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Abstract

We consider a non-stationary Stokes system in a thin porous medium (2. of thickness € which is
perforated by periodically solid cylinders of size a.. We are interested here to give the limit behavior
when € goes to zero. To do so, we apply an adaptation of the unfolding method. Time-dependent
Darcy’s laws are rigorously derived from this model depending on the comparison between a. and
E.
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1 Introduction

The aim of this work is to apply an adaptation of the unfolding method (see Arbogast et al. [1],
Casado-Diaz [2] and Cioranescu et al. [3]) to the homogenization of a non-stationary Stokes system in
a thin porous medium (2. of thickness ¢ which is perforated by periodically solid cylinders of size a..
The unfolding method is a very efficient tool to study periodic homogenization problems where the size
of the periodic cell tends to zero. The idea is to introduce suitable changes of variables which transform
every periodic cell into a simpler reference set by using a supplementary variable (microscopic variable),
but here it is necessary to combine it with a rescaling in the height variable, in order to work with a
domain of height one.

We consider the fluid flow through periodic vertical cylinders confined between two parallel plates
(see Figures 1 and 2). A representative elementary volume for the thin porous medium is a cube of
lateral length a. and vertical length €. The cube is repeated periodically in the space between the
plates. Each cube can be divided into fluid part and a solid part, where the solid part has the shape
of a vertical cylinder of length e (see Figure 3).
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Figure 2: View of the domain

Thin porous media are common and of great importance for various industries and products. These
include papers and cartons, filters and filtrateion cakes, porous coatings, fuel cells, textiles, and diapers
and wipes, to name only a few. A thin porous medium is obviously characterized by lateral dimensions
much greater than its thickness. As an example, the thickness of the so-called gas diffusion layers of
proton exchange membrane fuel cells is typically on the order of 200um, whereas its lateral dimension
is on the order of 20cm, leading here to a ratio lateral dimension/thickness on the order of 10.

In 1856, H. Darcy [4] investigated water flow through a sand column and found that the driving
force and fluid transport obeyed the relation

K
u = _7vp7
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where p is the pressure, u is the viscosity of the fluid, K is the permeability tensor, and v is the flux.
In 1949, H.C. Brinkman [5] introduced another extension to the traditional form of Darcy’s law which
is used to account for transitional flow between boundaries

K
BAU+u = —;Vp,

where [ is the effective viscosity.

The Stokes equations for a viscous fluid in a porous medium yield the Darcy’s law as a homogenized
model. Quite early, many papers have been devoted to the derivation of Darcy’s law by means of
homogenization, using formal asymptotic expansions (see for example Keller [6], Lions [7] and Sanchez-
Palencia [8]). The first rigorous proof (including the difficult construction of a pressure extension)
appeared in Tartar [9]. Further extensions are to be found in Allaire [10], Lipton and Avellaneda [11]
and Mikelic [12].

The above results relate to a fixed height domain. Our aim in the present paper is to extend
them to the case of a non-stationary Stokes system in a domain of small height . In particular, time-
dependent Darcy’s law and time-dependent Brinkman’s law are rigorously derived from this model as
the parameter ¢ tends to zero.

We show that the asymptotic behavior of this system depends on the parameter a. with respect to

- If a. = ¢, with a./e = A\, 0 < A < 400, i.e. when the cylinder height is proportional to the
interspatial distance with A\ the proportionality constant, we obtained a time-dependent Darcy’s
law as an homogenized model with a permeability tensor which depends on the parameter A and
is obtained through local stationary Stokes problems in 3D.

- If a. > ¢, i.e. when the cylinder height is much smaller than the interspatial distance, we obtain
a pure 2D time-dependent Darcy’s law, with the permeability tensor obtained by means of local
stationary Stokes problems in 2D, which is a considerable simplification.

- If a. < €, i.e. when the cylinder height is much larger than the interspatial distance, a time-
dependent Brinkman’s law is derived as an homogenized model with local stationary Stokes
problems in 2D.

The paper is organized as follows. In Section 2, the domain and some the notations are introduced.
In Section 3, we formulate the problem and state our main result, which is proved in Section 6 by means
of an adaptation of the unfolding method. To apply this method, a priori estimates are stablished in
Section 4 and some compactness results are proved in Section 5.

2 The domain and some notations

A periodic porous medium is defined by a domain w and an associated microstructure, or periodic cell
Y’ = [~1/2,1/2]2, which is made of two complementary parts: the fluid part Y]i, and the solid part Y
(Y;UY; =Y"and Y/ Y] = @). More precisely, we assume that w is a smooth, bounded, connected
set in R?, and that Y/ is a smooth and connected set strictly included in Y.



The microscale of a porous medium is a small positive number a.. The domain w is covered by a
regular mesh of size a.: for k' € Z?, each cell Yk’,, o, = @k’ +a.Y' is divided in a fluid part Y]{k“ o, and a
solid part Y, ,_, .e. is similar to the unit cell Y rescaled to size a.. We also define Y =Y"x(0,1) € R3,
and is divided in a fluid part Yy and a solid part Y, and consequently Yy .. = Yy, x (0,1) € R3,
which is also divided in a fluid part Yy,, .. and a solid part Y
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Figure 3: Views of a periodic cell in 2D (left) and 3D (right)

The fluid part w. of a porous medium is defined by
We = (JJ\ U Y:e/k/,ag’
k'eT:
where T. = {K' € Z* : Y}, , Nw # 0}.

In order to apply the unfolding method, we will need the following notation. For k' € Z?, we define
k:R? = 72 by
K(a') =k <= 2" eYy,. (2.1)

Remark that « is well defined up to a set of zero measure in R? (the set Uy cz20Y}, ;). Moreover, for
every a. > 0, we have

2
K <a8> =k — 2 ¢ Ylé’,as'
We will consider the open set . C R3 given by
Qe = {(z1,22,23) Ewe xR:0 < x3 < e} (2.2)
Then (). denotes the whole fluid part in the thin film.
We define €. = w, X (0,1) and 2 = w x (0,1). We have that

Qo= |J Yepoo =20 | Y5
k€T, k'eTe

We denote by L%(Y), Hﬁl (Y), the functional spaces
L) = {v e L)+ [ Jofdy < +o0.0ly/ + Kom) = oly) WK € 2%, ac. ye Y},
Y

and
() = {v e HL(V) N L) s [ [9,0fdy < oo},

We denote by O. a generic real sequence which tends to zero with ¢ and can change from line to
line and by C' a generic positive constant which also can change from line to line.



3 Setting and main results

Along this paper, the points 2 € R3 will be decomposed as x = (', x3) with 2/ € R?, 23 € R. We also
use the notation z’ to denote a generic vector of R2.

In this section we describe the asymptotic behavior of a viscous fluid in the geometry 2. described
in Section 2. The proof of the corresponding results will be given in the next sections.

Our results are referred to the non-stationary Stokes system. Namely, let us consider a sequence
(ue,pe) € L*(0,T; H} ()2 x L2(0,T; L?(£2)), which satisfies

Oou,
ot

—pAu. +Vp. =f in (0,7) x O,
divue =0 in (0,T) x ., (3-3)
u5(0,$)2u8($), r € e,

where T > 0, ). is defined by (2.2) and p > 0 is the viscosity. The right-hand side f is of the form
f(t,z) = (f'(t,2"),0), a.e. z€Q,
where f is assumed in L2((0,7) x w)?. We deal the problem with Dirichlet boundary condition, i.e.
us =0on (0,7) x 0%. (3.4)
In the sequel, we always assume that
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For any fixed &, under the assumptions on f(¢, z) and 12, a classical result (see Temam [13]) shows that
(3.3)-(3.4) has at least one weak solution (ue,p.) € L2(0,T; H}(Q:))3 x L*((0,T) x Q.), where p. is
uniquely defined up to an additive constant, i.e. it is uniquely defined if we consider the corresponding
equivalence class: p. € L%(0,T; L?(£2.)/R).

Our aim is to study the asymptotic behavior of u. and p. when ¢ tends to zero. For this purpose,
we use the dilatation in the variable z3

_ %3 3.6)
Y3 A 3 (

in order to have the functions defined in an open set with fixed height.

Namely, we define . € L?(0,T; H&(QE)):)’, p. € L2(0,T; L%(Q.)/R) by

az—:(ta $/> y3) = ue(t) 56,7 €y3)7 ﬁe(ta xlv y3) = pE(tv xla €y3)7 a.e. (tv xla y3) € (07 T) X QE'

Using the transformation (3.6), the system (3.3) can be rewritten as
Ot
ot

— Ayl — e 2pd2 it + Vope + e ' 9ype = f in (0,7) x Qe
divy @, + €' Oylics =0 in (0,7) x ., (3.7)
ﬁ€<07$/7y3) - ﬁg(x’,yg), (xlayS) € 1,

with Dirichlet boundary condition, i.e.

i =0on (0,T) x 09..



Our goal then is to describe the asymptotic behavior of this new sequence (@, pe).

The sequence of solutions (@, p-) € L?(0,T; HS(Q )3) x L2(0,T; L2(€2.)/R) is not defined in a
fixed domain independent of ¢ but rather in a varying set Q.. In order to pass the limit if € tends
to zero, convergences in fixed Sobolev spaces (defined in ) are used which requires first that (., pe)
be extended to the whole domain €. Then, by definition, an extension (i, P.) € L*(0,T; H}(2))? x
L2(0,T; L2(Q)/R) of (i, p.) is defined on (0,7) x Q and coincides with (@, p.) on (0,T) x €. (we
will use the same notation, 1., for the velocity in (0,7) X Q. and its continuation in (0,T) x Q).

Our main result referred to the asymptotic behavior of the solution of (3.7) is given by the following

theorem.

Theorem 3.1. We distingue three cases depending on the relation between the parameter a. with
respect to €:

i)

if ac = e, with ac/e — A, 0 < A < +o0, then the extension (ﬂe/ag,ﬁs) of the solution of
(3.7) converges weakly to (@', P) in L*(0,T; L*(Q))? x L*(0,T; L*()/R). Moreover, it holds that
(U', P) is the unique solution of Darcy’s law

U'(t,2') = ( (t,2') — VI/P(t,x’)> in (0,T) x w
divg U (t,2') = O in (0,T) x (3.8)
U'(t,z') -n=0in (0, T)x@w,
where U’ t,x') fo (t,2',y3) dyz and A* is a symmetric, positive, tensor defined by its entries
A= | Dw'(y): Dy’ (y)dy, i,j=12,
Yy

where Dy = Dy + A0y, and w'(y), fori=1,2, with fY widy = 0, denote the unique solutions in
Hﬁl (Y7)? of the local stationary Stokes problems in 3D

—A)\wi—i-V)\qi = e m Yf,
divajw’ = 0 in Yy,
wt = 0 in Y,

w', " Y — periodic,

with Ay = Ay + A202

s 7 V= Vy/ + )\8% and divy = Vg + Aayg.

ifac > ¢, then the extension (@i./a2, P.) of the solution of (3.7) converges, weakly in L2(0,T; L?(w))? x
L?(0,T; L?(w)/R), to the unique solution (@', P) of Darcy’s law

@t a') = ;‘ ( Fl(ta) - Vx/ﬁ’(t,x/)> in (0,T) x w

divy @'(t,2') =0 in (0,T) X w (3.9)
@'(t,2')-n=01in (0,T) x dw,
where A is a symmetric, positive, tensor defined by its entries
Ay = Dyw'(y') : Dyw’ (y)dy', i=1,2, (3.10)
Y/
f



where, for i = 1,2, w'(y') denote the unique solutions in Hﬁl(YJﬁ)2 of the local stationary Stokes
problems in 2D
—Ay/wi + Vy/qi = e 1in Y]i
divyw' = 0 in Yy
w' = 0 in 9Y]
wt, ¢" Y — periodic.

(3.11)

ii) if a. < e, then the extension (/€2 (ac/e)P.) of the solution _of (3.7) converges, weakly in
L2(0,T; L*(2))? x L?(0,T; L?(w)/R), to the unique solution (', P) of Brinkman’s law

_M8§3a/(t7 .’E/, yc}) + :U’A ’&,/(t, l’/, 3/3) = f,(t7 IL‘,) - va}’ﬁ)(ta [L‘/) in (07 T) x €,
@'(t,2',y3) = 0  on(0,T) x 09,

1
divx/ </ ﬂ,(t, l‘/,yg)dy:),) = 0 m (O,T) X W, (312)
0

(/ a,(tu xlv y3>d93> n = 0 m (O,T) X W,
0

\

where A is given by (3.10).

4 A Priori Estimates

Let us begin with a lemma on Poincaré inequality in ﬁg. We reproduce the original proof of Tartar [9)].

Let us introduce some notation which will be useful in the following. We introduce the operators:
D, and div,, by
(Da’l))i’j = dcjvi fOI' 7 = 1,2,3, ] = 1, 2,

1
(Dev)ig = —0yyv; for i=1,2,3,
€

1
divev = divyv' + =0y, vs.
€
Lemma 4.1. There exists a constant C' > 0 independent of €, such that

||UHL2(§5)3 S C\/ ag + 62 ||DEUHL2(§5)3X3 5 VU S H&(§€)3, (4.13)

Proof. For any function w(y) € H}(Yy)3, the Poincaré inequality in Y7 states that
\w|? dy' dys < C/ |Dyw|® dy' dys, (4.14)
Yy Yy
where the constant C' depends only on Y.
For every k' € Z2, by the change of variable

/ d !
Ky =2, dy =5 0y = a.0u, (4.15)

Qe a?



we rescale (4.14) from Y to Yy, o.. This yields that, for any function w(z’,y3) € H&(Yfk,,as)?’, one has

2
da' dys (4.16)

2
dm'dy3> ,

with the same constant C' as in (4.14). Summing the inequalities (4.16) for every k" € T, which cover
the domain €., gives the desired result (4.13).

/Y \w|? da'dys < da2C |Dyrw|? da'dys + £2C — Oy, w
1

VAL Yfkhas Yfk/,ae

C(a? + 62) (/ |D:C/w|2 dx'dys + /
Yy Yy

k! e

IN

761/3“’

k! e

O]

We observe that using the hypothesis on the initial data (3.5), it is easy to deduce that

(ag —I—z-: —1/2 H“OHL2 (6.3 + HD UOHB joxs <C. (4.17)

Let us obtain some priori estimates for ..

Lemma 4.2. Assume that f € L?((0,T) xw)2. Then, for any initial condition @2 € H} (Q. ) satisfying
(4.17), there exists a constant C' independent of €, such that the solution . € L2(0 T; HY(Q:))? of the
problem (8.7) satisfies

H’aEHLQ((O,T)Xﬁg)3 < C(@? + 52): HDeﬁauLz((O’T)XQE)sxs < C'\/ ag + 527 (4'18)

IN

< C. (4.19)
L2((0,T)x )3

(| e ||L°°(0,T;L2(ﬁa))3

Proof. Multiplying by . in the first equation of (3.7), integrating over ﬁe and using the energy equality,
we have

1d
2dt e (¢ )HLz )3 + || Detie (2 )HLz(Q 3x3 / [t da'dys. (4.20)

Using Cauchy-Schwarz’s inequality, Young’s inequality and (4.13), we obtain that

., - 1C? 1 u 2
ﬁsf'uedl' dys < 57(‘1 te )Hf( )||L2 +§C2(7)Hus(t)”[/2(§€)3
1C?
< 57@ +e%) | £t )HLz )t ullD e (t )HL2(Q 3x3 -
Thus, from (4.20), we deduce
i@ D.1.(t)|? < Clye )2 4.21
IO s+ DGO yoes < (24 ) 1Oy (421)

and integrating between 0 and T

T 2
- . 0112 C
HUE(T)HQLz(ﬁE)s + 'U/O ||D€u6(t)”iz(ﬁs)3x3 dt < HUSHLQ(QEP + I(Gg + 52)/ Hf( )HLz dt-

8



Taking into account the assumption of f and (4.17), we obtain

T
[Ty [ DOy e < Cla 4 22,
and therefore, we deduce the second inequality in (4.18) and the first inequality in (4.19).
On the other hand, taking into account (4.13) in (4.21), we obtain

d . o 02
i 1720 + 1 O@2 + )7 a0 < —-(2 + ) 1T D20,

and integrating between 0 and T’

_ (T N C?
i) + 1O +) 7 [0t < 80y + e+ €0 / 1O,

Taking into account the assumption of f and (4.17), we obtain
2 2 o1 [T 2 2, .2
) s + 1 €2+ )7 [t et < Cla? +62),
and therefore, we deduce the first inequality in (4.18).

Finally, we will prove the second estimate in (4.19). Now, we proceed formally. The rigorous proof
schould be made usmg the Galerkin approximations. Multiplying by % 8“5 in the first equation of (3.7),

integrating over Q and using the energy equality, we have
At (t) ||? 1d

D
502 o P 1PN = [ 1

Using Cauchy-Schwarz’s inequality and Young’s inequality, we obtain that

(9t

D (t) |2
ot

Ol 1
LG adan < 150, + 5|

L2(9.)3 '

Then, we deduce

H du() ||?

d ~ 2 2
= g 1Dt y5xs < 17O 2qq)

L2(§E)3

and integrating between 0 and T’

Tl oa.(t) ]| _ 2
ot _ dt+N|’DaUa(T)||L2(§8)3x3 <NHD U HL2 Q.)3x3 + Hf( )HLQ dt-
0 LZ(QE)S
Taking into account the assumption of f and (4.17), we obtain the second estimate in (4.19). O



4.1 The Extension of (., p.) to the whole domain (0,7) x

In this section, we will extend the solution (@c,pe) to the whole domain (0,7) x Q. It is easy to
extend the velocity by zero in (0,7") x Q\Q. (this is compatible with its Dirichlet boundary condition
on (0,7) x 09.). We will use the same notation, @, for the velocity in (0,7) x . and its continuation
in (0,7) x €. We note that the extension . belongs to L2(0,T; H} (Q))3.

Now, we give some properties of the restricted operator from H}(2)3 into H&(ﬁe)?’ preserving
divergence-free vectors, which was introduced by Tartar [9].

Lemma 4.3. There exists a linear continuous operator R acting from HE(Q)? into H&(QE)?’ such that
1. Rov=vwin ?25, ifv e H&(ﬁs)g
2. div. (Rev) = 0 in Q, if divev = 0 in Q
3. For anyv € H}(Q)? (the constant C is independent of v and ¢),

IRevl oy < cnanz s + Ca. | Del|pagayos

A

[1De Revl| 12 g5, y3xs ; [0l L2 ()3 + C | Devll L2 (qyaxs -
(3

In order to extend the pressure to the whole domain €, we define a function F. € L?(0,T; H=1(Q))3,
for all T > 0, by the following formula (brackets are for the duality products between H ! and H}):

(Fo(t), 00 = (Vape(t), Rev)g, , for any v € HYQ)P, Vi e (0,T), (4.22)
where R. is defined in Lemma 4.3. We calcule the right hand side of (4.22) by using (3.7) and we have

(Fa(t),0)q = 1 {Apriia(t), Rev)gy + 1 (e720%,0(8), Rev)g + (F(2), Revdg, — <aﬂ5f”7Rav>ﬁ  (4.23)

and by using the third point in Lemma 4.3 and (4.18)-(4.19), for fixed ¢ we can deduce that F. €
L2(0,T; H1(2))3.

Moreover, if v € HL(Q.)? and we continue it by zero out of Q., we see from (4.22) and the first
point in Lemma 4.3 that F¢|g (1) = Vepe(t), for all t € (0,T).

Moreover, if diveo = 0 by the second point in Lemma 4.3 and (4.22), (F:(t),v)q = 0, for all

€ (0,T), and this implies that F.(t) is the gradient of some function P.(t) in L?(Q2), for all t € (0,T).

This means that F; is a continuation of V.p. to (0,7") x €2, and that this continuation is a gradient.
We also may say that p. has been continuated to (0,7") x 2 and

F.=V.P., P.eL*0,T;L*(Q)/R).

Lemma 4.4. Assume that f € L*((0,T) x w)?. Then, for any initial condition 00 € H&(ﬁ)?i sat-
isfying (4.17) in Q, there exists a constant C independent of €, such that the extension (e, P:) €
L*(0,T; HE(Q))3 x L2(0,T; L*(Q)/R) of the solution (i, pe) of the problem (3.7) satisfies

Haa”LQ((O,T)XQP < Ofa? +¢%), HDaﬂaHm 0.1)x3x3 < Cv a2 + €2, (4.24)
- ot
filmominay < OVaETE |5

<C, (4.25)
L2((0,T)x)3

10



|-

Proof. We first estimate the velocity. Taking into account Lemma 4.2, it is clear that, after extension,
(4.24) and (4.25) hold.

Let us estimate V. P.. Taking into account the third point in Lemma 4.3, we have

Vete 1) . (4.26)

S <
L2(0,T;L2(Q)/R) Qe

|(Awiic(t), Rev)g,| < 1Dwie(t) 2o | Dot Revl sy

< | Dariic () 2 5, oo (a 1]l z2(gys + C ||D€“”L2<Q>3x3> !

_ N 1 B 1
‘<5 28531L€(1§),R5v>§~2 < Hﬁysus(t) - =0y Rev||
e £ L2(Q5)3 g L2(Qe)3
< |Iro,a.00 C ol e + G D20l
- Ug — ||V 2% X y
— e L@y \ae e L@

[(£(6), Revs, | < 1F @Ol gagays (C ol zgys + Cac I Dol agapons )
(%), <
ot a.

Then, from (4.23), we deduce
]<v B.(t) v> ‘ < |IDetic(®)| 5 ol + C 1 Dot arons
ele\l)s Q = ele L2(Q.)3%3 a. L2(Q) eVllL2(Q)

and

Otie (1)
ot

2@ (€ llvll e + Cae | Devl2qpons ) -

D (t)
ot

<||f( )HLQ )3 =+ ’ > (C ||U||L2 3t C’as | De U||L2 3x3) .

L2(ﬁs)3

Then, as a. < 1, we see that there exists a positive constant C such that

~ C 5
(VPt)v) | € Z1Deiet) g o 0] s

Oue(t
L2(Q)3

ot

and consequently

e (t)
ot

fo.p.0]

C .
ey S a 1Pl @ yems + 17O 2 + ’ p@Ey

From the classical inequality (see [9])

‘ p.

Y

LQ(Q)/R H-1(0)3

11



we obtain

- 1 . Ot (t)
‘ PE(t)‘ L2(9)/R < C <a5 ||D€u5(t)||L2(f~25)3X3 + Hf(t)HLz(ﬁs)s + ' ot LQ(QS)?) .
Integrating between 0 and 7', and from (4.18)-(4.19) and the assumption of f, we have (4.26). O

4.2 Adaptation of the Unfolding Method

The change of variable (3.6) does not provide the information we need about the behavior of 7. in the
microstructure associated to £2.. To solve this difficulty, we introduce an adaptation of the unfolding
method (see [1, 2, 3]), which is strongly related to the two-scale convergence method (see Allaire [14]
and Nghetseng [15]). For this purpose, given (i, P.) € L?(0,T; HY ()3 x L*(0, T; L*(Q)/R), we define
(i, Pz) by

/

te(t, 2’ y) = 1. (t,agn <$> + agy',yg) , ae (t,2',y) € (0,T) xwxY, (4.27)
Qg
/

P.(t,2',y) = P. (t,asm <x> + aEy’,y3> , ae (2 y) e (0,T)xwxY, (4.28)
Qe

where the function & is defined in (2.1).

~

Remark 4.5. For k' € T. and for all t € (0,T), the restriction of (u.(t), P-(t)) to Y}, , xY does

not depend on x', whereas as a function of y it is obtained from (@.(t), P-(t)) by using the change of

variables . .
y = T 98 (4.29)
Qg
which transforms Yy . into Y.

Let us obtain some estimates for the sequences (e, Px).

Lemma 4.6. Under the assumptions in Lemma 4.4, there exists a constant C independent of €, such

that (G, P.) defined by (4.27)-(4.28) satisfies

HDy’ﬂE ‘L2((O,T)><w><Y)3X2 < Cacy/af + &2, ||ay3a€”L2((0,T)><w><Y)3 < CeyaZ + €2, (4.30)
el oo (o m22(@xyys < CVa2+ €2, el 2o myxwxyys < C (a2 +€%), (4.31)

g]

Proof. Let us obtain some estimates for the sequence . defined by (4.27). Taking into account the
definition (4.27) of 4., we obtain

VeEFE 1) . (4.32)

<
L2(0,T;L2(wxY)/R) — ( Qe

IN

/ y |Dy/ﬂg(t, 7', y) ‘2 dx'dy
wX

Z/ /|Dy/ﬁg(t,x/,y)‘2da:'dy
k//,a,g Y

k'eT:

- Z // /}; |Dy/ﬂs(ta aak, + agy/a yS)}Q dﬁ?ldy

k/GTE k! age
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We observe that 1. does not depend on 2/, then we can deduce

/ ‘Drustrx y‘dx'dy<azz/‘Drustaek +azy/, yg‘dy
wxY’ K €T,
By the change of variables (4.29), we obtain

/ Y‘Dy/ag(t,x’,y)fda:'dy < a2 Z/ / ‘D 1 (t, yg‘ dx'dys
wX !

k'eT:

IN

CL?/ ‘Dx/ae(tvl‘lvy?))‘ dl’ldyg.
wx(0,1)

Integrating between 0 and 7', and taking into account (4.24), we have

T
/ / Dyie(t, ', y)|* da'dydt < Ca? (a2 +&2).
wXY
Similarly, using Remark 4.5 and definition (4.27), we have

/ |0y, tic(t, 2, y) ‘ dx'dy < a? Z / |0y, e (t, ack’ + ay/, y3) | dy.
wXxY k'eTe

By the change of variables (4.29), we obtain

A 2 ~ 2
/ ‘8y3u€(t7x/7y)‘ dljdy < / ‘83/3’&5('[;,.17/,1/3)‘ dl',dyg,
wXY w><(0,1)

integrating between 0 and 7" and taking into account (4.24), we have

T
/ / ‘8y3a€(t,x’,y)‘2daz'dydt < Ce*(a? +€?),
wXxY

o (4.30) is proved.
Similarly, using the definition (4.27) and the change of variables (4.29), we have

/ e (t, 2!, y) [P da'dy < / |G (t, 2, ys)|” da’dys.
wxY Q

Taking into account the first estimate in (4.25), we obtain the fist estimate in (4.31). On the other
hand, integrating between 0 and 7" and taking into account the fist estimate in (4.24), we have

T
/ / |12€(t,m',y)‘2 dx'dydt < C (ag + 52)2 ,
0 wxY

and (4.31) holds.

Finally, let us obtain some estimates for the sequence P. defined by (4.28). We observe that using
the definition (4.28) of P., we obtain

Ll

. (t, 2’ - (t,ack’ + asy/, y3) dx’dy.

k’ET

13



We observe that P. does not depend on z’, then we can deduce

/wa

By the change of variables (4.29), we obtain

/wa

Integrating between 0 and 7" and taking into account (4.26), we have

2
T . 2 2 2
/ / Pa(t,l‘/,y)’ da:’dydth <\/GET+1> ,
0 wxY

(5
and (4.32) holds. O

dy.

2
t aak +a£y yd)‘

P.(t, 2 y)‘ d'dy < a?

~ 2
Pe(ta $/, ?JS)’ dx,dy&

. 2
Pg(t,x',y)) dw’dyﬁ/
wx(0,1)

Remark 4.7. From (4.17) in Q, it is easy to deduce

(ag + 62)_1/2

Dy al|| sy TE HaySuQHLQ(Wy);,, < C. (4.33)

5 Some compactness results

In this section we obtain some compactness results about the behavior of the sequences (., ]55) and
(ﬂE,PE) satisfying a priori estimates given in Lemma 4.4 and Lemma 4.6 respectively. We obtain
different behaviors depending on the magnitude a. with respect to £. Namely, we find a critical regime
a: ~ ¢ with a./e - A\, 0 < X\ < 400, and therefore we distingue three different regimes.

Let us start giving a convergence result for the pressure P-.

Lemma 5.1. We distingues three regimes depending on the relation between the parameter a. with
respect to €:

i) if ac = € with as/e = X\, 0 < X\ < 400, or a: > €, then for a subsequence of € still denote by
there exists P € L?(0,T; L*(Q)/R) such that

P. —~ Pin L*((0,T) x Q), (5.34)

i) if a. < €, then for a subsequence of € still denote by e there exists P € L?(0,T; L*(Q)/R) such
that a - .
fpg — P in L*((0,T) x Q). (5.35)

Proof. Taking into account the estimate of the pressure (4.26), we realize that we have to distingue
three different cases. Namely, the critical case a. =~ ¢, the supercritical case a. > ¢ and the sub-
critical case a. < €. Observe that in the critical and supercritical cases, the estimate (4.26) reads

14



Hﬁg) < O, which implies the existence P : (0,7) x @ — R such that (5.34) holds. By
L2(0,T3L(Q)/R)

semicontinuity and the previous estimate of P., we have

T -2
/ / )P(t)‘ da'dysdt < C,
0o Jo
which shows that P belongs to L?(0,T; L?(€2)/R). For the subcritical case, the estimate (4.26) reads

Itz

€

< C¢/a.. Reasoning similarly, we have (5.35). O

L2(0,T5L2(Q)/R)
We will give a convergence result for ..

Lemma 5.2. For a subsequence of € still denote by ¢,

i) if az ~ ¢ with az/e — X\, 0 < A\ < +o00, then there exists u € L2*(0,T; H'(0,1; L?(w))3) where
i3 =0, and @ =0 on (0,T) x 02, such that

- = (@,0) in LX0,T; H'(0,1;L%(w))*), (5.36)
€

i) if az > ¢, then there exists i € L?(0,T; L*(Q)?) where ti3 = 0 and @' does not depend on ys, with
=0 on (0,T) x 09, such that
Ue

— —~(@,0) in L*(0,T; L*(w)?), (5.37)

2
ag

i) if ac < &, then there exist i € L*(0,T; H*(0,1; L?(w))3) where iz = 0, w € L*(0,T; H?(0,1; H Y(w))),
with @ =w =0 on (0,T) x 082, such that

U, - .

;g — (@',0) in L*(0,T; H(0,1; L*(w))?), (5.38)
Ue3 o 2 .2 g1

5 T wan L*(0,T; H*(0,1; H *(w))), (5.39)

divy @ + Oy, =0 in (0,T) x Q. (5.40)

Furthermore, it holds
1 1
divs </ &'(t,x',y;:,)dy;;) =01 (0,T)xw, (/ &’(t,x’,yg)dy3> n=0on (0,7) X dw. (5.41)
0 0

Proof. Taking into account the estimate of the velocity (4.24) for every case, we argue similarly to the
proof of Lemma 5.2 in [16]. O

Now, we give a convergence result for the pressure P-.

Lemma 5.3. We distingues three regimes depending on the relation between the parameter a. with
respect to €:

15



i) if a: =~ ¢ with az/e = X, 0 < A < 400, or a: > ¢, then for a subsequence of € still denote by &
there exists P € L?(0,T; L*(w x Y)/R) such that

P. —~Pin L*(0,T) xwxY), (5.42)

i) if a. < e, then for a subsequence of € still denote by e there exists P € L*(0,T; L*(w x Y)/R)

such that o . )
fPE — Pin L*((0,T) x w xY). (5.43)

< C, which implies the existence P
L2(0,T;L?(wxY)/R)

(0,T) xw xY — R such that (5.42) holds. By semicontinuity and the previous estimate of P., we have

I L

which shows that P belongs to L2(0,T; L2(w x Y)/R). In ii), we have that the estimate (4.32) reads

A~

P

Proof. In i) the estimates (4.32) reads ‘

“ 2
P(t)‘ dz'dydt < C,

< Ce/a.. Reasoning similarly, we have (5.43). O

“IlL2(0,1;02(wxY)/R)

Next, we give a convergence result for ..

Lemma 5.4. For a subsequence of € still denote by ¢,

A~

i) if a. ~ € with az/e — A\, 0 < X\ < +o00, then there exist & € L*(0,T; L2(w;Hﬁl(Y)3)), (S
L>(0,T; L?(w; L2(Y)3)), with &= w =0 on (0,T) x w x Yy, such that

#
— —dain L*(0,T; L*(w; H'(Y)?)), (5.44)
13
Ye 2w in L0, T; L (w x V)3, (5.45)
Qe
divaya =0 (0,7) X w xY, (5.46)

div, </ ﬁ’(t,x',y)dy) =0in (0,7) X w, </ ﬂ'(t,x',y)dy) n=0on (0,T) X ow, (5.47)
Y Y

where divy = divy 4+ Ay,

i) if az > ¢, then there exist 4 € L*(0,T; L*(w; Hﬁl(Y’)?’)) independent of ys, w € L>(0,T; L*(w; L?t(Y)g’)),
with 4 =% =0 on (0,T) x w x Y] , such that

A~

Ue o 2 L7277l 3
pr @ in L°(0,T; L*(w; H (Y')?)), (5.48)
Yo 2w in L0, T; L w x V)3, (5.49)
Qg
divyd = 0 in (0,T) x w x Y. (5.50)
/
div, (/ a’(t,x',y’)dy’> =0in (0,7) X w, (/ ﬁ'(t,x’,y')dy') n=0on (0,T) X 0w,
Y Y
(5.51)
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iii) if az < €, then there exist 4 € L*(0,T; L2(Q;H;(Y’)3)), w € L®(0,T; L*(w x Y))3, with 4 =
w =0 onw XYy, such that

g — (@,0) in L2(0,T; HY(0,1; L3 (w x Y")3)), (5.52)
Ye % in L°(0,T; L (w x Y))3, (5.53)

e
a;'te™'Dya. — Dydin L*(0,T; L*(w x Y)**2), (5.54)
divy @ =0 in (0,T) x w x Y. (5.55)

Proof. We proceed in four steps.
Step 1. Critical case a. ~ €. In this case, the estimates (4.30)-(4.31) read

||ﬂs||L2((0,T)><wa)3 < C’ag, ||Dya€HL2((0,T)xwa)3x3 < C’ag, ||ﬂ€||L°°(O,T;L2(w><Y))3 < Cac.  (5.56)

Taking into account the Dirichlet condition, the above estimates imply the existence @, : (0,7") X w X
Y — R3, such that, up to a subsequence, convergences (5.44)-(5.45) hold. By semicontinuity and the
estimates given in (5.56), we have

T T
/ / [a|? da’ dydt < C, / / |Dyi|? da'dydt < C,  sup ess [[i(t)] f2(xyys < C,
0 JwxY 0 JwxY te(0,T)

which shows that @ € L2(0,T; L?(w; HY(Y)3)), @ € L*°(0,T; L*(w x Y))3.

It remains to prove the Y’-periodicity of @ in 3’. To do this, we observe that by definition of .
given by (4.27), we have

Ge(t, 1 + €, 72, —1/2,y2,y3) = e (t, 7', 1/2,y2,y3) a.e. (t,2',y2,93) € (0,T) x w x (—1/2,1/2) x (0,1),
which, dividing by a? and taking into account convergence (5.44), gives

”&(t,(L’l, _1/2’ y27y3) = ﬁ(t,.ﬁEl, 1/25 y27y3) a.c. (t?$/ay23y3) S (OvT) Xw X (_1/27 1/2) X (07 1) .

Analogously, we can prove
ﬁ(t, $/7 Y1, _1/2> y3) = ﬁ(tv xla U1, 1/2> y3) a.ce. (tv xla Y1, y3) S (07 T) X w X (_1/27 1/2) X (07 1) :

These equalities prove the periodicity of .

Since diveii. = 0 in (0,7) x €, then by definition of 4. we have a'div,/i. + e 10y,d.3 = 0.
Multipying by a- !, we obtain

a7 2div, il + %a;Qaygag,g =0, in(0,T)xwxY, (5.57)

which combined with (5.44) and a./e — A, proves (5.46).
Step 2. Supercritical case a. > ¢. In this case, the estimates (4.30)-(4.31) read

HDy’as

| L2 (0.1 xwxy )2 < CaZ,  0ystell 20 ryxewxyys < Cete, (5.58)

17



el oo 0.7 22 wxyys < Cae el 2o xuxyys < CaZ. (5.59)

Therefore from the first estimate in (5.58) and (5.59), up to a subsequence and using a semicontinuity
argument, there exist @ € L2(0,T; L*(; HY(Y')3)), @ € L>(0,T; L?(w x Y))? such that

Us .. 2 L7200, Irlviy3

o ain L7(0,T;L*(Q;H (Y')”)), (5.60)
Ye in L0, T; L3 (w x V)3,

Qg

Since e taz1dy, 1. is bounded in L?((0,7) x w x Y)3, we observe that aZ29,,d. is also bounded in
L?((0,T) x w x Y)? and tends to zero. This together (5.60) implies

az 20yl — Oy in L2(0,T; L*(Q; HY(Y')?)).

By the uniqueness of the limit, we deduce that 9y,% = 0 and so @ does not depend on ys.
In order to proof the Y’-periodicity of @ in 3/, we proceed similarly to the step 1.

Integrating (5.57) in the variable y3 between 0 and 1, and taking into account the convergence

(5.60), we deduce div, (fo (t, 2 y)dy;»,) = 0. Since 4’ does not depend on y3, we get (5.50).

Step 3. In order to prove (5.47) and (5.51), let us first prove the following relation between @ and
a,

1
/ ﬁ(t,x’,y)dy = / 7:L(tw%./?y3)dy3' (561)
Y 0
For this, let us consider v € C}(w). We observe that using the definition (4.27) of ., we obtain
1
2// te(t, 2’ y)v(2 ) dyds' = / / e (t, ack! + acy/, y3) v(ack’ + ay)dyda’ + O..
aE wJY E k/eT ,
We observe that 1. and v do not depend on z’, then we can deduce
1 .
2 [ [ et peaais = 3 [ / Ge(t, 0k + acy' ys) v(azk! + azyf)dysdy + O,
w Y wer. Y’
By the change of variables (4.29), we obtain

1 .
2 [ [t iy = / / / e (1,4 ) o)y’

5 k' eT:

CL2// ﬂs(t,x’,yg)v(x')dygdx’+O€,
e Jw JO

We consider ¢ € C}([0,T]) such that o(T) = 0 and ¢(0) # 0. Multiplying by ¢ and integrating
between 0 and T', we have

1 T 1 T 1
— / / / e (t, 2, y)o(a')p(t)dyde'dt = — / / / e (t, ', y3) v(a")p(t)dysda’dt + O..
az Jo wJY az Jo wJO
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Taking into account the convergences (5.36) and (5.44) for the critical case, and (5.37) and (5.48)
for the supercritical case, we obtain (5.61) for both cases. This together with (5.41) implies (5.47) and

(5.62)

< Ceae,  ||0ysticll 20 7y xwxyys < Ce?,
(5.63)

(5.51).
Step 4. Subcritical case a. < €. In this case, the estimates (4.30)-(4.31) read
HDy’ﬁﬁ |L2((0,T)><w><Y)3><2

el Lo 0.7 L2 xv s < C Niell 20,1y xwnyys < O

Therefore from the second estimate in (5.62) and (5.63), up to a subsequence and using a semicontinuity
argument, there exist © € L?(0,T; H'(0,1; L?(w x Y')3)), @ € L>(0,T; L*(w x Y))? such that
(5.64)

A~

Y L hin L0, T; HY(0,1; L3 (w x Y')3)),

2
Y S pin L0, T; L3 (w x V)2,
€
Since e taz! Dy, is bounded in L((0,T) x w x Y)3*2, we observe that e 2D,/ 1. is also bounded in

L2((0,T) x w x Y)3*2 and tends to zero. This together (5.64) implies
e 2Dytic = Dyt in L*(0,T; H'(0,1; L*(w x Y')3*?)).

By the uniqueness of the limit, we deduce that D,/0 = 0 and so © does not depend on y'.
(5.65)

Taking into account (5.38) and (5.64), and proceeding as in (5.61), we obtain

ﬂ(t,:v’,ys)—/ i(t, 2", y)dy'.
Yl
Since ¥ does not depend on 3, we have that o = (@’,0).
From the first estimate in (5.62), up to a subsequence and using a semicontinuity argument, there
(5.66)

-1

exists @ € L2(0,T; L?(Q; H'(Y')3)) such that
a;'e 'Dyii. — Dydin L?(0,T; L* (w x Y)?*?).

Since div i, = 0 in 2, then by definition of 4. we have
et divyal + e 20y0.3=01in (0,T) x w x Y,

-1
aE
which passing to the limit and taking into account that a3 = 0, we obtain (5.55).
In order to proof the Y’-periodicity of 4 in 3/, we proceed similarly to the step 1.

Remark 5.5. From (4.33), it is easy to deduce
i) if ac ~ € with a./e — X, 0 < A\ < 400, then there exists 4° € L*(w x Y)3, such that

ﬂO
e~ in L*(wxY)3,
Q¢
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ii) if az > ¢ then there exists 0° € L*(w x Y")3, such that
9
—< 0% in L*(wxY')3,
Qe

i) if a. < €, then there exists 40 € L*(w x Y)3, such that

~0
Yo a0 in L(wx Y)3
g

6 Homogenized models

In this section, we will multiply system (3.7) by a test function having the form of the limit 4 (see
Lemma 5.4), and we will use the convergences given in the previous section in order to identify the
homogenized model in every cases. This is the focus of the following theorem.

Theorem 6.1. We distingue the three cases:

i) if ac = €, with ac;/e = A, 0 < A < +oo, then (ﬁg/ag,pg) converges to the unique solution
(a(t,z',y), P(t, ")), with [y 43dy =0, of the homogenized problem

( —pANaG+ Vi = f —=VuP in (0,T)xwx Yy,
divit = 0 in (0,T) xw x Yy,
@ = 0in (0,T) X w x Y

div, </ a’(t,z',y)dy> = 0 (0,T) X w, (6.67)
Y

</ a'(t,x',y)dy> n = 0on (0,T) %X Ow,
Y
y —1,q Y' — periodic,

where Ay = Ay + 20?2

Y3’

V= Vy/ + /\8y3 and divy =V + )\8y3.

i) if az > €, then (i /a2, P.) converges to the unique solution (0/(t,z',y'), P(t, ")), with i3 = 0, of
the homogenized problem

( —uA ,a’+qu = f'=VuP in (0,T)xwxY/
0 in (0,7)xwx Y],
0in (0,T)Xwx Y]

= 0in (0,7) X w, (6.68)

div, !

o
divm/</ (t, 2", y) >
'
(/ '(t, 2, y)dy) n = 0on (0,T)x 0w,
Y/

y —d',q Y' — periodic.

ii) if a. < e, then (/€2 (as/e)P.) converges to the unique solution (@'(t,z’,y3), P(t,')) of the
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homogenized problem

( —pd2 @ 4+ pAT = f —VaP  in (0,T) x Q,
@ = 0 on(0,T)x00Q,
1
divy </ ﬂ,(t,fU',y?))dys) =0 n(0T)xw, (6.69)
0
(/ ﬁ/(t7x/a93)d3/3> -n = 0 m (O,T) X W
0

where A is a symmetric, positive definite, tensor defined in (3.10) through the solution w'(y'),
i = 1,2, of local stationary Stokes problems in 2D (3.11).

Furthermore, 4. /(ea:) converges weakly to 4', which is given by the relation
(t,2',y) Zuzt:c yz)w'(y') .

Proof. First of all, we choose a test function v(z',y) € D(w; CB’O(Y)?’) with v(2/,y) =0 € w x Y; (thus,
v(2!, 2! az,ys) € HY(Q:)?). Multiplying (3.7) by v(z/, 2’ /ac,y3) and integrating by parts, we have

d
p </ Ue(t) - vdx dy3> —I—,u/ Dotz (t) : Dyvda’dys + :J/QDI/ng(t) : Dyv da'dys
€
. 1 ~ .
—l—g% Oys e (t) 1 Oygv da' dys —/ P.(t) divyv' da'dys — a/ P.(t) divy v’ da'dys
Q Q e Jo

1 7.
! /Q Po(t) Byyvs da'dys = / 7)o dadys

e

in D'(0,T). By the change of variables given in Remark 4.5, we obtain

d
— </ aL(t) -0 dm’dy) + % Dy aL(t) : Dy’ da'dy + MQ/ Dy UL(t) : Oyyv da'dy
dt wxY 61”6 WwXY €% Juxy
- / P.(t) divy v da'dy — — P.(t) divyv' de'dy = f'(t) - da'dy + O,
wXY Qe Juxy wXY

d
el </ Ue3(t) - v3dx dy) po / Ve 3(t) - Vyvs da'dy + /12/ Oyl 3(t) : Oyyv da'dy
dtl wXY Az Juxy € wxY
—/ P.(t) dygv3 da’dy + O = 0.

€ Juxy

We consider ¢ € C}([0,T]) such that o(T) = 0 and ¢(0) # 0. Multiplying by ¢ and integrating
between 0 and T', we have

T
d
—(0 )/ (@) o' da'dy — / dtgo(t)/ AL (t) - v da' dydt
w><Y 0 wXY T
‘L;/ D AL(t) : Dy’ da'dydt + ,u/ go(t)/ Yayga;(t) : Oy v’ da'dydt
E wX
T

/0 )/ y ( ) divgv' da’ dydt — / / y P.(t) divyv' dz'dydt
wX wX
T
= / o(t) f'(t) - v da'dydt + O ,
0 wXY

(6.70)
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and

T
d
(0) 40 5 - vy da'dy — / —(t) / Ge 3(t) - v3 da'dydt
wxY o dt wxY

T T
A ) / Ve (t) : Vypus da'dyds + b / o(t) / Oyuiies(t) - Oyyvdaldydt  (6.71)
0 wXxY

a
L]
9

This variational formulation will be useful in the following steps.

S

t) Oyyvs da'dydt + O, = 0.

We proceed in three steps.
Step 1. Critical case a. ~ ¢, with a./e = A, 0 < A < +o0.

First, we prove that P does not depend on the microscopic variable y. To do this, we consider as
test function a.v' (2,2 /ac, y3) in (6.70) and evs(z’, 2’ /a., y3) in (6.71), which gives

T
d
—ascp(())/ (@) o' da'dy — as/ —(t) / A (t) - v da' dydt
wxY o dt wxY
u [T a [T
+ © t)/ Dy (t) : Dy’ da'dydt + ,u2/ (p(t)/ Oy UL (t) = Oyyv' da' dydt
0 wxY € Jo wxY

Qe

T T
—/ o(t) / P.(t)divyv' da'dydt = ae/ o(t) f'(t) - da'dydt + O,
0 wXY 0 wXY

—ep(0) / 3 vy dz'dy — 6/ / e 3(t) - v3 da’ dydt
at’ <y
T
+uf / Ve 3(t) - Vs da'dydt + 'Z/ o(t) / Dys e 3(t) - Oy v da'dydt
wXxY 0 w

xY
_ / (1) / Po(t) B0 da’dydt + 0. = 0.
0 wXY
We pass to the limit when € tends to zero and using Remark 5.5, convergences (5.42), (5.44) and (5.45)
with
o(t) € L0, T; L*(w x Y))3,  we(t) € L*(0,T; L (w; H(Y)?)), (6.72)

/ / (t)divyv(a’,y) da'dydt = 0,

which shows that P does not depend on y

dt
we have

Now, we choose a test function v, = (V'(2/,2/ac,y3), Ae/a: v3(a’, 2 /ac,y3)) in (6.70)-(6.71) with
v(a,y)e(t) = 0in (0,7) x w x Y, and satisfying incompressibility conditions (5.46) and (5.47), i.e
divy(v(2’,y)e(t)) = 0in (0,T) x w x Y and divy ([ v'(2',y)e(t)dy) = 0 in (0,T) x w respectively.
Taking into account (6.72), we pass to the limit when e tends to zero and using Remark 5.5 and the
convergences (5.42), (5.44) and (5.45), we have

T T
u/ o(t) Dya(t) : Dy da'dydt + MAQ/ @(t)/ Oy u(t) : Oyyv da’ dydt
0 wxY 0 xY

T (6.73)
= / o(t) f'(t) - v da’dydt .
0 wXxY
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By density (6.73) holds for every function w in the Hilbert space V' defined by
w(t,z',y) € L*(0,T; L?(w; Hﬁl(Y)g)), such that

v — divipw(t,2’,y) =0 in (0,T) x w x Y, divy </ w(t, 2, y) dy) =0 in (0,7) X w,

w(t,2’,y) =0 in (0,T) X w x Y, (/ w(t,x’,y)d;;) n=0 on (0,T) X w
Y

By Lax-Milgram lemma, the variational formulation (6.73) in the Hilbert space V admits a unique
solution 4 in V. Reasoning as in [10], the orthogonal of V' with respect to the usual scalar prod-
uct in L2((0,T) x w x Y) is made of gradients of the form V,q(t,2") + Va4(t,2’,y), with q(t,2') €
L?(0,T; L?(w)/R) and §(t,z',y) € L?(0,T; LQ(w;Hﬁl(Y))). Therefore, by integration by parts, the
variational formulation (6.73) is equivalent to the homogenized system defined in (6.67). It remains
to prove that the pressure P(t, x') arising as a Lagrange multiplier of the incompressibility constraint
divg ( [y @(t,2’,y)dy) = 0 is the same as the limit of the pressure P.. This can be easily done by mul-
tiplying equation (3.7) by a test function with divy equal to zero, and identifying limits. Since (6.67)
admits a unique solution, then the complete sequence (4./ ag,Pg) converges to the unique solution
(a(t,x',y), P(t,2')). This gives the desired result. Finally, observe that (5.61) and i3 = 0, we have
that [, dzdy = 0.

Step 2. Supercritical case a. > €.

First, we show that P does not depend on the vertical variable y3. To do this, we consider as
test function evs(z’, 2’ /ae,y3) in (6.71). Taking into account (6.72), we pass to the limit when £ tends

to zero and using Remark 5.5, the convergences (5.42), (5.48) and (5.49) and the second estimate in
(5.58), we get

T
/ o(t) / P(t) Oy,v3 da'dydt = 0.
0 wXxY

This shows that P does not depend on ys3.

Since we have to consider test function v’ in (6.70) reflecting the behavior of @/, then we consider
test functions v’ independent of y3. Thus, let us now prove that P does not depend on the microscopic
variable y’. For this, we take now as test function a.v’'(z/,2'/a.) in (6.70). Taking into account (6.72),
we pass to the limit when ¢ tends to zero and using Remark 5.5, the convergences (5.42), (5.48) and
(5.49), we get

T
/ o(t) / P(t) divyv' da'dy'dt = 0,
0 wxY’

which implies that P does not depend on y'. Thus, we conclude that P does not depend on the entire
variable y.

Finally, we take as test function v'(2/, 2" /a.) in (6.70) satisfying (5.50) and (5.51), i.e., we consider
divy (V' (2, y")(t)) = 0in (0,T) x w x Y and divy( [y, v'(2',9")e(t) dy') = 0 in (0,T) x w respectively.
Passing to the limit and taking into account that P does not depend on y and that 4/, v do not depend
on ys3, we get

T T
u/ gp(t)/ Dy aL(t) : Dy’ da'dy'dt = / ap(t)/ f'(t) - da'dy dt. (6.74)
0 wxY’ 0 w

XY’
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By density, and reasoning as in Step 1, the variational formulation (6.74) is equivalent to the homoge-
nized system (6.68) (it is easy to see that 43 = 0).

Step 3. Subcritical case a. < €.

First, we show that P does not depend on the vertical variable y3. To do this, we consider as test
function a.vs(x’, 2’ /a.,ys) in (6.71). Taking into account (6.72), we pass to the limit when ¢ tends to
zero and using Remark 5.5, the convergences (5.43), (5.52), (5.53) and (5.54), we get

T
/ o(t) / P(t) Oy,vs dz'dydt = 0.
0 wXxY
This shows that P does not depend on ys3.

Now, we consider as test function (a2/e)v'(z/, 2 /ac, y3) in (6.70). Passing to the limit, we have

T
/ go(t)/ P(t) div,v' dz'dydt = 0,
0 wXxY

which shows that P does not depend on ¢/, and so P only depends on 2.

Taking into account convergences (5.38)-(5.39) and (5.54), and free divergence conditions (5.40)-
(5.41) and (5.55), we choose in (3.7) the following test function

{ U{g($,7 93) = ’U/(IL’,, ?/3) + %¢/($,7 x//aaa y3)7
06,3(39/) y3) = 5’03(1”, 2/3) + a5¢3(1", x’/as, 1/3)7

such that
divx/ (U,(m/>y3)§0(t)) + ay3 (03(:E/?y3)90(t)) = Oa in (OvT) X Qv
1
div, (/ v/(a:’,yg)(p(t)dy?,) =0, in (0,7) X w,
0

divy (¢' (2", y)e(t)) =0, in (0,T) X w x Y.

Integrating by parts, applying the change of variables given in Remark 4.5 in the integrals involving
the test functions ¢, multiplying by ¢ and integrating between 0 and 7', we obtain

T
d
—@(0)/(&2)'-1}’ dx' dys —/ dtgp(t)/ al(t) - o' da'dysdt
Q 0 Q
T
d
—sgo(O)/ @273-7)3 da:’dyg—e/ dtcp(t)/ e 3(t) - v3 da'dysdt
Q 0 Q
T T
8% o(t) / Byl () : Dyt dx'dygdt—i—ﬁ / o(t) Dyil(t) : Dy da’dydt (6.75)
o . e e Jo wxY

T
N0 / Po(t) diverd! do'dydt — 2= | o(t) PL(t) By, s da’ dydt
€ Jo wxY € Jo wxY

T
= [ o) [ 1) v iyt + 0.
0 Q
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From the first estimate in (4.25), up to a subsequence and using a semicontinuity argument, there
exists w € L>(0,T; L*())? such that

Ye X in L0, T; LA(Q))?,
g

and from (4.17) in €, it is easy to deduce that there exists @ € L?(2)3, such that

~0
Ye L a@%m L2(Q)3.
g
Taking into account
d
vre(t) € LHO, TS L2 ()%, volt) € L2(0, T HY 0,1, L% (w))%),  dep(t) € L2(0, T3 L (w; HY(Y)?)),

we pass to the limit when e tends to zero and using the above convergences, convergences (5.38) and
(5.54) for the velocity, and (5.43) for the pressure and taking into account that P does not depend on
Y3, we get

/ / Oy U (t) : Oyyv' da' dysdt + u/ / D' (t) : Dy da'dydt
(6.76)

_/0 ()/wxy () divy ) da' dydt — /0 go(t)/gf(t)-v d/ dygt.

Let us now obtain a problem for @ eliminating @' and P in (6.76). For this purpose, we define

Uz 2! 3/3 i(y/)7

Mw

tCC y Zultx7y5 (y)a ¢

=1

where w’, i = 1,2 are the unique solution of the local problems (3.11). Then, (6.76) reads as follows

T
/ / Oyt (1) : Oyy v dx/dygdt—i—,uA/ /f/(t) . d:z/dygdt:/ go(t)/ f'(t) - v da'dysdt,
Q 0 Q

where A is defined in (3.10).

By density, and reasoning as in Step 1, this variational formulation is equivalent to the homogenized
system (6.69). O

In the final step, we will eliminate the microscopic variable y in the homogenized problem. This is
the focus of the Theorem 3.1.

Proof of Theorem 3.1. In the cases a. ~ ¢, with a./e — A\, 0 < A < 400 or a. > ¢, the derivation
of (3.8) and (3.9) from the homogenized problems (6.67) and (6.68) respectively, is an easy algebra
exercise. Let us point that problems (3.8) and (3.9) are well-posed problems since it is simply second
order elliptic equations for the pressure P (with Neumann boundary condition). As is well-known,
the local problems are also well-posed with periodic boundary condition, and it is easily checked, by
integration by parts, that

Az?‘j = Dyw'(y) : Dyw’ (y) dy :/ wi(y)ejdy, 1=1,2, j7=1,2,3.
Yy Yy
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Observe that condition fY widy = 0, i = 1,2, implies that Af‘3 = 0. Then A* € R?*2 and the definition
implies that A* is symmetric and positive definite (analogously for A).

Observe that the case a. < € is already proved in the proof of Theorem 6.1.
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