Derivation of a coupled Darcy-Reynolds equation for a fluid
flow in a thin porous medium including a fissure
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Abstract. We study the asymptotic behavior of a fluid flow in a thin porous medium of thickness
€, which characteristic size of the pores ¢, and containing a fissure of width 7.. We consider the
limit when the size of the pores tends to zero and we find a critical size 7. =~ €3 in which the flow
is described by a 2D Darcy law coupled with a 1D Reynolds problem. We also discuss the other
cases.
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1. Introduction

The aim of this work is to apply the two-scale convergence method (see Allaire [2] and Nghetseng
[9]) to the homogenized of a Stokes system in a thin porous medium D,,_of thickness ¢ which is
perforated by periodically distributed solid cylinders of size € and contains a fissure {0 < x5 < 7.}
of width 7.. But here, it is necessary to combine the two-scale convergence method in the horizontal
variables with a rescaling in the height variable in order to work with a domain of height one.

We consider the fluid flow through a periodic distribution of vertical cylinders and a fissure. The
periodic distribution of vertical cylinders and the fissure are confined between two parallel plates (see
Fig. 1). A representative elementary volume for the thin porous medium is a cube of lateral length e
and vertical lentgth . The cube is repeated periodically in the space between the plates. Each cube
can be divided into fluid part and a solid part, where the solid part has the shape of a vertical cylinder
of height .

FIGURE 1. View of the domain D,
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Homogenization has been applied to the study of perforated materials for a long time. The
question of a medium containing a fissure with properties different from those of the rest of the material
has been the subject of many studies previously, see Ciarlet et al [8], Panasenko [10] and Chapter 13 of
Sanchez-Palencia [11] among others. A similar problem of the one considered in this paper with a fixed
height domain, but for the Laplace’s equation, was studied in Bourgeat and Tapiero [5]. The peculiar
behavior observed for the Laplace’s equation when 7, ~ £3 has motivated the analogous study for the
Stokes system in Bourgeat et al [6] (see Zhao and Yao [14] for the Navier-Stokes system).

All the above results relate to a fixed height domain. OQur aim in the present paper is to extend the
study of Bourgeat et al [6] to the case of a porous medium of small height €. We find the same critical
size as in Bourgeat et al [6], what means that the thickness of the domain does not have any influence
in the relation between the fissure parameter 7. with respect to porosity parameter €. However,
the thickness of the domain leads us to use techniques of reduction of the dimension together with
homogenization in order to obtain more simplified effective models than those obtained in Bourgeat et
al [6]. More precisely, we obtain the following results corresponding to three characteristic situations
depending on the parameter 7. with respect to e:

o If . K 3 the fissure is not giving any contribution. In this case, in order to find the limit, we
use the theory developed by Allaire [2] and Nguesteng [9] of two-scale convergence only in the
horizontal variables and we obtain a 2D Darcy’s law.

o Ifn. > £3 the fissure is dominant. We introduce a rescaling in the fissure in order to work with
a domain with size one, and then we prove that the limit of the velocity is a Dirac measure
concentrated on the line {x2 = 0} N{z3 = 0} representing the corresponding tangential line flow.
Meanwhile in the porous medium the effective velocity is equal to zero.

o If n. ~ £3 with 775/5% — A, 0 < A < 4o0, it appears a coupling effect and the effective flow
behaves as 2D Darcy flow in the porous medium coupled with the tangential flow of the line
{z2 = 0} N {z3 = 0}. Compared to the first case 7. < €3, the effective velocity has now an
additional tangential component concentrated on {x2 = 0} N {5 = 0}. Moreover, the limit
problem is now given by a new variational equation, in which appears the parameter A\, and
consists of a 2D Darcy law in the porous medium coupled with a 1D Reynolds problem on the
line {CL’Q = 0} N {583 = 0}

2. The domain and some notations
Let w C R? be smooth bounded connected open set and Q2 = w x (0,1) C R3. We define
Q. =0n{z2 >0}, Q_=Qn{z2<0}, T=0n{ax =0}, %X =%Xn{x3=0}
For some 19 > 0 we define the domains
D =9Q_U(noez +Q4) U (X x [0,m0]e2), D' =Dn{zs=0},

with e = (0,1, 0).

Let € > 0 be a small parameter devoted to tend to zero and 0 < 7. < 19 be a small parameter
devoted to tend to zero with .

A periodic porous medium is defined by a domain w and an associated microstructure, or periodic
cell Y/ = [0, 1]?, which is made of two complementary parts: the fluid part Y}, and the solid part Y!
(YUY =Y"and Y; Y, = 0). More precisely, we assume that Y is a smooth, closed and connected
set strictly included in Y. For k&’ = (k1, k2) € Z?, each cell Y/, = k' + Y is divided in a fluid part Yflk’
and a solid part Y] . We define Y =Y’ x (0,1) C R3, and is divided in a fluid part Y} and a solid
part Y.

We also denote

- _ +
Ytg - U }/Sk/a Ys - U }/Skm
k/ez? k/€Z2
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all the solid parts in R? x (0, 1), which are closed subsets of R3, where Z2 = {k’ € Z?, ky < 0} and
73 ={k' €Z?, ky > 0}. It is obvious that Ey = (R* x (0,1)) \ (Y, UY,") is an open subset of R3.

Following [1], we make the following assumptions on Yy, Ef, Yy and Y =Y, UY,:

i) Y} is an open connected set of strictly positive measure, with a locally Lipschitz boundary.
ii) Y; has strictly positive measure in Y.
iii) E; and the interior of Y* are open sets with boundaries of class C%! and are locally located on
one side of their boundaries. Moreover E; is connected.
The microscale of a porous medium is the small positive number €. The domain w is covered
by a regular mesh of size e: for k' = (k1,k2) € Z?, each cell Y}, . = ek’ + eY” is divided in a fluid
part Yf’k/,E and a solid part Y i.e. is similar to the unit cell Y’ rescaled to size . We define

k!HE?

Yire = Yk/’,a x (0,1) C R?, which is also divided in a fluid part Ys,, e and a solid part Y, ..

We also define

}/S;_€ = U }/;L:/;57 YS—,’_E% = Te€2 + U szk/wf’ SEna = a(}/s,_e U Ys—,i_ana)'
k'€7? k'ezi

We denote by
gsna = (Y. U Y., )N D - the solid part of the domain D,

$,€Me
D.,. =D\ A.. - the fluid part of the domain D (including the fissure),
I,, =% x(0,7:)e2 - the fissure in D,

Qep. = Doy \ I, - the fluid part of the porous medium in D.

Let us define a domain with thickness €, given by Q° = QN {0 < 23 < e} C R?. We also define
O =0, N{0<z3<e}, Q =0_N{0<wz3<e}, X°=0"N{xry; =0},

and
D® =Q° U (noez + Q) U (7 x [0,m0]e2) .

Now, we denote by Ae,_, Doy, I,,. and Q.,_ the sets A, _, D.,_, I,,. and Q.,_, respectively, with
thickness ¢, i.e.,

Acp. = Aep. N{0 < z3 < e} - the solid part of the domain D*,
D.y. = Dey. N{0 < 23 <€} - the fluid part of the domain D* (including the fissure),
I, =1, Nn{0 <3 <e} - the fissure in D*,

Qep. = Q. N{0 <3 < e} - the fluid part of the porous medium in D°.
Finally we define (see Fig. 2)
ans = Dy N{x2 > ne}, Q. = Doy, N{xy <0}, T, = 9%° x (0,7, )ea,
and
Dt =Dn{zz >0}, D" =Q_.

Let us introduce some notations which will be useful in the following. For a vectorial function
v = (v1,v9,v3) and a scalar function w, we introduce the operators: D., V. and div. by

1
(Dev)ij = Og;v; for i=1,2,3, j=1,2, (D:v)j3= —0yv; for i=1,2,3,
5

1 1
Vew = (Vyw, =0yw)t,  divev = divyv + =0y, s,
5 €
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FIGURE 2. View of the domain D.,_from above (left) and lateral (right)

and moreover the operators D,_, V,_ and div,_ by

1 1 .
(Dﬂsv)i,l = Ox, Vs, (Dnsv)iﬂ = ,,782/2’01" (D'flsv)’h?’ = gaysvi for 1 =1,2,3,

€

1 1 1 1
V. w = (05, w, n—ayzw, g3y3w)t, div, v = 0y v1 + n—3y2v2 + gaysvg.

We denote by O, a generic real sequence which tends to zero with £ and can change from line to
line. We denote by C' a generic positive constant which can change from line to line.

3. Setting and main results

Hereinafter, the points z € R? will be decomposed as z = (2/,x3) with 2’ € R2, 23 € R. We also use
the notation 2’ to denote a generic vector of R2.

In this section we describe the asymptotic behavior of an incompressible viscous Newtonian fluid
in the thin porous medium with a fissure. The proof of the corresponding results will be given in the
next sections.

Our results are referred to the Stokes system. Namely, for f € C(D)? let us consider a sequence
(ue,pe) € H}(Degyp.)? x L3(De,,_), which satisfies

—pAu. +Vp. = fin Dy, (1)
divu, =0in Dy,

where 1 > 0 is the viscosity and L3(D.,.) is the space of functions of L?(D,,,_) with null integral. The
right-hand side f is of the form

f(x) (f/(x/)vo)v a.e. r e Dsnsv

where f’ is assumed in C'(D)2. This choice of f is usual when we deal with thin domains. Since the
thickness of the domain ¢ is small then the vertical component of the force can be neglected and,
moreover the force can be considered independent of the vertical variable.
Finally, we may consider Dirichlet boundary conditions without altering the generality of the
problem under consideration,
ue =0on 0D,,. (2)

It is well known that (1)-(2) has a unique solution (uc,pc) € Hj(Dey.)? X L3(Dey,.) (see [12] for more
details).
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Our aim is to study the asymptotic behavior of u. and p. when € tends to zero. For this purpose,

we use the dilatation in the variable z3
T3
= —, 3
Y3 - (3)
in order to have the functions defined in an open set with fixed height D,,_ given in Section 2.

Namely, we define @, € H}(D.,.)?, p. € L2(D-y,) by

af(xlvy?)) = Ue($/75y3)7 ﬁs(x/7y3) = pa($,7fy3)7 a.e. (xlvyl’)) € DE7]5~

Using the transformation (3), the system (1) can be rewritten as

_,U/Aaﬂa + vaﬁs = f in ?67]57 (4)
dive ie = 0in Dy,
with Dirichlet boundary condition, i.e.
e = 0 on 855775. (5)

Our goal then is to describe the asymptotic behavior of this new sequence (i, pe).
Moreover, in order to study the behavior of @., p. in the fissure we rewrite our equations in the
unit cylinder I; = ¥ x (0, 1)es by introducing the change of variable
T
Y2 = —, 6
Ne (6)

which transform f,,a in a fixed domain I;. We define the new functions

a5($17927y3) :ae(xl,ﬁ592a93)7 p€<x17y2ay3) :ﬁs(x17n€y27y3) _087757 (7)
with
Cen. = ‘ | / De dx’dys. (8)
"75

Using the transformation (6), the system (4) can be rewrltten as

{ —pu, U + Y, PF = f(#1,7:y2) in I,

9
div,, Us=0in Il, ©)

with Dirichlet boundary condition, i.e.
U =0on OI. (10)

Our main result referred to the asymptotic behavior of the solution of (4) is given by the following
theorem.

Theorem 3.1. We distingue three cases depending on the relation between the parameter n. with respect
to e:
i) ifn. < £3, then there exists (9,p) € L*(D)? x L3(D), with o3 = 0 and p independent of y3, such
that the solution (¢~ 2., p.) of problem (4)-(5) satisfies

e %u. =~ o in L*(D)®, p.—p in L3(D). (11)
Moreover, p € HY(D) N L3(D) and (V,p) is the unique solution of the 2D Darcy law
1
V(@) = —K(f'(a') = Vb)) in D'
u
dive V(z') = 0 in D/, (12)
V(z')-n = 0 indD,

where V(') = fol o(2',y3)dys and K € R?**? is a symmetric, positive, tensor defined by its
entries

Kij = s Dyw'(y) : Dyw’ (y) dy, i,j =1,2, (13)
f
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where w'(y), i = 1,2, with fo widy = 0, denotes the unique solution in H#(Yf)?’ of the local
problem in 3D

—Aywi + qui = e inYy,
div, w' = 0 in Yy,
w' = 0 ind(Y\Y), (14)

w?, ¢*Y" — periodic.
ii) if . > e3 and let (U=, P?) be a solution of (9)-(10). Then there exist U € L2(I;)?, independent
of y3, withUs = Uz = 0, and P € L&(I1) only depending on 1, such that for a subsequence,
ne U —~U in L2(1,)%, P°— P in L*(I),

where
- 1— N
Ui(z1,92) = yz(QMyz) (f1(5€170) - 511P(9€1)> : (15)
Moreover, it holds that
ne 2. 2 Vos, in M(D)?, (16)
where V € L*(X1)%, with Vo = V3 = 0, such that
- L 1 N
Piten) = [ (e di = o (A0 -0, P) . (7)

and, in fact P € H'(X,) N L2(X,) is the unique solution of the 1D Reynolds problem on %,

By, (fl(zl, 0) (99611—:’(171))) —0 in¥,

(£1(21.0) =0, Pa1)) -n =0 on 9%, (18)

i) if ne =~ 6%, with 775/8% — A, 0 <\ < 400, then there exist a Darcy velocity v, a Reynolds velocity
V and a pressure field p such that

e 20 20+ XVog,  in M(D)3, (19)

pe =P in L*(D),

where &x, is the Dirac measure concentrated on %1, and M(D)3 is the space of Radon meaures

on D. The velocities ¥ and V are linked with the pressure p through the 2D Darcy law (12)

in D' and the 1D Reynolds problem (18) on 1. The pressure field p € HY(D') N L3(D’) with
p(-,0) € HY(X1) N LE(X1), is the unique solution of the variational problem

1 A3

=K (f'(2) = Vd(@')) - Vo) de' + == [ (f1(21,0) = 02, p(21)) Oa,p(21,0) daxy = 0,
DM 124 Jx, (20)

for every ¢ € HY(D') with ¢(-,0) € HY(3).

Remark 3.2. The coupled problem (20) corresponding to the critical case n. ~ €3, with n./e3 — X,
0 < A < 400, can be considered as the general one. In fact, if A tends to infinity in (20) we recover
the 1D Reynolds problem (18), meanwhile if X tends to zero we recover the 2D Darcy law (12).

4. A Priori Estimates

Let us begin with a lemma on Poincaré inequality in the porous medium ﬁsnsv which will be very
useful (see for example Lemma 4.1 in [3]).

Lemma 4.1. There exists a constant C independent of e, such that, for any function v € H'(De,.)?
and v =0 on Scy_, one has
||U||L2(§En5)3 < Ce ||D6U||L2(§E%)3x3 . (21)
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Next, we give an useful estimate in the fissure 1:,,5

Lemma 4.2. There exists a constant C' independent of €, such that, for any function v € H1(55n5)3
and v =0 on Se,_, one has

1 1
||UHL2(1~775)3 <Cnez(ne+e)? ||DEUHL2([N)ME)3><3 . (22)

Proof. For any function w(y) € H* 11 with w =0 in 8[1, the Poincaré inequality in Il states that
/ lw|? dz < C’/ |8, w|” dz, (23)

where the constant C' depends only on I 1.
For every k' € Z2, by the change of variable
To T3 dx

21 =T1, 2= —, 23 =, dz = )
Ne € ENe

azQ =Te 8902 s

we rescale (23) from I; to I,,_. This yields that, for any function w(z) € H'(1,_)? with w = 0 in 91, _,
one has

/ |w\2dm§0n§/ |8w2w|2dx§077§/ |wa|2dm, (24)

Ne ITIE ITIE

with the same constant C' as in (23). Finally, applying the dilatation (3) in (24), we obtain

/~ |w|2 dx’ dys §C’n3/~ |D5w|2 dx’ dys,

e ne
which gives
””Hm(f )3 < CﬂeHDsU”Lz(’f yax3 - (25)
Next, if we choose a point y € A.,,_, which is close to the point = € I,,_, then we have
v(z) —o(y) = Do(§)(z —y) < (e + )| Dol
Since v(y) = 0 because y € A.,,_, we have
lo(@)ll2(z,,)2 < Cle +me)|Dvll L2, y2xe,
and applying the dilatation (3) gives
10l 27, )2 < Cle+ ) 1Devll a7, yoxs-
Finally, multiplying the above inequality with (25) we obtain
||U||L2(I~n€)3 < 0778%(776 + 5)% HDEU”LQ(fns)sxs < 0776%(776 + 5)% ||D€U||L2(f)m,s)3x3 ) (26)

which is the desired estimate (22).
O

Let us give the classical estimate, [4], for the a function in L? when we deal with a thin fissure.

Lemma 4.3. Let v € LQ(T%) be such that ff vdx'dys = 0. Then

||”HL2(I HV O - 1(T,.)3"

Now, we are in position to obtain some a priori estimates for ., .
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Lemma 4.4. There exists a constant C' independent of €, such that the solution i, € Hl(ﬁsni)?’ of the
problem (4) satisfies

lcllpa@,,, o < Cliete+€2), (27)
el par, o < C (% +ene +mte?), (28)
||D51~L5HL2(55%)3x3 < C(ﬂe% +€). (29)

Proof. Multiplying by 4. in the first equation of (4) and integrating over DE,7 , we have
PlIDetie |72 5., yans / [l da (30)
Using Hélder’s inequality and the assumption of f, we obtam that
/ f U da’ < C'7752”]0 ||Loo(1 )2HU5||L2 )3+||f ||L2 e )2||715HL2(56775)37
Den.

and by inequalities (21) and (22), we have

~ kS ~ 3 1 ~
feid’ <O (n(e+n)t +€) 1Dl pagp, yses < C (neF +me? + ) IDeticll o, oo
DE7]5 € le

Therefore, from (30) we get
|Dzicll o, yos < C (13 +mct +¢).

1
Since 1755% < 775% if e < m and 7755% <née < eif n. < ¢, the term 7756% can be dropped. This gives
(29).
Applying (21) together with (29) we obtain (27). Finally, applying (22) and (29) we get

liicll 27,y < Cne +m26%)(ne? +6) < C (77’ +ene + e +m%6%) :

Since 77525% < 775% if no > ¢ and nﬁsé < 7]5%53 if n. < g, the term %25% can be dropped, and (28)
holds.
O

In the next step we will estimate the pressure to the whole domain D. We give some properties
of the restricted operator, R®, from H}(D)? into H} (55%)3 preserving divergence-free vectors, which
was introduced by Tartar [12]. Since the construction of the operator is local, having no obstacles in
fm means that we do not have to use the extension in that part. Next, we give the properties of the
operator RE.

Lemma 4.5. There exists a linear continuous (restriction) operator R acting from HE(D)? into

H} (IN)E,,E)3 such that
1. Rfv=vw,ifve H&(ﬁsns)3 (elements of H} (ﬁsn5)3 are continuated by 0 to D)
2. div.(Rv) =0, if dive =0
3. For any v € H} (D)3 (the constant C is independent of v and ),

HREUHLz(BW)i’» < C ||71HL2(D)3 + Ce ||DEUHL2(D)3XS )

C ~
IDeREvll a5, yoxs < [0llia(oys + ClIDll 2 pyss -

In order to extend the pressure to the whole domain D, we define a function F. € H~!(D)? by
the following formula (brackets are for the duality products between H~! and H}):

(Fe,v)p = (Vepe, RE0) 5, for any v € Hy(D)?, (31)
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where R® is defined in Lemma 4.5. We calcule the right hand side of (31) by using (4) and we have
<Fsa U>D = <NA6716; REU>5“IE + <fa REU>EE% , (32)

and by using the third point in Lemma 4.5, for fixed €, we see that it is a bounded functional on
H}(D)3, and in fact F. € H=Y(D)3.

Moreover, if v € H(D.,.)* and we continue it by zero out of D.,,_, we see from (31) and the
first point in Lemma 4.5 that F5|55n = VPe.

Moreover, if divv = 0 by the second point in Lemma 4.5 and (31), (F;,v), = 0 and this implies
(by the orthogonality property) that F. is the gradient of some function in L?(D). This means that

F_ is a continuation of V_p. to D, and that this continuation is a gradient. We also may say that p.
has been continuated to D and we denote the extended pressure again by p. and

F.=V.p., p-€Li(D).

Lemma 4.6. Let p. be the extension of the pressure defined as above. Then

%
Pell2(py < C (775 + 1) ; (33)

g

~ 1 9
|Pe — CenEHLZ(an) <C <7752 + 77) ) (34)

g

where cep_ is given by (8).

Proof. Let us first estimate V.p.. To do this we estimate the right side of (32). Using Holder’s
inequality and from (29) we have

A

<ILLA51~LE, RE’U>55%

s M ||D6ﬂ€||L2(55U5)3X3 HDEREU||L2(§”€)3><3

C (1t +€) IDR ] o, yows

IN

Using the assumption of f, we obtain
(£ B0 5, | < IR a5, o

Then, from (32), we deduce

- 3

(Vebesv)pl < C (n +e) IDRVl o, ysxs + C IRl i, -
Taking into account the third point in Lemma 4.5, we have
- 3 1

(Vepe,v)p| < c@a+ﬂ(ngwPHWmewQ+0(mmwp+wmmmwwﬁ.

Then, as € < 1, we see that there exists a positive constant C' such that

3
. Ne 2
|<v6p€av>D| S C < EE + 1) HU”Hé(D)3 9

for any v € Hg(D)3. Therefore, we obtain

. n.®
IVebellzr-1(pys < C = +1],
and the estimate (33) follows by using the Necas inequality in D.
Now, we prove the estimate (34). Let v € H}(I,.)?, then
<vsﬁsvv>'fns = <NA6ﬂsvv>an =+ <f,1)>]~"€ .
We estimate the right hand side. Using Holder’s inequality and (29) we have
. 3
(udeiic, 07, | <C (nd +2) Dl oz, oo
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Using again Holder’s inequality and assumption of f, we obtain that

1
(Fio)g, | SOnzfllpoe iz, yo vl p2 7, yas
ne (Ine) (Ine)

and by estimate (26), we have

‘<fv )3,

3 1
(Ne2 + nee? )Hst”LQ(TnE)“S'
Then, we have

- 3 1

Hvspe||H—1(fns)3 <C (7752 + nee? + 6) .
Reasoning as in the proof of Lemma 4.4, we observe that 7755% can be dropped and so we obtain
~ 3
||VEPEHH—1(TT,E)3 <C (7752 + 5) .

Finally, taking into account that f; (Pe — Cen.)da’dys = 0, we use Lemma 4.3 and we obtain the
estimate (34). O

5. Proof of the main result

In view of estimates (27), (29) of the Velomty and (33) of the pressure, the proof of Theorem 3.1 will be
divided in three characteristic cases: 1. < e3 , Me = 53 with ’175/63 — A, 0< A< +00, and 7 > =5

5.1. Problem in the porous part n. < 3
The proof of Theorem 3.1-i) will be developed in different lemmas.

In this subsection, we need to extend the velocity 4. by zero in the fissure fns, and we will denote
the extended veolcity by ., i.e.

5. — Ue . 1n~anE» (35)
0 in I,

Lemma 5.1. Let n. < 3 and let (4., p.) be the extended solution of (4)-(5). Then there exist sub-
sequences of U and pe still denoted by the same, and functions © € H'(0,1; L*(w)3) with 93 = 0,
p € L3(D), which does not depend on ys, such that

e 2, — (¢',0) in HY(0,1; L*(w)®), p. —p in L*(D). (36)

Moreover, v satisfies

1 1
div, (/ v’(x’,yg)dyg) =0 inw, (/ v’(x’,yg)dyg) n=0 on ow. (37)
0 0

Proof. From estimates (27), (29) and (33), taking into account the extension of the velocity by zero
to D and 1. < 5%, we have the following estimates

10|l r2(py: < Ce®, |1Bell2py < C,
”Dx’@s”L?(D)“? < Ck, ||ay3’l~)€||L2(D)3 < Ce2. (38)

Then there exist & € H'(0,1; L?(w)3) and p € LZ(D) such that, for a subsequence still denoted by @,
Pe, it holds

e 29, =0 in HY(0,1; L*(w)?), p. —p in L*(D), (39)
which implies
1
g—zdivw}; — divy o' in HY(0,1; H Y (w)). (40)

2

Since div.v. = 0 in D, multiplying by £7* we obtain

1
lex/U+ 3%1153 0, in D,
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which, combined with (40), implies that 9,,0. 3/¢* is bounded in H'(0,1; H*(w)). This implies that
Dy, 0e,3/€2 tends to zero in H'(0,1; H !(w)). Also, from the second estimate in (38), we have that
Dy, Ve 3/€% tends to 9,,03 in L?(D)3. From the uniqueness of the limit, we have that d,,03 = 0, which
implies that v3 does not depend on ys.

It remains to prove that o5 = 0. In order to do that, let us first show that p only depends on z’.
As usual, we take a test function ¢ = (0,e¢3) in the momentum equation in (4). From convergences
(39), we deduce that dy,p = 0, which implies that p only depends on z’. Next, as 3 does not depend on
y3, we take a test function ¢ = (0, 2¢3(x’)) in (4), and passing to the limit we can deduce that 3 = 0.

Next, we prove that the convergence of the pressure is in fact strong. As 03 = 0, let w. = (w’,0) €
H}(D)? be such that

w. —w in Hy(D)>. (41)
Then (brackets are for the duality products between H~! and H{):
|< VePe,We >p — < Vyp,w >D| < |< VePe, We — W >D| + |< VePe — Vup,w >D| .
On the one hand, using the second convergence in (39), we have
|< Vepe = Vap,w >p| = / (pe —p)divy w' dz — 0, ase— 0.
D
On the other hand, we have

‘< Vepe, we —w >D| = ‘< Vz’ﬁ&RE(w; - w/) >b

—(f R (we —w'))p_

and using Holder’s inequality, estimate (29), the estimates of the restricted operator R applied to
D, instead of D., and taking into account that 7. < ef and € < 1, we get

= (L, RE (= w')) 5

’
€Ne

_ 3 1

|< VePe, We — w >D| <C (7)52 + 6) gHw/s — ’LUI||L2(D)2 + ||Dx/’wé — Dm/w/||L2(D)2><2>

+C (||w2 - w/HLQ(D)? + EHDaj/wé — Dm/w/HLz(D)sz)

§ C (||w; — w'||L2(D)2 +5||Dz/w; — Dm/w/”LQ(D)?X?) — 0 as € — 0,
by virtue (41) and the Rellich Theorem. This implies that V.p. — V. strongly in H~1(D)?, which
implies the strong convergence of the pressure given in (36).

Finally, we prove (37). To do this, we consider w € C}(w) as test function in div.¥. = 0 in D,

which gives

1
7/ div 0, ’LU(.’EI) dx'dyg = 0.
€ Jb

From convergences (36), we get (37).
(I

The proof of the following result will be showed by using the two-scale convergence introduced
by Nguesteng [9] in the L?-setting and developed by Allaire [2]. In this case, we use the two-scale
convergence in the horizontal variables. By 2 we denote the limit in the two-scale sense and by £ we
denote Y'-periodicity.

Lemma 5.2. Let . < 3 and let 0. be the extended solution of (4)-(5). Then there exist subsequences
of v still denoted by the same, and O(x',y',y3) € L*(D'; Hy(Y)?) such that

e 20, 2 o(x',y,ys) in LA(D' x V)3, e Dy, 2 Dyi(al,y ys)  in L3(D' x V)3,
(42)
€720, = 0,,0(z' .y ys) in L2(D' x Y)?,
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The weak limit v(x) and the two-scale limit 0(x,y) are related as follows

(2", ys) =/ (', ys) dy'. (43)
Y/
Moreover, ¥ satisfies

div,o(2’,y',y3) =0 inD'xY, 6=0 inY\Y,, (44)

divg (/ (', y) dy) =0 in D, </ (', y) dy> -n=0 ondD". (45)
% Y

Proof. From estimates (27) and (29) and taking into account that 7. < &3, we get
||66HL2(D)2 S C€2, ||D5175||L2(D)3><3 S Ce.

Thus, from Lemma 1.5 in [7], there exist subsequences of ¥, still denoted by o, and function © €
L?(Dy; H%E(Y)g’) such that the convergences given in (42) hold.

Relation (43) is a classical property relating weak convergence and two-scale convergence, see
Allaire [2] and Bourgeat and Mikelic [7] for more details. From div. 9. = 0 in D and the convergences
(42), then (44) straightforward. Finally, (37) and (43) imply (45).

(I

Lemma 5.3. Let 1. < €3 and let (0., p.) be the extended solution of (4)-(5). Let (9,p) € L*(D)? x
L3(D) be given by Lemma 5.1. Then, p € H*(D)N L3(D) and (9,p) is the unique solution of Darcy’s
law (12).

Proof. We choose ¢4_(2',y',y3) € D(D'Jr_;CBX’(Y)g) with ¢4 = 0 in D/ _ x Y and satisfying
incompressibility condition (44). There exists 7, > 0 such that supp ¢ (2',y',y3) C D\ I,,_ for every
ne € (0,m1). Let n- < m1. We define a test function ¢~ (z/,y3) = ¢4 —(a',2'/e,y3) in (4)-(5). In the

sequel, we use the elementary properties of the two-scale convergence. Using the two-scale convergence
of 724, given in (42), we have

frordos [ [ g dcay,
.

Di_
and using that divy¢,_ =01in D’ _ x Y and the strong convergence of the pressure (36), we have
(VeDe, ¢52__>D+, = —/ Pe divy (¢0)1 da'dys — —/ / pdivy ¢, (', y)da'dy, ase— 0.
Dy b Y
Therefore, passing to the limit, we obtain
,u/ Dyt : Dy dx'dy + u/ Dy : Oyy b4 — da'dy
D, _xY D! _xY
= / fe¢l_da'dy — / V- ¢ da'dy.
D/, _xY D/ _xY

Consequently, there exists # € L?(D’; L(Y)) such that (9, #) satisfies the homogenized problem

—pAyO + Vi = f'(@') = Vep(a') in Yy, (46)
divyd(z',y) =0 in Yy, (47)
(9,7) is Y' — periodic, ©=0 inY \Yy, (48)

a.e. ' € D', by using the variant of de Rham’s formula in a periodic setting (see Nguetseng [9] and
Temam [13]).

The derivation of (12) from the effective problems (46)-(48) is straightforward by using the local
problems (14) and definitions of the permeability functions (13).

Since V’ € L*(D’)?, thanks to (12), we get that p belongs to H'(D') N LE(D’).
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Proof of Theorem 3.1-i). It remains to prove convergence (11) of the whole velocity ., i.e. to prove

5_2Hﬁ5||L2(an)3 — 0. (49)
For this, it is sufficient to prove that
5*2||11€||L2(I~%)3 — 0 forn. e, (50)
and
5_2||115||Lq(7%)3 0 fore<n <en ,1<a<g, (51)

for a ¢ which will be defined below.
Using (28) and using 7. < €, we have

5 1
—20~ Ne2 M Ne\ 2
€2W4m@mﬁc<;2+;+(;)>’

so that (50) easily holds. Using Holder’s inequality with the conjugate exponents % and QE—Q we obtain

149 141 1
_ - ’I’] q 77 q 2 77 q
eﬂwm@m<0<lz+e+e>'

Now we take 1. = ea. Then we find that
72t 7,y < C (gé(%ﬂ)—z Lt (3+1)-1 +€q%_%) ' (52)

We seek an optimal ¢ such that the right hand side in (52) tends to zero. It is easy to prove that we

have a convergence to zero for any g € (1 ) Therefore, (51) holds and so we have (49).

2
) 2(a—1)+1
(I

5.2. Problem in the fissure part 7. > el
The proof of Theorem 3.1-i7) will be developed in different lemmas.

Lemma 5.4. Let 1. > &3 and let (U, P?) be the solution of (9)-(10). Then there exist subsequences of
U° and P* still denoted by the same, and functions U € L?(I1,)3, independent of ys, with Uy = Us = 0,
P e L3(I,) such that

ne"2UE —~ U in LA(L)?, P =P in L*(I). (53)
Moreover, P = P(x1) and U, is given by expression (15).

Proof. Taking into account 7. > £3 and estimates (28), (29), (34) with the change of variable (6), we
have

||1/~{6||L2(1~1)3 < Cn.?, (54)

102, U N 12 7y5 < Cies 105U | 2 grys < O, (55)

HayadeHLz(fl)s < Cene, (56)

||158||L2(1~1) <C. (57)

From these estimates (54) and (57), there exist ¢ € L(1)3, P € L(Q)(fl) such that convergence (53)
holds. Moreover

ne"20,U° — d,,U  in L*(1))%. (58)

v

The estimate (56) implies that e~'n-19,,U¢ is bounded in L2(I;)3. This together with 7. > ¢
implies that ng28y3l/{5 tends to 0y, = 0. This implies that &/ does not depend on ys.
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As U does not depend on ys3, let w € C(‘)’C(INl)?’ independent of ys. Taking into account that
div, U® = 0 in I, we have

77671/~ (611016 + ﬁeflayzl;{gg +€718y3z:[§> (pdl‘ldygdyg
I

= —p 1 5 Z;{faxlcpdxldygdyg — 77572/ Z:l; - Oy, p dx1dyadys = 0.

I I

Taking the limit € — 0 we obtain
| Uy, dzydyadys = 0,
Iy
so that Uy = Z:lg(xl).
Since U, 8,,U € L*(I;)? the traces U(zy,0), U(zy,1) are well defined in L?(X)3. Analogously to

the proof of Lemma 4.2 we choose a point S, 4,) € ZEUE, which is close to the point o e,

then we have

/ 0 (o, 0,ys)| Py dys = / i (21, 0, yo) Py dys
> >

2
= C/ (/ Deie - (a(xlvyS) - B(Il,ys))d€> dz1dys,
x (Ba1,u3):%(@1.v3))

so that, by Holder’s inequality,
4 (21,0, y3) || 72 (592 < Ccl| Deic||

Z1,Y3)

2 ~
L2(Dsn5)3><3'
Taking into account estimate (29) and 7. > 3, we have

e 2 U (21,0, 43)[|72(sy0 < Cene = 0 as e =0,

which implies that

U(z1,0) =0,
and analogously
U(x,1)=0.
Consequently
U = 0.

It remains to prove that Us = 0. In order to do that, as U does not depend on ys3, we take a test
function v = (0,0, v3(z1,y2)) in (9), and passing to the limit, with the convergence (58), we can deduce
that Us = 0.

Finally, we compute the expression of u given in (15). First, we take a test function v =
(0,m:v2,ev3) in (9), and passing to the limit, with the convergences (53), we can deduce that P
only depends on z1. Now, taking into account that & does not depend on y3 and Us = Us = 0, we
take a test function v = (vi(x1,92),0,0) in (9), and passing to the limit, we obtain the ODE

_“8525’1(3317?/2) = f1(21,0) — 0y, P(21),

1;[1(1‘1,0) = 221(1‘1, 1) = 0,

which gives the expression (15) for U.
|

Proof of Theorem 3.1-ii). It remains to prove the convergence (16) of the whole velocity to the func-
tion V given by (17), and also prove that P € H*(X) N L3(X) is the unique solution of the Reynolds
problem (18).
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Taking as test function ¢ € C°°(D), independent of ysz, in the equation div. 4. = 0 in D, we
obtain

/ div, G, dx'dys = —/ 0L - Vypda'dys — 77£/~ U - Va1, n2y2) deydyadys = 0,
D D I

so that multiplying by 7.3,

/~ Ne " 2US Dy, (21, M2y2) dy dyadys (59)
I

= —/ Ne e - Vo da'dys —[ Ne U Dy (1, Mey2) dy dyodys.
D I

Using (27) and taking into account 7. > 3, we obtain

£ g2

77673||176||L2(D)3 <C < T + 3> —0 ase—0. (60)
7755 Ne

Taking the limit in (59) as € — 0, using convergence (53), Us = 0 and U, independent of y3, we have

/ Uy 0y, p(21,0) daydys = 0,
)

and by definition (17), we get
/ (f1(@1,0) = 81, P21) ) Oayp(1,0) day =0,
X1

Consequently, P € H'(X;)NL2(2;) and is the unique solution of (18). Finally, we consider ¢ € Cy(D)>?,
independent of y3, and so we have

/na‘gﬂawdx’dm:/ ns_3ﬁa<pdx’dy3+/N e " 2UE (21, Mey2) doy dy2dys.
D D I

Using (60), convergence (53) and Us = Us = 0, we obtain

/Uefgﬂewdl’/dyzs — /111(151,y2)¢1(171,0)d171dy2
D >

= Vi(z1)gi1(21,0) dzy = (W (71)05,, 9) M(D)3,Co(D)3
3

which implies (16). O

5.3. Effects of coupling 7. ~ ed
The conclusion of the previous two subsections is that for any sequence of solutions (7., p.) with
Ne K £3 and (Z:ls, ]55) with e > 5§, and letting € — 0, we can extract subsequences still denoted by
¥z, Pe, U, P* and find functions & € H'(0,1; L*(w)3) with o5 = 0, p € HY(D) N L3(D), U € L(I;)?,
independent of ys, with Uy = Us = 0, P € H'(X) N L3(%) such that

729, — (¢/,0) in H'(0,1;L*(w)3), pe—p in L*(D),

- _ (61)
ne"2UF — (Uy,0,0) in L2(1,)%, P°— P in L3(I).
Moreover such limit functions @, p,U, P necessarily satisfy the equations
~ 1
V(@) = —K (f'(z/) = Vop(z')) in D',
g (62)

Z:{l(ﬂj17y2):y2(l2uy2)<f1(x1’0)—8x1ﬁ)(1'1)) in fla

where V'(2/) = f01 v'(a', y3)dys.
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We are going to find the connection between the functions p and P, ie. to find the coupling
effects between the solution in the porous part and in the fissure.

Lemma 5.5. Let n. ~ e, with nz/e3 — X, 0 < XA < 400, and let p. € L3(D), p € HY (D) N L(D),
P e HY(X)N LE(X) be such that (61) and (62) hold. Then,
1 A3

o pK(f/(I/) - vzlﬁ(l'/)) : vx/(p(zl) dx’ =+ @ - (fl(xlvo) - aﬂclp(xl)) 833190(17150) dry = (27 )
63

for every ¢ € HY(D') with ¢(-,0) € H*(21).

Proof. Let p.(2',y3) = p(2',eys) € I}Tl(D) with ¢ € H'(D) and ¢(-,0) € H'(X). Taking into account
the definitions (35) of 9. and (7) of U, and from div. 4. = 0 in D we have

3
/ e 20V, da'dys — / s%g~vssosd:c’dy3+("i> / 02U o (21, 1oy, ys) daerdysdys = 0,
D D

€3 I

and by the definition of ¢., we can deduce
3
/ e 720 - Vop(a!, eys) da'dys + <:§> /~ e 2U - Vp(21,12y2, £ys) doydyadys = 0.
D 3 o

Taking the limit as € — 0, using (61), 03 = Uy =Us =0, 775/5% — A, and taking into account that I/
does not depend on y3, we obtain

/ 7' (2',y3) - Vorp(a', 0) da’dys + N° / U (21, y2) D, (21, 0,0) day dys = 0,
D )
and taking into account expressions (62) and (17), we get (63). O

We are going to prove the relation f(z1,0) = P(z;) + C, with C' € R. Then (20) follows from
(63).

Lemma 5.6. Let 1. ~ 3, ’I]E/&‘% = X\, 0 < X< +oo, and let p, P be the limit pressures from (61).
Then, there exists C' € R such that

ﬁ(QTl,O) :P(m1)+c7 (64)
and p € HY(D') N L3(D') with p(-,0) € HY(X1) N L3(X1) is the unique solution of the variational
problem (20).

Proof. We need to extend the test functions considered in the proof of Lemma 5.3 to the fissure Z75~
To do this, we define I) = I,. N{xs =0}, B,, = D UX, UI} and Y; = Y N {2z = 0}, and we
consider ¢(y') € C(By,)* be such that ¢(y') = 0 in Y\ Y;. We define

& (L) in D'
/
x =
¢<(@) Kyey inl , where Ko = [ ¢o(y1,0)dy: .
Y1
Let ¢ € C5°(By), with By = D_ U X U I; be such that
/ (p(xla an?)) dxldyii = Oa (65)
>

and div, (¢(z, y3)¢(y')) = 0 in Y.
Taking in (4) as test function

e ys)o (£) inD-,

/ €
wa(x7y3): z .
@(331,,7:’?/3) K262 m ‘[775’
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we obtain
u/ D.ii. : D.w, dx'dys = / ' wlda'dys — / Pe dive we dz’ dys. (66)
Bﬂa BTIE B

Ne
Taking into account that

€ I,

x
Kz/~ o (xl, 772,y3) eadr’'dys =n-Ko [ f'- o' (1,92, y3)e2 dxidyadys — 0 ase — 0,
IT/E

and by using estimates (55), (56), that

KQ/ DUy, p(21, %,yg) dx'dys <Cn.—0 ase—0,
1775

€

= ‘K2 NDnsgeayz(P(mlay%yS)d-TldﬁUQdyB
I

from (66), we obtain

- ~ 3. ~ X
M D v, : D.w, dx/dy?) = /f"ll]; dx/dy?)'i'/ psdlva We dx/dy3+K2 /prsaam(p(xlv 77727 yS) dx/dy3+05~
D_ D_ I

D_ Ne €
(67)
For the last term on the right hand side, we have
. T ~ x
Kz/~ PeOayp(m1, =2, ys) da'dys = K2/~ (e — Cen.)Dryip(w1, =, y3) dar'dys
Iy, Tl Ine "le
To ’
+K2/~ Cen. Oy p(21, —, y3) da’dys,
I,. TNe
where ¢, is defined in (8). Using (61), we obtain
. x -
Kz/~ (Be — Con.)Onyp(1, —,y3) da'dys = KQ/~ POy, p(x1, Y2, y3) dr1dyadys
Iﬂs 775 I (68)
— Ky | P(21)0y,0(x1,y2,y3) dr1dy2dys = —Kz/ P(z1)p(x1,0,y3) dr1dys, ase — 0,
n b

where P* is given by (7), and using (65), we have
x
Ksce, /~ Oryip(1, =, y3) da’dys = Kscen, /~ 0y, (21, Y2,Y3)) dr1dy2dys = 0.
Iy, € Iy

Passing to the limit in (67) similarly as in the proof of Lemma 5.3, we know that ¢ and p are
related by the variational formulation of problem (46)-(48), and taking into account (68) and

| ital)diva el oty d'dy

_ / Vb )o@, ys)oly) da'dy + / 51, 0)p(a1, 0, y3) (91, 0) darydys dys
D,_XY XYy

= —/ Vac’f’(x')@(x/,y?»)(ﬁ(y/)dxldlﬁ-K2/ﬁ($170)¢($1707ys)d$14y37
D’ xY b

then we have
[ (31,0 = Pla)) o(o1,0.90) doads =0,
b))
so that

/21 (ﬁ(xh 0) — p($1)) Y(x1)dry =0,

for every ¢ € C§°(%) such that fz 1 drq = 0. Finally we conclude that there exists a constant C' € R
such that (64) holds and p(z1,0) € HY(Z).

Using (64) into (63), we obtain the variational formulation (20) for the limit pressure p in the
Banach space of functions v € H(D’) such that v(z1,0) € H!(Z;). Since K € R?*? is a symmetric,
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positive, tensor given by (13), it can be proved that (20) has a unique solution in that Banach space
with the norm |'U|H1(D/) + |’U(l‘1, 0)|H1(21)-

U
Proof of Theorem 3.1-iii). It remains to prove the convergence (19) of the whole velocity.
Let ¢ € Co(D)3. Then
3
/ e, - pda'dys =/ e, - pda’dys + (77§> /~ e U - p(21, 22, y3) drrdyadys = 0.
D D €3 n
Taking the limit as ¢ — 0, using (61), 03 = Uy =Us =0 and 775/5% — A\, we obtain
/ e 20, - pda'dys — / v daldys + N3 - Z:ll(xhyg)(p(xl,o,yg) dzy dysdys.
D D I
Taking into account that
1
/~ U(z1,y2)e(x1,0,y3) deidyadys :/ V(z1) </ @(Ilvo’yz)dy?,) dxy = (Vos,, ©) M(D)3,Co(D)?
T bt 0
where V(z1) is given by (17), we get (19). O
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