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their power. Games with a priori unions study situations where the closeness relations
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1. Introduction

In decision situations for committees or centers of distributed control the quantification of the power of each member
is an important element to analyze the final position and the different treatment of each of them. Simple games are a way
from the cooperative game theory to represent these situations and to study the power of their elements. A power index
for simple games is a function determining the power or influence of the agents in each simple game. One of the most
known power indices, the Banzhaf index, was introduced by Penrose [1] in 1946 and later by Banzhaf [2] in 1965. In this
context the Banzhaf index was generalized for all cooperative game as the Banzhaf value [3]. The Banzhaf value has been
studied in different scenarios incorporating new information over the relationships of the agents (coalition structures [4],
communication situations [5], hierarchical relations [6], etc.). Owen [7] proposed a different model with an evident interest
for simple games. He considered that agents are organized a priori in groups taking into account the closeness of their
interests (ideas). So, besides the game he supposed known a partition of the set of agents in a priori unions based in the
relations among the agents. These unions are considered as a starting point for further negotiations. This model allows to
determine the power of the agents in a simple game taking into account the a priori unions among them. But closeness is
usually a leveled property. For instance, political groups can be organized in a priori ideological unions. The Banzhaf value
was studied for this model in [8]. Casajus [9] proposed another version of the Owen model considering also information
about the internal estructure of the unions. But the Banzhaf value has not been studied for this version.
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Considering equal every ideological closeness between two political parties is actually a simplification of the situation.
Aubin [10] and Butnariu [11] introduced fuzzy sets to describe leveled participation of the players in the coalitions (fuzzy
coalitions). Proximity relations are reflexive and transitive fuzzy binary relations. Fernandez et al. [12] introduced proximity
relations to explain the relations among the players in a cooperative game, extending the Owen model in a natural way for
another known value, the Shapley value. Related works are given in Meng [13]| and Meng and Zhang|14], but they consider
a game with fuzzy coalitions with a crisp system of a priori unions. Hence this model contains a different approach. Others
analyze this kind of relations in a probabilistic way, Calvo et al. [15] or Kaniovski and Das [16], but they do not use
the Owen model. Now, we propose to use proximity relations to study the power of an agent in a game by the Banzhaf
value. Section 2 is dedicated to the preliminaries about cooperative games, a priori unions and fuzzy sets. In section 3 we
introduce our Banzhaf value for games with a proximity relation among the agents and particularly the Banzhaf-Owen value
is extended to the Casajus version of the Owen model. In section 4 we propose axioms for the proposed value extending
known properties of the classical Banzhaf value to our fuzzy situation. Finally, last section shows an example of application
of the model as index, analyzing the power of the political groups in the European Parliament in an ad hoc situation.

2. Preliminaries
2.1. Cooperative games

A cooperative game with transferable utility, game from now on, is a pair (N, v) where N is a finite set and v:2N — R is
a mapping satisfying v(#) = 0. The elements of N are named players, the subsets of players are named coalitions and the
mapping v is the characteristic function of the game. A simple game represents a decision situation by a cooperative game
(N, v) where: 1) v(S) € {0, 1} for every SCN, 2) v(N) =1, and 3) v(S) <v(T) if SC T € N (monotonicity). A coalition is
called winning if v(S) =1 and losing v(S) =0.

A value for games is a function ¥ which determines for each game (N, v) a vector ¥ (N, v) € RN interpreted as a payoff
vector. Values for simple games are named power indices.! In this case the payoffs mean the power or influence of the
agents in the decision. This paper focuses on the Banzhaf value. A swing for a player i € N in a simple games is a winning
coalition S containing player i such that S\ {i} is losing. The Banzhaf index obtains the probability to get a swing among
the coalitions containing a determined agent. Owen [3] extended this index to all the cooperative games. The Banzhaf value
is a value defined for every (N,v) € G and i€ N as

1
BN, = Y ST LV UI) — vl (1)

{SCN:i¢S}
2.2. Communication structures

Myerson [5] analyzed the inclusion in a game of information about the communication of the players. Let N be a finite
set of players and LN = {{i, j} € N x N :i # j} the set of unordered pairs of different elements in N. We use ij = {i, j}
from now on. Each undirected graph (N, L) where the set of vertices is N and the set of edges L < LN is considered
as a communication structure. So, each L € LN is called a communication structure for N. Myerson defines a game with
communication structure as a triple (N, v, L) where (N, v) is a game and L is a communication structure for N. A usual
cooperative game (N, v) is identified with the game with communication structure (N, v,LN). Let (N, v,L) be a game
with communication structure. A coalition S € N whose vertices are connected by the links in L is called connected. The
maximal connected coalitions correspond to the sets of vertices of the connected components of the graph (N, L) and
we denote them as N/L. This family N/L is actually a partition of N. If S € N is a coalition then Ls ={ijeL:i, j€ S} and
(S, v, Ls) represents the restriction to S of the characteristic function of the game and the communication structure. We use
S/L=S/Ls. Given (N, v, L), Myerson introduces a new game (N, v/L) incorporating the information of the communication
structure,

v/L(S) = Z v(T) VSCN.
TeS/L

This model supposes then that non-connected coalitions do not obtain extra profits with regard to their components and
so they are irrelevant. The Banzhaf value was extended for games with communication structure in [18]. The graph-Banzhaf
value is a function defined by

n(N,v,L)y=p(N,v/L). (2)

1 This is a cardinal notion of power rather than other ordinal ones, see [17].
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2.3. A priori unions

A game with a priori unions [7] is a triple (N, v, P) where (N,v) € G and P = {Nq, ..., N} is a partition of N. Players
in Ny for each k have similar interests in the game and they bargain as a block to get a fair payoff. It is supposed that
players are interested in the grand coalition N but considering the a priori unions as bargaining elements, so the unions
can cooperate among them obtaining profits.2 The classical situation without a priori unions is identified with the indi-
vidual partition P = {{i} : i € N}. The Owen model is a procedure to define values for games with a priori unions in two
steps. Let (N, v, P) with P ={Nq, ...., Np}. The quotient game is a game (M, v’) with set of players M = {1, ..., m} defined
by

vPQ=v|[JNg|.vacm.
qeQ

Let k € M. For each S C Nj the partition Ps of N\ (Ni\ S) is to replace N, with S. Given a classical value for games
Y1, we define a game over each union (Ni, vg) as vi(S) = w,} (M,VPS),VS C Ng. Finally we solve the game in every
union using another value 2. So, for each player i € N if k(i) is such that i € Ny then the value is W;(N,v,P) =
1//1.2 (Nk(,-), v,<(i)). Owen [8] defined an extension of the Banzhaf value, named Banzhaf-Owen value and denoted as B°%,
in the sense that B°Y(N,v, Pi"®) = B(N, v). This extension uses the Owen model with y! = 2 = g, namely for every
ieN

OW(N, v, P) = Bi(Nk()» Vk(i)) and vi(S) = Bx(Nk, v's), VS C Ny. (3)

Casajus [9] proposed a variation of the Owen problem. He considers a partition in a priori unions for the agents, but also
information about the bilateral relations which defined the unions. These internal relationships introduce an asymmetry
among the players inside a union. In order to represent these situations he used a graph (N, L), as in [5], but now the
connected components N/L are the unions and the links inside each component are the bilateral relations determining
each union. Hence Casajus uses a value 2 for games with communication structure in the second step in the Owen model
taking into account the asymmetry inside the unions. Each triple (N, v, L) is named now game with a cooperation structure.’
But there is no literature about the Banzhaf value for the Casajus version.

2.4. Fuzzy sets and proximity relations

A fuzzy set of a finite set N is a function t : N — [0, 1]. The support of 7 is the set supp(t) = {i € N : (i) # 0}. The image
of T is the ordered set of the non-null images of the function, im(t) = {M << Ap} ={r€(0,1]:3i e N, t(i) = A}. For
each t € (0, 1] the t-cut of the fuzzy set T is [t]; = {i € N: 7(i) > t}. A (signed) capacity over N is a set function f:2N¥ - R
satisfying that f (%) = 0, namely a game. The (signed) Choquet integral [20,21] of T € [0, 1]N with respect to a capacity f is
defined by

p
f Tdf = (M=) F(ITh) (4)
k=1
where im (1) = {)q << Ap} and Ag = 0. The following properties of the Choquet integral are known:

(C1) feSdf = f(S), forall SCN, and e5(i) =1 if i € S and e’ (i) = 0 otherwise.

(C2) [trdf =t [tdf, forallte[0,1].

(C3) [td(arfi+azf2)=ay [Tdft +ay [Tdfs, when aj,a; €R.

(C4) [rdf =a\/;cyT0) if f([T])) =a for all t € (0, 1].

(C5) [tsdf’ = [tdf if SC N satisfies f([t];) = f'([tr]:NS) for all t € (0, 1].

(ce) frdf = 2521(&( —te—1) f([T]g) for all set im(t) S {t1 <--- <tp} C(0,1] and to =0.

A bilateral fuzzy relation over N, see [22], is a function p : N x N — [0, 1] satisfying the condition p(i, j) < p(i,i) A
p(j, j). A proximity relation over N, is a fuzzy relation p satisfying the properties: (Reflexivity) p(i,i) =1 for all i € N, and
(Symmetry) p(i, j) = p(j,i) for all i, j € N. If S C N then the proximity relation p restricted to S is ps, a new proximity
relation over S with ps(i, j) = p(i, j) for all i, j € S. A proximity relation p over N can be also seen as fuzzy sets over the
set I =N U {{ii} : i € N} with 1 € im(p) and {{ii} :i € N} C [p]1. So, we will use p(ij) instead p(i, j). Every cooperation
structure L € LN can be seen as a crisp proximity relation (adding the vertices), moreover the cuts of a proximity relation

2 This idea is different in the communication model of Myerson, see the previous section.
3 Actually (N, v, L) is a game communication structure but seen in another way.
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Fig. 1. Fuzzy graph representing a proximity relation.

are cooperation structures. Each set function f over LN will be identified to a signed capacity with the same letter f over
—N —N
L defined forall AC L by

| f), ifA=LU{{ii}:ie N}
fa= { 0, otherwise.

3. A Banzhaf value for games with a proximity relation

Fernandez et al. [12] studied the Shapley value with proximity relations. The goal of this paper is to define a Banzhaf
value for games with a proximity relation among the agents.

Definition 1. A game with a proximity relation is a triple (N, v, p) where (N, V) is a game and p is a proximity relation
over N.

Suppose a game (N, v). Think first about a crisp relation L as in Casajus [9]. If ij € L then we understand that player j
is close to i. If ij, jk € L and ik ¢ L then j is close to i and close to k but in different sense because i is not close to k. We
suppose then that j works as a valid intermediary between i and k, moderating the position of all of them and forming a
union. Now, we consider a proximity relation p. For each pair of agents i, j number p(ij) means the level of closeness of the
interests or ideas between both of them. This closeness p(ij) is also the cohesion level or confidential level of the coalition
{i, j}. For three players i, j,k € N we take p(ij) A p(jk) as the maximal confidential level of coalition {i, j, k} taking into
account the moderation power of j. We can define unions in this context fixing a level of cohesion. So, if we take ty € (0, 1]
(we think that this is the minimal reasonable level to get a union) then S is a union if the proximity relation connects S at
this level tg and S is maximal in this sense. For each t € (0, 1] the cut [p]; represents a cooperation structure in the Casajus
sense and it explains the situation in order of increasing the required level of relation to consider a union.

Suppose for instance a committee formed by five members N = {1, 2, 3,4, 5} such that the a priori bilateral relations
among them are well known. Obviously these relationships are not the same and we level them using a proximity relation
p(12) = p(13) = p(45) =0.7, p(23) = 0.4, p(34) =0.2 and p(ij) = 0 otherwise. We represent the proximity relation p by a
graph with leveled links (see Fig. 1) with p. Link ij is not in the graph if p(ij) = 0. The decision in the committee is taken
using a simple game (N, u(2 34)) where u;34(S)=1if $2{2,3,4} and u;34(5)=0 otherwise.*

In our example the cuts (Fig. 2) show that if t € (0,0.2] all the agents form a union but they are asymmetric because
of their positions in the graph, if t € (0.2, 0.4] we get a situation with two a priori unions in the Owen sense because the
graphs are complete, if t € (0.4, 0.7] the cooperation structure follows the Casajus version because there is an asymmetry
into one of the unions, and finally if ¢ € (0.7, 1] then there are not any a priori unions because we have the individual
partition P, A union is obtained if there is a level such that this coalition is a component in the corresponding cut.

The model in [12] considers a value for games with a priori unions in the Casajus version and the Choquet integral of
the proximity relation using this value. But the Banzhaf value in this context has not been studied at the moment. So, first
we introduce a Banzhaf value for games with cooperation structure using the Owen model (3) with the graph Banzhaf (2).

Definition 2. Let (N, v, L) be a game with L C LN where N/L={Ny,...,Np} and M ={1,...,m}. If S C Ny for any k e M
then vi(S) = px (M, v(N/Ds). The graph Banzhaf-Owen value for each player i € N is B (N, v, L) = n; (Nk, V. Ly, )-

Remarks. The proposed graph solution is consistent with the other Banzhaf values in this way. Only from the definitions:

e If Ls =LS for all union S € N/L, namely each component is complete, then B°(N, v, L) = g°"(N, v, N/L).
e Particularly (N, v, @) = B(N, v). Observe that L = corresponds to P,

The graph Banzhaf-Owen value in Definition 2 determines for each player a set function over LN. So, if i € N then

(N, v)(L) = B°(N, v, L). (5)

4 Game (N, ur) with T € N a non-empty coalition represents the simple game where all the winning coalitions are those containing T. It is known as
unanimity game.
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t€(0,0.2] t€(0.2,0.4]

t € (0.4,0.7] te(0.7,1]

Fig. 2. Cuts of a proximity relation.

Now, we can define our Banzhaf value for games with a proximity relation. We use a Choquet integral (4) of the proximity
relation with regard to the above signed capacity.

Definition 3. Let (N, v, p) be a game with a proximity relation. The prox-Banzhaf value for each agent i € N is defined
by

Bi(N, v, p) Z/pdﬂ,-m(N, v).

The prox-Banzhaf value meets the purpose of being a Banzhaf value in the sense that it coincides with the classical value
when we do not have any a priori relation among the players. We denote as p = 0 the trivial proximity relation satisfying
0(ij) =0 if i # j and also 0(ii) = 1. This proximity relation represents the classical situation without a priori unions among
the players.

Proposition 1. The prox-Banzhaf value satisfies B(N, v, 0) = B(N, v).

Proof. We know that 8 verifies that 8°(N, v, #) = B(N, v). Hence as all the cuts of the trivial proximity relation 0 satisfy
[0]; =@ we get that ﬂf”(N, v)([0]¢) = Bi(N, v) for all t € (0, 1]. Property (C4) of the Choquet integral and the fact 1 € im(p)
imply

Bi(N,V,O)=/OdﬂiC°(N, v)=6i(N,v). O

Suppose our example in Fig. 1 with the game u 34;. When ¢t € (0,0.2] the graph is connected and up 3,4)/[plo2 =
U2 3.4, thus

AL

If t € (0.2,0.4] then we use the Banzhaf-Owen value with a priori unions. There are two unions M = {a = {1,2,3},b =

111
BC(N, ug2.3.4;, [plo2) =N(N, up.3.4), [plo2) = BN, up3.4)) = (0 - =, = 0)-

1 1
{4,5}}, and vq = 511{2,3}, Vp = Eu{4}. B° coincides with the Banzhaf value of the above games in each group,

co _ qow _(g111
B(N, ug2,3,4), [Plo.a) = B°" (N, ug2,3,4y, N/[plo.a) = 0,4,4,2,0 .

If t € (0.4,0.7] we have the same unions M = {a, b} but now player 1 is necessary to get a winning coalition. So, v,/L =

)
,5,0).
2

1
—u and
FU1.23)

ool —

3

oo —

)

o =

BC(N,up2.3.4y, [plo.7) = (
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Finally, if t € (0.7, 1] we obtain the usual case and also

BC(N,up 34, [pl1) =B(N,up34) = 0,1,1,1,0 .
” ” 4 4 4

lhe pl‘OX—BanZhaf Value il’l thlS Situation iS
’ ’ 4 ’ 4 ’ 2 ’

111 3 17 17 30
,0)4+03(0,-,-,-,0)=(—=,—=,—,—,0]).
4 4 4 80 80 80 80

A=

11
B(N,u ,p0)=0.2(0, -, —,
(N,up2,3,4,p0) ( 112

+03(

4. Axioms for the prox-Banzhaf value

N[ =

11
'3 8’

| =

The authors in [12] introduced the following scaling operations over proximity relations. Let p be a proximity relation
over N. If a,b € [0, 1] with a <b then ,og is the interval scaling of p, a new proximity relation over N defined by

1, ifp)=b
pbn =1 P8 it pijy e @,y (6)
0, if p(ij) <a.

Let a, b € [0, 1] be numbers with a < b and a # 0 or b # 1. The dual interval scaling of p is a new proximity relation over N
given by

p)+a-b . .
Ttra-p o POED
— bt a . ..
,02(1])= m, if p(ij) € (a, b) 7)
p(ij) e
Tra—b if p(ij) <a.

Remarks. 1) If b € im(p) with b <1 then |im(p3)| < |im(p)|.
2) If b eim(p) with b <1 and a € im(p) U {0} then |im(ﬁ3)| < |lim(p)|.
3)If a=0 and b =1 then the dual interval scaling is defined by ﬁ(l)(ij) =1if p(ij) =1 and ﬁ(l)(ij) = 0 otherwise.

The above scalings allow us to allocate the Choquet integral in particular intervals. This idea is explained in the next
lemma. As wlt\el said before (see subsection 2.4 in preliminaries) each cut of a proximity relation is identified with a particular
element of L .

Lemma 2. (Ferndndez et al. [12]) Let p be a proximity relation over N. For every pair of numbers a, b € [0, 1] with a < b and for every
set function f over LN it holds

/pdfz(b—a)/pf;dfﬂl+a—b)/53df.

We propose an axiomatization based on classical axioms of the Banzhaf values (for its different versions). The fuzzy
information is included into the axioms by the scaling because we can focus on the interval where the axiom is satisfied.
Let W be a value determining a payoff vector for each game with a proximity relation.

It is known that the Banzhaf value satisfies the dummy player axiom (see for instance Casajus [23]). Player i is dummy
in a game (N, v) if v(SU{i}) — v(S) = v({i}) for all S C N\ {i}. The dummy player axiom guarantees the payoff v({i}) for
a dummy player i. This fact changes if there is asymmetry into the component containing the dummy player. An isolated
player in a proximity relation p is a player i satisfying p(ij) =0 for all j e N\ {i}.

Dummy isolated player. Ifi € N is a dummy player in a game (N, v) and i is isolated in a proximity relation p then W;(N, v, p) =

v({i}).

Next three axioms introduce the delegation or merging situation for proximity relations, classical also in the Banzhaf
value (see for instance [23]). Let (N, v) be a game. The amalgamation of players i, j € N consists of taking the activity of
both of them as only one, delegating j to i. The delegation game is (N \ {j}, v") with v/ (S) =v(SU{j}) ifi € S, v (S) = v(S)
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1 0.2 0.2

0.7 . 0.7 0.7 13 0.7

Fig. 3. Amalgamation in a proximity relation.

otherwise. Let o be a proximity relation over N and i, j € N different players with® p(ij) = 1. The proximity relation changes
with the amalgamation, p" is a new proximity relation over N \ {j} given by (see Fig. 3)

p(kD), ifk, 11

p(ki) v p(kj), otherwise. (8)

Pkl = {

Next axiom says that the payoff obtained by both of the players in the game is the same that the payoff obtained by the
proxy of them while this is possible (until their relation level) plus the payoff of both of them for the rest of the levels.

Fuzzy amalgamation. Let (N, v, p) be a game with a proximity relation. If i, j € N are different players with p(ij) > 0 then
) ) TN N if PG \Y
Wi(N, v, p) + Wj(N, v, p) = p(ij)¥i | N\ {j}, v", ( pp

+ 1= pi [ (N v. 25 ™) +w; (N.v. 56 ]

If im(p) = {1} then p is identified with a cooperation structure L, and the axiom says for every pair of connected players
i,je N with ij €L,

Wi(N, v, L)+ Wj(N, v,L) = ¥ (N\{j},vff,Lff). 9)

The amalgamation property is extended also to the isolated players. When two players are isolated one can delegate to
the other.

Isolated amalgamation. Let (N, v, p) be a game with a proximity relation. If i, j € N are different isolated players then

WiN, v, p) + Wi (N, v, p) = Wi (N (), vY, ')

Players in the group involved in the amalgamation of i, j different to them should not change their payoffs while this
situation is working. This fact is the goal of the next axiom, which was introduced for the Banzhaf-Owen value by Amer et
al. [24]. Let i, j,l € N be three different players. Number

i gl = \/ t
(3TeN/[pls; i,j,1€T}
represents the maximal level such that this triple of players are in the same group.

Fuzzy amalgamation neutrality. If (N, v, p) is a game with a proximity relation and i, j different players with p(ij) > O then for all
I#1i, j with T g < p(ij)
. i iy \ 1
W(N, v, p) = (p(if) — i) Wi (N VG v (of ) )
+ (147150 — p>)) ¥ (N, v, 55,.(3?)) .
If im(p) = {1} then p is identified with a cooperation structure L and the axiom says W(N, v, L) = ¥ (N \ {j}, vJ, LV).

Modified fairness was introduced in [9] as a modification of the classical axiom of fairness [5]. Suppose a crisp situation,
namely a cooperation structure L, and ij € L. Let S € N/L such that ij € Ls. Fairness is not an option because the number of
components can change. If we delete ij then we denote by S;fj, S{j the components in which S is divided containing i and
Jj respectively (they can be the same). Moreover, let ij =(N\S)U S;:j and N,’J =(N\S)U SljJ Casajus proposed that the

5 It is possible to define amalgamation when the level of closeness between the players is not 1 but we will not need it.
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difference between the payoffs with and without the link of both of the involved players is the same if we do not consider
the action of the new union without each player. Namely, we obtain fairness if we delete the new component with the
other player if it exists (otherwise it coincides with fairness)

Wi(N, v, L) — Wi(N§., v, Ly \ i) = Wj(N. v, ) - Wi(N], v, Lyg \ (i) (10)

We extended the modified fairness to a fuzzy situation given by a proximity relation in [12]. In this case, we take into
account the mere reduction of the relation between two players. So we have to consider that this reduction of level only
concerns to the interval between the reduced level and the original one. Let p be a proximity relation over a set of players N
with im(p) ={\1 <--- < Am} and Ao = 0. Consider i, j € N two different players with p(ij) = A; > 0 and let p*(ij) = A¢_1.
If p is a proximity relation® and p(ij) =1 then p—ij denotes a new proximity relation with p_;j(ij) =0 and p_jj = p
paj)

otherwise. The proximity relation (,0 o(i)—t

) _in the following axiom focuses on the relation in the interval where the
—ij

p(i)
pij)—t

closeness of ij is reduced. All the cuts of (pZé:};7t> __use the same ij and Nljj if t € (0, p(ij) — p*(ij)] because p is
—ij
crisp.

Modified fuzzy fairness Let (N, v, p) be a game with a proximity relation and i, j € N with p(ij) > 0. Foreacht € (0, p(ij) — p*(ij)]
it holds

Wi,V ) = Wi, v, p) = (=0 [ Wi (v 70 ) = w5 (N.v. )
+t| W NL v ((pf’@'!') ) ) —w. Ny <<pp<g‘j> ) ) .
ij p(ij)—t —ij Nﬁj J ij p(ij)—t _ij Nf,

We prove now that our value satisfies all the axioms described in the above subsection.

Theorem 3. The prox-Banzhaf value satisfies dummy isolated player, fuzzy amalgamation, isolated amalgamation, fuzzy amalgamation
neutrality and modified fuzzy fairness.

Proof. Suppose always L € LN with N/L ={Ny, ..., Ny} and M = {1, ...,m}. Let also p be a proximity relation.

DUMMY ISOLATED PLAYER. Let i € N be a dummy player in v and i isolated in L. We take N1 = {i}. Remember that the Banzhaf
value satisfies the dummy player property [23]. Besides set 1 is a dummy player for game vN/L, in fact we have for each
Q c M\ ({1}

v QU =M@ =v [ [ Ngutid | = v | [ Ng | = vin = vy,
qeQ qeQ

Therefore v ({i}) = 1 (M, vN/Ly = vN/L({1}) = v({i}). The graph Banzhaf value satisfies isolated player [19], if i is isolated
(dummy or not) in L then n;(N, v, L) = v({i}), thus

i*(N, v, L) = ni(N1, v, Lny) = va({i}) = v({i}).

Now suppose p a proximity relation and our dummy player i isolated in p. We have {i} € N/[p]; for all t € (0, 1], so
Bf° (N, v)([p]t) = v({i}) for each t € (0, 1]. Using (C4) we get B;(N, v, p) = v({i}).
Fuzzy AMALGAMATION. Let ij € L with i, j € N7. We will prove the claim

(N, v, L)+ BN, v. L) = B° (N\{j}7vif7Lij).
The graph Banzhaf value satisfies amalgamation [19] for two players in a link, thus
B (N, v, L) + B°(N, v, L) = i (N1, v1, Ly, ) +nj (N1, v1, Lny)
=i (N VG o0 ().
On the other hand, B (N\ (j}, vV, %) = i ((N\ (b1, (vV), . (LV), ). Since i.j € Ny, then (N\ {jh1 = N1\ {j} and

(LNl)U = (Lif)N]. Observe that the amalgamation of two players i, j connected by a link does not change the number
of components of the graph. Namely, if we merge i, j € Ny we have (N \ {j})/L¥ = {N1\ {j}, N2, ..., Nm}. We will see that

6 It is also possible to define this operation when the level is not 1.
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(vi) = (vU),. For any T C Ny \ {j} we have that (v{)¥(T) = vy (TU{j}) if i € T and (v))U(T) = vi(T) = if i ¢ T. So,
Definition 2 implies

Br (M, vN/Drum) | ifieT

ij T) =
(v (T) Bi (M, vN/DT) | ifig T,

Moreover, for all T C N1\ {j}, (vV), (T) = (M, (viiy MY L””). We distinguish two cases:

1) If i € T, we prove the equality (v"f)(N\{j}/LU)T =v(N/Dru Let Q C M. If 1¢ Q it holds v/ (quQ Nq) =v (quQ Nq>,
and if 1 € Q then

vilTu | Nel=v|Tugiu | Ng
qeQ\{1} qeQ\{1}
Thus
N (N\GY/L) V(U QNQ)’ if1¢Q
(vl]> T(Q): qe . . =V(N/L)TUU)(Q).
v(TU{]}UUqEQ\qu), if1eQ

2)Ifi ¢ T, we prove the equality (vfj)(N\{j}/Llj)T =vN/Dr Let Q C M, then if 1 ¢ Q it holds v¥ (quQ Nq) =v (quQ N,,),
and if 1€ Q we get

vittul U Nl )=vTul U N
qeQ\{1} qeQ\{1}
Thus
N (N\Gi)/LT) V(U QNq), if1¢Q,
(v) @)= * =vb1(Q).

v (T U (quQ\{]} Nq>> . ifleqQ

Therefore the claim is true. Now let p be a proximity relation and p(ij) =t > 0. Lemma 2 implies

Bi(N,v,p)+Bj(N,v,p):t/pf)d(ﬂfo(N, V)+,31C'°(N,V))
+(1 =0 [Bi (N, v, p5) +Bj (N v, pp)].
We denote im (pf) = {A1 <--+ < Am}. By the claim we have

m

f PHABE (N, ) + BPN V) = D (e = hir) [ B (N va [6),, ) + B5° (N.v. [0b],, )]

k=1
i Z (kk ) )Lkil) ico <N \ {j}’ Vij’ ([p(t)]xk)ij> .
k=1

Obviously im(p¥) € im(p) thus we can write using (C6)

Bi(NY. vl (pf) ) =" (ke — Art) A (NU’ vy, [(Pé)ij]x) '

k=1

If we prove the equality [(p)!] = ([pf)]r)” for all r € (0,1] then the proof is finished. The links in both sets without
player i are the same because the amalgamation does not affect. So, let ik € [(pé)ij]r. We have p(t)(ik) \Y ,o(t)(jk) >r and then
one of them, for instance ik satisfies p{(ik) > r. But then ik € [p{]; and ik € ([,oé]r)”. The other inclusion follows in the
same way.

ISOLATED AMALGAMATION. Take two players i, j € N who are isolated in L. Consider N1 = {i} and N, = {j}. Following the proof
of dummy isolated player and using that Banzhaf value satisfies amalgamation [25] for any pair of players, we get
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Bi°(N, v, L)+ B°(N,v,L) =i (N1, v1. Ln,) + 1 (N2, v2, L)
=vi({i}) + v2({j}) = B (M, vN/Ey + gy (M, vI/Ey

=i (M2 (1) ").

We see that for each Q C M\ {2}

(1)@= ¥ (Usea o). if1¢0Q,
! (qua\m Nq U i, j}) , ifleQ
= (Vij)N\{j}/L‘f o).

Hence f; (M\{Z}, (vN/L)u) =B <M\{2}, (vif)N\{”/LU> = B (N\ {j}, vV, LY). Let i, j be isolated in p now. As they

are isolated we have im(p") = im(p) and [pY]; = ([p])V for all t € (0,1]. So, as the signed capacities verifies that
Bi(N, v)(L) + Bj(N, v)(L) = Bi(N \ {j}, v¥)(L") then

Bi(N, v, p) + Bj(N, v, p) = Bi(N \ {j}, v", p).

Fuzzy AMALGAMATION NEUTRALITY. We take a cooperation structure L with N/L = {Ny, N2, ...., Np}. Suppose the merging of
i,je Ny and | ¢ Ny. We see the claim

A (N\ 41V 1Y) = BN, v. L.

If l € N3 (or any component different to N1) then we have ,Bf"(N, v,L)y=mn (Nz, v, LN2) and also
g (N ULV LT) = ((N Vba. (v9) L (L7) )
2

(e (1), L)
where the last equality comes from the fact that ij ¢ N, and then the amalgamation takes place out of the component N;.

y y N /Ll
So if we see that (v”)2 = v, we have the desired equality. Let R € N;. By definition, (v'f)2 (R) = B2 (M, (vU)(N\U}/L )R)

and v2(R) = B2 (M, v(N/DR). The equality that we need to prove is (v"j)(N\U}/LU)R =vN/Dr Let Q €M with M ={1, ..., m}.
We determine the equality in four cases for Q:
1)If2¢ Q and 1€ Q. As i, j € Ny we obtain that

o\ (N\(j)/LU i
()" @ =w [Ung ) =v [ U meum | v
qeQ qeQ\{1}
2)1f1,2¢ Q. We get

(Vij>(N\{f}/L”)R Q) = vl U Ny | =v U Ny | = v¥/br(Q).
qeQ qeQ
3)If2€Q and 1 ¢ Q. In this situation,
(vij>(N\{J}/LJ)R Q) = vii U NgUR | =v U NgUR | = v®™/br(q).
qeQ\{2} qeQ\{2}
4) If 1,2 € Q. Both modifications of the games are working and then

N (N\)/L .. y
(v”)( )i @=vI| |J NguNpUUR
qeQ\{1,2}

Il
<

L NgUNeUR | =vWPx(qQ).
qeQ\{1.,2}
In all cases the games coincide, therefore the claim is true.
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Let i, j,le N, p(ij) > 0 and I € N\{i, j}, i j, < p(ij). Using Lemma 2 again with numbers p(ij), rj; j i, we have
BN, v. p) = (0G0 = i) [ P dBP N+ (14— p@D) [ D1, dproa. v
= (o) ~ i) B (N.v. 08 )) + (1m0 — i) B (N, v, 2E))

i .1y Tt gl T gl

We have to prove that B; (N,v,p"(")) = B, (N'J,v”, (pf?&.’%) ) Obviously, im ((pp(”))”) Cim (pp(”)), therefore if
im (,ofif??,) ={A1 <Ay <--- < Ap} We can write by (C6) and the claim

R AN R N
B (V7.0 (019)") = Y = e (N o[ (005" )
k=1 Ak

m
D= M-B° (N, v.[ohh] ) = BN, v, pfi ).
k=1 ,

MODIFIED FUZZY FAIRNESS. Consider L a graph over N with N/L = {Nj, ..., Ny}. Let ij € L and suppose i, j € N;. We denote

A N /L ,\uj)>
Ni;/(Lyi \{ij}) ={(N1);, N2, ..., Nm}. Although the quotient game depends on the graph we get v< SNy s =v(N/Ds for
ij

each S C (N7);. The graph Banzhaf satisfies decomposability [19], namely the payoff of each player in a game can be cal-
culated by components. Also the graph Banzhaf satisfies fairness [19], for all ij € L we have n;(N, v, L) — ni(N, v, L\ {ij}) =
nj(N,v,L) —nj(N,v,L\{ij}). So,

{°(N,v, L) — B;° (ij: v, LN;_']_ \ {if}) =i (N1, v1. Ln,) = 0i ((NDi, v, Lovyy, \ L))

i (N1, v, Ly ) — mi (N1, v, Ly \ {if})
=1; (N1, v, Lny) — nj (N1, v, Ly \ {if})

=B°(N, v, L) — B5° (N{j v, LNI_}} \{ij}) )

We consider p a proximity relation with p(ij) > 0 and t € (0, p(ij) — p*(ij)]. Using Lemma 2 for numbers p(ij) — t, p(ij)
and property (C3),

Bi(N. v, p) = Bj(N.v.p) = (1= 0) [Bi (N.v. 00 ) = B (N.v. 200 )]
+t f oD L dIBE (N, v) — B (N, v)].

As t € (0, p(ij) — p*(ij)] then it holds im (pg((g))ft) ={1} and [pg((g))ftL =[plp(ij) thus
s () -7 () (o) (58-0),, )
1

a7 () (81, )

Hence, we obtain by (C3) and (C5),
i) i )
[ ot casrn—ppovmn= [ ((e£ih),) e (w.v)
ij
o)) co (i
_f <(pp(ij)_t)—ij)Nj 4] (NU’V)
ij

_R. i p(ij)
= B; (N,'j, v, ((Pp(ij)—t)ij>N§j)
—_B; N] v (pp(ij) ) O
] ij* p(j)—t —ij Nj :
ij
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5. The main result

Now we prove that our value is the only one satisfying the axioms. Our proof uses a characterization of the Banzhaf
value obtained by Casajus [23]. He got the uniqueness of the classical value only with two axioms: dummy player and
amalgamation. The proof uses the dummy player property and the amalgamation of all the pairs of players. Hence following
exactly the same proof of Proposition 1.2 in [23] we propose the next lemma in our context.

Lemma 4. (Casajus [23]) All the values for games with proximity relation satisfying dummy isolated player and fuzzy isolated amal-
gamation coincide on the family of games (N, v, 0), namely they coincide on the classical games.

The characterization theorem is the next one.

Theorem 5. The prox-Banzhaf value is the only value for games with a proximity relation among the players satisfying dummy isolated
player, fuzzy amalgamation, isolated amalgamation, fuzzy amalgamation neutrality and modified fuzzy fairness.

Proof. Theorem 3 showed that the prox-Banzhaf value satisfies all the proposed axioms. It remains to prove the uniqueness.

Let W1 W2 be two different values for games with a proximity relation that satisfy all the axioms. We will prove that
for all (N, v, p) it holds wI(N, v, p) = WZ(N, v, p). If IN| =1 then the equality is always true from the dummy isolated
player property. Consider that for all sets of players with cardinality less than n the equality is true and take N with
IN| =n.

Suppose |im(p)| = 1. Then im(p) = {1} and p is identified with a cooperation structure L. We will use now an induction
on |L|. If L =@, namely p =0, then the values are equal from Lemma 4. Consider true the equality if |L| <d. Let |L| =d.
There is at least one component S € N/L with one or more links. If i, j € Ny with ij € L then for all [ ¢ N, we apply fuzzy
amalgamation neutrality (in the crisp version) to get

N, D = (NG VL) = w7 (N L) v, L) = WPV, v, L,

where the second equality comes because |LY| < d. Moreover, for every link ij € L with i, j € Ny, the modified fuzzy fairness
axiom (the crisp version (9)) implies

WN VD) = W v 1) = ! (Nfve Ly \ 1)) — W] (N{j, v, Ly \ {ij})
i ij

=y? (N;.]., v, LN,;j \ {ij}) - (N{] v, Lyi\ {ij})
i 1J
=W} (N, v,L) = Wi(N,v,L),

where [Lyi \ {ij}l, ILyi \ij}l < d. Applying fuzzy amalgamation (the crisp version (10)) we have
) ij

WL N, v, )+ W N, v, = ! (NG v, L) = w2 (N () v, L)
2 2
=V7(N,v,L)+ \Ilj (N,v,L).
Adding this equality and the previous one we obtain \IJI.1 (N,v,L)= \lJiz(N, v,L).

Suppose true the equality of the indices when |im(p)| < k. Let (N, v, p) with |im(p)| =k > 1. Let i,j € N with
p(ij) =t € (0, 1). By fuzzy amalgamation we obtain again

YN v, 0) + W N, v, p) =tw! (N (V0 (o)) + (1 =0 [ W] (N.v. 7h) + W] (N.v. 7))
=tw? (N\ ()07, (0§) ) + (1 =0 [ W2 (N, v. 5) + w2 (N.v. 55) |
=W (N,v,p)+ Wi (N, v, p).
because N\ {j}| <n and |[im(py)| < k. Also if r =t — p*(ij), where p*(ij) is the level in p just before p(ij),
UL N v, p) = W (N, v, p) = (1 =) [ W] (Nv. P{_,) = W] (N.v. 7L,)|

+r [\p} (ij, v, ((pft—f)ij)wf) ¥ (N’j’" " ((p{_r)fij)’v‘j')]

ij
=W} (N, v, p) —Wi(N, v, p),
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using modified fuzzy fairness and because

im (((p{fr)_i)Nl_ )' lim (p;_,)| < k. Adding up this equality with the above
i

one we have that
VN, v, p)=WE(N, v, p),

for all i € N with another j #i such that p(ij) > 0. Finally, let I € N such that p(lh) =0 for any h # . This player [ satis-
fies that {I} € N/[p]; for all r € (0, 1]. Taking i, j with p(ij) =t > 0 we have ry; j;; = 0. Hence, using fuzzy amalgamation
neutrality

Wl (N, v, p) = W] (N \ {j}, v, (p{))”) +1 =W (N, v.7h)
= tw? (N \ (j}, v, (p{))"") +(1—OWE (N, v, ) = WEN. v. p).
because [N\ {j}| <n and |[im(py)| <k. O

Remark. The Banzhaf-Owen value (3) coincides with our prox-Banzhaf one when we use a crisp proximity relation with a
graph where all the components are complete. Amer et al. [24] characterized the Banzhaf-Owen value by six axioms. They
used dummy player property for all the players (our axiom is weaker), amalgamation for all the players in the same union
(equivalent to our fuzzy amalgamation) and amalgamation neutrality (equivalent in this situation to our fuzzy amalgamation
neutrality). They used also symmetry within the unions. This axiom is not feasible in our context because of the asymmetry
of the players in a proximity relation. Myerson [5] introduced fairness as an axiom substituting symmetry, and later Casajus
[9] proposed modified fairness as a modification of fairness for cooperation structures. Hence modified fuzzy fairness is the
natural extension of symmetry to these situations. Amer et al. added two more axioms: additivity and many null players.
We have reduced the number of axioms to five using amalgamation for isolated players. So, it is not strange to use five
axioms, moreover our axiomatization reduced in one the axiomatization of the Banzhaf-Owen value.

6. Application: the power of the political groups in the European Parliament

In this section we illustrate the calculation of the value studied in this work as index and its application. The Treaties
of Maastricht (1992) and Lisbon (2009) regulate the functions of the European Parliament in a context of the co-decision
procedure with the Council of the European Union. The European Parliament pretends to be the ideologic representation
of the European citizens, but currently the channel of voting is the set of national political parties in each member state.
Hence, the relations among these groups are partial because of the national and the ideologic interests. Our interest is only
to show the application of the model, so we take any legislature. In the seventh legislature there were seven political groups
in the European Parliament plus the non-attached seats. So, we consider in our example the following groups corresponding
to 2012: 1. European People’s Party (Christian Democrats) 265 members, 2. Progressive Alliance of Socialists and Democrats,
183 members. 3. Alliance of Liberals and Democrats for Europe, 84 members. 4. European Conservatives and Reformists,
55 members. 5. Greens/European Free Alliance, 55 members. 6. European United Left - Nordic Green Left, 35 members. 7.
Europe of Freedom and Democracy, 29 members. 8. Non-attached Members, 29 members.

0.7

Fig. 4. The EP proximity relation.
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vy 91,51 = 0.1
@

92,82 = 0.1 93,83 = 0.1

a a

94,84 =0.2 95,85 = 0.2

- B
B
B
96556 = 0.1 g7,87 = 0.2

We consider the game of the political representation of the groups in the European Parliament in 2012 with 735 seats
and a quota of 368. We can represent the voting situation in the committee by a simple game over N = {1, 2, 3,4,5,6, 7, 8},
called the EP-game, which is represented by v(S) =1 if the sum of the number of seats of the groups in S is greater or
equal to 368, and v(S) = 0 otherwise. The fuzzy graph in Fig. 4 is a proximity relation p over N, where p(ij) is interpreted
as the level of coincidence between groups i and j. It can be measured, for instance, by assigning a value in [0, 1] to each
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Table 1
Graph Banzhaf-Owen values of the graphs in the cuts of the EP proximity relation.
&1 82 £3 84 &5 86 g7
1 0.632813 0.632813 0.640625 0.625 0.5 0.734375 0.734375
2 0.367188 0.367188 0.359375 0.375 0. 0.125 0.265625
3 0.320313 0.320313 0.328125 0.3125 0.3125 0.125 0.234375
4 0.117188 0.117188 0.109375 0.125 0.1875 0.140625 0.140625
5 0.0859375 0.859375 0.078125 0.0625 0. 0.125 0.140625
6 0.0390625 0.0390625 0.03125 0.03125 0. 0.0625 0.078125
7 0.0859375 0.0859375 0.078125 0.09375 0.0625 0.0625 0.078125
8 0.0859375 0.0859375 0. 0. 0. 0.0625 0.078125
Table 2
Comparative of Banzhaf indices (I).
Players Groups Votes B(N,v) BCO(N,v,g") B(N,v,y)
1 PPE 265 0.734375 0.632813 0.635938
2 S&D 183 0.265625 0.367188 0.25
3 ADLE 84 0.234375 0.320313 0.28125
4 CRE 55 0.140625 0.117188 0.139063
5 Greens-ALE 55 0.140625 0.085938 0.078125
6 GUE/NGL 35 0.078125 0.039063 0.0390625
7 EDF 29 0.078125 0.085938 0.078125
8 NI 29 0.078125 0.085938 0.0390625

aspect of the ideology, for example, economy, immigration policies, etc., with the condition that the sum of the values of all
issues considered is 1. Then, p(ij) =1 if both groups have the same ideology in all issues.

The prox-Banzhaf index (our value for simple games) is defined in terms of the Choquet integral and the graph Banzhaf-
Owen value. The procedure to compute the index is the following: 1) we get the cuts of the proximity relation, 2) we get
the graph Banzhaf-Owen value for the corresponding graph in each level, and 3) we calculate the index using the Choquet
integral. Fig. 4 also shows the cuts of the EP proximity relation. Now we have to obtain for each cut 8. We can see in
Table 1 the graph Banzhaf-Owen values (Definition 2) of the cuts of the EP proximity relation.

Using the Choquet integral we obtain our index. In Table 2 we compare the index with the classical Banzhaf index and
the graph Banzhaf-Owen index. Observe that if we do not consider levels, namely we take the crisp version of the graph, it
is connected and the graph Banzhaf-Owen value given in Definition 2 coincides with the graph Banzhaf value. We denote
as gV the crisp version of the EP proximity relation.

We can see how the aggregation of information changes the power of the groups (see Figs. 5 and 6). For instance group
2 has greater power than group 3 with the crisp indices but they exchange their position with the fuzzy index.

7. Conclusions

The Banzhaf value is one of the best methods to determine the power of the different elements in a decision sys-
tem. The a priori bilateral relations among the agents modify their payoffs but usually these relations are not equal.
Proximity relations allow to level the closeness among the agents. We have defined a Banzhaf value using the infor-
mation of a proximity relation and we have provided the value with an axiomatization. The construction is consistent
with the related crisp definitions. Consider im(p) = {1}. In that case p is identified with a cooperation structure L and
B(N,v, p)=B%(N, v, L). If L is connected then B(N, v, p) =n(N, v, L). If for each S € N/L it holds Ls = LS (it is complete)

0.7 N e - Banzhaf

5B v e graph Banzhaf

prox-Banzhaf

0.5

0.4

0.3

0.2

0.1

Fig. 5. Comparative of Banzhaf indices (II).
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0.6

0.4

PPE
S&D
ADLE

Greens—ALE

GUE/NGL

0.0

Banzhaf
graph—Banzhaf

prox—Banzhaf

Fig. 6. Comparative of Banzhaf indices (III).

then B(N,v, p) = B°W(N,v,N/L). If L =LN then B(N, v, p) = B(N, v). Finally we have showed the interest of the index
through an example.
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