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Abstract

Membrane computing is a well-known research area in computer science inspired by the organization and behavior of live
cells and tissues. Their computational devices, called P systems, work in parallel and distributed mode and the information
is encoded by multisets in a localized manner. All these features make P systems appropriate for dealing with digital images.
In this paper, some of the open research lines in the area are presented, focusing on segmentation problems, skeletonization
and algebraic-topological aspects of the images. An extensive bibliography about the application of membrane computing

to the study of digital images is also provided.
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1 Introduction

Computer vision [153] is one of the most promising chal-
lenges for computer scientists in the coming years.' This
research area is placed in the interplay of many disciplines
such as artificial intelligence, pattern recognition, signal
processing, neurobiology, psychology or image process-
ing, among others. It concerns the automated processing of
images from the real world to extract and interpret informa-
tion on a real-time basis.

Roughly speaking, a digital image is a two-dimensional
surface where each point is associated with a set of features
as brightness or color. It is natural to consider only a dis-
crete version of the definition, since only a finite amount of
pixels placed in a lattice of integer coordinates is usually
taken. The set of features can also have a finite amount of
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values (e.g., values in a range {0, ..., 255} for colors). Such
discrete amount of data makes digital images appropriate
for dealing with membrane computing techniques, but other
features can be also considered. One of them is that the treat-
ment of the image can be parallelized and locally solved.
Regardless of how large the picture is, many of the processes
can be performed in parallel in different local areas of the
image. Another interesting feature is that the local informa-
tion needed for an image transformation can also be easily
encapsulated in a membrane and represented as a multiset of
objects (for example, the new color of a pixel only depends,
in some cases, on the color of the surrounding pixels and
such discrete information can be encoded with membrane
computing techniques). Such features, together with the
maximal parallelism, have encouraged many researchers to
explore the links between membrane computing and digital
image processing.

Formally, a 2D digital image 1 with size n X m (n,m € N)
is a rectangular net of objects (i, j) called pixels (voxels
in 3D images), with1 <i<nand 1 <j <m (in general,
any subset of the integer plane Z X Z can be chosen).
Let C, the alphabet of colors of T, be the ordered set of
all colors in 7. We define the size of C, |C|, as the num-
ber of colors of this alphabet. Moreover, we will assume
that each pixel of 7 is associated with a color of C. So, we
encode the pixel (i, j) with the associated color a € C as
the object a;;. Therefore, the image / can be codified as the
set{a; : a€C A 1<i<nAl<j<m}. Another basic

! A preliminary version of this paper can be found at [47].
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concept associated with pixels is the adjacency. In such case,
a distance is defined and two pixels are adjacent if the dis-
tance between them is one. Depending on the chosen dis-
tance, we can talk about 4-adjacency or 8-adjacency relation.
The different treatments of such mappings (digital images)
provide a big amount of current applications in biometrics
[1], surveillance [35], medical imaging [6], human finger-
print classification [84], cartography [98], data compression
and data storage [71], automated inspection of printed circuit
boards [180] or optical character recognition (OCR) [156]
among many others.

In the last years, the development of new hardware,
mainly graphics processing units (GPU), has made possible
the effective implementation of the paralellization intrinsic
to P systems. Such GPU are especially well suited to address
problems that can be expressed as data-parallel computa-
tions and, therefore, they are appropriate for the simulation
of membrane computing devices. In fact, we can nowadays
find many effective solutions to real-life problems inspired
by membrane computing principles® (e.g., applications in
computational economics [166], engineering [99], self-
configurable robots [9] or fault diagnosis of power systems
[120]).

In the literature, one can find many examples of the use
of bio-inspired techniques for dealing with problems associ-
ated with the treatment of digital images. One of the classic
examples is the use of cellular automata [145, 151]. Other
efforts are related to artificial neural networks as in [53, 187]
or, more recently, deep learning (see, e.g., [75, 103, 130]). In
this paper, we present some of the main research lines bridg-
ing membrane computing and digital images. In Sect. 2, we
recall the first attempts of linking both disciplines, mainly
based on array grammars and on a graphical interpretation of
the information encoded in a P system configuration, which
allows to associate a picture to it. Section 3 is devoted to one
of the main applications of membrane computing to image
processing, namely the segmentation of images. Segmen-
tation is the process of splitting a digital image into sets
of pixels to make it simpler and easier to analyze. One of
its main uses is the localization of objects and boundaries.
Technically, the process consists of assigning a label to each
pixel, in such a way that pixels with the same label form a
meaningful region. Among the applications of segmentation
of digital images, we can find the face recognition [186]
or location of objects in satellite images (roads, forests,
etc.) [61], but probably its main application area is medi-
cal imaging [13]. Section 4 is devoted to the skeletoniza-
tion of images. Skeletonization is one of the approaches for
representing a shape with a small amount of information
by converting an image into a more compact representation

2 Some of these applications were collected in the volume [34].

and keeping the meaningful features. The conversion should
remove redundant information, but it should also keep the
basic structure. Other of the most promising applications
focuses on algebraic-topological aspects of the images
(Sect. 5) as those related to homology theory or discrete
Morse theory (see, e.g., [31, 137]). The paper ends with an
example of application (Sect. 6) and some final conclusions
and comments on further research.

2 First steps

One of the first steps by bridging membrane computing and
digital images was to consider two-dimensional objects. The
objects placed in a membrane are usually zero-dimensional
or one-dimensional (in the case of string objects [57, 127]).
The first step for considering images in membrane comput-
ing is the use of two-dimensional objects, called arrays.>
Array grammars have been widely studied in the literature.
They can be considered as a straightforward extension of
string grammars to two-dimensional pictures. Such pictures
are sets of symbols placed in the points with integer coordi-
nates of the plane (see, e.g., [36, 59, 144, 171]).

In [22], the model of array-rewriting P systems was pre-
sented on the basis of the transition P systems [125]: rules
are of type A — B(tar), where A is the array to be rewrit-
ten, BB is the new one and tar € {here, in, out} indicates the
emplacement of the picture where the substitution has been
made. Different approaches can be found in [128, 160]. In
a natural way, transition P systems were extended to other
P systems models, as in [27], where tissue P systems with
arrays are used for dealing with the segmentation of images
(see Sect. 3).

For example,” let us consider a P system with three nested
membranes [ [ [ ]5 ], ];, an alphabet with two symbols a and
# (the blank), an initial configuration with membranes 2 and
3 empty and the array Z placed in the membrane 1. Let us

consider the sets of rules

# a .
Rl_{#a_)#a(m)}’

a# aa a## aaa,.
Rz—{# ~ 4 Coun, T - (m)},
R3=ﬁ.

This P system generates all the L-shaped angles with
equal arms, each arm being of length at least three. In the

3 An overview of 2D picture array generating models based on mem-
brane computing can be found in [164].

4 Adapted from the Example 1 in [22].
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literature, there are many approaches setting bridges between
array grammars and membrane computing (see, e.g., [,
20-22, 39, 40, 56, 97, 128, 160, 162, 163]).

Among the recent contributions in this research line,
we can cite the so-called array P systems with permitting
features [162]. The authors use the technique of regulating
rewriting [37], associating permitting symbols with rules
in the regions of an array P system [22], so that an array
is rewritten by a rule only when the permitting symbols of
the used rule are present in the array rewritten. This model
incorporates the feature of permitting symbols in the rules.
The advantage of this approach is that there is a reduction
in the number of membranes in comparison to other array P
system models. This idea of permitting features is also used
in [86], where the authors bridge these concepts with array P
system that uses basic puzzle grammar [159, 161]. Another
variant of array P system, called tabled parallel array P sys-
tem, was introduced in [87] by employing a well-known
technique, called tables of rules, of grouping rules, espe-
cially used in Lindenmayer systems [146]. This enables a
specific collection of rules being used at a time and enhances
the generative power.

Another of the first links between P systems and digital
images was the generation of graphical representation of
branching structures able to simulate the growing of higher
plants. The growth of plants, considered as a function of
time, has attracted the attention of the scientific community
for a very long time. Features such as the bilateral symmetry
of leaves and the central symmetry of flowers have been
a subject of study for computer scientists, mathematicians
and life scientists among others. In 1968, Aristid Linden-
mayer presented a theoretical framework for studying the
development of simple multicellular organisms. The devices
introduced in this framework are known as parallel rewriting
systems or L-systems. L-systems were introduced for mode-
ling multicellular organisms in terms of division, growth and
death of individual cells [101, 102]. Several years later, the
range of applications of L-systems were extended to higher
plants and complex branching structures [60].

In [64, 65], a first approach for using P systems to simu-
late the growth and development of living plants was pre-
sented. This approach mixes L-systems and P systems, being
in fact an L-system factorized into several units, which are
them computed in the compartments delimited by the mem-
branes of the P system.

Later, a new approach [140, 142, 143] was presented. It
used the model of P systems with membrane creation [110,
124] where an object can produce a whole membrane via
the application of a rule. This kind of rule allows to control
the development of the membrane structure of a cell-like
P system, which has a natural graphical interpretation as a
tree-like graph. The multiset placed inside the membranes
can be graphically interpreted in terms of color, length or

/

Fig. 1 Graphical interpretation of four configurations of a P system
simulating the growing of a plant. Image borrowed from [143]

thickness of the corresponding segment in the branching
structure, allowing to provide a more and more realistic
appearance. Figure 1, borrowed from [143], shows the
graphical representation of four configurations of a P sys-
tem with membrane creation. The drawn trees reproduce
the tree-like structure of the membrane structure of the P
systems and the length and thickness of the branches and
the corresponding angles are fixed by the multiset of objects
placed in the membranes in the corresponding configura-
tion. These ideas of representing branching structures were
also considered in [139], where a specific software for this
graphical representation was developed. Some examples of
polygons, spirals, friezes and plants can be found in this
paper. Figure 2 shows some of them.

A close interpretation of the growing of higher plants was
made for linking membrane computing and fractals [79]. A
fractal [106] is a shape made of parts similar to the whole in
some way. This self-similarity occurs over an infinite range
of scales in pure mathematical structures, but over a finite
range in many natural objects such as clouds, coastlines,
surface of tumors or snowflakes. An appropriate use of the
creation rules together with the non-determinism intrinsic to
P systems and the interpretation of the multisets of objects
could be useful in the study of the smooth surface of solid
tumors, as pointed out in [80].

3 Segmentation

The study of array grammars or the graphical interpreta-
tion of a P system configuration was the first attempt to link
membrane computing techniques to the study of images, but
they cannot be considered as image processing. In such a
way, one of the most studied image processing techniques
studied in membrane computing is segmentation.’

3 A recent literature survey devoted exclusively to image segmenta-
tion by using membrane computing can be found in [174].
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Fig. 2 Graphical representation
of four configurations of a P
system. Images borrowed from
[139]

Segmentation is the process of assigning a label to every
pixel in an image such that pixels with the same label share
certain visual characteristics. The goal of segmentation is to
simplify and/or change the representation of an image into
something that is more meaningful and easier to analyze.
Image segmentation is typically used to locate objects and
boundaries (lines, curves, etc.) in images. More precisely,
image segmentation is the process of assigning a label to
every pixel in an image in such a way those pixels with the
same label share certain visual characteristics. These regions
are mutually disjoint, well defined and have the same prop-
erties. The purpose of segmenting an image is to identify
regions that are then utilized to recognize and understand
the image. In the past decades, a large number of image seg-
mentation algorithms have been developed [25, 104, 115].
These algorithms can be roughly classified into three cat-
egories: threshold-based segmentation methods, edge-based
segmentation methods and region-based segmentation meth-
ods. Segmentation has shown its utility in bordering tumors
and other pathologies, computer-guided surgery or the study
of anatomical structure, but also in techniques which are not
thought to produce images, it produces positional informa-
tion such as electroencephalography (EEG) or electrocardi-
ography (EKG).

In the literature, there exist different techniques to seg-
ment an image. Some of them are clustering methods [100,
169], histogram-based methods [168], watershed transfor-
mation methods [167, 179] or graph partitioning methods
[181]. Some of the practical applications of image segmen-
tation are medical imaging [169], the study of anatomical
structure, location of objects in satellite images (roads, for-
ests, etc.) [154] or face recognition [96] among others.

In the literature, one can find many approaches from
membrane computing to the problem of segmenting images.
Some of these approaches are summarized in Table 1.

3.1 Threshold-based segmentation methods

Thresholding is widely used as a popular technique in
image segmentation [148]. The goal of thresholding is
to separate objects from background image or discrimi-
nate objects from objects that have distinct gray levels.
Its underlying assumption is that an image consists of

different regions corresponding to the gray-level ranges. It
has been used widely as a tool to segment the gray images,
but only a few works on color image segmentation have
been reported. The main advantage of this technique lies in
its simple computation approach. However, the threshold-
based segmentation method ignores the spatial relation-
ship information.

In recent years, P systems have been used to deal with
threshold-based segmentation problems. Diaz-Pernil
et al. [45] developed an image segmentation method on
2D images using P systems, which was applied to medi-
cal image segmentation. Christinal et al. [28] presented
an image segmentation method based on tissue-like P
systems by using the 4-neighborhood relation of pixels
in the 2D image. However, they only addressed the seg-
mentation results of artificial images rather than real-life
images. Reina-Molina et al. [134] proposed a threshold-
ing method based on tissue-like P systems with multiple
auxiliary cells. Pefia-Cantillana et al. [118] presented a
method based on thresholding using also 4-adjacency with
tissue-like P systems. Christinal et al. [33] have proposed
a variant of the P system (tissue-like P system) using
the rules to perform a parallel color segmentation of 2D
images based on a threshold method. Wang et al. [170]
proposed an optimal single-level thresholding method
based on P systems. Peng et al. [119] presented a three-
level thresholding method based on cell-like P systems
for image segmentation. Zhang et al. [185] developed an
infrared object segmentation method with membrane com-
puting, which was used to obtain the optimal parameters
quickly. Peng et al. [122] proposed a thresholding method
based on tissue-like P systems and fuzzy entropy. In [121],

Table 1 The studies of P systems-based segmentation

#  Methods References

1 Threshold-based segmentation [28, 33,45, 118,119, 121]
[122, 134, 170, 185]

[32, 88, 123, 172, 178]
[15, 26, 29, 42, 48, 173]

[15, 16,42, 45, 117, 155]

Region-based segmentation
3 Edge-based segmentation

Software and hardware implemen-
tation
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Peng et al. developed an optimal multi-level thresholding
method based on cell-like P system.

3.2 Region-based segmentation methods

There are two key approaches regarding the region-based
segmentation method: region growing and splitting—merg-
ing. Region growing polymerizes images, pixels or sub-
regions that are considered as seeds into larger regions
according to some criteria [23]. The characteristics of pixels
and the adjacency of spatial distribution are fully considered
in region growing. However, because of its iterative compu-
tational process, region growing has a high computing cost.
In recent years, P systems have been used to realize several
region-based segmentation methods.

Christinal et al. [32] proposed a region-based segmenta-
tion method for 2D and 3D images with tissue-like P sys-
tems, which was later improved by Carnero et al. [14]. Yang
et al. [178] developed a region-based segmentation method
with membrane computing, which effectively segmented
gray images. However, the method cannot be extended to
color images. Thus, Peng et al. [123] presented a region-
based method to deal with color image segmentation. Isa-
wasan et al. [88] proposed a region-based segmentation
method based on tissue P systems for hexagonal digital
images. Yahya et al. [172] proposed in 2015 a region-based
method based on tissue P systems for 2D image segmenta-
tion. More recently, Yahya et al. have also presented a model
for 3D image segmentation by using tissue-like P systems
[176] and have used the Jaccard index method [89, 90] to
measure the accuracy of the 2D segmentation in [175].

3.3 Edge-based segmentation methods

The edge-based segmentation method is extensively uti-
lized for gray-level image segmentation, which is based
on the detection of discontinuity in the gray level. An
edge or boundary is a place where there is a more or less
abrupt change in the gray level. Among the most used edge
detection operators are Roberts operator, Sobel operator,
Gauss—Laplace operator and Canny operator. Inspired from
the mechanism of P systems, a number of edge-based seg-
mentation methods have been addressed in recent years.
Christinal et al. [29] presented an edge-based segmen-
tation method using tissue-like P systems for 2D and 3D
images. Diaz-Pernil et al. [48] proposed an edge-based seg-
mentation method based on tissue-like P systems to obtain
homology groups. Diaz-Pernil et al. [42] proposed a parallel
implementation of a new algorithm for segmenting images
with gradient-based edge detection by using techniques from
membrane computing. Carnero et al. [15] used tissue-like
P systems to design an edge-based segmentation method.
Christinal et al. [26] developed a method to search partially

bounded regions with P systems. As a final reference, Yahya
et al. presented in [173] a tissue-like P system-based edge-
based segmentation method for 2D hexagonal images.

3.4 Software and hardware implementation

Carnero et al. [15, 16] have proposed a new hardware tool
including a field-programmable gate array unit (FPGA) to
perform segmentation of digital images for solving edge-
based detection and noise removal problem. Their system
uses membrane computing as well as a hardware program-
ming (VHDL) language to propose an ad hoc processor. In
another work, Diaz-Pernil et al. [45] have proposed a new
software tool for segmenting 2D digital images on the basis
of tissue-like P system, wherein the object oriented C++
programming language has been used in the implementa-
tion part. However, they did not provide a clear explanation
regarding the technical aspects of developing the proposed
tool.

A bio-inspired membrane computing software has been
proposed by Pefia-Cantillana et al. [117] to solve the thresh-
old problem and it has been implemented in Compute Uni-
fied Device Architecture (CUDATM), an innovative device
architecture (see Sect. 7). Sheeba et al. [155] have proposed
tissue-like P system to segment medical image, nuclei of
the white blood cells (WBCs) of the peripheral blood smear
images in morphology segmentation technique. Their algo-
rithm has been implemented using MATLAB software.

In the work of Diaz-Pernil et al. [42], a CUDA™ has
been presented to implement tissue-like P system rules for
segmenting images by the use of gradient-based edge detec-
tion to enhance the traditional methods of segmenting digi-
tal images. In [172], Yahya et al. used the tissue P systems
simulator presented in [12] to check the validity of their
design. A different approach can be also found in [46].

4 Skeletonization

Skeletonization in image processing is an approach for rep-
resenting a shape with a small amount of information by
converting an image into a more compact representation
and keeping the meaningful features. The conversion should
remove redundant information, but it should also keep the
basic structure. The concept of skeleton was introduced
by Blum [10, 11], under the name of medial axis transfor-
mation. The skeleton of an image is useful to characterize
objects by a compact representation while preserving the
connectivity and topological properties of any image. The
most important features concerning a shape are its topology
(represented by connected components, holes, etc.) and its
geometry (elongated parts, ramifications, etc.), and thus they
must be preserved.
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Skelelon
{f% Ko Qf@ )

Fig.3 A hand-written word and its skeletonization. Image borrowed
from [49]

Roughly speaking, we can say that the image B is a skel-
eton of the black and white image A, if the former has fewer
black pixels than the latter, preserves its topological proper-
ties and, in some sense, keeps its meaning. Figure 3 illus-
trates this idea. The skeletonized image keeps the meaning
of the original one and it uses fewer black pixels. It keeps the
basic geometry of the original image and also its topology.
Let us remark that the white regions inside the hand-made
words are also white regions in the skeletonized one and the
connectedness is preserved.

Skeletonization has been found useful for data compres-
sion and pattern recognition in a wide range of applications
in the industrial and scientific fields. It is usually considered
as a pre-processing step in pattern recognition algorithms,
but its study is also interesting by itself for the analysis of
line-based images such as coronary arteries [52], human fin-
gerprint classification [84], cartography [98], data compres-
sion and data storage [71], automated inspection of printed
circuit boards [180] or optical character recognition (OCR)
[156] among others. In many cases, the transformation of all
the pixels can be done in parallel, since the state of a pixel
at the step i only depends on the states of a set of pixels at
the step i — 1. Such parallelism in skeletonizing algorithms
has been broadly studied (see, e.g., [77, 105, 165, 184]).
The development of new hardware architectures has also
contributed to new parallel implementations of these algo-
rithms [67, 82, 83].

In [49, 50], Diaz-Pernil et al. presented an implementa-
tion of the Guo and Hall algorithm [77, 78] for skeletonizing
images by using spiking neural P systems. In this algorithm,
the pixels are examined for deletion in an iterative process.
First of all, given an p X g image, it is divided into two sub-
sections. One of the sections is composed of the pixels a;,
such that i + j is even. Alternatively, the second sub-section
corresponds to the pixels a; such thati + j is odd. The algo-
rithm consists of two sub-iterations where the removal of
redundant pixels from both sub-sections is alternated, i.e.,
in each step only the pixels of one of the sub-sections are
evaluated for its deletion.

The decision is based on a 3 X 3 neighborhood. Given a
pixel PO, a clockwise enumeration P1, ..., P8 of its eight
neighbor pixels is considered, as shown in Fig. 4a. As
usual, for eachi € {1,...,8}, Piis considered as a Boolean
variable, with the truth value 1 if Pi is black and O if Pi
is white. In each iteration, an evaluated black pixel PO is
deleted (changed to white) if and only if a set of conditions
are satisfied. The key point in [50] is the use of a compact
representation of the neighborhood of a pixel (also used in
[147]) and the use of weights associated with the synapses
of the SN P system.

A different approach to the skeletonization of images
with P systems was presented by Nicolescu [111] where
an approach to the problem was presented by using com-
plex objects and actors in the framework of membrane
computing.

5 Algebraic-topological aspects

A different approach to computer vision can also be obtained
from topology. Topology in computer vision is referred to
as connectivity, in a general way. For example, we look for
connected components, holes in these connected compo-
nents, etc., where the compulsory idea is the connection.
In particular, algebraic topology [58] provides techniques
and algorithms for dealing digital images from a topological
point of view.

1/23 1/22 1/21
P1 | P2 | P3 Yy i <
P8 | PO | P4 12t = - 1/2°
P7 | P6 | P5 A

1/25 1/26 1/27

Fig.4 (Left) enumeration of the pixels in a 3 X 3 neighborhood. (Center) 3 X 3 neighborhood with encoding [0, 0, 0, 0, 1, 1, 1, 1, 1], or, shortly,
2% 425 426 + 27 + 28 = 496. (Right) scheme of the weights of the synapses. Figure borrowed from [49]
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The relationship between algebraic topology and natural
computing is not new. In 1996, Chao and Nakayama [24]
connected both areas using neural networks by extended
Kohonen maps. Some years after, Giavitto et al. studied in
[66] the topological structure of the membrane computing
and Ceterchi et al. published two works where the digital
image was introduced in the framework of the membrane
computing [21, 22].

5.1 Effective homology

Recently, the links between algebraic topology and mem-
brane computing have started to be explored via homology
theory [30, 31, 48]. In such cases, black and white images
are taken and using labeling techniques the number of black
connected components and the number of holes® of these
connected components are calculated. This information is
known as the Betti numbers from a 2D picture.

Effective homology [131, 141, 152] is a algebraic-topo-
logical theory mainly based on the computational notion of
chain homotopy equivalence, a concept which algebraically
connects a cell complex or subdivided object with its homol-
ogy groups. Roughly speaking, a chain homotopy equiva-
lence can be specified by an operator, called chain homotopy
operator, working at the level of linear combinations of cells
which represents an efficient and non-redundant way of con-
necting cells. For instance, a chain homotopy operator at
the level of cells of dimension O of a cell complex K can be
completely described by a directed spanning forest (as many
trees as connected components the object has) of the graph
subcomplex formed by all the cells of K of dimension 0 and
1. Effective homology uses chain homotopy operators for
capturing homology information and for representing the
object in an algebraic-topological way. In fact, this idea is
underlying the Eilenberg—MacLane work [54, 55] for com-
puting the homology of prime spaces in homotopy theory,
and it has been recently used in discrete image context. In
[74], a method for computing homology aspects (with coef-
ficients in the finite field Z/2Z = {0, 1}) of a three-dimen-
sional digital binary-valued volume V considered over a
body-centered-cubic grid is described. The representation
used in that paper for a digital image is an algebraic-topo-
logical model (AT-model) consisting of two parts:

o Geometric modeling level A cell complex K(V) topologi-
cally equivalent to the original volume is constructed.
A 3D cell complex consists of vertices (0-cells), edges
(1-cells), faces (2-cells) and polyhedra (3-cells). In
particular, each edge connects two vertices, each face

% White connected components surrounded by black connected com-
ponents.

Fig.5 Example. Pictures a left up, b right up, ¢ left down and d right
down

is enclosed by a loop of edges, and each three-cell is
enclosed by an envelope of faces.

e Homology analysis level Homology information about
K(V) is exclusively codified in terms of a chain homotopy
operator [72, 73].

This method has recently evolved to a technique for generat-
ing Z /27Z-coefficients. It takes an AT model for a 26-adja-
cency voxel-based digital binary volume V using a polyhe-
dral cell complex at geometric modeling level [92, 93, 108]
and a chain homotopy operator described by a combinatorial
vector field (a set of semidirected forests or a discrete dif-
ferential form) at homology analysis level [132, 133]. For
instance, a chain homotopy operator at the level of cells of
dimension 0 (vertices) of a cell complex K(V) can be com-
pletely described by a semidirected spanning forest of the
graph subcomplex formed by all the cells of K(V) of dimen-
sion 0 and 1.

In Fig. 5, a pixel-based digital object O (first picture
from the left) is analyzed as a cell complex in which the
square pixels are the O-cells. The 1-cells are edges joining
8-neighbor pixels and these 2-cells are triangles or squares
formed by three or four mutually (and in a maximal way)
8-adjacent pixels. Picture (b) describes this cell complex
(in dark gray) in which the barycenters of the different
cells are drawn (solid circles for the 0-cells, crosses for the
1-cells and solid squares for the 2-cells). The subcomplex
formed by the 0- and 1-cells can be seen as a subgraph of
the 8-adjacency graph of O. In (c), a spanning tree cov-
ering all the vertices of the cell complex is specified (in
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blue). In fact, we consider a subdivision of this tree, hav-
ing as O-cells the vertices of the cell complex and the bar-
ycenters of the 1-cells belonging to the tree. An arrow in
the tree determines the pairing of the source (0-cell) and
sink (1-cell) cells and, consequently, indicating in this way
that both are killed in homology group computation. Let
us emphasize that only the top left O-cell of the complex is
not paired. It is a representative cycle (critical O-cell of the
homological process determined by the tree) of the unique
connected component that the object has. Finally, in (d) we
also draw the trees (in yellow) covering the rest of cells.
They are semidirected, with arrows from the barycenters
of 1-cells to the barycenter of the 2-cells. In terms of a
process for computing homology groups, an arrow also
means here that its source and sink cells are both killed.
There is a edge marked in yellow which is not paired with
an arrow. This 1-cell is a representative critical cell of the
one-dimensional homology generator that the object has.

Using effective homology theory as the main tool for
designing algorithms for computing complexes topologi-
cal invariants (cohomology ring, (co)homology operations,
homotopy groups,...), the problem of decomposing the
objects into combinatorial graph-like pieces appears in a
natural way. A possible solution to solve the high complexity
costs of these processes is provided here by membrane com-
puting. Alsalibi et al. present in [4] a membrane computing
software for automatically computing homology groups of
2D digital images in a logarithmic number of steps.

Diaz-Pernil et al. use in [41, 43] a well-known tool from
membrane computing, promoters. They are used to speed
up the membrane algorithms. In that way, a bigger amount
of information is handled. Within the digital imagery set-
ting, we determine here a membrane computing strategy for
partially specifying a chain homotopy operator at the level
of pixels for a pixel-based digital 2D binary object O. This
fundamental data structure in effective homology is obtained
in terms of a forest spanning every vertex of its associated
adjacency graph. Every tree of this forest determines and
localizes the corresponding connected component. In [41],
the authors obtain something more than the Betti numbers,
they obtain the representative objects of each connected
component and the borders of the holes. In ths way, they get
the homology groups.

Until here, the efficiency of the membrane models with
these kinds of problems is tested. But, we have to think of
a bigger problem: what will happen when we want to work
with bigger dimensions? We can follow two different ways.
We could carry on as before, where the simplicity (from
algebraic point of view) enables high efficiency. Or, we can
introduce new algebraic-topological concepts where the
amount of information to deal with would be increased.

Reina-Molina et al. decided to take this second option in
2012 in [135-137]. They present a simulation of the Morse

theory algorithms in a parallel way, getting the homology
groups of n-D objects.

We have introduced two different theoretical ways to
solve problems from algebraic topology, but software based
on these theories has been also developed. On one hand,
Pefia-Cantillana et al. [41] generate a parallel software using
GPUs by CUDA to get the homology groups of 2D shapes
based on techniques of spanning trees generated with mem-
brane models where the promoters are compulsory. On the
other hand, Reina-Molina et al. use PyCUDA (Python plus
CUDA) to solve homological problems in a practical way in
[138]. But, the complexity to adapt the Morse theory to par-
allel algorithms is high. So, this last software works almost
completely parallel.

Many open questions arise in the relation of membrane
computing and topology. From algebraic topology, we won-
der if the membrane computing techniques can help in a
better understanding of the problems and the design of more
effective solutions. From membrane computing, a deeper
study is necessary to explore how specific techniques of the
different models can be applied. In particular, the use of pri-
ority in the application of rules is a strong requirement. It is
worth to study if it can be avoided. From an implementation
point of view, the exploration of the different parallel hard-
ware architectures (clusters, grids, FPGA, ...) for the efficient
implementation of the algorithms theoretically developed is
an open research line.

6 A case study: the parallel segmentation
of the optic disc

Image analysis and processing have great significance in
the field of medicine, especially in non-invasive treatment
and clinical study. However, with the development of new
technologies, larger quantity of data, especially high-qual-
ity images, is available. Therefore, there is a new necessity
of efficient and fast algorithms capable of processing and
extracting meaningful features from images in a reasonable
time. This is the case of mass screening programs for the
early detection of retinal diseases such as glaucoma or dia-
betic retinopathy. Visual inspection of the large number of
images so obtained is a time-consuming task for the medical
experts. Moreover, computer-aided diagnosis (CAD) tools
based on retinal image processing developed in the past are
limited by the balance between accuracy and complexity due
to their sequential programming.

In [44], a fully automatized algorithm based on mem-
brane computing techniques for the parallel segmentation
of the optic disc in retinal fundus images was presented (see
Fig. 6). The optic disc is seen on fundus color photographs
as a bright yellowish disc in human retina from where the
blood vessels and optic nerves emerge. Its relevance resides
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Fig.6 Retinal image taken from the Standard Diabetic Retinopathy
Database (DIARETDBI1). The optic disc can be located as a yellow
disc inside the image

in the fact that it is a key point for the diagnosis of a wide
variety of diseases such as glaucoma or diabetic retinopathy.
Moreover, it is usually taken as a base for detecting other
anatomical structures (macula, blood vessels) and retinal
abnormalities (microaneurysms, hard exudates, drusens,
etc.). Most of the methods found in the literature are semi-
automatized. This means that the computer treatment is cru-
cial in the localization and detection of the optic disc, but
it is the human expert who takes the final decision. In this
paper, a fully automatized method is presented where no
human expert is necessary for the detection of the optic disc.

Changes in the optic disc can indicate the current state
and progression of a certain disease, while its diameter is
usually used as a reference for measuring retinal distances
and sizes [150]. Therefore, accurate optic disc localization
and detection of its boundary is a principal and basic step
for automated diagnosis systems [113].

In [44], a new method has been implemented with the
GPU technology. Image edges are extracted using a new
operator called AGP-color segmentator based on the mem-
brane computing approach presented in [42]. It is a mem-
brane computing implementation on CUDA™ of the 3 x 3
and 5 x 5 versions of the Sobel algorithm [157] for edge
detection. To choose an appropriate threshold to the binari-
zation, a P system implementation [117] of the Hamadani
algorithm [81] is applied. To avoid erroneous results, the
obtained image is processed by eliminating the eye border.
This is performed by applying a threshold on each color
plane of the original image with the algorithm presented in
[117]. The circular Hough transform is applied in parallel to
the image in an interval of radius wide enough to consider
all the possible optic discs.

The Hough transform is a well-known feature extraction
technique used in image analysis. The classical Hough trans-
form was concerned with the identification of lines in the
image, but later the Hough transform has been extended to
identifying positions of arbitrary shapes, most commonly
circles or ellipses [7, 51, 85]. The basic idea behind the
Hough transform is to convert the image into a parameter
space that is constructed specifically to describe the desired
shape analytically.

The reliability of the tool was tested with 129 images
from the public databases DRIVE [158] and DIARETDB1
[91] obtaining an average accuracy of 99.6% and a mean
consumed time per image of 7.6 and 16.3 s, respectively. A
comparison with several state-of-the-art algorithms shows
that the algorithm represents a significant improvement in
terms of accuracy and efficiency.

7 Final conclusions

Parallelizing classical digital image algorithms is a big
challenge in the coming years [38, 116]. Such paralleling is
much more complex than the merely simultaneous applica-
tion of the sequential algorithm to different pieces of the
image. The coordination of different simultaneous processes
in a whole algorithm is so hard a task that commonly the
parallel algorithm needs to be re-designed with only slight
references to the classical one. Usually, the design of a new
parallel implementation not inspired by the sequential one
allows an open-mind vision of the problem and the proposal
of new creative solutions. This opens an interesting research
line not only for membrane computing researchers, but also
for all of them interested in bio-inspired solutions, since the
mathematical expression of the classical algorithms may
change if we introduce the intrinsic parallelism of natural
computing designs. Such new parallel solutions need a
strong theoretical support that allows to control, to formal-
ize, to check and to formally verify new algorithms.

As pointed out above, many of the problems in digital
images share features very interesting for using these tech-
niques: the information can be split into little pieces and
expressed as (multi)sets of objects; the computation steps
can be processed by rewriting rules; and the same sequential
algorithm must be applied in different regions of the image
which are independent and they can be treated locally by
a set of processors. All these features lead us to consider
membrane computing to deal with digital images.

The key point of paralleling classical sequential algo-
rithms is the search of the efficiency and such efficiency is
strongly linked to the development of new parallel hardware
architectures which allow a realistic implementation of the
theoretical advantages of the parallel processes. Different
hardware architectures (clusters, grids, FPGA,...) propose
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different solutions [94, 95, 112, 149]. One of the most used
architectures in the papers presented above has been the
Compute Unified Device Architecture, CUDA™, This is a
general-purpose parallel computing architecture that allows
the parallel NVIDIA GPUs to solve many complex compu-
tational problems in a more efficient way than on a CPU.

GPUs have emerged as general-purpose coprocessors in
recent years. Traditionally designed for gaming applications,
GPUs offer many computing threads arranged in a single-
program multiple-data (SPMD) model. The chosen hardware
architecture for our parallel implementation has been the
Compute Unified Device Architecture, (CUDA™), which
allows the parallel NVIDIA GPUs [189] to solve many com-
plex computational problems in a more efficient way than on
a sequential central processing unit (CPU).” This architec-
ture has been widely used in membrane computing also for
dealing with images [18, 19].

The choice of this parallel architecture is supported by
several reasons. The first one is that the computing language
CUDA™ allows programmers a friendly model for imple-
menting easily parallel programs, but the main reason comes
from the practical side. In the last few years, there exists an
increasing interest in the specialized industry for the devel-
opment of more and more powerful graphic processing units
which can be used for general purposes. This interest leads,
on the one hand, to a more economically accessible (and
hence, more extended) hardware and, on the other, to the
development of more powerful computational units. The use
of this new parallel architecture is currently explored as a
tool for paralleling the treatment of digital images [17, 109].

With respect to the analysis on the performance of image
processing with membrane computing techniques, a deep
study is necessary. The authors usually only present a theo-
retical solution of the problem, some examples or a brief
description of the software implementation.® Two new
research lines are open in the analysis of performance: on
the one hand, to study the theoretical properties of the new
parallel algorithms from the point of view of the complexity
theory and, on the other, to study different implementations
in several parallel hardware to extract properties which help
to design more efficient algorithms in the future.

Many other problems related to digital images have been
addressed with membrane computing techniques. We can
cite smoothing [118], which shows how to enhance an image
by removing regions that do not provide relevant informa-
tion, and the approach presented in [183], where membrane
computing and quantum-inspired evolutionary algorithms
are combined or the search of partially bounded regions

7 For a good overview, the reader can refer to [114].

8 A detailed description is out of the scope of this paper. An inter-
ested reader can consult the bibliography.

[26]. This problem is also related to the HGB2I problem
which consists of calculating the number of connected com-
ponents and the representative curves of the holes of these
components.

Detection of more complex structures, as corners in the
images, has been explored in [8]. Alsalibi et al. study dif-
ferent bio-inspired approaches for the problem of face rec-
ognition in [3] and consider bridging membrane computing
and evolutionary computing [182]. The problem of face
recognition is also considered in [2] where a bat algorithm
[177] under the framework of membrane computing (MC) is
employed. Image registration is a research area which aims
to find a transformation between two or more images under
different conditions [188]. In [62], the authors propose a
multi-modal image registration algorithm based on mem-
brane computing. Gimel farb et al. [68, 70] implemented the
symmetric dynamic programming stereo (SDPS) algorithm
[69] for stereo matching by using membrane computing
techniques.

Many other approaches not cited in this paper have also
been presented. The research area is active and provides
open lines for future researchers. Among them, we can cite
the use of different P system models. In the last years, many
different P system models have been presented (mainly
by adding or modifying syntactic or semantic features to
previous models). It is an open problem to know if any of
such new models are more appropriate to deal with prob-
lems from digital images. Another research line consists in
exploring more problems beyond the ones presented in this
paper. Many open questions about new real-life application
will need deep studies in the next few years.
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