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Abstract—In this paper the authors propose a lumped circuit
methodology for the design of broadband stacked microstrip
patch antennas fed through an aperture. First, an equivalent
circuit (EC) is introduced for the antenna. The EC consists of
an LC series resonator modelling the feed plus two capacitively
coupled LC parallel resonators accounting for the radiating
patches. Then, a de-embedding procedure based on total least
squares method is introduced to determine all the parameters
of the antenna EC. Second, the circuit stage modelling the
patches is designed as a second-order Chebyshev filter based
on coupled resonators. Since the standard Chebyshev approach
leads to circuit parameters that cannot be physically obtained
in practice, a modified second-order quasi-Chebyshev design is
presented, which can be physically implemented by stacking one
conventional rectangular patch above one rectangular patch with
both inner and meandering slots. The proposed methodology
is used to design an antenna with over 30% bandwidth at a
center frequency of 5.57 GHz. A prototype has been fabricated
and measured, and good agreement has been found between
simulations and experiments.

Index Terms—Microstrip antennas, aperture coupled antennas,
broadband antennas, filtering theory

I. INTRODUCTION

ALTHOUGH there are different ways to feed microstrip
patch antennas, aperture-coupled feeding is probably the

most convenient way because it makes it possible to use a
thick low-permittivity substrate for the patch antenna and a
thin high-permittivity substrate for the feeding microstrip line,
because it avoids interference between the fields radiated by
the antenna to the front half-space and the fields radiated by
the open-ended microstrip line to the back half-space, and
because it provides several degrees of freedom to optimize the
matching of the antenna [1]–[3]. Aperture-coupled microstrip
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antennas have a relatively small bandwidth, but this problem
can be solved by stacking two patches as shown in [4],
where bandwidths close to 25% have been achieved. In fact,
Targonsky et al. report on bandwidths close to 70% if the
stacked patches are fed by a resonant aperture, but this huge
bandwidth is achieved at the expense of a large front-to-back
radiation ratio due to the resonant aperture back radiation
[5]. All through the years the basic configuration of aperture-
coupled microstrip antennas has evolved to enable new ap-
plications such as dual-frequency operation [6], broadband
dual-polarization operation [7], dual-band dual-polarization
operation with filtering gain response [8], filtering response
with high selectivity [9], etc.

In the last few years, the topic of filtering microstrip
antennas has attracted many researchers. In some cases, the
design of these antennas has been based on microwave coupled
resonator filters in which the antenna radiator is the last-
stage resonator of the filter [10]–[15]. As commented in
the review paper by Mao et al. [16], a useful approach for
filtering microstrip antenna design follows the coupling matrix
theory of [17], based on computation of external quality
factors and coupling coefficients. Since there is not output
port in the filtering microstrip antenna, the extraction of circuit
parameters for the radiating patch (last-stage resonator) has to
rely on a lumped circuit model whose parameters are either
extracted by means of numerical simulations [18] or obtained
by means of closed-form expressions [19], [20]. Although the
coupling matrix theory has been used to design antennas with
different filtering responses (Chebyshev, quasi-elliptic, etc.)
and different polarizations (linear and circular) in single and
dual frequency bands [8], [18]–[22], the resulting bandwidth
of the antennas is relatively small (usually below 10%) since
coupling matrix theory is a narrowband theory which relies
on the assumption that coupling coefficients are frequency
independent, even though coupling coefficients do in fact
depend on frequency [23]. An alternative approach in the
design of filtering antennas is the so-called fusion method [16],
in which band-stop responses are introduced at both sides of
the passband by either incorporating transmission zeros in the
feeding network or radiation nulls due to field interference
between the feeding network and the patch antenna [9], [24]–
[26].

In this paper second-order filter theory is used as a means
to design broadband microstrip antennas consisting of two
stacked patches which are aperture coupled to a microstrip
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line. In this sense, the paper has some similarity with Ref.
[20], where second-order filter theory is used as a means to
design a broadband circularly polarized microstrip antenna.
Although “rules of thumb” have been provided for the design
of broadband microstrip antennas based on stacked patches
(see [27] and references therein), the goal pursued in this paper
is to provide a systematic design methodology based on filter
theory for this type of antennas. In the paper an equivalent
circuit (EC) is introduced for the studied antenna, which is
made of an LC series stage accounting for the feed, and by
two LC capacitively coupled parallel resonators accounting
for the radiating patches. A total least squares approach [28],
[29] is proposed to extract the electrical parameters of the
EC from numerical simulations. Once the EC parameters
are available, antenna dimensions are adjusted so that the
circuit parameters match those of a quasi-Chebyshev response,
which is derived as an evolution of the standard second-order
Chebyshev filter based on the insertion loss method [30]. Since
we are interested in antennas with large bandwidths above
20%, the lumped circuit approach is directly used in this paper
rather than the coupling matrix approach, since this is only
valid within the narrowband approximation [23]. A stacked
patch microstrip antenna has been fabricated and measured
with a fractional bandwidth of 32% and a center frequency
of 5.57 GHz. Good agreement has been found between sim-
ulations and experiments, thus validating the proposed design
methodology.

II. ANTENNA DESIGN BASED ON FILTER THEORY

A. Microstrip antenna and equivalent circuit

Figs. 1(a) to (e) show the side view and the different
metallization levels of the broadband multilayered microstrip
antenna designed in this paper. The four layers of the substrate
are assumed to have a thickness hi (i = 1, . . . , 4), a complex
permittivity εi = ε0εr,i(1 − j tan δi) (i = 1, . . . , 4), and
a permeability µ0. A feeding open-ended microstrip line
(Fig. 1(e)) couples to a pair of stacked microstrip patches
(Figs.1(b) and (c)) through a non-resonant rectangular aperture
(Fig. 1(d)) located in the ground plane of the microstrip line
[1]. The lower stacked patch shown in Fig.1(c) is a rectangular
patch loaded with two inner slots close to the center of the
patch, and with four meandering slots close to the corner
of the patch. This particular geometry of microstrip patch,
previously employed in [31] for dual-band and miniaturization
applications, is employed in this case to narrow the current
paths in the patch, and to increase the patch inductance. Note
that whereas in [31] the inner and meandering slots were
oriented perpendicularly to the current direction, in this paper
the slots are oriented in the current direction to minimize the
impact of the slots on the antenna performance. The inner
and meandering slots are located so as to preserve the mirror
symmetry of the patch with respect to the planes x = 0 and
y = 0. The upper stacked patch is a standard rectangular patch.

Fig. 2 shows the equivalent circuit (EC) of the microstrip
antenna shown in Figs. 1(a) to (e), where Zin(ω) is the input
impedance at the plane y = l2+s2/2 of the feeding microstrip
line of Fig. 1(e). The LC series resonator directly connected
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Fig. 1. Aperture-coupled microstrip antenna consisting of two stacked
patches. (a) Side view. (b) Layout of the rectangular patch located at
metallization level 4. (c) Layout of the rectangular patch with inner and
meandering slots located at metallization level 3. (d) Layout of the ground
plane rectangular aperture located at metallization level 2. (e) Layout of the
feeding strip located at metallization level 1.
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Fig. 2. Equivalent circuit of the aperture-coupled stacked microstrip antenna
shown in Fig. 1.

to the feeding transmission line stands for the open-ended
microstrip stub existing after the aperture. Since this open-
ended stub is typically shorter than one quarter of the feeding
line wavelength at the design center frequency [3], it can be
modelled as an LC series resonator [30, Sect. 8.8]. The circuit
parameters L0 and C0 not only depend on the stub length,
l1 − l2 − s2/2, but also depend on the aperture length w2 and
the aperture position with respect to the center of the patches,
given by l2. In fact, the role of the geometrical parameters
l1, l2 and w2 (and therefore, the role of L0 and C0) is to
match the feeding microstrip line to the radiating patches in
its whole operation frequency band [3]. The two LC parallel
resonators in Fig. 2 stand for the radiating patches, which are
strongly coupled by means of the coupling capacitance Cm.
And finally, the resistance R2 accounts for radiation losses.

B. De-embedding of the equivalent circuit parameters

In this paper the multilayered microstrip antenna drawn
in Fig. 1 has been simulated by means of Momentum 3D
Planar EM software [32], and the EC parameters of Fig. 2
have been computed so as to match the frequency response
of the complex reflection coefficient of the antenna in its
operating frequency band. In general, the retrieving of un-
known parameters of lumped elements in ECs from simulated
scattering parameters is not a trivial task. Costa et al. [33]
suggest to use the information on the poles and zeros of
the EC input impedance to ease the determination of the
circuit parameters. However, in [33] this strategy is applied
for the determination of ECs with a maximum of four lumped
elements with unknown parameters. The EC of Fig. 2 is
far more complicated than those presented in [33] since it
contains eight lumped elements with unknown parameters, and
therefore, we have followed a completely different strategy in
the determination of the EC parameters.

Let S11(ω) be the reflection coefficient at the plane y =
l2 + s2/2 of the feeding microstrip line of Fig. 1(e) in a
certain frequency band, which can be obtained by Momentum
simulations. Then, the antenna input impedance, Zin(ω), can
be obtained in that frequency band in terms of S11 as shown
below

Zin(ω) = Z0
1 + S11(ω)

1− S11(ω)
. (1)

Since Zin(ω) is the input impedance of the EC of Fig. 2,
it can be shown that Zin(ω) can be expressed as a rational
function of ω given by

Zin(ω) =
jNe6(ω) +No5(ω)

[ω5 +Do3(ω)] + jDe4(ω)
, (2)

where Ne6(ω) = α6ω
6 + α4ω

4 + α2ω
2 + α0, No5(ω) =

α5ω
5 + α3ω

3 + α1ω, Do3(ω) = β3ω
3 + β1ω and De4(ω) =

β4ω
4 + β2ω

2 are real polynomials of the real variable ω.
The complete characterization of the rational function of (2)
for Zin(ω) requires the determination of the eleven unknown
coefficients αi (i = 0, . . . , 6) and βi (i = 1, . . . , 4). In order
to compute those coefficients, we rewrite (2) as

Zin(ω)ω
5 =jNe6(ω) +No5(ω)

− Zin(ω)[Do3(ω) + jDe4(ω)], (3)

and we take the complex conjugate of (3), thus obtaining

Z∗
in(ω)ω

5 =− jNe6(ω) +No5(ω)

− Z∗
in(ω)[Do3(ω)− jDe4(ω)]. (4)

Now, we add (3) and (4) to obtain the equation

[Zin(ω)+Z∗
in(ω)]ω

5 =2No5(ω)−[Zin(ω)+Z∗
in(ω)]Do3(ω)

− j[Zin(ω)− Z∗
in(ω)]De4(ω), (5)

which only involves real quantities (note Zin(ω) is a complex
quantity). Also, we substract (3) and (4), and multiply the
resulting equation by the imaginary unit j to yield

j[Zin(ω)−Z∗
in(ω)]ω

5=− 2Ne6(ω)−j[Zin(ω)−Z∗
in(ω)]Do3(ω)

+ [Zin(ω) + Z∗
in(ω)]De4(ω), (6)

which is also an equation only involving real quantities.
Eqns. (5) and (6) are real number equations satisfied by the

real unknown coefficients αi and βi. If we oblige that these
two equations are satisfied in a huge number of frequency
values within the frequency interval for which Zin(ω) has been
derived from (1) by means of Momentum simulations (we have
checked that 200 sampling frequencies suffice in practice), we
obtain an overdetermined system of linear equations for the
unknowns αi and βi. Total least squares (TLS) method [28],
[29] has been applied to the solution of this overdetermined
system of linear equations. The use of TLS is convenient since
the available values of Zin(ω) are not exact but extracted from
approximate electromagnetic simulations, and therefore, are
subjected to errors [28].

Once αi and βi have been determined, standard circuit
theory can be used in (2) to show that the circuit parameters
L0 and C0 of Fig. 2 can be obtained as

L0 = lim
ω→∞

Zin(ω)

jω
= α6 (7)

C0 = lim
ω→0

1

jωZin
= −β1

α0
. (8)

Next, we define the impedance Zr1(ω) of Fig. 2 as

Zr1(ω) = Zin(ω)− jωL0 +
j

ωC0
. (9)

Using Fig. 2, it can be shown that Zr1(ω) can be expressed
as a rational function of ω given by

Zr1(ω) =
jN ′

o3(ω) +N ′
e2(ω)

[ω4 +D′
e2(ω)] + jD′

o3(ω)
, (10)

where N ′
o3(ω) = γ3ω

3 + γ1ω, N ′
e2(ω) = γ2ω

2, D′
e2(ω) =

δ2ω
2 + δ0 and D′

o3(ω) = δ3ω
3 + δ1ω are real polynomials



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. XX, NO. YY, JUNE 2021 4

of the real variable ω. The rationale used to determine the
unknown coefficients αi and βi by means of the TLS method
is repeated to determine the seven unknown coefficients γi
(i = 1, . . . , 3) and δi (i = 0, . . . , 3). Once these coefficients are
all known, the circuit parameter L1 of Fig. 2 can be obtained
as

L1 = lim
ω→0

Zr1(ω)

jω
=

γ1
δ0

. (11)

Once again, the impedance Zr2(ω) of Fig. 2 is defined by
means of the equation

1

Zr2(ω)
=

1

Zr1(ω)
− 1

jωL1
, (12)

and 1/Zr2(ω) can be expressed by means of the rational
function of ω

1

Zr2(ω)
=

jN ′′
o3(ω) +N ′′

e2(ω)

[ω2 +D′′
e0(ω)] + jD′′

o1(ω)
, (13)

where N ′′
o3(ω) = λ3ω

3 + λ1ω, N ′′
e2(ω) = λ2ω

2, D′′
e0(ω) = ξ0

and D′′
o1(ω) = ξ1ω are real polynomials of the real variable

ω. The TLS method can be applied once again to determine
the five unknown coefficients λi (i = 1, . . . , 3) and ξi (i =
0, 1) as in the case of (2) and (10). Once λi and ξi have
been determined, the quantity C1 + Cm involving two circuit
parameters of Fig. 2 can be obtained as

C1 + Cm = lim
ω→0

1

jωZr2(ω)
=

λ1

ξ0
. (14)

Finally, a new complex quantity with dimensions of admit-
tance is defined, which can be also expressed as a rational
function of ω as shown below

1

Zr2(ω)
− jω(C1 + Cm) =

jN ′′′
o3(ω)

[ω2 +D′′′
e0(ω)] + jD′′′

o1(ω)
, (15)

where N ′′′
o3(ω) = η3ω

3, D′′′
e0(ω) = φ0 and D′′′

o1(ω) = φ1ω are
real polynomials of the real variable ω. As in previous cases,
the TLS method is employed to determine the three unknown
coefficients η3, φ1 and φ0. These coefficients are related with
the circuit parameters of Fig. 2 by means of the equations

η3 = − C2
m

C2 + Cm
(16)

φ1 = − 1

R2(C2 + Cm)
(17)

φ0 = − 1

L1(C2 + Cm)
. (18)

If we fix the value of R2 (in this paper, we have always
chosen R2 = 50 Ω, which is the usual choice for the load
impedance in microwave circuits), then we can use (16) to
(18) to solve for C1, C2, Cm and L2 in terms of R2, η3, φ1,
φ0, λ1 and ξ0 as shown below

C1 =
λ1

ξ0
−
√

η3
φ1R2

(19)

C2 = − 1

φ1R2
−
√

η3
φ1R2

(20)

Cm =

√
η3

φ1R2
(21)

L2 = R2
φ1

φ0
. (22)

TABLE I
ANTENNA SUBSTRATE LAYERS PARAMETERS AS SHOWN IN FIG. 1(A).

Layer number hi (mm) εr,i tan δi

i = 1 1.575 2.2 0.0009

i = 2 1.575 2.2 0.0009

i = 3 4.8 1.06 0.0001

i = 4 0.254 2.2 0.0009

TABLE II
ANTENNA GEOMETRICAL PARAMETERS (IN MM) AS SHOWN IN FIGS. 1(B)

TO (E).

l1 w1 l2 w2 s2 l3 w3 s3

9.69 4.9 4.65 12.8 1.4 15.5 17 0.5

a3 b3 c3 d3 e3 g3 l4 w4

2.5 0.5 13.6 7.5 0.5 0.5 17.5 18.4

The approach described for the determination of the lumped
elements parameters of Fig. 2 has been applied to the case
where the substrate and geometrical parameters of the antenna
of Fig. 1 are those shown in Tables I and II. In Fig. 3 the
results obtained for the real and imaginary part of Zin(ω) with
Momentum simulations (solid lines) are compared with those
obtained with the equivalent circuit of Fig. 2 after application
of (2) to (22) (dashed lines). Although the agreement between
the two sets of results is not excellent, the EC parameters
obtained with plain application of TLS (see first row of Table
III) provide a very reasonable approximation of the input
impedance frequency response. In order to refine the EC
obtained, we have introduced the lumped element parameters
obtained with plain TLS in a gradient optimization routine
of ADS commercial software [34], and we have optimized
the values of L1, C1, C2, Cm and L2 to match Momentum
simulations of the input impedance with the EC response.
After a few optimization runs, we have obtained new lumped
element parameters that exactly match the real and imaginary
parts of Zin(ω) as shown in Fig.3. The EC parameters obtained
after optimization are those shown in second row of Table III.
Please note that the optimized lumped element parameters in
Table III differ from the original lumped element parameters
obtained with plain TLS by less than 10%. We have carried
out many estimations of ECs of antennas of the type shown
in Fig. 1, and the optimized EC parameters never differed
from the original TLS parameters by more than 15%. This
means that although the method presented in this subsection
for the estimation of EC parameters is not exact, it provides an
excellent starting point for an optimization routine that leads to
the exact solution. And the whole process leading to the final
optimized solution only takes a few seconds of CPU time in a
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laptop computer. Note this strategy can be applied not only to
the EC of Fig.2, but also can be extended to more sophisticated
ECs of other different antennas.
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Fig. 3. Re[Zin](ω) and Im[Zin](ω) (in ohms) for the aperture-coupled
stacked microstrip antenna of Fig. 1. Momentum simulations (solid lines) are
compared with the results provided by the EC of Fig.2 after de-embedding of
EC parameters with four TLS iterations (dashed lines), and with the results
provided by the same EC after optimization of the TLS results (×).

TABLE III
EC PARAMETERS OF FIG. 2 FOR THE ANTENNA OF FIG. 1 WITH SUBSTRATE

AND GEOMETRICAL PARAMETERS GIVEN BY TABLES I AND II.

Numerical L0 C0 L1 C1 Cm L2 C2

method (nH) (pF) (nH) (pF) (pF) (nH) (pF)

Plain TLS 0.312 2.56 0.354 1.69 0.690 0.390 1.64

Optim. TLS 0.312 2.56 0.370 1.56 0.770 0.370 1.56

C. Second-order filters for broadband antenna design
In this paper we intend to design the stage of Fig. 2

consisting of two capacitively coupled parallel LC resonators
(right half of the EC of Fig. 2) as a broadband second-order
bandpass filter in order to achieve broadband matching for
the antenna of Fig. 1. As commented above, the LC series
resonator existing between the filtering stage and the input
transmission line stands for the feeding mechanism of the
antenna (stub+aperture), and will be used to match the filtering
stage to the transmission line.

Fig. 4. Classic second-order coupled resonator filter with capacitive coupling
between resonators.

Fig.4 shows the topology of a classic second-order bandpass
filter made of capacitively coupled resonators. Let f0 = ω0/2π

be the center frequency of operation, let ∆ be the fractional
bandwidth, and let Z0/r1 be the impedance of the input
transmission line (in practice, we will use Z0 = 50 Ω and
r1 = 1 as is customarily done in microwave engineering).
Also, let q1 and q2 be the normalized loaded quality factors
of the resonators, let k12 be the normalized coupling coeffi-
cient between the two resonators, and let r1 and r2 be the
normalized load admittances. The dimensionless parameters
q1, q2, k12, r1 and r2 are determined by the desired frequency
response of the second-order filter (Butterworth, Chebyshev,
maximally flat delay, linear phase equiripple, Gaussian, etc.),
and can be found in [35, Table I] for different types of filters.
According to the classical theory of filter synthesis, the lumped
element parameters of the second-order filter of Fig. 4 can be
obtained in terms of ∆, ω0, Z0, q1, q2, k12, r1 and r2 as shown
below [36, Chapter 6]

L1a =
Z0∆

ω0q1r1
(23)

C1a =
q1r1

ω0Z0∆

[
1−∆k12

√
q2r2
q1r1

]
(24)

Cma =
k12
ω0Z0

√
q1q2r1r2 (25)

L2a =
Z0∆

ω0q2r2
(26)

C2a =
q2r2

ω0Z0∆

[
1−∆k12

√
q1r1
q2r2

]
(27)

Based on the topology of Fig. 4, let us assume we want
to design a Chebyshev filter with 0.5 dB ripple, a center
frequency of 5.57 GHz and a fractional bandwidth of 30%.
This filter should be a good candidate for the filtering stage
of the antenna EC of Fig. 2 since it ensures a maximum
value for |S11| of -9.64 dB in the neighborhood of the
center frequency, which roughly coincides with the -10 dB
limit customarily employed for antenna impedance matching.
Taking into account the specifications, using the fourth row
of [35, Table I] and using Eqns. (23) to (27), we finally
obtain the lumped element parameters shown in Table IV.
Note the resulting filtering circuit is rather asymmetric. First,
the inductances and capacitances of the LC parallel resonators
are very different. Second, the output load impedance is nearly
half the input load impedance. These asymmetries turn out to
have a deleterious effect on the use of this filter circuit for
the design of the antenna of Fig. 1 by means of the EC of
Fig. 2. In fact, we have not been able to match the lumped
element values of Table IV with the method of subsection
II.B by adjusting the substrate and geometrical parameters of
the antenna. One possible way to introduce symmetry in the
lumped element values of the second-order filter would be
to use a Butterworth configuration with the same values of
f0 and ∆. However, in the Butterworth configuration the two
reflection zeros are coincident or nearly coincident, and the
two reflection zeros of broadband microstrip antennas made of
coupled resonators are appreciably separated from the center
frequency (usually more than 10%) as can be verified in [37,
Chapter 7]. Therefore, the Butterworth configuration is useless
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for broadband microstrip antenna design, and we have to rely
on the Chebyshev configuration.

TABLE IV
LUMPED ELEMENT PARAMETERS OF THE CIRCUIT OF FIG. 4 FOR A

CHEBYSHEV RESPONSE WITH 0.5 DB RIPPLE, CENTER FREQUENCY OF
5.57 GHZ, FRACTIONAL BANDWIDTH OF 30%, AND Z0/r1 = 50 Ω.

L1a C1a Cma L2a C2a R2a

(nH) (pF) (pF) (nH) (pF) (Ω)

0.312 1.54 1.15 0.157 4.18 25.2

Fig.5(a) shows the second-order filter topology provided by
the classic insertion loss method [30, Section 8.3]. Although
this topology does not fit the filtering stage of the antenna
EC shown in Fig. 2, in the following we will transform the
Chebyshev version of this topology into a second-order filter
topology of the type shown in Fig. 4 with symmetric arrange-
ment of the lumped elements and response of Chebyshev type.
In Section III, we will see this latter filter topology will enable
the broadband design of the antenna of Fig. 1 based on filter
theory.

For the specific bandpass filter of Fig. 5(a), let A(dB) be
the maximum prescribed value of |S11| in decibels in the
neighborhood of the center frequency f0 (e. g., if the filter
is intended to be used for antenna matching, A(dB) can
be chosen around -10 dB). Let us define a dimensionless
parameter K in terms of A(dB) as

K =

√
10(A(dB)/10)

1− 10(A(dB)/10)
(28)

If we want that the filter of Fig. 5(a) shows a Chebyshev
response with a value of K given by (28), with a fractional
bandwidth ∆ and input impedance Z0, the lumped element
parameters RL, LI, CI, LII, and CII of Fig. 5(a) must be
obtained in terms of ∆, ω0, Z0 and K as shown below [30]

RL = Z0

[
1 + 2K2 − 2K

√
1 +K2

]
(29)

LI =
Z0∆

[√
RLZ0 − 2KRL

]1/2
2ω0

√
KRL

(30)

CI =
2
√
KRL

ω0Z0∆
[√

RLZ0 − 2KRL

]1/2 (31)

LII =
2
√
KZ0

[√
RLZ0 − 2KRL

]1/2
ω0∆

(32)

CII =
∆

2ω0

√
KZ0

[√
RLZ0 − 2KRL

]1/2 (33)

Now, let us focus on the series association of the inductance
LII and the resistance RL at the right side of the circuit of
Fig. 5(a). If RL << ω0LII, which is a condition always ful-
filled for narrow bandwidth filters and approximately fulfilled
for moderate and wide bandwidth filters, in the neighborhood
of f0 the series association LII −RL can be approximated by

the parallel association of the inductance LII and the resistance
RLm shown in Fig. 5(b), where RLm is defined as

RLm =
(ω0LII)

2

RL
(34)

When the LII − RL series circuit located at the right side
of the circuit of Fig. 5(a) is substituted by the approximate
LII − RLm parallel circuit of Fig. 5(b), one obtains a new
circuit with a slightly different electrical response since the
resulting topology is only an approximation of the original
topology. For a Chebyshev filter with A(dB)=-11 dB, a center
frequency of 5.57 GHz and a fractional bandwidth of 30%, the
solid line of Fig. 6 shows the reflection coefficient obtained
with the insertion loss method filter of Fig. 5(a), and the
dashed line shows the reflection coefficient obtained when the
transformation of Fig. 5(b) is introduced in Fig. 5(a). Note that
the responses of the two circuits are not very different except
for the fact that the two reflection zeros of the original filter of
Fig.5(a) have been smoothed after the transformation. Bearing
in mind that the responses are not very different, we have used
the gradient optimization facility of ADS commercial software
[34] to optimize the values of LI, CI, LII, CII and RLm in the
transformed circuit so that the values of |S11| match the two
reflection zeros and the maximum in the neighborhood of f0
(for which A(dB)=-11 dB) in the original filter. After a few
seconds of CPU time in a laptop computer, we have obtained
an optimized circuit that completely matches the response of
the circuit of Fig. 5(a) as shown in Fig. 6. This new optimized
circuit is drawn in Fig. 5(c), and we insist on the fact that its
electrical response is identical to that of the filter of Fig. 5(a).
Table V shows the lumped element parameters obtained for
the circuits of Figs. 5(a) and (c) to obtain the response of
Fig. 6. Please note that the optimization process has changed
the values of LI, CI, LII, CII and RLm by less than 10% (the
value of RLm before optimization was 421.5 Ω). As it happens
with the optimization carried out to obtain the results of Fig.3,
the starting point used for the optimization leading to Fig. 6
is again very close to the final solution, and therefore, the
optimization process requires tiny computational resources.

TABLE V
LUMPED ELEMENT PARAMETERS OF THE CIRCUITS OF FIGS. 5(A) AND (C)

FOR A CHEBYSHEV RESPONSE WITH A(dB)=-11 DB, f0 = 5.57 GHZ,
∆ = 0.3 AND Z0 = 50 Ω.

LI CI LII CII RL

(nH) (pF) (nH) (pF) (Ω)

0.368 2.21 3.10 0.262 28.0

Lopt
I Copt

I Lopt
II Copt

II Ropt
Lm

(nH) (pF) (nH) (pF) (Ω)

0.359 2.14 3.35 0.257 463

The reason why we have obtained the circuit of Fig. 5(c)
from the circuit of Fig.5(a) is because this circuit is a minimum
impedance representation of the circuit of Fig. 4 [38], i. e.,
there exists a circuit with the topology of Fig. 4 with exactly
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Fig. 5. (a) Classic second-order bandpass filter based on the insertion loss
method. (b) Approximate transformation of the series RL − LII circuit into
the parallel RLm − LII circuit when ω0LII << RL. (c) Circuit obtained
when the approximation of Fig.5(b) is introduced in Fig.5(a), and the resulting
circuit is optimized to match the response of the circuit of Fig. 5(a).
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Fig. 6. Reflection coefficient for the circuit of Fig. 5(a) (solid line), for the
circuit obtained when the approximation of Fig.5(b) is introduced in Fig. 5(a)
(dashed line), and for this latter circuit after optimization -i.e., for the circuits
of Figs. 5(c) and 7- (×).

the same input impedance as that of the circuit of Fig. 5(c),
and therefore, with the same electrical response of the circuit
of Fig. 5(a) according to Fig. 6. The circuit with the topology
of Fig.4 which is equivalent to the circuit of Fig.5(c) has been
represented in Fig. 7, which means that Zopt

in (ω) = Zb
in(ω). If

the mathematical procedures described in [38] are employed,
it is possible to show that once the value of the load impedance
in Fig. 7, R2b, is arbitrarily chosen (e. g., R2b can be taken to
be 50 Ω as is customarily done in microwave circuits), L1b,
C1b, Cmb, L2b and C2b can be defined in terms of Lopt

I , Copt
I ,

Lopt
II , Copt

II , Ropt
Lm and R2b as shown below

L1b = Lopt
I (35)

C1b = Copt
I − Copt

II

√Ropt
Lm

R2b
− 1

 (36)

Cmb = Copt
II

√
Ropt

Lm

R2b
(37)

L2b =
R2bL

opt
II

Ropt
Lm

(38)

C2b = Copt
II

√
Ropt

Lm

R2b

√Ropt
Lm

R2b
− 1

 (39)

Fig. 7. Circuit containing two capacitively coupled resonators, with exactly
the same frequency response as the circuit of Fig.5(c) (R2b can be arbitrarily
chosen).

TABLE VI
LUMPED ELEMENT PARAMETERS OF THE CIRCUIT OF FIG. 7 FOR A

CHEBYSHEV RESPONSE WITH A(dB)=-11 DB, f0 = 5.57 GHZ, ∆ = 0.3
AND Z0 = 50 Ω.

L1b C1b Cmb L2b C2b R2b

(nH) (pF) (pF) (nH) (pF) (Ω)

0.370 1.56 0.770 0.370 1.56 50

Table VI shows the lumped element parameters of the
circuit of Fig. 7 that provide the frequency response of the
solid line of Fig. 6. Please compare Table VI with Table IV.
Whereas the circuit corresponding to Fig. 4 and Table IV is
very asymmetric, the circuit corresponding to Fig. 7 and Table
VI is completely symmetric since it contains equal LC parallel
resonators and equal load impedances. Also, both circuits show
very similar Chebyshev responses as shown in Fig. 8. Since
the circuit of Fig. 7 fits with the antenna EC of Fig. 2, this
circuit will be used in the next section to design the broadband
microstrip antenna of Fig. 1. Owing to the symmetry of the
circuit described by Fig.7 and Table VI, the lumped parameters
of Table VI are feasible to obtain by conveniently adjusting
the substrate and geometrical parameters of the antenna.

To be strictly honest, after optimization and application of
(35) to (39) to derive the lumped element parameters of Fig.7,
we did not exactly obtain equal values for L1b and L2b, and
for C1b and C2b, as it appears in Table VI. However, the
differences observed between L1b and L2b, and between C1b

and C2b, were smaller than 1%. So, we took the arithmetic
mean of the resulting values for L1b = L2b and for C1b =
C2b, and we did not observe any appreciable change in the
frequency response of the circuit.
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Fig. 8. Reflection coefficient for the circuit of Fig. 4 and Table IV (solid
line), and for the circuit of Fig. 7 and Table VI (dashed line).

The strategy followed to derive the circuit of Fig.7 from the
circuit of Fig.5(a) has been applied for other center frequencies
and other fractional bandwidths, and the final result has always
been a symmetric circuit with the topology of Fig. 7 and
Chebyshev response. This means the design methodology de-
scribed in this subsection can be equally extended to different
center frequencies and different fractional bandwidths.

D. Antenna design tips and parametric studies

The filtering stage used in Fig. 2 for the antenna designed
in this paper is that shown in Fig. 7 with circuit parameters
given by Table VI. These circuit parameters are reproduced
in the row of Optimized TLS values of Table III, which
provides the lumped element values of the complete EC for the
antenna designed in the paper. The substrate and geometrical
parameters of the antenna have to be adjusted so as to match
these circuit parameters. The most critical parameters in the
adjustment process are the coupling capacitance, Cm, and the
inductance of the lower patch, L1.

Bottom up, the first two layers of Fig.1(a) have been chosen
to be Rogers RT/Duroid of thickness 62 mils -1.575 mm-, the
third layer is made of Cumin Microwave C-Foam PF-4, and
the fourth layer is Rogers RT/Duroid of thickness 10 mils -
0.254 mm- (the relative permittivity and loss tangents of these
materials are provided in Table I). The thickness of the C-
Foam layer h3 is crucial to adjust the coupling capacitance Cm

of Fig. 2. In order to estimate this thickness, the two patches
of Fig. 1 are substituted by two square patches with lengths l3
and l4 equal to half a wavelength at the center frequency of the
antenna (f0 = 5.57 GHz in our design). Since the thickness of
the C-Foam is commercially available in multiples of 1.6 mm,
we select the value of h3 that leads to a value of Cm which
is closest to the target value Cm = 0.77 pF. Fig. 9 shows the
values of Cm as a function of h3 when all the parameters in
the antenna finally designed are kept fixed (see Tables I and
II) except for h3. Please note that Cm strongly depends on h3,
and that variations within 50% are obtained in the values of

Cm as h3 changes from 3.2 mm to 6.4 mm. In this case, a
value of h3 = 4.8 mm matches the required value Cm = 0.77
pF.
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Fig. 9. Coupling capacitance Cm of Fig. 2 as a function of the foam layer
thickness h3 in Fig. 1(a). Except for h3, the rest of the antenna substrate and
geometrical parameters are kept as shown in Tables I and II.

Once the value of Cm has been fixed, we focus on matching
the inductance of the lower patch L1 in Fig.2. This inductance
can be modified by varying the width w3 of the resonant square
patch mentioned in the previous paragraph, but the resulting
values turn out to be always below the target inductance
L1 =0.37 nH required in Table III. And this is important
because the circuit model is telling us that we cannot reach
the desired goal if we use a lower patch of rectangular shape.
Therefore, in order to increase the inductance of the lower
patch, we have introduced inner slots close to the center of the
patch and meandering slots close to the corners of the patch as
shown in Fig. 1(c). These slots reduce the width of the current
paths on the patch surface, thus increasing the inductance. By
carefully adjusting the length of the inner slots, a3, and the
separation of the inner slots, e3, it is possible to match the
inductance of the patch to the desired value. Fig. 10 shows
that changes in the value of a3 make it possible a tuning of
the inductance within 7% when all other antenna parameters
are kept fixed. An additional tuning of the inductance can be
achieved by adjusting e3.

When the values of Cm and L1 are fixed, we have checked
that variations in the width w4 of the upper patch do suffice
to achieve the target inductance L2 = 0.37 nH, i. e., the
required inductance can be achieved by using an upper patch
of rectangular shape. Once the values of Cm, L1 and L2 have
been adjusted by means of h3, a3, e3 and w4, slight variations
of l3 and l4 are needed for a fine adjustment of C1 and C2,
which depend on the resonant length of the patches for fixed
values of L1 and L2.

As commented above, the circuit parameters L0 and C0 of
Fig. 2 have been adjusted by means of l1, l2 and w2 (see
Figs. 1(d) and (e)) so as to ensure a good matching between
the feeding line and the filtering stage in the whole frequency
band where |S11| < -10 dB for the filtering stage (i.e., roughly
the band between 4.8 and 6.6 GHz in Fig. 6). The final circuit
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Fig. 10. Lower patch inductance L1 of Fig. 2 as a function of the length of
the meandering slots a3 in Fig. 1(c). Except for a3, the rest of the antenna
substrate and geometrical parameters are kept as shown in Tables I and II.

parameters of the complete EC for the designed antenna are
those shown in Table III, and the final substrate and antenna
parameters corresponding to this EC are those shown in Tables
I and II.

III. NUMERICAL AND EXPERIMENTAL RESULTS

The broadband microstrip antenna of Fig. 1 with substrate
and geometrical parameters shown in Tables I and II, which
is characterized by the EC of Fig. 1 with circuit parameters
given by Table III, has been fabricated and measured. Fig.11(a)
shows a photograph the antenna mounted in the anechoic
chamber, and Figs. 11(b) to (e) shows photographs of the
different metallization levels. As shown in Fig. 11(a), plastic
screws are used to join the three RT/Duroid layers and the
foam layer. The upper patch is printed on the back side of the
10 mils upper RT/Duroid layer, the lower patch is printed on
the front side of one of the 62 mils Duroid layers, and the
feeding strip, on the back side of the other 62 mils Duroid
layer.

Fig. 12 shows the comparison between simulated and mea-
sured results for the reflection coefficient of the antenna of
Fig. 11. Note that the impedance matching fractional band-
width for |S11| < -10 dB is roughly 32% (between 4.69
and 6.52 GHz) in the case of the simulated antenna with
parameters chosen as in Tables I and II (black dashed line), and
that the fractional bandwidth is roughly 33% (between 4.80
and 6.73 GHz) in the case of the measured antenna (solid line).
In both cases, the matching operation band covers the complete
band between 4.9 and 6.0 GHz, which includes most WLAN
channels of the 802.11 standard and the 5.8 GHz ISM band.
There is a shift of roughly 0.2 GHz between the matching
simulated band and the matching measured band. This shift
is attributed to the fact that the real relative permittivity of
RT/Duroid 5880 was slightly smaller than the value provided
by the manufacturer, and to the fact that the thickness of the
C-foam layer was also smaller than the value provided by the

(a)

(b) (c)

(d) (e)

Fig. 11. (a) Photograph of the broadband microstrip antenna in the anechoic
chamber. Photographs of the details of the different metallization levels of the
antenna: (b) upper patch (metallization level 4); (c) lower patch (metallization
level 3); (d) ground plane rectangular aperture (metallization level 2); (e)
feeding strip (metallization level 1).

manufacturer (in fact, this smaller thickness was measured).
The antenna was simulated once again by assuming that the
relative permittivity of RT/Duroid was 2.0 instead of 2.2, and
that the thickness of C-Foam was 4.3 mm instead of 4.8 mm.
These new simulation results are also included in Fig.12 (grey
dashed line), showing the new simulated matching band for
the antenna is between 4.87 and 6.74 GHz, which is much
closer to the matching band obtained in the experiments. The
closer agreement between simulations with corrected substrate
parameters and experiments shows the frequency shift existing
between the simulated results with nominal substrate parame-
ters and the experimental results can be satisfactorily explained
by overestimated values of RT/Duoid permittivity and C-foam
layer thickness.

Fig. 13 shows the comparison between simulated and mea-
sured results for the radiation patterns of the antenna of Fig.11.
The simulations have been performed with CST Studio Suite®

(CST SS) [39] to account for the effects of the edges of the
substrate in the real antenna, which cause diffraction and back
radiation. The effects of the substrate truncation cannot be
taken into account in the simulations with Momentum software
[32], since this software assumes the substrate is of infinite
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Fig. 12. Reflection coefficient of the designed antenna. Measured values (solid
line) are compared with simulated values obtained with the nominal data of
Tables I and II (black dashed line), and with simulated values obtained with
corrected data for permittivity of Rogers RT/Duroid -εr,1 = εr,2 = εr,4 =
2.0- and for thickness of C-Foam layer -h3 = 4.3 mm- (grey dashed line).

extent. Pyramidal microwave absorber was added below the
antenna in the CST SS simulations since this absorber was also
used in the measurements to mitigate the back radiation (see
Fig. 11(a)). The results of Fig. 13 show the radiation pattern is
quite stable in the antenna operating frequency band between 5
and 6.5 GHz. Both simulated and measured cross-polarization
levels are always below -20 dB. This low cross-polarization
is attributed to the fact that the upper patch of Fig. 1(b) has a
simple rectangular geometry with negligible currents in the x
direction in the neighborhood of the excited resonance. In the
lower patch of Fig. 1(c) with inner and meandering slots, the
x component of the current is more relevant, but its radiation
is shielded by the upper patch. The cross-polarization of the
antena would have probably been larger if the positions of
the patches of Figs. 1(b) and (c) had been exchanged in the
antenna, which shows the advantage of the antenna geometry
proposed in Fig. 1 in terms of polarization purity.

In Fig.14 we compare the simulated and measured values of
gain for the antenna of Fig. 11. As in the case of Fig. 12, we
provide two different sets of simulated results, one for the
antenna with nominal substrate parameters and dimensions
as shown in Tables I and II (black dashed line), and one
with corrected relative permittivity of Rogers RT/Duroid and
corrected thickness of the C-foam layer (grey dashed line). The
simulated values of gain have been obtained with CST SS, just
as the simulated radiation patterns of Fig. 13. As it happens
in Fig. 12, in Fig. 14 the simulated results with corrected
substrate parameters are closer to the measured results than
the simulated results with nominal substrate parameters. In
fact, the measured values of gain lie between 6 and 7 dBi
in most of the operating frequency band, which is reasonable
for microstrip antennas printed on a low-permittivity substrate
[40]. And the simulated values with corrected substrate pa-
rameters lie on average around 0.5 dB above these measured
values. However, the simulated values with nominal substrate
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Fig. 13. Co-polar (black) and cross-polar (grey) components of the radiation
patterns for the designed antenna. Solid lines stand for measurements, and
dashed lines stand for CST SS simulations. (a) E-plane results at 5 GHz. (b)
H-plane results at 5 GHz. (c) E-plane results at 5.75 GHz. (d) H-plane results
at 5.75 GHz. (e) E-plane results at 6.5 GHz. (f) H-plane results at 6.5 GHz.

parameters can differ as much as 2 dB from the measured
values at the extremes of the operating frequency band.

IV. CONCLUSION

In this paper we present a systematic circuit methodology
for the design of broadband microstrip antennas made of two
stacked patches fed by an aperture in the ground plane of a
microstrip line. An EC is proposed for the antenna, and a
novel de-embedding technique for the determination of the
parameters of the EC is introduced, which uses an iterative
total least squares approach plus slight optimization to yield
a perfect matching between the EC response and EM simula-
tions. Then, the geometry of the stacked patches is adjusted so
that their EC follows a second order quasi-Chebyshev response
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Fig. 14. Gain of the designed antenna. Measured values (solid line) are
compared with simulated values obtained with the nominal data of Tables I
and II (black dashed line), and with simulated values obtained with corrected
data for permittivity of Rogers RT/Duroid -εr,1 = εr,2 = εr,4 = 2.0-
and for thickness of C-Foam layer -h3 = 4.3 mm- (grey dashed line). The
simulations have been performed with CST SS.

derived from the insertion loss method. This quasi-Chebyshev
response has the advantage that it is originated by a symmetric
circuit which can be physically implemented by means of
un upper rectangular patch coupled to a lower rectangular
patch with inner and meandering slots. Based on the EC
with quasi-Chebyshev response, a stacked patch microstrip
antenna has been designed with a 30% of fractional bandwidth
at a center frequency of 5.57 GHz. The antenna has been
fabricated and measured, and a good agreement has been
found between simulations and measurements for the return
loss (experimental fractional bandwidth of 33% for |S11| <
-10 dB in the measured antenna), for the radiation pattern and
for the gain, especially if the nominal substrate parameters are
slightly tuned in the simulations to make them closer to the
real values used in the experiments.
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