The transition between the Navier-Stokes
equations to the Darcy equation
in a thin porous medium
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Abstract. We consider a Newtonian flow in a thin porous medium €2, of
thickness € which is perforated by periodically distributed solid cylinders
of size a.. Generalizing [2], the fluid is described by the 3D incompress-
ible Navier-Stokes system where the external force takes values in the
space H~ !, and the porous medium considered has one of the most com-
monly used distribution of cylinders: hexagonal distribution. By means
of an adaptation of the unfolding method, three different Darcy’s laws
are rigorously derived from this model depending on the magnitude a.
with respect to .
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1. Introduction

We consider a viscous fluid obeying the Navier-Stokes system in a thin porous
medium 2. of thickness € which is perforated by periodically distributed solid
cylinders of size a.. Here, € and a. are dimensionless small parameters re-
lated to the thickness of the porous medium and to the interspatial distance
between the cylinders, respectively. On the boundary of the solid cylinders,
we prescribe Dirichlet boundary conditions. The aim of this work is to prove
the convergence of the homogenization process depending on the magnitude
a. with respect to e.
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We consider a porous medium with one of the most commonly used
distribution of cylinders: hexagonal distribution. In order to define this dis-
tribution, we consider a domain w which is a smooth, bounded, connected set
in R?, which will be associated to a microstructure. Below we give in detail
the microstructure associated to this distribution.

The domain: the microstructure associated to w will be defined by using
two types of regular meshes, one composed by rhombuses and another by
hexagons. Thus, we define by R’ C R? the reference thombus and by H' C R?
the reference hexagon, which have an area of v/3/2 (see Figure 1 for more
details).
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FIGURE 1. Views R’ cell (left) and H’ cell (right)

Taking into account that the hexagonal distribution of cylinders can be
described by using meshes with rhombuses or hexagons (see Figure 4 for more
details), we denote by Y/ = R’ or H’, which is made of two complementary
parts: the fluid part Y7, and the solid part Y; (Y; Y] =Y  and Y Y] = 0).
More precisely, we assume that Y, is a smooth, closed and connected set
strictly included in Y”.

We denote the proportion of the material in the cell Y’ by

g L2
Y1 V3

In order to go through every periodic cell in the hexagonal distribution,
we introduce the parameter k'(¢') : Z? — 72, which is defined by using the
hexagonal coordinate system (see Snyder el al. [8] for more details):

V3
T2

For sake of simplicity, in the following we denote k¥’ = k’(¢’) omitting
the dependence of ¢ € Z2. Thus, the domain w is covered by a regular mesh
of size a.\/3/2: for k' € 72, each cell Yir o, = ack’ +acY' is divided in a fluid
part Yf'k/’ag and a solid part Y i.e. is similar to the unit cell Y’ rescaled

(1.1)

1
k1(£l> =/ + 562, kg(g/) ls, v e 72 .

to size a.. We also define Y = Y x (0,1) € R3, and is divided in a fluid part
Yy and a solid part Y;, and consequently Y .. =Yy, , % (0,1) € R3, which
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is also divided in a fluid part Yy,, 4. and a solid part Y, 4. (see Figures 2
and 3 for more details).

FIGURE 2. Views of a hexagonal periodic cell in 2D (left)
and 3D (right)
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FIGURE 3. Views of a rhombohedral periodic cell in 2D (left)
and 3D (right)

FIGURE 4. Views of the hexagonal mesh (left), the rhombo-
hedral mesh (center) and both together (right)

Observe that the fluid part w. of a porous medium with hexagonal
distribution is defined by

We = (.U\ U }/;/k/,a57
0eT,
where T. = {¢' € Z* : Y}, ,_Nw # 0}. We will consider the open set Q. C R?
given by
Qe ={(x1,22,23) Ewe xR: 0 < z3 < e}
Then 2. denotes the whole fluid part in the thin film (see Figure 5 for more
details).
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FIGURE 5. Views of . by using the hexagonal mesh (left)
and the rhombohedral mesh (right)

We define Q. = w. x (0,1), @ = w x (0,1) and Q. = w x (0,). We have

that B
Q= |J Yepo. =20 | Y5 oae- (1.2)
CET. CET.
The problem: let us consider the following Navier-Stokes system in {2.:

—pAu, + (ue : V)’LLE + Vp: = fe in Q,
divu. =0in Q, (1.3)
us = 0 on 0f),

where u. denotes the velocity field, p. is the (scalar) pressure, f. is the field
of exterior body force and p > 0 is the viscosity.

In [2], we consider a non-Newtonian flow in a thin porous medium of
thickness ¢ which is perforated by periodically distributed solid cylinders of
size a. under a square distribution. The flow is described by the 3D incom-
pressible Stokes system with a nonlinear viscosity, being a power of the shear
rate (power law) of flow index 1 < p < 400 and where the external force takes
values in the space L2. Applying an adaptation of the unfolding method, in-
troduced by Cioranescu et al. [4], three types of Darcy’s laws are obtained
rigorously depending on the relation of a. with respect to €. The Newtonian
case, i.e. p = 2, has motived the fact of considering a much more general situ-
ation than the problem considered in [2]. In this sense, our aim in the present
paper is to generalize three aspects: we consider that the flow is described
by the 3D incompressible Navier-Stokes system, we suposse a larger space
for the external force, namely f. belongs to H~! and depends on ¢, and we
consider a porous medium with a hexagonal distribution of cylinders. Then,
we show that the asymptotic behavior of the Navier-Stokes system depends
on the parameter a. with respect to e:

- If a. =~ e, with a. /e = A, 0 < A < 400, i.e. when the cylinder height is
similar to the distance between the cylinders, with A the proportionality
constant, we obtain a 2D Darcy law as an effective model with a perme-
ability tensor and a function which depend on the parameter A and are
obtained through two local Stokes problems in 3D and a local Stokes
problem in 3D with an external force with microstructure, respectively.

- If a. < ¢, i.e. when the cylinder height is much larger than the dis-
tance between the cylinders, we obtain a 2D Darcy law as an effective
model with a permeability tensor and a function which are obtained
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through two local incomplete Stokes problems in 3D and a local incom-
plete Stokes problem in 3D with an external force with microstructure,
respectively.

- If a. > ¢, i.e. when the cylinder height is much smaller than the dis-
tance between the cylinders, we obtain a 2D Darcy law as an effective
model with the permeability tensor and a function which are obtained
by means of two local Hele-Shaw problems in 2D and a local Hele-Shaw
problem in 2D with an external force with microstructure, respectively,
which is a considerable simplification.

The inertial term coming from the Navier-Stokes system provides ad-
ditional difficulties in the analysis, and we prove that this term does not
appear in the effective problems. The fact of considering a more general ex-
ternal force, namely f. belonging to H~! instead of L? and depending on ¢,
introduces additional difficulties and some changes with respect to the results
in [2]. In particular, this allows us to consider general forces given in terms
of the divergence of a tensor field. This changes the order of convergence of
the velocity and the pressure and moreover, the limit external force does not
appear explicitly in the effective problems. However, the external force gives
rise to new functions in the effective problems which are defined by means of
local problems with external forces with microstructure, also given in terms
of the divergence of a tensor field. Finally, the hexagonal distribution of cylin-
ders gives rise to a new proportion of the material which is 2/ V/3 times the
corresponding proportion in the square distribution, and new permeability
tensors which are computed by means of local problems posed in the reference
cylinder.

The behavior of the flow of Newtonian fluids through periodic arrays of
cylinders has been studied extensively, mainly because of its importance in
many applications in heat and mass transfer equipment. However, the litera-
ture on Newtonian thin film fluid flows through periodic arrays of cylinders is
far less complete, although these problems have now become of great practical
relevance because take place in a number of natural and industrial processes.
This includes flow during manufacturing of fibre reinforced polymer compos-
ites with liquid moulding processes, passive mixing in microfluidic systems,
and paper making.

Recently, the homogenization of the Navier-Stokes system in a thin
porous medium with a square distribution has been studied in Fabricius et al.
[5] by the multiscale expansion method which is a formal but powerful tool
to analyse homogenization problems. They obtained the same three effective
models depending on the relation of a. with respect to €. They consider that
the flow is only driven by the external pressure, but they claim that it is also
possible to include the force term in the system. In this paper, we rigorously
prove their claim assuming a general f. € H~!. Moreover, the particular case
az > ¢ has been also studied by Zhengan and Hongxing in [11] where it is
rigorously derived a 2D Darcy law with a permeability tensor depending on
local Stokes problems. We remark that a more accurate 2D Darcy law with a
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permeability tensor depending on local Hele-Shaw problems in this particular
case has been obtained in [5] by a formal method and in the present paper
by the unfolding method (see Theorem 2.1-iii) for more details).

The paper is organized as follows. In Section 2, we state our main result,
which is proved in Section 3.

2. Main result

Hereinafter the points x € R? will be decomposed as x = (z/,x3) with 2’ €
R2, 23 € R. We also use the notation z’ to denote a generic vector of R2.

We suppose that the second member of (1.3), f. € H1(Q.)3, is of the
form

fE(x) = (fé(x)70)7 a.e. T € Qe

and there exists a positive constant C' > 0 such that
I fellzr-1(quys < Ce?, Ve > 0. (2.1)

This choice of f. is usual when we deal with thin domains. Since the thickness
of the domain, ¢, is small then the vertical component of the force can be
neglected.

Under the assumption of f., it is well known that (1.3) has at least one
weak solution (u,pe) € H}(Q:)? x LE(Q.) (see Lions [6] for more details).
The space L2(€).) is the space of functions of L?(€2.) with null integral.

Our aim is to study the asymptotic behavior of u. and p. when e tends
to zero. For this purpose, we use the dilatation in the variable x3

3

= 2.2
Ys c 3 ( )

in order to have the functions defined in the open set with fixed height §~25

defined by (1.2). Namely, we define @. € H(Q:)?, p. € LE(Q:) by

Ue(2',y3) = uc(a’,eys), pe(a’,ys) = pe(2',ey3), ae. (2',y3) € Q.,
and f. € H='(Q)? by

fe(@' ys) = fo(a' eys) ace. (2,ys) € Q.
Let us introduce some notation which will be useful in the following.

For a vectorial function v = (v/,v3) and a scalar function w, we introduce
the operators: D., V. and div., by

(Dev)ij = Ogyv; for i =1,2,3, j=1,2, (Dew)iz= %5‘931)2- for i =1,2,3,
Vew = (Vyrw, éamw)t, div.v = divgv' + é@mvg.
We denote by Lg (Y), Hﬁ1 (Y), the functional spaces
B ={oe by [ oy <+oc,
U(Zl + K (),y3) =v(y) YW €Z? ae.y€ Y},
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and
) = {ve HL N )+ [ [9,0Pdy < +o0}.

We denote by : the full contraction of two matrices: for A = (a; ;j)1<i,j<2 and
2
B = (bi,j)lﬁ’i,jﬁ% we have A: B = E ij=1 Clijbij.

Using the transformation (2.2), the system (1.3) can be rewritten as

_Mdive (Daas) + (ﬂe : V&)ﬂa + vsﬁe = fs in Nﬁav
dive i =0in Q., (2.3)
1 = 0 on 0€)..

Our goal then is to describe the asymptotic behavior of this new sequence
(Tie, pe ). The sequence of solutions (i, p.) € Hy (Q.)3 x L(Q)(ﬁs) is not defined
in a fixed domain independent of € but rather in a varying set fNZs. In order to
pass the limit if £ tends to zero, convergences in fixed Sobolev spaces (defined
in Q) are used which requires first that (4., p.) be extended to the whole
domain Q. Then, by definition, an extension (i, P.) € H$(Q)® x L3(Q) of
(ile, Pe) is defined on € and coincides with (@, p.) on Q. (we will use the
same notation, u,., for the velocity in (NZE and its continuation in ).

Our main result is referred to the asymptotic behavior of the solution
of (2.3) and is given by the following theorem.

Theorem 2.1. We distinguish three cases depending on the relation between
the parameter a. with respect to ¢:

1) Ifa. = ¢, with ac /e = A, 0 < X\ < +00, then the extension (U /ae, aepg)
of a solution of (2.3) converges weakly to (, P) in HY(0,1; L?(w)?) x
L3(w). Moreover, it holds that (U, P), with Us = 0, is the unique solu-
tion of Darcy’s law

U'(z') = —% (Ahvw,ﬁ(x') n b’\(x’)) in w,
di\ix/U’(x') =01in w,
Ux') -n=0in Ow,

(2.4)

where U (z fo x',y3) dys, 0 is giwven by (1.1), and the symmetric
and posztwe tensor AN € R?*2 and the function b : R?2 — R? are
defined by their entries

1
I
Y]]

1 ..
bi\(ml) = |Y/| v U}i(l‘l,y) dya 1,) = 172
f

Dyw'(y) : Daw’ (y) dy,
Yy

For i = 1,2, w'(y), with [, widy = 0 and w* = 0 on y3 = 0,1,
denote the unique solutions in Hﬁl(Yf)?’ of the local Stokes problems in
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3D ) )
A w' + VAql_ = e in Yy,
divapw' = 0 in Yy,
wt = 0 in 0Ys,

wh, ¢* Y — periodic,
and w(z',y), with w = 0 on y3 = 0,1, denotes the unique solution in
L?(w; Hy (Y§)?) of the local Stokes problem in 3D

A w+Vyg = div,\GY in wx Yy,
divpiw = 0 in wxVYy,
w = 0 in wxJ9Ys,
w,q Y’ — periodic,
where Dy = Dy + Ady,, Ay = Ay + A2, Vi =Vy + VA0, divy =

div, + A9y, and G(z',y) € L?(w x Y)2*3 is related to the external force
fe (see the proof for more details).

If a. < €, then the extension (U /ac, ac 5) of a solution of (2.3) con-
verges weakly to (@, P) in LQ(Q) x L(w) with @ = 0 on y3 = 0,1.
Moreover, it holds that (U, P), with Us = 0, is the unique solution of
Darcy’s law

9 3
0'(a') =~ ( Vo D) + 1)) in w,
divy U'(2') =0 in :
U'( "Yon=0in aw
where U (x fo u(x’,y3) dys, 0 is given by (1.1), and the symmetric

and posztwe tensor A° € R?*2 gnd the function b° : R? — R? are defined
by their entries

1
AV =
1] |Y/|

1 .
by (') = \Y’|/ wi(z' y)dy, i=1,2.

Dyw'(y) : Dyw’ (y) dy,

Fori=1,2, w'(y), withw'® = 0 onys = 0, 1, denote the unique solutions
mn Hﬁ1 (Yy)? of the local incomplete Stokes problems in 3D

—Ay/wi—kvy/q% = ¢ in Yy,
divyw' = 0 in Yy,
w' = 0 in Y,

wt, q" Y' — periodic,
and w(z',y), with w = 0 on y3 = 0,1, denotes the unique solution in
L?(w; Hﬁ1 (Y;)?) of the local incomplete Stokes problem in 3D

7Ay/w + Vy/q = diVy/Gﬂ m w X Yf R
divpyw = 0 in wxYy,
w = 0 in wxJdYy,

w,q Y’ — periodic,
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where G/ (', y) € LZ(w x Y)**? is related to the external force f. (see
the proof for more details).

iii) Ifa. > ¢, then the extension (. /e, eP.) of a solution of (2.3) converges
weakly to (@, P) in H(0,1; L?(w)?) x L3(w). Moreover, it holds that
(U, ]3), with Us = 0, is the unique solution of Darcy’s law

U'(a") =

o (AOOVIIP( )+b°°(x’)) in w,

div, U'(z') =0 in w,
U')-n=0in dw,

(2.6)

where U (z fo x',y3) dys, 0 is giwen by (1.1), and the symmetric
tensor A°° E R2*%2 and the function b>® : R2 — R? are defined by their
entries

1
A%® —
TV s

b (') =

(6i + Vy’qi)ej dy’,

T (G3+Vy’q> dy/7 Za]: 1?2

Vil Jy,

Fori = 1,2, ¢!(y') denote the unique solutions in Hul(Y]{) of the local
Hele-Shaw problems in 2D,

Ayq = 0 in Yy,
(Vyqd' +e)-n = 0 in 9Y/,
¢ Y’ — periodic,

and q(z',y') denotes the unique solution in LQ(w;Hﬂl(Yf’)) of the local
Hele-Shaw problem in 2D

—Ay/q = diVy/G3 m w X Yf/7
Vyg-n=0 = 0 in OY],
q Y' — periodic,

where G3(x',y') € Li(w x Y')? is related to the external force fo (see
the proof for more details).

3. Proof of the main result

In this section we prove our main result. In particular, Theorem 2.1 is proved
by means of an adaptation of the unfolding method (see Arbogast et al. [3]
and Cioranescu et al. [4]), which is strongly related to the two-scale conver-
gence method (see Allaire [1] and Nguetseng [7]). To apply this method, a
priori estimates are established and some compactness results are proved.
Some notations: in order to apply the unfolding method, we will need the
following notation. For ¢ € Z2, we define s : R? — Z2 by

k(@) =K{') = 2’ € Yk’,,l. (3.1)
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Remark that x is well defined up to a set of zero measure in R? (the set
Upez20Yy 1). Moreover, for every a. > 0, we have x (Z’—/) =K{)
€Y,

We will use (-,-) to denote the duality product between H ! and H}.
We denote by O a generic real sequence which tends to zero with € and
can change from line to line and by C' a generic positive constant which can
change from line to line.
A priori estimates: let us begin with a lemma on the Poincaré inequality in
the domain ..

Lemma 3.1. There exists a constant C' independent of €, such that,
1) if ac = e, with ac/e = A\, 0 < X\ < +00, or a. < ¢, then
19l 2500 < Cac el o s s V0 € HIOP,  (3.2)
ii) if ac > ¢, then
190 126,y < Ce Dbl oy, yons» V0 € Hy (). (3.3)

Proof. The proof is similar to Lemma 4.2 and Remark 4.3 in [2] with p =
2. O

Remark 3.2. Observe that if f. € H1(Q.)? such that f.(x) = (f.(z),0),
then there exist fO, f1, f2, 2 with f! € L*(Q.)? for all 0 < i < 3, such that

€

fl=f9—div,G., where G. = (f1, f2, f3) € L*(Q.)**3, and

3 1/2
1 fellr-1(q.) = (Z Hfgll%?(Qs)?) : (3.4)
i=0

We remark that div,G. € L?(Q.)? with entries (div,Ge)r = 22:1 E?uff’k,
k = 1,2. Moreover, applying the change of variables (2.2), we have that
fl = f0—div.G., where fi € L?(Q)% forall 0 < i < 3,and G. = (fL, f2, f3) €
LQ(Q)QXB.

Remark 3.3. Observe that thanks to (3.4), the assumption (2.1) can be writ-
ten by

1£2172q02 + 12122 (a2 + 121122 + 1£20 2202 < Cey (3.5)

which implies, using the change of variables (2.2),
||f£||2L2(Q)2 + Hf;-,-lH%Z(Q)? + ||fs2||2L2(Q)2 + ||f§’||%2(sz)2 <C, Ve>0. (3.6)
Let us obtain some a priori estimates for ..

Lemma 3.4. There exists a constant C' independent of €, such that if u. €

HL(Q.)3 is the solution of (2.3), one has
1) if ac = e, with az/e = A, 0 < X\ < +00, or a. < ¢, then
Hﬂ6”L2(ﬁs)3 < Ca, ||DEﬂEHL2(§€)3><3 <C, (3.7)
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ii) if ac > ¢, then
Hﬁs”p(ﬁi)s <Ce, |D: “6||L2 )3x3 <C. (3-8)

Proof. Multiplying by 4. in the first equation of (2.3) and integrating over
., we have

N”Dsﬂs”iz@zs)sxa = <fsvﬂs>ﬁs- (3'9)

Taking into account (3.4) and (3.6), we can deduce that
2

1/2 3 1/
TR (Z 1Fi12aq, ) < (Df;niz(mz) <c, (3.10)
=0
and we obtain
<f€aﬂ5>ﬁg <C ||Da5||L2(3725)3><3 <C ||D€€LEHL2(§5)3X3 )

and by (3.9), we have
||Daaa||L2(§E)3><3 S C.

For the cases a. ~ ¢ or a. < ¢, taking into account (3.2), we obtain
||U’EHL2(Q < Ca..

For the case a. > &, proceeding similarly with (3.3), we obtain the first
estimate in (3.8). O

We turn to the case of the pressure. From equation (2.3), we easily
obtain that V.p. is uniformly bounded in H~1(.)?. Then, a well-known
theorem of functional analysis (see, e.g. Proposition 1.2, Chapter I, [10]),
states that p. € L2(Q.) with the following estimate

||ﬁ6||Lg(sz) < C(9) ||Vsﬁa||H—l(§E)3 :

In the above estimate, the constant depends on the domain QE, and thus may
be not uniformly bounded when € goes to zero. Then, the idea is to extend
the pressure to the whole domain 2.

The Extension of (4., p.) to the whole domain 2: we will extend the solution
(e, Pe) to the whole domain (2. It is easy to extend the velocity by zero in
Q\Q. (this is compatible with the Dirichlet boundary condition on 99Q.). W

will use the same notation, 4., for the velocity in Q. and its continuation in
Q. We note that the extension . belongs to H{ (£2)3.

Now, we give some properties of the restricted operator from Hg(£2)3
into HZ(€2.)3 preserving divergence-free vectors. First, we extend the tech-
nique of Tartar [9] to the case of a thin domain, i.e. we define and give some
properties of the restricted operator R. from H}(Q.)? into H}(Q.)3.

Lemma 3.5. There exists a (restriction) operator R. acting from H}(Q:)?
into Hg(Q:)? such that
1. Rov=w,ifve H} Q)3 (elements of HE(Q:)? are continuated by 0 to
Q)
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2. div(Rev) =0 in Q, if dive =0 in Q.
3. For anyv € HY(Q:)? (the constant C is independent of v and €),
1) if ae = e, with ac/e = X, 0 < X\ < 400, or a. < €, then

[Revl|p2i0.ys < CHUHH&(QE):"’

1
||DR5UHL2(QE)3X3 < C; ||v||Hé(Qa)3 ’
€

ii) if ac > ¢, then

IN

HREU||L2(QE)3 c ||U||H5(QE)3 )

A

1
||DREUHL2(QE)3><3 > Cg HUHHg(QE)S :
Proof. We argue similarly to the proof of Lemma 4.5 in [2] with p=2. O

Now, using the restricted operator R, defined in a thin domain, we define

the restricted operator from H{ () into Hg (£2.)? and give some properties.

Lemma 3.6. Let us define R0 = R.v for any © € H(Q)3, where 5(z',y3) =
v(a’,eys) and R, is defined in Lemma 3.5. Then, there exists a constant C,
independent of 0 and €, such that

1. Rio=1, if o € HY(Q.)? (elements of HL(Q.)? are continuated by 0 to

Q)
2. dive (Re0) =0 in Q., if dive o =0 in Q
3. For any © € H}(Q)3 (the constant C is independent of © and ¢),
i) if ac m e, with ac/e = X\, 0 < X\ < 400, or a. < ¢, then

HRE@\H@)B < Clollmgay -
~ 1 .
[P-Betl| g s = O Mol

ii) if ac > ¢, then
|72

HDERE@

< C H@||H3(Q)3 )

Lz(ﬁg)s

L.
L2(@. )33 Cg ||U||Hg(n)3 :

Proof. Considering the change of variables given in (2.2) and the estimates
given in Lemma 3.5, we obtain the desired result. O

Lemma 3.7. There exists a constant C' independent of e, such that the exten-
sion (iie, P-) € HE(Q)3 x L3(2) of the solution (i, p:) of (2.3) satisfies
i) if ac = e, with ac /e = A, 0 < A < 400, ora. < g,

~ 1
el 2y < Cae WDl paoes €5 |2, <0 311)

12:1(0) e

ii) if ac > ¢,

el agys < Cer IDsicllagyons <C5 |||




The transition between Navier-Stokes equations to Darcy equation 13

Proof. Taking into account Lemma 3.4, it is clear that, after extension, the
two first estimates in (3.11) and (3.12) hold.
The mapping R, defined in Lemma 3.5 allows us to extend the pressure
pe to Q. introducing F. in H=1(Q.)3:
(F.,9)q. = (Vpe, Re(¢))a., forany p € Hy(Q.)?. (3.13)
We calcule the right hand side of (3.13) by using (1.3) and we have

(Feat)g, == | Duc: DR()do+(fe Re(@)a~ [ (Ve Relip) o
Qe Qe
(3.14)
Moreover, divip = 0 implies
<Fsv ('0>Qa =0,

and the DeRham theorem gives the existence of P. in L3(Q.) with F. = VP..
We get for any ¢ € W()l’p(Q)3, using the change of variables (2.2),

(VeP.,9)o = — / P. div, ¢ da'dys
Q

= —5_1/ P.diveds =e N (VP.,¢)q. .

€

Then, using the identification (3.14) of F.,
FPoda = (< [ Duc: DRo) dr 4 (e Rele
Q.
—/ (ue - VYucRe () dx) ,

Qe
and applying the change of variables (2.2),

(V.P., 5o = _“/ﬁ D.iie : D.Ru(@) da'dys + (Jo, Ba()),
’ (3.15)
- /~ (e - V)i Ro(@) dz' dys
Q.

where R, is given in Lemma 3.6.

Now, we estimate the right-hand side of (3.15). First, we consider a. ~ ¢
or a. X €.

Using (3.7) and Lemma 3.6, we get

b [ Detics DRAG) da'dy| < CIDRP)] oy
QE

) (3.16)
< C;ﬁ”@”%(a)m
and by (3.10) and Lemma 3.6, we have
(for Be(@))g.| < CIDRAP)aga yono

L 1 (3.17)
< CHDERE(‘P)HH(QEPM < C;H‘PHH&(Q)3~
€
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The inertial term can be written by

/~ (lle - V)l Re(@) dx'dys = — /~ @iz : Dy Re(p) da’dys  (3.18)
Qe Q

=

1 - -
+2 ([ nicat Ry as'tyn + [ a0yt @) e )
Q. Q

where (u@w);; = wjw;, i =1,2, 5 =1,2,3.
We consider separately the two terms in the right-hand side of (3.18):
(i) The estimate of the first part of the right-hand side of (3.18) has the
form

||’&'€Hi4(ﬁs)3||D$’Re(¢)||[,2(ﬁg)3x2 .

We introduce the interpolation parameter 6 = , where % = g + 1;60 ,
and we have the interpolation
||a€||L4(§E)3 S ||’&’EH (Q )3” E| Lﬁ(ﬂ )

and by the the Sobolev embedding, Hi — L°, and the estimate (3.7), we
obtain
<

<Ca5.

HaE”L‘l(ﬁE)fS ||ﬂ’€|| L2(G. )3” |L2(Q )3x3 =

Then by Lemma 3.6,

- _ 1
/~ Ue®ie : Dy Re (@) da'dys| < Cae ? H(p||Hé(Q)3 .
Q.

(ii) The estimate of the second part of the right-hand side of (3.18) has
the form o

*Hayaaenm Q )3||T~LE||L4 Q )3||Re(~)||L4(ﬁ )3 -
Working as in item (i) and using Lemma 3.6, we have
||ﬂ£||L4(§5)3 < Casz ’

and

- - - _3
1R (@)l i, yo < 1B 6, DR 25 0 < Cae 12 my (s,

and by estimate (3.7), we get

1
/~ (8%1;E slie Re () da’dys + /~
0. a

€
Then, from (3.18) we can deduce that
/~ (e - V2)iie Re(p) da'dys
Q.

Taking into account the previous estimate, (3.16) and (3.17) in (3.15), we
have

Ug 3ay3u5 - (p) da’ dyg) ‘

€

1
< Cac* [l mp s -

_1
< Cac?||@llga o)

_ 1
(VePe, @lal < C;”‘ﬁ”Hé(QP
€
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and so we have the third estimate in (3.11)
Finally, if we argue similarly for the case a. > €, we obtain the third
estimate in (3.12). O

Adaptation of the Unfolding method: let us introduce the adaption of the
unfolding method in which we divide the domain €2 in hexagonal cylinders or
parallelepipeds of base of size a.1/3/2 and vertical length 1. For this purpose,
given the extension (i, P.) € H{(Q)? x L3(Q), i also extended by zero
outside of Q, we define (i, 135) by

/

(2, y) = G (aan (j) + agy’,y;),) , ae (2',y) ewxY, (3.19)

g

- /

P.(z',y) = P. (asm (j) + asy’,yg) , ae (Ziy)ewxY, (3.20)

£

where the function « is defined in (3.1).

Remark 3.8. For £’ € T, the restriction of (i, P:) to ka,% x Y does not

depend on z’, whereas as a function of y it is obtained from (@, PE) by using

the change of variables
, x —ack
Yy =———"
Qe

which transforms Y}/ ,_ into Y.

Let us obtain some a priori estimates for the sequences (e, ]56)

Lemma 3.9. There exists a constant C' independent of e, such that (4., P:)
defined by (3.19)-(3.20) satisfies

i) if ac = e, with ac /e = A, 0 < A < 400, ora. < g,

1Dy icll gy < Caer 19yt ey ys < Ce
) <C P <C !
||U6HL2(wa)3 =L e H E‘ L(wxY) a.’

ii) if ac > e,

HDy’ﬁsHm(wa)sw < Ca, ||ay3ﬁ5HL2(w><Y)3 < G,
~ < C’ 5 < C 1
liell L2 (xyys < €8 || Fe LBwxy) ~ €

Proof. Using Lemma 3.7 and reasoning as in the proof of Lemma 4.9 in [2],
we have the desired result.
O
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Some compactness results: in this section we obtain some compactness re-

sults about the behavior of the sequences (@, P:) and (4., P:) satisfying a
priori estimates given in Lemma 3.7 and Lemma 3.9 respectively. If we argue
similarly to Section 5 in [2], we obtain the following results.

Lemma 3.10. For a subsequence of ¢ still denoted by e, there exists P € L3(Q),
independent of ys, such that
i) if ac e, with ac/e = X\, 0 < X < 400, or a. < &, then
a.P. — P in L%(Q),
ii) if ac > ¢, then
eP. = P in L(Q).
Lemma 3.11. For a subsequence of € still denoted by €,
i) ifa. = e witha./e — X\, 0 < X\ < +00, then there exists i € H(0,1; L*(w)?)
where ug =0, and u =0 on y3 = 0,1, such that
=~ (@,0) in H'(0,1;L*(w)"),
ae
ii) if ac < ¢, then there exists i € L*(Q)3 where i3 = 0, and @ = 0 on
ys = 0,1, such that

ae
iii) if az > ¢, then there exists & € H'(0,1; L?(w)3) where i3 = 0, and
u=0 onys=0,1, such that
Yo (@,0) in HY0,1; L2 (w)?).
€
Moreover, in every case

1 1
div, (/ ﬂ’(x’,yg)dyg) =01 w, </ d’(z’,yg)dy3> n=0on Ow.
0 0

Lemma 3.12. For a subsequence of € still denoted by e,
i) ifa. = e withas/e = X\, 0 < X\ < +00, then there exists i € L*(w; H} (Y)?),
with . =0 on w X Yy and on y3 = 0,1, such that

Yo din LAw; HY(Y)?),
a€

divyt =0 in wxY,
where divy = divy + A0y,
il) if ac < €, then there exists i € LQ(Q;H;(Y’)?’), with @ =0 on w x Yj
and on y3 = 0,1, such that

Y sain D(OHY(Y')),
a’E

divy @' =0in wxY,
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iii) if a. > ¢, then there exists 4 € H'(0, l;Lg(w x Y")3), with & = 0 on
w X Ys and on y3 = 0,1, such that

% — (@,0) in HY0,1; L*(w x Y')?),
divy @' =0in wxY.

Moreover, in every case

1
- 1 N
/U(wﬂys)dyz:fy, /U(ﬂ«“’,y)d%
0 Y| Jy
and

div, (/ ﬁ’(x’,y)dy) =01 w, (/ ﬁ’(x’7y)dy> ‘n=0 on Jw.
1% Y

Lemma 3.13. For a subsequence of € still denoted by e, there exists P e
L3(w x Y) such that

i) if ac = e, with ac/e = A\, 0 < X\ < +00, or a. < ¢, then
a:P. = Pin Li(wxY), (3.21)

ii) if a. > ¢, then
eP. ~Pin Li(wxY). (3.22)

Proof of Theorem 2.1. We will multiply system (2.3) by a test function hav-
ing the form of the limit @ (as explicated in Lemma 3.12), and we will use the
convergences given in the previous section in order to identify the effective
model in every case.

First of all, we choose a test function v(z’,y) € D(w;C&’O(Y)?’) with
v(z',y) = 0 € w x Y, (thus, v(z/, 2’ /ac, y3) € HL(Q.)?). Multiplying (2.3) by
v(a’, 2’ [ae, y3), integrating by parts, and taking into account that reasoning
as in the proof of Lemma 3.7 for the inertial term we get

1
/ﬁ(ag.vg)agvdx/dm < Cad ol s e

then we have
/ Dyt : Dyvda'dys + —/ Dyiiig : Dyrv dx’ dys

Oy e : Oyvda’dy —/Pgdlvx/v dx'dy
/ Y Y 3 0 3 (3.23)

- 1 . .
- / P, div,v' dz'dys — 7/ P. 0y vz dx'dys = (fe,v)g + O-.
e JQ g Ja €
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We analyze the second member of (3.23). Taking into account Remark 3.2,
we observe that

(fe,v) / fO 0 dx dy3+/ G’ : Dy’ da'dys

—|-g 3 G- Oy, da'dys + —/ G : Dy’ da' dys,
0.

(3.24)
where G = (fs,fa) € L2(2)2*2 and Ges = fs € L2(Q)%

We define fi, 0 <i <3, by
. . x!
i) = 7t (o (2

=

> +aay’,y3> , ae (y)ewxY,

where the function k is defined in (3.1). Reasoning as in Lemma 3.9 and
taking into account (3.5), there exists a constant C' independent of &, such
that

||f§HL2(wxy)2 <C, 0<1i<3,

and then for a subsequence of ¢ still denoted by ¢, there exists f i e L? (wxY)?
0 <4 < 3, such that

fi=fiin LPwxY)?,  0<i<3. (3.25)

Now, by the change of variables given in Remark 3.8, from (3.23) and (3.24),
we obtain

H N K -
— Dy/uls : Dy/v/ dx’dy + ?/Xy aygu/s : (9y3vl dx’'dy
1

e Juxy
- / P divy v do'dy — — P. divyv' da'dy
wXY Qe Juxy (3.26)
FO o' da' dy + G : Dy da'dy
wXY wXY
1 A I 1 1 A1 I 1
- Ge3 1 Oyv da'dy + — G : Dyv'da'dy + O, ,
€ Juxy Qe Juxy

_|_

and

% / Ve 3 - Vyvsda'dy + % / Byylic 3 - Dy v3 da'dy
Az Jwxy € wXxY

1 . (3.27)
—7/ P, 0y, v3da’dy + O, =0,
€ Juxy
where G = (f1, f2) € L2 (w x V)22, G5 = f3 € L2(w x Y)2.
This variational formulation will be useful in the following steps. We
proceed similarly to the proof of Theorem 6.1 in [2], so we will only give
some details.

Step 1. Critical case a. &~ €, with a./e = X\, 0 < A < +00. We choose a
test function v. = (a-v’, Aevs) in (3.26)-(3.27), passing to the limit using the
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convergence (3.25), Lemma 3.12-i) and the convergence (3.21), we obtain
,u/ Dy : Dyvda'dy + uA/ Oy, 2 Oyyv da'dy
UJXYf UJXYf
= / G Dy da'dy + )\/ G3 : Dy, da'dy
><Yf ><Yf

where & = (f1, f?) € L (wxY)?** and Gs=f3e¢ LZ(wxY)?. The previous
variational formulation is equivalent to the effective system

—,qu&—i—VA(j:—diVAG'—VI/P in wxYy,
divyt =0 in wx Yy,

4=0in wxYs;, =0 onys=0,1,
div, (/ f/(x’,y)dy) =0in w, (3.28)
Y

(/ ﬁ’(x',y)dy) ‘n=0on Jw,
Y

y — (', y),4(z',y) Y’ — periodic,

where Ay = Ay + X092, Vi = Vi + VA9, and divy = divy +Ady,. Observe

Zhat 1011;0\@ € Lg (wxY)? given by its entries (divy Q) = Z§=1 Oy, f£+>\3y3 f,g’,

Step 2. Subcritical case a. < €. We choose a test function of the form
ve = (agv', acevs) in (3.26)-(3.27), passing to the limit using the convergence
(3.25), Lemma 3.12-ii) and the convergence (3.21), we obtain

u/ Dyd' : Dyv' = / G Dyv' da'dy .
w><Yf U‘)XYf

The previous variational formulation is equivalent to the effective system
quy/f/ +Vyq= 7divy/é, - VT/P in wxYy,
divy/ﬂ’ =0 in wxYy,

@ =0in wxYs, =0onys=0,1,

U
div,, < ) =0in w, (3.29)

</ ﬂ’(x',y)dy) ‘n=0on Ow,
Y

y —a/ (2, y),¢(x',y) Y’ — periodic.

Observe that div, G’ € L;(wxY')? given by its entries (div, G =27, 0y fL,
k=1,2.

Step 3. Supercritical case a. > . We choose a test function v, = (ev’, 0)
n (3.26)-(3.27), passing to the limit using the convergence (3.25), Lemma
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3.12-iii) and the convergence (3.22), we obtain

,u/ Dyt + Oy, v'da’ dy = / G : v da'dy .
wxY

oJXYf

This variational formulation is equivalent to the effective system
—pdp ' +Vyj=-VeP—-0,Gs in wxYy,

divy@' =0 in wxYy, a4=0ony;=0,1,
divy o'(2',y)dy | =0in w,
o (e om) o

(/ o' (2, y)dy) ‘n=0on Ow,
1%

y — 4/ (2, y),q(a’,y") Y — periodic.

Observe that ay361'3 € L%(w xY)? given by its entries (aygég)k = fg’, k=1,2.

Step 4. In this final step, we will eliminate the microscopic variable y
in the effective problem. The derivation of (2.4), (2.5) and (2.6) from the
effective problems (3.28), (3.29) and (3.30) respectively, is an easy algebra
exercise. Let us point that problems (2.4), (2.5) and (2.6) are well-posed
problems since they are simply second order elliptic equations for the pressure
P (with Neumann boundary condition).

As is well-known, the local problems are also well-posed with periodic
boundary condition, and it is easily checked, by integration by parts, that

Ay = [ Da'w): Dywiwydy = [ wilesdy. =12, j=1,23
Yy Yy

Observe that condition [y, widy = 0, i = 1,2, implies that A% = 0. Then
A* € R?>*? and the definition implies that A* is symmetric and positive
definite. Remark that (3.30) can be expressed by means of local problems of
the same type for functions w® and w. These problems can be solved as the
classical derivation of the Reynolds equation, and w' and w can be explicitly
obtained by means of local problems for ¢* and ¢, respectively. As consequence
A and b are given, for i,7 = 1,2, by

1 , .
AT = (e"+Vyq')e;dy', bF(a') = (G3+ Vyq)dy,

Y] % vl Y/
where Gs(2/,y') = 6f01 Gs(z',y)dys — 12 fol ( D Gs(aly, s)ds) dys and G
is defined in Step 1. O
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