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Abstract

We consider a non-stationary incompressible non-Newtonian Stokes system in a porous medium
with characteristic size of the pores ¢ and containing a thin fissure of width 7.. The viscosity is
supposed to obey the power law with flow index % < ¢ < 2. The limit when size of the pores tends
to zero gives the homogenized behavior of the flow. We obtain three different models depending
on the magnitude 7. with respect to e: if . < £% T the homogenized fluid flow is governed by a
time-dependent nonlinear Darcy law, while if 7. > 2224%1 is governed by a time-dependent nonlinear
Reynolds problem. In the critical case, 1. =~ £2¢-1, the flow is described by a time-dependent
nonlinear Darcy law coupled with a time-dependent nonlinear Reynolds problem.
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1 Introduction

In this paper we consider a non-stationary incompressible viscous non-Newtonian flow in a periodic
porous medium with characteristic size of the pores € and containing a thin fissure {0 < z3 < 7.}
of width 7. with €, 7. two small parameters that tend to zero (see Figure 1). Drilling and hydraulic
fracturing fluids used in the oil industry are usually non-Newtonian liquids. Therefore during well
drilling or hydraulic fracturing operations, the non-Newtonian drilling muds or hydraulic fluids will
infiltrate into permeable formations surrounding the wellbore, which may seriously damage the forma-
tion. The rheological behavior of drilling muds, cement slurries and hydraulic fracturing fluids is often
described by a power-law model (see Cloud and Clark [9], Shah [16]). The importance of modeling flow
of non-Newtonian fluids from the wellbore into the surrounding formations has been recognized in the
industry.

One way to study this problem is to use the homogenization theory, which has been applied to
the study of perforated materials for a long time. The question of a medium containing a thin fissure
with properties different from those of the rest of the material has been the subject of many studies
previously. For instance, in Panasenko [14], a methodology is proposed for averaging in boundary
value problems with plane bondary, and also problems on the contact of several microstructures with
plane contact surface. The author considers both direct contact of two structures and contact of two
media separated by a thin inhomogeneous layer having periodic structure. In [15], Pham Huy and
Sanchez-Palencia study some properties of limit behavior of partial differential equations of the second
order which model thermal conductivity problems.

Our goal in this paper is to find the homogenized system corresponding to the limit when the size
of the pores, and so the width of the fissure, tends to zero. A similar problem of the one considered
in this paper, but for the Laplace’s equation, was studied in Bourgeat and Tapiero [4]. The peculiar
behavior observed for the Laplace’s equation when 7. ~ £5 has motivated the analogous study for the
stationary Newtonian Stokes system in Bourgeat et al. [5] (see Zhao and Yao [20] for the stationary
Newtonian Navier-Stokes system). Another work on this problem, for the non-stationary case, can be
found in Zhao and Yao [19], where a non-stationary Newtonian Stokes flow is considered. But to our
knowledge, there does not seem to be in the literature any study on the homogenization analysis of a
non-stationary non-Newtonian Stokes system in a porous medium with a thin fissure.

In this paper, we consider that the viscosity is a nonlinear function of the symmetrized gradient of
the velocity. The viscosity satisfies the nonlinear power law, which is widely used for melted polymers,
oil, mud, etc. If uw is the velocity and Du the gradient velocity tensor, denoting the shear rate by
D [u] = £(Du + D'), the viscosity as a function of the shear rate is given by

g (Du]) = pID [, 1<q< +oo,

where the two material parameters ¢ > 0 and ¢ are called the consistency and the flow index, re-
spectively. Recall that ¢ = 2 yields the Newtonian fluid. For 1 < ¢ < 2 the fluid is pseudoplastic
(shear thinning), which is the characteristic of high polymers, polymer solutions, and many suspen-
sions, whereas for ¢ > 2 the fluid is dilatant (shear thickening), whose behavior is reported for certain
slurries, like mud, clay, or cement.

We consider fluids satisfying the non-stationary non-Newtonian power-law Stokes system, in the
domain described above, and our goal is to generalize the study of Bourgeat et al. [5] to the non-
stationary non-Newtonian case. We find new technical difficulties that needed to be overcome in



comparison to [5]. Let us introduce a brief summary of the mathematical innovation in this paper as
compared to that in [5]. By the classical theory (see, for instance, Lions [11]), we have the existence
and uniqueness of solution for 1 < ¢ < 400. Some a priori estimates for velocity in the framework
of Sobolev spaces and variational formulations are established for 1 < ¢ < 400 (see Lemma 4.4). To
find these estimates and then the order of the limits, we use a variant of the Korn’s inequality for this
type of domain. Moreover, due to the non-stationary case, some more uniform a priori estimates in
time for the velocity are established for 1 < ¢ < 2 (see Lemma 4.5), which are needed for estimating
the pressure. To estimate the pressure first we need to extend the pressure to the whole domain using
an operator in I/VO1 1. due to the non-Newtonian case, which is given in Bourgeat and Mikeli¢ [6] and
generalizes the results for ¢ = 2. Moreover, due to the non-stationary case, we can not hope to get the
estimation for pressure for 1 < ¢ < 2. First, we assume that % < ¢ in order to prove the estimation of
the pressure in the whole domain. To do this, we use interpolation, with the interpolation parameter
0 = 4%;6, and the Bogovskii operator (see Lemma 4.7). Secondly, we have to assume that % < gqin
order to get the estimation of the pressure in the fissure contained in the domain (see Lemma 4.8).
Therefore, we have to assume that % < q < 2 to overcome this difficulty in the present paper, so we
consider pseudoplastic fluids and Newtonian fluids. To find the limit equations, we use the theory
developed by Allaire [2] and Nguesteng [13] of two-scale convergence, which has proved to be very
useful in homogenization theory.

The results obtained here correspond to three characteristic situations depending on the parameter
ne with respect to e:

P
o If n. <« €241 the fissure is not giving any contribution. In this case, in order to find the limit,
we use two-scale convergence and we obtain a time-dependent nonlinear Darcy’s law.

o Ifn.> %1 the fissure is dominant. We introduce a rescaling in the thin fissure in order to work
with a domain with height one, and then we prove that the limit of the velocity is a Dirac measure
concentrated on {x3 = 0} representing the corresponding tangential surface flow. Meanwhile in
the porous medium the effective velocity is equal to zero. We obtain a time-dependent nonlinear
Reynolds problem.

o If . = £Z-T with 775/52;%1 — A, 0 < A < o0, it appears a coupling effect and the effective
flow behaves as Darcy flow in the porous medium coupled with the tangential flow of the surface
{z3 = 0}. Compared to the first case 7. < 5%, the effective velocity has now an additional
tangential component concentrated on {x3 = 0}. Moreover, the limit problem is now given by
a new variational equation, in which appears the parameter A, and consists of a time-dependent
nonlinear Darcy law in the porous medium and an additional time-dependent nonlinear Reynolds
problem on the surface {z3 = 0}.

The paper is organized as follows. In Section 2, the domain and some notations are introduced.
In Section 3, we formulate the problem and state the main result (Theorem 3.1), which is proved
in Section 5. To prove the main result, a priori estimates are established in Section 4. The proof
of main result in Section 5 is divided in three subsections corresponding to the three characteristic
situations depending on the parameter 7. with respect to €. A conclusion section is established
in Section 6.



2 The domain and some notations

Let © C R3 be a bounded domain and
QL =0n{z3 >0}, Q_-=0n{zz3 <0}, XL=0Qn{x3 =0}
For some 79 > 0 we define the domain
D =Q_U(noes + Q4) U (X x [0,m0]) ,
with es = (0,0, 1).

Let € > 0 be a small parameter that tends to zero and 0 < 7. < 19 be a small parameter that tends
to zero with e.

With € we associate a microstructure through the periodic cell Y = (0,1) made of two comple-
mentary parts: the solid part A, which is closed and strictly contained in Y with a smooth boundary
OA, and the fluid part Y* =Y \ A. Defining Y* = k+ Y, k € Z3, we set A¥ and Y** = Y*\ A* as the
solid and fluid part in Y* respectively.

Am= ] 4F, At = | 4N,
kez? kez}

all the solid parts in R3, where Z* = {k : k € Z3, k3 <0} and Z} = {k : k € Z3, k3 > 0}. It is
obvious that E* = R3\ (A~ U A™) is an open subset in R3.

Following Allaire [1], we make the following assumptions on Y*, E* A and A* = AT U A™:

We also denote

i) Y™ is an open connected set of strictly positive measure, with a locally Lipschitz boundary.
ii) A has strictly positive measure in Y.

iii) E* and the interior of A* are open sets with boundaries of class C%! and are locally located on
one side of their boundaries. Moreover E* is connected.

We also define
AT = EA_7 A;;]s = ne€3 + 6A+7 S5775 = a (AE_ U A;WE) '

€

We denote by

A, = A7 U A;rns - the solid part of the domain D,

D.y. =D\ Ay, - the fluid part of the domain D (including the fissure),
I, =% x(0,n:) - the fissure in D,

Qep. = Dep, \ I, - the fluid part of the porous medium,

and

QO = Dep. N {zs >0}, Q. = Day. N {23 <0}, Ty = 9% x (0,72).

Finally we define
D, =Dn{x3>0}, D_=0Q_.

We denote by O. a generic real sequence which tends to zero with ¢ and can change from line to
line. We denote by C' a generic positive constant which can change from line to line.
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Figure 1: View of the domain D,,,

3 Setting and main result

In the following, the points 2 € R3 will be decomposed as x = (2/,x3) with 2’ € R?, 23 € R. We use
the notation ~ to denote a generic function of R?.

In this section we describe the asymptotic behavior of a non-stationary incompressible viscous non-
Newtonian fluid in the porous medium with a thin fissure. The proof of the corresponding results will
be given in the next sections.

Our results are referred to the non-stationary incompressible non-Newtonian power-law Stokes
system. Namely, for f € C1([0,T]x D)3, let us consider a sequence (uey, , pen.) € L(0, T} Wol’q(DEnE))3 X
L9(0,T; LY (Dey.)), 1 < q < +00, which satisfies

Oy,

o div (M D [qu”q—QD [usneD + Vpep. = fin (0,T) x Dey,

div e, =0in (0,T) X D.,_, (3.1)
Uy, (0,2) =0, x € Dy,

where T' > 0, u > 0 is the consistency, ¢’ = q/(¢—1) is the conjugate exponent of ¢ and Lg’(Dgng) is the
space of functions of L7 (Dep.) with null integral. We consider the problem with Dirichlet boundary
condition, i.e.

Uep. = 0 on (0,7) X 0Dy, . (3.2)

For every g,n. > 0, with 1 < ¢ < +oo, it is well known that (3.1)-(3.2) has a unique solution
(Uene, Pen.) € LI(0,T; Wy?(Dey.))® x LY (0, T; L (Dey.)) (see the classical theory [11] for more details).

Our aim is to study the asymptotic behavior of u.,. and p.,. when ¢ tends to zero.



As usual, in order to study the behavior of ue,,, pey,. in the fissure we rewrite our equations in the
unit cylinder I; = ¥ x (0,1) by introducing the change of variable
Z3
z=— (3.3
Ne )

which transforms I, in a fixed domain I;. We define the new functions

U (t, 2!, 2) = Uer, (t,2' ,n.2), P(t,a',2) = Dene (t, 2’ n.2) — Cen. s (3.4)
and )
U = (ulﬂk’u;ﬁa),
with ,
()= 0 [ e (b2 da (3.5)
‘ 775‘ I’?e

Let us introduce some notation which will be useful in the analysis below. We will denote D,/ [ugy,. ] =
%(Dx/uens +D!ugy, ) and 0, [ug,. | = %(azugns + 0L ugy,. ), where we denote 9, = (0,0, %)t, and associated
to the change of variables (3.3), we introduce the operators: D,,_, D,_ and div,,_, by

1 1
Dy, [v] = 5 (Dyov + Df,sv) , divy.v = divy v + —0.v3,

Te

1
(Dﬁev)id = axjvi for ¢ = 1,2,3, _] = 1,2, (Dnav)i,?’ = —8zvi for ¢ = 1,2,3.

Te

Using the transformation (3.3), the system (3.1) can be rewritten as

au=":
ot

— divy, (0 |Dy. ][ Dy, U]) 4 9 P = [t 0 nez) in (0,T) x Iy,
div,, U™ = 0'in (0,T) x I, (3.6)
U (0,2',m-2) =0 (2/,n:2) € I,

with Dirichlet boundary condition,

U =0on 90X x (0,1), for all ¢t e (0,T). (3.7)

In order to simplify the notation, we define S, as the ¢-Laplace operator

Sq(€) = ‘§|q72 §, Ve Rg’;ﬁ, 1< q< +oo0.

Our main result for the asymptotic behavior of the solution of (3.1)-(3.2) is given by the following
theorem. Observe that we need further assumptions on ¢ and f to carry out this study.

Theorem 3.1. Assume that % < q <2 and f(0) = 0. We distinguish three cases depending on the
relation between the parameter n. with respect to €:

i) if ne < Eﬁ, then there exists (v,p) € LI((0,T) x D)3 x L7 (0,T; LY (D)) such that the solution
(Uen. » Den.) of the problem (3.1)-(5.2) satisfies

e T ug, — v in LY((0,T) x D)3, pey. —p in L7 (0,T; L7 (D)). (3.8)



Moreover, p € L9 (0, T Wl’q/(D)) and (v, p) is the unique solution of time-dependent nonlinear Darcy’s
law

v(t,z) = ;K(f(t, xz)—Vp(t,z)) in (0,T) x D,

divo(t,z) = 0 in (0,T) x D, (3.9)
v(t,z)-n = 0 on (0,T)x dD,

where n is the outward normal to 0D and the permeability function K : R? — R? is monotone and
coercive, and is defined by

K(§) = /*wg(y) dy, V¢eR3, (3.10)

where we(y), for every & € R3, denotes the unique solution in I/I/;E’q(Y*)3 (# denotes Y-periodicity) of
the local problem

~div,S, (D[w]) + Vyr¢ = & in Y,
divng = 0 1 Y*, (311)
wt = 0 indA,
wé, ¢ Y — periodic,

ii) if e > e% T and let U=, P=) be a solution of (3.6)-(3.7). Then there exist U € Li((0,T) x I1)3
and P € LY(0,T; Lq/(Il)), such that for a subsequence,

neTTIUTE U in LY((0,T) x I;)®, P —~ P in LY(0,T; L7 (I)),

where

- 2% N 1
/ = - |-
U(t,x', z) = ! ((2) ‘2 z

Moreover, it holds that

q)s (f(m 0) — Vx/P(t,x/)), U=@U,0). (312

2g—1

e o1 uey, = Voy in LU0, T; M(D))?, (3.13)

where V € L9((0,T) x £)3 such that

V(t,a') /um 2) B Sy (F(t.4.0) = VoPta)) . V=00, (314
2% (g4 Dur!

and, in fact P € Lq/(O,T; Wl’q/(E)) s the unique solution of the time-dependent nonlinear Reynolds
problem on %

—divgV(t,z') =0 in (0,T) x X
V(t,z')-n=0 on (0,T)x 9%,

where 1 1s the outward normal to OX.

(3.15)

ii1) if ne ~ 5%, with 775/52‘%1 — A, 0 < A< 400 and let (uey.,per.) be the solution of the problem
(3.1)-(3.2), then there exist a Darcy’s velocity v € L4((0,T) x D)3, a Reynolds velocity V € L4((0,T) x
¥)3, with V3 =0, and a pressure field p € Lq/(O, T, Wl’q/(D)) such that

e U, S v ATV in L0, T; M(D)),

v , (3.16)
Pen. = p in LT(0,T; LY (D)),

7



where Jx, is the Dirac measure concentrated on ¥, and M(D)? is the space of Radon measures on
D. The velocities v and V are given by the first equation in (3.9) and (3.14), respectively, where the
pressure P e LY (0, T; Wh' (X)) is connected with the pressure p by the relation

p(t,a',0) = P(t,z') +C, CeR.
Moreover, the pressure p € Vs = {p € LT (0,T; W9 (D)) : ¢(-,0) € LY (0, T; Wh' (£))} is the unique

solution of the variational problem

T Ty
/ / o(t, ) - Vo(t, z) dadt + Aot / / Vit a') - Voolt,a,0)d/dt =0, Vo e Ve,  (3.17)
0 D 0oJx

Remark 3.2. The monotonicity and coerciveness properties of the permeability function K given by
(3.10) can be found in sections 2 and 4 in [7], which implies that (3.9) is well posed. On the other
hand, the ¢'-Laplace operator is well know that is monotone and coercive (see [12] for more details),
which implies that (3.15) is well posed. Therefore, we can deduce that the problem (3.17) is also well
posed.

4 A Priori estimates
Let us begin with the following variant of the Korn’s inequality in the porous medium (),,_, which will
be very useful (see for example Bourgeat and Mikelic in [6]).

Lemma 4.1. There exists a constant C' independent of €, such that, for any function v € I/Vl’q(DEV,E)3
and v =0 on S, one has

1l oo, ys < Ce D[]l Lo, yoxs s 1 <a < oo (4.18)

Next, we give an useful estimate in the fissure I,,, .

Lemma 4.2. There exists a constant C independent of €, such that, for any function v € Wl’q(DEm)3

and v =0 on Sg,,., one has
1 1
lollaz, o < Cnb (e + )3 Dl pap,, sy 1< g < +ox. (4.19)

Proof. Because the thickness of I,,_ is 7., we have, by the classical Poincaré inequality,
[0l La(z,.)2 < Cnell Dol Lagr,, y3xs- (4.20)
Next, if we choose a point z1 € Ay, which is close to the point = € I,_, then we have
v(x) —v(z1) = Du(§)(x — 21) < (€ +7¢) | Dvl.
Since v(x1) = 0 because z1 € Ay, we have
() Loz, )s < Cle + ne) | DvllLar,, y3xs-

Multiplying the above inequality with (4.20) we obtain

1]l gz, 5 < Cne2 (e + €)% 1DVl oy, yos < O (e +€)2 Dl op,, o, (4:21)

and from the classical Korn inequality we obtain (4.19).
O



Let us give the classical estimate for a function in L? when we deal with a thin fissure (see Bourgeat
et al. [3] for more details).

Lemma 4.3. There exists a constant C' independent of €, such that, for any function v € Li(I,_) with
fIn vdx =0, one has

C
vl par,.) < ﬁHVUHW—Lq(InE)% 1 <g < +oo.

Now, we are in position to obtain some a prior: estimates for u, .

Lemma 4.4. Assume that 1 < g < +00. Then, there erists a constant C independent of €, such that
the solution ue,, € L9(0,T; W14(D., ))? of the problem (3.1)-(3.2) satisfies

2q—1
Huans”Lq( (0T Qe )P = C (775“(‘1 Ve +ea- 1) , (4.22)
2q—1 1 1 q+1
Hu5775 HLq((o,T)Xan)s <C (775775 ala=1) +ga-1q, + 775262(‘1—1)> (4.23)
2g—1

1D e, o 027 g oo < € (0760 +€77) (4.24)

2¢q—1 1
1Dt | a1y 355 < € (ne¥60 + 7). (4.25)

Proof. Multiplying by ue,, in the first equation of (3.1), integrating over D,  and using the energy
equality, we have

1d
337 1 Ol o+ DLt O s = [ 0 wen e (426)

Using Holder’s inequality, we obtain that

1
i f(@) - uen. (&) dw < Cn || F ()| oo 1,08 1wene Ol Lar, s + 1F Ol Lo @, 18 1 0en Ol Lagan, s
EMNe

and by inequalities (4.18) and (4.19), we have

[0 e (0 < € (0 b+ HEO et 9+ VOl ) 1P Ol 95
ENe

Using Young’s inequality with the conjugate exponent ¢ and ¢’ = q/(¢ — 1), we obtain that

Lo 1 ¢
[ 10 1 () < Dl O, o+ € (1 0+ 1 Ol 0+ Ol )
ENe

Therefore, from (4.26) we get

d
i [l 6775( )Hi2 (Den. )3 "‘M”D[Uens(t)m%q(ps _)3x3 (4.27)

<C<nsns e+ 1) NSOy, o+ IO )>,

9



and integrating between 0 and T" and taking into account the assumption of f, in particular, we have

T
[ D O, e < € (ren e 4 e ).
0

/ /

Since ?75775%6% < ngq/“ if e < mz and 77577575% < nee el < g7 if ne < €, the term 775775 &% can be
dropped. Taking into account that ¢’ + 1 = (2¢ — 1)/(¢ — 1), this gives (4.24) and from the classical
Korn inequality we have (4.25).

On the other hand, applying (4.18) in (4.27), we have

d B , , ,
dat Huéns (ﬂ”%ﬂ([)ani)iﬁ"i'cg q”uens (t)H%q(QE%)S <C (775775 (e + 776) 2 Hf( )quo([nep + e Hf(t)H%q/(ansp)?

and integrating between 0 and T" and taking into account the assumption of f, in particular, we have
T q/ q/ / 1 /
/0 ||u577€ (t)H%q(anspdt < Cef <77€77€252 +net g et > .

Reasoning as before, the term 775775%5% can be dropped. Taking into account that ¢'/¢ = 1/(q — 1),
this gives (4.22).

Finally, applying (4.19) and (4.24), we get

2q 1 2g—1 1
||ug,7€||Lq (0.T)x Ty, )? §C’(77€778 aa=1) + 7, 277 WTDed + e = + 1. e 152>.

_2g—1 _2g—1 _2q—1

1 1 1 11,
Since n5277 aeDez < ey if ¢ < . and n52n aeDez < ne2ea-lez if n. < g, the term

neéng ala— 1)52 can be dropped, and (4.23) holds.
O

For estimating the pressure in the next step, we need more uniform estimates in time.

Lemma 4.5. Assume that 1 < q¢ <2 and f(0) = 0. Then, there exists a constant C' independent of €,
such that the solution ue,. € L1(0,T;WH4(D,,.))* of the problem (3.1)-(5.2) satisfies

1 1
10sten. |l = 0 7:22(p yyr < C (5 Fer (e + 5)2) , (4.28)

1
ID Betten 20 710D o0 < C (£ 4+ 13 (0 +€)7), (4.29)

ey,
ot -

where Opgy, =

Proof. Taking into account (4.18)-(4.19) and arguing similarly to Proposition 2.2. in Clopeau and
Mikeli¢ [8], we have the desired result. O

In order to investigate the behavior of solutions to (3.1)-(3.2), as € — 0, we need to extend the
pressure to the whole domain D. The extension is closely related to the construction of a restriction
operator. Such extension for the case of porous medium without fissure is given in Tartar [17] for the
case ¢ = 2. We need an operator, R, between W L4(D)3 into VVO1 “!(D,y.)® with similar properties,
which is given in Bourgeat and M1kehc [6]. Since the construction of the operator is local, having
no obstacles in I, means that we do not have to use the extension in that part. Next, we give the
properties of the operator R (see Lemma 1.2. in [6] for more details).

10



Lemma 4.6. There exists a linear continuous operator Ry acting from I/Vol’q(D)3 into Wol’q(Dgng)?’,
1 < q < 400, such that

) 1,
1. Rpv=w,ifveW, U Dep. )3

2. div(Rgv) =0, if dive =0

3. Foranyv € Wol’q(D)3 (the constant C' is independent of v and €),

1B oo, s < Cllvllagpys + Ce 1DVl papysxs »
C

IR o, s < = I0llzagys + C 1Dl agpyoss -

In order to extend the pressure to the whole domain D, we define, for all T' > 0, a function
Foy. € L9(0,T; W57 (D)) by the following formula (brackets are for the duality products between

W14 and W9):
(Fen. (£),0) p = (Ve (8), Rgv) , ace. t € (0,T), for amy v € W, (D)3, (4.30)

where R is defined in Lemma 4.6. We calcule the right hand side of (4.30) by using (3.1) and we have

(Feg, (8).0)p = (v (D [y, ()7 B fuey, (D)) Riw)  +(F (), B5v),,

5”76

<8tu5776 ),RZU>D%, (4.31)

E

and by using the third point in Lemma 4.6, for fixed ¢, n. we deduce that I, € L7(0,T; W—149(D))3.

Moreover, if v € VVO1 "!(Dey,.)? and we continue it by zero out of D,_, we see from (4.30) and the
first point in Lemma 4.6 that F.,_|p,,_ (t) = Vpe,.(t), a.e. t € (0,T).

Moreover, if dive = 0 by the second point in Lemma 4.6 and (4.30), (F.,.(t),v), = 0, a.e.
t € (0,T), and this implies that F.,,_(¢) is the gradient of some function in L7 (D), a.e. t € (0,T). This
means that Fy,_ is a continuation of Vp,,_ to (0,7") x D, and that this continuation is a gradient. We
also may say that p.,. has been continuated to (0,7") x D. We denote the extended pressure again by
Pen. and since it is defined up to a constant we take p.,.  such that f p Pen.dx = 0. Moreover, we have

Fs”]s = vp57k .

For such extended pressure we obtain the following result.

Lemma 4.7. Assume that % < q<2and f(0) =0. Then, there exists a constant C independent of &
such that if pe,. € L7 (0, T; Lgl (D)) is the extended pressure to the whole domain D, one has

q +1
7

Ne ¢
9

||psng||Lq’(07T;Lq'(D)) <C +1]. (4.32)

Proof. Let us first estimate Vp,, . To do this we estimate the right side of (4.31). Using Holder’s
inequality and the third point in Lemma 4.6, we have

i (11 e (0] D e () i)

< D [eq. ()12, yoxs IDREV| o, yoxs

ENe

C
< 110 e, Oty s (Voo + 100l )

11



and
P Rev) | S IO pys (C 10l zagoys + C2 1Dl agpysns ) -

We also deduce

)<8tuang (t), RZU>DE7,€ < ”815%37]5 (t) ||Lq/(DEns)3 HRZUHLq(DS%):s : (4.33)

Now, we introduce the interpolation parameter 6 = %. Since % < q <2, we have that 0 < 6 < 1

such that
1 0 1-—0

+
q9 qF

Y

where ¢* = ??’qu. We have the interpolation

Hatusng( )”Lq (Den. )3 3 < Hatu€775( )Hiq(DE%):s H8tu5'r]5( )”Lq (Dene)

and by the Sobolev embedding, VVO1 4 <y L7, the classical Korn’s inequality and (4.18)-(4.19), we
obtain

10utizn. ()l o oo,y < NOsttcn, (Dl g D [Brtien. ()b, o (4.34)
1 1\
< C(e4nbm+0)%) IDBrtien, O]l up,, o5 -

Taking into account (4.34), with 7. < 1 and ¢ < 1, and the third point in Lemma 4.6, from (4.33) we
can deduce

[(Brtsen. (8), Bio),,

< CIID Bten. (Ol g,y y5x5 (C 10l zagoys + C 1Dollagpyons ) -
Then, from (4.31), we deduce

C
|<VP€ns(t)aU>D‘ < M”D[ué‘?]e( ]”Lq(Den 3x3 (6 HU”L‘I(D)3+C‘DUHLq(D)st)

+ (O (D + € D Brtten, Ol a5 ) (C 10l agoys + Ce 1DVl agysns ) -

Then, as € < 1, we see that there exists a positive constant C' such that

1 _
‘(vPEﬁs(t)>U>D’ < Cg |D [uﬂ]s (t)]Hqu(lDEnE)sXs ||U”W017Q(D)3 (4.35)

+ CUFOlle b, )s + 1D [Bruen. (D]l La(p,.,.y3x3 ) [0llw1a (s
(Dene) (Dene) 0 (D)

a.e. t € (0,T) and for any v € W, (D)3

Now, we consider
o) = o O 0200 = 5 [ IpenOF ey (e wete 1) (@30
where g(t) € LY(D), due to pe,. (1) € LY(D) a.e. t € (0,T), and Jp g(t)dz = 0.

12



We define v(t) = Blg(t)] a.e. t € (0,T), where B is the Bogovskii operator associated with D.
By Theorem 3.1 in Chapter II1.3 in Galdi [10], we obtain that divu(t) = g(t), v(t) € Wol’q(D)3 a.e.

t € (0,T) and there exists a positive constant C' such that
oy < Clo®lzapy. e te©.).
Using (4.36), it is easy to prove that there exists a positive constant C' such that
'—1
9l za(p) < Cllpen. (%7
and by (4.37) we can deduce

0@yt < Cllpan D7), ace t€ 0,7

We observe that

!

(Vpen. (8), (1)) p = = {pen. (£), 9(1)) p = = [IPen. D71 1y

which, together with (4.35) and (4.38), we have

(4.37)

(4.38)

1 _
|m%mhﬂmgc(gmm%umgawwyﬂu@m”@wvwwﬁwmwnWQ@MQ.

Integrating between 0 and 7', and from the estimate (4.24), (4.29) with 7. < 1 and ¢ < 1, the
assumption of f and taking into account that (2¢ —1)/q = (¢’ +1)/¢’, we have the estimate (4.32). [

Lemma 4.8. Assume that % < q <2 and f(0) =0. Then, there exists a constant C independent of €

such that if pe,. € Lq/(O, T; Lg/ (D)) is the extended pressure to the whole domain D, one has

1
IPen. = cenclle o.ryxr,) < € <775q " n> ’
€

where cey, is given by (3.5).
Proof. Let v € Wol’q(InE)?’, then

(VDo (8),0),, = (iv (1D [ten, (D] P fuen (8)]) ,v)  + (F(0),0),

Ne
Ne

- <8tusng (t), U>1

Ne

We estimate the right hand side. Using Holder’s inequality, we have

div ( 2 [D [y, (£)]177* D [ey. (1)] ) v
1

Ne

-1
< 1D P, (NSt o 1Dl ey, yovs-
Using again Hoélder’s inequality and assumption of f, we obtain that

1
<O || fll oo g, 210l Lz, )25

e

(7). v),

and by estimate (4.21), we have

2q—1

L1
<Cme 9 +775‘1/775252)HDUHLq([nE)sm.

(£, )

I’?s
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We also deduce
(Ouen, (t)v”>[ng < [|O¢uen. (t)HLq’([nE)S ||”HL!1(L,6)3 :

We introduce the interpolation parameter 8 = 49=6  Gince g < g < 2, we have that 0 < 0 < 1 and

reasoning as in the proof of the Lemma 4.7 together with (4.19), we obtain
||6tu€775(t)”[,q/([7]5)3 < [|Oruen. (t)||?;q([ns)3 ID [Optuey, (¢ )]HLq I,.)3%3
1 1\
< C(nd0n+9)t) D Brtsen, (O]l ap,,yoxs -

Then, we can deduce that

1 l
[ (@uteq. (1), v, | < O (03 e+ )" 1D Puten, O]l s 101 et -

and by estimate (4.21), we have

’ (Oruen. (1), v);

Ne

0L 941
<C (nf“ 4.t e ) 1D Betten. (]l g, yows 1Dl gz, yos - (443)
Using (4.41)-(4.43) in (4.40), we obtain
(Vpen (£),0)];, < c(um[ummum b F e T 17 3eE ) [ D] g, oo

041 g1
+ C (7769+1 +77€2 €2 ) HD[atusne(t)]”Lq(Dg%pm HDUHLQ(I%)MS-

Then, we have

(11D e ]HW s 1 T+ n T

1 o4
(1414 0% ) 1B Brtin Oy

and taking into account that |[ I, (Pen. — Cen.)dz = 0, we use Lemma 4.3 and we can deduce

va&?ne(t)uw—l,q’(fns)s S C
+ C

C _
[[pen. (t) — Cf—:ns(t)HLq’(]nE) < ?7 (HD[Usns( )]HLq I,.)3%3 +"75 N + Ne? 775252)
€
C 041 gy
+ ,’7— <n€9+1 +77€2 g 2 > HD [atUEWS(t)]HLq(DEnE)SXS .

Integrating between 0 and T, and from the estimate (4.24), and (4.29) with 7. < 1 and ¢ < 1, we
have

xn L S TR e
||psns_CsnsHLq’((o,T)X]%) < e Ne te+MNTN2E2 4N AN €2 ).
3

1
Reasoning as in the proof of Lemma 4.4, we observe that 7. 175%5% can be dropped.

9+1 0 2¢—1
Using that % g, we can prove that n.0t1 4+ .2 et < ntl < ;. 7 if e < m.. Moreover,
+1 0 +1
n At 4.2 e < < g if n. < €. Therefore, the term n.%%! + 1, 2 £ can be dropped, and so
we obtain

2q-1
[Pen. — CEWSHL‘Z'((O,T)XIUE) < E <775 ! +5> .

14



5 Proof of the main result

In view of estimates (4.22), (4.25) of the velocity and (4.32) of the pressure, the proof of Theorem 3.1

will be divided in three characteristic cases: 1. < e T , e > £%1 and Ne = e% T , with 775/5% 1= A,
0 <A< Ho0.

5.1 Problem in the porous part 7. < c7-1

The proof of Theorem 3.1-7) will be developed in different lemmas.

In this subsection, we need to extend the velocity ue,. by zero in the fissure I,_, and we will denote
the extended veolcity by v, i.e.

| uep. in (0,T) x Qg
Vene = { 0 in (0,7) x I,. (5.44)

Lemma 5.1. Assume the assumptions in Lemma 4.7. Letn. < e% T and let (Vene, Pen. ) be the extended
solution of (3.1)-(3.2). Then there exist subsequences of vVen. and pey,. still denoted by the same, and
functions v € LI((0,T) x D)3, p € LI (0,T; LY (D)) such that

e T 10, = v in LY(0,T) x D)*, pey. > p in L7(0,T; L7 (D)). (5.45)
Moreover, v satisfies

divo=0 in (0,7)xD, v-n=0 on(0,T)x dD. (5.46)

Proof. From estimates (4.22) and (4.32), taking into account the extension of the velocity by zero to
q
D and 1. < €2-1 we have the following estimates

_q_
”UET)sHLq((O,T)xD)'3 < Cea1, ||p5775HLq’(07T;Lq’(D)) <C. (5.47)

Then there exist v € LI((0,T) x D)3 and p € L (0, T; LY (D)) such that, for a subsequence still denoted
by Ve, Den., it holds

e T Ty, — v in LI((0,T) x D)®, pey. —p in LY(0,T; L7 (D)). (5.48)

Next, we prove that the convergence of the pressure is in fact strong. Let w. be a sequence of elements
of I/Vol’q(D)3 such that

w. —w in W, (D)3, (5.49)
We consider ¢ € C1(0,T). We have, (brackets are for the duality products between W14 and VVO1 R

T
/ < Vpor, (8), 9O >p — < Vplt), p(t)w >p| dt
0

T T
< / ’< vPsng (t), (P(t)(we - w) >D| dt + / |< vPsns (t) - Vp(t), @(t)w >D’ dt.
0 0

15



On the one hand, taking into account the second convergence in (5.48), we have

T T
/ |< Vpen.(t) — Vp(t), p(t)w >p|dt = / / (Pen.(t) — p(t)) div(t)wdzdt — 0, ase— 0.
0 0 D
On the other hand, we have
T T
/0 1< Ven. (1), (t) (we — w) >p|dt = /0 |< Vpen. (6), () RS (w2 — w) >, | di
T

< [ (v (s Db (0] D 0) . (O 5w = ),

T
+ [ |t R = w) ., = (O 0,0 By =)y,

dt

dt.

Using Hélder’s inequality, estimate (4.24), ne < £%1 and the estimates of the restricted operator Ry
given in Lemma 4.6 for the first term, and using Holder’s inequality, the assumption of f, (4.34) and
(4.29) with 7. < 1 and € < 1, and the estimates of the restricted operator R for the second term, we
get

T
/0 < Vpen, (£), () (ws — w) >p| dt

g 1 T 1/q
<C <</ p(t)]Jwe — wlquq(D)gdt> +e </ o(t)!|| Dwe — Dw||qu(D)3X3dt> ) ,
0 0

which tends to zero (as ¢ — 0) by virtue of (5.49) and the Rellich Theorem. This implies that
Vpey. — Vp strongly in Lq'(O,T; W_lvq/(D))g, and we have the strong convergence of the pressure
given in (5.45).
Finally, from divvg, = 01in (0,7") x D and the weak convergence of the velocity given in (5.45),
we easily obtain (5.46).
O

The proof of the following result will be showed by using the two-scale convergence introduced by
Nguesteng [13] in the L2-setting and developed by Allaire [2], who also introduced the L9-setting. By

2 we denote the limit in the two-scale sense.
Lemma 5.2. Letn. < eT T withl < q < 400 and let vy, be the extended solution of (3.1)-(5.2). Then

there exist subsequences of ve,. still denoted by the same, and 0(t,z,y) € L4(0,T; LY(D; W;’q(Y*)g))
such that

e T T, 2 it a,y) in L((0,T) x D x Y*)?, (5.50)
€T Dugy, > Dyi(t,z,y) in LI((0,T) x D x Y*)3<3. (5.51)
The weak limit v(t,z) and the two-scale limit v(t,x,y) are related as follows
v(t, ) :/ Oo(t, z,y) dy. (5.52)
Moreover, 0 satisfies
divyo(t,z,y) =0 in (0,T)xY*, =0 in(0,T)xY\Y", (5.53)

div, </*ﬁ(t,x,y) dy) —0 in (0,T) x D, </*ﬁ(t,x,y) dy) ‘n=0 on(0,T) xdD. (5.54)
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Proof. From estimates (4.22) and (4.25) and taking into account that 7. < Eﬁ, we get

_q9 _1
Vene | La0,m)x D)3 < Cea=1, | Dvey, ||La(o,m)x pysxs < Cea-T.

Thus, from Lemma 1.5 in [6] (the proof can easily be carried over to the time dependent case), there
exists subsequences of v, still denoted by v, , and function v € L9(0,T} Lq(D;W#q(Y*)?’)) such
that the convergences given in (5.50) hold.

Relation (5.52) is a classical property relating weak convergence and two-scale convergence, see
Allaire [2] and Bourgeat and Mikelic [6] for more details. From div v, =0 in (0,7) x D, then (5.53)
straightforward. Finally, (5.46) and (5.52) imply (5.54).

O

Lemma 5.3. Assume the assumptions in Lemma 4.5. Then, there exists a constant C' independent of
e, such that the extension ve,. € L1(0,T;WY9(D))? satisfies

1 1
18vven. | oo o112y < C (g 43 (e + 5)2) . (5.55)

Proof. Taking into account Lemma 4.5, it is clear that, after extension, (5.55) holds. O

Lemma 5.4. Assume the assumptions in Lemma 4.7. Let n. < c71 and let (Ven. » Den.) e the extended
solution of (3.1)-(3.2). Let (v,p) € L1((0,T) x D)3 x L7 (0,T; LY (D)) be given by Lemma 5.1. Then,
pe L0, T;Wh? (D)) and (v,p) is the unique solution of Darcy’s law (3.9).

Proof. First of all, we choose a test function w(z) € C§°(D)? with w(z) = 0 on dD. Multiplying
(3.1)-(3.2) by w(z) and integrating by parts, we have

[ e t) wdat [ S, (D(oan, (0] : Dluw)d = (£0) = T, (8,0,
D D

in D'(0,T). We observe that using (5.55), the first term contributes nothing. Therefore, we consider
¢ € CL(0,T), multiplying by ¢ and integrating between 0 and 7', we have

T T
” /0 0 /D S4(D[vey. (£)]) : D] durdt = /0 () f(E) — Vpen, (1), w)p dt + O (5.56)

Considering ¢ € L9(0, T} VVOl’q(D))?’7 we define w.(t,z) = ¢(t,z) — 57;%11)5775 (t,x) as test function
in the variational formulation (5.56) and we have

T T
M/o /DSq(]D[va,k]) : D[we] dxdt :/0 (f = VDen., we)p dt + Os.

Observe that .
Sq(Dlven.]) = €254(Dle™ =T vep,]).

Therefore,

T T q T q
/ / Sy(Dlvey,]) : Dlw.] dadt / / €18, (Dle~ T v.r,]) : D) dardt — / / (eDfe™ T,y || dadt.
0 D 0 D 0 D
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Using Holder and Young inequalities in the first term of the right hand side, we have

T 1 (T 1 /7 g
/ / Sy(Dlver,]) : Dlw.] dadt < / / (D] [“dwdt — / / eD[e T, || 9ddt,
0o JD q4.Jo JD qJo JD

and so the variational formulation of problem (3.1)-(3.2) is equivalent to

po T po [T g
a / / (D[] [*ddt — © / / eD[e T, | ddt (5.57)
q9.Jo JbD q.Jo JbD

T T
Z / / f ' wE dxdt - / <Vp5775,w5>D dt + OE'
0 D 0

Let v+~ (¢,z,y) € D((0,T)x Dy _; C%O(Y*)S). There exists 171 > 0 such that supp ¥~ (t,z,y) C D\,
for every n. € (0,m). Let n. < m. We define T~ (¢t,x) = 1 (t,z,2/¢), and we insert p = I~
in (5.57). In the sequel, we use the elementary properties of the two scale convergence (for the time
independent case we refer e.g. to [2]. This elementary properties can easily be carried over to the time

dependent case). Using the two-scale convergence of 574%11)5775 given in (5.50), we have

/OT D+flwedajdt_}/:/lh/Yf.w—ﬁ)dxdydt’

and using divv,,. = 0 in (0,7') x D and the strong convergence of the pressure (5.45), we have
Ne

T T T
/ (Vpen., we)p,_ dt = / / Pen. div v dedt — / / / pdiv,Y(t, x,y) dedydt, as e — 0.
0 0 JDi_ o Jp, Jy

Therefore, passing to the limit in the variational formulation (5.57) and taking into account (5.50)-
(5.51) and (5.54), we get

Z/OT/I)+_/1/\Dy[¢}|qudydt—Z/OT/DJr_/Y|Dy[@}|qd:cdydt (5.58)
> [Nt - Vot a), [ - oo,
0 Y

Consequently, there exists # € L9(0,T; Lq/(D;Lgl(Y*))) such that (0,7) satisfies the homogenized
problem

—divy, (u[Dy[0]|7 2Dy [0]) + Vy7 = f(t.x) — Vp(t,z) in (0,T) x Y™, (5.59)
divyo(t,z,y) =0 1in (0,T) x Y, (5.60)
(0,7) is Y — periodic, 0=0 1in (0,7)xY \Y™, (5.61)

by using the variant of de Rham’s formula in a periodic setting (see Nguetseng [13] and Temam [18]).

The derivation of (3.9) from the effective problems (5.59)-(5.61) is straightforward by using the
local problems (3.11) and definitions of the permeability functions (3.10).

Finally, reasoining as in Theorem 4 in [7], we get that the pressure p belongs to L% (0, T; W4 (D)).
0
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Proof of Theorem 3.1-i). It remains to prove convergence (3.8) of the whole velocity uey,, i.e. to prove

__9
e @ 1uen. || Lacom)x1,. )3 = O- (5.62)
For this, it is sufficient to prove that
__q
e M uen | Lao,r)xr, )3 — 0 for ne <e, (5.63)

and
__a_ 1 29 —1
g a1 HuE??sHLT((O,T)XL,E)S -0 forex NeKea J1<a< p s (5.64)

for a r which will be defined below.

Using (4.23) and using 7. < €, we have

q 7, 1+% n, n, 3

_ q 2

e T uen. | ago,ryxr,. )2 < C (6111 + f + (f) > ’
ga-

so that (5.63) easily holds. Using Holder’s inequality with the conjugate exponents g and q%,r we obtain

1+L l_l+1 l_l+l
__4q_ Nem a7t Ne™ 4 Ne™ 4 2
e a1 HUE%HLT((O,T)XL,E)?’ < C( € — + e + € T .
ga-1 € €2
Now we take . = ea. Then we find that
1(1, a \_ _a 1(1_149)_ 1(1_1,1)_ 1
& ten (0.1 xry 0 < C (€Q<T+q1> ! +€‘”<T i+1)-1 +€"(T ) 2) ' (5.65)

We seek an optimal 7 such that the right hand side in (5.65) tends to zero. It is easy to prove that we
). Therefore, (5.64) holds and so we have (5.62).
O

q
have a convergence to zero for any r € (1, PCES)ES|

5.2 Problem in the fissure part 7. > £7a-T

The proof of Theorem 3.1-i7) will be developed in different lemmas.

Lemma 5.5. Assume the assumptions in Lemma 4.8. Let 1. > aﬁ and let (U=, P") be the
solution of (3.6)-(3.7). Then there exist subsequences of U and P still denoted by the same, and
functions U € LI((0,T) x I)3, withUs = 0, P € LI (0, T; LY (1)) such that

neTTIUTE U in LY((0,T) x I1)®, P —~ P in L7(0,T; L7 (I)). (5.66)

Moreover, P = P(t,z') € LY (0, T; W4 (X)) and U is given by expression (3.12).

Proof. Taking into account 7. > 52%1, estimates (4.23), (4.25), (4.39) with the change of variable
(3.3), we have

_a
HZ/{EnEHLq((O7T)XII)3 S Cn8q717 (5.67)
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1

IVerd™ || Lago,1)x 1 y3x2 < Cned T, (5.68)
_q

10U || Lao,ryx1)2 < Ced T, (5.69)

||P€ng||Lq'(0,T;L‘1I(I1)/R) <C. (570)

From these estimates (5.67) and (5.70), there exist 4 € L((0,T) x I)?, P € LY (0,T; LY (I})) such
that convergence (5.66) holds. Moreover

0. TTOUTE — .U in LI((0,T) x I)*.

Let ¢ € C5°((0,T) x I1)3, then

T
775_‘1%1 / / <divw,u5”€ + 175_18ZL{5%> @ dxdt
1
1 T ~ q T
—n. ql/ / L[”’Elegodxdt—ngql/ / U™ - d.pdrdt = 0.
0 Il 0 Il

Taking the limit € — 0 we obtain
T
/ / Us0,pdxdt =0
0o Jn
so that Us = Us(t, ).

Since U, d.U € LI((0,T) x I1)3 the traces U(t,2',0), U(t,2’,1) are well defined in LI((0,T) x X)3.
Analogously to the proof of Lemma 4.2 we choose a point 3,y € A, , which is close to the point
oy € 3, then we have

T T
/ /|U€”E(t,az/,0)|qu/dt = / /uane(tjx/,O)\qu/dt
0 %
q
C’/ /(/ Dusng'(amf—ﬁzl)dﬁ) dx’dt,

IN

so that, by Holder’s inequality,

== (¢, 2", )17, < C¢|| Duey. |7

((0,T)xx)3 HL‘I((O,T)xDenE)ifxii'

Taking into account estimate (4.25) and 7. > Eﬁ, we have

Ke IHZ/F"E(L‘ 2’,0) <Cen. —0 ase—0,

HL‘Z (0,T)xx)3

which implies that

U(t,2',0) =0,
and analogously

U,z 1)=0.
Consequently

Us(t,2',2) =0,

which finishes (5.66).
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Finally, we choose a test function w(z’,z) € C§°(I1)3 with w(a’,2) = 0 on %. Multiplying (3.6)-
(3.7) by w(a’, z) and integrating by parts, we have

f O U (t) - wda'dz —1—/1 Sy (DU™ (1)]) : Djw] dz'dz = (f(t) — VP (t), w)p,,

in D'(0,7). We observe that using (4.28) with the change of variable (3.3), the first term contributes
nothing. Therefore, we consider ¢ € C}(0,T), multiplying by ¢ and integrating between 0 and T', we
have

T
w [ o) [ s, @ur o) bl do'dzat - / B(1) (F(t) — VP (), w)y, dt + O
0 I

Finally, we need to indentify the limit problem for (Z/l , P) and compute the expression of the solution.
For this, thanks to Propositions 3.1 and 3.2 in Mikeli¢ and Tapiero [12] and using (5.66), we have that
the limit problem is given by

\)
t‘w\m

o, (|azd|q—2azz)) - (f(t,m',O)—VI/P(t,x’)>, in (0,T) x I,

div, (fo (t, 2 z)dz)zO in (0,7) x X, (fo (t,2', 2) dz)-ﬁzO on (0,T) x 0%,

and taking into account Proposition 3.3. in [12] we have that P = P(t,2’) € LY (0, T; W4 (X)). Then,
in order to compute the expression of U given in (3.12), we refer to Proposition 3.4 in Mikeli¢ and
Tapiero [12].

O

Proof of Theorem 3.1-ii). It remains to prove the convergence (3.13) of the whole velocity to the func-
tion V given by (3.14), and also prove that P € L0, T; Whe (3)) is the unique solution of the Reynolds
problem (3.15).

Taking as test function ¢ € C*°((0,T) x D) in divue,. = 0in (0,7) x D, we obtain

T T T
/ / div ugy, p dadt = —/ / Vep, - Vo dxdt — 775/ / U™ -V p(t, o' n.2) da'dzdt = 0,
o Jp o Jp o Jn

2gq—1
so that multiplying by n. = ,

T
//’76_‘131115"5-W«p(t,w’,nsZ)dfv’dzdt (5.71)
I
1 . .
/ /775_‘1 ! Ve, Vgpdxdt—/ /ns_‘HugnE@ggo(t,x’,nsz)d:z:’dzdt.
o Jn

Using (4.22) and taking into account 7, > 82;%1, we obtain

— 291 € 8#
Ne 971 HLq((O’T)XD)S <C 51T T a1 | 0 ase—0. (5.72)
Ne 1 Ne 171
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Taking the limit in (5.71) as € — 0, using (5.72), the convergence (5.66) and Us = 0, we have

T
/ / U-Vpp(t,x',0)dx' dzdt = 0,
0 I

and by definition (3.14), we get the Reynolds problem (3.15). Consequently, P and is the unique
solution of (3.15) (see Proposition 3.4 in Mikelic and Tapiero [12] for more details).

Finally, we consider ¢ € C((0,T) x D)3 and so we have

/ /775 uanscpd:cdt / /77‘E vansgoda:dt—l—/ /T]8 T o(t, 2’ ,ne2) dz'dzdt.
I

Using (5.72) and convergence (5.66) and Us = 0, we obtain

/ /7754 U Uy, dxdt — / / (t,2',2)p(t, 2, 0) dx'dzdt
11

T
/ /V (t,2")o(t, 2, 0) d'dt = / (V(t,2")0s, 0) m(D)3,co(D)3 At
0
which implies (3.13). O

5.3 Effects of coupling 7. ~ £%1

The conclusion of the previous two subsections is that for any sequence of solutions (vey,,pey.) with

Ne K £7-1 and (U=, PN ) with n. > 5%%1, and letting ¢ — 0, we can extract subsequences still
denoted by vep., pep., U, P and find functions v € L((0,T) x D)3, p € LY(0,T; W9 (D)),
UeLi(0,T) x )%, PeLY0,T; W' (%)) such that

e i Ty, —v in L9((0,T) x D)®, pe,. —p in L7 (0,T; L7 (D)),

~ ! / 5.73
neTIUTE U in L9((0,T) x I)® with U = (i4,0), P — P in L7 (0,T; LY (I,)). (5:73)
Moreover such limit functions v, p, U, P necessarily satisfy the equations
1
v=—K(f(t,x) — Vp(t,z)) in(0,7)xD, v-n=0 on (0,7)x ID,
1
(5.74)

q) Sy (f(tﬁx’,o) - VI/P(t,x’)) in (0,7) x I,

- 9% N\ |1 '
o= () -

U-7=0 on (0,T) x .
We are going to find the connection between the functions p and P, i.e. to find the coupling effects
between the solution in the porous part and in the fissure part.

Lemma 5.6. Assume the assumptions in Lemma 4.8. Letn. =~ sﬁ, with 7]5/52;17*1 =X, 0< A< o0,
and let {pe,.} € LY (0,T; LY (D)), p € LY (0, T; W' (D)), P € LY (0,T; W9 (X)) be such that (5.73)
and (5.74) hold. Then,

/ L r (e, x) Vp(t, z)) - Veolt, z) dudt
D M

—1

~ (5.75)
/ / g (f(t,x ,0) — Vw/P(t,x’)> Voot 2, 0) de'dt =0,
2 2% (g4 1)pd 1

+)\ a
for every p € V.
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Proof. Let ¢ € Vx. Taking into account the definitions (5.44) of v, and (3.4) of U7, and from
div e, = 01in (0,7) x D we have

T q
/ / e U, - Vodrdt
0o JD

T g Ne % r -, - ’ /
= g T, - Vdzdt + - Ne U -Vo(t,x',n.z)dz'dzdt = 0.
0 JD £2¢-1 0 Jh

Taking the limit as ¢ — 0, using (5.73), U3 = 0 and ng/aﬁ — A, we obtain

T T o,
/ / v(t,x) - Ve(t, z) dedt + X=y / Utz 2)  Vp(t,2',0)dx' dzdt = 0,
o Jp 0o Jn
and taking into account expressions (3.14) and (5.74), we get (5.75). O

In the following result, we are going to prove the relation between the pressure p and P.

Lemma 5.7. Assume the assumptions in Lemma 4.8. Let n. =~ aiqiqfl, na/eﬁ = A 0 <A< oo,
and let p, P be the limit pressures from (5.73). Then, there exists C € R such that

p(t,2',0) = P(t,2") + C, (5.76)
and p € Vx, is the unique solution of the variational problem (3.17).
Proof. We need to extend the test functions considered in the proof of Lemma 5.4 to the fissure I,,_.

To do this, we define B,, = D_UX U, and Y =Y N {x3 = 0}, and we consider ¢(y) € C;?(Bng)?’
be such that ¢(y) =0in Y \ Y* and divy¢(y) = 0 in Y*. We define

¢ (%) inD_,
¢e<$) = . . / /
Ksez in I, , where K3= o3(y',0)dy .
Y/

Let ¢ € C§°((0,T') x By), with By = D_ UX U I; be such that
/ o(t,2',0)da’ =0 ae.te(0,T). (5.77)
b

We define
o(t,z) in (0,T) x D_
(70775(t7$) = t !/ x3 . 0 T I
AU in (0,T) x I..

Reasoning as in the first part of Lemma 5.4, we take in (3.1)-(3.2) as test function

—_aq
(t.2) o(t,x)p (f) —¢ 9 1ug, in (0,T) x D_,
Welhy ) = @(t,x’,%)ngg in (0,7) x I,

and we obtain

T T T
u/ / Sq(D]uey,]) : Dwe dxdt = / / f - we dxdt — / / Den.div w, dxdt + O.. (5.78)
0o JB,. 0o JB,. 0o JB,
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Taking into account that
T
Kg/ / f- go(tw >63d$dt—775K3/ [t 2, 2)esdr’dzdt — 0 ase — 0,
I, 0 JI

and by using estimates (5.68), (5.69), that

Kg/ / Sq(D[UTE]) 0y 0(t, n)dwdt
715

1
<Cnea-1 -0 ase—0,

‘K{g/ Sy(Dy U] D, 0(t, 2, 2) da' dzdt
I

from (5.78), we obtain

T T
M/ Sq(D[vey.]) : Dwe dxedt = / [ we dxedt + / / Pen.divw, dxdt  (5.79)
0 D_

D_
+ K3 / Pen. Oz p(t "n )dxdt+0

For the last term on the right hand side, we have

Kg/ / Pen. Oy p(t e )dacdt = Kg/ / (Pen. — Cen.)Ozy0(t, e )dl‘dt
+ K3/ / Cen. Oz (1 e )dxdt

where ¢, is defined in (3.5). Using (5.73), we obtain

T
K3/ / (Pene — Cene)Ougp(t, @ )d:l:dt / P, p(t, 2, z) da' dzdt
1 i o I
(5.80)

—>K3/ P(t,2)0,0(t, 2, 2) da' dzdt = —Kg/ /Ptm o(t,2',0)dx'dt, ase— 0,
I

where P is given by (3.4), and using (5.77), we obtain
Kg/ cgna/ Oz (1, )dazdt Kg/ Csna/ Dt 2, 2) da'dzdt = 0.
I

Passing to the limit in (5.79) similarly as in the proof of Lemma 5.4, we know that ¢ and p are
related by the variational formulation of problem (5.59)-(5.61), and taking into account (5.80) and

T
/ / p(t, ) dive(o(t, 2)B(t, ) dedydt
D%Y T
_ / Vap(t, 2)p(t, 2)(t, y) dedydt + / / p(t, 2, 0)p(t, 2, 0) s (t, o/, 0) da'dy/ dt
DxXY 0 yxY’

T
= —/ Vap(t, 2)p(t, z)o(t, y) dwdydtJrKs/ /p(t7ar’,0)<p(t,x'70) dx'dt,
DxY 0 by
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then we have .
/ / (p(t,2',0) — P(t,a")) o(t,a’,0) da'dt = 0,

0 Jx
so that -

/ / (p(t, 2", 0) — P(t, ")) b(t,2) do’dt = 0,

0o Jx

for every ¢ € C3°((0,T) x ) such that [¢dz’ =0 a.e. t € (0,7). Finally we conclude that there
exists a constant C' € R such that (5.76) holds and p(t,2/,0) € LY (0, T; Wh7' (X)), i.e. p € V.

Using (5.75) and (5.76), we obtain the variational formulation (3.17) for the limit pressure p in
the space V5. Since K and Sy are coercive and monotone (see Remark 3.2 for more details), it can
be proved that (3.17) has a unique solution in that Banach space V5/R equipped with the norm
wive = vl orwra oy + 1V 0) L o rwre (), Py direct application of Lax-Milgram Theorem.
Therefore, the whole sequence converges to p, the unique solution of the problem (3.17). ]

Proof of Theorem 3.1-iii). It remains to prove the convergence (3.16) of the whole velocity.

Let ¢ € Co((0,T) x D)3. Then

T q T q
/ / € gy, - pdrdt = / / e T lugy, - @drdt
0o Jp o Jp

2gq

e q:ll T . , ,
+ q e a—Tfe . SO(t, T ,7752) dx'dzdt = 0.
0 I

€2q—1

Taking the limit as ¢ — 0, using (5.73), U3z = 0 and na/aﬁ — A, we obtain

T _ T 291 (T .
/ / € g, - @drdt — / / v-@drdt + a1 / Ut 2’ 2)p(t, 2, 0) dx'dzdt.
o Jp o Jp o Jn

Taking into account that

T T T
/ Utz 2)p(t, o', 0) dz’dzdt = / / V(t, 2" )o(t,2',0)dz'dt = / (Vds, @) m(Dy3,co(p)3dt,
0 Jn 0o Jx 0

where V(t,2') is given by (3.14), we get (3.16). O

6 Conclusions

In this paper, we consider a fluid flow in a porous media (with periodically distributed obstacles of size
¢) when a thin fissure of width 7. is present in the media. If the model is a Stokes flow, Bourgeat et
al. [5] proved that there is a critical size, namely 7. ~ £3/2 below which the fissure does not play a
role and above which it is dominant. At the critical size, a coupled problem appears.

The reason for the interest in such models comes from Hydrocarbon exploration, and the need to
model cracks in geological strata. Regular oil is often simplified as Newtonian, but it is better modeled
with a shear thinning (1 < ¢ < 2) law. In this sense, we consider a non-stationary non-Newtonian
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power-law fluid with g < ¢ < 2 (the linear case appears here also). The main result in this paper

(Theorem 3.1) could be summarized by the following expansion for the velocity field

__a_ 2¢-1
€ gy ~ v+ AT Viy,

where v is a Darcy flow coming the homogenization in the porous media and V is a Reynolds flow
tangent to the fissure.

We see that depending on A, where ?75/52‘%1 — A, 0 < X < 400, one or both flow will be dominant
in the limit. In Theorem 3.1, we investigate all three cases A = 0, A = 400 and A € (0,+00). This last
case (case iii) in Theorem 3.1 is the most interesting since both flows have the same order, leading to
the variational problem (3.17) for the pressure.

Observe that, formally, (3.17) is the weak formulation of the following boundary value problem

—divo(t, @) — AT divy (V(t.a)6s) = 0 in (0,7) x D,

2g-1 (6.81)
v(t,x) - n+ AT V(t, 2 ) - = 0 on (0,T) x dD.

In the case A =0, ie. 7. K eﬁ, then the fissure is not giving any contribution. In fact, if A tends
to zero in (6.81) we obtain the Darcy’s law (3.9).

On the other hand, in the case A = +o0, i.e. 7. > 5#—1, then the fissure is dominant. In fact,
multiplying (6.81) by )\_% and tending A to 400, we obtain the Reynolds problem (3.15).

Using the present study as a starting point, various improvements can be proposed. The first one
is the generalization of the asymptotic study, which leads to the coupled Darcy Reynolds equation,
to a truly non-stationary nonlinear Navier-Stokes system (and not only Stokes system). Another
possible way is to study by means of homogenization techniques the modeling of two fluid flows through
fractured porous media. Finally, another problem could be introducing micro-roughness for the fissure.
Mathematical models of such domain include several small parameters, one is connected to the fissure
thickness and the others to the microstructure. This approach could be very interesting, as it combines
the effect of surface roughness in full film lubrication with the behavior of the flow in the porous media.
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