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Certifying Sets of Quantum Observables with Any Full-Rank State
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We show that some sets of quantum observables are unique up to an isometry and have a contex-
tuality witness that attains the same value for any initial state. We prove that these two properties
make it possible to certify any of these sets by looking at the statistics of experiments with sequen-
tial measurements and using any initial state of full rank, including thermal and maximally mixed
states. We prove that this “certification with any full-rank state” (CFR) is possible for any quantum
system of finite dimension d > 3 and is robust and experimentally useful in dimensions 3 and 4.
In addition, we prove that complete Kochen-Specker sets can be Bell self-tested if and only if they
enable CFR. This establishes a fundamental connection between these two methods of certification,
shows that both methods can be combined in the same experiment, and opens new possibilities for

certifying quantum devices.

Introduction.—Nonlocality [1] and contextuality [2] are
two fundamental predictions of quantum theory. Quan-
tum theory also predicts that, in certain cases, there is
an essentially unique way to achieve some specific non-
local [3-5] or contextual [6-8] correlation. Consequently,
the observation of this specific correlation allows us to
infer which quantum state has been prepared and which
quantum observables have been measured, without mak-
ing assumptions about the functioning of the devices used
in the experiment [3-8].

However, none of the existing “device-independent”
(DI) certification methods work if the fidelity of the pre-
pared state with respect to a specific pure state is below a
certain threshold. It is this specific pure state that guar-
antees the uniqueness of the quantum realization in the
noiseless (ideal) case. In particular, none of the methods
works if the prepared state is maximally mixed. This
leads to the question of whether it would be possible to
certify quantum observables using correlations produced
by measurements on unspecified mized states, including
the maximally mixed state.

That, in quantum theory, this question may have an
affirmative answer is suggested by the observation that,
for any quantum system of finite dimension d > 3, there
exist finite sets of observables that produce contextual
correlations for any quantum state [9-12]. These sets
of observables are called state-independent contextuality
(SI-C) sets [2, 13, 14]. SI-C sets have fundamental ap-
plications in quantum information [15-28] and have been

experimentally tested [29-34].
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But the existence of SI-C sets itself leads to another
question: are there SI-C sets that are unique up to
an isometry? This question is particularly relevant for
understanding the mathematical structure of the set of
quantum observables. Interestingly, if the answer to this
question is positive, then there may be a connection to
the question of whether there are quantum observables
that can be certified with arbitrary mixed states.

In this Letter, we first show that there are SI-C sets
that (i) are unique up to an isometry, and (ii) have a SI-C
witness W that achieves the same value for every initial
quantum state. These SI-C sets have therefore a char-
acteristic signature that can be experimentally tested:
the relations of compatibility between the observables
(which are encoded in the expression of W) and the state-
independent value of W.

Next, we will show that SI-C sets with properties (i)
and (ii) can be certified from the correlations of ex-
periments with sequential measurements performed on
any full-rank mized state, including thermal and max-
imally mixed states. As soon as a mixed state of full
rank gives the characteristic value for W, any other
state will do so. This leads to a method for certifying
quantum observables from correlations that is fundamen-
tally different than self-testing based on Bell inequalities
[3-5], state-dependent contextuality [6-8], prepare-and-
measure [35, 36], and steering [37-39]. There are two
fundamental differences: (a) The initial state required for
the certification is not determined by the set of observ-
ables to be certified; any state of full rank can be used.
(b) The certification guarantees the state-independent
uniqueness (up to an isometry) of the set of observables.

In addition, we show that this new method, named
“certification with any full-rank state” (CFR), is possible
in every finite dimension d > 3, and provide a way to
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TABLE 1. BBC-21. Each column v; corresponds to one observable represented by the projector |v;){v;|. The column v;; gives

the components of |v;) (unnormalized). Z = —z, ¢ = €2™/3

, and g = ¢°>. Compatible observables correspond to orthogonal

vectors. The last row contains optimal weights w; for a SI-C witness W of the form (1). The weights w;; in (1) can be chosen

in any way that satisfies w;; > max{w;, w;}.

obtain sets of observables that enable CFR in any d > 3.
We also prove that CFR is robust against experimental
imperfections using examples in d = 3 and 4, and show
how to test the robustness in any other case.

Finally, we show that, for a fundamental class of SI-C
sets, CFR is a necessary condition for Bell self-testing.
This points out a connection between two different forms
of certification and shows that these two forms can be ap-
plied simultaneously in Bell experiments with sequential
measurements. This opens up some interesting possibil-
ities which are discussed.

Certification with any full-rank state.—Unless other-
wise indicated, hereafter we will focus on SI-C sets of pro-
jectors (rather than general self-adjoint operators) and
on a special type of contextuality witness that can be
defined from them using the following result, which is a
generalization of a result in [40], whose proof is in [13].

Lemma 1.—Given a finite set of observables {II;}, with
possible results 0 or 1, and graph of compatibility G (in
which each II; is represented by a vertex ¢ € V and there
is an edge (4,5) € E if II; and II; are compatible), the
following inequality holds for any noncontextual hidden-
variable (NCHV) theory:

NCHV
W:Zwl PZ., Z ’LUZ]Pl S Oé(G,’lIf), (1)

% (i,7)eFE

where @ = {w; }iev is a set of positive weights for the
vertices of G, w;; > max (w;,w;), P, = P(Il; = 1) is
the probability of obtaining outcome 1 when measuring
observable II;, P;; = P(II; = 1,1I; = 1) is the probability
of obtaining outcomes 1 and 1 when measuring II; and

J

Proof.—The proof is based on identifying sets enabling
CFR in any dimension d > 3. We will name the SI-C
sets using the initials of the authors and the number of
projectors in the set. For example, BBC-21 [41], CEG-
18 [42], and YO-13 [11]. In other cases, we use the full
name rather than the initial, as in Peres-24 [43]. In other
cases, we use the standard name, as in the Peres-Mermin
square [44, 45]. While the details of the proof are specific
for each SI-C set, a common step in all proofs is showing

I1;, and a(G, W) is the weighted independence number of
G with vertex weight vector o (see [13] for the definition).

Our first result is the following.

Result 1.—For any quantum system of any finite di-
mension d > 3, there is a finite set of observables
S = {II;}7_, and a functional W such that, for any quan-
tum state p, W(S, p) = Q, and, if W(S’, p’) = Q for a set
of observables S’ = {II}}1_, and a state p’ of full rank in
dimension D, then S’ and S are equivalent in the sense
that there is a unitary transformation U that, for all ¢,

IL © 1% ¢ ITF @ 192 = UIILUT, (2)

where 1% is the identity in dimension d;, with d; 4+ dy =
D/d, 117 is the conjugate of IT;, ® denotes tensor product,
@ denotes direct sum, and Ut is the conjugate transpose
of U. Moreover, W is a SI-C witness since () > C' and

W<C (3)

is a state-independent noncontextuality inequality.

For the witnesses W of the form (1), C' = a(G,w). If
those d-dimensional II; are real (rather than complex),
then Eq. (2) becomes

I; © 1P/9 = yIiut, (4)

The practical consequence of Result 1 is that if, in an
ideal experiment with sequential measurements, a set of n
measurement devices (one for each observable), combined
in sequences as dictated by the form of W, yields W = Q
for a state of full rank, then we can be sure that these
devices implement S [or an equivalent set in the sense of
Egs. (2) or (4)]. Then, we will say that S enables CFR.
The case of nonideal experiments will be discussed later.

(

that the violation of a full-rank state p’ implies the same
violation for any state.

The proof starts by showing that, in d = 3, the set
of 21 rank-one projectors in Table I enables CFR. This
set, hereafter called BBC-21, was introduced in [41] and
is the smallest SI-C set of rank-one projectors requir-
ing complex numbers known. The proof that BBC-21
is unique up to unitary transformations, which guaran-
tees that condition (i) for CFR holds, is in [13]. Us-



ing the weights in the last row of Table I, the noncon-
textual bound of the witness W defined in Eq. (1) is
a(G,wW) = 36, while, for any initial quantum state, the
value of W is 9(G,w) = 40. This proves that BBC-21
also satisfies condition (ii) for CFR.

In d = 4, we show that three related fundamental SI-C
sets enable CFR: (I) CEG-18 [42], which is the smallest
KS set [13] of rank-one projectors in any dimension (as
proven in [46]), (II) Peres-24 [43], which is the smallest
complete KS set (see Definition 4) of rank-one projec-
tors known, and (IIT) the Peres-Mermin square [44, 45],
which is the smallest SI-C set of arbitrary self-adjoint op-
erators (rather than projectors) known. The proofs that
these sets are unique up to unitary transformations and
the corresponding optimal state-independent contextual-
ity witnesses yielding the same value for any state are in
[13].

Finally, for any finite dimension d > 5, we prove (see
[13]) that each of the members of a family of SI-C sets
of rank-one projectors generated from Peres-24 using a
method introduced in [47] is unique up to unitary trans-
formations and has a SI-C witness producing the same
value for any initial state. O

While existing correlation-based certification methods
require preparing a state with a high overlap with a target
pure state, the SI-C sets that enable CFR can be certified
using any unspecified full-rank state, something that is
easier to prepare. A simple strategy is to let an arbitrary
state go through randomly chosen measurements [34], re-
sulting in a maximally mixed state. Another strategy is
to let the system interact with the environment, resulting
in a thermal state. Both types of states are of full rank.

Not all SI-C sets enable CFR. For example, Peres-33
[43], which is the KS set of rank-one projectors in d = 3
with the smallest number of bases known, is not unique
up to unitary transformations. Interestingly, YO-13 [11],
which is the SI-C set with smallest number of rank-one
projectors in any dimension (as proven in [48]) and is a
subset of Peres-33, enables CFR if two additional con-
ditions are satisfied: (I’) The relations of orthogonality
between the elements S’ are the same as the relations of
orthogonality between the elements S, and (I’) for p/,
the probabilities are normalized for every set of mutually
orthogonal projectors summing up to the identity. This
is shown in [13]. Both (I’) and (IT’) can be experimentally
tested (as in [34]).

Robustness.—The possibility of CFR of SI-C sets is
a prediction of quantum theory. Now the question is
whether this prediction can be tested in actual experi-
ments or it requires idealizations that cannot be achieved
in realistic experiments such as the requirement of per-
fectly sharp and compatible measurements for all pairs of
compatible observables in the SI-C set. In other words,
the question is whether CFR is robust against experi-
mental imperfections.

Answering this question requires an additional analysis
based on semidefinite programming whose size is related
to the size of the SI-C sets. Here, we have performed

this analysis for three of the SI-C sets, in dimensions
3 and 4, that we have proven that enable CFR. In all
cases, the analysis was performed on a laptop computer
and the computational execution time was less than 1 h.
The analysis of the robustness of the CFR of the other
SI-C sets can be carried out using higher computational
power.

Our result here is that the CFRs based on BBC-21,
CEG-18, and Peres-24 are robust. We will also show that
the CFR of YO-13 is robust under an extra assumption.
Our result requires introducing some definitions.

Definition 1.— A set of projectors {II;} is said to be a
(0, €) realization of a SI-C set with respect to a contex-
tuality witness W of type (1) if, for all states |1)),

> wi (WlLfy) > 0 > o(G,w), (5)
i=1
(VILIGIL[Y) <€ (5b)

whenever ¢ and j are adjacent in G (i.e., whenever the
corresponding projectors are orthogonal).

The conditions in Eqgs. (5a) and (5b) are related to the
sum of probabilities ), w; P; and joint probability P;; in
Eq. (1). In the ideal case, § = @ (defined in Result 1),
and € = 0, which implies that the quantum value of W
is Q. As 0 is close enough to @ and € is close enough to
0, the projectors {II;} have the same rank. See [13] for
details.

Definition 2.—A noncontextuality inequality of the
form (1) provides an (e, r)-robust CFR of a (@,0) real-
ization {II;} of a SI-C set, if, for any (Q — ¢, €) realization
{II}} of the SI-C set, there is an isometry ® such that

|®(IL;) — IT| < O(€"). (6)

Result 2.—The contextuality witnesses W of the
form (1) for BBC-21, CEG-18, Peres-24, and YO-13 used
in Result 1 provide (¢, 1/2) robustness when ¢ is smaller
than 0.132, 0.134, 0.177, and 0.208, respectively. For
YO-13, the proof requires the extra assumption that the
probabilities of every three mutually orthogonal projec-
tors sum 1.

For more details on the proof, see [13].

Any witness W of the form (1) can be expressed with
the joint probabilities of the outcomes of two sequential
measurements from {A;}. From the observed values sat-
isfying conditions related to the ideality and the orthog-
onality relations of the projectors, one can certify the
projectors and the measurements A;. Moreover, when
the experimental value of W is close enough to the quan-
tum value, the robustness of the CFR is also ensured.
See [13] for more details.

Bell self-testing and CFR.—Bell self-testing [3] is the
task of certifying quantum states and measurements us-
ing only the statistics of Bell experiments. One advan-
tage of Bell self-testing with respect to CFR is that the
former does not require projective measurements. One
disadvantage, however, is that Bell self-testing requires



spacelike separation between the tests. Therefore, an
interesting question is whether SI-C sets that allow for
CFR can be Bell self-tested and, if so, what is the rela-
tion between Bell self-testing and CFR. To address these
questions, the following definitions will be useful.

Definition 8.—(Generalized KS set) A generalized
Kochen-Specker (KS) set is a set of projectors of arbi-
trary rank (not necessarily of rank-one as it is the case
in a KS set [49]) which does not admit an assignment
of 0 or 1 satisfying that: (I) two orthogonal projectors
cannot both be assigned 1, (II) for every set of mutually
orthogonal projectors summing up to the identity, one
and only one of them must be assigned 1.

Definition 4.—(Complete KS set) The complete KS set
associated to a generalized KS set S is the set obtained
by adding to S the projectors 1 —II; —II; for every pair of
orthogonal projectors (II;,II;) in S that does not belong
to a complete basis.

For example, Peres-24 is a complete KS set, but CEG-
18 and Peres-33 are not (BBC-21 and YO-13 are not
KS sets). A complete KS set enables CFR if it satisfies
properties (i) and (ii).

Now we need a way to produce Bell nonlocality us-
ing a complete KS set. For that aim, we will define the
following nonlocal game.

Definition 5.—(Context-projector KS game [16, 17,
21]) In each round of the game, a referee gives to one of
the players, Alice, one of the contexts (i.e., a set of com-
muting projectors summing up the identity) of a com-
plete KS set S and asks her to output one of the pro-
jectors of this context. In the same round, the referee
gives to one spatially separated player, Bob, one of the
projectors of the same context and asks him to output 1
or 0. Alice and Bob win the round either if Alice outputs
the projector given to Bob and Bob outputs 1, or if Alice
outputs a projector different than the one given to Bob
and Bob outputs 0.

This is a game that cannot be won with probability 1
with classical resources and no communication, but that
can be won with probability 1 if the parties share copies
of a qudit-qudit maximally entangled state with d > 3
and measure a complete KS set in dimension d.

Now, we can address the question of whether the SI-C
sets that allow for CFR can be Bell self-tested.

Result 3.—The projectors of a complete KS set can be
Bell self-tested if and only if the KS set enables CFR.

The proof is in [13]. Here, we will focus on some im-
plications of this result. One is that Bell self-testing
and CFR can be accomplished simultaneously in an ex-
periment that combines Bell and sequential tests [50-
52]. Consider two spatially separated parties, Alice and
Bob 1, sharing copies of a qudit-qudit maximally entan-
gled state and performing local measurements of the pro-
jectors of a complete KS set S. In addition, consider a
third party, Bob 2, that receives the system that Bob 1
has measured (we assume that Bob 1’s measurements
are nondemolition measurements [34, 53]). Suppose that
Bob 2 measures elements of S on this system. Then:
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(a) The Alice-Bob 1 statistics can Bell self-test S in Al-
ice’s and Bob 1’s sides. (b) The Bob 1-Bob 2 statistics
enable CFR of S in Bob 1’s and Bob 2’s sides (and the
Alice-Bob 1 Bell self-test can guarantee that Bob 1’s in-
put state is of full rank). (c) The Alice-Bob 2 statistics
conditioned to that Bob 2’s measurement is compatible
to Bob 1’s can Bell self-test S in Alice’s and Bob 2’s sides.
This allows for the simultaneous certification of Bob 1’s
S by two different methods and opens new possibilities.

Conclusions and future directions.—In this Letter, we
have presented three results that push the field of certi-
fication of quantum processes based only on correlations
beyond its established limits. Results 1 and 2 allow us
to circumvent a conceptual limitation of existing meth-
ods, namely, the need of targeting specific pure states.
We have proven that this is not necessary: for any quan-
tum system of any finite dimension d > 3, there are sets
of quantum observables that can be certified using any
full-rank quantum state. This “certification with any full
rank state” offers interesting possibilities. For example,
suppose that the same preparation is used to certify via
CFR two sets of observables: one of them in dimension d;
and the other in dimension do. This automatically cer-
tifies via CFR that the dimension of the system is lower
bounded by the lowest common denominator of d; and
ds. This provides a method to certify quantum systems
of high dimensions, something that is difficult in a DI
way [54, 55]. Moreover, in principle, CFR, becomes more
useful as the dimension grows, since preparing a full-rank
mixed state is easier than preparing a state with a high
overlap with a pure target state.

Result 3 pushes the field in a different sense. It shows
that, for a general class of sets of observables, CFR is
possible if and only if Bell self-testing is possible. This
indicates that there may be a general unified framework
for certification based solely on correlations, so that all
existing methods can be viewed as particular cases. The
precise characterization of this framework constitutes an
interesting challenge. On the other hand, Result 3 shows
that there are sets of observables that can be simulta-
neously Bell self tested (using Alice-Bob 1 correlations)
and certified via CFR (using Bob 1-Bob 2 correlations).
This is interesting as it may lead to a robust method for
self-testing Liiders processes [56, 57] in any finite dimen-
sion d > 3 (which is where observables represented by
rank-one projectors have one outcome whose quantum
post-measurement state depends on the input state). In
the framework of general probabilistic theories, Liiders
processes correspond to “ideal (or sharp) measurements”
[58]: processes that yield the same outcome when
repeated and are minimally disturbing (only disturb
incompatible observables). The existence of ideal
measurements is “one of the fundamental predictions of
quantum mechanics” [57]. The DI certification of ideal
measurements in arbitrary (finite) dimension would re-
quire the DI certification of the corresponding quantum
instruments (which capture both the classical outputs
and the corresponding quantum post-measurement



states [59-61]).  Previous works have explored the
DI [62] and semi-DI [63] certification of instruments
corresponding to nonideal qubit measurements. The DI
certification of ideal measurements would operationally
“bridge the gap between general probabilistic theories
and the DI framework” [64], blurring the boundaries
between three different approaches for understanding
quantum theory: DI, general probabilistic theories, and
general Bayesian theories [65], where ideal measurements
are central. Future research should go in these directions.
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SUPPLEMENTAL MATERIAL
Appendix A: Concepts

Definition 1 (Ideal measurement [64]). An ideal mea-
surement of an observable A is a measurement of A that
yields the same outcome when it is repeated on the same
system and does not disturb any observable compatible
with A.

Definition 2 (Compatible observables). Two observ-
ables A and B are compatible or jointly measurable if
there exists an observable C' such that, for every initial
state, for every outcome a of A, the probability of obtain-
ing outcome a for A is

P(A=a)=>» P(C=o) (A1)

o€cy

and, for every outcome b of B,
P(B=b)= )Y P(C=o), (A2)

o€cy

where the disjoint union of {cq}a and the disjoint union
of {cv}p are both equal to the complete set of outcomes
of C. C is called arefinement of A (and B). A (and B) is
called a coarse-graining of C. Therefore, two observables
are compatible when they have a common refinement or
are both coarse-grains of the same observable.

Definition 3 (Ideal observable). An ideal or sharp ob-
servable is one that can be measured with ideal measure-
ments, and that all its possible coarse-grained versions
can also be measured with ideal measurements.

In quantum theory, ideal observables are represented
by self-adjoint operators.

Definition 4 (SI-C set). A state-independent contextu-
ality (SI-C) set in dimension d is a set of ideal observ-
ables that produces contextuality for any initial state in
dimension d.

In particular, a set of n ideal observables represented
in quantum theory by n projectors {II;}7; is a SI-C set
if there is a set of weights W = {w;}?_; for the vertices
of the graph G of compatibility of {II;}?; (in which ver-
tices represent observables and edges connect pairwise
compatible observables) such that a noncontextuality in-
equality of the form (1) is violated by any quantum state
in dimension d.

Definition 5 (KS set). A Kochen-Specker (KS) set is a
SI-C' set of rank-one projectors which does not admit an
assignment of 0 or 1 satisfying that: (I) two orthogonal
projectors cannot both be assigned 1, (II) for every set
of mutually orthogonal projectors summing the identity,
one of them must be assigned 1.

There are SI-C sets of rank-one projectors that are not
KS sets. Examples are YO-13 [11] and BBC-21 [41].

Definition 6 (Egalitarian SI-C set). A SI-C set is egal-
itarian if it produces, for any state, the same violation of
a given noncontertuality inequality.

In particular, a SI-C set {II,;} is egalitarian if there is
a set of weights W = {w;} for the vertices of the graph
G of compatibility of {II;} such that, for any quantum
state, the left-hand side of (1) yields Q > a(G,W).

Definition 7 (Independence number). The indepen-
dence number a(G, W) of a vertez-weighted graph (G, @)
is the mazimum w(S) = >, cgw(v) taken over all inde-
pendent sets S of G. A set of vertices of G is independent
if all the vertices in it are pairwise nonadjacent.

Definition 8 (Lovész number). The Lovdsz number
WG, W) of a vertex-weighted graph (G,w) is the maxi-
mum of >, w;|(vi[Y)|* over all unit vectors |¢) and |v;)
such that (vj|v;) = 0 whenever i and j are adjacent ver-

tices of G.

Definition 9 (Egalitarian Lovész-optimum SI-C set).
An egalitarian SI-C set {I1;} is Lovdsz-optimum if, for
any quantum state, the left-hand side of (1) equals the
Lovdsz number of the weighted graph (G,w), denoted
HG, W), where W is a set of weights for which the SI-
C set is egalitarian.

Appendix B: Tools used in the proof of Result 1

1. Proof of Lemma 1

Let us denote by a the maximum of the left-hand
side of (1) that is achievable by a noncontextual hidden-
variable (NCHV) theory. Since set of correlations for



NCHYV theories forms a convex polytope, a can be ob-
tained with a deterministic assignment of outcomes to
the observables. For a given deterministic assignment
achieving a, if II; = 1 and II; = 1 for one (4, j) € E, then
let us consider the part in Eq. (1) which contains IT; = 1,

w;P(I; =1)— Y wy P =111 = 1)
k:(k,j)eEE
S’IU]'P(HJ' = 1) — ’lUZ]P(HZ = ].,Hj = ].)

=Wj; — Wiy S 0. (Bl)

This implies that, by setting II; = 1 to be 0 in the de-
terministic probability assignment, the value does not
decrease. Hence, the maximal value a can always be
achieved by one deterministic probability assignment
where II; and II; are not both assigned 1 if (,5) € E.
Therefore, a can only be a(G,w).

In the case that w;; > max{w;, w;}, by setting II; =1
to be 0 in the deterministic probability assignment, the
value increases. Hence, the maximal value a can never be
achieved by the deterministic assignment where II; = 1
and IT; = 1 for one (4,j) € E.

2. Common procedure in all the proofs of
uniqueness up to unitary transformations

Let us first consider the case in which the graph of
compatibility G is equal to the graph of orthogonality of
the observables/projectors {II; }_;. That this is the case,
can be experimentally tested as described in Lemma 2
in the main text. In some special cases, this can even
be tested using the maximal quantum violation of the
witness W of the form (1).

Theorem 1. For any noncontextuality inequality of the
form (1), if there exists a set of observables {II;} such
that, for any quantum state, the left-hand side of (1)
equals the maximum value attainable in quantum theory,
denoted by Q, then

Q= 9(G,w),

where Y(G, W) is the Lovdsz number of the graph G with
weights W, and the observables {I1;} must be of the type
represented by projectors {I1;} (here, we use the same
symbol for the observable and the projector that repre-
sents it). Moreover, if w;; > max{w;,w;}, then, for any

(i,j) € E,

(B2)

ILII, = 0. (B3)

Proof. Let us first consider the case in which w;; >
max{w,;, w;}. Consider the state p, = II;/tr(Il;) asso-
ciated to II;, with ¢ € V. For this state,

P =1) =1, (B4)
and, for any j such that (i,5) € E,
P, =1,1; =1) = P, (I, =1).  (B5)

If there is II; such that (¢, j) € E and IL;II; # 0, then the
terms in the left-hand side of (1) that contain II; satisfy

- > wwP

k:(k,j)EE
<w; B, (Ilj = 1) — wi B, (I = 1,11 = 1)
=(w; —wi;)Pp, (II; = 1) <0.

w; P, (IL; = 1) (I = 1,10, = 1)

(B6)

Hence, by setting II; = 0, the quantum value of the left-
hand side of (1) for state p; increases, which contradicts
the assumption that @ is the maximum quantum value.
Therefore, we can conclude that, for all (i,5) € E,

ILIT; = 0. (B7)
Under this condition, for a given state p, the left-hand
side of (1) equals to Y, w;p(Il; = 1),, which is up-
per bounded by ¥#(G,w). Therefore, ¢ < ¥(G,w) (see
Sec. A). On the other hand, by the definition of ¥(G, W),
there is always {II;};cy such that the quantum value is
Y(G, W), which implies ¢ > ¥(G, w). Therefore, we can
conclude that ¢ = (G, ).

Similarly, @ = Y(G,w) also holds in the case that
w;; = max{w;,w;}. However, in this case, ILII; = 0
does not need to hold. O

The requirement of a full-rank state in our main re-
sult’s proof stems from the fact that if a full-rank state
attains the maximal value @), then any state achieves Q.
Consequently, as per the above theorem, the projectors
will satisfy the orthogonality relation according to G. To
be precise, Eq. (B7) implies that the compatibility graph
G represents also the orthogonality relations between the
observables {II;}. This step is crucial in the proof of Re-
sult 1.

In general, Q may be difficult to determine. Then, one
cannot decide whether or not @ is achievable for all the
states. However [66], for w;; > max{w;, w;},

E Wiy,

(i,J)EE

Q < (G, W) (B8)

where (G’, ') is the (weighted) graph of exclusivity of
the weighted events {w;(Il; = 1)}y and {w;;(II; =
O,Hj = 0),11)”(1_.[1 = O,Hj = 1)711)”(1_[1 = ].,Hj =
0)}¢i,j)ee- Therefore, if for any quantum state, the left-
hand side of (1) equals the right-hand side of (BS8), we
can conclude that @ = J(G,w) and that ILII; = 0 for
any (i,j) € E. In fact, this is the case for the opti-
mal vertex-weighted graphs of compatibility of BBC-21,
CEG-18, and Peres-24. For the one of YO-13, we need
w;; > 2max{w;,w;} in the form (1) and the extra nor-
malization conditions in Eq. (B106a). The computations
needed for checking Peres-39 and beyond it cannot be
carried out with a laptop computer.

The proof of uniqueness up to unitary transformations
of a given SI-C set {II;}1, is then based on two facts:

1. All the projectors in {II;} have the same rank, that
we call x.



2. If (¢,j) € E in the graph of orthogonality G, then
rank(IL;ILIT; ) = rank(I1;) = rank(IL;).

The first fact is ensured by the second one if the comple-
ment graph of G is connected, which is indeed true for
all the cases considered here. The second fact holds also
for all the cases considered here. This can be verified by
semi-definite programming (SDP).

To be more explicit, if there is ¢ and j such that (i, 7) &
E and rank(IL;IL;II1;) < rank(II;), then there should ex-
ist a state |s) such that (s|II;|s) = 1 and (s|IL;|s) = 0.
Notice that, {II;} is a SI-C set with some weights w
and quantum violation Q. Denote T;; = (s|II;_1II;_1]s),
where IIy = 1. Then, the matrix T satisfies the following
conditions:

T >0,
Ty = 1,T1g = T, Yk,
Ty =0, if (k,l) [SHDR

Ty =1,Ti =0, wp1Tix = Q.
k>2

(B9)

For YO-13, we have to add some extra linear conditions
[see Eq. (B106a)]. To check whether or not condition 2
holds, we can check whether or not the SDP in Eq. (B9) is
feasible, which is a relaxation of the original problem. In
all the cases considered here, the relaxation in Eq. (B9) is
not feasible. This implies that rank(II;ITII;) < rank(II;)
cannot be true for (7,5) € E. Therefore, the second fact
is also ensured.

Then, we can choose a complete basis as the compu-
tational basis such that {II;}¢_, are the projectors into
the subspace occupying dimensions from (¢ — 1)k + 1 to
ck. Notice that it is always possible to choose a complete
basis for the SI-C sets considered here. For any other
projector II;, we have

I, = L'|L}, L= [By, Ba,...

The reason is as follows. Since II; is a projector of
rank &, it can be written as I, = Y7 | |v;)(v;], where
the |v;)’s are orthogonal normalized vectors. Denote
L = [|v1),...,|ve)]T, we have II; = L’}LL’i. Here,
the dimension of L} is k x d, where d is the dimen-
sion and d = ck. Hence, we can always write L} as
[B1i, B2, - . ., Bei], where By; is a & X k matrix for any
t. Then, for t = 1,...,¢, we have ILILII, = B By;.
Since ILIL I, is of rank k when (¢,47) € E, we have By; to
be invertible in this case. In the case that (¢,) € E, we
have IILIL;IT; = 0. Consequently, in this case, B; = 0.

By definition of L, L/L'l = 1, If By is
invertible, then we introduce L; := BﬂlL; =
[1, By;' Bai, . .., By;' Bei]. Further, we can verify that

L 'L, =i, rh ' =11, (B11)
In addition,
LiLl =0« LT =0 < ILIL = 0. (B12)

Hence, in the proofs of uniqueness, we will adopt {L;}
for convenience. From the uniqueness of {L;}, we can re-
cover the uniqueness of {II;}. For completeness, a similar
result is proven when point (IIT) of Lemma 1 is proven.

3. Proof that BBC-21 is unique up to unitary
transformations

The uncharacterized projectors in this case are {II;}
that are defined by the {L;} operators in Eq. (B11). For
convenience, we relabel {L;} by following the same order
of the vectors {v;}?1, in Table I as follows:

y(l)?yivy%)ygay%7y§7ygay§ay§7zl7227z37
0 1 2 0 1 2 0 1 2 (Bl?))
h17h‘17h1’h2?h27h27h37h37h3-

For example, II;g = zir(zlzi)’lzl, where 21 = L1g. These

operators satisfy the additional conditions in Eq. (B12)
due to the orthogonality relations of the projectors {II;}.

Without loss of generality, we assume that {z1, 22, 23}
forms a complete basis. Moreover, the fact that z; 1y,
2o L yd, z1 L yi, we can take

1= []I,0,0], R2 = [07]1,0]3 23 = [anaﬂ]a

0 0 1 (B14)

yl :[071714]7 y2:[]17073]7 il/1 :[07]170]7
where A, B, and C are matrix variables to be deter-
mined. The reason is the following. The vertices related
to z1, 29, 23 form a clique of size 3, and the correspond-
ing three projectors sum up to identity. Hence, as ar-
gued around Eq. (B10), we could have the first line of
Eq. (B14). As argued around Eq. (B11) and Eq. (B12),
we could have the second line of Eq. (B14). Notice that
the zero matrix in 9 follows from the fact that the pro-
jector related to ! is orthogonal to the one related to z;.
Similarly for the others. The same reasoning is used in
the proofs for the other SI-C sets.

Since hY L y? and A9 L ¢8,

hY = [-Bf, - AT 1]. (B15)

The reason is the following. Denote hY = [My, My, M3,
where M;’s are invertible since the corresponding pro-
jector is not orthogonal to any projectors corresponding
to the z;’s. From the discussion around Egs. (B11) and
(B12), we can set M3 = 1. From the orthogonality re-
lation between projectors, we know that hY L 4?. Thus,
0= h?y(fT = M + AT, which implies that My = —Af.
Similarly, the orthogonality relation A L 39 leads to
M, = —Bf.

Similarly, y9 L 23 and y3 L Ay implies

yd =[-AB™* 1,0], (B16)
h3 1Lyl and k2 1 39 implies
h‘g = [_BTu _CT7 ]l]u (B17)



y2 | h3 and y3 L z3 implies

y3 = [-CB~",1,0], (B18)
hY Lyl and hY 1 9 implies
hy =[(BATH1,—(C7H1, (B19)
ys L hY and y3 L zo implies
ys = [AB71,0,C], (B20)
hi L y{ and h} L yi implies
hi = [—(BAT'O)T, - AT, 1], (B21)
ys L hland yi L yd implies
ys = [~C'AB™H A7 1, (B22)
hi Ly} and h} L y3i implies
hl =[(BAT'CcA™YHY 1, —(C™Y)], (B23)
y3 L h} and y3 L 25 implies
ys = [CTTACT'AB,0,1], (B24)
hi L 9 and h} L yi implies
hy =[1,(ACT*AB™HT, —(B~HT], (B25)
y? 1 hi and y? L z; implies
yi =1[0,1,AC~* 4], (B26)
hY L y§ and hY L y3 implies
hY = [1,(AB™H)T, —(C~tAC~'AB~ 1)), (B27)
h? Lyl and h? L y? implies
h = [-(BA™'C)T,—(ACA)T, 1], (B28)
h3 L 4? and h3 1 y3 implies
B3 = [(BC™1,1,—(47 )], (B29)
Then, h? L y3 implies that
(AC™H)3 =1. (B30)
In addition, A9 L hi implies
BIBAT'CA™' + AT+ 07! =0, (B31)
Ry L h? implies
B'BA™IC + ATACT'A+1 =0, (B32)

hi L h? implies

(BAT'/CAH)H(BATIC)+ ACT'A+(C1)T = 0. (B33)

By making use (AC~1)3 = 1, we obtain

BB+ ATC+C'A=0 (B34)
BB+ ATAC YA+ A7'C =0, (B35)
ct+At=ctcAat+c L. (B36)
Similarly, A L hd implies
B'B+ ATACT'A+ (C71A)T =0, (B37)
hi L h3 implies
BiB+ (CTACc—tA) + A7 1Cc =0. (B38)
Hence, we have
ATA = Cfe AAT = cCf,
ct+Aa =AM+ 0L (B39)

Since we still have the freedom to choose the basis for
the subspaces related to zo and z3, we can assume that
A is diagonal and non-negative. Since A is invertible, all
the diagonal items are positive. We claim that A = 1,
otherwise, without loss of generality, denote

X 0
=9 o)
where X is a diagonal matrix whose diagonal terms are
positive and different than 1.

By solving Eq. (B39), we obtain that

X 0
o= el

where Cas is invertible. Hence, there is a state |s) in the
subspace corresponding to the block X such that

(B41)

Als)=Cs) =CT|s) =z |s), (B42)
where > 0. Therefore,

(s| (BTB4+ATC+C71A)|s) = (s| BIB|s) + (z? +1) > 0,

(B43)
which contradicts Eq. (B34). Hence,
A=1, cct=1, C®=1,
B'B+C+C™t=0. (B44)

Note that, if we rotate the basis of the subspaces span
by zo and z3 with the same unitary U, this does not
affect A = 1 and C is changed to UCUT. By choosing
a suitable U, UCUT is a diagonal matrix according to
the spectral theorem of norm matrix. Therefore, we can
assume that C is diagonal. Notice that 1 — C3 = (1 —
C)(1 + C + C?) = 0, then we have 1 + C + C? = 0,
otherwise 1 = C, which leads to the contradiction that
BB = —21. Consequently, all the diagonal terms in C'
are e¥27/3 and BYB = 1. That is, B is unitary. Since we



V1 V2 V3 V4 Us Vg V7 Vg Vg VA UB Vc VUp VE VR Vg VH VI
vpy 1000111 1¢t 0 ¢t I 1 1 ¢t 0 00
ve 01 0011110 ¢ 01 1 10 ¢t t O
vi3 001 0O0¢ ¢t 011 10 ¢t 0 1 1 1 1
vy 0001 0O0O0¢ I I 1 ¢t 0 ¢t 1 1 11
w,; 1111111111111 111 11

TABLE II. CEG-18. Each column v; corresponds to one observable represented by the projector |v;)(v;|. The labels correspond
to those in with Fig. 1. The rows v;; give the components of |v;) (unnormalized). 1 = —1 and ¢ = /2. The last row contains

the weights of the optimal SI-C witness of the form (1).

The weights w;; in (1) can be chosen in any way that satisfies

wi; > max{w;, w;}. With these weights, a(G, @) = 4 and Q(G, @) = (G, @) = 2.

still have the freedom to choose the basis of the subspace
spanned by z1, we can assume that B = 1.

Although we cannot change all the diagonal terms
eT2m/3 in C to be €*™/3 with unitary, it can be done
with the time-reversal operator in some dimensions which
changes 1 into —i. The time-reversal operator is also iso-
metric. Therefore, up to isometry, II; = |v;) (v;] ® 1,
where |v;) is the normalized vector of the i-th column,
T=—x, q=e*/3 and g = ¢>

A

>
N

/}.

Y.\

FIG. 1. Graph of compatibility of CEG-18. Nodes represent
observables and edges connect compatible observables. The
labels refer to the observables in Table II.

The last row of Table II provides the weights corre-
sponding to the optimal SI-C witness of the form (1).

5. Proof that CEG-18 is unique up to unitary
transformations

Suppose that you have the Li,...,Lig with
the same relations of orthogonality as the vectors
V1,...,V9,04,...,vr in Table II and Fig. 1. Without

4. CEG-18 and its SI-C witness

CEG-18 is the set of 18 rank-one projectors in d = 4
shown in Table II. Its graph of compatibility of CEG-18
is depicted in Fig. 1. CEG-18 was introduced in [42] and
is an egalitarian Lovasz-optimum SI-C set and a critical
KS set. It can be proven that CEG-18 is the KS set of
rank-one projectors with the smallest possible cardinality
(in any dimension!) [46].

(

loss of generality, we can assume that

L, =11,0,0,0], L2 =10,1,0,0],
Ly =[0,0,1,0, Ly —=[0,0,0,1]. (B45)
Without loss of generality, we can assume that
L; =11,A4,0,0]. (B46)
Then, Lg L Ly and Lg L Ls imply
Le = [1,—(A™HT, B,0)]. (B47)
Similarly, L7 1. Ly and L7 1 Ly imply
Ly =[1,—(A™YHT, C,0]. (B48)
Since L7 L Lg,
C=—[1+(AAH"(BHT. (B49)
From Lig L L, and Lig L Ly, we can assume
L5 =1[0,0,1,D]. (B50)
Since Li7 1. Ly and Ly7 L Lqg,
Lz =[0,E,1,—(D™1)". (B51)
In addition, Li¢ L Ly and Lig L L1g imply
Lig=[0,F,1,—(D~")". (B52)

Since L17 1L L16 and L16 1 L7,

F=[1+DODH YEH =B 1A+(A™H). (B53)
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V1 V2 V3 V4 Us Vg U7 Vg V9 Vip Vi1 Vi2 Vi3 Vi4 V15 Vie V17 V18 V19 V20 V21 V22 V23 U24
vp 1000111111 1 I 1 1 0 0 1 1 0 0 1 1 0 O
v 01 00111111 1 1 1 1 0 0 1 1 0 1
w3 0010111111 1 1 0 0 1 1 1 1 0 0 0 0 1 1
vw 0001111111 1 1 0 01 1 0 01 1 1 1 0 O
w, 1111111111 1 11 1 1 1 1 1 1 1 1 1 1 1

TABLE III. Peres-24. Each column v; corresponds to one observable represented by the projector |v;)(vi|. The rows v;;
give the components of |v;) (unnormalized). 1 = —1. The last row contains the weights w; of the optimal SI-C witness of the
form (1). The weights w;; in (1) can be chosen in any way that satisfies w;; > max{w;,w;}. With these weights, a(G,w) = 5

and Q(G,w) = ¥(G, W) = 6.

Hence
DD' = (B~ 'AATB)~L. (B54)
The relation Li7 L Lg implies
FE = BA. (B55)

In addition, Li5 1 Lo, L15 1 Lig, and L5 L Li7 imply

Lis =[1,0,—(B™ )T, ~(B~H)'D], (B56)
Lg I L3, Lg 1 Lg, and Lg | Lq5 imply
Ls = [1,4,0,B(D™HT], (B57)
Ly L Ls, L4 1 Ly, and L4 | L1 imply
Ly =[1,—(A"HT,0,—(A"HTFID), (B58)
Li3 1L Ly, L3 1 Ly4, and L3 L Li5 imply
L3 =[1,A4, B,0], (B59)
Lo L Ly, Lg 1 L7, and Lg | Lqg imply
Ly =[1,0,—(C~HT (D~tC™hHT], (B60)
Lig L Ly, Ly L Ly, and Lyy L Lg imply
Lo = [0,1,(CTA) !, ~A(BY) ' D]. (B61)

J

6. Peres-24 and its SI-C witness

Peres-24 is the set of 24 rank-one projectors in d = 4
shown in Table III. It was introduced in [43]. Unlike
BBC-21 and CEG-18, Peres-24 is not critical (in the sense
of Zimba and Penrose [67]): some observables can be
removed while still having a SI-C set. In turn, Peres-24
is a complete SI-C set.

The last row of Table III provides the weights corre-
sponding to the optimal SI-C witness of the form (1).
As shown in Table III, Peres-24 is an egalitarian Lovéasz-

Since Lg L Lg, we have

C =—-B(DD")™ ' = _-AATB. (B62)
From Ly L Lg and Lyg L Lq3,
C=—-(4""2B, A=A (B63)

Therefore, we obtain that A is hermitian and A* = 1.
Hence, the eigenvalues of A can only be +1 and A is
automatically unitary. We still have some freedom to
choose different A, B, and D by applying a global uni-
tary. We can choose A = 1. Eq. (B54) implies that D is
also unitary, we can also choose it to be 1.

Then, by Lig L L3, we obtain that BBT = 21. Hence,
we can similarly set B = v/21. Consequently,

C=-—V21, E=vV21, F=-21. (B64)
Lis L L3, Lys | Ls, and Lio 1 Ly, imply
Lys = [1,—-1,0,—V/21]. (B65)
Ly1 L Lo, L11 L Lo, and L1y L Lyg imply
Ly = [V21,0,—1,1]. (B66)
Therefore, up to a global unitary,
IL; = |vg) (v @ 1,Vi=1,...,18, (B67)

where |v;)’s are the normalized columns in Table II.

(

optimum SI-C set.

7. Proof that Peres-24 is unique up to unitary
transformations

Suppose that you have the projectors Ili,...,IIoy,
and, correspondingly, L1, ..., Log with the same relations
of orthogonality as the vectors vi,...,v94 in Table III.
Without loss of generality, we can take L; = [14,0,0, 0],
Ly = [07 14,0, 0}7 Ly = [0707 14, 0]7 and Ly = [0707 0, ]ld]7



where 1, is the identity operator in the Hilbert space of
dimension d. Hereafter, for simplicity, we will omit the
subindex d, and simply write 1.

Let us now consider the projectors Li3, L14, L15, and
L16. Since L13 1 L3, L13 1 L47 L15 1 L17 and L15 1 LQ,
by using Eq. (B11), we can assume that

L13 = []17D7070}7 L15 = [ana]laE]a (B68)
where D and E are invertible matrices. Then, due to
Eq (B12), L14 1 L3, L14 1 L4, and L14 1 L13 imply

Ly = [17_(D_1)Ta070]‘ (B69)

Similarly, Lig L L1, L1g L Lo, and Ly L Ly5 imply
L16 = [0707117_(E_1)T]‘ (B70)

Let us now consider the projectors Li7, L1s, L19, and
Lgo. Since L17 L Lg, L17 L L47 L19 L Ll, and L19 1 Lg,
by applying Eq. (B11), we can take

L17:[]la07FaO]7 L19: [Oa]l;O,G]a (B71)

where F' and G are invertible matrices. Then, Lig 1 Lo,
Lig 1L Ly, and Lyg L Li7 imply
Lig = [1,0,—(F~ 1T, 0]. (B72)
Similarly, Log L Ly, Log L L3, and Loy L Lyg imply
Ly = [0,1,0, —(G~HT]. (B73)

Let us now consider the projectors Ls, Lg, L7, and Lg.
Then, L5 L L14, L5 L L16, and L5 L ng 1mply
Ls=[1,D,F,FE]. (B74)

Similarly, L6 1 L14, L6 1 L16, and L6 1 L17 1mply

L6 = []lva _(F_I)Tv_(F_l)TE]' (B75)
*AISO7 L7 1 L13, L7 1 L15, and L7 1 ng imply
L7: [ﬂv_(D_l)T7F7 _F(E_I)T]' (B76)

Finally, Lg 1 L13, Lg 1 L15, and Lg 1 L17 1mply

Ls = [1,—(D"H, —(F YL (F-HNEHT.  (B77)
From L5 1 LQO and LG 1 ng,
DG =FE, F'D=EG. (B78)

Let us now consider the projectors Lg, Lig, L11, and
L12. Then, Lg 1 L14, Lg 1 L15, and Lg 1 ng 1mply

L9: []]'vaFv_F(E_l)T] (B79)
AISO, L10 1 [/147 L10 1 L15, and L10 1 L17 imply

Lip = [1,D, —(F~ YT (F~HT(E~HT]. (B80)
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Similarly, L11 1 L13, L11 1 L16, and L11 1 ng imply
L1 = []lv _(D_l)T7F? FE] (B81)

Finally, L12 1 ng7 L12 1 L167 and L12 1 ng 1mp1y

Ly =[1,—(D~HT, —(F ), =(F")E].  (B82)
From Lg 1 Lyg and Lyg L Log,
D=FEY.SE, D=FYHYEG (B83)
From Egs. (B78) and (B83),
DD' = EE' = FFT =GG' =1. (B84)

We still have the freedom to apply a unitary on subspaces
related to Ly, Lo, L3, and Ly. Hence, we can set D =
E = F = 1. Then, we have also G = 1 because of
Eq. (B78).

Finally, let us consider the projectors Loy, Lao, Las,

and Los. Then, Loy L Lo, Loy L L3, and Loy L Lg
imply

Loy =[1,0,0,1]. (B85)
Also Los 1 Lo, Loy 1 L3, and Loy L L5 imply

Loy =[1,0,0,—1]. (B86)

Similarly, L23 1 Ll, L23 1L L4, and L23 1 LG imply

Los = [0,]1’1,0] (B87)
Finally, L24 1 Ll, L24 1 L4, and L24 1 L5 1mply
Loy = [Oa 1, -1, 0] (B88)

Then, it easy to check that all the remaining orthogonal-
ity relations in Table III are satisfied.

Using that for i € V and (j,t) € {1,...,c} such that
(i,7) ¢ F and (i,t) € E, each rank-x projector II; that
acts on C? can be decomposed as

;= LY(L;LY)'Li,  Li = B, Bai, ..., Bei], (B89)
where d = 4k, it is easy to see that Peres-24 can be
written in the form II; = |v;)(v;| ® 1, where the |v;)’s are
the normalized columns in Table III.

8. The Peres-Mermin square and its SI-C witness

Given 9 observables, A, B, C, a, b, ¢, a, 5, and =,
with possible outcomes —1 or 1, the following inequality
[9] holds for any NCHYV theory:

NCHV
(ABC) + {(abc) + (afv) + (Aaa) + (BbB) — (Cey) < 4.
(B90)



However, if we consider the following two-qubit observ-
ables:

A B C 0,1 1®0, 0,R0,
a b c|l=1®0, 0,01 0,®0,|, (B9
a B v 0, R0, 0, R0, 0y R0y

then the left-hand side of (B90) is 6, since, for any two-
qubit state,
(ABC) = (abc) = (Aac)) = (BbB) = — (Cecy) = 1.
(B92)
The observables in (B91) were introduced by Peres and
Mermin [44, 45]. The right-hand side of (B91) is usually

referred to as the Peres-Mermin square or magic square.

The Peres-Mermin square is a SI-C set (although not
of rank-one projectors) and inequality (B90) is equally
violated by any quantum state in d = 4 [although it is
not of the form (1)].

9. The relation between the Peres-Mermin square
and Peres-24

The Peres-Mermin square is related to Peres-24 [43].
Each row or column in (B91) contains compatible ob-
servables represented by operators whose product is 1,
except for the last column, which is —1. This implies
that, according to quantum theory, only four events can
happen for every set of three compatible observables. If,
e.g., [- + —|ABC] denotes the event: the results —1,
1, and —1 are obtained when A, B, and C are mea-
sured, respectively, then only the following 24 events can

happen: [+ + +|ABC], [+ — —|ABC], [- + —|ABC],
[— — +|ABC], [+ + +l|abc], [+ — —l|abc], [— + —l|abc],
[7 - +|abc], [+ + +|O‘57]7 [+ - 7|O‘57]7 [7 + 7|O‘57]7
[— = +laBv], [+ + +|Aaa], [+ = —|Aaq], [~ + —|Aaq],
{— — +|Aaqa], [+ + +|BbS], [+ — —|Bb3], [ + —|Bb3],

— —+[Bbg], [+ +—|Ccr], [+ —+ICey], [+ +/Cer], and
[-——|Cecy]. Each of these events is represented by a pro-
jector, which is the eigenprojector of the corresponding
Hermitian operators with the corresponding eigenvalues.
The 24 projectors thus defined have the same orthogonal-
ity relations as the 24 projectors of Peres-24. The relation
between the Peres-Mermin square and Peres-24 allows us
to prove that the Peres-Mermin square is unique up to
unitary transformations.

For any set {A, B,C,a,b, ¢, «, 3,7} with the same rela-
tions of joint measurability given in Eq. (B91) and whose
products fulfil the same relationships as those fulfilled by
the observables in Eq. (B91), we can obtain 24 vectors
with the same relations of orthogonality as those of Peres-
24. Let us call {II;}?*, this set of rank-one projectors.
As seen before, there is a unitary transformation U such
that U(IL,)U = |v;)(v;] ® 1 := T1;, where |v;) are the
columns in Table III.

12

10. Proof that the Peres-Mermin square is unique
up to unitary transformations

Since A, B, and C' are compatible, then

ATBt = ATBtCT, (B93a)
AYB™ = AtB-C, (B93b)
A"Bt = A"B*tC, (B93c)
A"B™ = A"B~CT, (B93d)

where AT and A~ denote the projectors for the positive
and negative eigenspaces of A, respectively. That is, A =
AT — A~. Hence,

UANUT =UATBT + ATB7)UT
= UATBTCHUT +UATB~C7)U!
= U(I)UT 4+ U(IT,)UT
=10, + Iy, (B94)
UA W' =UA BT+ A=B7)U'
= U(A"BTCHU +UA-B~CHUT
= U(3)UT 4 U(I1,)UT
= TI3 + II,. (B95)
In addition,
AT+ A" =1 (B96)
and
I + Iy + 5 + 11y = 1, (B97)
which implies
UANUT =10, +1T,, UAT)UT =103 + 114, (BIS)
Consequently,
1
U =UahUt —vanut=| o et
1
(B99)

where k = D/4. Similarly, other observables in the real-
ization can be mapped with the same unitary U into the
ones in Eq. (B91).

11. Peres-39 and its witness

One can obtain a KS set in d = 5 by taking the 4-
dimensional vectors of Peres-24 and either appending or
prepending 0 to them [47]. That is, if we call {|u;)}?%;
the set of vectors in Peres-24, then

V= {|ui)}? (B100)

1 U {|VZ> i= 17
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V1 V2 V3 V4 VU5 Vg U7 U Vg V10 V11 V12 V13 V14 V15 V16 V17 V18 V19 V20 V21 V22 V23 V24 V25 V26 V27 V28 V29 V30 U31 V32 V33 V34 U35 V36 U37 V38 V39
vp 1000111111 1111001 1O0O011O0O0O0O0O0O0O0DO0O0UO0O0O0OO0ODO0OO0OTGO0OTGO
vwp0O0O1001111111111000O0OT1100711011T111111000011
v 0010111111 11001111000O0111011111111110011°00
vw 0001111111 110011001111T0001T1TT1T1T1T1T1T1TT1T1O0SD0TU0SFO
vvs 0000000000 OOOOOOOOOOOOOOT11I11111111111111
w; 248 88444444 4 4 6 6 77T 6 6 776 6 7 7244 4 4 4 4 4 4 46 6 6 6 6 6

TABLE IV. Peres-39. Each column v; corresponds to one observable represented by the projector |v;)(v;|. The rows v;; give

the components of |v;) (unnormalized).

1 = —1. The last row contains the weights w; of the optimal SI-C witness of the

form (B103). With these weights, a(G, W) = 46 and 9(G, w) = 50.

where

(il = ((uil ,0), (vl = (0, ().

is a KS set in d = 5. V only contains 39 vectors, since

(B101)

lp2) = [11), luz) = |v2), pa) = |va),

lis) = |vas),  uie) = |vaa),  |p1o) = |va7),

l20) = [18),  |p2s) = vis),  [p2a) = |v1a) .
(B102)

The resulting set is shown in Table IV. Hereafter, we
will call it Peres-39.
Let us consider the following witness:

= > > P = Zw
CeCs ieC
(B103)
where G39 is the graph of compatibility of Peres-39, Cs
is the set of cliques of size 5 in G39, and w; is the fre-
quency of i in C, which is shown in Table IV. Strictly
speaking, W' is not a SI-C witness like those in Eq. (1)
in which every II; is in several contexts. Probably, there
is a proper SI-C witness of the form (1) for Peres-39, but
we have not computational power to obtain it. Instead,
we will assume that the projectors {II;} in (B103) pro-
vides a quantum realization of the graph of orthogonality
corresponding to Gsg. Under this assumption, inequality
(B103) holds.

For any state of d = 5, Q(G39,w) = ¥(G39,w) = |C|,
which is the number of elements in C and therefore is also
the algebraic maximum of W’. This shows that Peres-39
is an egalitarian Lovész-optimum SI-C set.

12. Proof that Peres-39 is unique up to unitary

transformations

By construction, in Peres-39, {|u),}?4, contains only
vectors orthogonal to (0,0,0,0,1). Hence all the basis
of size 5 which contains (0,0,0,0,1) are just all the basis
of size 4 which are all orthogonal to (0,0,0,0,1), i.e.7 all
the complete basis in the subspace spanned by {| W Y2

Let us write Peres-39 as {P;}2%, U {Q:}24,, where

P, = Q; if |p;) = |vj). Then, {P}?, is a realiza-
tion of Peres-24 in the 4—dirnensional subspace spanned

) < a(Gsg,w),

by {P} Similarly, {Q;}?1; is a realization of Peres-
24 in the subspace spanned by {Q;}?,. Then, we can
apply that Peres-24 allows for CFR to each of them in
their corresponding subspaces. Since the intersection of
{P}24,,{Q;}?*, is not empty, all the projectors in the
realization of Peres 39 have the same rank.

Without loss of generality, we can assume that

Py = |pi){pil @ Lgys, Vi=1,...,24. (B104)
In addition Q4 = |va)(va| ® 145. Then, we can copy for
{Qi}22, the proof we used for Peres-24. Since Q; is fixed
already for i = 1,2,3,13,14,17,18, 23, 24, we know that
D=F=1asin Eqs. (B68) and (B71) and7 consequently,
that

E=G, EG =1. (B105)
Note that we still have the freedom to apply a local uni-
tary to the subspace represented by Q4. This implies
that we can set £ = G = 1, which fix the whole realiza-
tion up to unitary transformations Direct computation
shows {P;}24, U{Q;}?4, realizes all the orthogonality re-
lations in G39

13. Proof that, for any d > 6, there are KS sets

unique up to unitary transformations

For any dimension d > 4, by patching d — 3 copies of
Peres-24 together (as we did in the construction leading
to Peres-39), we can obtain a SI-C set in dimension d,
which allows for CFR with respect to the witness (B103)
and the orthogonality relations encoded in this set.

We can prove this recursively. Let us assume that we
can prove it for the d-dimensional case. In the (d + 1)-
dimensional SI-C set, all the vectors whose last element is
0 constitute, by construction, a d-dimensional SI-C set.
We denote it as P. In addition, we denote Q the last
added Peres-24 SI-C set. Hence, all the maximal cliques
of size d + 1 which contain (0,...,0,1) correspond to all
the maximal cliques of size d for the d-dimensional SI-C
set P. As we discussed in the CFR of Peres-39, the fact
that all the maximal cliques of size d + 1 are complete
bases leads to the fact that all the maximal cliques of size
d in P are complete bases for the subspace spanned by
P. Consequently, P allows for CFR.



V1 V2 V3 V4 Vs Vg VU7 Vs Vg9 VA VB VUC UD

vvw 1000011111 1 1 1
vz 01 01 100111 1 1 1
v3 001 1 111001 1 1 1
w; 333333333 2 2 2 2

TABLE V. YO-13. Each column v; corresponds to one ob-
servable represented by the projector |v;)(v;|. The rows v;;
give the components of |v;) (unnormalized). 1 = —1. The
last row contains the weights w; of the optimal SI-C witness
of the form (1). The weights w;; in (1) can be chosen in any
way that satisfies w;; > max{w;,w;}. With these weights,
a(G,w) = 11 and, for any qutrit state, Q(G,w) = % ~ 11.67.
However, 9(G, W) ~ 11.977641.

3

FIG. 2. Graph of compatibility of YO-13. Nodes represent
observables and edges connect compatible observables. The
nodes are labeled as the subindexes in Table V.

By construction, the set of the vectors living in the
last 5 dimensions is a Peres-39, whose intersection with
P is a Peres-24 P’. After the CFR of P, the Peres-24
P’ is fixed. Same as in the CFR of Peres-39, this fixes
the last added Peres-24 Q up to unitary transformations.
Summing up, we have shown that the (d+1)-dimensional
SI-C set allows for CFR.

14. YO-13

YO-13 is the set of 13 rank-one projectors in d = 3
shown in Table V and whose graph of compatibility is
shown in Fig. 2. YO-13 was introduced in [11]. As shown
in Table V, YO-13 is an egalitarian SI-C set with respect
to a contextuality witness of the form (1) and YO-13 is
not Lovész-optimum. As proven in [48], YO-13 is the
smallest SI-C set of rank-one projectors in quantum the-
ory (in any dimension). As it can be easily checked, YO-
13 is not a KS set.
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15. Proof that YO-13, with normalization
constraints, is unique up to unitary transformations

YO-13 is unique up to unitary transformations if we
assume the following normalization constraints:

p1+p2+p3=1,
p1+ps+ps =1,
p2 +pe +pr =1,
p3+Dps+pg =1,

where p; is the probability of obtaining the outcome 1
when the projector |v;)(v;| is measured, with v; defined
in Table. V.
Following the same notation as before, without loss of
generality, we can assume that
Ll - []lmeaOL L2 = [0,]1,@,0], L3 = [Ovoaﬂﬁi]'
(B107)
Hereafter, for simplicity, we will omit the subindex k.

Since L1 L Ly and L1 L L5, we can assume that

Ly=10,1,A], Ls;=10,1,4]. (B108)
Then, since Ly 1 Ls,
A= —(A"HT, (B109)
Similarly,
L¢ = [1,0,B], L;=[1,0,—(B~YHT], (B110)
Ly =[1,C,0], Lg=[1,—(C")0. (B111)
Let us assume that
Ly,=[1,D,E], Lp=I1,FG], (B112)
Le=[1,H,1I, Lp=[1,J K] (B113)
Then, Ly 1 L7 and Ly L Lg imply
D=C, FE=B, (B114)
Lp | Lg and L 1 Lg imply
F=C, G=—-(B™YH, (B115)
Lec 1L Lg and Lo L Lg imply
H=—(CH, I=—BYH, (B116)
Lp 1 Ly and Lp L Lg imply
J=—-(CH, K=B. (B117)
In addition, Ls | L4 and Ls | Lo imply
D=—-EA), H=-I(A). (B118)

This implies that,

B=CA, C=BA" (B119)



Then, Ly | L and Ly | Lp imply

F=—-GA", J=-KA (B120)
This implies that,
C~'=AB', CT=AB' (B121)
Hence,
AAT = BBT =1. (B122)

Since we still have the freedom to rotate the subspaces
corresponding to Lo and L3, we can set A = B = 1.
Therefore,

C=D=FE=F=K=1, G=H=1=J=-1.

(B123)
This implies that there is an isometry between {II;}; and
{2v;) (vi]—13};, where |v;) is the normalized i-th column
in Table. V.

16. Peres-33 and its optimum contextuality witness

Peres-33 is the KS set of rank-one projectors in d = 3
shown in Table VI. It was introduced in [43]. It is the
KS set in d = 3 with the smallest number of bases known
(16).

17. Proof that Peres-33 is not unique up to unitary
transformations

The existence of unitarily inequivalent orthogonality
representations of the orthogonality graph of Peres-33
has already been proven in Refs. [68, 69]. For complete-
ness, we provide another proof here.

As shown below, Peres-33 contains, induced, three
copies of YO-13. Specifically, using the notation of Ta-
ble VI, the three copies are

S1 = {v1,v4, 05, V2,03, V30, U33, U31, V32, V14, V13, V15, V12 },

(B124a)
So = {va,v8,v9,v1,V3, V26, V29, V27, V28, V20, V11, V21, V10 }»
(B124b)
Sy = {v3,v6, V7,1, V2, V22, V25, V23, V24, V18, V17, V19, V16 } -
(B124c¢)

The graph of compatibility of each copy Sy corresponds
to the graph in Fig. 2, assuming that the ordering of the
vectors in Eqgs. (B124) is the same used in Table V. Notice
that S;NS; = (1,2,3) := Sp for i # j, but otherwise, the
three sets are not tightly connected to each other.

A direct calculation shows that there is another real-
ization of the graph of compatibility of Peres-33, where

(vi1, vi2, vi3),1 € Sq

(uil = q (vi1, viz, 1v;3),0 € Sy (B125)

. . ,
(vila —1V;2, vi3)a 1€ 537
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where v;; are the ones in Table VI and S5 = S5\ So,
S4 = S3\ So. However, {|v;)}23, and {|u;)}32, cannot
be transformed to each other by either a unitary or an
antiunitary transformation, since the set {|{u;|u;)|} is

different from {|(v;|v;)|}.

Appendix C: Tools used in the proof of Result 2

Consider the situation in which we are given a set of
black boxes, each of them supposedly implementing an
ideal measurement of one of the elements of a SI-C set
{II;} with graph of compatibility G (with vertex set V'
and edge set F) and whose optimal noncontextuality in-
equality of the form (1) has weights {w;} given in the
proof of Result 1.

Firstly, we consider the case with perfect orthogonality
relations and the imperfectness is only in the violation.

Lemma 1. If, for any quantum state,

PAL =1, =1)=0 (C1)
for any (i,j) € E and
> wiP;=1)>Q—¢, (C2)

=
where Q is 33, 2, 6, and 10, and € is 0.13159, 0.13397,
0.17712, and 0.20808 for, respectively, BBC-21, CEG-18,
Peres-24, and YO-13, and, only in the case of YO-183, for

any quantum state satisfying

P(Il, =1) + P(Il,=1)+ P(ll3 =1) =1,  (C3a)
P(Il, =1)+ P(Il, =1)+ P(Ils=1) =1,  (C3b)
P(Ily =1)+ P(Ilg=1)+ P(Il; =1) =1,  (C3c)
P(lly=1)+ P(Ilg=1) + P(Ily=1) =1,  (C3d)

then,
(1) ¥(i,j) ¢ E, rank(IL;ILII;) = rank(II;).
(IT) Vi € V', rank of I1; is the same, say, rank(Il;) = k.

(III) Fori €V and (j,t) € {1,...,c} such that (i,5) ¢ E
and (i,t) € E, each rank-x projector II; that acts
on ©¢ can be decomposed as

I; = LY(L;L]) "' Li,  Li = [Bui, Bai, ..., Bei),  (C4)
where L; are d X k matrices, Bj; are kX k invertible
matrices, By = 0 and we can take Bj; = 1 for

any j. Moreover,

ILI, =0 = Li(L)" =0. (C5)
Proof. The proof of (I) follows from SDP. Notice that
ILILIT; < II;. If there is a pair (¢,j) ¢ E such that
rank(IL;ILIT;) < rank(Il;), then there is a unit vector
|v) in the subspace represented by II; that is orthogonal
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V1 V2 V3 V4 VUs Vg U7 Ug V9 Vip Vi1l V12 V13 Vi4 V15 Vie V17 V18 V19 V20 V21 V22 V23 V24 V25 V26 V27 V28 V29 V30 V31 V32 V33
vwl1000011110 0111100 ¢t ¢t ¢t ¢t 1 1 1 1 1 1 1 1 t t t t
vwpw©O0101111001 1 00 ¢ ¢t ¢t ¢t 001 1 1 1 1 1 ¢t ¢t ¢t ¢t 1 1 1 1
vvs 001110011 ¢ ¢ ¢t ¢t o0 o0 1 1 1 1 00 ¢t ¢t ¢t ¢t 1 1 1 1 1 1 1 1
w,; 33311111111 111 1 11 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1

TABLE VI. Peres-33. Each column v; corresponds to one observable represented by the projector |v;)(v;|. The rows v;; give
the components of |v;) (unnormalized). 1= —1 and t = v/2. The last row contains the weights w; of the optimal SI-C witness
of the form (1), where the weights w;; in (1) can be chosen in any way that satisfies w;; > max{w;,w;}. With these weights,
a(G,w) =12 and Q(G, W) = ¥(G,w) = 13 for all qutrit states.

to the subspace spanned by the image of II;II,II;. This
leads to the linear conditions

(0|1 [v) =1, ([ IGILIT; [v) = (o[ [v) = 0. (C6)

That is,

Tjj = 1, T’” = 0, (07)
where Ty, = (v| LI |v). By definition, T} is positive
semidefinite. In addition, the orthogonal relations imply
that

Tw =0, V(k,1) € E. (C8)
The quantum violation of state |v) is a linear function of
Trr whose upper bound can be calculated through the
SDP under the conditions ILII; = 0 for any (¢,j) € E
and (C6). It cannot always be smaller than @ — € for all
(i,4) € E. Hence, if, for any quantum state, the violation
is not smaller than @ —e¢, then rank(II,;IL;II;) = rank(II;)
for any (i,7) € E.

Proof of (II). From (I), ¥(4,5) € E,

rank(IT;) > rank(II;ILII;) = rank(IL;), (C9)
which implies that rank(Il;) = rank(Il;) for any
(i,7) ¢ E. Since the complement of G is connected, we
conclude that the rank of all the projectors are same.

Proof of (III). Due to (I) and the existence of complete
basis with ¢ projectors, we have the relation d = ck.
Then, each rank-x projector II; can be decomposed as

I; = (L)L, L. =[B, Ba,...,Beil, (C10)
where L are some d x £ matrices and Bj;’s are some £ X Kk
matrices. In the scenarios we considered, we can always
choose {II;}$_; to be the complete basis and take it to
be the standard basis, that is,

L, =[1,,0,...,0], (Clla)
Ly=1[0,1,,...,0] (C11b)
L. =10,0,...,1,]. (Cllec)

Using the above decomposition, we have

ILILI1; = Bl Bjs. (C12)

Due to (I) and Eq. (C12), for (i,5) € E, j € {1,...,c},
the rank of Bj; should be x and hence, this matrix Bj;
is invertible. While for (i,t) € F and ¢ € {1,...,c} the
left-hand-side of Eq. (C12) is zero and therefore B;; = 0.
Using that Bj;’s are either invertible or zero-matrices, a
straight-forward calculation shows that
Vi, I2 =1I; — Li(L)" =1, (C13)
and
ILI, =0 = Li(L)T =o0. (C14)

By taking L; = Bﬁng for some invertible Bj; and by
using Eq. (C13), we can express II; as

I = (L)N LU L]
= LI(L,LH 'L, (C15)
Finally, notice that Eq. (C14) implies LiL;r =0. O

1. Robustness with imperfect orthogonality
relations

To analyze the robustness when the orthogonality re-
lations have not been exactly ensured, we introduce the
following lemmas and one assumption.

Lemma 2. For a given matrizc T < M1 in H, if
(s|T|s) = A1, Y|s) € S, where S is a linear basis of
H, we have T = M1 in H.

Proof. Obviously, A1 should be the maximal eigenvalue
of T. Consequently, (s|T|s) = Ay implies that |s) € Ej,,
where E), is the eigenspace of T" for the eigenvalue A;.
Hence, by assumption, S C F),. By definition, H =
span(sS), which implies

H C E,,. (C16)

Thus, Ey, = H. Equivalently, T' = A\ 1. O

Lemma 3. For any two projectors 111,11y from a given

setting, if rank(Iy) > rank(Ily), then 3|s) € S s.t.
(s|M]s) =1,

(s|a]s) = 0. (C17)



Proof. The condition rank(Il;) > rank(Ils) implies that

the intersection Sy of the subspace s represented by II;

and 1 — Il is not empty, denote Iy the projector onto

subspace Sp. Von Neumann has proven that [70]
Ho = lim [Hl(]l — HQ)]”,

n—oo

(C18)

where II;,7 = 0,1,2 represent the actions of projection
instead of matrices.

By definition, there should be at least one state |sg) €
S such that I |sg) # 0, since [Ty # 0. Thus, by repeating
the projection IIj, I, with the initial state |sq), we can
finally obtain a state |s) such that (s|IIg|s) = 1. By
definition of Iy, we know that II; = Ilg, IIs > IIy. Hence,
we have

(s|Iy]s) = (s|1 —Tals) = 1. (C19)

O

Lemma 4. For any two projectors I1; and s from a
given setting, Ve > 0, I|s) € S such that

(s I [s) = Ay (I To0Th) — €, (C20)

where \(+) is the mazimal eigenvalue.

Proof. If II; L Ils, any choice of |s) gives the conclu-
sion. Otherwise, A;(IT;II5I1y) > 0. In addition, there is
a state |s) such that II; 1511, |s) # 0. Denote by |s,) the
post-measurement state after the repetition, ntimes, of
measurements IIs and II, that is,

Since lim, 00 (A/A1)" = 0, for any eigenvalue A of
II;II5IT; which is less than \{, we that
II, 11114 "
s L N RN | : 22
{/\1(H1H2H1)} om e (C22)

where Il is the projector of the eigenspace of IT;II5IT
with the maximal eigenvalue \;. Therefore,

<Sn|H1H2H1|Sn> — )\1(H1H2H1), n — oQ. (C23>

O

For a given c-dimensional SI-C set which is considered
here, and another realization of its orthogonality rela-
tions and quantum violation of a given witness with er-
rors in experiment, we make the assumption of complete
context for this realization.

Assumption 1 (Complete context). There is a complete
context, i.e., a context with ¢ projectors, in which the
relations of mutual exclusivity are perfect.

This can be guaranteed if we have a device whose dif-
ferent outcomes correspond to different projectors in this
complete context. With out loss of generality, we label
this complete context with {1,2,..., ¢c}.

As we can see, the proof of self-test only relies on two
conditions:
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1. The relations of exclusivity hold, ie., ILII; = 0,
V(i,j) € E.

2. Each projector II; can be decomposed into block
form on a complete basis (a complete context in
the scenario). That is,

I; = L{L;, L; =B, Ba,..., B, (C24)
where By; is square invertible if (i,¢t) ¢ E, other-

wise, By = 0.

In actual experiments, the first condition may not
strictly hold due, i.e., to noise, so two mutually exclu-
sive events of the ideal scenario may no be mutually ex-
clusive. Furthermore, the second condition is linked to
the first and to the violation of the SI-C inequality. If
the first condition is valid, and the violation of the SI-C
inequality is not too far from the violation in an ideal
experiment, then the second condition is likewise true.
As a result, we have CFR as we have shown before.

For a given (Q — €,¢€)-SI-C realization, the relation of
exclusivity ILII; = 0 is (e, 1/2)-robust V(¢,j) € E. Since
IL,IL,10; = (II;11;)T(I1,10;), the maximal singular value of
II,11; is upper bounded by \/e. That is, the first condition
holds up to O(+/¢).

Now we show that in a (Q — ¢, €)-realization, the sec-
ond condition holds if € < min{e,,€,}, where e, and
€, indicate the invertibility of the blocks By; in the de-
composition and the completeness of the basis for the
decomposition.

Definition 10. For a given graph G and a set of weights
{w;}, the tolerance function 7;;(0, €) is defined as follows:

7i; (0, €) :=min X;;
n
subject to Zk:l wi Xgr =0,

Xix = Xow, 1<k <mn,
Xi; 20, Xoo=Xoi =1,
|th‘ S €, (k,t) (S E,

X esit. (C25)

For CEG-18 and Peres-24, 7;;(Q,0) is a strictly pos-
itive constant V(i,j) ¢ E in both cases. For YO-13,
we reach the same conclusion with the extra assump-
tion in Eq. (C3). When € is not so large in comparison
with 7,;(Q,0), then the critical values of ¢, such that
ming j)gp 7ij(Q — €,¢€) > 0 are given in Table VIL.

For a given (Q — ¢, €)-realization, 7,;(Q — €,€) > 0
implies that, for any state |s) such that (s|IL;|s) =
1, we have (s|ILIL;IL|s) > 0. Therefore, ILILII; is
positive definite in the subspace corresponding to II;.
Hence, rank(IL;II;II;) is no less than the dimension of
this subspace, which is rank(Il;). On the other hand,
rank(ILII,I1;) < rank(II;). Therefore,

rank(ILIT;11;) = rank(II;). (C26)



Hence, rank(Il;) > rank(IL;). If 7;,(Q — e,e) > 0 is
also true, then we have rank(Il;) = rank(Il;). If the
complement graph of the exclusivity G is connected and
Ti;(Q — €,€) > 0, V(i,j) € E, we know that all the pro-
jectors should be of the same rank. If € < e,;/2, there
is 79 > 0 such that 7,;(Q — ¢,¢) > 79. This implies
that the projection of II; into the subspace spanned by
II; should be invertible and the inverse is bounded by
1/70. In the case that i = 1,...,¢, min7;(Q — €,€) =
min )\min(B;Bti). Hence, )\min(BZiBti) > 79 implies that
Amax[(B;)1B;; Y] < 1/79. Therefore, the maximal sin-
gular value amax(Bt_il) <1/y/7o.

Definition 11. For a given graph G and set of weights
{w;}, the completeness function v(0,€) is defined as fol-
lows:

v(0,€) :=min Z Xok

k=1
n
subject to Zk:l wiXgr = 0,

Xpe = Xop, 1<k<n,
X’Lj > 07 XOO = ]-a
| Xkt| <€, (k,t)€E,

X esim (C27)

For a (Q — € ¢)-realization, v > 0 for any small
enough e. This means that any state is not orthogonal
to all the projectors in the context {1,2,...,c}. Under
the complete context assumption that all the projectors
in this context are orthogonal to each other, we have,
25:1 II; = 1. Consequentially, we have the block decom-
position on this complete basis {IIy,IIo,...,II.}. Since
B;Bti is the non-trivial part of IT,II;II; whose maximal
(diagonal) element is upper bounded by €, |Bii|max <

\/ |BL-Bti\maX < eif (i,t) € E. Here |M|max is the max
norm of the matrix M.

In fact, rows of L; are a orthonormal basis of the sub-
space represented by II;. Then ILII;II; < €l implies
L,IL;L! < €1, which leads to

Omax(LiL}) < /e, (i,§) € E, (C28)

Here we introduce the main idea of robustness analysis.
As an example, we give the detailed analysis for YO-13
in the next section. The proof of self-testing in the ideal
case implies that, the solution of Eq. (C28) is unique if
€ = 0. Since each By; in L; there is invertible and the
inverse is bounded, those facts lead to equations similar
as in Eq. (B84) but with error O(y/€). Consequently, this
results in the conclusion that all II; is close to the ideal
one up to O(y/€). Note that, since a lot of substitution
has been done in the proof of the self-testing in the ideal
case, the constant in O(y/€) depends on the number of
equation in the proof of self-testing, i.e., the number of
edges in the corresponding exclusivity graph. Apart from
that, it depends on the upper bound of the inverse of By;
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SI-C set BBC-21 CEG-18 Peres-24 YO-13
€r 0.00359 0.00557 0.00562 0.00296
€y 0.00832 0.01527 0.01954 0.02325

TABLE VII. Critical values of €, and €, such that min 7;;(Q —
€r,€7) > 0 and v(Q — €,,€6,) > 0.

also for (i,t) ¢ E, which in turn depends on the error € as
we discussed before. All in all, our conclusion is that the
self-testing is v/e-robust when the error ¢ is small enough
as suggested in Table VII.

2. Robustness analysis for YO-13

As we discussed before, when the error ¢ < €./2 as
shown in Table VII, we can still have the decomposition

II, = LiLI, L; = [By;, By, Bsil, (C29)

where omax(Bti) < Ve if (t,4) € E, otherwise By; is in-
vertible and the inverse is bounded, i.e., amaX(Bt;l) <
1/\/To. Therefore, we can still, for example, change L;
to B,;il L;, where (k, i) € E, to simplify the the procedure
of proof. Consequently,

Umax(Btz') < \ 6/7'() if (t,l) cFE.

Without loss of generality, we assume that

(C30)

L, = []ld,0,0], Ly = [07]ld70]a L3 = [0703 ]ld] (031)

For simplicity, in the following derivation, we will omit
the subindex d.

Since Ly 1L L4 and Ly L Ls up to some error (for
simplicity, hereafter we will omit ‘up to some error’),

Ly = [O(\/g)7117A]7 Ly = [O(\/g)’]lvA/]v

where O(y/€) represents either a number or a matrix
whose maximal singular value is not larger than O(+/€).
For brevity, hereafter we will denote o = O(v/€). Ly L Ls
implies

(C32)

Omax(AA" + 1+ 0) = o. (C33)
Therefore,
Omax(A' + A™Y) < O(/e/70) = o. (C34)
In this sense, we denote A’ = —A~! +o.
Similarly,
Lg=[1,0,B], L;=[1,0,—(B~ ")+,
Ls=[1,C,0], Ly=[1,—(C"YH +0,0.  (C35)
Let us assume that
Liyw=[1,D,E], Li; =[1,F G,
L =[1,H,I], Li3=[1,J K]. (C36)



Then, L10 1 LG and L10 1 Lg imply

D=—(CYHY +o, E=—-(BH 4o, (C37)
L1y L Ly and Ly; L Lg imply
F=C+o0, G=B+o, (C38)
Lqis | Lg and Lys L Lg imply
H=C+o, I=—-(BY 4o, (C39)
Li3 1 Ly and Lys L Lg imply
J=—(C""Y+0, K=B+o. (C40)
In addition, Ly | Lig and Ly 1 Lq; imply
D=-EA'+0, F=-GA'+o. (C41)
Therefore,
(C™Hl = (B YAl 10, C=-BA"+0, (C42)
which implies
C=-BA'+o=-BA +o. (C43)
Then, Ly 1 Li5 and Ly 1 Ly3 imply
H=IA"40, J=KA'+o. (C44)

This implies

C=—(BH A +o, —(CH'=BA 40, (C45)

which implies

C=—(BHA1ro=—(BHAT+0.  (C46)

Hence,

AA'=1+0, BB'=1+o. (C47)
Since we still have the freedom to rotate the subspaces
corresponding to Lo and L3, we can set A and B to be
Hermitian. Therefore, the square of any eigenvalue of A
and B is 1 4 o, which means that the eigenvalues of A, B
are either 1 4+ o or —1 + o. Without loss of generality,
we assume they are all —1 + 0. Hence, A = —1 + 0 and
B = —1 + 0. Consequently,

C,F,.G,H K=—-14o0, D,E,I,J=1+0. (C48)
Then, by definition of L;, we know that its difference
between the ideal one is also o, i.e., O(y/€). So do LiLZT
and its inverse since each element in L; is bounded.

The fact that

I = L (L, LD~ L, (C49)

implies that II; is also O(1/€) close to the ideal one in the
sense of maximal singular value.
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Appendix D: Tools used in the proof of Result 3

Initially, it is important to note that a witness can
be naturally constructed for any given complete KS set.
Furthermore, the maximal violation of this witness is at-
tained by any set of projectors in an arbitrary dimension
that satisfies the orthogonality and completeness rela-
tions according to the orthogonality graph G associated
with the given KS set. In Result 3, we specifically re-
fer to the CFR of a complete KS set with respect to the
following particular witness.

Given a complete KS set, consider an SI-C witness of
the form

Wks =Y w; P(IIl; = 1) < (G, W),  (D1)

where w; is the number of bases in which projector II;
appears, and a(G, W) is the independence number of the
orthogonality graph G of the projectors {II;}. Let us
denote the maximal cliques, each of which corresponds
to a complete basis, by the subsets of the set of vertices
T, C V, wherein x = 1,...,m, and there are m number
of complete bases. Now the quantity

Sy (20 o

x 1€T,

(D2)

where we have used the fact that the sum of projectors
in each of these maximal cliques is the identity. Hence,
the quantum value of the witness (D1) is m for any state.
Note that m is strictly greater than «(G, ), which fol-
lows from the definition of the KS set. Furthermore, since
the maximal value of >, ;. P(Il; = 1) cannot be more
than 1, m serves as the quantum upper bound. On the
reverse direction, the witness (D1) is maximally violated
by a set of projectors {II;} only when

Zni =1, Vz.

€Ty,

(D3)

Additionally, these projectors adhere to the orthogonal-
ity graph. Thus, any set of projectors providing the max-
imum violation of witness (D1) must be a KS set accord-
ing to the orthogonality graph G.

1. Concepts and previous results

Definition 12 (Bipartite game). A bipartite game G =
(X XY, Ax B,W) is a game involving two players, Alice
and Bob. In each round of the game, Alice receives an
input x € X and provides an output a € A, and Bob
receives an input y € Y and provides an output b € B.
Alice and Bob win the round if the inputs and outputs
satisfy a winning condition W C (X x YY) x (A x B).

Definition 13 (Wining strategy). A winning strategy
for a bipartite game G = (X xY, A x B,W) is a strategy



according to which for every (x,y) € X xY, Alice and
Bob output a and b, respectively, such that (z,y,a,b) €
w.

It is known (see, e.g., [21]) that, for any KS set, there
exists a context-projector KS game with a quantum win-
ning strategy and no classical winning strategy. Consider
the graph of orthogonality G of a complete KS set of n
projectors {II;}_; in C?¢. Each projector is represented
by a vertex in the graph, and orthogonal projectors are
represented by adjacent vertices. A clique in G repre-
sents a set of mutually orthogonal projectors. A maxi-
mal clique of G is a clique that cannot be extended by
including one more adjacent vertex. Let T}, denote max-
imal cliques of G, having |T,| distinct elements. The ele-
ments of T, are {T} .}, where x is the label of the clique
and a = 1,...,|T,| indicates the elements in that clique.
In other words, T, := {T%,1,..., Ty, 1, }- Suppose there
are m different maximal cliques, i.e., x = 1,...,m. Ac-
cording to the graph G, Alice is given a maximal clique
from the set of maximal cliques and has to output one of
the vertices from that clique, while Bob receives a ver-
tex from that clique and outputs either 0 or 1. They
win the game if Alice outputs the vertex that is given to
Bob and Bob outputs 1, or if Alice outputs a vertex that
is not given to Bob and Bob outputs 0. Using the for-
mal notation, Alice receives x € {1,...,m} and outputs
a € {l,...,|T,|}, while Bob receives y € {1,...,n} and
outputs b € {0,1}. The payoff function that they aim to
maximize is given by

B= Z Cab,z,y P(a,blx,y) (D4)
a,b,x,y
where
1, fyeT,, y#Tyqand b=0,
Capay=141, HyeTl,, y=T,,andb=1, (D5b)

0, otherwise.

The following quantum strategy achieves perfect win-
ning. Alice and Bob share the maximally entangled state

1 d—1
= ii).
|¢d>—ﬂ;| ) (D6)

Alice measures the following observable A, for input z
that corresponds to the basis T,

A, = {H;m,l""’n;m,\Tzl}' (D7)
And Bob measures
By = {]l - Hy7Hy} (DS)

for input y. Using the fact that (A ® B)|¢T) = (1 ®
BAT)|¢T) for any operators A, B, we obtain the winning
conditions for every pair of inputs.

To show that no winning classical strategy (without
communication) exists, note that the best classical (local)
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strategy can be assumed to be deterministic, in which
Bob assigns 0 or 1 values to the n vertices. To win every
round of the game, no two orthogonal projectors can be
assigned both 1, since every pair of projectors belongs
to at least one basis in a complete KS set. Moreover,
only one projector is assigned 1 in every context. Such
an assignment is impossible for a generalized KS set.

2. Proof of Result 3

The implication — if a complete KS set cannot be cer-
tified with CFR then the corresponding context-projector
KS game does not admit Bell self-testing — is straight-
forward. The uncharacterized KS set acting on CP is
denoted by {II;}, and the reference KS set acting on C?
is denoted by {II;}. Let us assume that these two KS
sets are not connected by unitary transformations, that
is,

AU, LUt =T oleT, @1, Vi (D9)
Now, consider the following two realizations of a context-
projector KS game where the local observables are con-
structed from {II;} and {II; & II, } according to (D7)-
(D8), and the shared states are |¢5) and (1/2)|¢)) @
|F), respectively. Due to (D9), there is no local unitary
transformation on each side that can map the local mea-
surements in one quantum strategy to the other. There-
fore, the context-projector KS game does not admit Bell
self-testing.

To show the reverse implication, it suffices to estab-
lish that in any quantum winning strategy, Bob’s mea-
surements (D8) {1 — By, By} and Alice’s measurements
{A%} should be projective and constitute a KS set. Con-
sequently, it follows that if there is no unitary transfor-
mation between two quantum strategies, then the KS set
does not satisfy CFR.

Let p be the shared state in the quantum strategy,
and d4 and dp be the local dimension of the reduced
states. Without loss of generality, we can assume that
the POVMs of Alice and Bob are in their respective d4-
dimensional and dg-dimensional Hilbert spaces. If not,
we can consider the projection of these POVMs into the
corresponding subspaces.

Bob’s measurements. Let us denote p? = tra(pA2),
the unnormalized reduced state on Bob’s side when out-
come a is observed for the measurement setting x. The
fact that ), A% = 1 implies

Ztrg(p;) =trp (Z pi) =tr (pz A;) =1

(D10)
From the winning conditions of the context-projector
game, we know that

p(a1lz,y) + > p(a,0lz,y) =1,
a#a

(D11)



where y = T}, 5, which translates to

tr(pgBy) + Ztr (pz(1 = By)) = 1.
a#a

(D12)

We represent S; , as the subspace spanned by p2, where
1, ., stands for the identity operator in S5 ,. Addition-
ally, B|s denotes the restriction of the operator B to the
subspace S. By combining Eqgs. (D10) and (D12), we
obtain

tr(piBy) = tr(pl) +tr | Y piB, (D13)
ata
Since By = 1, it follows from Eq. (D13) that
Byls,. = Lsa, Bylg, , =0, (D14)
where
Sea = GaraSe.a- (D15)

Therefore, S; o, L Sy if @ # a. Moreover, since S’m@ e
Sz.a is the full space of Bob’s local system,

By =1,;. (D16)
This leads to the orthogonality conditions, ByB, = 0
whenever y # 3 and y,y’ € T,. In addition, due to
the fact that )" p% is of full rank, the normalization
condition also holds. That is,

> By=) 1,.=1

yeT, a

(D17)

Alice’s measurements. Similarly, let us denote the re-
duced states on Alice’s side by o, = trg(pBy),d, =
trp(p(1 — By)), for the measurement setting y, such that

tr(oy) + tr(a,) = 1. (D18)
The winning condition Eq. (D12) implies
tr(oy A5) + > tr(a,A%) =1, (D19)
ata
which leads to
(0, AD) = trlo,),  tr(e,A) =0.  (D20)
Hence,
Atls, =1, Allg =0, (D21)

where Sy,gy are the space spanned by oy,d,, respec-
tively. Moreover, we can infer that S, L Sy, Vy,y' €
T.,y # y'. Since o, + 7, = trg(p) is of full rank, we
know that

A% =1, (D22)
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Subsequently, we have the orthogonality condition
1,,1,, =0 whenever y1 =T} 4,,%2 = T4, and a1 # az,
and the normalization condition

doAr=>Y"1,=1

yeT,

(D23)

In total, Egs. (D16), (D17), (D22), and (D23) imply that
{B,} and {A%} are two realizations of the KS set, and
thus, if the local measurements in a quantum winning
strategy cannot be Bell self-tested, then there exist in-
equivalent realizations of the KS set.

3. Bell self-testing of the maximally entangled state

If specific conditions are met by the complete KS set,
it becomes possible to self-test the maximally entangled
state. To simplify matters, here, we will not delve into
the necessary and sufficient conditions. Instead, we will
demonstrate that the maximally entangled state can be
reliably self-tested if a complete KS set admits CFR and
satisfies the following criteria: In one realization of the
KS set, there exist two bases made of rank-one real pro-
jectors, {|i)i|}¢_; and {|v;)(v;|}¢_;, such that (ilv;) # 0
for all 4, 7. Note that, without loss of generality, we can
consider one basis to be the computational basis.

To prove it, we suppose that the uncharacterized pro-
jectors {A2} and {B,} act on C% and C?#, respectively,
and the unknown shared state is p. Since the set of pro-
jectors admits Bell self-testing, there exist local unitaries
U, and Upg such that

Ua(AQUL =T, @1 uy, Up(B,)U} =T, @14, (D24)
wherein {II,} are the projectors in those two bases in
the reference d-dimensional KS set. Let us denote the
reduced state of (Us ® Ug)(p)(Ua ® Up)' onto the sub-
space C?® C? by pag.

The winning conditions given by Eq. (D11) implies

p(aa 1|$a y) = 07 if Yy 7é Tm,m (D25)

The relation must hold for any state |¢) that belongs to
the support of pap, that is,
V(y,y') € E, (I, ® IT,/)|¢) = 0. (D26)

After substituting |¢) = >, ;¢;5]ij) and the computa-
tional basis {|i)(¢|} in Eq. (D26), we obtain that

cij =0, for i # j. (D27)
Therefore, we can express |¢) as
|6) = (L ® 8)|ey), (D28)

where S is a diagonal matrix whose elements can be taken
to be positive by exploiting the freedom of local unitary.



Taking y and y’ from the other basis {|v;}v;|}¢_;, it fol-
lows from (D25) that

(JoiXvil @ [v;Xv; (L @ S)lég) = 0. (D29)

Using the fact that (A ® B)|¢") = (1 @ BAT)|¢T), we
obtain

(I ® JvXv;lSlvi)vi))leg) = 0, (D30)
which implies
(jISli) = 0,3 # j. (D31)
This relation can be rephrased as
(lUTSUi) = 0,Vi # 4, (D32)
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where U is the unitary such that |v;) = Ul|i). Therefore,
UTSU is also diagonal. Furthermore, since unitary does
not change the eigenvalues, there exists a permutation
matrix 7" such that V = UT and

Visv=S«& (s V]=o. (D33)
Finally, due to the fact that (i|v;) # 0 for all ¢, j, all the
elements in U are non-zero, and thus, all the elements
in V are also non-zero. Consequently, the commutation
relation [S, V] = 0 holds only if all the eigenvalues of S
should be the same, i.e., S = 1. This means that |¢) must
be |¢jl'>. This analysis holds for any state |¢) that belongs
to the support of pap. As a result, pap = |¢3) (o7,
which implies

(Ua@Up)(p)(Ua®Up)' = (|65)(65]) © paux, (D34)

for some junk state paux.
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