
Wave Motion 128 (2024) 103324

A
0
(

E
t
n
E
N
a

b

c

7
d

e

f

A

K
D
S
B
D
Q
R

1

e
t
o
m
u
l
a
t
a

h
R

Contents lists available at ScienceDirect

Wave Motion

journal homepage: www.elsevier.com/locate/wamot

xistence, stability and spatio-temporal dynamics of
ime-quasiperiodic solutions on a finite background in discrete
onlinear Schrödinger models
.G. Charalampidis a, G. James b, J. Cuevas-Maraver c,d,∗, D. Hennig e,
.I. Karachalios e, P.G. Kevrekidis f

Mathematics Department, California Polytechnic State University, San Luis Obispo, CA 93407-0403, USA
Univ. Grenoble Alpes, CNRS, Inria, Grenoble INP, LJK, 38000 Grenoble, France
Grupo de Física No Lineal, Departamento de Física Aplicada I, Universidad de Sevilla, Escuela Politécnica Superior, C/ Virgen de África,
, 41011 Sevilla, Spain
Instituto de Matemáticas de la Universidad de Sevilla (IMUS), Edificio Celestino Mutis, Avda. Reina Mercedes s/n, 41012 Sevilla, Spain
Department of Mathematics, University of Thessaly, Lamia 35100, Greece
Department of Mathematics and Statistics, University of Massachusetts Amherst, Amherst, MA 01003-4515, USA

R T I C L E I N F O

eywords:
iscrete nonlinear Schrödinger equation
olitons
reathers
iscrete solitons
uasi-periodic solitons
ogue waves

A B S T R A C T

In the present work we explore the potential of models of the discrete nonlinear Schrödinger
(DNLS) type to support spatially localized and temporally quasiperiodic solutions on top of
a finite background. Such solutions are rigorously shown to exist in the vicinity of the anti-
continuum, vanishing-coupling limit of the model. We then use numerical continuation to
illustrate their persistence for finite coupling, as well as to explore their spectral stability. We
obtain an intricate bifurcation diagram showing a progression of such solutions from simpler
ones bearing single- and two-site excitations to more complex, multi-site ones with a direct
connection of the branches of the self-focusing and self-defocusing nonlinear regime. We further
probe the variation of the solutions obtained towards the limit of vanishing frequency for
both signs of the nonlinearity. Our analysis is complemented by exploring the dynamics of
the solutions via direct numerical simulations.

. Introduction

The topic of nonlinear dynamical lattices and their localized modes has received considerable attention over the past 4 decades,
specially since the illustration of their generic emergence in anharmonic crystals [1], and also the rigorous mathematical proof of
heir existence under suitable non-resonance conditions [2]. Indeed, relevant progress has been by now summarized in a number
f influential reviews such as [3,4]. Importantly, beyond the mathematical and computational analyses of the existence of such
odes, a key reason for their extensive study has, arguably, been the impact of associated prototypical models in advancing our
nderstanding as concerns light propagation in optical waveguides [5] and mean-field models of atomic condensates in optical
attices [6]. In both of these central applications, a prototypical dynamical model that has contributed to the analysis, simulations
nd experimental progress has been the discrete nonlinear Schrödinger (DNLS) equation [7]. In addition to its time-honored history,
he DNLS is a model that continues to lead to new experiments and corresponding insights, as, e.g., in the recent work of [8,9]; see
lso the review of [10].
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On the other hand, a topic of ever growing interest over the last (especially) 15 years has been the dynamics of rogue or freak
aves [11]. While observations of such have existed for over half a century [12] and the well-known measurement of the Draupner
ave on the first day of 1995 has captured the attention of the physics, engineering and mathematics communities alike, it has
een mostly over the last decade and a half that numerous relevant developments have arisen especially on the nonlinear analysis
f such waves, as motivated by carefully-controlled experiments. Indeed, the leveraging of novel detection techniques to observe
hem in optical systems [13,14] has led to numerous further explorations within that field [15–18]. In parallel, the ability to produce
luid experiments of fundamental and higher-order rogue waves emerged in the works of [19–21], and led to the re-creation of the
raupner wave in [22]. In addition to the broader relevance of these ideas as argued, e.g., in other fields such as plasmas [23], and
ery recently superfluids [24], the maturation of these efforts can be recognized in a number of impactful reviews such as [25–29].
he experimental techniques and observations of such waves continue to improve in areas such as nonlinear optics, as evidenced
y numerous recent remarkable experiments such as [30,31].

Our original aim in the present work was to explore the potential inter-connection between these important current research
hemes. Indeed, this has been an ongoing effort that has identified analogues of rogue-type structures (such as the famous Peregrine
P) soliton [32], the Kuznetsov-Ma (KM) soliton [33,34] or the Akhmediev breather (AB) [35]) in the integrable discrete realm of
he so-called Ablowitz–Ladik (AL) model [36]. More recent efforts from a subset of the present authors have attempted to leverage
he so-called Salerno model [37] to homotopically interpolate between the AL and the physically realistic DNLS model [38,39].
owever, the relevant computational continuation efforts at the bifurcation level typically encountered turning points, leading them

o discover unprecedented AL solutions [39] bearing an oscillatory background, without necessarily improving our understanding
f the DNLS (or the continuum, for that matter) limit. Motivated by this finding, we raise the question of whether such periodic
olutions can be identified in DNLS-type models that sit on top of a finite, i.e., flat background. It is important to highlight here that
everaging the phase invariance of the DNLS model and factoring out a constant background, one can seek time-periodic waveforms
hich are quasiperiodic ones in the original model, in a way reminiscent of the works of [40,41] which, however, sought such

solutions on top of a vanishing background or of a stationary soliton, respectively.
Motivated by the above observations, we start from the highly-controllable anti-continuum (AC) limit of vanishing coupling

across the lattice nodes. We show that in the neighborhood of such a limit, breathing-in-time solutions (in the frame ‘‘co-rotating’’
with a certain frequency, hence quasiperiodic in the original frame) rigorously exist. We then corroborate these findings through
numerical computations that reveal an intricate bifurcation structure connecting such breathing states between the focusing and the
defocusing DNLS settings. Although our dynamical simulations reveal the nature of the solutions we identified, it is important to
distinguish their characteristics from the inherent features of rogue waves. The latter include high-amplitude waveforms that ‘‘appear
out of nowhere and disappear without a trace’’, while exceeding a certain amplitude threshold [42]. Instead, our waveforms will be
weakly quasiperiodically breathing on top of a fixed density profile. Regardless, the obtained waveforms, while only motivated by
the rogue patterns, constitute a novel class of quasiperiodic solutions of the experimentally relevant DNLS equation and as such are
of potential interest, including in experiments within nonlinear optics (optical waveguides) [5] and atomic physics (Bose–Einstein
condensates in optical lattices) [6]. Our presentation is structured as follows. In Section 2, we present the rigorous proof of existence
of the states of interest, while in Section 3, we detail our numerical continuation, spectral stability and nonlinear dynamics results.
Finally, in Section 4, we summarize our findings and present our conclusions.

2. Rigorous analysis of time-quasiperiodic solutions to DNLS models

We consider the general model

𝑖 �̇�𝑛 + 𝜓𝑛 𝑓 (|𝜓𝑛|
2) +

∑

𝑝∈Z
𝐾𝑛−𝑝 𝜓𝑝 = 0, 𝑛 ∈ Z, (1)

where 𝑓 ∈ 𝐶1((0,∞),R). We denote by 𝓁1(Z,K) the classical Banach space of summable sequences in K = R or C. We assume that
the sequence 𝐾 = (𝐾𝑛)𝑛∈Z ∈ 𝓁1(Z,R) satisfies ∑

𝑛∈Z 𝐾𝑛 = 0, and denote the closed linear subspace of 𝓁1(Z,R) consisting of zero-sum
sequences by 𝑆0. This class of models encompasses the generalized form of the DNLS equation [7] corresponding to 𝐾0 = −2𝑑,
𝐾±1 = 𝑑 and 𝐾𝑛 = 0 elsewhere, with 𝑑 being a coupling parameter.

With the zero-sum assumption on the sequence 𝐾, Eq. (1) admits time-periodic solutions of the form

𝜓𝑛(𝑡) = 𝑅𝑒𝑖 (𝛺 𝑡+𝜑), (2)

with nonvanishing amplitude 𝑅 > 0, frequency 𝛺 = 𝑓 (𝑅2) and phase shift 𝜑. In what follows, we consider a solution of the form (2)
with 𝜑 = 0 and assume that the nondegeneracy condition 𝑓 ′(𝑅2) ≠ 0 is satisfied. This holds still, in particular, for the classical cubic
nonlinearities, where 𝑓 ′ is a nonvanishing constant.

We look for breather solutions of Eq. (1) on a background, corresponding to spatially localized perturbations of solution (2),
quasiperiodic in time with two fundamental frequencies. For this purpose, we set

𝜓𝑛(𝑡) = 𝑒𝑖 𝛺 𝑡 𝑢𝑛(𝑡), (3)

with 𝑢𝑛 being time-periodic with frequency 𝜔𝑏 = 𝑓 (𝐴2) −𝛺, and for some fixed 𝐴 > 0. Substitution in Eq. (1) yields

𝑖 �̇�𝑛 + 𝑢𝑛 [ 𝑓 (|𝑢𝑛|
2) −𝛺 ] +

∑

𝐾𝑛−𝑝 𝑢𝑝 = 0, 𝑛 ∈ Z. (4)
2

𝑝∈Z
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We assume 𝑓 ′(𝐴2) ≠ 0, and the nonresonance condition 𝑓 (𝐴2) ≠ 𝛺, i.e., 𝜔𝑏 ≠ 0 (so that there are two distinct frequencies in the
olution (3)). In addition, we consider time-reversible solutions satisfying 𝑢𝑛(−𝑡) = �̄�𝑛(𝑡), where the notation �̄�𝑛 is used for complex
onjugate.

In the anti-continuum (AC) limit 𝐾 = 0 [2], the system given by Eq. (4) becomes uncoupled, and admits solutions 𝑢0𝑛 taking the
orm

𝑢0𝑛(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝐴𝑒𝑖 𝜔𝑏𝑡 if 𝑛 ∈ I+,
−𝐴𝑒𝑖 𝜔𝑏𝑡 if 𝑛 ∈ I−,
𝑅 if 𝑛 ∈ I,

(5)

where I+, I− are arbitrary finite subsets of Z = I ∪ I+ ∪ I−. In the sequel, we search for solutions 𝑢 = (𝑢𝑛(.))𝑛∈Z of Eq. (4) close to the
orm (5) when 𝐾 is small in 𝓁1(Z). For this purpose, we use the ansatz

𝑢𝑛 = 𝑢0𝑛 + 𝑦𝑛, (6)

where the perturbation 𝑦 = (𝑦𝑛(.))𝑛∈Z is sought in a spatially localized and time-periodic form with period 𝑇 = 2𝜋∕𝜔𝑏. More precisely,
we define, for all 𝑚 ≥ 0, the Banach space

𝑋𝑚 =
{

𝑦 ∈ 𝐶𝑚
(

R∕𝑇Z,𝓁1(Z,C)
)

, 𝑦𝑛(−𝑡) = �̄�𝑛(𝑡)
}

.

(𝑋𝑚 is endowed with the usual 𝐶𝑚 norm) and we assume 𝑦 ∈ 𝑋1. We substitute expression (6) in Eq. (4) and obtain the following
equation for the perturbation 𝑦:

0 = 𝑖 �̇�𝑛 + 𝑢0𝑛
(

𝑓 (|𝑢0𝑛 + 𝑦𝑛|
2) − 𝑓 (|𝑢0𝑛|

2)
)

+ 𝑦𝑛
(

𝑓 (|𝑢0𝑛 + 𝑦𝑛|
2) −𝛺

)

+
∑

𝑝∈Z
𝐾𝑛−𝑝 (𝑢0𝑝 + 𝑦𝑝), 𝑛 ∈ Z. (7)

Let us identify 𝑦 with �̃� = (Re(𝑦), Im(𝑦)) ∈ �̃�1, where for all 𝑚 ≥ 0

�̃�𝑚 =
{

(𝑎𝑛(.), 𝑏𝑛(.))𝑛∈Z ∈ 𝐶𝑚
(

R∕𝑇Z,𝓁1(Z,R)2
)

, 𝑎𝑛(−𝑡) = 𝑎𝑛(𝑡), 𝑏𝑛(−𝑡) = −𝑏𝑛(𝑡)
}

.

System (7) can be considered as a nonlinear equation 𝐹 (�̃�, 𝐾) = 0 with 𝐹 ∈ 𝐶1(�̃�1 ×𝑆0, �̃�0) defined by the right-hand-side of Eq. (7)
with 𝐹 (0, 0) = 0.

In order to solve Eq. (7) for 𝐾 ≈ 0 using the implicit function theorem, we need to check the invertibility of 𝐿 = 𝐷�̃�𝐹 (0, 0) ∈
(�̃�1, �̃�0) (the  stands for bounded linear operator). Let 𝑓 = (𝑎𝑛(.), 𝑏𝑛(.))𝑛∈Z ∈ �̃�0 and search for �̃� ∈ �̃�1 such that 𝐿 �̃� = 𝑓 . This
problem can be rewritten as

𝑓𝑛 =
{

𝑖 �̇�𝑛 + 𝑅2𝑓 ′(𝑅2) (𝑦𝑛 + �̄�𝑛), 𝑛 ∈ I,
𝑖 �̇�𝑛 + 𝐴2𝑓 ′(𝐴2) (𝑦𝑛 + 𝑒2𝑖 𝜔𝑏𝑡�̄�𝑛) + 𝜔𝑏𝑦𝑛, 𝑛 ∈ Z ⧵ I, (8)

with 𝑓𝑛 = 𝑎𝑛 + 𝑖 𝑏𝑛, 𝑓𝑛(−𝑡) = 𝑓𝑛(𝑡). We start by solving the above equations for any given 𝑛 ∈ I. Expanding 𝑦𝑛, 𝑓𝑛 in Fourier series
(omitting the index 𝑛 in the Fourier coefficients for notational simplicity), we have

𝑦𝑛(𝑡) =
∑

𝑘∈Z
𝑐𝑘 𝑒

𝑖𝑘𝜔𝑏𝑡, 𝑓𝑛(𝑡) =
∑

𝑘∈Z
𝑏𝑘 𝑒

𝑖𝑘𝜔𝑏𝑡,

with 𝑐𝑘, 𝑏𝑘 ∈ R due to time-reversibility symmetry. Substitution of the above expansions in Eq. (8) yields

𝑐0 = 𝑏0∕(2𝑅2𝑓 ′(𝑅2)), (9a)

𝑐𝑘 =
𝑅2𝑓 ′(𝑅2)
𝑘2𝜔2

𝑏

(𝑏−𝑘 − 𝑏𝑘) −
𝑏𝑘
𝑘𝜔𝑏

, (9b)

for all 𝑘 ≠ 0. Similarly, for 𝑛 ∈ Z ⧵ I we obtain

𝑐1 = 𝑏1∕(2𝐴2𝑓 ′(𝐴2)), (10a)

𝑐𝑘 =
𝐴2𝑓 ′(𝐴2)
(𝑘 − 1)2𝜔2

𝑏

(𝑏2−𝑘 − 𝑏𝑘) −
𝑏𝑘

(𝑘 − 1)𝜔𝑏
, (10b)

for all 𝑘 ≠ 1. This yields a unique solution 𝑦 ∈ 𝑋1 to Eq. (8), where 𝐶1-regularity follows from a standard bootstrap argument. As
result, the linearized map 𝐿 is invertible.

Consequently, by the implicit function theorem, the solution 𝑦 = 0 to Eq. (7) with 𝐾 = 0 can be continued for 𝐾 ≈ 0 into a
nique solution 𝑦 = 𝑌 (𝐾) ∈ 𝑋1, where 𝑌 is a 𝐶1 map defined on a neighborhood of 𝐾 = 0 in 𝑆0 and 𝑌 (0) = 0. Equivalently, for all
≈ 0 in 𝑆0, Eq. (4) admits a unique 𝑇 -periodic reversible solution such that ‖𝑢 − 𝑢0‖𝑋1

is small, which depends smoothly on 𝐾.
We conclude this analysis by briefly mentioning some symmetry considerations when 𝐾−𝑛 = 𝐾𝑛 (as in the generalized DNLS

quation), a case when Eq. (4) has the invariance 𝑛 → −𝑛. If the solution 𝑢0 in the AC limit is site-centered, i.e. 𝑢0−𝑛(𝑡) = 𝑢0𝑛(𝑡), then
y uniqueness of the local continuation 𝑢 one has also 𝑢−𝑛(𝑡) = 𝑢𝑛(𝑡). This case occurs in particular for 𝑢00(𝑡) = ±𝐴𝑒𝑖𝜔𝑏𝑡 and 𝑢0𝑛(𝑡) = 𝑅
lsewhere. Similarly, if 𝑢0 is bond-centered, i.e. 𝑢0𝑛(𝑡) = 𝑢01−𝑛(𝑡), then the local continuation 𝑢𝑛(𝑡) has the same symmetry. This is the
ase in particular if 𝑢0 0 𝑖𝜔𝑏𝑡 0
3

0(𝑡) = 𝑢1(𝑡) = ±𝐴𝑒 and 𝑢𝑛(𝑡) = 𝑅 elsewhere.
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3. Numerical computations

Our analysis so far, has been kept quite general to illustrate the breadth of the relevant ideas. However, motivated by the
xperimental realizability of the nearest-neighbor, cubic DNLS model [5,6], in the numerical computations that follow, we restrict
ur considerations to this model, which corresponds to the cases 𝑓 (|𝑢𝑛|2) = |𝑢𝑛|

2 and 𝐾𝑛−𝑝 = 𝑑𝛿𝑛−𝑝,±1−2𝑑𝛿𝑛−𝑝,0 (where the Kronecker-𝛿
is implied). This way, Eq. (4) reduces to:

𝑖�̇�𝑛 + 𝑑
(

𝑢𝑛+1 − 2𝑢𝑛 + 𝑢𝑛−1
)

+
(

|𝑢𝑛|
2 −𝛺

)

𝑢𝑛 = 0. (11)

In the numerical computations discussed in this section, we identify time-periodic solutions 𝑢𝑛(𝑡) = 𝑢𝑛(𝑡+ 𝑇 ) with period 𝑇 = 2𝜋∕𝜔𝑏
(or, equivalently with frequency 𝜔𝑏) to Eq. (11). We carry out our computations on a lattice with 𝑁 = 50 sites where periodic
boundary conditions are imposed, i.e., 𝑢−𝑁∕2 = 𝑢𝑁∕2. In our visualization of the relevant waveform, we normalize its background
density (i.e., square modulus equal to 𝛺 which is set to 1 hereafter, i.e., 𝛺 ≡ 1). Similarly to [39], time-periodic solutions (on top
of the background frequency 𝛺) are sought by using the ansatz:

𝑢𝑛(𝑡) = 1 +
∞
∑

𝑘=−∞
𝑛,𝑘𝑒

𝑖𝑘𝜔𝑏𝑡. (12)

Upon substituting this to the DNLS Eq. (11) leads to a root-finding problem for the Fourier coefficients 𝑛,𝑘 that is solved by means
of Newton’s method. We note that we truncated the series [cf. Eq. (12)] by fixing |𝑘| ≤ 𝑚 with 𝑚 = 21, hence considering 2𝑚+1 = 43
Fourier modes in time. Those were proven to be enough to resolve the 1 + 0𝑖 Floquet multiplier associated with the linearization of
the DNLS around the solution, a mode that is theoretically expected to be present due to the Hamiltonian nature of the model. Upon
convergence in Newton’s method, we reconstruct the solution 𝑢𝑛 at 𝑡 = 0 by summing over the Fourier modes according to Eq. (12),
and then using the resulting 𝑢𝑛(𝑡) in Eq. (3). We explore the configuration space of time-periodic solutions to the DNLS equation
by performing a pseudo-arclength continuation [43] over the coupling parameter 𝑑 and frequency 𝜔𝑏. At each continuation step, a
Floquet stability analysis is carried out through the solution of the variational equations for the associated monodromy matrix, in
order to determine the stability characteristics of the solutions we found; see [39] for further details about the setup of the stability
problem.

In Fig. 1, we summarize our numerical results for site- and bond-centered time-periodic solutions that our solvers converged to.
In particular, we show branches of time-periodic solutions with 𝜔𝑏 = 8 and background unit amplitude where the set I− consists of
a single (top panel) and double (bottom panel) site near the AC limit (and I+ is empty), analogously to the well-known site-centered
and bond-centered solutions (on top of a vanishing background) of the DNLS model [7]. As a relevant bifurcation diagnostic, we
measure the average norm of the solutions ⟨𝑁⟩ =

∑

𝑛
∑𝑚
𝑘=−𝑚 |𝑛,𝑘|

2, and depict the densities |𝑢𝑛|
2 of the solutions’ spatial profile

(through its reconstruction from Eq. (12)) and their Floquet spectra in Fig. 1.
Let us begin our discussion by going through the results on site-centered breathers as they are summarized in the top panel of

Fig. 1. It can be discerned from the figure that a state of this type at the AC limit can be continued over the coupling strength 𝑑, see,
Fig. 1(a), and up to 𝑑 ≈ 0.4 before encountering a turning point that leads to a branch with practically a central and a number of
lateral excited sites as this is shown in Fig. 1(b). The relevant continuation goes through 𝑑 = 0 over to the defocusing nonlinearity
setting of 𝑑 < 0 (discussed in more detail next), and then coming back to the focusing regime again with states involving more
intense lateral excitations as these are progressively shown in Figs. 1(c) and (d). It is interesting to observe that every second one of
these branches features a node that is nearly of vanishing amplitude; note that a similar feature is present in the panels (e)–(h) of
the defocusing problem below. All 4 of these sets of panels are for the same coupling of 𝑑 = 0.2. The same sequence of defocusing
and focusing segments continues for multiple additional turning points (the remaining ones of which occur around 𝑑 ≈ 0.35).

In a similar vein, but now for 𝑑 = −0.1, the top panel of Fig. 1 also shows four examples of the branches of (site-centered)
time-periodic waveforms for the case of a defocusing nonlinearity, see the panels (e)–(h) therein. Indeed, we observe a similar
pattern as one moves through the different portions of the relevant branches and the associated turning points (compare the panels
(e) and (f) with (b) and (a), respectively, of the focusing regime). Gradually more nodes deviate from the background amplitude,
forming a progressively more delocalized breathing excitation as is shown in panels (g) and (h) therein. Here, though, contrary to
the focusing case where the additional excitations are higher than the background, the additional excited sites have densities below
those of the background. Furthermore, it is relevant to also make some additional observations. Firstly, we remark that each pair
of focusing branches in the diagram segues into a pair (again involving a turning point) of defocusing branches, then on to another
focusing loop and so on. Yet, it is interesting to also examine how the change of stability of the relevant waveforms occurs along
this continuation, as shown in the bottom of each panel in Fig. 1, with the latter representing the corresponding Floquet multipliers
of the monodromy matrix.

For the focusing portions, the branch is modulationally unstable, in line with the earlier associated calculation of [44] (see
also [39]), as is reflected in the real Floquet multipliers of the associated linearization around the periodic orbit; see Figs. 1(a)–(d).
Yet, as the AC limit of 𝑑 = 0 is approached, the modulational instability (MI) band shrinks and subsequently the relevant multipliers
reside on the unit circle for the defocusing case of 𝑑 < 0, as shown in Figs. 1(e)–(h). Nevertheless, it is interesting to highlight
that the (site-centered) breathing waveforms for the case of Fig. 1(e) (and more generally in the 𝑑 < 0 branches) are very weakly
unstable due to isolated unstable pairs of real multipliers. The number of pairs increases by one for every higher branch considered
(two in Fig. 1(f), three in Fig. 1(g), four in Fig. 1(h), etc. within Fig. 1).

We briefly highlight the numerical results for bond-centered breathers as they are shown in the bottom panel of Fig. 1. Upon
analytically constructing the relevant state from the AC limit, see Fig. 1(i), the bifurcation diagram reveals similar features of the
4
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Fig. 1. Bifurcation diagrams (showcasing the dependence of the average norm of the solutions ⟨𝑁⟩ vs the coupling constant 𝑑) and associated solutions as well
as their Floquet spectra for site- (top panel) and bond-centered (bottom panel) time-periodic solutions to the DNLS with 𝑤𝑏 = 8 and 𝛺 = 1. The insets in both
anels showcase the density, i.e., the modulus square |𝑢𝑛|

2 of the solutions found together with their spectra. The labels therein are associated with the arrows
n the respective bifurcation diagrams (see text for details). For the site-centered breathers, the panels (a)–(d) depict 4 examples of solutions in the focusing
roblem whereas the panels (e)–(h) showcase 4 such in the defocusing problem. In the bond-centered case, in addition to the AC limit profile (i), we demonstrate
examples in each of the focusing (see (j) and (k)) and defocusing (see (l) and (m)) regimes. (For interpretation of the references to color in this figure legend,

he reader is referred to the web version of this article.)

tates presented herein with the site-centered ones as regards their background structure and stability characteristics (compare the
ite-centered states shown in the top panel of the figure with the bond-centered ones of the bottom panel, respectively). Also, we
otice that the bond-centered breathers are similarly modulationally unstable in the focusing regime although they become only
eakly unstable in the defocusing regime similarly to their site-centered counterparts. Again, we highlight that the instability in

he defocusing regime is due to the existence of an isolated unstable pair of real multipliers (see, Fig. 1(l)), and the number of the
nstable pairs increases by one as we move to higher branches, see, indicatively, Fig. 1(m). It is interesting to observe that the
owest defocusing bond-centered branch (l) in the bottom panel of Fig. 1 has the same number of unstable eigendirections as the
ite-centered branch of the defocusing problem in panel (e) of the top part of Fig. 1.

Subsequently, we were interested in exploring the approach of the relevant branches of site-centered solutions towards the limit
here the frequency 𝜔𝑏 of the time-periodic solution approaches 0. While the patterns obtained are not rogue waves, the latter

imiting process for rogue waves holds particular interest as it turns the so-called KM solutions into the limiting Peregrine solitonic
tructure. To explore this in Fig. 2, we performed a continuation both for the focusing case (top panel) and for the defocusing one
bottom panel) towards the vanishing frequency limit, indeed for different values of the coupling constant 𝑑. Naturally, for none of
he cases, were we able to reach the limit (as the solution loses its periodic orbit character). Yet, it was interesting to observe that
5
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Fig. 2. The average power (sum of the square intensities of the Fourier coefficients) of the solution as a function of the frequency 𝜔𝑏 for the focusing case (top
panel) and the defocusing one (bottom panel). Different values of the coupling constant 𝑑 are illustrated by the different curves, according to the legend. (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

hile the focusing branches could be continued in a concave down form towards this limit in the (average) ‘‘power’’ dependence
the sum of the square intensities of the Fourier coefficients) vs. the frequency 𝜔𝑏, this was not the case in the defocusing setting. In
he latter, a turning point always appeared which is also tantamount to a stability change, in line with the classic criterion of [45].
he relevant defocusing model turning point occurred closer to frequencies 𝜔𝑏 → 0, the smaller (in absolute value) the coupling
trength 𝑑 was.

Finally, we move to the results on the spatio-temporal evolution of the quasiperiodic (in the original frame — time-periodic in
heir modulus evolution) solutions presented in Figs. 3 and 4 (again, with 𝜔𝑏 = 8 and 𝛺 = 1) both for the focusing and defocusing
ases. We only considered site-centered breathers since the results for bond-centered ones are similar and are omitted herein. The
anels (a)–(d) in Fig. 3 showcase the spatio-temporal evolution of the amplitude |𝑢𝑛| of (site-centered) breathers which respectively
onnect with the labels (a) and (d) (focusing regime) as well as (f) and (h) (defocusing regime) of the top panel of Fig. 1. We note in
assing that we depict the amplitude and not the density, i.e., |𝑢𝑛|2 of the solutions therein due to the dim variation of the profiles
ver a period. We used the breather that our Newton solver converged to as an initial condition, and integrated Eq. (11) forward
n time. The terminal times for the results shown in panels (a), (b), and (d) are 60 𝑇 , and 120 𝑇 for (c).

It can be discerned from these panels that all solutions are dynamically unstable although the ones shown in panels (a) and (b)
being examples of the focusing regime) are modulationally unstable per our Floquet stability analysis (see, their Floquet spectra in
a) and (f) in the top panel of Fig. 1). Around 𝑡 ≈ 33 and 𝑡 ≈ 35 in Figs. 3(a) and (b), the instability of the background (due to MI)
anifests itself and appears to also partially affect the core structure of the solution. The center of the solution, i.e., at 𝑛 = 0 remains

hiefly unaltered even up to 𝑡 = 1000 𝑇 although the remaining nodes that were originally deviated from the background are more
rastically modified (results not shown). On the contrary, in Figs. 3(c) and (d), i.e., defocusing regime, the instability is emanating
ow from the core structure of the solution (i.e., from the point spectrum instability of the state, while the background is in this
ase modulationally stable), see the Floquet spectra in (f) and (h) in the top panel of Fig. 1. Interestingly, however, and somewhat
imilarly to the panels (a) and (b) in the figure, the solutions at 𝑛 = 0 in panels (c) and (d) remain robust and mostly unaltered in
6
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Fig. 3. Spatio-temporal evolution of the amplitude |𝑢𝑛| of the quasiperiodic solutions to the DNLS associated with the top panel of Fig. 1 with 𝜔𝑏 = 8 (see also
Fig. 4). The labels (a)–(d) herein connect with the solutions of Fig. 1 labeled with (a) (𝑑 = 0.2), (d) (𝑑 = 0.2), (f) (𝑑 = −0.1), and (h) (𝑑 = −0.1), respectively.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Complementary numerical results associated with the dynamics presented in Fig. 3. The left and right columns present the difference of the amplitude
|𝑢𝑛(𝑡)| − |𝑢𝑛(𝑡 = 0)| and temporal evolution of |𝑢0(𝑡)|, i.e., the amplitude of the solution at the center of the lattice, respectively. The top and bottom rows of
the figure correspond to the time-periodic solutions associated with the states (a) and (f) shown in the top panel of Fig. 1 (whose spatio-temporal evolution is
presented in Figs. 3(a) and (d), respectively). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

this defocusing case too. These defocusing regime instabilities manifest themselves at later times. This is due to the fact that fewer
unstable eigendirections emerge in the defocusing regime, and simultaneously their growth rates are smaller compared to the ones
in the focusing one. Indicatively, in Figs. 3(c) and (d), the dominant unstable eigendirection respectively corresponds to 𝜆𝑟 ≈ 1.517
and 𝜆𝑟 ≈ 1.544 as compared with 𝜆𝑟 ≈ 2.157 of Figs. 3(a) and (b).

We complement the results of Fig. 3 with the panels of Fig. 4. The left and right columns of the figure demonstrate the spatio-
temporal dependence of the difference of the amplitudes |𝑢𝑛(𝑡)| − |𝑢𝑛(𝑡 = 0)| and temporal evolution of the amplitude of the central
site, i.e., |𝑢𝑛(𝑡)|, respectively, for the cases of Figs. 3(a) (top row, focusing regime) and (b) (bottom row, defocusing regime). Recall
that in this work, we were motivated by the possibility of identifying a localized in-space, time-quasiperiodic (i.e., periodic in its
modulus) solution that would share some of the features of rogue waves (solutions of extreme amplitude that ‘‘appear out of nowhere
and disappear without a trace’’) of the KM type that sits on a flat background. Our original motivation involved waveforms that
would share these characteristics, designed in an ‘‘on-demand’’ way (as similar to a KM or Peregrine waveform) at the AC limit.
The dynamics of Fig. 4, however, demonstrate that the amplitude of the oscillations of the solutions does not share the ‘‘extreme’’
feature of the rogue patterns but is, instead, rather ‘‘small’’ (compared to the size of the background), thus distinguishing between
the patterns identified and the continuum (as well as integrable discrete) rogue ones. Nevertheless, the waveforms identified are
novel quasiperiodic ones on a finite background that should be accessible, in principle, in optical or atomic settings where the
DNLS is the suitable physical model. Importantly, also, and while the AC limit may not provide as straightforward of a path for
an on-demand construction of rogue patterns, it still remains an open question whether KM breathers and Peregrine solitons on a
7
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non-vanishing background could be identified for the physically relevant DNLS model at finite coupling. We discuss this central open
question further in the concluding section that follows.

4. Conclusions & future challenges

In the present work we have explored the interface between two exciting recent directions, namely the study of DNLS models
with an eye to applications in optical and atomic physics, and the potential of formation of rogue wave-like structures in dispersive
nonlinear systems, utilizing the firm analytical handle on the latter provided by the anti-continuum limit of uncoupled lattice
sites. We used a rigorous argument to showcase that relevant spatially localized but temporally quasiperiodic (periodic in the
modulus) solutions should exist in such models. We illustrated a surprising continuity between the branches of associated solutions
in the modulationally unstable self-focusing and the modulationally stable self-defocusing nonlinearities. This led to a snake-like
bifurcation diagram featuring turning points between pairs of branches for each sign of the coupling. The defocusing solution
branches were found to feature isolated (and potentially weak) instability, which, in turn, might facilitate the emergence of such
states in experiments. We also examined the continuation of the relevant waveforms in the breather frequency (motivated by the
corresponding continuation of the KM breather towards the Peregrine soliton), finding that while such a path can be meaningful
in the focusing case, it always leads to a turning point and the absence of such solutions near 𝜔𝑏 → 0 for the self-defocusing
realm. Finally, the dynamics of such solutions were illustrated to make the point of their controllable (according to their respective
instability growth rate) persistence, most notably in the modulationally stable self-defocusing realm that may enable their potential
future experimental observation. Nevertheless, as explained in detail, while our solutions are interesting novel quasiperiodic patterns
on a finite background within the DNLS model, they do not share the full spectrum of rogue wave features and can thus not be
characterized as ones such.

Naturally, this study raises a wide variety of additional questions and forges potential avenues for further explorations. On
the one hand, it would be particularly interesting to explore the departure of the different (integrable and non-integrable) DNLS
models from the continuum limit. Admittedly, this requires a different set of tools than the AC ones leveraged herein, yet it is an
important question whose answer may shed light on the possibility of emergence of KM solutions to the (non-integrable) DNLS
and even regarding the feasibility of their limiting Peregrine profile within the DNLS model. On the integrable systems realm,
another relevant point concerns the relatively recent observation [46] regarding the exact analytical rogue waves of the defocusing
Ablowitz–Ladik model. As these authors point out, the existence of rogue waves in the latter setting is surprising (and such waves
may have also unexpected features such as a potential blowup in finite time). The potential extension of such waves in the context
of the Salerno and eventually the DNLS model (in comparison with the waveforms considered herein) would also be relevant to
consider. Furthermore, an interesting feature of the present considerations is that they are not dimensionally-dependent (contrary
to integrability-related considerations), hence the breathers identified herein should persist to higher-dimensional cases and their
properties and dynamics therein constitute another relevant vein of research. Similarly, whether quasiperiodic solutions on a finite
background can be spectrally stable is yet another question of future interest. Such topics are currently under consideration and
will be reported in future works.
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