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Abstract

This paper introduces a new decentralized control strategy for an unmanned aerial manipu-

lator (UAM) constrained to the vertical plane. The control strategy comprises two loops: the

first compensates for the aerial vehicle’s impact on the manipulator; and the second one

implements independent controllers for the aerial vehicle and the manipulator. The control-

ler for the aerial vehicle includes an estimator to compensate for the dynamic influence of

the manipulator, even if it is affected by external wind-gust disturbances. The manipulator

has two revolute joints; however, it is modeled as an dynamically equivalent manipulator,

with one revolute and one prismatic joint. The proposed control strategy’s performance is

evaluated using a simulator that includes the vehicle’s aerodynamics and the manipulator’s

contact force and moment.

1 Introduction

Combining multi-rotor Unmanned Aerial Vehicles (UAVs) with robot manipulators has led

to the more versatile and agile devices termed Unmanned Aerial Manipulators (UAMs). The

applications of UAMs are vast and diverse since UAMs can take advantage of the manipula-

tor’s dexterity and the UAV’s agility. However, technological and scientific issues must be

addressed to exploit their usefulness. Among these problems is the need for lighter materials,

better batteries, foolproof safety, and enhanced performance during tracking/positioning

manipulation tasks. Synthesizing robust control algorithms can tackle the UAM performance

during manipulation tasks.

UAMs are classified by the vehicle’s number of rotors, manipulator links, and arms. In par-

ticular, the manipulator must have at least one actuated degree of freedom to be considered an

UAM. One of the first UAM with a manipulator with 2-DoF revolute joints can be found in

[1]. Nowadays, there are many applications including experimental work on UAMs with mul-

tiple degrees of freedom.

There are two trends in control architectures reported for UAMs: centralized and decen-

tralized. The first considers the UAM as a whole system, and the second one, accounts for sep-

arated dynamic systems, the UAV and the robotic manipulator. In the first approach, only one
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mathematical model describes the UAV and robotic manipulator dynamics. Conversely, in the

decentralized approach, the quadrotor and the robotic manipulator are considered separate

systems; their interaction is viewed as the effect of mutual disturbances. Sometimes, the con-

trol architecture is influenced by the dynamic modeling method used for UAMs. Thus, the

centralized approach fits better with the Euler-Lagrange formalism, while the Newton-Euler

approach follows the decentralized framework. However, under the same conditions both

modeling frameworks are equivalent, generating then the same dynamic models.

As examples of the application within the centralized control approach, in [2] an UAM

with two anthropomorfic manipulators is commanded following the impedance control tech-

nique; in [3] the dynamic model of the UAM is linearized around an equilibrium point and a

Linear Quadratic Regulator (LQR) is employed.

On the other hand, in the decentralized approach, the controllers selected for the UAV and

manipulator can have different formulations that may not require knowledge of the whole

model. In [4] is employed a kinematic control for the two anthropomorphic UAM’s arms,

while a backstepping controller is implemented for the hexacopter that carries the arms. In [5],

a general description of the robustness of decentralization is provided with nonlinear control-

ler at the kinematic level. In [6], a PID-based controller with gravity compensation is used. In

[7], a PD controller is used for the manipulator, while the UAV uses two level controls, one for

translational dynamics and one for attitude dynamics, for an ad-hoc type of UAM satisfying

differential flatness, i.e. fully linearizable by feedback. The work in [8] uses a passive nonlinear

dynamic controller for the UAV and an integral kinematic controller for the manipulator.

Adaptive control has also been implemented in [9]. A review of other centralized and descen-

tralized approaches, summarizing characteristics and differences can be found in [10].

Under the decentralized approach, some authors have pointed out the exogenous nature of

the disturbances from the robotic manipulator to the aerial vehicle and vice-versa, see e.g. [1]

where the effects on the robotic manipulator of the aerial vehicle displacement of the center of

mass and changes in the moments of inertia are characterized through experiments. This cru-

cial observation shows that decentralized approaches are more suitable when external distur-

bances are present, thus allowing to implement robust control strategies for each system

independently. In fact, even though many works, such as those described above, have proposed

a variety of controllers, no attention have been paid to the actual nature of the robustness

gained with the decentralized approaches. This is the main focus of this work where a detailed

analysis of the dynamical interaction between the aerial vehicle and the robotic manipulator

and the ad-hoc design of a robust controller are provided.

Some efforts have been made to take into account the interaction between the UAV and the

robotic manipulator by using equivalent models. For example, in [11], the dynamic model of

an n-link manipulator is described by a one-degree-of-freedom (DoF) revolute joint that con-

centrates the n-link manipulator total mass, assuming that the robot arm reach any com-

manded reference instantly. Thus, as far as we know, the only work treating theoretically the

interaction is in [8], but only at the kinematic level of the robot arm, which means that, in

practice, the analysis is only valid for slow movements when the accelerations can be

neglected.

The present work addresses the problem of controlling the longitudinal UAM dynamics

following the decentralized approach taking into account external disturbances. The longitudi-

nal dynamics considered captures the essential nonlinearities of a 3D environment and most

practical aerial missions are 2D immersed in a 3D workspace [8].

The robotic manipulator is composed of two links with revolute joints, where the com-

puted-torque methodology is employed to design a trajectory-tracking controller [12]. The

robust control implemented in the UAV is based on the PD methodology in combination with
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the estimator of external forces and moments similarly to [13]. As one of the main contribu-

tions of this work and to better illustrate that the manipulator effects over the quadrotor can

be tailored as exogenous disturbances, the robotic manipulator dynamics are modeled as an

equivalent 1-revolute 1-prismatic robotic manipulator, thus the manipulator model approach

proposed in [5] is also extended. The Newton-Euler method and its recursive algorithm [14]

are used to obtain the UAM dynamic model.

Finally, numerical simulations using the UAM realistic simulator reported in [8] are pre-

sented to assess the performances.

The main contributions are summarized as follows:

1. The modelization of a 2-revolute links robotic manipulator as an equivalent 1-revolute,

1-prismatic links robotic manipulator; this permits simplifying the stability analysis, by cus-

tomizing the dynamic effect of the robotic manipulator on the aerial vehicle as an exoge-

nous disturbance. In the previous authors’ works in [8, 11, 15] a simplified model for the n-

link manipulator as a 1-revolute joint manipulator was proposed. However, only kinematics

is considered for the robot arm interaction and control. The dynamic model developed in

this work allows us to characterize its complete nature and formalize the exogenous nature

of the dynamic interaction, i.e. torques and forces. We emphasize that this dynamical analy-

sis is missing in the literature, normally neglected with assumptions such as slow motion,

that indeed are not practical because there may be external disturbances such as gusts of

wind that cause high accelerations.

2. The model developed paves the way for the design of a decentralized robust PD and com-

puted torque nonlinear controllers together with a exogenous disturbances estimator. A

complete stability analysis is provided that ensures that the tracking error is confined to a

vicinity of the origin exponentially, which is a well-known desirable robust property. The

performances are validated through numerical simulations.

The organization of this work is as follows. Section 2 presents the Aerial Manipulator

Dynamics model on the plane. In section 3, the control strategy is developed, as well as the sta-

bility analysis. In section 4 the numerical simulations results are shown, and conclusions and

future work are presented in section 5.

2 UAM dynamic model

This work considers a quadrotor with a robotic manipulator at the bottom, i.e an UAM. The

robotic manipulator has two degrees of freedom as two revolute joints. The UAM’s dynamic

model is obtained under the following considerations in all flight operations:

• the aerial vehicle and the robotic manipulator are considered rigid bodies, i.e. links are not

flexible;

• the relative motions of the propellers to the quadrotor frame are disregarded;

• the union between the aerial vehicle and the robotic manipulator is rigid and remains

unaltered;

• the links move independently only when their actuators generate a moment;

Recall that the robotic manipulator can only move on the plane 0xbzb, see Fig 1.

To obtain the UAM dynamic model the reference frames 0xiyizi, i = 1, 2, 3 on the robotic

manipulator’s links are defined, as in Fig 1.
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2.1 Quadrotor dynamic model

From Newton-Euler laws of motion the quadrotor dynamic model is

mQ
€X ¼ mQge3 þ Fi

p � f iRM

J _O ¼ � O� JOþMb
p � Mb

RM

ð1Þ

where mQ is the quadrotor mass, g is the gravity acceleration constant, e3 = [0 0 1]>, Fi
p is the

force due to the propulsion system, f iRM is the force due to the robotic manipulator expressed in

the inertial frame and X = [x y z]> is the vector of cartesian coordinates. Moreover, J = diag

{Jxx, Jyy, Jzz} is the quadrotor inertia matrix, O = [p q r]> is the quadrotor velocity in body coor-

dinates, Mb
p the moment due to the propulsion system, and Mb

RM the moment due to the

robotic manipulator expressed in body coordinates.

The propulsion force is given by

Fi
p ¼ � TTRe3

where TT ¼
P4

i¼1
Ti is the total thrust produced by the four rotors with Ti the thrust produced

by rotor ri. Moreover, R 2 SO(3) is the rotation matrix from body coordinates to inertial coor-

dinates.Where SOð3Þ ¼
n
R 2 R3�3

jR>R ¼ I; detðRÞ ¼ 1
o

with I the identity matrix. Intro-

ducing the following notation cσ = cos(σ), sσ = sin(σ) for any angle σ, the propulsion moment is

Mb
p ¼

Mb
x

Mb
y

Mb
z

2

6
6
4

3

7
7
5 ¼

‘cp=4ðT2 þ T3 � T1 � T4Þ

‘cp=4ðT1 þ T2 � T3 � T4Þ

Q1 þ Q3 � Q2 � Q4

2

6
4

3

7
5

where ℓ is the distance between the origin of the body frame and the rotation axis of each

rotor, π/4 is the angle between the rotor arm and the body axis 0xb for rotors 1 and 3; and

between the body axis 0yb for rotors 2 y 4. Finally, Qi, i = 1, � � �, 4 is the reaction moment of

each rotor.

Fig 1. Unmanned aerial manipulator. It comprises the aerial vehicle with four rotors n1, n2, n3, and n4; and the

robotic manipulator with two revolute joints R1 and R2. Body axes 0xbybzb and inertial axes 0xiyizi.

https://doi.org/10.1371/journal.pone.0299223.g001
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The force f iRM and the moment Mb
RM can be computed from the inward iteration of the

Recursive Newton-Euler Algorithm (RNEA) that propagates the forces and moments from the

end effector to the robotic manipulator base. The RNEA procedure is completed with the out-

ward iteration to compute links velocities and acceleration. Both iterations allow to obtain the

dynamic model of the robotic manipulator [14].

2.2 Robotic manipulator dynamic model

The ideal workspace of the robotic manipulator considered in this work is a semi-circle below

the quadrotor. This workspace is achieved through the independent motion of the two revo-

lute joints, 1R and 2R; see Fig 2. Fig 2 also shows the robotic manipulator’s center of gravity.

The robotic manipulator motion can be interpreted as the motion of a fully actuated slung

load when it is analyzed from the motion of its center of gravity. This observation gave rise to

modeling the 1R2R robotic manipulator as an equivalent robotic manipulator composed of

one revolute joint 10R and one prismatic joint 1P, as illustrated in Fig 3. This idea was partially

developed in [15] by modeling the 1R2R robotic manipulator as an actuated pendulum with

constant length. Pursuing this idea, in this work, the second degree of freedom is recovered by

considering that the pendulum’s center of mass can move longitudinally using a prismatic

joint, unlike there. As a result, the complete robotic manipulator’s workspace can be covered.

The reference systems shown in Fig 3 follow the link-frame procedure proposed in [14].

Moreover, Table 1 summarizes the link parameters, also known as the Denavit-Hartenberg in

the proximal variant notation [16]. Fig 4 depicts the link parameters.

From the link parameters, the following rotation matrices are obtained

ð0
1
RÞ ¼

cy1
� sy1

0

sy1
cy1

0

0 0 1

2

6
6
6
4

3

7
7
7
5
; ð1

2
RÞ ¼

1 0 0

0 0 � 1

0 1 0

2

6
6
6
4

3

7
7
7
5

ð2
3
RÞ ¼

1 0 0

0 1 0

0 0 1

2

6
6
6
4

3

7
7
7
5

ð2Þ

the rotation matrices use the notation introduced in [14]. Hence, (i+1iR) is the rotation matrix

from reference frame i to i + 1. Moreover, (i+1iR)> = (ii + 1R) and ð
iþ1iþ 2RÞðiþ2

i RÞ ¼ ðiþ1

i RÞ.

Fig 2. UAM ideal workspace.

https://doi.org/10.1371/journal.pone.0299223.g002
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Also, the distance Pi
iþ1

between frame i and frame i + 1 measured from frame i is given by

P0
1
¼

0

0

0

2

6
6
6
4

3

7
7
7
5
P1

2
¼

0

0

0

2

6
6
6
4

3

7
7
7
5
P2

3
¼

0

0

L

2

6
6
6
4

3

7
7
7
5

ð3Þ

Now, without any loss of generality, the following simplifications are considered to tailor

the robotic manipulator dynamic model.

The revolute joint 10R is massless so that the mass of the revolute joints 1R and 2R is con-

centrated at the distal end of equivalent prismatic link P1. Hence,

m10R ¼ 0; mP ¼ m1R þm2R

with m10R the mass of the revolute joint 10R, mP the mass of the revolute joint 1P and m1R, m2R

the mass of the revolute joints 1R and 2R, respectively. Moreover, the position Pi
C of the center

of mass of link i expressed in the i-th reference frame, is defined by the following vectors

P1
C ¼

0

0

0

2

6
4

3

7
5; P2

C ¼

0

0

L

2

6
4

3

7
5 ð4Þ

moreover, the inertia tensors for each point mass are I1
C ¼ 0 and I2

C ¼ 0.

Fig 3. UAM ideal workspace with revolute and prismatic joints.

https://doi.org/10.1371/journal.pone.0299223.g003

Table 1. Link parameters.

i αi−1 ai−1 di θi

1 α0 = 0 a0 = 0 d1 = 0 θ1

2 a1 ¼
p

2
a1 = 0 d2 = 0 θ2 = 0

3 α2 = 0 a2 = 0 d3 = L θ3 = 0

With αi the angle from zi to zi+1 measured around xi, ai is the distance from zi to zi+1 measured along xi, di is the

distance from xi−1 to xi measured along zi, and θi is the angle from xi−1 to xi measured around zi.

https://doi.org/10.1371/journal.pone.0299223.t001

PLOS ONE A decentralized approach for the aerial manipulator robust trajectory tracking

PLOS ONE | https://doi.org/10.1371/journal.pone.0299223 March 7, 2024 6 / 32

https://doi.org/10.1371/journal.pone.0299223.g003
https://doi.org/10.1371/journal.pone.0299223.t001
https://doi.org/10.1371/journal.pone.0299223


Since the robotic manipulator is attached to a flying base, it is necessary to obtain the rota-

tion matrix between the reference frame 0x0y0z0 and the body reference frame 0xbybzb. Note

that both frames are rigidly attached but have different configurations, see Fig 4. The corre-

sponding rotation matrix is the following.

ð0
b
RÞ ¼

1 0 0

0 0 � 1

0 1 0

2

4

3

5

Thus, the boundary conditions for the flying base are [17–19]

O
0
¼ ð0

b
RÞOþ _y0ẑ0

_O0 ¼ ð0
b
RÞ _O þ ð0

b
RÞO� _y0ẑ0 þ €y0ẑ0

_V 0 ¼ ð0
b
RÞ
h

_Vb þ O� Vb þ O� Pb
0
þ O� ðO� Pb

0
Þ � gR>e3

i

where O0 and V0 are the angular and translational velocities of the frame 0x0y0z0, and Vb ¼

R> _X is the translational velocity of the quadrotor expressed in body axes. Moreover, Pb
0
¼ 0 2

R3 is the distance from the frame 0x0y0z0 to the body frame and θ0 is the angle of rotation of

frame 0x0y0z0 with respect to frame 0xbybzb around the ẑ0 axis. The term R>ge3 is introduced

to consider the gravitational acceleration. In the following, Oi, _Oi, Vi and _Vi are the rotational

and translational velocities and accelerations of joint i expressed in the frame 0xiyizi,
respectively.

Fig 4. UAM link variables.

https://doi.org/10.1371/journal.pone.0299223.g004
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The frame 0x0y0z0 is rigidly attached to the body frame so that y0 ¼
_y0 ¼

€y0 ¼ 0, thus the

boundary conditions reduce to

O
0
¼ ð0

b
RÞO

_O0 ¼ ð0
b
RÞ _O

_V 0 ¼ ð0
b
RÞ
�

_Vb þ O� Vb � gR>e3

�

The angular velocities are propagated to frames 0x1y1z1 and 0x2y2z2 following the outward

iteration of the RNEA method, see Appendix A, as follows. Therefore, the angular velocity for

frame 0x1y1z1 attached to a revolute joint with i + 1 = 1 is given by (44)

O
1
¼ ð1

0
RÞO0

þ _y1ẑ1

meanwhile, for frame 0x2y2z2 attached to the prismatic joint with i + 1 = 2, it follows that (45)

O
2
¼ ð2

1
RÞO1

Once again, from the RNEA outward iteration, the angular and translational accelerations

are propagated as follows. For the frames 0x1y1z1 and 0x2y2z2 with i + 1 = 1 and i + 1 = 2,

respectively, one obtains (46) and (47),

_O1 ¼ ð1
0
RÞ _O0 þ ð1

0
RÞO0

� _y1ẑ1 þ €y1ẑ1

_V 1 ¼ ð1
0
RÞ
h

_O0 � P0
1
þ O

0
� ðO

0
� P0

1
Þ þ _V 0

i

For the prismatic joint, one has (48) and (49),

_O2 ¼ ð2
1
RÞ _O1

_V 2 ¼ ð2
1
RÞ
h

_O1 � P1
2
þ O

1
� ðO

1
� P1

2
Þ þ _V 1

i
þ 2O

2
� _Lẑ2 þ €Lẑ2:

Taking into account P0
1

and P1
2

defined in Eq (3) the accelerations _V 1 and _V 2 reduce to

_V 1 ¼ ð1
0
RÞ _V 0

_V 2 ¼ ð2
1
RÞ _V 1 þ 2O

2
� _Lẑ2 þ €Lẑ2

The last step of the outward iteration involves the computation of the links’ center of mass

acceleration, forces and moments acting on it. The acceleration of the link’s center of mass is

computed as follows (50)

_V 1
C ¼ _O1 � P1

C þ O
1
� ðO

1
� P1

CÞ þ
_V 1

_V 2
C ¼ _O2 � P2

C þ O
2
� ðO

2
� P2

CÞ þ
_V 2

Considering (4) the acceleration of the revolute link center of mass reduces to

_V 1
C ¼ _V 1
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The forces acting at the center of mass of each link are (51)

F1 ¼ mR0
1

_V 1 ¼ 0

F2 ¼ mP1

_V 2
C

Finally, under the aforementioned considerations, the moments on each link are N1 = N2 = 0,

and hence the outward iteration is completed.

The inward iteration propagates forces and moments acting on the end effector to the

robotic manipulator base. The inward algorithm runs from i + 1 = 3 to i + 1 = 2. Thus, the

force f2 exerted on link 2, by link 1 and the force f1 exerted on link 1 by the robotic manipula-

tor’s base are (52)

f 2 ¼ F2

f 1 ¼ ð1
2
RÞf 2

ð5Þ

where it is assumed that f3 = 0. Additionally, the torque n2 exerted on link 2 by link 1 and the

torque n1 exerted on link 1 by the robotic manipulator base are given by

n2 ¼ P2
C � F2

n1 ¼ ð1
2
RÞn2 þ P1

2
� ð1

2
RÞf 2

ð6Þ

where it is assumed that n3 = 0. Considering (3) and (4), it follows that

n1 ¼ ð1
2
RÞn2

Finally, the robotic manipulator dynamic model is described by the following equations

tR ¼ n1>ẑ1

fP ¼ f 2>ẑ2

ð7Þ

where τP is the control moment applied to the revolute link, and fP is the control force applied

to the prismatic link. The force f1 and the moment n1 can be expressed in the reference frame

0x0y00z0 as follows

f 0 ¼ ð
0

1
RÞf 1

n0 ¼ ð
0

1
RÞn1

ð8Þ

thus,

f iRM ¼ Rð0bRÞ
>f 0

nb
RM ¼ ð0bRÞ

>n0
ð9Þ

In the following the angle θ1 is replaced by θP measured as shown in Fig 5. Thus,

y1 ¼ yP � yQ

Complex but straightforward computations show that the quadrotor translational dynamic

model constrained to the plane 0xizi becomes

�M
€x

€z

" #

¼ �Mg
0

1

" #

� TT

syQ
cyQ

" #

�

�f iRMx

�f iRMz

" #

ð10Þ
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where the following identity has been considered R> _X ¼ _Vb þ O� Vb, with �M ¼ mQ þmP1

and

�f iRM ¼

�f iRMx

�f iRMy

�f iRMz

2

6
6
6
4

3

7
7
7
5

¼ mP1

cyPðL
€yP þ 2 _L _yPÞ þ syPð€L � L _y2

PÞ

0

syPðL
€yP þ 2 _L _yPÞ þ cyPðL

_y2
P �

€LÞ

2

6
6
4

3

7
7
5

The rotational dynamics constrained to the 0xizi plane becomes

Jyy€yQ ¼ Mb
y � nb

RMq
ð11Þ

where

nb
RM ¼

nb
RMp

nb
RMq

nb
RMr

2

6
6
4

3

7
7
5

with nb
RMp
¼ nb

RMr
¼ 0 and the following identities are instrumental

cðyP � yQÞcyQ � sðyP � yQÞsyQ ¼ cyP , sðyP � yQÞcyQ þ cðyP � yQÞsyQ ¼ syP

nb
RMq

¼ mPL2€yP þ 2mPL _L _yP þmPgLsðyP � yQÞcyQ �
mp
M LcðyP � yQÞcyQ

�f RMx

þ
mp
M LcðyP � yQÞsyQ

�f RMz

Fig 5. Prismatic link angle with respect to the inertial frame.

https://doi.org/10.1371/journal.pone.0299223.g005
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Finally, from (7) the robotic manipulator dynamic becomes

mPL2 0

0 mP

2

4

3

5

€yP

€L

2

6
4

3

7
5þ

mPL _L mPL _yP

� mPL _yP 0

2

6
4

3

7
5

_yP

_L

2

6
4

3

7
5þ

mPLgsðyP � yQÞcyQ

� mPgsðyP � yQÞsyQ

2

6
4

3

7
5þ

� 1

M cðyP � yQÞcyQ
1

M cðyP � yQÞsyQ

�
mP
M sðyP � yQÞcyQ

mP
M sðyP � yQÞsyQ

2

6
4

3

7
5�

�f iRMx

�f iRMz

2

6
4

3

7
5 ¼

tR

fP

2

4

3

5

ð12Þ

Summarizing, the UAM dynamic model that will be considered for control design is described

by Eqs (10), (11) and (12).

3 Decentralized robust control strategy

The control design is divided into two control loops: the inner loop is a state feedback control-

ler that customizes the robotic manipulator effects on the aerial vehicle as an exogenous distur-

bance (C4D), generating a decentralized UAM dynamic model. In contrast, the outer control

loop uses the decentralized model and independently applies control strategies for the quadro-

tor and robotic arm. We first present the C4D state feedback and then the estimator of the

quadrotor exogeneous moments and forces (EQEMF).

Since the quadrotor acts as a flying base for the manipulator, the quadrotor and the robotic

manipulator dynamics are interconnected. Hence, assuming that the forces and moments from

the inward iteration are exogenous signals is not trivial, being this development and analysis con-

tributions of the present work. Therefore, the first step is to show that the manipulator dynamics

can be considered exogenous disturbances for the quadrotor dynamics and vice versa. Since the

robotic manipulator dynamic is fully actuated, its interaction with the quadrotor can be charac-

terized as exogenous, thus allowing to design a control scheme to compensate for its effects.

The following controller is proposed to make the disturbances on the quadrotor from the

manipulator exogenous and vice versa.

Mb
y ¼ mPgLcðyP � yQÞsyQ þ

mp

M
LsðyP � yQÞsyQ

�f RMx

þ
mp

M
LsðyP � yQÞcyQ

�f RMz
þ �My

b

ð13Þ
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tR ¼ �
1

M
cðyP � yQÞcyQ

�f iRMx
� cðyP � yQÞsyQ

�f iRMz

� �

þmPLgcðyP � yQÞsyQ þ �tR

ð14Þ

f ¼ �
mP

M
sðyP � yQÞcyQ

�f iRMx
� sðyP � yQÞsyQ

�f iRMz

� �

þmPgcðyP � yQÞcyQ þ
�f P

ð15Þ

The UAM dynamics (10)–(12) with the inner loop controller RC4D (13)–(15) results in

�M €X ¼ �Mge � TTryQ þ dT

JM

€yQ

€yP

€L

2

6
6
6
6
4

3

7
7
7
7
5
¼

dR

� 2mPL _L _yP � mPLgsyP

� mPL _y2
P þmPgcyP

2

6
6
6
6
4

3

7
7
7
7
5
þ I3�3

�My
b

�tR

�f P

2

6
6
6
4

3

7
7
7
5

ð16Þ

where

X ¼
x

z

" #

; e ¼
0

1

" #

; ryQ ¼
syQ
cyQ

" #

; dT ¼

�f iRMx

�f iRMz

" #

;

JM ¼

Jyy 0 0

0 mpL2 0

0 0 mp

2

6
6
4

3

7
7
5; I3�3

1 0 0

0 1 0

0 0 1

2

6
4

3

7
5

and

dR ¼ mPL
2€yP þ 2mPL _L _yP þmPgLsyP :

Remark 1 It is important to underscore, that the combination of both the coordinate change and
the controller is what ensures that δT and δR can be treated as external disturbances for the quad-
rotor dynamics comming from the robotic manipulator. Furthermore, the proposed change of
coordinates paved the way to the such controller design. More importantly, the proposed design
allows the online estimation of the signals δT, δR, as it is described in the following developments.

3.1 Quadrotor exogeneous disturbances estimator

The estimator of external forces and moments for a quadrotor was introduced in [13]. This

estimator was also employed in the previous version of this study in [15]. The estimator is

based on the Immersion and Invariance method [20]. As it will be evident in the following

developments, if the disturbance is not exogenous, the estimator assumptions fail to be

fulfilled.

First, the quadrotor dynamics is rewritten as

_z1 ¼ �f 1ðz1; ryQ ;TTÞ þ dT

_z2 ¼ �f 2ð
�My

bÞ þ dR

PLOS ONE A decentralized approach for the aerial manipulator robust trajectory tracking

PLOS ONE | https://doi.org/10.1371/journal.pone.0299223 March 7, 2024 12 / 32

https://doi.org/10.1371/journal.pone.0299223


with z1 ¼
�M _X, z2 ¼ Jyy _yQ,

�f 1 ¼ �Mgee3 � TTryQ
be3

�f 2 ¼ �My
b

The external forces and moments errors are defined as

ed1 ¼ dT � Z1 þ b1ðz1Þ

ed2 ¼ _dT � Z2 þ b2ðz1Þ

ed3 ¼ €dT � Z3 þ b3ðz1Þ

ed4 ¼ dR � Z4 þ b4ðz2Þ

ð17Þ

where ηi, i = 1, 2, 3, 4 are the estimator states βi(z1), i = 1, 2, 3, β4(z2) are functions defined on

the design process.

Note that limt!1
ed i ¼ 0; i ¼ 1; 2; 3, implies that the following relationships hold

lim
t!1

Z1 � b1ðz1Þ ¼ dT; lim
t!1

Z2 � b2ðz1Þ ¼
_dT

lim
t!1

Z3 � b3ðz1Þ ¼
€dT; lim

t!1
Z4 � b4ðz2Þ ¼ dR

Defining the dynamics of the estimator states as follow

_Z1 ¼ Z2 � b2ðz1Þ þ
@b1

@z1

�f 1 þ Z1 � b1ðz1Þ
� �

_Z2 ¼ Z3 � b3ðz1Þ þ
@b2

@z1

�f 1 þ Z1 � b1ðz1Þ
� �

_Z3 ¼
@b3

@z1

�f 1 þ Z1 � b1ðz1Þ
� �

and choosing βi(z), i = 1, 2, 3 such as

@b1

@z1

¼ � G1;
@b2

@z1

¼ � G2;
@b3

@z1

¼ � G3; ð18Þ

with Γi, i = 1, 2, 3 positive definite matrices, the external forces estimator dynamics become

ed
ð3Þ

1 þ G1

€ed 1 þ G2

_ed 1 þ G3
ed1 ¼ d

ð3Þ

T
ð19Þ

Following the same procedure for the external moments estimator, its dynamics results in

_ed4
þ G4

ed4 ¼
_dR ð20Þ

with

_Z4 ¼
@b4

@z2

�f 2 þ Z4 � b4ðz2Þ
� �
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and

@b4

@z2

¼ � G4 ð21Þ

being Γ4 a positive defined matrix.

3.2 Quadrotor position and attitude control

The control design for the quadrotor position starts by defining the trajectory tracking error as

eX ¼ X � Xd

where Xd is the reference position. Then we have

€eX ¼ ge �
TT
�M
ryQ þ

dTðtÞ
�M
� €Xd ð22Þ

The vertical dynamics are directly controlled with TT, meanwhile the horizontal dynamics on

the axis 0xi are underactuated and controlled by modifying θQ.

First, we rewrite the term TTryQ as follows

TT
�M
ryQ ¼

TT
�Mr>yQd ryQ

r>
yQd

ryQ
� �

ryQ
h i

where ryQd the desired value for ryQ . Now, the following term is added and subtracted

1

�M
TT

r>yQd ryQ
ryQd :

and hence (22) becomes

€eX ¼ ge2 þ
dT
�M
� €Xd �

1

�M
TT

r>yQd ryQ
ryQd �

1

�M
Y

The term Θ is defined as

Y ¼
TT

r>yQd ryQ
r>
yQd

ryQ
� �

ryQ � ryQd

h i

Let us define the control input TT and ryQd in the following form

TT ¼ u>ryQ ; ryQd ¼
u
kuk ð23Þ

where u = [ux uz]> is a new control input. The final controller is defined through u as follows

u ¼ �M
�
KPX
eX þ KDX

_eX þ ge3 þ
€Xd

�
þ Z1 � b1 ð24Þ

with η1 − β1 the exogenous estimation (19) of the disturbance. The closed loop dynamics

results in

€eX ¼ � KPX
eX � KDX

_eX þ
ed1

�M
�

1

�M
Y

where KPX and KDX are positive definite gain matrices.
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Due to the underactuated nature of the, translational dynamics, the desired angle θQd is

defined geometrically in Fig 6, where ux is the component on the direction of the 0xi axis of

the control vector u, thus, one has

yQd ¼ arcsin
ux

kuk

� �

ð25Þ

Then, the quadrotor attitude control input can then be defined as

�My
b ¼ Jyyð� KPQðyQ � yQd

Þ � KDQð
_yQ �

_yQd
Þ þ €yQdÞ � ðZ4 � b4Þ ð26Þ

where KPQ and KDQ are positive gains and η4 − β4 is the exogenous estimation (20) of the dis-

turbance on the attitude dynamics.

3.3 Robot arm controller based on the equivalent model

The controller design is completed with the following control inputs for the revolute and the

prismatic joints, for the equivalent manipulator.

�tR ¼ 2mPL _L _yP þmPLgsyP

� mPL2

�
KPAðyP � yPdÞ þ KDAð

_yP �
_yPd
Þ � €yPd

� ð27Þ

�f P ¼ mPL _y2
P þmPgcyP

� mP

�
KPPðL � LdÞ þ KDPð

_L � _LdÞ �
€Ld

� ð28Þ

where KPA, KDA, KPP and KDP are positive gains, and yPd and Ld the desired trajectories for θP
and L, respectively.

Fig 6. The angle yQd
.

https://doi.org/10.1371/journal.pone.0299223.g006
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3.4 UAM closed loop dynamics

To sum up everything, the controller and estimator proposed provide the following UAM

closed loop dynamics

_eX 1 ¼
eX2

_eX 2 ¼ � KPX
eX1 � KDX

eX2

�
u>ryQ

m cosðeyQ1Þ
cosðeyQ1Þ

cosðeyQ1 þ yQd
Þ

sinðeyQ1 þ yQd
Þ

2

6
4

3

7
5 �

cosðyQd

� sinðyQd
Þ

2

4

3

5

8
><

>:

9
>=

>;
þ

1

m
m1w

_eyQ1 ¼
eyQ2 �

u>S½ðKDX � G1Þm1 þ ðKDX � IÞm2�w

u>u

_eyQ2 ¼ � KPQ
eyQ1 � KDQ

eyQ2 � Fðu; w;ed4Þ

_eyP1 ¼
eyP2

_eyP2 ¼ � KPA
eyP1 � KDA

eyP2

_eL 1 ¼
eL2

_eL 2 ¼ � KPP
eL1 � KDP

eL2

_w ¼ Awwþ m
>
3
d
ð3Þ

T

_ed 4 ¼ � G4
ed4 þ

_dR

ð29Þ

where eX1 ¼
eX, eX2 ¼

_eX, yQ1 ¼ yQ � yQd
, yQ2 ¼

_yQ �
_yQd

, yP1 ¼
eyP, yP2 ¼

_ey P, eL1 ¼
eL, eL2 ¼

_eL ,

w1 ¼
ed1, w2 ¼

_ed 1, w3 ¼
€ed 1, and

Aw ¼

� G1 I 0 0

� G2 � G1 I 0

� G3 � G2 � G1 0

0 0 0 � G4

2

6
6
6
6
4

3

7
7
7
7
5
;

moreover,

Fðu; w; ed4Þ ¼
1

ðu>uÞ2
ðkuk2u>S½ð�KD þ G2Þm1þ

ðI þ G1Þm2 þ 2m3�w�

f2u>½ðKD � G1Þm1 þ ðKD � IÞm2�w

u>S½ðKD � G1Þm1 þ ðKD � IÞm2�wgÞ �
ed4
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where

m1 ¼ ½I3�3 03�3 03�3�

m2 ¼ ½03�3 I3�3 03�3�

m3 ¼ ½03�3 03�3 I3�3�

with I3×3 and 03×3, the identity and zero matrix in R3�3
, respectively.

Function Fðu; w;ed4Þ accounts for the estimation error terms that cannot be canceled. Such

estimation errors appear because of the control action propagation from the quadrotor rota-

tional dynamics to the quadrotor dynamics along the 0xi axis, this is, through the yQd
com-

puted as

_yQd ¼
u>S _u
kuk2 ð30Þ

€yQd ¼
ðu>S€uÞu>u � 2ðu> _uÞu>S _u

ðu>uÞ2
ð31Þ

with

_u ¼ �M
�
KP
eX2 þ KD

eX3

�
þ Z2 � b2 þ KD

ed1 �
_ed 1

ð32Þ

€u ¼ �M
�
� �KP

eX2 �
�KD
eX3

�
þ Z3 � b3 þ

�KD
ed1 þ

_ed 1 þ
€ed 1 þ

ed3
ð33Þ

where eX3 ¼ � KP
eX1 � KD

eX2, �KP ¼ KDKP and �KD ¼ KP þ K2
D.

3.5 Stability analysis

For the main stability result the following standard assumption for the disturbances is in

order.

Assumption 1 δT(t) and dðiÞT ðtÞ, i = 1, 2, 3 and δR(t) and _dRðtÞ are in L1, t� 0.

Let us define x ≔ colðeX1;
eX2Þ,

eyQ ≔ colðeyQ1;
eyQ2Þ, wa ≔ colðw;ed4Þ and Δδ ≔ col

(m>
3
d
ð3Þ

T ;
_dM). Thus, from (29), the ex, eyQ and χa dynamics in compact form become

_ex ¼ Axex þCxð
eyQÞ �

u>ryQ
m
þ Dxwa

_eyQ ¼ AQ
eyQ þCQðuÞ � wa

_wa ¼ Awa
wa þ Dd

ð34Þ

whereC(�) and Δδ are vector functions and Dx a constant matrix of appropriate dimensions,

respectively, whose expressions can be easily obtained by direct substitutions in (29). Addi-

tionally, Hurwitz matrices are defined as

Ax ≔
0 I2

� KP � KD

" #

; AQ ≔
0 I2

� KPR � KDR

" #

;

where KP, KD, KPR and KPD are positive definite matrices and let Awa
≔ BlockdiagðAw; � G4Þ.

Thus, the main stability result is stated in the following proposition.
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Proposition 1 Consider the closed-loop dynamics (29) with all the control-gain matrices posi-
tive definite. Then, under Assumption 1, the error is ultimately bounded to a Δδ-vicinity of the
origin. Moreover, if Δδ(t) = 0 then the error converges exponentially to zero, t� 0.

Proof 1 First, from (29) is straightforward to see that the error dynamics eLi and eyPi, i = 1, 2,

are decoupled from others and hence converge exponentially to zero. Therefore, we only focus on
the remaining error dynamics (34). For, let us define the error e≔ colðex; eyQ; waÞ such that (34)

can be rewritten in matrix form as

_e ¼ Aeþ

0

0

Dd

2

6
4

3

7
5;A≔

Ax Dx

u>ryQ
m

Dx

0 AQ CQ

0 0 Awa

2

6
6
6
4

3

7
7
7
5
; ð35Þ

where we have omitted all the arguments for compactness. Notice that, by designCx(0) = 0 and
hence the whole term can be factored by Δx as in (35). The results follow noting that the block-tri-
angular matrix A is Hurwitz and Δδ is uniformly bounded under Assumption 1.

4 Numerical simulations

Numerical simulations were driven on the UAM realistic simulator reported in [8] and were

kindly provided to us by Carlos Rodrı́guez de Cos from the University of Sevilla. The original

simulation platform consists of 4 main blocks: the MANT mathematical model block, the tar-

get trajectory block for the UAV and the End effector, a block for the UAV control, and one

for the manipulator control. The MANT system is disturbed by a random gust of wind.

Note that the proposed controller was designed considering a quadrotor with a manipulator

composed of a revolute joint R1 and a prismatic joint P1; however, the simulator considers

only revolute joints. Hence, it is mandatory to prove that both manipulators are equivalent in

some sense. References [21–23] give definitions for the concept of dynamic systems equiva-

lency; in this work, the equivalence between dynamic systems is addressed based on the follow-

ing definition, adapted from [23].

Definition 1 It is said that the systems

S : _w ¼ f ðwÞ þ gðwÞn ð36Þ

P : _ew ¼ ef ðewÞ þ egðewÞen; ð37Þ

with w; ew 2 Rk1 , n;en 2 Rk2 are equivalent if there exist:

i. A diffeomorphism

ew ¼ FðwÞ ð38Þ

ii. A static state feedback

n ¼ auðwÞ þ buðwÞen; ð39Þ

with βu(χ) a nonsingular square matrix, such that the transformation of S under (F, αu, βu)

is equal toP.

Fig 7 shows the link variables γ1 and γ2 of the R1, R2 manipulator. Hence, for the dynamic

systems addressed in this work, Definition 1 can be applied considering that the system S
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corresponds to the two revolute joints manipulator; thus, w ¼ ½g1 g2
_g1

_g2�
>

, ν = [τ1 τ2]>. At the

same time, P is the revolute-prismatic joints manipulator system; this is ew ¼ ½yP L _yP
_L�>,

�n ¼ ½�tR
�f P�
>

.

It is possible to verify that the diffeomorphism (38) and the static state feedback (39) can be

defined as follows

yP

L
_yP

_L

2

6
6
6
6
4

3

7
7
7
7
5
¼ Fðg1; g2; _g1; _g2Þ ð40Þ

t1

t2

" #

¼ buðg1; g2Þ
�tR

�f P

" #

where

Fðg1; g2; _g1; _g2Þ ¼

1

2

ffiffiffiffi
dl

p

p

2
þ g1 þ arcsin l2 sinðg2Þffiffiffi

dl
p

� �

�
l1l2sg2 _g2ffiffiffi

dl
p

_g1 �
_g2 l2ð2c2g2 l1 l2 � dlcg2 � 2l1 l2Þ

dl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2g2 l

2
2
� l2

2
þdl

p

2

6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
5

ð41Þ

bu g1; g2ð Þ ¼
1 0

l2
2L sin

p

2
þ g2 � a

� �
l2
2
sin a � g2ð Þ

" #

ð42Þ

with

a ¼ arcsin
l2 sinðg2Þffiffiffiffi

dl

p

 !

and dl ¼ 4l2
1
þ l2

2
þ 4l1l2cg2 :

Fig 7. Angles γ1 and γ2 on green.

https://doi.org/10.1371/journal.pone.0299223.g007
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The simulator considers a scenario where the UAM must fly close to target position in the

proximity of a virtual object, after 10 seconds the end effector follows a desired trayectory to

achive a desired final position. Thus, given a desired end-effector reference position, xEEd, zEEd,
the desired angular positions γ1d and γ2d are obtained from the inverse kinematics and using

the diffeomorphism (40), one gets

yPd

Ld

_yPd

_Ld

2

6
6
6
6
4

3

7
7
7
7
5
¼ Fðg1d; g2d; _g1d; _g2dÞ;

The physical paramethers are sumarized on Table 2, while the gains values are on Table 3.

The diagram in Fig 8 illustrates how the simulations were implemented for the

manipulator.

The realistic simulator where the simulations were implemented enables disturbances over

the system generated through a wind profile. The wind profile can be user-defined or gener-

ated from random data. Thus, to evaluate the performance of the proposed control strategy,

five simulations were driven, each with a different random wind disturbance profile, as seen in

Fig 9. All Figures containing data plots were generated with the tool Professional Plots [24].

Table 4 shows the wind magnitude and direction media values for each simulation.

Table 3. UAM controller gains.

Gain Value

Γ1 5.5

Γ2 5.5

Γ3 10.5

Γ4 60

KPX diag{4.5, 6.2}

KDX diag{5, 6.2}

KPQ 125

KDQ 90

KPA 25

KPP 50

KDA 25

KDP 50

https://doi.org/10.1371/journal.pone.0299223.t003

Table 2. UAM physical parameters.

Parameter Value

M 1 Kg
m1 0.1 Kg
m2 0.1 Kg
l1 0.4 m
l2 0.4 m
Links arm inertia 0.0001 Kg �m2

UAV inertia 0.048 Kg �m2

https://doi.org/10.1371/journal.pone.0299223.t002
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Fig 8. Robot arm simulation implementation.

https://doi.org/10.1371/journal.pone.0299223.g008

Fig 9. Wind disturbance profile defined by wind magnitude and direction.

https://doi.org/10.1371/journal.pone.0299223.g009
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Figs 10 and 11 depict the time evolution of the UAV translational axis errors, ex and ez ,

respectively, while Fig 12 depicts the UAV attitude error, eyQ.

Figs 13 and 14 show the end effector position error exEE ¼ xEE � xEEd and ezEE ¼ zEE � zEEd,
respectively. As can be observed, all error signals converge to a zero neighborhood, as the theo-

retical analysis predicted.

The equivalent robotic manipulator errors eL and eyP are shown in Figs 15 and 16, while the

original robotic manipulator errors eg1 ¼ g1 � g1d and eg2 ¼ g2 � g2d are reported in Figs 17

and 18. Note that the errors on the equivalent robotic manipulator are closer to zero than

those from the original. This behavior can be caused by unknown parameters implemented on

the realistic simulator.

Figs 19 and 20 show the control inputs on the UAM only for the first simulation. The fol-

lowing integral functions were measured for each simulation to understand the controller

Table 4. Wind profile media magnitude and direction for simulations 1 to 5.

Simulation Wind direction media [rad] Wind magnitude media [m/s]

1 -1.9294 1.3020

2 -1.7974 1.3070

3 -1.0304 1.0674

4 -2.6946 2.2006

5 -0.1799 0.9544

https://doi.org/10.1371/journal.pone.0299223.t004

Fig 10. UAV translational x axis error.

https://doi.org/10.1371/journal.pone.0299223.g010
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Fig 11. UAV translational z axis error.

https://doi.org/10.1371/journal.pone.0299223.g011

Fig 12. UAV attitude error.

https://doi.org/10.1371/journal.pone.0299223.g012
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performance in all simulations better,

F1 ¼

Z t

0

k eXðtÞ k dt

F2 ¼

Z t

0

eyQðtÞ
2dt

F3 ¼

Z t

0

eg1ðtÞ
2
þ eg2ðtÞ

2
� �

dt

F4 ¼

Z t

0

exEEðtÞ
2
þ ezEEðtÞ

2
� �

dt

F5 ¼

Z t

0

eLðtÞ2 þ eyPðtÞ
2

� �
dt

ð43Þ

Table 5 presents the values for each measurement Fi, i = 1, � � �, 5 correspondent to each

simulation.

From the values in Table 5, it can be concluded that the control performance remains the

same for different wind profiles acting on the system as disturbances. Hence, the proposed dis-

turbance estimator performs adequately. Fig 21 presents the disturbance estimated by the pro-

posed estimation strategy for simulation 1.

Fig 22 shows the UAM sequence followed during the simulation. From number 1 to num-

ber 4, the UAM approaches a reference near the blue dot, the reference for the robotic manipu-

lator, and remains in such a position. In number 5, the UAM is already on its reference so that

the robotic arm can also reach its reference.

Fig 13. End effector x axis position error.

https://doi.org/10.1371/journal.pone.0299223.g013
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Fig 14. End effector z axis position error.

https://doi.org/10.1371/journal.pone.0299223.g014

Fig 15. Equivalent manipulator prismatic joint error, eL.

https://doi.org/10.1371/journal.pone.0299223.g015
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Fig 16. Equivalent manipulator revolute joint error, eyP.

https://doi.org/10.1371/journal.pone.0299223.g016

Fig 17. Two revolute joints manipulator joint error, eg1.

https://doi.org/10.1371/journal.pone.0299223.g017
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Fig 18. Two revolute joints manipulator joint error, eg2.

https://doi.org/10.1371/journal.pone.0299223.g018

Fig 19. UAV total trust, TT and moment, �My
b input controls.

https://doi.org/10.1371/journal.pone.0299223.g019
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5 Conclusions

This work proposed a control algorithm for an Unmanned Aerial Manipulator. Analyzing the

effects on a flying platform generated by a two-revolute manipulator was simplified using an

equivalent revolute-prismatic joints manipulator. This approach permitted compensating for

the known dynamics and decoupling the UAV dynamics from the remaining robotic manipu-

lator dynamics. Thus, the remaining manipulator dynamics were treated as external forces and

moments acting on the quadrotor. The resulting dynamical UAM structure permits designing

a disturbance estimator based on the Immersion and Invariance technique. Then, a PD-like

controller with disturbance compensation is proposed to solve the trajectory tracking problem

for the UAM. A formal stability analysis of the resulting closed-loop dynamics is presented.

Numerical simulations in a realistic simulator are presented to evaluate the proposed con-

trol strategy. The realistic simulator considers wind profiles acting on the UAM. For future

work, this work has established a solid base for an extension of the results to find the

Fig 20. Two revolute joints manipulator control inputs, τ1 and τ2.

https://doi.org/10.1371/journal.pone.0299223.g020

Table 5. Simulations with random wind disturbances, measuring function Fi, i = 1, 2, 3, 4, 5.

Simulation F1 F2 F3 F4 F5

1 4.42 6.19 6.29 6.03 2.40

2 3.78 7.96 6.11 5.76 2.48

3 3.76 7.73 5.90 5.40 2.27

4 3.67 7.85 5.87 5.37 2.29

5 4.35 5.33 6.48 5.77 2.21

Average 4.0011 7.0153 6.1364 5.6683 2.3364

Standard deviation 0.3597 1.1819 0.2591 0.2794 0.1091

https://doi.org/10.1371/journal.pone.0299223.t005
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Fig 21. Disturbances estimated by the proposed estimation strategy.

https://doi.org/10.1371/journal.pone.0299223.g021

Fig 22. Simulation sequence.

https://doi.org/10.1371/journal.pone.0299223.g022
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equivalence between n-degrees of freedom revolute joints manipulator and an R-P type

manipulator, this approach would simplify the disturbances analysis on more general UAM

configurations.

6 Appendices

A Recursive Newton-Euler Algorithm

In this work the RNEA reported in [12] is followed. The angular velocity propagation is com-

puted from the following equations. For the revolute joint

O
iþ1
¼ ð

iþ1

i RÞOi
þ _y iþ1ẑ iþ1 ð44Þ

and for the prismatic joint

O
iþ1
¼ ð

iþ1

i RÞOi ð45Þ

The angular and translational accelerations are propagated as follows. For a revolute joint

_O iþ1 ¼ ð
iþ1

i RÞOi
þ ð

iþ1

i RÞOi
� _y iþ1ẑ iþ1 þ €y iþ1ẑ iþ1 ð46Þ

and

_Viþ1 ¼ ð
iþ1

i RÞ
h

_O i � Pi
iþ1
þ O

i
� ðO

i
� Pi

iþ1
Þ þ _Vi

i
ð47Þ

For a prismatic joint

_O iþ1 ¼ ð
iþ1

i RÞOi ð48Þ

and

_Viþ1 ¼ ð
iþ1

i RÞ
h

_O i � Pi
iþ1
þ O

i
� ðO

i
� Pi

iþ1
Þ þ _Vi

i

þ2O
iþ1
� _diþ1ẑ iþ1 þ €diþ1ẑ iþ1

ð49Þ

Finally, the link center of mass acceleration is computed as

_Viþ1
C ¼ _O iþ1 � Piþ1

C þ O
iþ1
� ðO

iþ1
� Piþ1

C Þ þ
_Viþ1 ð50Þ

and the forces and moments acting at the center of gravity are

Fiþ1 ¼ miþ1
_Viþ1
C

Niþ1 ¼ Jiþ1
_Oiþ1 þ O

iþ1
� Jiþ1O

iþ1

ð51Þ

This completes the outward RNEA iteration.

The inward RNEA starts computing the forces acting on each link as

f i ¼ Fi þ ð
i
iþ1
RÞf iþ1

ni ¼ Ni þ ð
i
iþ1

RÞniþ1 þ Pi
C � Fi þ Pi

iþ1
� ð

i
iþ1
RÞf iþ1

ð52Þ
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