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Abstract

We prove some regularity results for the pullback attractor of a non-
autonomous SIR model with diffusion in a bounded domain € of R where
d > 1. We show a regularity result for the unique solution of the prob-
lem. We establish a general result about H?(Q)3-boundedness of invariant
sets for the associate evolution process. Then, as a consequence, we de-
duce that the pullback attractor of the non-autonomous system of SIR
equations with diffusion is bounded in H? (€2)®.
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1 Introduction and setting of the problem

The emerging and reemerging diseases have led to a revived interest in infectious
diseases. Mathematical models have become important tools in analyzing the
spread and control of infectious diseases. Mathematical epidemiology seems to
have grown exponentially starting in the middle of the 20th century (the first
edition in 1957 of Bailey’s book [5] is an important landmark), so that a tremen-
dous variety of models have now been formulated, mathematically analyzed, and
applied to infectious diseases.

The SIR model for the transmission of infectious diseases, which was in-
troduced by Kermack and McKendrick [13] in 1927, is one of the fundamental
models of mathematical epidemiology [1, 6]. Its classical form involves a system
of autonomous ordinary differential equations for three classes, the susceptibles
S, infectives I and recovereds R, of a constant total population.

There is a strong biological motivation to include time-dependent terms into
epidemiological models, for instance temporally varying forcing is typical of
seasonal variation of a disease [12, 20]. Recently, nonautonomous versions of
the SIR model and related epidemic systems for which the total population
may vary in time have been investigated [11, 14, 15, 17, 22, 23].



We consider a classical and well-known model from mathematical epidemiol-
ogy in the form of the SIR equations (cf., e.g., [14, 16]), with diffusion, in which
a temporal forcing term is considered.

Let us introduce the model we will be involved with in this paper. Let 2 C
R?, where d > 1, be a bounded domain with a smooth boundary 9.

We consider the following problem for a temporally-forced SIR model with
diffusion
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where
N(t)=S(t)+ I(t) + R(t),

with the Dirichlet boundary condition
S(z,t) = I(z,t) = R(z,t) =0 on 00 x (tg, +00) (2)
and initial condition
S(x,tg) = So(x), I(x,tg) =Io(x), R(z,t9) = Ro(x)for z €, (3)

where ty € R and the parameters a, b, c and ~ are positive constants such that
v+ g + 5 < A1, where A\; > 0 is the first eigenvalue of the negative Laplacian.
The temporal forcing term is given by a continuous function g : R — R taking
positive bounded values, i.e. q(t) € [¢7,q"] for all t € R where 0 < ¢~ < ¢,
such that ¢’ € L7 (R; L? (2)) .

Before to continue with the setting of the problem, let us introduce some
notation that will be useful in the sequel. L? () denotes the space of square in-
tegrable real valued functions defined on €2 with the norm |-[ 2 g, corresponding
to the scalar product defined

(u,v) :/Qu~vdx

for all u, v € L?(Q2), while H} (Q) denotes the space of such functions satis-
fying the Dirichlet boundary condition that have square integrable generalized
derivatives with the scalar product

((u,v)) = (Vu, Vo) = /QVu - Vudz

for all u,v € H} () and the norm ||-|| := [V 12(q)- We will denote by (-, -) the
duality product between H~! (Q) and H} (Q).



In addition, X3 denotes the space of functions (u1,ug,us) € L2 (€)® with
the scalar product

((u1,u2,u3), (v1,v2,v3)) = (u1,v1) + (u2,v2) + (us, v3)

and norm

(1, w2, us)l 2 () = lutlpzq) + Uzl 2 ) + [usl 2 (g

for all (ui,us,us),(vi,ve,v3) € X3, while Y3 denotes the space of functions
(u1,uz,u3) € HE (Q)* with the scalar product

(((u1,uz,us), (v1,v2,v3))) = ((u1,v1)) + ((uz,v2)) + ((us,v3)),

and norm
[1(u, ug, us)l| = [fua |l + [Juzl] + [[us]]

for all (uy,us,u3),(v1,ve,v3) € Y3. Finally, let X3 be the subspace of non-
negative functions in X3 and Y3+ be the subspace of non-negative functions in
Y3. We will denote the subspace of non-negative functions in H? (Q)3 by Z.

In Anguiano and Kloeden [3] we discussed several issues concerning problem
(1)-(3). We first proved the existence and uniqueness of positive solutions of
(1)-(3) for initial data in X3". The globally defined nonnegative solutions of (1)-
(3) generate a nonautonomous 2-parameter semigroup or process in the Banach
space X;’, i.e., a family of mappings Uy 4, : X; — X;‘ with ¢ > ¢y in R satisfying

Utg,tox =, Ut,tox = Ut,r O Urty®

forall tg < r < tand z € X;‘. In [3, Proposition 1] we established that the
2-parameter family of mappings Uy, : X;’ — X;‘ , to < t, given by

Ut,to (507 I, RO) = (S(t)v I(t)v R(t))v

where (S(t),I(t), R(t)) is the unique positive solution of (1)—(3) with the initial
value (So, Iy, Ro) defines a continuous process on X5 . Then, we studied the
asymptotic behavior of this process in the framework of pullback attractors.
Recall that a pullback attractor for the process U (e.g., cf. [7, 8, 9]) in the space
X5 is a family A = {A(t),t € R} of nonempty compact subsets of X, , which
is invariant in the sense that

Ut,toA(tO) = A(t) for all ¢ > tg
and pullback attracts bounded subsets D of X;r , l.e.,
dist v+ (Ui, D, A(t)) = 0 as tg — —oo,

where we denote by dist Xt (01, 02) the Hausdorff semi-distance in X3~ between
two sets O; and O, defined as

dist y (01,05) = wseu(lg)l yien(gz dxt (z,y) for Oy, Oy C X3 .



Namely, in [3, Theorem 6.2.] we establish that the process Uy 4, has a unique
pullback attractor.

However, as far as we know, there are no results in the literature concerning
regularity of the pullback attractor as we will consider in this paper (for similar
results for the reaction-diffusion equations see [2, 4], and for the Navier-Stokes
equations see [10]). The regularity results on the solutions and the attractors
(that we obtain here) might be useful in the future in order to implement new
methods to seek solutions of more general problems by different arguments, to
gain attraction in higher norms, or for numerical purposes.

The structure of the paper is as follows. In Section 2 we establish a regularity
result for the unique positive solution to problem (1)-(3). In Section 3 we prove
some results which, in particular, imply that, under suitable assumptions, the
pullback attractor A for Uy 4, satisfies that A(t) is a bounded subset of Z; NY;",
for every t € R.

2 A regularity result

In this section, we prove a regularity result for the positive solution to (1)-(3),
whose existence and uniqueness are guaranteed in [3].

Let A: H}(Q2) — H () be the linear operator associated with the negative
Laplacian. The operator A is symmetric, coercive and continuous. Since the
space HE () is included in L%(2) with compact injection, as a consequence of
the Hilbert-Schmidt Theorem there exists a nondecreasing sequence 0 < A <
Ao < ... of eigenvalues of A with zero Dirichlet boundary condition in 2, with
lim;_, o Aj = +00 and there exists an orthonormal basis of Hilbert {w; : j > 1}
of L?(Q) and orthogonal in H{(Q) with V,, := span{w; : 1< j <n} densely
embedded in H}(Q), such that

ij = )\jwj for allj 2 1.
For each integer n > 1, we denote by (S, (¢), I,(t), Rn(t)) = (Sn(t;to, So),

I, (t;to, Ip), Ry (t; to, Ro)) the Galerkin approximation of the solution (S(¢; to, So),
I(t;to, Io), R(t;to, Ro)) of (1)-(3), which is given by

Sn(t):Z'Vrlzj(t)wja In(t)ZZWZj(t)wg» Rn(t)zz%%j(t)wj’ (4)

and is the solution of

O (Sult).wy) = (AS(0) w) + (A(Su(0). L), Ralt). 1)), Vary € Vi (5
D00, 0) = (AL, ) + (o(Sa(8), Lul0), Bul0). ). 07) Yy € Vi (6)
%(Rn(t)ij) = <ARn(t)aw]> + (fS(Sn(t)aIn(t)an(t)’t)ij)7 ij S Vn (7)



with initial data
(Sn(to), wj) = (So, w;) , (In(to), wy) = (Lo, wy) , (Rn(to), wj) = (Ro,wj), (8)
for all w; € V,,, where
g () = (Sn(t),ws),  Vh;(t) = (Tn(t),wy), i (t) = (R(t), w;).

‘We denote

F1(Sn (), In(t), R (t),t) := aq(t) — aS,(t) + bl,(t) — yS"](\Zf;)(t) ,
fQ(Sn(t)’ In(t)? Rn<t)’ t) = _(a + b+ C)In(t> + 'st](\f)f:)(t) )

F3(Sn(t), In(t), Rn(t),t) := cl,,(t) — aRy (),
where N, (t) = S, (t) + I, (t) + Rn(t).

Remark 1 It can be proved that Sy, (t;to,So), In(t;t0, Io), Rn(t; to, Ro) > 0 for
all t >ty (see, for instance, Theorem 2.1 from Chapter 5 in [19]).

On the other hand, if we denote
D(A)={veH}Q): Ave L*(Q)},
with the scalar product
(v,w)D(A) = (Av, Aw) VYov,w € D(A),

then D(A) is a Hilbert space, and D(A) is included in H{(Q) with continuous
and dense injection. Let D(A)* be the subspace of non-negative functions in
D(A).

Remark 2 We note that if Q@ C R? is a bounded C? domain, then we have that
D(A) = H?(Q)N HE (), and moreover the norm induced by (-, )p(a) in D(A)
and the norm of H? (Q) are equivalent.

Next result gives some preliminary (and standard) uniform estimates for the
Galerkin approximations defined above. We include its proof for clarity since it
will be used in the sequel.

Lemma 3 Assume that v + % + 5 < A1 where Ay is the first eigenvalue of the
operator A on the domain  with Dirichlet boundary condition. For any bounded
set B C X;', consider (So, In, Ro) € B. Then, the sequence of corresponding
solutions to the Galerkin scheme (4)-(8) is bounded in L*(to, T;Y; ) for all
T >tp.



Proof. Multiplying by %llj in (5), by %213' in (6), by ,V?Lj in (7) and summing
from j =1 to n, we obtain

1d
52 (1800 320y HI ) s )+ R 1) 20 ) + ISP+ 1)+ ()]

= (S1(Sn(r), In(r), Rn(r), 7), Sn(r) + (f2(Sn(r), In(r), Ru(r), ), In(r))
+ (f3(Sn( ) ( ),Rn(T‘),T),Rn(T)). (9)
We have

(Fu(Sn (), Ln(r), Ru(r), 1), 8n(r) < (g7)? |Q|+(b+7)|5()|iz(m

S|

T3 |In(r)‘L2(Q) ) (10)
where

I,(r,x)
Ny (r, )

(o)<

since |I,,/N,| < 1.
‘We deduce

(F2(Sn(r), In(r), Bn(1),7), I (1)) < [In(r)] 720 (11)
since |S,,/N,| < 1 and we also obtain
(falSn (), L(r), Bu(r), 1), Bu(r) < 5 1) F20) + 5 [Rn ()2 - (12)

Taking into account (10)-(12) in (9), we can deduce

S (r,2) | dz < | (r)[72(0

1d
5 (150 (0 a0 0y H B () ) ) +ISu I+ T (P4 1R

a b+c
< Z(q+)2 Q[+ (2 + ’7) (\Sn(TNiz(Q)+|In(7‘)|2L2(Q)+|Rn(T)|2L2(Q)) :

By the Poincaré inequality, we have

d
(1) 3 )+ () )+ Bn ()2 ) (13)
dr

a

+2 = AT b+ ¢+ 29) (ISaMIPH L) +HIR()I?) < F(a)2 19,

[\

provided v+ 2 + £ < A;.
Integrating between ¢y and 7', the result follows. m
Now we may establish a regularity result for the solution to the problem.

Theorem 4 Suppose that Q C R? is a bounded C? domain and assume that
’erng% < A1 where Ay is the first eigenvalue of the operator A on the domain
with Dirichlet boundary condition. Then, for any initial condition (So, Iy, Ro) €
Y;", the solution to (1)-(3), whose existence and uniqueness are guaranteed in
[3], satisfies in addition that (S,I,R) € C ([to,T);Y5") N L? (to, T; (D(A)T)?),
for all T > tg.



Proof. Let (So, Iy, Ro) € Y3, and we consider the basis of Hilbert {w; : j > 1}
of L?() formed by the eigenfunctions associated with eigenvalues of the opera-
tor A with zero Dirichlet boundary condition in €. It is not difficult to conclude
that w; € D(A)

For each integer n > 1, we consider the sequence {(Sy, I, Ry)} defined by
(4)-(3).

Multiplying by the derivative (’y,le)’ in (5), by the derivative ('yij)’ in (6),
by the derivative ('yij)’ in (7) and summing from j =1 to n,

1S 220+ oy HB () a0y (ISP () P+ B
= (RS, 1), Ba(r), ), S40)) + (o (Sr), L), Ra(r). 1), 1)

+ (fs(Su(r); Ln(r), Ra(r), ), By (r)) - (14)
We obtain
(FL(Su(r), Tar), Ra(r), ), $4(r)) < (g 2100+ 3 1S40 2o (15)

1 3(a247%) 10 (1) 2y +30% 11 (1) 22

(N s0) = [ w6

2 1 2
< 37?[Sn ()12 0y + D 1S5 (M2 () »

where

| (r, )] 1S, (r, )| daz

since |I,/N,| < 1.
We have

(f2(Sa(r), In(r)s Ru(r), ), I, (r)) < ((a+b+¢)*+7%) [L(r)| T2y (16)
+

1 2
B ‘I;L(T”L?(Q)’

since |Sp/Np| < 1.
We also obtain

(f3(Sn(r) Ln(r), Ru(r) 1), By (1)) < % |R/n(7”)|iz(g) + ()2 (A7)
+a? [Ru(r) 720 -

Taking into account (15)-(17) in (14), we have

! / d
190.) Z2 o+ ) ey + 1B () 1200y 2= (I8 IPHIZa () P+ 1B (1))
< 203(¢H2100+ b (1900 e + i) + 1Ba()iaqy)  (18)

for an appropriate positive constant k;.



Integrating now between ty and ¢, we obtain

1
2 2 2
SIS0 i) O 0y + RO )8+ 1 O + TP+ | RO
0

< USoll* + 11ol* + | Roll* +2a°(¢™)? 2] (¢ — to)

t
+ kl/t(ISn(e)\iz(m+\In(0)|iz(m+|Rn(9)|§2(m)da. (19)

Using the Poincaré inequality in (13) and integrating between to and ¢, in
particular, we obtain

t
[ (1522200 +11 O )+ R (O) 0 ) 0 (20)
to
a
< C(190f3 20y + Hol3zoy+Rolfeoy+ 5 @) 191 (E—t0)) , ¥n =1

where C'(\1,b,¢,7) := (2\1 —b—c—2y)7L.
Taking into account (20) in (19), we deduce

J

< (1+RATC) (IS0l + ol + I1Rol) + ()2 19 (¢~ to) (2% + SkaC),

o~

2 2 2
|5é(9)|m<sz>+|1L(9)|Lz(n>+IRZ(9)|L2<Q))d9+IISn(t)||2+HIn(t)II2+HRn(t)||2

o

for all ty < t.

It follows that {(Sy, I, R,)} is bounded in L™ (to,T;Y;") and {5}, I}, R}
is bounded in L? (to, T; X3), for all T > t.

Taking into account the uniqueness of solution, it is not difficult to conclude
that the sequence {(Sy, I, Ry)} converges weakly-star in L™ (to, T, Y3+) to the
solution (9, I, R) of (1)-(3), and we also obtain that (S’,I’, R') € L? (to, T; X3).

Now, we will see that the Galerkin sequence {(S,, I, R,)} is bounded in
L? (to,T; (D(A)™)?), and in which case we will have that (S,I,R) €
L? (to, T; (D(A)™)3).

As (S,1,R) € L™ (to,T;Y;") and (S',I',R') € L*(ty,T; X3), by Theorem
2.1 in [21], we can deduce that (S,I,R) € C ([to, T1;Y5h).

To prove that the sequence {(Sy, I,, R,)} is bounded in L? (to, T; (D(A)7)?),
multiplying in (5) by )\j'yrlbj, in (6) by )\j'yflj and in (7) by )\jfyflj, where ); is
the eigenvalue associated to the eigenfunction w;, and summing once more from
J =1 to n, we have

(S5, (r), A, (1)) + (I (r), AL(r)) + (R}, (), ARy (7)) (21)
= |ASL(1)32q) + AL 2Q)+\AR (M7
+ (F1(Sn(r), Ln(r), Ru(r),7), ASu(r)) + (fa(S <> w(r), Ru(r),7), AL(r))
+ (£3(Su(r), L (r), Ru(r), 1), ARy (r)).



We obtain
— ([1(Sn(7), In(r), Ru(r),7), AS, (1)) < 2a*(¢™)* Q] + %IASn(T)Isz(m (22)

+ 2(a2+72)|5n(7")‘2L2(Q)+2b2|ln(7“)‘2m(9)

(e es0) = [1]365

2 1 2
<297 |Sn (M) T2(0) + 3 [ASn(r)[120) »

|Sn(r, )| |AS, (r, x)| dx

since |I,,/Ny| < 1 and similarly, we have
= (f2(Sn(r), In(r), Rn(r),r), AL (r)) < |AIH(T)|2L2(Q) (23)

(a+b+0)?+9°) L. ()]0 -

+

since |Sp/Np| < 1.
We also obtain
1
(F5(Su(), L), Rur), 1), AR () < 5 AR () a0+ () (24
+a® [ R (r)[12q -
Taking into account (22)-(24) in (21), we have

d
(ISP N O+ B () HAS (1) gy + 1AL (1) oy AR (1) oy

< 4a2(q) 190+ 227 ks (1S () 4+ 172 + [ Ra(r)]1)

for all > t( and for an appropriate positive constant ks.

Finally, integrating the last inequality between ¢ty and T, and taking into
account that {(Sy, I, R,)} is bounded in L (to,T;Y5"), we can deduce that
{(Sn,In, Rn)} is also bounded in L? (to, T; (D(A)T)3). m

Taking into account the uniqueness of solution of (1)-(3) and using Lemma
3, it is not difficult to conclude the following remark.

Remark 5 Under the assumptions in Theorem 4, for any initial condition
(S0, o, Ro) € X5, the solution (5,1, R) of (1)-(3) satisfies

(SvlaR) € LQ(thT; Y3+)7
for all T > tg.

As a consequence of Theorem 4 and Remark 5, we can now establish the fol-
lowing result.

Theorem 6 Under the assumptions in Theorem 4, for any initial condition
(S0, Io, Ro) € X5, the solution (S, I, R) of (1)-(3) satisfies

(S,1,R) € C ((to,T);Y5") ,
for all T > ty.



3 H2-boundedness of invariants sets

In this section we will prove that under suitable assumptions, every family of
bounded subsets of X ;‘ which is invariant for the process U, is in fact bounded
in ZF.

First, we recall a lemma (see [18]) which is necessary for the proof of our
result.

Lemma 7 Let X,Y be Banach spaces such that X 1is reflexive, and the in-
clusion X C Y is continuous. Assume that {u,} is a bounded sequence in
L>(tg,T; X) such that u, — u weakly in L(ty,T;X) for some q € [1,+00)
and u € C%([to, T];Y).

Then, u(t) € X for allt € [to,T] and

1)l < sup lunllpo g rixy -Vt € [t0, T
77’_

We first prove the following result
Proposition 8 Assume the assumptions in Theorem 4. Then, for any bounded
set BC X4, anyto €R, any e > 0 and any t > to + ¢, the set {(S,(r;to, So),
I, (r;t0, Lo), Rn(r;to, Ro)) = 7 € [to+e,t], (So,Io, Ro) € B, n > 1}, is a bounded
subset of Y3".
Proof. Let us fix a bounded set B C X3+7 to € R, e >0,t>ty+ ¢, and

(So, Io, Ro) € B.
Integrating (18) between s € [tg,r] and r < t, we obtain

S

/ Z|s;<o>|iz(g)+\L@(@@m+|R;<e>\ig(m)da+||sn<r>||2+|un<r>||2+|mn<r>\\2
< IS+ M) + IRa(I” + 2077 9] (¢~ o)
+ b [ (19O oy HIO oy + 1Rn @) )0
Using (20), we have
/S (192,002 IOy HEL Oy ) O[S+ () P+ ()]
< Su (I + 1T ()P + IR + (a4)? |2 (¢ — to)(2° + 5H:C)
+ 1aC (ISol32(0) 1ol 0y + Rol 2y ) - (25)

for all s € [tg, 7], and any r € [to, t].

10



Integrating in this last inequality with respect to s from ty to r, we, in
particular, obtain

(r = to) (ISa(M)I* + 1T () + |1 Ba(r) ) (26)

< [(ISs @I+ I+ Ra () ds (a2 19 (¢ - to)? 20+ i C)

to

2 2 2
+ ]aC (180132 + 1ol a0+ Rol e ) (¢ to).

for all r € [to, t], and for any n > 1.
Now, integrating (13) between t; and r, we obtain

|Sn(T)|2L2(Q)+|In(7")‘2L2(Q)+|Rn(7’)‘2L2(Q) (27)
b N Orer2) [ (ISP R )ds
to
a
< [S0[72(0) + o[22 R0l 20+ 5 () 192] (£ to),

for all r € [tg,t], n > 1.
From (26) and (27), our result holds. m

Corollary 9 Under the assumptions in Proposition 8, for any bounded set B C

X§L, any tg € R, any € > 0, and any t > ty + ¢, the set U Uy, B is a
r€ftote,t]

bounded subset of Y,

Proof. Thisis a straightforward consequence of Lemma 7, Proposition 8 and the
fact that the Galerkin sequence (S,,(+; to, So), In(-; to, Lo), Rn(+; to, Ro)) converges
weakly to the unique solution to (1)-(3) (S(-;to,S0), I(*;t0, o), R(-;to, Ro)) in
Lz(to, t; Y;r) u

Proposition 10 Under the assumptions in Proposition 8, suppose moreover
that ' € L (R; L*(Q)) . Then, for any bounded set B C X, any ty € R, any

e >0, and any t > to + &, the set {(Sn(r;to, So), In(r;to, Lo), Rn(r;to, Ro)) :
r € [to +¢&,t], (So, o, Ro) € B, n> 1} is a bounded subset of Z .

Proof. Let us fix a bounded set B C X;r, to e R, e >0,t >ty + ¢, and
(So,Io,Ro) € B.

As we are assuming that ¢’ € L7 (R;L?*(9)), we can differentiate with
respect to time in (5), and then, multiplying by (fy,llj)’ , and summing from
7 =1 to n, we obtain

1d 2 2
o AR B EAG]

= <aq'(r) —aS),(r)+bl) (r)— (SH(T)ITL(T)),S;L(T)) . (28)

11



Now, we differentiate with respect to time in (6), and then, multiplying by
(v2;); and summing from j = 1 to n, we have

;;(uuﬂ@%m)+wumf(<a+“C”M”+V(S§284))I%))(%)

On the other hand, we differentiate with respect to time in (7), and then, mul-
tiplying by (v;;)’, and summing from j = 1 to n, we obtain

(R ) + IR = () — aRG (), o)) (30)

We observe that

Sn<7")ln<7") /_ ' L(r) Sn(r) ) — Sn(rﬂn(T) /
() =50 R G

Using (31) we obtain

wawﬂwum+wuﬂ—v(&“”ﬂ”)W%vo (32)

1 2 1 2
< 3@ ¢ ()20 + Sla+ 7 +b) 19522 ()
b 2
+ (7+§)|ll )72 @t3 TRy (r "2

where

Sy (r) I, (r /, ’ ! 2
G(1$@))%W> 3 1500 Laga) + 1) gy + 5 IR0 e

since |I,/Ny|,|Sn/Np| <1 and similarly, we have
Sn(r) I (r) /
_ ! “n\ /) Tn\ J !/
( w+b+dLmﬁ+v< DR L) (33)

2
< IS, (r )‘LQ Q)+ |I/( )‘L2 @t 3 |R/( iz -

We also obtain

(1) = R (), R(1) < 5 11,0 ey + 5 IR gy (34)

Taking into account (32) in (28), (33) in (29) and (34) in (30), we have

1d 2 2 2 2 2 2
e (I A G e A [ BN AT VAG T AT

1 2 2 2 2
< 30 |¢' ()20 + K3 (|S;L(r)|L2(Q) + L ()12 o) + ‘R;L(TNL?(Q)) ;

12



for an appropriate positive constant ks.
In particular, integrating in the last inequality, it follows

2 2 2
1S (M) 120y + ()20 + [ RL (M) 120
t

2 2 2 2
§|%@mmn+m@mﬂm+muﬂp@+a[ Oy 0
ote
t
2 2 2
b2y [ (18O + IO )+ RO o)) .
t0+8/2

forall tg+¢/2<s<r <t
Now, integrating with respect to s between to + /2 and r,

2
(r = to = £/2) (1S(") 2oy + () Zo(g) + 1B 20y

§[2k3(t—t0—5/2)+1}/t

to+e/2

2 2 2
(‘S;L(GHL?(Q)+|I7/z(9)‘L2(Q)J’_‘R;L(G)'Lz(ﬁ)) dg

t
+ (r—to —6/2)@/ |q/(9)|i2(ﬂ) de,
to+e/2

for all tg +¢/2 < r <'t, and, in particular,

2 2 2
1S5 (") L2y + 0 (1) [2) + [Ba (M) 120 (35)

t

— 2 2 2

<2 1[2k3(t*t0*5/2)+1]/ /2(|S;,(0)|L2(Q)+|I;L(9)|L2(Q)+|R,7L(9)|L2(Q))d0
to+e

t

2

+ a/ |4 (0)[12 (e O,
to+£/2

for all r € [ty + ¢, t].
On the other hand, taking into account (22)-(24) in (21), we have
1 2 2 2
1 (‘Asn(TML?(Q) + |AIn(7")|L2(Q) + |ARn(T)|L2(Q)> (36)
2 2 2
< 18L (M) L2ga) + (M) 2 () + 1R (1) L2y + 20°(a7)? 9]

+ k2 (|Sn(7")|izm) + (1) 720 + |Rn(7")|2L2(Q)) ;

for all » > tg.
Finally, observe that by (25)

t
L (8O ey + 10 + 1 O 0 (37
to+e

< [18n(to +/2) )17 + [ n(to +€/2)1 + | Rn(to +/2)|1?
a
+ (¢")?1Q](t - to) (20 + §k10) + ki C (|50‘i2(9)+|10|3,2(9)+|R0|32(Q)) :
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The result is a direct consequence of Proposition 8 and estimates (35), (36)
and (37). m

Corollary 11 Under the assumptions of Proposition 10, for any bounded set

B C X;’, any to € R, any € > 0, and any t > tg + €, the set U Uyt B is
r€fto+e,t]

a bounded subset of Z3 .

Proof. This follows from Lemma 7, propositions 8 and 10, and the facts that the
sequence (S, (- to, So), In(+;t0, lo), Rn(-; to, Ro)) converges weakly to the unique
solution to (1)-(3) (S(-;to, So), I(:;to, Io), R(+;to, Ro)) in L?(to,t; (D(A)T)3) (see
Lemma 3 and propositions 8 and 10) and that (S(-; o, So), I(;t0, Io), R(:; to, Ro))
€ C([to +¢,t]; Y3") (see Theorem 6). m

As a direct consequence of the above results, we can now establish our main
result.

Theorem 12 Under the assumptions in Proposition 10, if A= {A(t): t € R}

is a family of bounded subsets of X3 , such that U 4, A(to) = A(t) for anyto < t,

then for any Ty < Ty, the set U A(t) is a bounded subset of Z3 NY,'.
tG[Tl,TQ]
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