iy. The periodic orbit of system (4.1) with initial condition (0,8, 7(6p))
has a left half-period 7~ (6p) and a right half-period 7+ (fy) = 2 — 7 (6p) because, as it is stated
in Theorem 4.1, every periodic orbit of the unperturbed system has a period of 2w. Moreover, the

half-period of each periodic orbit is unique and allows us to parameterize the curve r = #(6y), 6y € Iy
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I'= (6g(r7),r(r7)), (4.5)

with 77 in a subinterval I of [0,2x]. The corresponding periodic orbit of the continuum will be

denoted by x,-.

On the one hand, if A\~ < 0 and AT > 0, we know from Theorem 4.1 that system (4.1) has two
equilibrium points, one in zone = > 0 and the other in zone 2 < 0. These equilibria are surrounded by
periodic orbits found in a plane, and in the corresponding half-space. The last two of these periodic
orbits living in only one zone, have tangential intersection with the separation plane, see Fig. 4.2
(a). The one which surrounds the equilibrium point in x < 0 has left half-period 7= = 27 (7+ = 0)
and the one which surrounds the equilibrium point in z > 0 has left half-period 7= = 0 (7 = 2m).
Thus, the interval of definition where is located the parameter 7~ for the description of the curve T’

is the interval [0, 27], see [17].

On the other hand, if AT > 0 and A\~ > 0, system (4.1) possesses an unbounded continuum of
periodic orbits and a unique equilibrium point in the zone & > 0. This point is locally surrounded
by periodic orbits living in a plane and are in the zone z > 0, see Fig. 4.2 (b). The last one of
these one-zonal periodic orbits, touches tangentially the separation plane, and we can say that its
left half-period is 7= = 0 (7 = 27). Therefore, the parameter which defines the curve T' is located

in an interval of the form I = [0,77), where 7~ will be determined in the following result.

Analogously, if A= < 0 and AT < 0, system (4.1) possesses an unbounded continuum of periodic
orbits and a unique equilibrium point which is located in the zone 2 < 0. This point is locally
surrounded by periodic orbits living in a plane and are in the zone x < 0, see Fig. 4.2 (c). The last
one of these one-zonal periodic orbits, touches tangentially the separation plane, and we can say
that its left half-period is 7= = 27 (77 = 0). Therefore, the parameter which defines the curve T is

located in an interval of the form I = (77, 2x], where 7~ will be determined in the following result.

Proposition 4.2 Consider the function

N(Ti) — ()\* _ )\+)(6A+(T7727T)+)\7T7 + 1)_
()\— _ )\+)(6)\+(7—_—27r) + 6)\_7_) COST— — (46)
(L4 XA (AT — A (T 2m))gin 7
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If AT - A7 >0and AT + A~ # 0 then, there exists a unique 7~ € (0,27) such that
N(F) =o0. (4.7)

Moreover, in this case the value 7 allows us to define the interval of definition of the curve T.

Proof: We begin by doing » — 400 in the reduced equation (4.4). To do that, first we perform

the change of variable X = z/r. By doing 7 — +00 we obtain the equation

X
acll_H = AVX —cos¥,

which renaming X in small letter, corresponds to the three-dimensional homogeneous system

&=V —y,

Y=z, (4.8)

which is the homogeneous system associated to system (4.1). According to [25] this system has a
unique two-zonal invariant cone which is foliated by period orbits. These periodic orbits has a period
of 27 and the same left half-period 7.

From Proposition 11 of [25], 7~ is determined as the only solution in (0, 27) of the system

B _ e Ssins 9 N @T5) gin (27 — )
AT+ (A7) +1] = AT —[(AT)2 +1]
fox-(e) el D (4.9)
2 ' “sins 2 e sin (27 — s
AT —[(A7)F+1] () AT+ [(AT) 4+ 1] i) ,

where ¢, (s) =1 — e¥*(cos s — wsin s) is the Andronov function, see [1].

Both equations of system (4.9) are equivalents. Hence, 7~ is the only solution in (0,27) of

A2+ _egp’\;_is(i;s [y T sin@r =) (4.10)

o+ (2T — 5)

It is easy to see that (4.10) is equivalent to N(s) = 0 with N given in (4.6).

Therefore 77 is given as the only solution in the interval (0,27) of the equation N(s) =0. O
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Remark 4.3 Note that, for the bounded continuum there exists # such that there are not periodic
orbits with a ratio greater than 7, i.e., it corresponds to the most external periodic orbit of the
continuum. This value is given in Theorem 4.19 in [23]. On the corresponding cylinder, there exits a

unique half-stable periodic orbit with left half-period
o =22Ta /(AT — A7), (4.11)

For the sake of brevity, we will denote the corresponding intersection point of this periodic orbit with
the curve T given in (4.5) as (6,7). It is remarkable that the corresponding continuum is compact

but it is not normally hyperbolic [34].

At this point, we are able to ask about the periodic orbits of the continuum described in Theorem

4.1 which persist after a perturbation.

To analyze that, we translate to a three-dimensional piecewise linear systems family, the ideas of

the Melnikov theory for planar systems.

4.2 Construction of the perturbed system

As it was analyzed in Chapter 1, under the observability hypothesis, every 2CPWL3 system can be

written in the Liénard’s form

tvoo—1 0
x=| mv 0 -1 |x— es (4.12)
v 0 0

From now on, it will be useful to write the Liénard system (4.12) in cylindrical coordinates. That

is what we will do in the next proposition.

Proposition 4.4 There is a change of variables that transforms the Liénard system (4.12) into the
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form
t=ttex—1—rcosh,

F=((m" —1)cosf+ (7 = d¥)sin )z, if >0,
0= ((t" —d*)cosf — (m* —1)sing)> — 1,

\ r

(4.13)

T=t"x—1—rcosb,

7= ((m~ —1)cos® + (t~ —d )sinf)z, if v <0,

0=t —d )cosf—(m~ —1) sin&)% -1,

\

with » > 0, 6 € [0, 27).

Proof: After the change of variables Z = x — z and the additional change y = 1 +rcosf, Z =
rsinf, with r > 0,0 € [0, 27), system (4.12) takes the form (4.13). O

Note that the matrices of the unperturbed system (4.1) share the pair of complex conjugate
eigenvalues +i. If we want to perturb system (4.1) it is natural to suppose that coefficient matrices
of the perturbed system have a pair of complex conjugate eigenvalues. Then, we assume that the
coefficient matrix in the right zone 2 > 0 has the eigenvalues A\™, o £i3" and the coefficient matrix

in the left zone & < 0 has the eigenvalues A=, a~ £ i3, with 8- 53~ #£ 0.

Furthermore, these eigenvalues must be near to the spectrum of the coefficient matrices of the

unperturbed system (4.1), therefore, we can assume
a =eA ", =1,at =eAT BT =1 +¢B, (4.14)

where ¢ is sufficiently small and A=, AT, B € R. Note that is not restrictive assuming 3~ = 1,
because always exists a change of variable, affecting to the temporal variable, so that 8~ can be

equal to the unity.
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From system (4.13) and with the choice made in (4.14) we arrive to the perturbed system

ATx—rcg—1 2A"x
0 +e| (acog+b7sp)z |ifz <O,
-1 (b7co—a"sg)7
X = (4.15)
Mo —rcyg—1 2A T
0 +e| (aTcpg+btsg)x |ifz>0,
—1 (bFco —atsp)s

where,
cg = cos B, sp =sinb,
a” =e(A7)2+2A7 N7, b- =20 —e(A7)%\7,
at =e(AT)2 + 20T\t + 2B + B2,
bt = 2A% — g(AT)2AT — B2\t —2BAT.

(4.16)

It is clear that if £ = 0, system (4.15) is the expression in polar coordinates of the unperturbed

system (4.1).

4.3 Derivation of the Melnikov function

As it has been done in the previous chapters, we will construct a Melnikov function from a Poincaré
map and displacement function on. The definition of a Poincaré map and a displacement function can
be done by means of the composition of the Poincaré half-maps, following a development similar to
those done in Chapter 1. For this particular case, it is better to define these functions by considering
cylindrical coordinates. Thus, to find periodic orbits of system (4.15) we must find roots of the

displacement function
d(@,r,e) = P(9>T> 5) - (9>T) (417)

d(9 7“5): dl(ﬂ,r,s) _ P1(9,r,s)—9 _ 0 (4 18)
Y do(6, 7€) Py(6,r,e) —r 0/ '
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For system (4.1), the Poincaré map can be written into the form

P(@ , 0) _ P1(9,7°, 0) _ Ql(Q,T)
o Py(0,71,0) r

since cylinders (4.2) are invariants. The function ); is determined by the one-dimensional equation

(4.4). Then,
4(6,7,0) = ( dy (6, r,0) ) _ ( Q1(0,r) 0 )
d2(9,r,0) 0

Consider I the interval of definition of the curve I'. Let 7;" € int(/), i.e. a point of curve I',
which we denote by (6, 7). This point belongs to the periodic orbit X The periodic orbit X

has two points in common with the separation plane that intersect it transversally.

We have that d(fy,79,0) = (0,0)7. The Jacobian matrix of d(6,r,0) with respect to (6,r)
evaluated in (6, 7) is
0Q1 - 0Q1 , -

W(eo,fo) -1 W(eo,fo)

0 0
This matrix has no full rank and we cannot apply the Implicit Function Theorem. Nevertheless, from

[23] it follows that
%(90,7“0) — N T H2m—T AT

and so, if the periodic orbit is not the most external periodic orbit of the bounded continuum, we
deduce (see Remark 4.3)

%(9077“070) R RN B (4.19)

and if we apply the Implicit Function Theorem, there exists a function g, , defined in a neighborhood
V of (rg,0), with gg (7o, 0) = 6o such that dy(gg, (r,€),7,) = 0, for all (r,e) € V. Replacing it in

the second equation of (4.18) we arrive to da(gg, (,€),7,¢) = 0.

Denote

dy(r,e) = da(gg, (r,€),7,€). (4.20)

Now, to study the periodic orbits that persist in the perturbed system (4.15), we just analyze the
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equation
dy (7, €) = 0. (4.21)

We have dy(7o,e) = eDo(7, ), since da(7o,0) = da(gg,(70,0),70,0) = 0. As 7o depends on
value 75", we can write that D, depends only on 7, and «.

Therefore, if there exists 7~ such that

a—Df(%—, 0) # 0, (4.22)

Dy(77,0) =0, o

by applying the Implicit Function Theorem, we can state that there exist ¢y > 0 and a function
7= =77 () defined in (—&g, o) such that Dy(77(£),€) = 0, for £ € (—e,£0). So, to find the roots
of equation (4.21) when |e| # 0 and sufficiently small, it is enough to find simple zeros of equation

132(7"6,0) = 0. In other words, the simple roots of

0ds
2 (79, 0) = 0. 4.23
2 (70,0) (423)
The roots of the previous equation will give us some of the periodic orbits of the continuum that
remain in the perturbed system (4.15).
Next, we establish 88—6782(770,0) through the second component of the derivatives of the Poincaré

half-maps.

Lemma 4.5 Let 7, € int(I) be a left half-period different from 7, given in (4.11), i.e., a point
(6o, 70) = (Bo(75 ), m0(75)) € T'\ {(6,7)}, with T given in (4.5). The function dy defined in (4.20)
satisfies _ .

od oprP;, oOP;

a—;(fo,o) = 6—5(90,7*0,0) + 8—5(91’%’0)’ (4.24)

where 91 = Pl_(go, 70, 0).

Proof: From the definition of dy given in (4.20) we obtain

adz agéo 8d

g(mo) = W(géo(fovo)ﬂ?Ovo)%(FOA)) + a—;(géo(f()vo)v??Ovo) =
od _ B
= 8—;(Q§O(TO’O)’TO’O)'
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On the other hand dg(éo,fo,&‘) = Pg(go,fo,&“) — 79, and then,

ddy - oPy -
8—;(00777075) - 8—5(90777078)7
hence, B
ddsy , dds i B ddy - oP, -
E(TDvO) - g(géO(TD,O),?"Q,O) = 5(90774070) - 5(60774070)-

Moreover, P(0y,7,c) = PT(P~(6o,70,¢),e) = PT(P; (0y,70,¢), Py (0o,70,€),€). Therefore,

we can write

OP, -

a—;(HO,FOaO) —

oPy oP; oPy oPy oP;
a—;(alyf(]ao)a—el(eo’fo,o)+8—5(915’FO,0)6—€2(90?F0’0)+G—S(HI,F(]’O)’

where 0; = P (6o,70,0). We know that P;(0,7,0) = r, thus we obtain (4.24) and the proof is
completed. O

In the next proposition we give an integral expression of %(FO,O).

Proposition 4.6 Let 7, € int(/) be a left half-period different from 7, given in (4.11), i.e., a point
(60, 70) = (00(75 ), 0(Ty ) € '\ {(A,7)}, with T given in (4.5) and denote ; = Py (0o, 70,0). The
function dy defined in (4.20) satisfies

%(mo) = 2A~ /OTO (?— cos(fy — t) + sin(fy — )z~ (t)dt+
2B /%TO (cos(f1 —t) — AT sin(fy — t))x™ (t)dt+ (4.25)
0

2w =Ty _ B
20T / (AT cos(f1 —t) +sin(fy —t))x ™ (t)dt,
0

where 27 (t) is the solution of the initial value problem

{ T = X a~ —7gcos(fg—t)—1, (4.26)
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and z(t) is the solution of the initial value problem

it = Azt —rycos(fy —t) — 1, (4.27)

Proof: On the one hand, from Lemma 4.5, one obtains

od: oPy - oPy -
2 (70,0) = —=2-(80,70,0) + —2-(81, 70, 0).

On the other hand, it is easy to see that P; (6o, 70,€) = r‘(f(j,ﬁ_o,fo,s), where x~(t, 09,79, ¢) =

(27 (t,00,70,€),7 (t,00,70,€),0~ (t,00,70,€)) is the solution of the initial value problem

z A2 —rcosf —1 207w
= 0 +e| (a”cosf+b sinb)z |,
-1 (b~ cosf —a” sin 9)%

x(0) 0

r(0) | =1 7o |,

6(0) o
with a= and b~ given in (4.16). Thus, (9(%2_(9_0,?0,0) = %(%&,éo,fo,O). Similarly,
we can see that %(51,%,0) = %(277 — 75,01,70,0), where xT(t,01,70,6) =

(xF(t,01,70,¢),0%(t,01,70,¢),rF(t,01,70,¢)) is the solution of the initial value problem

(

& Ao —rcosf —1 20"
— 0 +e| (atcos@+bTsinf)x |
-1 (b* cosf —a™ sinﬂ)g
x(0) 0
r0) | =] 70 |-
6(0) 6

with at and b™ given in (4.16).
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Hence,

dd- or= or+ =
a—;(Fo,O) — é(i’o 00, 70, 0) + é(zﬂ — 77,61, 7,0). (4.28)

Now, we will find ag—g(fg,éojo,()). Denotes ag—g(t,ﬁ_ojo,()) =12 (t,00,70,0).
If we take the derivative in the left zone of (4.15), i.e., < 0, with respect to € and we make

e = 0, we deduce that rZ (-, 09, 7o, 0) satisfies the initial value problem

7o = (207 A" cos(fy — t) + 2A " sin(fy — t))z~(¢),
2 (0) =0,

with 27 (¢) the solution of the initial value problem (4.26).
Then,

r= (75,00, 70,0) = 2A~ / ’ (A~ cos(fg — t) +sin(fg — t))z~ (t)dt. (4.29)
0
ort I . . : e A
Denote E(t,ﬁl,ro,O) = r_ (t,61,70,0). Reasoning as we did to find r_ (7, ,6,70,0) and

taking into account 71; =21 — T, , we get

Te

2m—T,
F(2m — 7y ,01,70,0) = ZB/ ’ (cos(fy —t) — AT sin(@y — t))z ™ (t)dt+
0o, (4.30)
71—77—0 _ _
2AT / (AT cos(fy —t) + sin(fy —t))z " (t)dt.
0

From (4.29), (4.30) and (4.28), the proof is finished. O

Remark 4.7 Note that the definition of da, given in (4.20), involves the function 9ga, that exists if
T, # T, , with 7, given in (4.11), i.e. if the periodic orbit does not correspond to the most external
periodic orbit of the bounded continuum. However, the derivative of 88—‘12(770, 0) has an expression that
involves the partial derivatives with respect to ¢ of the Poincare half-maps, that are well defined in
every periodic orbit transversal to the separation plane, even in the most external periodic orbit of the
bounded continuum. Therefore, we are now able to define the Melnikov function for all 7= € int(I),

as we are going to do in the next definition.

Definition 4.8 Let 7= € int(/) be a left half-period, i.e., a point (6p,ro) of the curve I' given in
(4.5) and denote 0; = P, (6y,70,0).
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We define the Melnikov function of system (4.15) as

M(r—;p) = 2A° /OT (A" cos(Bg — t) +sin(6y — t))x ™ (t)dt+

2w —17
2B/ (cos (01 —t) — At sin(0y — t)a™ (t)dt+
0

(4.31)
2m—7"
2AT / (AT cos(fy —t) +sin(0; —t))z ™" (¢)dt
0
where = (AT, A7, AT A~ B), 27 (t) is the solution of the initial value problem
x A"z —rgcos(fp —t) — 1, (4.32)
x~(0) 0,
and z(t) is the solution of the initial value problem
at Aot —rgcos(0p —t) — 1, (4.33)
zt(0) = 0

Note that, due to the continuity and differentiability of the Poincaré half-maps, it is clear that

the Melnikov function is analytic in 7= € int(). Indeed, as we will see later, we can extend the
definition up to some of the endpoints of I.

To finish this section, we write the Melnikov function in another way.
Proposition 4.9 Let 7= € int(I) be a left half-period, i.e. a point (0y, 7o) of the curve (4.5). W

can express the Melnikov function given in (4.31) as

M(r™p) =
A~ roT
2

70
— 80Cr— + CoSr— + 50 + — Sor-

1 (cg — sg) + T0608083_> +
r r (4.34)
2B (—5033_ (c% — s%) + 500030327- —co+ coe— + sosT—> +
roT T
2AT <T’07T SNpACLE 80Cr— — €Sy~ — S0 — ZOSQTf (C(Q) — s%) — 7“0005033> ,
where = (AT, A", AT A, B), cg = cosfy, so = sinby, ¢,- = cosT, s,- = sinT and
So;— = sin27 .
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Proof: First, we are going to find 7= (7~ g, 7, 0), i.e. the value of
r- (77 0p,70,0) = 2A~ / (A" cos(Bp — t) + sin(fp — t))x™ (t)dt,
0

where x7 () is the solution of the initial value problem (4.32).

If we multiply @ (t) = A"ax~ —rgcos(6p —t) — 1 by cos(6y — t) and we integrate this equation
from 0 to 7 we have

T

7 (t) cos(By — t)dt =

S—

AT / x (t) cos(bp — t)dt — 1 / cos?(fy — t)dt — / cos(fp — t)dt.
0 0 0

Then, by integrating by parts taking into account 27 (0) =0, ™ (77 ) = 0, we arrive to

/OT_ (A" cos(By — t) +sin(fp — t))x ™ (t)dt =

— — (4.35)
7"0/ cos® (0 — t)dt + / cos(fy — t)dt.
0 0
Now, we calculate the integrals of the right part to deduce the expression
ro (177,60,70,) =
(4.36)

roT " r
2A~ ( 02 — 80C;— + CoSr— + 50 + ZOSQT*(C% — 53) + TOCOSOSE—) '

with ¢, so and s.— given in (4.34). Reasoning as we did to find r_ (7,0, 70,0) given in (4.36)
and taking into account that z1(0) = 0,z (2 — 77 ) = 0, where z7 () is the solution of the initial

value problem (4.33) and 6, = 6y — 7, yields

/%_T (cos(fy —t) — AT sin(fy — t))z " (t)dt =
0 - (4.37)

2r—7" 2m—T
—ro/ cos(01 — t)sin(6y — t)dt — / sin(6y — t)dt,
0 0
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and

/ T O cos(By — £) 4+ sin(8y — )z (£)dt =
0

2 —1" Imr—1— (438)
7“0/ cos?(0; — t)dt + / cos(0y — t)dt.
0 0

Now, it is enough to compute the integrals of the second terms of (4.37) and (4.38) and taking

into account that #; = 6y — ¢ to arrive to

rt(2r — 7'_,9_1,770,0) =

70 70
2B <—553_ (C% j 3(2)) + - C080827~ = Co + coCr— — +5057_) + (4.39)
roT T
2AT ( rom — OT + 80C— — oS~ — S — 203277 (cg — s%) — 7“0003033) ,
with cg, so, ¢,- and s,.- given in (4.34).
As (4.36) and (4.39) hold, the proof is finished. O

In order to summarize the information developed up till now, we state the following result whose

proof is straightforward.

Theorem 4.10 Assume that the Melnikov function M (-, 1) given in (4.31) possesses a simple zero
7= € int(]). The following properties hold.

(@) f AT >0and A= >0 (or AT <0 and A~ < 0), then the perturbed system (4.15) possesses a
periodic orbits in a neighborhood of x;- for |g| # O sufficiently small.

(b) If AT > 0and A~ <0 and 7~ # 7, with 7, given in (4.11), the perturbed system (4.15) has

a limit cycle in a neighborhood of y;-, for |e| # 0 sufficiently small.

To complete this section, let us introduce a new function

M(t7;p)

M, (775 -
T = e o

where = (AT, A7, AT A~ B), which will be called the reduced Melnikov function and has the
same zeros and the same multiplicity that the Melnikov function M.
For the sake of brevity, we will occasionally delete the parameter g in the Melnikov and the

reduced Melnikov function’s writing.
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The reduced Melnikov function presents more interesting properties than the Melnikov function,
because it lets us determine the existence of zeros of the Melnikov function in an easier way. Moreover,

if M(77) =0, then it is easy to see that sgn(M'(77)) =sgn(M,(77)). In fact, as

M= ) /
if M(77) =0, it is satisfied that
famy . M)
Mr( )_ 7’0(%_)
and so,
sgn(M'(77)) = sgn(M,(7)). (4.40)

4.4 Properties of the Melnikov function

In this section we will study some properties of the Melnikov function defined in (4.31) and the
reduced Melnikov function. These properties will be very useful to analyze, in the next section, the
existence of periodic orbits, their stabilities and the bifurcations that may appear in the perturbed

system (4.15) when the values of the parameters change.

We will analyze some symmetry properties of the Melnikov function. Concretely, we will study

the Melnikov function in the case that the system is reversible.

After that, we will perform an analysis of the value of the Melnikov function and its derivatives

up to some order in the endpoints of the existence domain.

4.4.1 Reversibility

We want to know how is the behavior of the Melnikov function under some reversibility hypothesis.
Concretely, we would like to know what occurs to the Melnikov function if we consider a reversible
perturbation and the unperturbed system is reversible too. Let us consider reversible systems under
the involution

R:R? —R3

(:Ua Y, Z)T = (—ﬁ, Y, _Z)T>
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that is, they are invariant under the transformation
(X> t) = (R (X) ) _t) .

Note that this is the reversibility given in (1.9) that the PWL Michelson system (1.14) introduced
in Chapter 1 has.

Coming back to system (4.12), it is reversible under the symmetry R if and only if

tt=—t".mT™=m~ and dt = —d".

Analogously, the unperturbed system (4.1) is reversible under R if and only if AT = —\~.

We will center our attention now on the case At = —\~ > 0 (bounded continuum). We wonder
about the behavior if one considers a reversible perturbation, i.e., if in the perturbed system (4.15)
At = —A" and B = 0. From the expression of the Melnikov function given in (4.34), we can prove

the following symmetry property, whose proof is straightforward.

Proposition 4.11 Assume that in the unperturbed system (4.1) we choose AT = —A~ > 0. If we
do a reversible perturbation, i.e. if we consider the perturbed system (4.15) with At = —A~ and
B =0, then the Melnikov function satisfies the symmetry property —M (7~ + ) = M(—7~ + 7).
Moreover, M (m) = 0.

In Fig. 4.42 we observe that under the reversibility hypotheses, the symmetry properties studied
in Proposition 4.11 hold.

Remark 4.12 Although the Melnikov function for the reversible case vanishes at 7, = 7, which
corresponds to the most external periodic orbit of the bounded continuum in the reversible case
(see Remark 4.3), we cannot assure, at the beginning, the persistence of this periodic orbit (see
Remark 4.7). However, in this case, it can be proven the persistence of this periodic orbit, due to its

transversal intersection with the separation plane and its reversible character.
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2I7r 2I71

(a) AF = A, AT = —A—>0. (b) At = —A—, AT = —A~ <.

Figure 4.3: Melnikov function M defined in (4.31) in the reversible case.

4.4.2 Analysis at the endpoints of the intervals

In this subsection, we want to extend the value of the reduced Melnikov function and their derivatives
up to some order in the endpoints of the definition interval.

Later on, limits at the endpoints of the existence domain of M will be considered laterals. For the
sake of brevity, we will omit the corresponding notation. Likewise, we will not use special notation to
denote lateral consecutive derivatives of the Melnikov function M and the reduced Melnikov function
M, with respect to 7~ in the endpoints of the existence domain. The proofs of the following results
are tedious but direct. In spite of that, to calculate the derivatives of an order greater than three, we
have used the symbolic manipulation programs Maple and Mathematica, and we have obtained the

same results in both programs.
Proposition 4.13 The following properties hold.

(a) f A= <0, AT >0, 0or AT >0, A= > 0, the Melnikov function M in the left endpoint of its

definition interval 7= = 0, behaves

1
- Y — oAt
TI—HEOM(T )=2A"7 1—|—W.

(b) If A= <0, AT >0, or AT <0, A~ < 0, the Melnikov function M in the right endpoint of its
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definition interval 7= = 27, behaves

. _ _ 1

From Proposition 4.13 we can define by continuity the Melnikov function in its corresponding

M(0) :2A+W’/1+ﬁ, wa1)

_ 1
MQ2m) =2A"7 l—l—()\_)Q.

endpoints of definition as

With these values of definition at the endpoints of the domain, we can obtain the successive
derivatives of the Melnikov function. However, we can obtain results in an easier way by working

with the reduced Melnikov function.

In the next proposition we will analyze the derivatives of the Melnikov reduced function at 77 =0

and 77 = 27.

Proposition 4.14 The following properties are satisfied.

(@) f A= <0, At >0, or AT >0, A= > 0, the Melnikov reduced function M, satisfies the

following properties at the left endpoint of its interval of definition.

M,(0) = 2A" 7, M.(0) =0, M/(0) =0, MX?(0) =0,
BA™ = AT+ (A~ —AT)(1+ XA
14 (A1)2 ’
vy BT =AT)(BAT)Z—10A" AT — (A7)2 - 9)
M0 = 304 () N
(AT —AT)B=5A )2+ 19A AT + (A7 )PBAT = 11(AT)2 +4(A7)2(A )2 = 5A— (A F)3)
3(1 4 (A1)?) '

M (0) =

(b) If A= < 0, AT > 0, or AT < 0, A= < 0, the Melnikov reduced function M, satisfies the
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following properties at the right endpoint of its interval of definition.

M,(27) = 2A~m, M!(27) =0, M/(27) =0, Mi(2r) =0,
BAT=XA) 4+ (A~ = AT (1 + 1721

M (2m) = TR ,
) BT =AT)(B(A)2—10A AT — (A)2 - 9)
Mr ) = 0+ 0P .
(AT —AT)(B = 5(AT)Z 192 AT + (AT)PA™ —11(A7)2 +4(A)2(AH)2 =50 (A7)3)
3(1+(A7)?) '

Particularly, when the third derivative is zero, the fifth derivative has a more compact expression.

Proposition 4.15 Under the hypotheses of Proposition 4.14, if M/”(0) = 0, then M}(0)
2(A= — A1+ (A7)?).

Proposition 4.16 Under the hypotheses of Proposition 4.14, if M/ (2x) = 0, then M!(27) =
2(A~ — AT)(1+ (AF)?).

To conclude this section, we ask about the behavior of the Melnikov function in a neighborhood
of the value 7~ defined in Proposition 4.2 when A™ >0, A= >0 and AT <0, A~ <0.

From expressions given in (4.35), (4.37) and (4.38) it is deduced that the Melnikov function can

be written as

M(r™) =2(A"I"(r7) = BI{ () + AL (77 ))ro(77) + C(77),
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where

I (r7) = /OT cos?(Ay — t)dt,

2T —T1
Ifr(T_) = /0 cos(fy — t)sin(6y — t)dt,

2T —T
LA(r7) = / cos?(0; — t)dt,

0
T 2m—7" 2 —7"
C(r7)=2 (A_ / cos(fp — t)dt + AT / cos(fy — t)dt — B/ sin(f; — t)dt) .
0 0 0

It can be proven that lim,.-_,=— ro(7~) = +o00 and that, in some cases, the Melnikov function
is not bounded. For instance, by substituting B = 0 and taking into account that /= (77) > 0 and
Iy (t7) > 0, we can conclude that lim,- = M(77) = 4o0 if AT > 0 and A~ > 0 and that
lim,- _, M(77)=—o0if AT <0and A~ <0.

However, in other cases the function M can be bounded. Therefore, if we choose A=, AT and
B such that

A I (7)) =BIf (7 )+ AT (7)) =0,

then lim - = M(77) is not, at the beginning, determined, and we may have a finite limit.
We can determine this limit, for example, for AT = A~ and AT = —A~. In such a case, it is easy

to see that 7~ = 7. The Melnikov function has, in that case, the following expression

sec®(r—/2)(1 + (A7)?)
(A7)? ’

M(r7)=2A" (7 — 1~ —|—sin7'_)\/

with 7= € [0,7) if A= > 0 and 7= € (m,2x] if A= < 0. Note that it does not depend on the

parameter B. It is easy to see that

: _ / 1
Tﬁh_I;lriM(T )=8AT[1+ e

lim M(r7)=—8A",[1+ !
i M) = L

hence, in both cases, M is bounded in its definition domain.

In Fig. 4.4 it can be seen the behavior of function M for AT = A= # 0 and AT = —A~ #0,
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depending on the signs of A and AT,

/ 7r 2I7TT

(a) AT >0,A" > 0. (b) AT > 0,A" <0.

s TT—

\ 7.r 2.7r T

(c) AT <0,A~ > 0. (d) AT <0,A~ <0,

Figure 4.4: The Melnikov function M in cases AT = A\~ # 0 and AT = —A~ # 0, depending on the
signs of AT and AT

Observe that for the case AT = A\~ # 0 and AT = —A~ # 0, the Melnikov function M does not
vanish in its existence domain.

In fact, it is easy to analyze the case AT = A\~ # 0. In this case, the unperturbed system (4.1)
is linear and the perturbed system (4.15) is non-controllable, see Chapter 1. Then, its dynamics is
basically planar and it is organized on the invariant plane defined by the common real eigenvalue

AT = A7 and the invariant cylinders given in (4.2). Now, the Melnikov function is simply

sec®(r—/2)(1 + (A7)?)
(A7)?

M(t7)= (A 7 — (AT = A7)~ + (AT — A7 )sin 7'_)\/ (4.42)

Note that it does not depend on the parameter B. Their behavior can be easily established and in

particular, its zeros in its existence domain. In Fig. 4.5 we can see different cases that may appear.
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This behavior let us do a bifurcation analysis of periodic orbits in this case. Such analysis, as we will

T 2'72_7-_ 14 Zﬂ'T
() AT+ A" >0and A~ > 0. (b) At + A~ >0and A~ <0.
= =T - > T

7Ir 2 b / 2

() AT+A" <0and A~ > 0. (d) At +A” <0and A~ <0.

Figure 4.5: Melnikov function M in cases AT = A\~ < 0 and AT +A~ # 0. Observe that the Melnikov
function M can have only one zero.

see in Sec. 4.5.3, coincides with the analysis done in [13, 41, 44, 85] about the Hopf bifurcation from
infinity, for planar piecewise linear systems with two zones.

Coming back to the general case, it is possible to give unbounded behaviors of the Melnikov

function M, with or without roots. See Fig. 4.6.
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/ T
-
(a) A= =017, B =0,A" = -0.2, (b) A~ =—0.1,B=0,A" =03,
AT =01\ =0.2. A" =04\ =0.5.
-
_ -
() A= =-01,B=10,A" =03,  (d) A~ =0.17,B = 6,AT = —0.2,
AT =0.4,\T =0.5. A~ =0.1,\" =0.2.
-
_//\ -
(6) A= =-0.25B =—5A"=-0.003, (f) A~ = —0.167, B = —3,A* = —0.003,
AT =04,\T =0.5. A™ =047 =0.5.

Figure 4.6: Examples of unbounded behaviors of the Melnikov function M in the case AT, A~ > 0
and AT £ 0, A~ # 0. Observe that the Melnikon function M can have no, one or two zeros. Thus,
a saddle-node bifurcation may appear, see picture (f).

4.5 Existence and stability of periodic orbits. Bifurcation analysis

In this section we are going to state some of the most important results of this chapter.
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First, we state some results about the existence of periodic orbits in the perturbed system (4.15)
and their stabilities. Later, we will study their possible bifurcations.
All this analysis will be done through the Melnikov and the reduced Melnikov function and we

will use their the properties studied in Sec. 4.4.

4.5.1 First results about the existence and stability of periodic orbits

In this subsection, we will analyze the existence of zeros of the Melnikov function and their relation
to periodic orbits of the perturbed system (4.15).

Remind that the periodic orbits of the continuum with common points with the separation plane
x = 0 are denoted by x,-, where 77 is the left half-period of the orbit.

To begin with, we state an easy result about the existence of periodic orbits for the unperturbed

system (4.1)

Theorem 4.17 Assume that AT > 0 and A= < 0. If AT - A~ < 0, then the Melnikov function M
has a root 7= € (0,2m). Moreover, if 7= # 7,7, where 7, was given in (4.11) and M'(77) # 0,
then the perturbed system (4.15) has a two-zonal limit cycle in a neighborhood of x:-, for |g| # 0

sufficiently small.

Proof: By taking into account that the Melnikov function in the case AT > 0 and A= < 0 is

continuous in [0, 27] and moreover (see (4.41))

M(0) =2A w1+ ()\Jlr)2 and  M(Q2m) =2A"m |1+ ()\1)2,

it follows that the Melnikov function M possesses a zero 7~ € (0,27). Then, from Theorem 4.10

we know that if this root is simple and 7= # 7,7, then the perturbed system (4.1) has a limit cycle

in a neighborhood of the periodic orbit y-- and the proof is finished. O

Remark 4.18 Usually, conditions imposed in Theorem 4.17 will be satisfied, because 7~ = 7, would
be a solution of M (77) =0 when AT, A~ and B satisfy condition

A a+ATb+ Be=0, (4.43)
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where

a= /OT*_ (A" cos(bp — t) +sin(fy — t))x ™ (t)dt+

b= /%T* (cos (61 —t) — AT sin(6y — )zt (t)dt+
02#*7’?

c= / (AT cos(6y —t) +sin(fy — t))z " (t)dt.
0

This relationship is not generic. It is the equation of a plane in the three-dimensional space AT-A"-B.

For instance, if AT = 0.15,A\™ = —0.25,AT = 0.1, A~ = —0.2, there exists a unique B which
satisfies (4.43), and its approximate value is B = B ~ 0.33979. That is, if B # B, then Theorem
4.17 can be applied. Nevertheless, for B = B Theorem 4.17 cannot be applied, and in this case we
do not know if the periodic orbit exists or not in a neighborhood of X, Note that, in the reversible

case, it remains, as we have described in Remark 4.12.

Now, we will look for the existence of periodic orbits of the perturbed system (4.15), close to the
periodic orbits of the unperturbed system (4.1) which are tangent to the separation plane x = 0.
We want to study the behavior near to periodic orbits x¢ and 2, of the unperturbed system,

when this makes sense.

To prove the existence of limit cycles in the perturbed system close to the periodic orbits yg and
X2r of the unperturbed system, we must study the existence of simple zeros of the Melnikov function
defined in (4.31) near to 7~ =0 and 7~ = 27.

In the following results, we use the parameters

ot =B\ = AT)+ (A7 = AT)(1+ A" AT),

(4.44)
- =BT =)+ (A" = AT 1+ A7AT).

Firstly, we state the next result about the existence of a periodic orbit of the perturbed system
close to the periodic orbit x( of the unperturbed. The following development and reasonings are

similar to those used in Section 3.5.

Theorem 4.19 Consider the perturbed system (4.15) in the cases AT > 0, A= < 0, or AT > 0,
A~ > 0. Suppose AT - < 0 and |[AT| is sufficiently small. Then, the perturbed system (4.15) has

a two-zonal limit cycle in a neighborhood of x:-, for || # 0 and sufficiently small, where 7~ is the

Soledad Fernandez Garcia



104 CHAPTER 4. PERIODIC ORBITS FOR PERTURBATIONS OF NON-CONTROLLABLE 2CPWL3 SYSTEMS

only solution of the Melnikov function close to 7= = 0.

Furthermore, one of the characteristic multipliers of this limit cycle is always strictly greater than

1 and the other one is strictly greater than 1 if o+ - > 0 and strictly less than 1 if o7 - ¢ < 0.

Proof: On the one hand, we define the following function
F(s,A%) = M,(s"/3,AT),
where we have assumed that the Melnikov reduced function is function of At too. Then,

F(0,0) =0 and 88—1;(0, 0) =0t /(14 (AT)?) #£0.

By applying the Implicit Function Theorem we deduce that there exists a function f which is defined
in a neighborhood U of the origin, such that F(f(A1),A") =0 for all AT € U, i.e., the equation
M, (=) = 0 has one solution 7~ = (f(A+))!/3 provided that |[A*]| is small enough. Moreover,
it is easy to see that sgn(f(AT)) = —sgn(A™ - oT). Therefore, the solution 7~ is positive when
At ot < 0. Moreover, sgn(M/(77)) =sgn(ot) # 0 and from (4.40) sgn(M/(77)) =sgn(M'(77)).
Then, sgn(M'(77)) =sgn(c™) # 0.

Hence, there exists a positive simple root 7= > 0 of the Melnikov function M near to 7= = 0,
and we can suppose that it is different from 7.~ given in (4.11). Furthermore, from (4.40) it is satisfied

that
sgn(M'(77)) = sgn(M;(77)),

and it is obvious that if [AT| ~ 0 and ot # 0, then
sgn(M (7)) = sgn(c™") # 0,

so we get that
sgn(M'(77)) = sgn(o™) # 0.

On the other hand, simple roots of the Melnikov function different from 7, correspond to periodic
orbits of the perturbed system (4.15). Then the system has, for |¢| # 0 and sufficiently small, a two-
zonal limit cycle in a neighborhood of the periodic orbit x;- of the unperturbed system (4.1), which

we denote by T-- and is near to xo. Now, we are going to examine the characteristic multipliers of
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Yoo,

The characteristic multipliers are the eigenvalues of the Jacobian matrix of the Poincare map
evaluated at the periodic orbit. From the analysis done in [23], the characteristic multipliers of Y-
for the unperturbed system (4.1) are pu; = exp(A™7~ + AT (27 —77)) and g = 1. As 7~ ~ 0 and
AT > 0 yields ;11 > 1. Due to the continuity and differentiability, one characteristic multiplier of the
periodic orbit T:- must be greater than 1 if |AT| and ¢ are different from zero and small enough.

For determining the other characteristic multiplier, we must study the sign of
%(gg(f_)(r(%_),5),7’(%_),5). From the analysis developed up to now, we have dy(0,7,¢) =
eDy(0,7,0) + O(e), so

%(99({——)(70(%_)75)77"(%_)75) = 6%(7"(7‘_), 0) + O(e).

We know Dy (r(7#7),0) = M (77), therefore

dDy, 37—-@‘)
r(77),0) = &F——,
e (7.0 =

and the denominator is different from zero provided that we are not in the most external

periodic orbit of the continuum. Then, if gTif(%_) # 0, we are able to establish the sign of

%(Qe(f—)(r(?’), g),r(77),¢).

We know that sgn(%—%(%‘)):sgn(aﬂ £ 0. Moreover -2 (77) > 0 if we are near to the periodic

or
orbit x;- which is close to x¢. As a result, we conclude sgn(%(gg(f-)(r(%*),a),r(%ﬂ,a)) =

sgn(e - o), and the proof is completed. O

Analogously, we can prove the following result, which provides us the existence of a periodic orbit
of the perturbed system close to the periodic orbit yo, of the unperturbed system, which is tangent

to the separation plane.

Theorem 4.20 Consider the perturbed system (4.15) in the cases AT > 0, A= < 0, or AT < 0,
A~ < 0. Suppose A~ -0~ > 0 and |A™| is sufficiently small. Then, the perturbed system (4.15) has
a two-zonal limit cycle in a neighborhood of x:-, for || # 0 and sufficiently small, where 7~ is the
only solution of the Melnikov function close to 7= = 2.

Furthermore, one of the characteristic multipliers is always strictly less than 1 and the other one

is strictly greater than 1 if 0~ - < 0 and strictly less than 1 if 0~ - > 0.
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In Fig. 4.7 we have represented the different possibilities for the graphic of the Melnikov function M

/.

. ——/ '

in a neighborhood of 7= = 0 for |[A™| small and o > 0.

(a) A* = 0. (b) A* < 0.

(c) AT > 0.

Figure 4.7: Graphic of the Melnikov function M in a neighborhood of 7= = 0 for |A™]| sufficiently
small and o > 0.

In Fig. 4.8 we have represented different possibilities of the graphic of the Melnikov function M
in a neighborhood of 7= = 0 for [A™| small and o+ < 0.

4.5.2 Saddle-node bifurcation of periodic orbits

In the results given in the previous subsection, we assumed that o™ and o~ were different from zero,
but we can suppose that they vanish. In this case, we can have up to two zeros of the Melnikov
function and a saddle-node bifurcation of periodic orbits can be described. To do that, we will need

Lemma 3.17 presented in Chapter 3.

Theorem 4.21 Consider the perturbed system (4.15) in the cases AT > 0, A= < 0, or AT < 0,
A7 < 0. Assume AT # AT, AT AT >0, At 0T <0 and |AT],|oT] are sufficiently small. Then,
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(a) A+ = 0. (b) AT < 0.

—

N

(c) AT > 0.

Figure 4.8: Graphic of the Melnikov function M in a neighborhood of 7= = 0 for |[A™| sufficiently
small and o < 0.

there is a function SNo(AT, A=, AT, A\~ B) defined locally by

SNo(AT, A=, AT, A", 0F) =

120AF 7 ot 5/2 (4.45)
T+ (AT —AT) 246 (‘(1 +(A)2)(A- —A+>> e

such that the following statements hold.

(@) If AT - SNo(AT, A=, AT, A7, B) < 0 and |e] # 0 is sufficiently small, the perturbed system

(4.15) has two two-zonal periodic orbits in a neighborhood of xj.

(b) If SNo(AT, A=, AT, A7, B) = 0, there exist functions A" (¢), A~ (¢) and B(e), defined for |¢]
sufficiently small, such that the perturbed system (4.15) with At = A*(e), A~ = A~ (¢) and
B = B(e) has exactly one periodic orbit in a neighborhood of xq for |¢| # 0 sufficiently small.

(c) If AT - SNo(AT, A=, AT, A7, B) > 0 and |¢| # 0 is sufficiently small, the perturbed system
(4.15) has not periodic orbits in a neighborhood of .
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Proof: The reduced Melnikov function can be written in a neighborhood of 7= = 0 into the form
_ + _ A== ADA+AHH +0(T), -
M) = oAt — (4 ¢ 5 6.

Therefore, if (AT,0") ~ (0,0), then we can find roots of M, (77) = 0 for |77 sufficiently small

solving
(A~ —AH ([ + (1))
60

+
AT + 5 g

ENEM e

)? +

Finally, by applying Lemma 3.17, the Weierstrass Preparation Theorem and analogous reasoning

to those given in the proof of Theorem 1.3 of [8], the conclusion is straightforward. 0

In Fig. 4.9 we have represented different possibilities for the graphic of the Melnikov function M in
a neighborhood of 7= =0 for AT - A~ >0, AT -0t < 0 with |AT] and |o™| small enough.

T T

(a) A* - SNg(A*, A=, B,AT, A7) > 0. (b) SNo(AT, A=, B,A*,A") = 0.

~— T

(c) A+ - SNo(A*+, A=, B,A+, A7) < 0.

Figure 4.9: Graphic of the Melnikov function M in a neighborhood of 7= = 0 for AT - A~ > 0,
At .ot <0 with |[AT| and |o™| small enough.

An analogous analysis can be done for yo., when this makes sense.
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Theorem 4.22 Consider the perturbed system (4.15) in the cases AT > 0, A= < 0, or AT < 0,
A7 < 0. Assume AT £ A7, AT-A7 >0, A" -0~ >0and |A|, |07 are sufficiently small. Then,
there is a function SNo (AT, A=, B,A",\™) defined locally by

SNor (AT, A=, B,AT A7) =
(4.46)

o~ —60~

3/2
=2A 7 — 15(1 + (A )2) ((A— —AHA+ M)+ ()\+)2)> + ...

such that the next statements hold.

(@) If A= - SNo (AT, A=, AT, A7, B) > 0 and |¢| # 0 is sufficiently small, the perturbed system

(4.15) has two two-zonal periodic orbits in a neighborhood of x2.

(b) If SNoz (AT, A=, AT, A7, B) =0, there exist functions A*(g), A~ (g) and B(e) defined for |¢]
sufficiently small, such that the perturbed system (4.15) with At = A*(e), A~ = A~ (g) and
B = B(e) has exactly one periodic orbit in a neighborhood of 2. for || # 0 sufficiently small.

(c) If A= - SNoz (AT, A=, AT, A7, B) < 0 and |e| # 0 sufficiently small, the perturbed system
(4.15) has not periodic orbits in a neighborhood of x2.

Remark 4.23 It is worth mentioning here that theorems 4.19 and 4.20 describe the existence of
periodic orbits in the perturbed system (4.15). We can say that these periodic orbits arise, in the
hypothesis of Theorem 4.19 (respectively 4.20), from the periodic orbit tangent to the separation
plane = 0 which is in the half-space = > 0 (respectively 2z < 0). The appearance of this periodic
orbit is known as the focus-center-limit cycle bifurcation. A generic situation of this bifurcation is
described in Theorem 1 of [24]. It is not possible to apply this result to our unperturbed system (4.1)
because the coefficient § of Theorem 1 of [24], which characterize the bifurcation, is zero for our

system, namely,
§=—=2A"+BA = AN+ (A" +AHA AT = AT(AN)He + 0(e?).

We can say that theorems 4.19 and 4.20 give conditions for spreading out in one direction the focus-
center-limit cycle bifurcation when § = 0 and theorems 4.21 and 4.22 study the degeneration of this

bifurcation.
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4.5.3 Hopf bifurcation from infinity

This subsection is devoted to the study of the Hopf bifurcation from infinity for part of the systems
object of study in this chapter. We want to analyze, under the presence of an unbounded continuum,
the existence of zeros of the Melnikov function, close to the value 7= which was described in
Proposition 4.2.

We will analyze the case AT = A~ = 0. In this case, as we have described in the previous section,

the Melnikov function takes the form given in (4.42), the reduced Melnikov function is
M,(t7)=2ATm — (AT —A7)77 + (AT — A7) sinT™ (4.47)

and the value 77 = .
Before stating the result about the Hopf bifurcation from infinity, we give a result about the

existence of periodic orbits.

Theorem 4.24 Assume that A™ = A\~ # 0. Then, the following conditions are satisfied.

(@) f AT =X">0and AT(AT + A7) < 0, then the perturbed system (4.15) possesses a unique
limit cycle for |e| # 0 sufficiently small. Moreover, the limit cycle possesses a characteristic
multiplier grater that 1 and another greater that 1 if e(A™ + A7) > 0 and less that 1 if
e(AT+ A7) <.

(b) If AT =X~ >0 and AT(AT + A7) > 0, then the perturbed system (4.15) has not periodic
orbits for |¢| # 0 sufficiently small.

() fFAT =X~ <0and A~ (AT + A7) <0, then the perturbed system (4.15) possesses a unique
limit cycle for |e| # 0 sufficiently small. Moreover, the limit cycle possesses a characteristic
multiplier less that 1 and another less that 1 if e(A* + A~) < 0 and greater than 1 if
(AT + A7) >0.

(d) f AT =X" >0and A~ (AT + A™) > 0, then the perturbed system (4.15) has not periodic

orbits for || # 0 sufficiently small.

Proof: It is enough to study the growth of the reduced Melnikov function in its interval of definition

and its value at the endpoints of that interval.
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By remembering that in this case the reduced Melnikov function has the expression given in
(4.47), we have that
M(t7)=—(A" = A7)+ (AT — A" )cosT™

does not vanishes in the interval (0,27), so M, is strictly increasing in such interval.

Furthermore, M,.(0) = 2A* 7, M,.(w) = (AT + A™)w, M,(2w) = 2A~ 7 and taking into account
the chosen signs in each item, the proof is direct, just by using a compactness argument for items
(b) and (d), and reminding that periodic orbits, if they exist, are in a plane.

Finally, the conclusions about the characteristic multipliers are straightforward, by using similar

reasonings to those made in the proof of Theorem 4.19. O

Remark 4.25 The behavior described in Theorem 4.24 agrees with the study made in [13, 41, 44, 85]
about periodic orbits of planar piecewise linear systems with two zones. From these works, it can be
deduced that a system written in Liénard form
T =2atr -y,
if x>0,
g=(@")?+ (")) +a

T =2a" -1y,

=)+ (B )z +a

(4.48)

if v <0,

with a € {—1,1}, only possesses a limit cycle in the following situations.

Jr —
(a) The equilibrium point is in the zone # > 0 and o™ (g—Jr + ;—) < 0.

(b) The equilibrium point is in the zone x < 0 and a~ (g—i + g—_> < 0.

When AT = X\~ # 0, the dynamics of the perturbed system (4.15) is basically planar and on
the invariant plane it is organized by a system of the form (4.48), where at = eA™, a™ = AT,
BT =1+4¢eB and B~ = 1. When |¢| # 0 is sufficiently small, it is easy to see that conditions of
Theorem 4.24 are not more than a new redaction of the results about the existence of limit cycles
for system (4.48) which were described in [13, 41, 44, 85].

Finally, we give a result which collects the appearance of a large periodic orbit, i.e., a result that

proves the existence of a Hopf bifurcation from infinity.
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Theorem 4.26 Assume that A™ = A\~ # 0. Then, the following properties hold.

(@) FAT =X >0, AT(AT + A7) < 0and |[AT + A~ | is sufficiently small, then the perturbed
system (4.15) possesses a unique limit cycle for |¢| # 0 small enough with left half-period

7~ ~ 7 and less than 7. Moreover, this limit cycle is born with infinite amplitude.

(b) fF AT =X~ <0, A“(AT + A7) < 0and |AT + A~ | is sufficiently small, then the perturbed
system (4.15) possesses a unique limit cycle for |e] # 0 small enough with left half-period

T~ ~ 7 and grater than m. Moreover, this limit cycle is born with infinite amplitude.

Proof: It is enough to take into account that M, (7) = 0 when AT + A~ =0.
Now, if we just develop M, in a neighborhood of 7 and apply the reasonings from theorems 4.19
and 4.20 to guarantee the existence of zeros of M, close to m when |[A* + A~ | is sufficiently small.
Note that the limit cycle is born with infinite amplitude because the zeros that appear are close

to . O

In Fig. 4.10 we show some graphics for illustrating the behavior of the Melnikov function in a vicinity
of the appearance of the Hopf bifurcation from infinity.

In this chapter, we have analyzed the existence of periodic orbits in a perturbation of a class of
three-dimensional non-controllable CPWL systems via an adaptation of the Melnikov theory. In the
next chapter, we use different skills to analyze the existence of periodic orbits in a perturbation of a

class of three-dimensional non-observable CPWL systems.
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o T
0 n n

(a) At + A~ >0and AT > 0. (b) AT +A” >0and AT <.

T - T
7TT T

() AT+ A~ <0and AT >0. (d) At + A~ <0and AT <0.

Figure 4.10: Melnikov function M in cases At = A~ >0 and AT + A~ # 0.
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Chapter5 g

Periodic Orbits for Perturbations of Three-Dimensional

Non-Observable Continuous Piecewise Linear Systems.

At it was pointed out in the last section of the introductory chapter, the existence of invariant cones
is an important matter for analyzing the stability of homogeneous 2CPWL3 systems.

The works about invariant cones that we can find in the current literature [21, 25, 65, 66] assume
observability hypothesis. In Chapter 3 of this work, we have extended the results obtained in [21]
and we have proven the conjecture about the existence of saddle-node bifurcation of invariant cones
that was stated in [25]. At the beginning of this chapter, we deal with the analysis of invariant cones
in non-observable homogeneous 2CPWL3 systems.

In [26] the existence of an observable 2CPWL3 system having an invariant cone foliated by
periodic orbits is proven. However, it was not possible to characterize this property. In this chapter,
we consider the problem in non-observable PWL systems, and we are able to find explicitly a system
having an invariant cone foliated by periodic orbits. Once we have this non-generic situation, one can
wonder about the number and position of the periodic orbits that remain if one perturbs the system,
by making it observable and non-homogeneous.

To analyze the existence of periodic orbits in dynamical systems, apart from the Menikov theory,
we find in the literature the averaging method [87, 94]. The main idea of this method is to relate
the periodic solutions of a system to the equilibria of an autonomous one, the averaged differential
system. In [9] the authors analyze from the point of view of the averaging method, the persistence
of periodic orbits of an invariant manifold of periodic solutions. The method of averaging has been
generalized to continuous non-smooth dynamical systems [10, 11, 13, 64]. However, in this Chapter
we have opted to tackle the problem from another point of view. Specifically, we write the system in

the appropriate form to be able to use the techniques of Chapter 14 of [31] where non-autonomous
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perturbations of a linear system with periodic solutions were studied.

The chapter is organized as follows. In a first section we remember the normal form of non-
observable 2CPWLj3 systems introduced in the first chapter of this work. In a second section, we
analyze the existence of invariant cones in homogeneous non-observable 2CPWL3 systems. Sec.
5.3 is devoted to the obtention of an homogeneous non-observable 2CPWLj3 system having an
invariant cone foliated by periodic orbit, the unperturbed system. In Sec. 5.4, this non-generic
situation is perturbed, by making the system observable and non-homogeneous. The last section
of this chapter is devoted to the analysis of the persistence of the periodic orbits of the continuum

after the perturbation.

5.1 Non-observable 2CPWL; systems

In the introductory Chapter 1 we have discussed that every 2CPWL3 system can be written into the
form (1.4), namely,

. Cllvl Aqz
x=AVx+b= v 4 x+ b, (5.1)
21 22

where b = (bl,bg,bg)T € R?’, afl,al_l € R, Ap € Mlxz(R), A;—DAQ_l S szl(R) and
Aoy € MQ(R).
Furthermore, if system (5.1) is non-observable and A15 # (0,0)7, then there exist a linear change

of variables which transforms it into the form (1.6), i.e.,

T = blle -,
U = by, + bagy + ba, (5.2)
z = b?’vlw + b3oy + b33z + b3.

In looking for invariant cones, we are interested in homogeneous systems. Under the hypothesis of
homogeneity, the system is
i=br—y,
y = b + baoy, (53)
2 = byix + baay + b33z,

In the following proposition, system (5.3) will be further simplified.
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Proposition 5.1 There exists a linear change of variable which transforms system (5.3) into

A
=T =Y,

j=cFe, (5.4)

s .V
Z = c31x + C33%,
where

Citl = bitl + b22, Cétl = bg:l, Cétl = bgzbﬁ + bétl — b3obsz, ¢33 = bss3. (55)

Proof: By performing the change of variable
Z =bgxr+ 2
and just renaming the variable Z as z, it is easy to see that system (5.3) is transformed into

T = blle -,
U = by + bagy, (5.6)

z = (bgaby] + b3) — bsabss)z + bszz.

Now, by changing
Y = bypx +y

and renaming the variable Y as y, system (5.7) is transformed into

T = (blvl —+ bgg)l‘ -,
7y = by, (5.7)

z = (bggblvl + b?’vl — bggbgg)l’ + bggz

and the conclusion follows. O

5.2 Invariant cones in non-observable 2CPWL; systems

In this section we analyze the existence of invariant cones in non-observable 2CPWL3 systems, which
we have just seen that can be written into the form (5.4). In looking for invariant cones, by analogy

with the observable case, we will assume the existence of complex eigenvalues in both zones of

Soledad Fernandez Garcia



118 CHAPTER 5. PERIODIC ORBITS FOR PERTURBATIONS OF NON-OBSERVABLE 2CPWL3 SYSTEMS

linearity. Then, system (5.4) can be expressed in terms of the eigenvalues of the coefficient matrices,
namely, a*+ip* and )\, as
& =2avVr—uy,
= ((@V)*+ (8Y)*), (5-8)
Z= cgle + Az,
where

1 1
at = Ecﬁ, gt = 3 4ck — ()2 and A = e33. (5.9)

Note that A is a shared real eigenvalue of both coefficient matrices due to the lack of the observability.
Moreover, we assume in the rest of this chapter that the system cannot be fully decoupled in any of

both zones of linearity, i.e., ci; - c¢3; # 0.

Later on, it will be useful to introduce the following notation

+ + 2 +\2
,Yi:aT;)‘ and st (@ _Az;r(ﬁ) £ 0. (5.10)
31

Before proceeding analyzing the two-zonal invariant cones of system (5.8), we will show some
properties of planar invariant surfaces for this system and their relative position with respect to the
two-zonal invariant cones. The following study is an adaptation to non-observable systems of the

study done in [25] for observable systems. We begin by introducing some concepts.

Let A be a real matrix with eigenvalues A and a=£i3, where 8 > 0. The invariant plane containing
the origin for the system x = Ax will be referred to as the focal plane of the matrix A. That focal

plane is also a planar invariant cone for the system x = Ax.

Lemma 5.2 If the real matrix M has the form

2c -1 0
M= (®+5%) 0 0
C31 0

with 8 > 0 and ¢37 # 0, then its focal plane is given by IIp = —Ax +y — 0z = 0, where

(a —X)? 4 5
C31 '

5:
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Proof: It is obvious that the eigenvalues of matrix M are given by A and « +if. It is well known
that if v is an eigenvector of M7T associated to the real eigenvalue \, then v is orthogonal to the
focal plane of M. Here, it is easy to see that v = (=), 1, —d)7 is an eigenvector of M7T associated

to A, and the conclusion follows. O

By using Lemma 5.2 under the assumption 0;1 - cq; # 0, coefficient matrices of both zones of

linearity of system (5.8) have, respectively, the focal planes
Mh=-Xx+y—0"2=0 and IIp=-Az+y—§ 2=0, (5.11)

where §% are given in (5.10).
Next, the focal half-planes of system (5.8) are introduced.

Definition 5.3 The half-plane
I, =, N {z <0}, (5.12)

where I is given in (5.11) is said to be the left focal half-plane of system (5.8) and the half-plane
I}, =05n{z >0}, (5.13)

where I17}. is given in (5.11) is said to be the right focal half-plane of system (5.8).

Note that, when §* = §—, the union of both focal half-planes constitutes a planar two-zonal
invariant cone of system (5.8).

Now, the relative position of the focal half-planes and the two-zonal invariant cones, if any, for
non-observable CPWL systems will be established. Remember that, we say that a cone is above
(respectively, below) a plane if for every point (x1,y1,21) not at the origin and belonging to the
cone, there exists another point (z1, 1, 22) belonging to the plane such that z; > 25 (respectively,

21 < 29).

Lemma 5.4 If system (5.8) has a non-planar invariant cone C, then C is either above or below both

focal half-planes I1}; ;. and 11, ..

Proof: If 5~ = §*, then as indicated before, system (5.8) has one invariant plane and the conclusion
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is straightforward.

Next, we will consider the case §* # §~. The focal half-planes intersect the separation plane

x = 0 at the lines
rt={r=0,Tz—y=0} and r" ={x=0,02—-y=0}

At the plane x = 0, from the first equation of system (5.8) we have &|,_, = —y, so the flow enters

into the region x < 0 for y > 0 and enters into the region x > 0 for y < 0.

Now, if the half straight-line ro = {z = (1/d0)y,y > 0}, where §yp € R\ {0} generates a two-
zonal invariant cone C, then the line ¢ is transformed into the half straight-line r; = P~ (rg) =
{x=0,2=(1/61)y,y <0}, by means of the flow in the region z < 0, and we obtain 79 = P™(ry)

by means of the flow in the region = > 0.

Assume that 67 > 6~ and the invariant cone C is above the half-plane I ., i.e. 6= > dy (see
Fig. 5.1). If 6, < 6T, then P™(ry) must be below the straight line 7 (see Fig. 5.1 again). If §; = 6T,
then ry = r* N {y <0} and PT(ry) =r" N {y > 0}. In both cases, P*(ry) # ro and 7y does not
generate a two-zonal invariant cone. Consequently, we must have §; > §T, i.e., the invariant cone is

+
also above 117, ...

The remaining cases can be analogously proven. O

In the following result we will prove that the non-planar two-zonal invariant cones of system
(5.8), if any, do not share points (apart from the origin) with the whole focal planes of the coefficient

matrices.

Proposition 5.5 If system (5.8) has a non-planar two-zonal invariant cone C, then C is either above

or below both whole focal planes IT} and II,.

Proof: If 67 = ¢, the proof is obvious.

When §t # §~, performing in system (5.8) the change

Z=-dx+y—0tz,
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Figure 5.1: The straight lines »™ and r~ and the half straight-lines 79 and 1 when 6T > §~ and

51 < 5t
one gets
2000 — Y, T = 2a+x -,
(@) +(87))a, ifz<0, ¢ y=((a")?+ ()2, ifz>0.  (514)
Z =M.

=
y =
Z = (67 —6%)eqx + \Z.
Moreover, the right focal half-plane of (5.14) is {Z = 0} N {z > 0}.
If system (5.8) has a two-zonal invariant cone C, then system (5.14) has a two-zonal invariant
cone C. This cone C does not intersect the half-plane {Z = 0} N {z > 0}, because the cone C does

0} N {xz < 0}, is given by

not cut the right focal half-plane HJI;F of (5.8), see Lemma 5.4. Therefore, the cone C only may cut

the plane Z =0 for z < 0.
Due to d* # &, the derivative 2 on the half-plane {Z
Z = (67 —d6%)ezyz # 0, i.e., this derivative does not change its sign on this half-plane, so the
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invariant cone C cannot cut the cited half-plane and the two-zonal invariant cone C does not intersect
with the plane H;.

Analogously, one can prove that the non-planar two-zonal invariant cone C, cannot intersect the
plane II .

Finally, it can be deduced, by considering again Lemma 5.4, that the non-planar two-zonal

invariant cone is either above or below both focal planes. a

Now, we are able to analyze the existence of invariant cones in system (5.8), as we perform in

the following proposition.

Proposition 5.6 Define the values
n=206" <1 — e(“’ﬂr“ﬁ)”) , (5.15)

p=6T1+e" ™) =5 e "1+ ) (5.16)

and

p= e~ (V) (5.17)

where 4 and d% are given in (5.10). The following properties hold.

(a) If u # 0, system (5.8) possesses a unique two-zonal invariant cone such that v§ := n/p provides
the slope of the half straight-line intersection between the invariant cone and the separation
plane z = 0 which is localized in the half-plane y > 0. Moreover, the invariant cone is attractive

when p < 1 and repulsive when p > 1.

(b) If n # 0 and p = 0, system (5.8) does not possess any two-zonal invariant cone.

Proof: For the sake of clarity, let us denote TV = 2aV and DV = (aV)? + (5V)2. Thus, system

(5.8) can be expressed as
&=TVx —y,
y=DVa, (5.18)

2203?1304—)\2.

We search for an invariant cone of system (5.18). Consider a half straight-line contained on the

separation plane and passing through the origin. This line has a slope of vy = yo/20, where zy # 0.

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.



5.2. INVARIANT CONES IN NON-OBSERVABLE 2CPWL3; SYSTEMS 123

Note that we assume zg # 0 because if zg = 0, then the half straight-line is locus in the axis z, i.e.,
y = 0. Then, due to &|,_, = —y, it will be for the points in the half straight-line that & = 0, and
the flow cannot cross the separation plane = 0. Therefore, the existence of invariant cones is not

possible.

Assume that yg > 0. Then, first the system of the left zone is applied. Due to the homogeneity,
the line is mapped into another half straight-line of the same class with a slope of v; = y;/z; with
z1 # 0. After that, the system of the right zone is applied and the half straight-line is transformed
into another half straight-line of the same type with a slope of vo = y2/25 with z5 # 0. The existence

of a two-zonal invariant cone is obviously characterized by the equation
Vo = Vg. (5.19)

From Proposition 5.5 it is known that, the non-planar two-zonal invariant cones, if any, are located

above or below both focal planes I} and I}, whose expressions are given in (5.11).
Consider the following change of variable in the left zone
Z=-dr+y—9 z,

which takes system (5.18) in the left zone to

T=T x—y,
jy=D"z, (5.20)
Z =M.

In looking for invariant cones above or below the left focal plane, we consider when Z = 0 the

following last change of variable
U=x/Z, V=y/Z,

which transform system (5.20) into

U=(T"-\NU-V,
V =D"U—)\V, (5.21)
7 = \Z.
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Note that,

voY_ y _ y/z
Z X+ y—90z —Ax/z+4y/z—90"

when z # 0. In looking for invariant cones, it is enough to consider the planar subsystem in the
variables U and V. Coefficient matrices of this system have the pair of complex conjugated eigenvalues
(™ —\) £ip~. Take a point such that U =0, (0, Vp) with V > 0, that is,

yo/Zo _ Vo

VO:yo/Zo—(S’ vg— 0"’

where vy = yo/z0. First, the system of the left zone is applied. It is easy to see by integrating system

(5.21) that the following intersection point with the line U = 0 is given by (0, V}) with
Vi=—e"" Vp, (5.22)

where v~ is given in (5.10). Due to V; is located in the line U = 0, it could be written as

y1/z1 U1
Vi _ 7 5.23
! yl/zl—é— 1)1—5_ ( )
and then, equation (5.22) is translated into
U1 vx Yo
= — . 5.24
v — o~ ¢ vy — 0~ ( )

Now, by reasoning analogously with the system of the right zone, it is clear that the following

intersection point with the line U = 0 is given by a point (0, V) with

V2 + U1
Vo = = V' . 5.25
2 Vo — 5+ ¢ V1 — 5+ ( )

From expressions (5.24) and (5.25) it can be obtained v, as a function of v, that is,

st e T Ty,

V9 (UO) 5_(1 T e’wﬂ)e’yiﬂvo + 5+(5— — (1 + 67777)’00)

From equation (5.19), we know that there exists an invariant cone when vy = vy, i.e., if function h
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has a fix point, that is, when

— o+ _ (v + +)7T
A (1= e070m) 520
g ot(lrer ) e (1) |

vo = v 1=

If 11 # 0, it is obvious that v provides the slope of the half straight-line intersection between the
invariant cone and the separation plane 2 = 0, which is localized in the half-plane y > 0.

If w = 0 and 1 # 0 the half straight-line is locus in the axis z, i.e., y = 0. Then, due to
&|,_o = —v, it is fulfilled that & = 0 for the points in the half straight-line, and the flow cannot
cross the separation plane x = 0. Therefore, the existence of invariant cones is not possible.

Finally, the derivative of function h with respect to vy evaluated in v results the value p given
in (5.17) and the proof is finished. O

It is worth noting that, from Proposition 5.6, the impossibility of having two two-zonal invariant
cones in the non-observable system (5.8), follows. Therefore, it is not possible to get saddle-node
bifurcation of two-zonal invariant cones, and the dynamics is simpler than the observable case, where
the saddle-node bifurcation of invariant cones occurs, as it has been proven in Chapter 3 of this work.

On the other hand, when §= = § = 4, the slope v§ given in (5.26) becomes 4, and the condition
for the existence of a two-zonal invariant cone, p # 0 with p given in (5.16), is satisfied provided that

~T +~7 # 0. In this non-generic case, focal planes of both zones of linearity coincide and become
—Ar+y—dz=0.

Thus, the invariant cone is this invariant plane. Therefore, in looking for non-planar two-zonal

invariant cones, condition § # 6~ must be satisfied.

5.3 Non-observable 2CPWL; system with an invariant cone foliated

by periodic orbits: the unperturbed system

Among the non-observable systems of the family (5.8), we want to obtain one having an invariant
cone foliated by periodic orbits. To get it, by following the ideas of the Van der Pol and Duffing
canonical forms [13], we simplify the expression of the family (5.8), by performing a linear change of

variables that linearize the third equation of the system.
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Proposition 5.7 Consider system (5.8). If one of the following statements holds
(a) cfy = e
(b) c3; # ¢35, o =a~ and BT # B,
(c) 31 # ez, aF #a~, and 6Fcd; # 57 cq,

then there exists a linear change of variables which transforms system (5.8) into

i =2aVx—y,

= ((aV)?+(8Y)")z, (5.27)
zZ=kx+ Az,
where
ca1 if 31 :=cq = g,
- 4+ + _
C 1031(5 -0 ) . + _ + _ + _
_ if ¢ ¢31, o =a  and B8,
k= (BH)2 = ()2 31 7 C31 BT # (5.28)
— (5= _ 5+
= 103i((i — o) if ¢ #cy, ot #a and §Tef # 0 ¢
€31~ C31

Proof: Take into account that if ¢3; = c3;, the system is already in the desired form (5.27) with
k = c31 := c3; = c4,. Let us consider the remaining cases, where it will be assumed that cj; # c3;.
First, we consider the case o™ # o~ and 6+c§{1 # 0~ c5,. By performing the following change of

variables

Jr —
€3 — ¢
7 — 31 31
2(a= — oﬁ)x T

and renaming the variable Z in small letter again, it is easy to see that system (5.4) is transformed

into
i =2aVx—y,
§=((aV)*+ (8Y)?)z, (5.29)
z =ds1x +dsy + Az,

where

20t ey, — 207l + Med; — ¢5) Cay — Ca
dor — 31 31 31 — Ca1 d odey— 31 7C1 5 30
3 2(at —a7) an 52 2(a= —at) (5:30)
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Finally, the change
Z = (dsec — Nz +y + cz,

where L
0 Cay — O
e ) (5.31)
€31 — C31

takes the system to the promised form (5.27), just renaming the variable Z in small letter.

To finish with, we must consider the case o := a™ = o~ and 8" # 87, i.e., system (5.8) is
given by
T =2ax — vy,
§=(a®+ (BY)?)z, (5.32)
i=cyjz+ Mz
The change of variable
Z =—Alx + Ay + z,

where A = (c3; — cd;)/((BT)? — (87)?)), allows us to transform system (5.32) into (5.27) with

at = a~ = a, by concluding the proof. 0

If ones assumes that k& # 0, where k is given in (5.28), then system (5.27) can be written as

& =2aVr—y,
g=((aV)?+ (8Y)?)z, (5.33)
Z=1x+ Az

Note that if £ = 0, then system (5.27) is decoupled and variable z evolves independently of variables
x and y.

System (5.33) possesses, under some hypotheses, a two-zonal invariant cone foliated by periodic

orbits, as we detail in the following proposition.

Proposition 5.8 System (5.33) when ot /3" + o~ /8~ = 0 and X # 0 possesses a two-zonal
invariant cone foliated by periodic orbits with a period of 7 = 7/3~ + 7/3%. Moreover

. 66T (1 — e MA/BTHL/BT)my

Yo = ot + e’\/_ﬂ'(5+ — 67) — §—e—N1/B+1/BT) 70 (534)
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where v~ and 5% are given in (5.10), provides the slope of the half straight-line intersection between
the invariant cone and the separation plane © = 0 which is localized in the half-plane y > 0.

Furthermore, the invariant cone is attractive when A\ < 0 and repulsive when A > 0.
Proof: On the one hand, consider the planar system

{ T =2aVr—y, (5.35)

= ((@V)*+ (V)%

Take a point (0,yp) with yg < 0. First, the system of the right zone is applied. It is easy to see that
the following intersection point of the orbit passing through this point with the separation line 2z = 0
is given by (0,—e”a+/5+yo). After that, the system of the left zone is applied and the following
intersection point with the separation line is given by (0, e”(a+/5++0‘7/67)y0). Therefore, system

(5.35) possesses a continuum of periodic orbits with a period of 7 = /3~ + 7/3% when
at /Bt +a7 /B =0. (5.36)

Under condition (5.36) and by assuming A\ # 0, it is easy to see that statement (a) of Proposition

5.6 holds, so the system possesses a two-zonal invariant cone and

» §oT(1— B—A(l/ﬂ_-i-l/ﬂﬂﬂ)
%= S e (et —0) =6 e M/B T1ETR 7

provides the slope of the half straight-line intersection between the invariant cone and the separation
plane x = 0 which is localized in the half-plane y > 0. The attractiveness of the invariant cone
depends on the parameter p given in (5.17), which under the hypotheses results e*(1/87+1/87)m
Taking into account that /8T +1/B7)m 5 1 if X\ > 0 and /BB « 1 if X < 0, the
attractiveness follows.

Finally, the conjunction of the existence of the two-zonal invariant cone together with the
existence of the continuum of periodic orbits, forces the two-zonal invariant cone to be foliated
by periodic orbits.

O

Note that system (5.35) in the particular case = = —a~ and 87 = 8~ = 1, has been studied

in Chapter 2, see (2.36), where it was proven that it has a continuum of periodic orbits. In that case
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condition (5.36) is clearly fulfilled.

From now on, system (5.33) under the hypothesis of Proposition 5.8 is called the unperturbed

system.

5.4 Construction of the perturbed system

Under the hypothesis of Proposition 5.7 and k # 0, with &k given in (5.28), system (5.8) becomes
system (5.33). In Proposition 5.8 of the previous Sec. 5.3, we have set the hypothesis for the existence
of a cone foliated of periodic orbits in system (5.33), from now on, the unperturbed system. In this
section, our aim is the form of the perturbation of this system, to study in the next section the

conditions for the persistence of periodic orbits of the continuum in the perturbed system.

We are going to perturb system (5.8) and we proceed by doing the same change of variables
that we have done to system (5.8) in Proposition 5.7, if it is possible, to the perturbation of system
(5.8). The perturbation intends to be the most generic possible. First, for the persistence of isolated
period orbits, we need to make the system non-homogeneous. To achieve this non-homogeneity we
add the independent term ecy in the second equation of system (5.8). Any other independent term
can be annihilated by means of linear changes of variable. On the other hand, we add a term which

breaks the non-observability hypothesis. This term will be £z and it is added in the second equation.

Specifically, let us consider the following perturbation of system (5.8), which becomes observable
and non-homogeneous,
T =2avVr—uy,
g=(@V)?+(BY)*)x +e(z + c2), (5.37)
Z= cgle + Az,
where |e| < 1 and ¢z € R.

Under hypotheses of Proposition 5.7, it is possible proceeding by performing the same changes
of variables done in the proof of case of Proposition 5.7 to system (5.37). In particular, we analyze

most generic case, that is, when statement (c) is fulfilled, i.e.,
gy #eq , at#£a7, and ted; # 6 cq.

The remaining cases can be analyzed analogously. Under the hypotheses of statement (c) of
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Proposition 5.7, system (5.37) can be transformed into

T =2aVx—y,
A
i= (@4 e+ (P L4 ), (5.39)

A
,é:k:x—i-)\z—hs(—x—y—i-i—k@),
¢c ¢ c
where ¢ is given in (5.31) and k is given by the third expression in (5.28).

In order to reduce the size of the independent term in the third equation, under the assumption

A # 0, we do one more change of variable

and renaming the variable Z in small letter, the system is written as

T =2aVx —y,

§= @V + (87 += (Ao —y+2- ) +ean, (5.39)
. € _ _t2
z—k:v—i—)\z+c()\:6 y+2z )\).
Note that, if k #£ 0, it is possible to rescale the system as
T =2aVr—y,
. € ec
g = ((aV)?+ (8Y))e + - (Aw—y+kz— 72) + ecy, (5.40)
= £ _ _t2
z—x—i—)\z—i—kc()\x y+kz )\),
or equivalently,
T =2aVr—y,
i = ((@V)2 + (8w + = (N(a,y.2,8) +ca) (5.41)

z":x—i—)\z—i—%](f(x,y,z,g),

where

N(z,y,z,¢€) =

[N

()\x—y%—kzz—%).
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Note that when e = 0, system (5.41) is system (5.33) and under the hypothesis of Proposition 5.8
system (5.33) is the unperturbed system. Thus, system (5.41) for £ # 0 and under the hypothesis
of Proposition 5.8 will be called the perturbed system. Now, our objective is the analysis of the
periodic orbits of the perturbed system which come from the periodic orbits of the continuum of the

unperturbed system.

5.5 The persistence of periodic orbits in the perturbed system

In this section, we analyze the periodic orbits of the continuum of the unperturbed system (system
(5.33) under the hypotheses of Proposition 5.8), that persist in the perturbed system (5.41).

To study the existence, uniqueness and asymptotic stability of T-periodic orbits of the perturbed
system, we are going to use the ideas from Chapter 14 of [31]. To apply these ideas, it is necessary
to write the system in the form,

Ccll_); = Ax + f (s, x, €), (5.42)
where A € My(R), x e R?, 0 < e < 1and f € COR x R? x [0,1),R?) is T-periodic in the first
variable.

In looking for a system of the form (5.42), we perform some changes of variables to system
(5.41).

In a first step, the idea is doing a change of variables to piecewise defined generalized polar
coordinates and obtaining a system that if the third variable vanishes, then it represents the invariant
cone.

Remember that the period of the orbits of the continuum of periodic orbits of system (5.33)
under the hypotheses of Proposition 5.8 is given by T = /8~ + m/37.

We perform a piecewise change for variables x and y, taking into account the periodic orbits
of system (5.33). Concretely, in z < 0, we change the variables x,y by s,y, and in z > 0 by
Yo, Where yq is the positive intersection of the corresponding periodic orbit with the axis y = 0,
s is the time that takes the orbit to arrive to the point (x,y) from the initial condition (0,y0) and
r=s—m/B" —m/BT. Note that s € (0,7/37) for x < 0 and s € (n/B,T) for x > 0, see Fig.
5.2.

On the other hand, we change variable z by Z, a new variable which measures the distance
between the third component z of the point p = (z,y, 2) and the invariant cone of system (5.33),

see Fig. 5.3.
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Figure 5.2: Change of the variables (z,y) to piecewise defined generalized polar coordinates (s, o).

Let us denote

o(s; (w0, Y0, 20)) = (¢1(5; (0, Y0, 20)), B2(5; (0, Yo, 20)), @3 (55 (T0, Yo, 20)))

the solution of system (5.33) with initial condition (z(0),y(0),2(0)) = (zo0,v0,20). With the

considerations above, we perform the following piecewise change of variables,

i 0 0
et %10 .
v |+ 0 if v <0,
. 0 01 ) y
#3(5;5 (0,0, yo/05))

y | = (5.43)

eA*(sz) 0 0 0 " 0

+ 0 itz >0,
00 |1 )" y
z ¢3(5—T7 (07y0>y0/U0))
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Figure 5.3: Change of the variables (x,y, z) to generalized polar coordinates (s, 3o, 2).

where yo > 0, with 7§ given in (5.34) and

e ( 20+ ~1 >
@2+ (52 0 )

Note that (0, yo,y0/0§) is the point located at the intersection between the separation plane and the

cone such that gy > 0.
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It is easy to see that the explicit expression of the solution ¢3(s; (0, y0, yo/7§)) is given by

3 (5,0, () if s € (0,7/87),

(0 7)) =
#a(53 (030, 40/%)) { o3 (s — Toyo, @)  ifse(n/67,T),

where

~c _ (ozi—)\)s B )
&5 (5,50, 75) = yoe™ PG/ D) e (ﬂﬁii(;ois(ﬂis) + (A —at) sm(ﬂis)).

After the change of variables (5.43), function N is rewritten in the left zone as

Ny (s 222) = ¢ |6 () sin(s) = 5™ cos(379) 42 b (54 05 (a0 7)) — 52
(5.44)

with s € (0,7/87) and in the right zone as

v+ 5 Ll ats Y in( B+ + + Yo 54t ~c £c2

Np (S’yOaZ’e) = E |:€ (()\—FOZ )Sll’l(ﬁ S) - B COS(ﬁ S)) 5_+ +k (Z+¢3 (SayO’UO)) - T:| ’
(5.45)

where S =s—T and s € (n/87,T).

The change of variables (5.43) transforms system (5.41) into

§=1—eM(s,0,% ¢),
U0 = eMy (s, 90, %, €), (5.46)
=M+ eMy (s,y0,%,€),

where B
LN (5,90, 5,6) + ), if s €(0,7/87),
Mlv(87y07278) - ’Uy}(—)’— _
y—l( J(s,yo,é,a)—ch), ifse(n/B~,T),
0
MY (5,90, 5.) = wy ( Np‘(s,yo,i,e) + ¢2), if se (0,m/B87), (5.47)
s Y0y < — - .
’ wi (N (5,90, 5,2) + ), if s € (n/8,T),
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and
2 . 7 Nﬁ ) 7~7
95 5,0, 56y (5002 2) + ) + BN e (057,
M?,V(S’yo’zae) = ds \ g >
d¢§r ~c\ ([ N+ 5 N;r(s,y()’Z,&‘) . —
E(SayOavo)(Np (3?y0’256)+c2)+T? if s € (W/ﬁ ’T),
(5.48)
being s
N wy 3:eﬁ—_ if s € (0,m/B7),
wy = efa‘*(sz)sin(B‘*(sz))
wy = 5T ifse(n/B~,T)
and
) vy = e~ S8 cos(ﬁ_ﬁs) + o~ sin(B7s)) if s e (0,7/8°),
2 = —at (s=T) (B+ cos(BH (s — + gin(B+ (s —
wf =& (5 cos(F7 (s 5;’)) T s =D) e (/7).

System (5.46) can be transformed into a planar system of the form (5.42), where the role of the

temporal variable will be captured by the variable s. Thus, from system (5.46),

y/ e % = £ My(87y0727€)
07 ds 1—eMY (s, y0, %) (5.49)
- @ _ )\2+5M3V(5,y0,2, 0)
ds 1 —€M1V(S,y0,2,€)
The previous system can be rewritten as,
v = eMy/ (5,90, 2,0) + O(c?), (5.50)
7= Nz +eMy (5,0, 2,0) + O(2).
This is a system of the desired form
x' = Ax + ef(s,x,¢), (5.51)
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0 0
A= ,
0 A

(s, %,2) = My (s,%,0) + O(?) .
Y My (s,%,0) + O(e?)

where x = (yo,2)7,

and

Now, we look for periodic orbits of the perturbed system (5.51).

Consider the solution ¥ = (s, x*, ), where 1(0,x*,e) = x*, which exists for s in some interval
containing 0 < s < T, and it is continuous in ¢ for ¢ sufficiently close to ¢ = 0. From (5.51), using

the variation-of-constants formula, we obtain
S
P(s,x"e) = eSAx + 5/ e(s_r)Af(r,w(r, x*,€),e)dr. (5.52)
0

It follows directly from (5.52), that a necessary and sufficient condition for ¢ to be periodic of period
T is that

-
(T4 — Nx* + 5/ e T=MAL(r 4p(r,x*, ), €)dr = (0,0)7 (5.53)
0

or equivalently, if we denote x* = (yg, 7*)7,

0 0 v /T 1 0 My (r,x*,0) + O(e?) 0
+e dr = .
0 -1 3* o \ 0 T My (r,x*,0) + O(g?) 0
(5.54)
This is a system of two equations for the two unknowns consisting of the components y and Z* of

X*, namely,

s/T (MQV(T’, x*,0) + 0(52)) dr =0,
0

. (5.55)
(AT —1)2* + 5/ AT (Mgv(r, x*,0) + 0(52)) dr = 0.
0
It is obvious that, if the following equation holds,
T
/ (My(r, x*,0) + 0(52)) dr = 0, (5.56)
0
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the first equation of system (5.55) is fulfilled. Then, let us replace system (5.55) by

-

/ (MZV(r, x*,0) + 0(52)> dr =0,

- 0 (5.57)

(A —1)2* + 8/ ANT7) (Mgv(r, x*,0) + 0(52)> dr = 0.
0

Note that he second equation of system (5.57) is fulfilled for e = 0 and z* = 0. On the other hand,

for e = 0 and z* = 0, the first equation of system (5.57) is equivalent to
T
I5(0) = [ M (r.33(0).0.0)dr =0. (5.58)
0

For the sake of brevity, let us denote y(0) = yo. Due to the piecewise definition of function M,’,

the computation of integral (5.58) must be split into two pieces, in the following form,
w/B B T N
I(yO) - Il(yO) + IQ(yO) - / M2 (37y07 070)d8 + y M2 (37:1/0707 O)dS (559)
0 /B~

The direct calculation of integrals I; and I by taking into account condition (5.36) allows us to

write
I(yo) = a + byo, (5.60)
where - . .
\ o (+) (F+5) 561
B a=\? -
(5) +
and -
b= ¢! (2(;)3((04)2 —(B7)—a" A+ WJF 562)
T kJt '
2(6+)3 (@) = (B7)* —ath) + W) ;
being

(5720 =N/t~ DA+ ) (1 —ef” ) (B)22(87)* + A2 =22~ (A —a7))
" AA(B7)2 +22) :
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y N 5 1) (672267 + X — 20* (A — a™)
(5P (20 —N@* fi5 = 1)1+ >+< |
ot AA(BH)? + %)

with 4= and 6% given in (5.10), c given in (5.31), k given in (5.28) and 5 given in (5.34).

Jt = —

Therefore, equation (5.58) has solution for y;(0) = —a/b := y, provided that b # 0, where a
and b are given in (5.61) and (5.62), respectively.

It is obvious that,
p(s) = (s, (y5,0),0) (5.63)

is a periodic solution with period 7 of system (5.51) when ¢ = 0. It is worth noting that this
orbit corresponds, when it is possible to undo the change of variables, to that periodic orbit of the
continuum of the unperturbed system (5.33) whose intersection with the separation plane {z = 0}

is given by (.

In the following theorem we prove the existence of a periodic solution of system (5.51) for || # 0

sufficiently small and consequently, the existence of a periodic orbit of system (5.41).

Theorem 5.9 Consider the perturbed system (5.41) with at /8T +a= /8~ =0, A # 0 and k # 0
where k is given in (5.28). If a - b < 0, where a and b are given in (5.61) and (5.62), and |¢| # 0 is
sufficiently small, then there exists a periodic orbit of system (5.41) with a period of T4+O(¢), coming
from the orbit of the continuum whose positive intersection with the separation plane {z = 0} is

given by y§ = —a/b.

Proof: First we prove that under the assumptions A # 0 and b # 0 where b is given in (5.62), there
exists a unique periodic solution g = ¢(s,¢) of system (5.51) with period 7", which is continuous in
(s,e) for all s and |¢] sufficiently small, and which for ¢ = 0 reduces to ¢(s,0) = p(s) where p(s)
is given in (5.63). To obtain this, it will be shown that, for sufficiently small ||, system (5.57) has
a unique x* = x*(¢), continuous in & and with x*(0) = (0, y5)”. From this, it follows directly that

q(s,e) = ¥(s,x*(g),e) is the desired solution.

For £ = 0, the second equation of system (5.57) is a homogeneous linear equation whose only
solution is 2*(0) = 0. Moreover, the first equation of system (5.57) for ¢ = 0 is equation (5.58). It
has been computed that this equation has a solution y;(0) = y§ when b # 0, with b given in (5.62).
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Let us rewrite system (5.57) as
0,

(5.64)
0

Function F} is linear in the variables (y3, 2*) due to the linear character of function M, given in
(5.47) and function F; is quadratic in the variables (y§, 2*) due to the quadratic character of function
My’ given in (5.48). Thus, to apply the Implicit Function Theorem, it is necessary to prove that
the jacobian of the left side of system (5.64) with respect to y§ and Z* evaluated at ¢ = 0 and
(5, 2*) = (y§,0) does not vanish, i.e. det(J(0,y§,0)) # 0, where

0F, oFy

= (Ev0,2") 5 (8 90,2")
Ay oz*
J(e,y5,2%) = 0 . (5.65)
: F F
O ey 22 (e, 2)
oy 0z

It is easy to see that

oF, . oF, .
8—%(0,%,0):0 and %(072}070):6/\T—17
and 5
Fy
A O,yc,O :b
L(0.160)

By hypothesis b £ 0 and A # 0, and so,

J(0,5,0) = b (e” - 1) £0.

Therefore, by the Implicit Function Theorem, system (5.57) has a unique solution x* = x*(¢)
for sufficiently small ||, which is continuous in ¢, and such that x*(0) = (y§,0). Thus, there exists
a unique periodic solution ¢ = ¢(s,¢) of system (5.51) with period 7, which is continuous in (s,¢)
for all s and |e| sufficiently small, and which for € = 0 reduces to ¢(s,0) = p(s) where p(s) is given
in (5.63).

Simply undoing the change of variables (5.43), which is possible provided that y§5 > 0 (i.e.,

a-b < 0) and taking into account the first equation of system (5.46), the conclusion follows. 0

Note that Theorem 5.9 could be stated, under hypothesis (c) of Proposition 5.7, for system
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(5.37).

In this chapter, we have analyzed the existence of invariant cones in non-observable PWL systems.
Among the non-observable systems having an invariant cone, we have found a specific system with
an invariant cone foliated by periodic orbits. Finally, after a perturbation which made the system
observable and non-homogeneous, we have proven the persistence of one periodic orbit of the
continuum. Note that, from the continua of periodic orbits analyzed in Chapter 4, we have proven
that in some cases two periodic orbits remain after the perturbation. However, in this chapter, we

have only captured the persistence of one periodic orbit of the continuum.
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Transversal Tangency in PWL Michelson System

In the previous chapters of this work, we have analyzed the existence of periodic orbits in planar
and three-dimensional piecewise linear systems. We have studied periodic orbits with transversal
intersection to the separation boundary and, in some cases, periodic orbits where the contact between
the orbit and the separation boundary is tangential, but the orbit does not cross the separation
boundary. In this chapter, we will analyze the behavior of a three-dimensional piecewise linear version
of the Michelson system (1.14) around a two-zonal reversible periodic orbit with two intersection
points with the separation plane which crosses it by one of these points tangentially. Specifically, we
will see that this tangency fosters the emergence of reversible periodic orbits with four intersection

points with the separation plane.

In the last section of this chapter we will see numerically that the orbit with transversal tangency
to the separation plane is the starting-point for the appearance of the noose bifurcation. The results of
this last section appeared previously in [46] and we add it to this chapter for the sake of completeness.
We will analyze numerically the different bifurcations that the family of reversible periodic orbits with
two and four transversal intersection points with the separation plane experiments, by comparing the

behavior to that of the smooth Michelson system.

The chapter is outlined as follows. In a first section we remember the PWL version of the
Michelson system which was introduced in Chapter 1. Sec. 6.2 is focused on the problem of the
existence of reversible periodic orbits with two points of intersection with the separation plane.
Subsequently, Sec. 6.3 states the problem of the existence of reversible periodic orbits with four points
of intersection with the separation plane. This problem consist of the so-called closing equations and
some inequalities. Sec. 6.4 is centered on the proof of the existence of solution for the closing

equations set out in Sec. 6.3. After that, Sec. 6.5 is focused on the analysis of the inequalities set out
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in Sec. 6.3. Finally, Sec. 6.6 is devoted to performing some numerical analysis and to studying some
bifurcations of periodic orbits that appear on the system, centering our attention on the existence
of the noose bifurcation. In this section, it will be pointed out the similitude between the piecewise

linear version of the Michelson system and the Michelson differentiable system.

The results of this chapter are gathered in [14].

6.1 The piecewise linear version of the Michelson system

The original Michelson [39, 58, 67, 77, 96] system is given by

T =y,

Y=z, (6.1)
, 1

i=ptmy -t

where the parameter p is strictly positive and the dot denotes the derivative with respect to the
temporal variable ¢.

As we have seen in the introductory chapter, specifically at the end of Section 1.1.1, just
performing a linear change of variables, followed by the change of function 22 — ||, the following

piecewise linear version of the Michelson system is gotten

=y,
y=z, (6.2)
=1—y— A1+,

with the parameter \ strictly positive.

Let us begin with the properties of system (6.2). The Michelson system (6.1) and the piecewise
linear version (6.2) are volume-preserving and time-reversible with respect to the involution (1.9),
R(z,y,2) = (—z,y, —2).

Continuous system (6.2) is given by two linear systems separated by the plane ¥ = {z = 0},

called the separation plane, and it can be written in matrix form as

. Atx+e3 ifz>0,
X =
A x+e3 ifz <0,
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with x = (2,7, 2)T, e3 = (0,0,1)7,

0 10 0 10
At = 0 0 1 | and A™ = 0 01 |. (6.3)
—“A1+A%) -1 0 AMI+X2) -1 0

In the half-space {x < 0}, the system has exactly one saddle-focus equilibrium point p~ =
(—1/(A(1 4 A?)),0,0)7, since the eigenvalues of matrix A~ are A, a £ if3, with

A V4 + 3\2
2 2
By the reversibility with respect to R, there exists exactly one saddle-focus equilibrium p* = —p—

in the half-space {z > 0}, whose eigenvalues are given by —\ and —a +1i0.

On the other hand, taking into consideration that system (6.2) is formed by two linear systems
separated by the plane X, it is also interesting to understand the behavior of the flow crossing this
plane. From the first equation of the system, it is clear that an orbit which intersects the plane X at
a point (0, yo, z0) with yo > 0, crosses transversally the separation plane from {z < 0} to {z > 0}.
Analogously, when yo < 0 the orbit crosses transversally the separation plane from {z > 0} to
{z < 0}. In the case yy = 0, the local shape of the orbit depends on the sign of zy. For zp > 0 the
orbit is locally contained in {x > 0}, for zop < 0 the orbit is locally contained in {x < 0} and for
2o = 0 the orbit crosses the plane ¥ tangentially from {z < 0} to {x > 0}. The z—axis is called the
tangency line of the system. More details about this behavior can be found in [19, 20, 72].

Taking into account that both linear systems correspond to saddle-focus equilibria, it is direct to
check that a periodic orbit must visit both half-spaces, {x > 0} and {x < 0}. Hence, the periodic
orbits of system (6.2) have to intersect the separation plane at least at two points. Moreover, in this
chapter we focus our attention on reversible periodic orbits, i.e., periodic orbits which are invariant

with respect to the involution R.

6.2 Reversible Periodic Orbits with two intersection points with the

separation plane

In this section, we are going to introduce a set of conditions to characterize RP2-orbits (Reversible

Periodic orbits with 2 points of intersection with the separation plane), as it was done in [15].
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It is well known that a periodic orbit is reversible if and only if it intersects twice the set of fixed
points of involution R, Fix(R), which in this case corresponds to the y-axis.

For every point p = (z0,90,20)7 € R3 we denote by x(t;\,p) =
(z(t; \,p),y(t; A\, p), 2(t; A, p))T the solution of system (6.2) with parameter A\ and initial
condition x(0; A\, p) = p. Assume that there exist three real values #; > 0, A >0 and 7o such that

p1 == x(f1; A, o) € Fix(R), (6.5)
Yo < 0, (6.6)
z(s; X, Po) < 0 for all s e (0,41), (6.7)

where Py = (0, 5o, 0). Then, under hypotheses (6.5)—(6.7), system (6.2) has for A = A an RP2-orbit
whose period is 2f; (half-period #1), and whose points of intersection with the separation plane are

po and p; = (0,91,0). In Fig. 6.1, a schematic drawing of an RP2-orbit is shown.

| ~

5 y

/

Figure 6.1: Qualitative picture of a reversible periodic orbit of system (6.2) which has exactly two
intersections with the plane 3.

Note that, from hypotheses (6.5)—(6.7) and the properties of the flow crossing the separation
plane, the inequality 91 > 0 must be fulfilled.
In the case §; = 0, the RP2-orbit crosses the plane {z = 0} at p; = (0,0,0) tangentially. The

existence of this periodic orbit was established in the second statement of Theorem 1 of [15]. This
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result is the starting-point of this chapter, and is written subsequently.

Proposition 6.1 There exists a value A = A¢ > 0 such that system (6.2) has a RP2-orbit with

periods less than 47 which crosses the separation plane through the origin tangentially.

The half-period of the RP2-orbit that crosses the plane ¥ tangentially, is denoted by ¢¢. In
Lemma 4 of [15] it has been proven that this half-period is contained in an interval that depends on

the value \¢, concretely,

3 4
to € L (6.8)
VAN 4 /3N +

Numerical computations allow us to obtain the values of t¢ ~ 5.2434 and A\¢ ~ 0.5851. The
RP2-orbit that crosses the separation plane tangentially for A = \¢ is drawn in Fig. 6.2.

Figure 6.2: RP2-orbit of system (6.2) which crosses the separation plane tangentially.

It is natural to think that beyond RP2-orbit, RP4-orbits (Reversible Periodic orbits with 4 points
of intersection with the separation plane) appear, because it is known that close to an orbit crossing
the separation plane with a cubic tangency, orbits which cross the separation plane by three points
transversally, appear [68]. Moreover, numerical simulations support this fact. The rest of the chapter

is focused on the proof by hand of the appearance of RP4-orbits.
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6.3 Reversible Periodic Orbits with four intersection points with the

separation plane

This section is devoted to introducing a set of conditions to characterize RP4-orbits.

Assume that there exist four real values ¢; > 0, &5 > 0, A > 0 and §jy such that

p1 :=x(f1; \, Po) € %, (6.9)

P2 := x(f2; ), p1) € Fix(R), (6.10)

jo < 0, (6.11)

1’(8;5\7130) <0 forall s€(0,t), (6.12)
z(s; A, p1) > 0 forall s € (0,4y), (6.13)

where pg = (0, 9o, 0). Then, under hypotheses (6.9)—(6.13), provided that py # P2, system (6.2) has
for A = \ an RP4-orbit, whose half-period is ¢ = £ + t3 and whose intersections with the separation
plane are pg, P1, P2 and ps = R(P1). In Fig. 6.3, a schematic picture of an RP4-orbit is shown.

The points pg, p1, P2 and p3 are also represented.

by z

Figure 6.3: Qualitalive picture of a reversible periodic orbit of system (6.2) which exactly four
intersections with the plane 3.

Solutions of conditions (6.9)—(6.13) may correspond to RP4-orbits or RP2-orbits, as we
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characterize in the following remark.

Remark 6.2 Suppose that a triple (t1,%2,\) = (51,52,5\), with £ > 0, 5 > 0 and \ > 0 verifies
conditions (6.9)—(6.13). Then, the following statements hold.

(a) If po # P2 and iy # 0, system (6.2) has for A = A an RP4-orbit.
(b) If Pg = P2, then &1 = {5 # 0 and system (6.2) has for A = A an RP2-orbit.

(c) If iy = 0, system (6.2) has for A = X an RP2-orbit. In particular, if (1,2, A) = (t¢,0, o),
then system (6.2) has for A = A an RP2-orbit that crosses the plane ¥ tangentially through
the origin (see Proposition 6.1).

Note that, from hypotheses (6.9)—(6.13) and the properties of the flow crossing the separation
plane, the inequalities
g1 = y(t; A, po) >0 (6.14)

and
jo = y(ba; A, p1) <0 (6.15)

must be satisfied. For the points satisfying conditions (6.9)—(6.13) corresponding to RP4-orbits, these
inequalities must be strict.

Inequalities (6.14) and (6.15) will help us to prove inequalities given in (6.11)—(6.13).

6.4 Analysis of the closing equations

This section is focused on the proof of the existence of solution of (6.9) and (6.10), from now on,
the closing equations. We are going to see that the system of the closing equations is a system of six
equations and seven unknowns, namely, (¢1,t2, Y0, Y1, 21, Y2, A). The first step will be its reduction to
a system of two equations and three unknowns, namely, (¢1,t2, A). After that, we will check that the
values (tc, 0, A¢) corresponding to the RP2-orbit that crosses the separation plane tangentially satisfy
the closing equations. Nevertheless, in looking for solutions which correspond to RP4-orbits, we need
solutions with t5 # 0. Therefore, the idea is the application of the Implicit Function Theorem to get
solutions (£1(t2), ta, A(t2)) starting from (£1(0),0, A(0)) = (t¢,0, A¢) such that 5 # 0. However, we

will see that it is impossible to apply directly the Implicit Function Theorem, and it will be necessary
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a previous desingularization of the system. Thus, we will get solutions of the closing equations with
to # 0.

We begin with the reduction of the system of six equations and seven unknowns to a system of

two equations and three unknowns.

Let (tl,tg,yo,yl,zl,yg,)\) = (1?1,1?2,@0,@1,21,@2,5\) be a solution of the system given by (69)
and (6.10), i.e

p1 = x(t1;A, po) € X, (6.16)
p2 := x(t2; A\, p1) € Fix(R), (6.17)

with yo < 0, where py = (0,y0,0). According to conditions (6.11)—(6.13), the expression of x in
equation (6.16) (respectively, in equation (6.17)) can be obtained by integrating the linear system
in the half-space {z < 0} (respectively, in the half-space {z > 0}). So, it is convenient to introduce

the following notation.

Let x (t; A\, p) (respectively, xT(¢; A\, p)) be the solution of the linear system x = A™x + e3
(respectively, x = A*x + e3) with parameter \ and initial condition x(0; \,p) = p, where the
matrices A~ and A™ are given in (6.3).

The system formed by (6.16) and (6.17) is a system with six equations and seven unknowns,

z” (t1; A, (0,90,0)) = (6.18)
y (t13 A, (0,90,0)) = (6.19)
27 (t13A,(0,0,0)) = (6.20)
at(tas A (0,91, 21)) = (6.21)

yt (X, (0,91, 21)) = (6.22)
25 (25 A, (0,91, 21)) = 0. (6.23)

However, after some manipulations, it can be transformed into a system with two equations and

three unknowns.

Let us begin with the analysis of equations (6.18)—(6.20), which can be written explicitly in the
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following form,

28 [(1 4 A%)(1 4+ N2yg)el* — (14 3A?)] e —2x23 [(14 X2)yo — 2] cos(Bt1)

(6.24)
FA (14 A)(2 43Xy — 2] sin(Bt1) = 0
L {Qﬁ(l—i—)\z )—i—e*?%l)‘-
28(1 + 3)2) Yo 025
. [Qﬁ ((1 +2X2)yy — 1) cos (Bt1) + A (yo — 3) sin (ﬁtl)H =y,
PER ) ) 71%)\
ST |20 20 28 (1 2%0) deH os 51 o

3t1

- ((2 + 622 + 3y — (2 + 3)\2))677>‘ sin (ﬁtl)} = 2.

From equation (6.24), the value yo can be expressed as a function of ¢; and A. We denote this

function by yo = Yo(¢1,A) and it is given by

v (t )\) - 2p3 [1 +3)\2 — (1 + )\2)6)\151] G%A _ 4)\25COS(ﬁt1) i 2>\Sin(ﬁt1)
o AL+ X2) {2>‘ﬁ <€3t71)\ - COS(ﬁﬁ)) + (24 3)\?) sin(ﬁtl)]

provided that the denominator does not vanish, where 3 was given in (6.4). Denote the denominator

D(t1, ) = A(1 + A2) [mﬁ <eA— - cos(ﬁt1)> +(2+3)2) sin(ﬂtl)] . (6.27)

Functions D(t1,\) and Yp(t1, A) were studied in [15]. Concretely, it was proven that they verify
D(t1,A) > 0 and Yy(t1, ) < O for every (¢1, A) such that it corresponds to an RP2-orbit, including

the orbit which crosses the separation plane tangentially, thus
D(tc,A\c) >0 (6.28)

and
Yo(te, Ac) < 0. (6.29)

By substituting yo = Yo(t1, ) in equation (6.25), it can be obtained an explicit expression of y;
in terms of ¢; and A, which is called Y3 (¢1,\). Similarly, from equation (6.26) it can be obtained an
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explicit expression of z1 in terms of ¢; and A, which is called Z;(¢;, A). More concretely, we define

Xl(tl,)\) :1'7(151;)\, (O,Yo(tl,)\),O)),
Yi(tla )‘) =y (tl; )‘7 (Oa YE)(tla )‘)a 0))7 (630)
Zl(tl,)\) = Zf(tl;)\, (O,Yo(tl,)\),O)).

With this notation, X;(t1,A) =0,

Yi(t, A) = Ag((:;\)) (6.31)
and

(6 = B3y
where

Atq

M(ty, ) = 28(eM — 1) [)\2(1 +eM)e™ T — (1+2)2) cos(ﬁtl)} + A1 4 e M) sin(Bty),
Q(t1,\) = 2X383 [e_MTl(l + ey — (1 4 M) cos(ﬁtl)} + (Mt — 1)(2 + 6A2 + 3)\*) sin(Bt1)

and D(t1,\) is given in (6.27).
Thus, if D(t1,\) does not vanish, the system of equations (6.18)—(6.23) is reduced to

ZQ(t17t27)‘) :07 -
where
Xo(t1,t2, A) = at(t2; A, (0, Y1 (81, N), Z1(t1, M), (633)
ZQ(tla t2’ )‘) = Z+(t2; )‘7 (07 Yl (th )‘)7 Zl (tl’ )‘)))
Moreover, the notation
Ya(t1,t2,A) =yt (ta; A, (0, Y1 (t1, ), Z1(t1, N))), (6.34)

will be useful later on.

Therefore, it is clear that when (t1,%2, ) is a solution of system (6.32) such that D(t1,A) does
not vanish, then (t1,t2, \, Yo(t1,A), Y1(t1, ), Z1(t1, A), Ya(t1,t2,A)) is a solution of (6.18)—(6.23).
Reciprocally, if (t1,t2, A, v0,91, 21,y2) is a solution of (6.18)—(6.23) such that D(¢1,\) does not
vanish, then (¢1,t2,\) is a solution of (6.32). We can say, roughly speaking, that (6.9) and (6.10)
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is equivalent to (6.32). Note that the solutions of this system correspond to periodic orbits when
inequalities (6.11)—(6.13) are satisfied.

Once we have reduced the system of the closing equations to (6.32), we are going to center our

attention on the analytic proof of its existence of solution.

It is important to remind that taking into account inequalities (6.28) and (6.29), the solution
(t1,t2,\) = (tc,0, A\c) of system (6.32) corresponds to the RP2-orbit which crosses the separation
plane tangentially at the origin, see Remark 6.2. That lead us to study the system (6.32) in a
neighborhood of (t¢,0,A¢). The idea is to apply the Implicit Function Theorem to system (6.32)
in a neighborhood of the point (£1(0),0,\(0)) = (tc,0,Ac) to get solutions (Z1(t2), t2, A(t2)) with
to # 0. However, it is impossible to apply directly the Implicit Function Theorem and a previous

desingularization of the system is required.

Let us write the first equation of system (6.32) through its Taylor series expansion in a

neighborhood of t5 = 0,

0X
Xo(t1,t2,A) = Xa(t1,0,\) + 8722(151, 0, M)t + H(t1,t2, A)t5 = 0. (6.35)
From the first equation of system (6.33) and taking into account equation (6.21), it follows that
Xo(t1,0,X) = 27 (0; A, (0, Y1 (t1,N), Z1(t1,\))) = 0. Moreover, by taking into consideration the first
equation of system (6.2), & = v, it follows that

0X. Ox™
2(751,0,)\) = - (Oa)‘a (ani(t1>)‘)>Zl(tl>)‘))) = Yi(t1>)\)>
Ot Ot

so, equation (6.35) becomes into
to [Yl (tl, )\) + H(tl, to, )\)tg] =0, (6.36)

which is always zero for to = 0. Therefore, it is not possible to apply directly the Implicit Function

Theorem to equation (6.36). We define

1
Xo(t1,t2,A) = gXQ(tthv)\) =Y1(t1,\) + H(t1,t2, N)to,

for to # 0. We are going to be more specific with the last expression because it will be

useful later on. Taking into account that solutions of system (6.2) satisfy y = z, we can write

Soledad Fernandez Garcia



152 CHAPTER 6. TRANSVERSAL TANGENCY IN PWL MICHELSON SYSTEM

H(tl,tg,)\) = %Zl(tl,)\) —l—ﬁ(tl,tg,)\)tg, and then,

1 -
Xo(t1,t2, ) :mﬁhﬂ+§%ﬁhﬂm+ﬂm¢mnﬁ. (6.37)

Hence, solutions of system (6.32) with t5 # 0 correspond to solutions of

XQ(tthv )‘) = 07
Z2(t1’t2, A) == 0.

Note that despite to = 0, the triple (t1,t2,A) = (tc,0,A¢) is also a solution of this system
because Yi(tc, Ac) = 0 for the RP2-orbit which crosses the separation plane tangentially.

After the desingularization, we can use the Implicit Function Theorem to get solutions
(£1(t2), ta, A(t2)) with to # 0 and small enough, starting from the tangency, that is, (,(0),0, A(0)) =
(tc, 0, A\¢). Specifically, it must be proven that det(J(t¢,0, A¢)) # 0, where

9Xo 90X
a—tl(tl,tz,)\) W(tlat2a)\)
T(t1,t2,\) = . (6.38)
07 075
a—tl(tlvt27)\) ﬁ(t17t27)\)

As a previous step in the proof of this condition, the following two lemmas are stated.

For the sake of brevity, we are going to denote

q= (O,Yb(tl,)\),O) and q¢ = (O,Yb(tc,)\(j),O). (6.39)

Lemma 6.3 The function =™ (¢1; A, q) satisfies the following property

ox~
a—yo(tc; Ay de) = Ac(1+28) (Yolte, Ae))?,

where q = (0,Yp(t1,A),0) and g = (0, Yo(tc, Ac),0) are given in (6.39).

Proof: The function 5
-
—(t: A
32/0 ( y Can)
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for every 0 <t < t¢ is the first component of the solution of system

W = 0 0 1 |w (6.40)
Ao(14+2A2) -1 0

which satisfies the initial condition w(0) = (0, 1,0)7.

Consider the functions

. _ _ T
Vl(t) :X(t;)‘c’qC): (y 2 1=y —|—)\0(1—|—)\%~)$ ) ‘ s
(t: ¢ ac)
va(t) =vi(t) = (zf,l—yf—i-)\c(l—k)%)x*,—z* +)\(;(1+)\20)y*)T‘ ,
(t: ¢hac)
and
vi(t) = Va(t)

= (19 (140, == + AL+ Ny~ g +he(l 40 —a )|
itateicle]

Functions vq, vy and vs form a fundamental system of solutions of system (6.40) because

00 1
det(vi(tc)|va(te)|vs(tc)) =det | 0 1 0 | =—-1#0.
1 0 -1

Therefore, the function w(t) can be written as w(t) = a;vi(t) + agva(t) + asvs(t), where

(a1, a9, a3)T satisfies

041V1(0) + OCQVQ(O) + Oéng(O) = (O, 1, O)T.

That is, (a1, a9, a3)” is the unique solution of system

Yo(te, Ao) 0 1 —Yo(te, Ac) o 0
0 1—Yo(te, Ae) Ao(1+ A8 Yo(te, Ac) a [ =11
1= Yo(to, Ae) Ac(l+A8)Yo(te, Ac) Yo(te, Ae) — 1 as 0

Thus, taking into account that equality det(vy(t¢)|va(te)|vs(tc)) = det(v1(0)|ve(0)|vs(0)) holds,
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by solving the system we obtain a; = Ao (1 + M%) Yo (to, Ao) (Yo(te, Ac) — 1), as = 1= Yy(te, Ac)

and a3 = )\0(1 + )\%)(Yo(tc, )\0))2. Then,
W(tc) = Oclvl(tc) + (XQVQ(tc) + Oéng(tc) = (043, 9, — ch)T

and the conclusion is direct.

Lemma 6.4 The determinant of the jacobian matrix (6.38) evaluated at (¢1,t2,A\) = (t¢,0, A¢)

can be written as

oY
det(J(tc,0,Ac)) = =5 (te, Ac)-
o\
Proof: We are going to prove that
0Xs
—(tc,0,A\c) =0
o, (tc,0,A¢)
and 5
Z2
—(tc,0,A¢0) = 1.
ot (tc, 0, c)

Then, the determinant of the jacobian matrix (6.38) is reduced to

X
det(‘](t07 07 )‘C)) = _%(tCU Oa )\C)
and by using (6.37), we get .
0Xs o
2 (te:0:Ac) = —=(te, Ac),

and the conclusion follows.

(6.41)

(6.42)

(6.43)

Let us begin with the achievement of relation (6.41). From expression (6.37), one obtains

0X> o
a—tl(tlvfh A) = 8—151(t1’)\)'
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Taking into account the equations of system (6.2), it follows that

o 0o , _
! - (6.44)
= W )20 1, ).
— Zl(tla)‘) + (9y0( 1 )8t ( 1,

On the other hand, taking into consideration the first equation of system (6.2), & = y, one obtains

that
0X1

a—tl(tl,)\) = % (27 (t1; 7, q))

ox~ Yy

otq
= Y
1(t17)‘) + 5 ay (tla)\ q) 8t

(t1, ).

0X - .
Since X (t1, \) is identically zero, it follows that Wl(tl,)\) is indentically zero too. Therefore,
1
from the last equality it is satisfied that

ox~ Yy

—(t1; =0. 6.45
Yl(tlv)‘)+ ayo (t17)‘7 )at (t17)‘) 0 ( )

Remember that Yi(tc, A\c) = 0. Moreover Yy(tc, A\c) < 0, thus ax (tc,)\c,qc)) # 0 (see Lemma
6.3). Therefore, by evaluating equation (6.45) at (t1,\) = (tc,)\c) it follows that

20

ot —(tc, A\c) = 0. (6.46)

From this equality, by evaluating equation (6.44) at (¢1,\) = (t¢, A¢), and taking into account that

Z1(te, Ac) = 0, we obtain
oYy

Bt —(te, A\e) =0, (6.47)

and so, relation (6.41) holds.
Now, we proceed to prove equality (6.42). Let us compute the following Taylor series expansion
Zo(t1,t2, ) = Zo(t1,0, ) + %—f;(tl,(% Ntg + H(t1,t2, \)t3.
The second equation of system (6.33) evaluated in t; =0 is

Zg(tl,o, )\) = Z+(O;)\, (O,Yl(tl,)\),Zl(tl,)\))) = Zl(tl,)\).
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Therefore, it is obvious that
07,

oty

07,

(tc, 0 )\C) ot

——(tc, Ao)- (6.48)

Taking this into consideration and that solutions of system (6.2) satisfy 2 = 1 — y + A(1 + A?)z in
the half-space {z < 0}, we obtain that

07,

ot o, oA =

o [Z(tl; A, Q)]

0z~ Y,
= 1—n<t1,A>+A<1+A2>X1<t1,A>+£<tmq> :
0

oA
8t(1’)

By evaluating (6.49) at (¢;,A) = (tc,\¢), taking into account expression (6.46) and that
Xl(tc, )\0) = Yl(tc, )\0) =0, it follows that

071

ot —(tc, \c) =1, (6.49)

and then, from equalities (6.48) and (6.49), expression (6.42) holds and the proof is completed. O

Note that, to apply the Implicit Function Theorem, the problem is now reduced to prove that

Lt Ac) # 0. (650)

From the explicit expression of Y7(t1,A) given in (6.31), by taking derivative with respect to A

we obtain
oM oD

oY, (tlv)‘)D(tlv)‘)_M(th)‘)
O\ (D(t1,\))?

Remind that Y (t¢, Ac) = 0, and so, M (tc, Ac) = 0. Then, the derivative of function Yj(¢1, A) with

respect to A at (t1,\) = (to, \o) is

(tlv )‘)

oY, oM 1

oy (e Ac) = -+ (tc,Ac)m- (6.51)

Hence, condition (6.50) is equivalent to

oM
N (tc, A\c) # 0.

In the following proposition, we prove the existence of solution of the closing equations of the
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RP4-orbits, just by checking that the previous condition holds.

Proposition 6.5 There exist a value £ > 0 and two analytic functions

f=t(t2), A= A(t2) (6.52)

defined for |ta| < &, such that 1(0) = to, A(0) = A¢ and (f1,t2,\) is solution of system (6.32).
Furthermore,
(t~1>t2a5\7Yb(fla5‘)3Yi(flaX)azl(flyj‘)ayé(flat%j‘))

is solution of equations (6.18)—(6.23).

Proof: As it has been explained before, we must prove that

oM

5y (tesAe) # 0.

More suitable coordinates are chosen by replacing t; with the new variable 7 = St1, where 3 was

given in (6.4). By doing this change of coordinates we obtain
M(m,\) = M (7/8,\) = A(1,\) + B(1,\) cos 7 + C(7, \) sin 7, (6.53)

with

8

Ar ) = 28)2(e5 —1)e 25,
B(r,\) = —28(1+2\2)(eF — 1),
C(r,\) = )\(1+e%).

For A # 0, we consider the function

S(r\) = _]\?(T,)\) _ CosT N sinT Y
A(r,A)  X(1,A)  Y(1,A)

being X (7,\) = —A(7,\)/B(r,\) and Y (1, \) = —A(7,\)/C(7, \) for every 7 > 0.
Let us denote 7¢ = Bote, where So := /4 + 3AZ /2. From the bound for tc given in (6.8), it
follows that 7 € (37/2,2m) . For that reason, we restrict the study to this interval.

Fix a value 7 € (37/2,27). In order to analyze the derivative of function S(7, \) with respect to
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A, we are going to compute the derivative of functions X (7, \) and Y (7, \) with respect to \. The

derivative of function X with respect to \ is

0X A(Mr(e® —1D(1+222) 481+ ) ) e
(1, A) = 255(1 + 2A2)2 ;

O

which is strictly positive, for A > 0 and 7 > 0.

On the other hand, the derivative of function Y with respect to X is

Ar 9 A\ AT
57 <B(1—eﬂ)(2+3)\)—)\T(1+eﬂ))e 2
5(77 A) = 32 )

which is strictly negative, for A > 0 and 7 > 0.
Therefore, the derivative of function S(7,\) with respect to A,

oS 0X COS T oYy sinT
— (A=) = () —=——,
N O Y E ORI T E

is strictly negative, for every 7 € (37/2,2m).
Taking into account that A(r,\) is strictly positive, for every A > 0 and 7 > 0, and that
S(Tc, )\(j) = M(Tc, )\0) =0, it follows that

OM as
E(Ta)\c) = —A(TCJ\C)ﬁ(TC,)\c) > 0.
Therefore, it is concluded that
a—M(t Ac) >0 (6.54)
oy (e Ac . :

Furthermore, from inequality (6.28) we know that D(tc, Ac) > 0 and then, by continuity with
respect to ty, there exists £ > 0 and functions 71 (t), and A(tz) such that D(1(t2), A(t2)) > 0 for
|ta| < €. Then, by taking into account that solutions of system (6.32) such that D(¢1,\) does not
vanish, correspond to solutions of system (6.18)—(6.23), the proof is finished. O

Note that, from expression (6.51) and taking into account inequalities (6.28) and (6.54), it follows

that 5
Y1
—(tc, A . )
oy (tesAc) >0 (6.55)
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6.5 Verification of the inequalities. Statement of the main result

This section is focused on the analysis of the inequalities that the solutions of system (6.18)—(6.23)
must satisfy to correspond to an RP4-orbit.

To check whether the solution (Z1(t2), A(t2)) of system (6.18)—(6.23) given in Proposition 6.5
corresponds to an RP4-orbit, inequalities (6.11)—(6.13) must be fulfilled. This inequalities are

translated into

%({1(152), 5\(152)) < O, (6.56)
x (s, Alt2), (0, Yo (£1(t2),0))) < 0 for all s € (0,1(t2)) (6.57)
.%'+(£1(t2), S, 5\(152), (O, Yo(l?l(tg), 0))) >0 forall se (0, tg), (6.58)

for 0 <ty < &, with & given in Proposition 6.5.

It is known that Yj(tc, Ac) < 0, see (6.29). Hence, due to the continuity of the solutions with
respect to to, it is obvious that inequality (6.56) holds for 0 < 5 < &.

As a previous step in the proof of (6.57) and (6.58), we are going to focus our attention on
proving conditions (6.14) and (6.15), which using the notation introduced in definitions (6.30) and
(6.33) can be written as

' 2 (6.59)
Ya(i1(t2), t2, A(t2)) < 0,

{ Yi(f1(t2), A(t2)) > 0,
for 0 <it9 < €.
Once these inequalities will be proven, we will do the proof of inequalities (6.57) and (6.58).

To begin with the proof of inequalities (6.59), we obtain in the following lemma an approximation

of functions #; = #1(t3) and A = A(t2) up to the first non-zero term after the constant term.

Lemma 6.6 The solution functions of the closing equations given in Proposition 6.5 satisfy

'El(tz) =tc—1to+ O(t%),

. 1 /Y -1
Mt2) = Ae — ¢ (a—)\l(tc7)\c)> t5+ O(13),

(6.60)

where [to| < €.
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Proof: It is clear that

M0)=Ac and 1,(0) = tc. (6.61)
From now on, let us denote by a prime the derivatives with respect to ¢, of functions #; and \.

From Proposition 6.5, (f1(ts),t2, A(t2)) satisfies the system of equations (6.32), that is,

{Xg(il( 2), b2, A(t2)) = 0, (6.62)

Zs(t1(ta), t2, A(t2)) = 0,

for ‘tg’ <E.
Taking derivatives with respect to t9, and evaluating it in t5 = 0, it is easy to see that 5\’(0) and

#h(0) must satisfy the system of equations

8X2 (3X2 ~ 8AXQ
a1, (te:0,A¢) 53 (e, 0,A0) #.(0) A (tc,0,A¢)
074 074 5\’(0) 074
rn (tc,0, M) N (tc,0,Ac) O (tc,0,Ac)

From equalities (6.41)-(6.43), this is equivalent to

oY, ~ 0X,

0 8)\ (tc,)\c) t’l(O) 8t2 (tCaO )\C)
= — . (6.63)
1S3 (t0.0.00) (0) 7, (to:0:Ac)

Moreover, from definition (6.37), it is easy to check that

8X2

e (tc,0,A¢) = 0.

On the other hand, remember that the Taylor series expansion of function Zs(ty,ta, A) is

07,

Zo(t1,to, \) = Z1(t1. A\
2(t1,t2, A) 1(t1, )+8t

(t1,0, \)to + H(t1,t2, \)t3.

By taking this into account and that solutions of system (6.2) satisfy 2 = 1 —y — A(1 + A?)x in the

half-space {x > 0}, the Taylor series expansion can be written as

Zg(tl,tg, )\) = Zl(tl, )\) + (1 — Yg(tl, 0, )\) — )\(1 + )\Q)Xg(tl,o, )\))tg + g(tl,tg, )\)t%
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Simply remembering definitions given in (6.33) and (6.34) and evaluating them in t; = 0, this can

be rewritten as

Zg(tl,tg, )\) = Zl(tl, )\) + (1 — Yl(tl, )\) — )\(1 + )\Q)Xl(tl, )\))tg
+ I'_I(thtg,)\)t%,

and from this development, it can be computed for (¢1,t2, ) = (t¢, 0, A\¢) that

07
Wj (t070))\0) =1- Yi(tC,)‘C) - )\C(l +)\%’)X1(t07)\0) =1

Thus, system (6.63) becomes

oY1

0 55 (te:Ac) #1(0) (o
oz 1 B
1 a—; (tc,0,\¢) )‘/(0) 1

Taking into account that condition (6.55) holds, this system has a unique solution which is given by
N©)=0 and #(0)=—1. (6.64)
Therefore, we have the following first approximation of the functions #; and X,

{ t1(t2) = te — ta + O(t3),
At2) = Ao + O(83).

We have found a non-zero term after the constant one for the function 1, but not for A. Thus, the

following objective is to compute A’ (0).

The derivative of X5 with respect to to is

= [Ralita) 2 3] = S 02), b2 M) 1) + B 201 (12) 12, A1)
+ %(ﬁ(m),t%S\(tQ))Z\’(tQ).

If we calculate the derivative of this expression with respect to ¢ and we evaluate it in 5 = 0,
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by taking into account equalities (6.61) and (6.64), one arrives to

d2 . (F 3 o d 8X2 ~ 8X2 -,
Lz_tg [XQ(tl(tg),tg,A(tQ))H o ~ i o ——=(t1(t2), t2, A(t2)) t O+ o (e, 0, Ae)(0)
I 1,
-i 8X2 1 1] 8X2 I
+ iz | ot — (f(t2), t27)\(t2))_— tz:o+ o (te: 0.2¢)X"(0).

(6.65)

From the first equation of system (6.62), it can be affirmed that

{5_; [Xg(fl(t2)7t275\(t2))]:|

to=0

which from equation (6.65) and taking into consideration (6.41), is translated into

[d% [%—f@(m) tza)\(tz))” o dd [aaf (a(t2) tzjw” 12=0
+%(tc,0 Ac)X'(0) =0

From this equation, by taking into account expression (6.43) and inequality (6.55), it is possible
to obtain that

~ [ditg [88)75(12 (F1(t2), t2, M(t2)) | — d;:; [%)t(; (1 (t2), t275\(t2))]] ,
o 2=0 (6.66)
2 (1)

For the sake of brevity, we only specify the computation of the first addend of the numerator of

expression (6.66). The second one can be computed analogously.

To begin with, remember the following expression of function X (see (6.37))
- 1 .
Xo(t1,t2,N) =Yi(t1,\) + §Z1(t17 Mto + H(ty,ta, \)t3.

From this, and taking into consideration (6.44) and (6.49), the derivative of Xy with respect to
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is given by
09X, oy~ Yy
ti1,t9, \) = Z1(t1, A —(t1; M\, q t1, A

atl(la 2 ) 1(17 )+ay0(1’ )8t (1’ )

Vi) + A0+ XA + Lt 0 D ) ) ¢
2 \ 1\t1, 1\t1, 8y0 1 8t 1, 2
oOH )

+a—t1(t1,t2’)‘)t2a

where q was defined in (6.39).

Now, taking into account (6.64), if one substitutes (£, \) = (f1(t2), A(t2)) in the last equality,

takes the derivative of this expression with respect to to and evaluates it in t5 = 0, it follows that

d [0y~ - 3 | 9o - 3
+ |:d_152 {%(tl(tQ)v)‘(tQ)vq)} %f(tl(tQ)’)‘(tQ))] 10
8y ~ d [0Yy -~ b
|2 e a g [P, 2| .
+% (1 —Yi(te,Ae) + Ac(1 + 2&) X1 (to, Ao)
- (Zzyo (tc,)\aCIC)gi/ (’507)‘C)>
(6.67)
where
a = (0, (f1(t2), A(t2)), 0) (6.68)

and g¢ was defined in (6.39).

Let us compute the previous expression. By taking into consideration equalities (6.64), it is easy

to see that 52
Y:
— at20 (tco, Ao). (6.69)
to=0 1

i | ) )]

If we take the derivative with respect to ¢; in expression (6.45) and evaluate it in (t1,\) = (tc, Ac),
it follows that

oY; 2

oty

Yy

Yo
to, \c) = 0.
ot % (te, o)

——(tc. M)+ {8 {8 o2

ot | agg N q)H

ox~
—(tc, Ao)+ 5 —(tc; Aevac) 55
(te,Aeac) Yo
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From this expression and taking into account Lemma 6.3 and equalities (6.46) and (6.47), it follows

that 52
Y,
87%0@0, Ac) = 0. (6.70)

Therefore, from equality (6.69), one obtains

e aw)|]| —o

to=0

From relation (6.67), by taking into consideration that X (tc, A\c) = Yi(tc, Ac) = 0, expressions
(6.46), (6.49) and the previous equality, one concludes that

d |0X, - - 1
[d_tg la—ﬁ(tl(tQ)’tQ’)‘(tZ))]] =3
to=0
Analogously, it can be proven that
d |0Xs - . 1
[d_tz [8—@(’51(152)71‘/27)\(752))” T
-

By substituting these two last equalities in expression (6.66), it follows that

-1
N'(0) = — (3% (tC,Ac)> (6.71)

and the proof is completed. O

Through the approximation of functions A and #; got in Lemma 6.6, we are going to prove
several inequalities. Two of them are given in (6.59) and one more that will be useful in the proof of
inequality (6.57).

Lemma 6.7 Let #,(ty) and A(t2) be the functions defined in Proposition 6.5. The Taylor series
expansion up to the first non-zero term of functions Y;(#1(t2), A(t2)), Ya(f1(t2),t2, A(t2)) and
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Zy(T1(t2), A(t2)), is given by
Yi(f(12), M(t2)) = 313+ O(),
Va(fa(12), 12, A1) = — 13 + O().

Zy(B1(t2), A(t2)) = —t2 + O(13).

Proof: The proofs of the three equalities are similar, so we only prove the first one
By the definition given in (6.30), the equality Y;(1(t2), A(t2)) = v~ (f1(t2); AM(t2), @), where §

was given in (6.68), holds.
We proceed to compute the Taylor series expansion of function Y;(#;(t2), A(t2)) up to the first

non-zero term. The constant term of the expansion is given by

Y1(£1(0), A(0)) = Yi(te, Ac) = 0. (6.72)
Consider now the derivative with respect to 9,
d < d r_ - < -
diz V1) M) = o [y (B (02): M), @)
A (6.73)

= 2 (11 (t2); A(ta), )t’(t2)+8a—)\(t1(tz) At2), @) N (t2)
Yy

+%<t1(t2) A(t2), )(2?&1@2) A(t2))) (o) + =2 oy (T(t2), x(tQ))x/(t2)>_

By evaluating the derivative given in (6.73) for to = 0 using the notation q¢ introduced in (6.39)

and taking into account (6.64), it is clear that

due to z(tc; Ao, qc) = 0 and relationship (6.46).
For the sake of brevity, sometimes we delete the dependence with respect to the arguments in

the following expressions.
By taking the derivative with respect to to of expression (6.73) and particularizing it in to = 0
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it follows that

2 ~
e PRCIY IR
dtQ =0 (6.75)
[ 2 sy Oy 4 (9% | Oy O¥os '
N 8y0 8t1 O\ 8y0 dtz 8751 ayo oA

2
(tesheac) 3

due to equations (6.46), (6.69)—(6.71) and the equality

Dy Yo,y
ayo oA O\

o

- ﬁ(tc,)\c)-

(tc;he,ac

From equalities (6.72), (6.74) and (6.75), we conclude that

- ~ 5 1
Y~ (ti(t2); At2), @) = gt% +0(t3)
and the proof is finished. O

In Lemma 6.7 we have computed the Taylor series expansion up to the first non-zero term, of
functions Y7 (f1(t2), A(t2)), Ya(t1(t2),t2, A(t2)) and Zi(L1(t2), A(t2)). It is a remarkably fact that,
although the first terms of the Taylor series expansion of functions #5(t3) and A(t) depends on the
values t¢ and Ao (see (6.60)), the approximations given in Lemma 6.7 do not depend on these
values.

At this point, we are going to center our attention on proving the inequalities given in (6.57) and
(6.58).

On the one hand, from the second inequality in (6.59) and taking into account that 0 < ¢y < £,
when ¢ is sufficiently small, (6.58) follows.

On the other hand, to finish this section, we prove inequality (6.57) in the following proposition.

Proposition 6.8 Consider functions #1(t2) and 5\(152), given in Proposition 6.5, and q =
(0, Yo(Z1(t2), A(t2)),0) given in (6.68). For every t, > 0 and sufficiently small, it is satisfied that
27 (53 \(t2),q) <0, for all s € (0,%;(t2)).

Proof: For the sake of brevity, we are going to remove the argument of functions #; (t3) and A(ts).

From expressions (6.8) and the first equation of system (6.60), it follows that t; = to — to +
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O(t3) < 2m/Bc, for to > 0 and sufficiently small, where B¢ = /4 + 3AZ/2. Moreover, from
the second equation of system (6.60), and inequality (6.55), we conclude that A < ¢ and so,

V4 +3X2/2 =3 < B¢ Therefore, 21/Bc < 2r/B and &1 < 27/3.

Now, we are going to see that, under the hypotheses, if there exists a value s, € (0,%1) such

that 2~ (s,; A, q) > 0, then the value #; must be greater than 27/j.

Remember that the first two equations of system (6.2) are & = y, § = 2, and that Yy(i1,\) <0
for to > 0 and sufficiently small. Then, function x*(s;j\,q) satisfies x*(O;S\,q) = ({y; 5\,61) =0,
27 (525 A,@) > 0 and #(0; X, @) =y~ (0; A, @) = Yo(f1,A) < 0.

Furthermore, from Lemma 6.7 one obtains that 4~ (f1;\,q) = Yi(f1,A) > 0, for to > 0
and sufficiently small. Therefore, there exist three values 0 < 5,1 < sy < sy3 < t1 such that

Y (5y1:A,9) <0,y (sy2;A,q) > 0 and y~(sy3:A,q) < 0.

It is clear now that there exist two values 0 < s,; < S,0 < t1, where z_(szl;j\,(i) =
z*(szg;j\,q) = 0, y*(szl;j\,q) > 0 and y*(sZQ;S\,q) < 0. Moreover, from the hypotheses, it
holds that 2z~ (0; A, q) = 0 and from Lemma 6.7 we get that 2~ (f1; A, q) = Z1(t1, 5\) <0, forts >0

and sufficiently small.

Consider function V' (s) = =y~ (s; 5\,61) + 27 (s; 5\,61). Since A > 0, from the previous reasoning
it follows that V' (0) > 0, V(s.1) <0, V(s.2) > 0 and V(£1) < 0. Therefore, function V vanishes at
three values 0 < s,1 < sy2 < sy3 < t1. But, it is easy to see that the expression of function V(s) is
given by

V(s) = e;\s(hl cos(f3s) + hy sin(Bs)),

where h; and hs do not depend on s. Thus, 5,3 — s,1 > 27r/ﬁ~ and since ] > Sy3 — Sy1, the result

is proven. O

The development done up to now allows us to state the main result of this chapter, about the

existence of RP4-orbits in system (6.2).

Theorem 6.9 Let A\ be the defined value in Proposition 6.1. Then, there exists ¢ > 0 such that
system (6.2) possesses, for every A € (Ac — €, A\¢’), an RP4-orbit with period less than 4.
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6.6 Noose bifurcation and numerical analysis

The numerical analysis included in this section appeared before in [46]. We has decided to include it
for the sake of completeness.

Roughly speaking, we are going to see that the existence of the crossing tangency forces the
appearance of a small extra loop which grows while the period increases. This loop continues growing
until it collides with the large loop. In Fig. 6.4, the projections onto the (z,y)-plane of three RP4-
orbits are shown. The first projection corresponds to an RP4-orbit close to the RP2-orbit that crosses
the separation plane tangentially. The second one corresponds to an RP4-orbit where the small loop
is growing. The third projection corresponds to an RP4-orbit obtained close to the collision of the

small loop with the big one.

3F 3F ‘ ‘ — 3F ‘

2t 2 2t

1 1 1

0 0 : 0
Y gt Y -t \J S Yo

-2 -2 -2

-3 -3 -3

-4t -4t -4t

4 4 2 0 2 4 4 2 0 2 4
x
(a) (b) (c)
2 2 2
1 ® D3 1 *P3j 1
Po p2 Po p2 p2 Ps3
Z 0 ° ° z oe ® -z O—«e e
] Po P1
1 oD -1f . f)1é 1
2 -2 ‘ 2
4 2 0 2 4 -2 0 2 4 2 0 2
Y Y Y

Figure 6.4: (a)—(c) Projections into the plane (x,y) of three RP4-orbits. (d)—(f) Intersection points
of these periodic orbits with the separation plane.

In the analysis of reversible periodic orbits by using transversal sections to the flow, it is usual to

use the half-period as a natural variable. From now on, this half-period will be used in bifurcation
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diagrams. For instance, in Fig. 6.5 the family of periodic orbits involved in the noose structure is
shown in a A versus the half-period (that is, t = t; + t3) bifurcation diagram. Concretely, the dashed
curve corresponds to RP2-orbits (it has been obtained previously in [15]) and the solid one to RP4-
orbits. Observe that point py ~ (5.2434,0.5851) separates these two kinds of periodic orbits and
corresponds the RP2-orbit that crosses the separation plane at the origin tangentially. To determine
the curve of RP4-orbits a continuation algorithm based on the pseudo arc-length method [48, 57]
has been applied. Other points are shown. Point st ~ (3.7237,0.8481) corresponds to a saddle-
node bifurcation of periodic orbits whose existence has been proven in Proposition 5 of [15]. Point
Pa1 ~ (3.1669,0.4259) corresponds to a period-doubling bifurcation of period orbits whose existence
has been checked numerically. Finally, the thin solid line joins pg1 with pe ~ (6.3337,0.4259) and

the noose-shaped curve is closed.

sn
,0-.
0.8+ 4 ~ 7
/ ™
] *
] N -
0.6 :' S Pt i
:
A o _
Pdi1 ¢ o Pr
0.4r M ]
'
1
1
]
0.2r : 7
1
1
1
1
00L . .. ., L S R b
2 3 4 5 6 7
t

Figure 6.5: Noose structure in the piecewise linear version of the Michelson system (6.2). The solid

curve that begins at py ~ (5.2434,0.5851) and ends at point pg ~ (6.3337,0.4259) corresponds

to RP4-orbits. The dashed curve corresponds to RP2-orbits. The points sn ~ (3.7237,0.8481) and
Pa1 ~ (3.1669,0.4259) are also shown. The point sn (respectively, pq1) corresponds to a saddle-
node (respectively, period-doubling) bifurcation. The thin solid line joins the periodic orbits involved

in the period-doubling bifurcation.

To visualize the noose structure of reversible periodic orbits, it is convenient to represent the
curves of RP2-orbits and RP4-orbits, which are shown in Fig. 6.5, in the three-dimensional space
(t1,t2, ).

Remember that for t3 = 0 solutions of system (6.32) are also solutions of system (6.5), that

is, solutions that correspond to RP2-orbits are a particular case of solutions which correspond to
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RP4-orbits. Therefore, the curve of RP2-orbits shown in Fig. 6.5 can be represented in the plane
{ta = 0}, see Fig. 6.6. Note that, by the reversibility with respect to R, the symmetrical curve with
respect to the plane T = {(tl,tQ,)\) ER3: t; —ty = 0} lies in the plane {t; = 0}, and it is also
a curve of RP2-orbits. Moreover, if t; = tq, solutions of system (6.32) correspond also to solutions
of system (6.5). In this case, the curve of RP2-orbits is located in the plane T. Therefore, the curve
of RP2-orbits shown in Fig. 6.5 can be seen as three different curves in the three-dimensional space
(t1,t2, N).

In Fig. 6.6, the solid curve corresponds to RP4-orbits. This solid curve joins the two points py; =
(tc,0,\¢) and pt2 = (0,tc, A¢), and it passes through the point pq1 ~ (3.1669, 3.1669, 0.4259).
By the reversibility with respect to the involution R, this curve of RP4-orbits is symmetrical with
respect to the plane T. Moreover, the point pgq1 belongs to the curve of RP2-orbits located into the
plane T. Therefore, there exists a period-doubling bifurcation at this point and a closed noose can

be formed.

Figure 6.6: Curves of reversible periodic orbits in the three-dimensional space (¢, t2, A). The dashed
curves correspond to RP2-orbits. The three curves finish at the tangency point. The solid one
corresponds to RP4-orbits. It joins the points pg1 ~ (5.2435,0,0.5851) and pt2 ~ (0,5.2435,0.5851)
through the point pa; ~ (3.1669, 3.1669, 0.4259).

Now, we analyze the stability and bifurcations of the reversible periodic orbits that are involved
in the noose bifurcation. The characteristic (Floquet) multipliers of an RP2-orbit that corresponds

to a solution (¢1, A) of condition (6.5) and without tangency points with the separation plane, are
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determined by the eigenvalues of the matrix (see [24])
My =exp (ATt)) -exp (A7 ty).

Analogously, the characteristic multipliers of an RP4-orbit associated with a solution (¢1,t2,\)
of system (6.32) and without tangency points with the separation plane, are characterized by the

eigenvalues of the matrix
My =exp (ATt1) - exp (A to) - exp (ATts) - exp (A7 t).

For the particular case t5 = 0, it is obvious that My = M.

Note that, although these results are not valid when a periodic orbit has a tangency with the
separation plane, the matrices M7 and M are always defined for all the values of ¢; and t5. In
particular, at the tangency point pg, the matrices M7 and M coincide and their eigenvalues are
w1 >~ 1, po ~ 55.2870 and p3 ~ 0.0181. On the other hand, the logarithm of module (1g|x|) and the
principal argument (arg p) of the eigenvalues of the matrices My and My are continuous functions
of the parameter \.

Let us observe that one of the characteristic multipliers of reversible periodic orbits of system
(6.2) is always 1. This characteristic multiplier is called the trivial Floquet multiplier. The others two
eigenvalues are inverse of one another. This is because the periodic orbits are reversible or the system
is divergence-free.

In Fig. 6.7, a schematic picture of the logarithm of the module and the principal argument of the
characteristic multipliers, versus the half-period, is shown. Concretely, the dashed curve corresponds
to these functions when the periodic solution is an RP2-orbit, while the solid one corresponds to these
functions for RP4-orbits. From this figure, some conclusions about the stabilities and bifurcations of
periodic solutions can be deduced.

From the value t = 7 to the value t = A ~ 3.1669, the characteristic multipliers have module
equal to one, while the arguments go from zero to 7. The RP2-orbit that borns at A = 0 is initially
elliptic.

For t = A, both multipliers are equal to —1 and they become negative after this value. Therefore,
at t = A there exists a period-doubling bifurcation and the RP2-orbits become Mobius type. This
character lasts until t = B ~ 3.6843, where there exists another period-doubling bifurcation.

Fromt = B tot = C ~ 3.7237, the RP2-orbits are elliptic. At ¢ = C, the characteristic
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multipliers are equal to one and they become real and positive after this value. Therefore, there
exists a saddle-node bifurcation at t = C, (see [15]) and the periodic orbits are hyperbolic until they
arrive to t = D ~ 5.5084.

At t = D there exists a pitchfork bifurcation, because the characteristic multipliers are equal to
one and the arguments of these multipliers are zero. From t = D to t = E ~ 5.5696, the RP4-orbits
are elliptic, because the characteristic multipliers have module equal to one and its argument is either
m or —7. For t = E, both multipliers are —1 and they become negative after this value. Therefore,
at t = E there exists a period-doubling bifurcation and the RP4-orbits become Mabius type until
t = F ~ 6.1260, where there exists another period doubling bifurcation.

From t = F to t = G ~ 6.3338, the RP4-orbits are elliptic. Finally, at £ = G all characteristic

multipliers are equal to one. It is the terminal point of the curve of RP4-orbits which closes the
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4 L =TT~ ~
s
- ’
’ ~ V4
’ \‘ ’
T '
(a) — Olog--do-mmmnmmo-
3 Ay Br'cC D/ E F G
20 RPN
4 S~ .-
t
T rmr===
] 1
l} \
- ) \
(b) 3 0 F §mom = = 0ym = = = == === =
o0 t A Bi1C D G
= ' 1
1 1
B Y
t

Figure 6.7: Schematic picture of the logarithm of the module and the principal argument of the
characteristic multipliers of the matrices M7 and My versus the half-period. The dashed curve
corresponds to the logarithm of the module (a) and principal argument (b) of the multipliers of
matrix M1, while the solid one stands for the multipliers of matrix M.

In Fig. 6.8, a schematic picture of the noose bifurcation of system (6.2) together with the structure
of periodic orbits bifurcations that appears, are shown. Concretely, the dashed line corresponds to

RP2-orbits, while the solid one stands for RP4-orbits. On this curve of periodic orbits, there exists
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four period-doubling bifurcations (at points P41, Paz2, Pas and P4, which correspond to A, B, E
and F, respectively), a saddle-node bifurcation (at point Sn, that corresponds to C) and a pitchfork
bifurcation (at point py, which corresponds to D). The point pg corresponds to G, which allows to
close the noose. The character of the periodic orbits that appear in each zone are also indicated in

this figure.
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Figure 6.8: Schematic picture of the noose bifurcation in the piecewise linear version of the Michelson
system (6.2). The dashed curve corresponds to RP2-orbits, which ends at the tangency point py.
The solid one corresponds to RP4-orbits. This curve begins at this tangency point and finishes at
point pg. The period-doubling bifurcations (Pa1, Pdz, Pas and Pa4), the pitchfork bifurcation (py,)
and the saddle-node bifurcation (Sm) which have been described in the text are shown. The types
of periodic orbit are also indicated, where e, h and m stand for elliptic, hyperbolic and Mdbius,
respectively. The thin solid line does not correspond to periodic orbits. This line connects the points
that correspond to periodic orbits involved in the period-doubling bifurcation.

Let us observe that the structure of bifurcations of reversible periodic orbits involved in this noose
bifurcation is identical to the original Michelson system [39, 58]. This structure concerns not only
the bifurcations of reversible periodic orbits, but also their character (hyperbolic, elliptic or Mébius).

From the analysis done in this chapter for the piecewise version of the Michelson system, we can
conclude that the existence of the orbit tangent to the separation plane plays an essential role in the
appearance of the small loop that finally ends by closing the noose structure. Thus, we think that
in the differentiable Michelson system, an analogous behavior should appear. That is, it should be a
periodic orbit tangent to the plane {x = 0}, such that it forces the appearance of a small loop in

the orbit, being the tangent orbit the germ for the closing of the noose bifurcation that exits.
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Conclusions and Open Problems

To conclude with this thesis, it is convenient to write a brief summary about the considered problems,
the obtained results, the developed methods and the open problems that arise from this work.

Along the whole work we have analyzed the existence of periodic orbits and invariant sets in
piecewise-smooth systems, by means of different techniques. Thus, after an introductory chapter,
where we introduced the concepts about piecewise linear systems that would be used in the work, in
Chapter 2, we have generalized the Melnikov theory to hybrid and discontinuous piecewise-smooth
systems. The principal results of this chapter are written in [16].

In Chapter 3, we have analyzed the existence of invariant cones in a class of observable 2CPWL3
systems by applying the Melnikov theory developed in Chapter 2 to some related planar hybrid
systems. The main result of this chapter is the proof of the existence of a saddle-node bifurcation
of invariant cones, as it was conjectured in [25]. This and other interesting results obtained in the
chapter are published in [18].

After that, we centered our attention in Chapter 4 in an adaptation of the Melnikov theory to
a three-dimensional CPWL system, by using the ideas of the Melnikov theory for planar systems
to perturbations of an appropriate class of non-controllable 2CPWL3 systems. Part of the results
obtained in this chapter are published in [17].

Subsequently, in Chapter 5, first we have studied the existence of invariant cones in non-observable
2CPWLj3 systems, by using different techniques from that used for observable systems in Chapter 3.
After that, we have found a system with an invariant cone foliated by periodic orbits and we have
applied an adaptation of the method of Chapter 14 of [31] to catch the periodic orbits that remain
after a perturbation of the system.

Finally, in Chapter 6, we have analyzed periodic orbits in a piecewise-smooth version of the

well-known Michelson system, and we have concluded that the existence of an orbit tangent to the
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separation plane plays an essential role in the appearance of the small loop that finally ends by closing
the noose structure. The results of this chapter are gathered in [14].

With respect to open problems that have arisen from this work, we should emphasize some of
them.

First, the focus-center-limit cycle bifurcation and its degeneration, the saddle-node bifurcation,
for the class of hybrid systems analyzed in Chapter 2 can be studied.

With respect to the invariant cones obtained in Chapter 3 as well as 5, it has been analyzed the
stability of the invariant surface, but it is an open problem the study of the stability on the cone.

On the other hand, the Hopf bifurcation from infinity obtained in Chapter 4 is a partial result,
that we would like to describe completely. Moreover, although the analysis in this chapter is restricted
to a piecewise linear system with two zones, it would be interesting to extend it to perturbations of
non-controllable systems with more zones of linearity.

The analysis done in Chapter 5 could be generalized to the perturbation of a system (observable
or not) having an invariant cone foliated by periodic orbits. We think that under generic hypotheses,
only one periodic orbit of the continuum persists, and it should correspond to the unique solution of
a linear equation analogous to I(yo) = 0 with I(yo) given in (5.60).

In Chapter 6, we have stated first necessary conditions for the existence of the noose bifurcation
in the PWL Michelson system. The open problem to finish with the research done in Chapter 6, is
the proof by hand of the existence of the noose bifurcation in the piecewise version of the Michelson
system. After that, we think that this study may be adapted to reversible, divergence-free, piecewise
linear systems of more dimensions.

Finally, it is possible to think about the adaptation of the methods and techniques that have been
developed in this work to analyze periodic orbits and invariant sets in Filippov systems. For instance,
periodic orbits in the so-called Teixeira singularity may be analyzed by adapting the Melnikov theory.

A first approximation to the dynamics of the Teixeira singularity has been done in [37].

Bifurcations of Periodic Orbits and Invariant Sets in Piecewise Linear Dynamical Systems.
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