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to the corresponding deterministic equation via the classical Galerkin method, the Lax-Milgram and the Brouwer
fixed theorems. The stability properties of stationary solutions are also considered. By a direct approach, we first
show the local stability of stationary solutions when the delay term has a general form and then apply the abstract
results to two kinds of infinite delays. Second, we establish the exponential stability of stationary solutions in the case
of unbounded distributed delay. Third, we investigate the asymptotic stability of stationary solutions in the case of
unbounded variable delay by constructing appropriate Lyapunov functionals. Eventually, we discuss the polynomial
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1 Introduction

Over the last 70 years, a large number of physicists and mathematicians have used several turbulence models to obtain
closure, which means capturing the physical phenomenon of turbulence at computably low resolution. The LANS
model is the first to use the Lagrangian averaging technique to deal with the turbulence closure problem. The main
reason is that such a model requires lower computational cost than a usual Navier-Stokes equation. As we know, the
LANS model reaches closure without enhancing viscosity by modifying the nonlinearity of Navier-Stokes equations,
instead of introducing any extra dissipation (see Holm [18] for more details).

Recently, the LANS model has attracted much attention. There are many interesting topics with respect to this
system, including the well-posedness and asymptotic behavior of solutions as well as the existence, uniqueness and
stability results of stationary solutions (see, for instance, [A56,8] and the references therein).

In this article, we are mainly interested in mean dynamics and stability analysis of the following stochastic 3D
LANS equations with infinite delay on unbounded domains:

Ot(u — alu) + v(Au — aA(Au)) + (u - V) (u — alu)

—aVu* - Au+ Vp = f(t) 4+ g(t,u) + o(t,u)W, in (7, 400) x O,

divu=0, in (7,400) x O, (1.1)
u=0, Au=0 on (1,+00) x 00,

u(t + s,2) = ¢(s,x),s € (—00,0],2 € O,

where 7 € R, O C R? is unbounded open set with boundary 9O, which is a Poincaré domain, that is, there exists a
positive number A such that

2 2 1
A [ e < [ [Vopde, v v e H3O) (1.2)

A is the Stokes operator, the positive constants v and « denote the kinematic viscosity of the fluid and the square
of the spatial scale at which fluid motion is filtered respectively, the symbol * denotes the transpose of a matrix,
u = (u1,u9,us) and p are the averaged (or large-scale) velocity and pressure of the fluid respectively, f is a non-
delayed external force term which may depend on time, and the term ¢ contains some hereditary characteristics, such
as memory, unbounded variable or infinite distributed delay, etc, u; denotes the segment of solutions up to time t, i.e.
us(s) = u(t+s) for all s <0, ¢ is an initial velocity field defined in (—o0, 0], o is a locally Lipschitz nonlinear diffusion
coefficient, and W denotes the time derivative of a cylindrical Wiener process.

In the special case a = 0, system becomes the classical 3D Navier-Stokes equation whose dynamical behav-
ior has been widely investigated in [3I[7,O,T0I6L20,29]. The deterministic case without delay (i.e., ¢ = 0 and g is
independent of u) has been carried out, for instance, in [I1], where it is showed the global well-posedness as well as
the existence and finite dimensionality of global attractors. Marsden et al. [27] proved the global well-posedness and
regularity of solutions, and they further derived the convergence to solutions of the corresponding inviscid problem.
For the stochastic and non-delay version of (L.1)), Caraballo et al. [8] studied the stochastic dynamics of the 3D LANS
equations for the first time.

However, to describe better a realistic model, we should take into account some hereditary characteristics such as
aftereffect, time lag, memory and time delay. Also, they play an important role in determining the evolution of physical
models, and appear when the current behavior is influenced by its previous states, or one focuses on controlling the
problem by imposing an external force which may depend on both its present state and the history of the solutions.
The delay differential equations are significant tools to depict these delayed phenomena (see [13,28]).

Nowadays, delay differential equations have been extensively investigated. For example, the analysis of Navier-
Stokes equations with some hereditary features was first studied by Caraballo and Real in [7] and developed in
[3L 416114115, 16L22 2324 25l26]. In the bounded delay case, the authors have considered several issues concerning
the existence, uniqueness, asymptotic behavior and regularity of solutions, the existence, uniqueness and stability of
stationary solutions, the existence, uniqueness of global or pullback (random) attractors. The case of unbounded or
infinite delays has been analyzed in [T5L171[22][23]24125/[26].

Notice that the LANS equations with finite delays or with memory have been discussed recently in [46]. In the
first paper, the authors proved the existence of a unique solution to the stochastic 3D LANS equation when two delay
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terms are globally Lipschitz continuous. In the second one, some sufficient conditions ensuring the existence (and
eventual uniqueness) of stationary solutions were established when the non-delayed external force is locally integrable,
and the delay term is globally Lipschitz continuous. Furthermore, the exponential stability of stationary solutions is
obtained. In this paper, we discuss the 3D LANS equation with infinite or unbounded delays. Inspired by [221[231[25]
26], we may choose several phase spaces to deal with the infinite delay. The first one is the Banach space

Cy(H)={p e C((—o0,0; H) : lim e"p(s) exists in H}, where v > 0, (1.3)

S——00
where H is the 3D Lebesgue-type Hilbert space. The second one is

C_o(H)={p € C((—00,0];H) : ngoo ©(s) exists in H}. (1.4)
Moreover, we also use C (V) and C_(V'), where V is another Sobolev-type subspace instead of H in and (T.4).

The first aim of this article is to study mean dynamics of the stochastic 3D LANS equation driven by
infinite delay on unbounded domains. In the Banach space C,(V), we first establish the well-posedness of problem
with infinite delay when the non-delayed external force f(t) is locally integrable, the delay term g(¢,u;) is
globally Lipschitz continuous and the nonlinear diffusion term o(¢,u) is locally Lipschitz continuous. To that end, we
introduce a globally Lipschitz continuous cut-off function &, (for every n € N) defined by to approximate o (¢, u).
The solution operators enable us to define a mean random dynamical system instead of the usual pathwise random
dynamical system, mainly because, in this case, there is no approach available to transfer the stochastic system (|1.1)) to
a corresponding pathwise deterministic one. We then show the existence of a unique weak pullback random attractor
for the mean random dynamical system.

Another purpose of this work is to prove the existence of a unique stationary solution to the corresponding
deterministic equation (see Eq. ) and analyze the asymptotic behaviour of solutions for Eq. towards to the
stationary solution. Since our results no longer depend on Sobolev compact embeddings for unbounded domains, we
modify some arguments in [0, Theorem 10], i.e. apply the classical Galerkin argument as well as the Lax-Milgram and
the Brouwer fixed theorems to derive the existence and uniqueness of stationary solutions to system on unbounded
domains. Moreover, we investigate their stability properties via several methods which enable us to establish different
stability sufficient conditions. We carry out this analysis in C_o (V') and even in C, (V). By a direct approach, we
first show the local stability of stationary solution when the delay term has a general form (unbounded variable delays
and infinite distributed delays or memory terms) in C_o (V). In order to obtain our results in C, (V) with v > 0,
the exponential stability in the case of unbounded variable delay fails to be proved in general (see [23] and [26] for
more details). Fortunately, in the case of infinite distributed delay, we are able to prove not only stability of stationary
solutions in C(V'), but also exponential asymptotic stability. Although we may not prove the exponential stability for
the unbounded variable delay in C.(V), we will explore, at least, the asymptotic stability in C_(V), by using the
Lyapunov functionals construction proposed by Kolmanovskii and Shaikhet [21]. To make our analysis more complete,
we eventually discuss the polynomial asymptotic stability in the particular case of proportional delay (also known as
pantograph delay).

This paper is organized as follows. In Section [2] we describe some preliminaries, including basic theories on cylin-
drical Wiener process, some notations and linear operators, some suitable assumptions about the non-delayed external
force f, delay term ¢ and nonlinear diffusion coefficient o. The well-posedness and mean dynamics of problem 7
driven by unbounded delay and locally Lipschitz nonlinear noise, are proved in Section [3] The last section is devoted
to investigating the existence and uniqueness of stationary solutions and their stability results to the corresponding
deterministic equation.

2 Preliminaries
2.1 The cylindrical Wiener process

Let (£2,F,{F:}ter,P) be a complete filtered probability space such that {F;}+cr is an increasing right continuous
family of sub o-algebras of F, which contains all P-null sets. For ¢ < 0, suppose that F; = Fy.
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Let {ﬁg ,t > 0,7 =1,2,3,...} be a sequence of mutually independent standard real valued F;-Wiener processes
and K a separable Hilbert space with an orthonormal basis {e;; j = 1,2,3,...}. Suppose that {W(¢);t > 0} is a
K-valued cylindrical Wiener process (with the covariance operator @ : K — K) given by

t) = iﬁj(t)ej, t>0. (2.1)

Given a separable Hilbert space Hy, we denote by £2(K, Hy) the space of Hilbert-Schmidt operators from K into
Hy with the following norm

HS”%?(K,HU) = tI‘(SQS*), VS e L"Z(Ka HO)a (22)

where tr denotes the trace of an operator, S* is the adjoint operator of S.

For any separable Banach space X, interval (a,b) C R and p > 1, we denote by I?(a, b; X) the Banach space of all
processes ¢ € LP({2 x (a,b), F ® B((a,b)),dP @ dt; X) such that ¢(t) is Fi-progressively measurable for a.e. t € (a,b),
where B(-) denotes the Borel o-algebra. We also denote by L?(£2, F, dP; C(a,b; X)) with p > 1 the space of all contin-
uous and Fi-progressively measurable X-valued processes ¢ such that E(sup,<,<; [|¢(t)|[%) < oo, where C(a,b; X) is
the Banach space of all continuous functions from [a, b] into X. For convenience, we write LP (2, F, dP; C(a, b; X)) as
L?($2;C(a,b; X)).

For any process @ € I(1,7 + T; L?(K, Hy)) and t € [r, T + T, the stochastic integral f: D(s)dW (s) is defined by
the unique continuous Hy-valued F;-martingale such that

( / P(5)dW () Z / ejw)  dF(s), Yw € Hy, (2.3)

where the integral with respect to 37(s) is the Ito integral. By [12], if & € I*(r,7 + T;L*(K,H,)) and ¢ €
L2(02,L%° (1,7 +T; Hy)) is F;-progressively measurable, then

Z/ s)ej, (s ) Odﬂj(s) =: /T1t (@(s)dW(s),d)(s)), T<t<7+T,

converges in L' (2, C(r,7 +T)).

2.2 Notations and hypotheses

In this subsection, we introduce some notations and linear operators, recall some properties with respect to the
nonlinear term (u - V)(u — aAu) — aVu* - Au in the problem (1.1]), and impose some suitable assumptions.
Denote by L2(0) i= (L2(0))*, HY(O) := (H}(0))}, C(0) = (CF*(0))? and

V={ueCO):V-u=0 in O}. (2.4)

Let H and V be the closure of V in L?(0) and H}(O), respectively. Denote by | -|, ||| and || ||« the norms in H,V
and V*, respectively, where V* is the dual space of V. Let (-,-), ((+,-)) be the scalar product in H and V', respectively.
For all u,v € H}(O), we set

((u,v)) = (u,v) + a(Vu, Vo) = Z/u] z)v;(z dm—l—aZ/gZigZJz (2.5)

1,7=1

Denote by V(Q) the same space as V with O is replaced by an open set @, analogously let H(Q) and V(Q) be the
closure of V(Q) in L%(0) and H}(O), respectively.
We now consider the Stokes operator A, defined by

Aw = —P(Aw), Y w € D(A) =H*(0)NYV, (2.6)
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where H?(O) = (H?(0))3, P is the Leray operator from L?(O) onto H. We deduce
(Au,v) = ((v,v)), |lullm2o)y < C1lAu|, Yu € D(A),v e V. (2.7)

Denote by || - |[(p(a))~ the norm in (D(A))*, where (D(A))* is the dual space of D(A). Let (-,-) be the duality
product between (D(A))* and D(A). Identifying v € D(A) with the element h, € V*, defined by

ho(u) = ((v,u)), uwe V.
We then define a continuous linear operator A € L(D(A), (D(A))*) defined dy
(Au,v) = v(Au, v) + va(Au, Av), Y u,v € D(A) =: D(A). (2.8)

For all £ > 1, let &, Ay, be the eigenvectors and eigenvalues of the Stokes operator A, respectively, by the definition
of operator A and ({2.8]), we obtain

(A&, v) = vAK((&s 0)), (2.9)

which implies that, the eigenvalues of the operator A are given by Xk = Vg

As in [6], we associate another inner product on D(A) = D(A), defined by
(u,v) peay := (Au,v), and so Aq[ul® < ||u||%(A), Yu,v € D(A). (2.10)

By (2.7), the above is equivalent to the original inner product ((u,v)) + (Au, Av) for u,v € D(A).
Next, we consider the following trilinear operator:

b (u, v, w) = ((u- Vv, w)_y +(Vu* -v,w)_1, YV (u,v,w) € D(A) x L*(O) x H{(0), (2.11)

where (-,-)_1 denotes the duality product between H~*(0) and H}(O) or between H~!(O) and H}(O). Thanks to [8,
Proposition 2.2], we find

b (u, v, w) = —b" (w,v,u), Y (u,v,w) € D(A) x L*(O) x D(A), (2.12)

which implies that b# (u,v,u) = 0,V (u,v) € D(A) x L2(0).
Define a bilinear mapping B : D(A) x D(A) — (D(A))*, denoted by

(B(u,v),w) = b#(u,v — adv,w), V (u,v,w) € D(A) x D(A) x D(A), (2.13)

B(u) will be used to denote B(u,u) for all u € D(A). By the definition and properties of b#, it follows that there
exists a positive constant ¢ := ¢(O) such that for all (u, v, w) € D(A) x D(A) x D(A),

<B(U’a U),U> =0, <B(U),’U> = _<B(Uau)7u>; (214)
1B, 0)llpeay- < lullllvllpeay; (2.15)
[(B(u, v), w)| < cllull payllvllpeayllwl]- (2.16)
Recall the phase space
Cy(V) ={ue C((—00,0); V) : Sgr_noo e’ u(s) exists in V'}, where v > 0, (2.17)

which is a Banach space with sup norm, that is,

lulle, vy = sup €™ lu(s)]. (2.18)

s€(—00,0]

In order to analyze our problem, we need to establish some suitable assumptions.
We first suppose that the non-delayed external force is locally integrable, that is, for all 7 € R, T > 0,

fer(r,r+T;H 0)). (2.19)
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Then, we need some assumptions on delay term.
Let g : R x C, (V) — H~(O) satisfy the following conditions:
(G1) For any n € Cy(V), g(-,n) is measurable;
(G2) g(-,0) = 0;
(G3) There exists a constant Ly > 0 such that for all t € R and 7,¢ € C,(V),
lg(t,n) — g(t, O)lla-1(0) < Lglln = Clle, (vy;
(G4) There exists a constant C; > 0 such that, for all 7 € R,t > 7 and u,v € C°((—00,t]; V),
t t
[ gt ) = g0 s oyds < G2 [ Jus) = o) s

oo

(G5) There exists a constant CN'g > 0 such that, for all 7 € R,¢ > 7, all decreasing function w € C%([r,t]) and
u,v € CO(—o00,t]; V),

/kmm@%memﬁwms@/w@w@—mww

For the diffusion coefficient, we will impose some suitable assumptions as follows.
Let 0 : R x V — L£2(K,L?(0)) be measurable, and locally Lipschitz continuous, that is, for every r > 0, there
exists a positive constant L, depending on r such that for all t € R, wy,wy € V with |Jwy|| <r and ||ws] <7,

|o(t,w1) = o(t, w2) |l c2 (ke L2(0)) < Lrllwr — w2l|. (2:20)
Besides, suppose that there exists a constant L, > 0 such that, for all (t,w) € R x V,

lo(t, w)lle2(k.12(0)) < Lo (1 + [lwl). (2.21)

Now, let us define f(t) as

(f(t),w)) = (f(t),w)-1, V (t, w) ERx V. (2.22)
Define g: R x C(V) = V as
((g(t,m),w)) = (g(t,n),w)-1, ¥ (t,n,w) € R x C,(V) x V. (2.23)

By ([2.19) and (2.22), we obtain f € I%(r,7 + T;(D(A))*) for any 7 € R and T > 0. It follows from (G1)-(G5) and
(2.23) that g : R x C, (V) — V satisfies the following conditions:

(H1) For any n € C,(V), g(-,n) is measurable;
(HQ) 5(70) =0;
(H3) Setting Ly = Ly, we obtain, for all t € R and n,¢ € C,(V),
19(t,n) — gt Ol < Lglln — Clle, (v)-

It follows from (H2) and (H3) that, for all n € C,(V),
lg(t, mIl < Lglnllc, v)- (2.24)
(H4) Letting Cy = Cy, for all 7 € R,¢t > 7 and u,v € C°((—o0, t]; V),

(/M@%%ﬂ@%wwé%/ lu(s) — v(s)|%ds;

— 00

(H5) Taking 55 = C,, for all 7 € R, ¢ > 7, all decreasing function w € C([r,t]) and u,v € C°((—o0,1]; V),

[ =l ) = ds0lds < Gy [ ws)luts) = oo
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Finally, we define 5 : R x V — L2(K,V) as
a(t,v) =T +aAd)toPoo(tv), V¥ (t,v) ER XV,
where I is the identity operator in H and I + «A : D(A) — H is bijective. Moreover,
((I +ad)  u,w)) = (w,w), Vue H, weV.
Hence, for the orthonormal basis {e;} of K, we have
(a(t,mej,w) = (I + aA)a(t,n)ej, w) = ((@(t, n)e;, w)),
for all j > 1 and (t,v,w) € R xV x D(A), by , we further obtain that

(/Ttg(s,n)dW(S),w) _ i/:(a(s’n)ejaw)dﬂj(s)
= ; / ((5(s,m)e;,w))dp (s)

_ ((/TtG(S,n)dW(s),w)>. (2.25)

It follows from (2.20), (2.21) and (2.25) that o : R x V' — L2(K, V) is measurable, and locally Lipschitz continuous,
that is, for every r > 0, there exists a positive constant Lz depending on 7 such that, for all t € R, wy,ws € V with
Jwi ]| <7 and [Jws]] <7,

lo(t, w1) — o (t, w2)llc2(x,v) < Lillwr — wa. (2.26)
In addition, there exists a constant Lz > 0 such that, for all (¢,w) € R x V,
& (t, w)ll c2(x,vy < La(1+ [lwl]). (2.27)

3 Well-posedness and mean dynamics for stochastic 3D LANS equations with infinite delay

In this section, we investigate the well-posedness and mean dynamics of the stochastic 3D LANS system (|1.1)) with
infinite delay and locally Lipschitz nonlinear noise.

3.1 Well-posedness of stochastic 3D LANS equations

In this subsection, our main aim is to prove the well-posedness of the stochastic 3D LANS equation (1.1]). Based on

the previous operators and assumptions, we consider the following abstract equation:

dW(t)
dt

du

-+ Au(t) + B(u(t)) = f(t) + §(t,us) + 5 (t,u)
u(t +8) = ¢(s),s € (—o0,0].

, Vi>rT, (3.1)

Definition 1 Suppose that ¢ € L?(£2,C.,(V)) (which is a Fo-progressively measurable V-valued processes) and 7 € R.
A stochastic process u defined on R is called a solution to system (3.1)) if

w € I*(r,7+T; D(A) N L*(2, L= (1,7 +T;V)), ¥ T > 0,
ur = ¢, and the system (3.1)) is satisfied in (D(A))*, that is, for almost all w € £2,
(Cult)w))+ [ (Auls),wyds + [ (Bluls), whds

T T

((f(s)+§(s,us),w))ds+ ((w/

T T

t t

t

(s, u)dW(s))), (3.2)

for all ¢ > 7 and w € D(A).
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In order to prove the well-posedness of problem (3.1)), for every n € N, we introduce a sequence of cut-off functions
&n 0V = V (n € N) defined by

&n(v) = {U’ﬁ;fl, o HiH = (3:3)
Then, &, : V — V is globally Lipschitz continuous:
[€n(v1) = &n(v2)l| < [lor = w2, ¥V wi,02 €V, (3-4)
and
[én()[| <m, YveEV. (3.5)

Given n € N, let 7, (t,v) = 7(t,&,(v)), then we infer from (2.26)), (2.27)), (3.4) and (3.5 that, for every n € N,

there exists a positive constant L,, such that for all ¢ € R,vy,v9 € V|
[0 (t,v1) = On(t, v2)llc2(x,v) < Lallvr — vel], (3.6)
and
50 (t, V)l 225 vy < La (1 + [Jv]]). (3.7)

Next, we consider the approximating system (n € N):

%ﬂ + Aun(t) + Bun (1) = F(t) + 5t ul) + 5n(t,u”(t))dvgt(t), VisT TER, .
uy(s) = ¢(s),s € (—o0,0].

For every n € N, 7 € R and ¢ € L%(£2,C,(V)), the approximating system (3.8 has a unique solution u™ by using
the same method as in [2]. Therefore, one can define random stopping times by

by =inf{t > 7 : || u™()|| > n}, VneN, (3.9)

where ¢, = 400 if {t > 7 : |Ju™(t)] > n} = 0.
The following estimate is needed for proving the well-posedness of problem ({3.1)).

Lemma 1 For all u,v € D(A), we have

—2(A®W + B(u) — B(v), W) < gllﬁHzllvll%(A)v (3.10)
where W = u — v.
Proof Note that
—2(Aw, W) = —2|[w|3( 4)- (3.11)
Thanks to (2.14)), we have
(B(u),w) = —(B(w,u),u) = —(B(w,u),v), (3.12)
and similarly
(B(v), W) = —(B(W,v),v). (3.13)

Subtracting from ,
(B(u) — B(v),w) = —(B(w),v), (3.14)
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which, together with (2.15)), implies that

|(B(u) — B(v),@)| = |(B(W),v)|
< |B@)||(pay- vl peay
< cl[@|l||@] payllvlipa)

—2 & 211,112
< @lpeay + @l vl a)- (3.15)

Combining (3.11)) and (3.15]), we obtain (3.10]) as desired.

Theorem 1 Suppose that (H1)-(H5), (3.6) and (3.7) hold. Let ¢ € L?(2,C,(V)) and feI2(r, 7+ T;V), then the
stochastic system (3.1)) has a unique solution u in the sense of Definition (1| such that for every T > 0, there exists a

positive constant R depending on T, IE(||¢H%W(V)) and E(f:+T ||f(s)||2ds),

T+T
E( sup T||Ur\|zcv(\/)) ‘HE(/ ||U(3)|%>(A)d3> <R. (3.16)

T<r<rt+

Proof We split the proof into the following four steps.
Step 1: We prove tn41 > ty, almost surely. In fact, we only need to prove the following equality holds:

u" Tt ALy =u"(tAL,), Pas Vt>71, neN. (3.17)

Without loss of generality, we may assume that E( f: ||u”(s)||%( 4)yds) < oo. Actually, this is a direct consequence of the

Step 2. Set Let u™(¢) := u™ 1 (t) —u"(t),s(t) := e 5 Jr I ()pcayds, Applying Ito’s formula to the process ¢(t)|[a"(t)||?,
by (3.10) in Lemma I} we deduce, for all ¢ € [r,7 + T],

—n C thtn n —n
AT En ) == [ <) 6) iy [T ()]s

2 [ AT ) 4 Bl )~ Bl (o), 5)) s
. /Ttmn o) (G5, ) — (s, u™), " (s)) ) ds
w2 [ (6 Gunrlor) o)W ()))
<2 [ o (@)~ 5to ) 75
M () o
2 [ (6 Frlor™) ~ gl ) (). (15
By (H5) and the Young inequality, we find

5 / " () (@, un ) — Gls, ) T (s)) ) ds

< / " ()G, — s, ul)|Pds + / S(s)][a"(s)2ds

T
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_ tALy tALp
<& / ()l (s)%ds + / ()] (s)2ds

r
t

< (é§+1)/ sup <(9 A 1) |[T* (9 A 1) 2ds. (3.19)

T T7<9<s

Thanks to (3.6), and the fact that 7, (s,u™) = Gy41(s,u™) for all s € [1,1,], we obtain
tAtn
[ (o) = G ") sy
Tt
— [ N 510 = B (5, v

t
gLi+1/ sup <(0 A ) [T (0 A 1) | 2ds. (3.20)

r<9<s

Substituting (3.19)) and (3.20) into (3.18]), we find
t

SEA )T (A L) < e / sup (9 A 1) |[@" (9 A v ?ds
T 7<9<s

+2 /TML” s(s) ((Un(S)y (Grt1(s,u™ 1) =Gy (s, “n))dW(S)))’

where ¢; = C~'g3 +1+ L2 +1- Taking supremum and expectation of the above inequality, we find

E(Tiligtq(r A )@ (r A Ln)||2> <c /Tt E(Tilf};sg(ﬁ A )@ (9 A Ln)||2> ds (3.21)
28 sup | [ (160 G ~ o, aW () )

By the Burkholder-Davis-Gundy inequality and (3.20)), the last line of (3.21)) is bounded by

QE( o | [ (6 Gusston™) Fals,w)aw () D

T<r<t

tALp %
< m(( / <<2<s>||u”<s>||2|&m(s,u"“) an<s,u”>||%zm,v>)ds) )

tALn %
gm( sup &(smn>||u“<smn>||< / <<s>||&n+1<s,u”“>5n<s,u”>|%z<K,v>ds> )

T7<s<t

IN

1 tALp _ . _ N
21E< sup c(smn>||u"<smn>||2> #2850~ oy

T<s<t

IN

T<s<t T<9<s

t
;]E( sup g(s/\bn)Hu"(s/\Ln)HQ) +03/ E( sup g(ﬁ/\z,n)||u"(19/\Ln)||2>ds, (3.22)

where ¢z = 2¢3L2 ;. Combining (3.21)) and (3.22), we obtain

t
IE( sup g(r/\Ln)||u"(r/\Ln)|2) 304/ IE( sup §(19/\Ln)||u"(19/\Ln)||2>ds, VtelrnT+T], (3.23)

T<r<t T7<9<s

where ¢4 = 2(c1 + ¢3). By the Gronwall Lemma, together with 0 < ¢ < 1, implies

IE( sup ||u"(r/\Ln)2) =0,Vte[r,r+1T],

T<r<t
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thus,

uTHEA L) = u(tA,), P-as. YVt >T1, neEN, (3.24)

which implies (3.17) as desired.
Step 2: We prove ¢ := limy,_,o0 ty, = SUP,, ey tn = 00, almost surely. Applying Ito’s formula to (3.8), we find, for

all t € [1,7+T1,

tALn

(¢ A i) +2 / ™ (5)12, s

T

=16 +2 [ (o) + 05,00 (5) s

+/ tn ||gn(s,un(5))||%2(K7V)ds+2/ ((u™(s), Gp(s,u™)dW (s))). (3.25)

By and the Young inequality, we deduce
tALn . . tALn
2 / ((F(s) + (s u2), u(s)) )ds < 2 / (I + (s, u)[2)ds + / " (s) |2ds

tALn . tALn tALn )
<2 [ (L [ i w)ds+ [ el

ALy tALn
<z [ TP e [ a2l s (3.26)

tALy

where ¢5 = 2L2 4+ 1. Thanks to ([3.7), we find
g

tALn tALy 9
| s D s <222 [ (04 a6 P)s

tALy
/ (1+ 2|2 )ds, ¥ t € [r,7 + T, (3.27)

By (3.26) and (3.27), we can rewrite (3.25) as
tALp

(¢ A )| +2 / 7 ()12, 05

p
tALp

tALpn .
<16 +2 [ 1T +es [ Tzl ds
tALn
+2‘/A ((u"(s),&n(s,u")dW(s)))‘+2L§T, (3.28)

where cg = c5 + 2L2. We infer from (3.28) that

g 2, <mac{ smp A D% s (A + )]}
7 YE(—o00, 7—tALy] YE[T—tALy,0]
< max{ sup ENbt ALy +0—7))%  sup DU (EA —|—19)||2}
VE(—00,7T—tALn] YE[T—t ALy ,0]

tALp+9
< max { sup TN EDG@)[12,  sup ¥ <||¢>(0)||2 + 2/ 1£(s)|[*ds
e T

(—00,0] YE[T—tALn,0]

tALy+0 tALy 40
+c6/ ||u’;||207(v)d5+2’/ ((un(s)ﬁn(s,u")dW(s)D‘+2L§T>
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tALp tALp

1 F(s)1%ds + co / J 2, yds

/TMLn-W ((u”(s),&n(s,u”)dW(s))>‘ +2LAT

< e 21 TDNGIE vy + 10112 vy + 2/

+ 2 sup e27?
VE[T—tALn 0]

< 20l3. ) +2/

tALn

. t
1F(s)%ds + co / o 12, vyl

+2 sup e2?
VE[T—tALy,0]

/Twnw ((u”(s)ﬁn(s,u”)dW(s)))‘ +2I2T.

Taking supremum and expectation of (3.29)), we obtain

]E( SUP] ||u77}/\Ln||2C,Y(V)) < 2E<”¢H207(V)) + 2E</T

re(r,t

tALy

11205

t
van [B( s, [, Jas + 2027
r ] v

relr,s

+ 2IE< sup sup e??
re[r,t] 9E[T—rALy,0]

By the Burkholder-Davis-Gundy inequality and (3.27)), the last term of (3.30) is bounded by
rALp+9
[ ((reaemare))))
TAtp 40
< 2E< sup / ((u"(s), on(s, u")dW(s))) D
AL, +IE [T, AL, T
tALp ) ) %
<2er( ([ I, s, s
tALy %
<2k s e, ([ 1B e
re|T,t T

1 n ! n
< 2]E( sup u’r‘/\Ln|%’y(V)> +20$L% <T+/ ]E( sup |ur/\Ln|%-y(V))ds>'

2E< sup sup e??
re[r,t] 9E[T—rAiy,0]

relr,t] relr,s

It follows from (3.30) and (3.31) that, for all t € [, 7 + T7,
t ~
) < 4B (1012, 00) + 48 ( [ 17010 )

t
von [ B( sl I Jas +es

relr,s]

E( sup Jlugy,,
re(r,t]

where cg = 4L2T(1 + %), co = 2(cg + 2¢2L2). Set

T+T
e = 4B (Jol}, ) +B( [ 1FIPds) +ea

/T o (). (s, um)dw () D

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

which is finite due to ¢ € L*(§2,C,(V)) and fe I%(1,7 +T;V). Applying the Gronwall lemma to (3.32)), we find, for

all t € [r, 7+ T1,

E( sup ||u?mn||%‘7(v)> < c10eT =: R,.

re(r,t

(3.34)
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Finally, we infer from (3.28) and (3.31) that, for all t € [r,7 + T7,

([ b ds) < E(loo?) +22( |

co T+T 2
+2 E< sup IIU?ALw,llcww)dS
T TE[T:S]

T+T
|

Flolkas)

1 n &
+ 58 s ks, 00 ) + 5 (3.35)

re(T,t

which, together with (3.34)), implies that there exists a positive constant Rs,

tALp
B( [ I lds) < e (3.30)
Combining (3.34) and (3.36)), we show that, for R = R; + Ry > 0, the following inequality holds:
T+T
B(__sw b l0) “B( [ 0 Amlbads) < B (3.37)
T<r<t+4+T T

Next, we use (3.37) to prove Step 2 holds. It follows from ([3.9) that

{tn<7+T}C{ sup |u"(rAw)| >n},
T<r<74+T

which, together with Chebychev’s inequality and (3.37)), shows

)

1 R
P{, <74+ T} <P{ sup |u™(rAw)||>n}< —Z]E( sup |Ju™(r A Ln)||2) < —
T<r<t+T n T<r<t+T n

and thus,

o o0 1
ZIP{L,L<T+T}gRZﬁ<oo, (3.38)
n=1

n=1

which, together with the Borel-Cantelli lemma, implies from (3.38) that

IP( ﬁ G{Ln<T+T}> =0.

m=1n=m

Therefore, there exists a subset 27 = NYS_; USL,,, {tn, < 7+ T} of 2 with P(£27) = 0 such that for each w € 2\ 027,
there exists ng = ng(w) > 0 such that ¢, (w) > 7+ T for all n > ng. Since ¢, is increasing in n, we obtain ¢(w) > 7+ T
o0

forall w € 2\ 2r. Let 2y = |J 27, then P(29) =0 and
T=1

(w)>7+T forallwe 2\ 2y and T € N.

Consequently, we deduce that ((w) = oo for all w € 2\ 2y as desired.
Step 3: We prove the existence of solutions to system (3.1). By Step 1 and Step 2, there exists £2; C {2 with
P(2\ £21) = 0 such that

u" T A L, w) = U (EA L, w) VN EN, t >, (3.39)
w) = lim tp(w) =00, Yw e (. (3.40)
n—oo

By (3.39) and (3.40)), for every w € £2; and t > 7, there exists an n; = ny(t,w) > 1 such that for all n > ny,
tn(w) > t, thus v"(t,w) = u™ (¢, w). (3.41)
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Define a mapping u : [1,00) x §2 = V by

u(t,w), if w e 2y and t € [, 1, (w)],

ult, w) = {¢(0,w), ifwe 2\ 2 and ¢ € [r,00). (3.42)

Since u™ is a continuous V-valued process, it follows from (3.42) that u is also almost surely continuous with respect
to ¢t in C, (V). Besides, we further infer from (3.42) that

lim w"(t,w) = u(t,w),Vw € 21, t > 7. (3.43)

n—0o0

Note that u™ is Fi-adapted, it follows from (3.43]) that u is also Fi-adapted. Thanks to (3.43)), (3.37) and Fatou’s
lemma, we obtain that, for every T > 0,

T+T
B( sl ) +E( [ luelbds) < R (3.44)
T<r<7t4+T T

where R is the same positive constant as in (3.37]). Therefore, (3.16) holds.
We then prove that u is a solution to problem (3.1)). Since u™ is the solution to (3.8)), we deduce, for all t € [r, 7+ T],

tALp

u(t Aty + / (Zu”(s) + E(u”(s)))ds

e
tALy

= ¢(0) +/ Ln(f(S) +g(s,uf))ds +/ on(s, u"(s))dW (s). (3.45)

By (3.42), we find that, u™(t A tn) = u(t A tp,) for all t € [7,7 4+ T], P-a.s., which together with the definition of &,
implies 7, (s,u™(s)) = 7(s,u(s)) for all s € [1,t,], P-a.s., it follows from (3.45) that P-a.s.,
tALn . - tALn - tALy
Wt A )+ / (Aus) + B(u(s)))ds = $(0) + / (F(s) + §(s,us))ds + / s, u(s)dW(s),  (3.46)
By ¢, T 00 a.s., we can rewrite (3.46|) as

u(t) + / (Au(s) + Blu(s)))ds = 6(0) + / (F(s) + (s, us))ds + / 5(s,u(s))dW (s),

and thus, we prove that u is a solution to (3.1]) as desired.

Step 4: We show the uniqueness of solutions to (3.1)). Let u and v be two solutions to system (3.1)) with the same
initial condition u(s) = v(s) = ¢(s —7), s < 7. For every n € N and T > 0, we can define a stopping time T,, as
follows:

T, =inf{t > 7 : [Ju(t)|| > nor ||[v@)| >n} A(r+T). (3.47)

Let w = u — v, applying Ito’s formula to the process <(t)|[w(t)||?> where () = e~ 8 IIOIDwds e infer from (3.10)
in Lemma [1] that, for all t € [r,7 + T],

SENT)w(t NT,) = —g/ ’ 3(3)””(3)“20(,4) [w(s)||*ds
Tt/\Tn _ ~ N
- 2/ E(s)<Aﬁ(s) + B(u(s)) — B(U(S)),@(S))ds
+2/ " () (35, 1s) — G5, vs),(5)) ) ds

tATy,
+/ ()5 (s, uls)) = F(s,v() 122k, ds
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tATy,
+2 / (o) ((w(s), (s, u(s)) = 55, 0(5))) AW (s) ) )
AT,
< 2/ E(s)((ﬁ(s,us) — §(s,vs),ﬁ(s)))d8
TtAT%
+/T ()15 (s, uls)) — o (s, v())Z2 4 v ds

L /Ttm () (((s), (35, u(s)) — (s, 0())) AW (5)) ). (3.48)

By the similar calculation as in Step 1, we deduce from (H5) and (3.47)) that there exists ¢11 > 0 such that

E(wpmAnwmAnW)ymLE(wp%AmwmAnWwf

T<s<t T<s<r

By the Gronwall lemma and 0 < ¢ < 1, we obtain

E( sup |[@(s A To)[?) =0,

T<s<t

which implies |[W(tATy)|| = |[u(tAT,) —v(EAT,)|| = 0 for all ¢ € [r, 7+ T almost surely. Since v and v are continuous
with respect to ¢, we show T,, = 7+ T for large enough n. We then obtain that ||w(t)|| = 0 for all ¢ € [r, 7 + T almost
surely. Therefore, for every T > 0,

IP’(||E(t)|| =0, forall telrnT+ T]) =1
Since T is an arbitrary number, we further imply
P(Hm(t)n —0, forall t> T) —1,
which proves the uniqueness of the solutions. This completes the proof.

By Theorem [1} one can define the following mapping:

D(t, 1) L (02, Fr; O, (V) = L*(92, Fryt; Co(V)),
D, 7)p = Upr (-7, ¢), V>0, T ER, ¢ € L*(02,Fr; C,(V)). (3.49)
Thanks to [19,31], we deduce that @ is a mean random dynamical system generated by (3.1]) on L?(§2, F; C,(V)).

3.2 Weak pullback mean random attractors

In this subsection, we are interested in proving the existence of a unique weak pullback mean random attractor for the
stochastic system (3.1) in L2(£2, C,(V)) over (£2, F,{F:}ter,P). To this end, we need to further assume

/ MTE(|F(r)|)dr < 00, VT ER, (3.50)
¢ 0_ X ry 2
. —(t 1ir _ —
t_l&glooe /_Ooe E(|f(r=t)||*)dr =0, ¥V {>0. (3.51)

A family D = {D(7) : 7 € R} is a family of nonempty bounded sets such that D(r) € L?*(§2, F,; C,(V)) and further
tempered if

lim e_ctH'D(T - t)”%Q(Q,]:Tft;CW(V)) == O, A C > 0. (352)

t—+o0

We will use D to denote the collection (or universe) of the above tempered families.
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Lemma 2 Suppose that (H1)-(H5), .50) and [B.51)) hold. If 2y > Ay, then for each T € R, it follows
E(lur (7 =t 0)lE, 1)) < Ro(7), (3.53)
for all ¢ € Cy(V'), where

Ro(r) =L+ Le ™7 /_ ’ HMTE(|F(r)]2)dr (3.54)

with L a positive constant independent of T.

Proof By Ito’s formula, we obtain from (3.1)) that
d 2 2 iy ~
)2 + 2@y = 2((F(6) + 3t w), u(d))) (3.55)
15 W) 22+ 2( (1), 5 u(®)dW (@) ).
By the Young inequality, (2.10) and (2.24)), we deduce

2((F6) + gt w). u(t)) ) < 200 % F(0) + 5t wlllu(®) I pa
< XA + 5t w2 + ()

ST NSO + 207 L3 w2, oy + w1y (3.56)
Thanks to , we find
15(E w22 e,y < 2LE(1 A+ [luellE (vr))- (3.57)
Substituting (3.56]) and (3.57)) into (3.55]), then by (2.10), we obtain
d - - _
@+ Xlu@? < 22T FOI2 + exlluel2, ) + 222 + 2( (u(t). 5t u®)aw (@) ). (3.59)

where ¢; = ZXfng + 2L2. Taking the expectation of (3.58), we have

d ~ ~ ~

ZE(@I) + ME([u@)[*) < 2X; "E(IFO1) + aE(lull?, vy + 2L3. (3.59)
Multiplying (3.58)) by e*1* and integrating over (7 — t, s), we obtain

S

E([Ju(s, 7 — t,9)||?) < MTTIE(||g(0)]%) + 2A; " / MR F(r)|?)dr

T—1

+ e / t e’\l(T_S)E(||uTHQCW(V))dr + 202N (3.60)

Since the fact that 2y > Xl, we deduce

]E(||us|\é7(v))§max{ﬁ<su§ B (||u(s + 9)||?), tSuEMGME(Hu(s+19)||2)}

<max{ s HUE(lo@ -7 +t+9)), s P E(|lu(s + )| |

I<T—t—s T—t—5<9<0
< max { sup 21 HTIIE([p)[2),  sup (eXﬂ””)E(w(mn?) (3.61)
9¥<0 T—t—5<9<0

5419

- s+9 -
Lot / MR Fr)|P)dr + e /

—t T—t

6)\1(7”78719)]}2(”“7“||207(V))dr + 2L(27X1_1> }
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S

S C=IE(| F()|[2)dr + 1 / M IE(furZ (v))dr + 2LEX

T—1

— S
< 2Bl ) + 2 [

T—1

Let s = 7 in (3.61)), we find

E(lurl2, 1)) < 2B(I6I2, ) + 251! /

T—

MTIR()| ()% dr
t
+c / t exl(’”_T)E(||urHQCV(V))dr + 20207t (3.62)

Set

T

ez 1= 2E(|16]2, ) + 2X e / MTE(|F(r)|P)dr + 2020

— 00

Applying the Gronwall lemma to (3.62)), we deduce

E(|fur |2, (1) < cae™ (3.63)

This yields (3.53)) as desired.

Recall that the definition of a weak pullback mean random attractor AY = {A¥(s) : s € R} € ® is introduced
by [31], that is, it is the minimum among all weakly compact and D-pullback w-attracting sets, where A%(-) is called
D-pullback w-attracting if for each D(-) € D, s € R and each neighborhood N (A% (s)) under the weak topology of
L%(2, Fs;C(V)), there is T > 0 such that

b(t,s —t)D(s —t) C N(A%(s)), YVt > T.

Theorem 2 Assume that the same hypotheses and notations in Lemma[Z hold. Then the mean random dynamical
system @, induced by system (3.1), possesses a unique weak ®-pullback mean random attractor A* = {A*(r) : 7 €
R} € D in L2(02,F;C(V)) over (2, F,{Fi}ier, P).

Proof Let K = {K(7) : 7 € R} with
K(r) ={¢ € Co(V) - E(l€llZ, (v)) < Ro(m)}, V 7 R, (3.64)

where Ry () is given by (3.54). Since K(7) is a bounded closed convex set in L?(£2, F; C,(V)), we obtain it is weakly
compact in L%($2, F; C,(V)).
Finally, we prove K € ®. For every ¢ > 0, we infer from (3.51)) that

: —(t _ A2 — 1 —Ct —
Jm e I1KC(r t)”L?(Q,]—'ﬂ.,t,CW(V))*tinﬁlooe Ro(r —1)

~ T—t ~
=T tim e+ L tim e S0 [T AR ) ar
— 400 —+00 — 00

~ ~ 0 3 ~
“ T lm e+ T lim et / M| F(r + 7 — £)2)dr

t——+o0 t——+oo oo

0o _
T 1 —(t T —(T . —(t AT ry _ 2 _
= Ltllglooe + Le tilglooe /7006 E(||f(r —=t)||7)dr =0,
which implies I is tempered, that is, I € ®. This together with Lemma [2] shows K is a weakly compact ®-pullback
random absorbing set for @. By [31], Theorem 2.13], we prove the existence of a unique weak D-pullback mean random

attractor A% for @.
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4 Stationary solutions and their stability results

In this section, we are concerned with existence, uniqueness and stability properties of the stationary solutions to
(1.1). For this end, we need to assume that f(t) = f € (D(A))*, o(t,-) = a(:) : V — L3(K,V) with 5(0) = 0, i.e.,
they are independent of time. Besides, suppose that & is globally Lipschitz continuous, that is, there exists a positive
constant Cg such that for all vy, ve € V, [[o(v1) — 7 (v2)22(k,v) < Csllvr — val|.

4.1 Existence and uniqueness of stationary solutions

We now consider the abstract equation associated to Eq. (1.1)):

du  ~ ~ ~ aw
Ly B —F+3q Fu) 2L
o T Au®) + Bu(t)) = f+ gt w) +o(u)—-, V>0, (4.1)
u(t) = ¢(t),t € (=00, 0].
We denote by u(t) := u(t; ¢) the solution of Eq. (or (3.1))) with 7 = 0, where ¢ = ug.
A stationary solution (an equilibrium solution) to problem (4.1)) is an element u,, € D(A) satisfying
~ ~ = ~ daw
Ao + B(uoo) = f 4+ g(t, tteo) + 0(thoo)——, Yt >0. (4.2)

dt

However, the above equation depends on ¢ and a noisy term. Therefore, on the one hand, to get rid of the noise,
we must assume that 6(us) = 0. Consequently, we will focus on the existence and uniqueness of stationary solutions
for the deterministic equation (i.e. & = 0 in (4.1))) which will be any us € D(A) such that

Atge + Bluse) = f 4 §(t, use), ¥V t>0. (4.3)

On the other hand, we would need to assume that the delay term g would not depend on the time ¢, that is, there
exists a function gg : V' — V such that

G(t,6) =Go(§) if £(5) = &, ¥ (5,£,6) € R™ x RT x C(V), (4.4)

and it is Lipschitz continuous (with the same Lipschitz constant Lz) and go(0) = 0.
For example, if g is driven by unbounded variable delay, defined by

9(t,€) = GE(=h(1))), (4.5)

where h € C*([0,400)), h(t) > 0, h* = sup;5o k'(t) < 1, and G : V — V satisfies G(0) = 0, assume that there exists
Lg >0, foralln, €V,

IG(n) = GOl < Lgln — <l (4.6)

In this case, the delay term g in our problem becomes g(t,u;) = G(u(t — h(t))).
Another example is the case of infinite distributed delay, that is, the delay term g is defined by

O ~
3(t.6) = / (s, £(5))ds, (4.7)

where H : (—00,0] x V — V with #(s,0) = 0 is measurable, and it is Lipschitz continuous with respect to its second
variable, that is, there exists Ly (s) € L?(—00,0) with Lﬁ(~)e*(7+0)' € L?(—00,0), for certain 6 > 0, such that for all
s € (_0070]7777C € ‘/7

1#(s,m) = H(s, Ol < L (s)lln = C]I- (4.8)

In this case, we can rewrite the delay term g in our problem as g(t,u;) = ffoo H(s, u(t + s))ds.
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Observe that the above both situations are within our framework, the conditions (H1)-(H5) are fulfilled for the
infinite distributed delay in C, (V') for v > 0, but not necessarily for the unbounded variable delay. However, conditions
(H1)-(H5) are satisfied for both delays in C_ (V).

Now, we are interested in studying the existence and uniqueness of solutions to Eq. , more precisely, we will
prove the existence of a unique us, € D(A) such that

By non-compactness of Sobolev embeddings on unbounded domains, we need to modify some arguments of [6],
Theorem 10]. More precisely, we use the idea of the classical Galerkin approximations as well as the Lax-Milgram and
the Brouwer fixed theorems to establish the existence and uniqueness of a stationary solution to Eq. (4.9).

Theorem 3 Assume that the above hypotheses and notations hold. If Xl > Lg, then:
(1) For all f € (D(A))*, there exists at least one stationary solution to (4.9);
(2) If (1 — X7 'Lz)? > e\ M| fl, the stationary solution to ([A.9) is unique.

Proof (1) Let an orthonormal basis B = {w;;j € N} C V of V such that linear combinations of elements of B are
dense in D(A). Denote V,,, = span(wy, w2, ..., wp]| for m € N with the norm || - || p(4) of D(A).

Step 1: We use the Lax-Milgram Theorem to find a unique solution to Eq. . More precisely, fixed 2™ € V,,,,
it suffices to find u™ € V,,;, which solves the equation

(Au™, w™) 4 (B(u™,z™),w™) = ((f + go(a™),w™)), Y w™ € V. (4.10)
Note that for each 2™ € V,,, the functional (u,w) — (Au,w) + (B(u,z™),w) is bilinear continuous and coercive in
Vin X Vi, besides, the functional w — (( f+go(a™), w)) is linear continuous in V;,, and thus by the Lax-Milgram

Theorem, for each fixed 2™ € V,,, there exists a unique solution ™ to Eq. (4.10). Thus, we can define an operator
T : Vi = Vi, given by

Ty (&™) = u™. (4.11)

Step 2: We apply the Brouwer fized point theorem to the mapping T,, (restricted to a suitable subset of V;;,) to
ensure that there exists u™ € V,,, such that

(Au™, w™) + (B(u™),w™) = ((f + go(@™),w™)), ¥ w™ € V. (4.12)
Taking w™ = «™ in (4.10)), by (2.10)), we deduce
Mllu™ | < [lu™ % a)
= ((f + 9o(a"™), w™))
<A™ I+ Lgll™[[{lw"™ (). (4.13)
Since Ay > Lz, one can take k& > 0 such that k(A — Lz) > 171, then
Mllu™| < kX — kLg + Lz||lz™|. (4.14)

Define C, = {x € Vi, @ ||z[pay < k}, which is a convex set of D(A), and compact in D(A). Note that the mapping
T, maps C,, into itself.

Let us now apply the Brouwer fixed point theorem to T,|Cy,. To that end, we only need to prove Ty, is continuous.
Indeed, taking z7", 24" € Vi,, we then denote by u™ = T(z7*) and v™ = T(«%") the solutions to Eq. (4.10), next,
taking the difference, we obtain

(A™ —o™),w™) + (B(u™, 2f"),w™) — (B(u™, 25"),w™) = ((Jo(2T") — Go(x35"),w™)), (4.15)

for all w™ € V,,. Setting w™ = u™ — v™ in the above equality, by (2.10)), (2.14), (2.16) and u™ € C,,, we find

™ = o™ = (Bo™, 25w — o) — (Blu™ 27), ™ —v™) + ((Goeh) - Gola), u™ — v™))
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( ca5"),v™) + (Bu™ = o™, af"), u™) + ((go(27") — Go(25"), u™ —v™))

( 73:31)’ um> + <B(um - Umvxin)vum> + ((go(mgn) - EO(ng)’um - Um))
-3 Y- m m m m
A 22 = 23 [peay lu™ — o™ || peay [[w™ [ pay + A 1L§||9C1 ) ||D(A)HU —v"||p(a

-3 N - m m m m
< (AL kA Ly)llel — 28 I peay ™ = v™ [ pay, (4.16)

=—(B
=—(B

u™ — o™
u™ — o™

IN

which implies the continuity of T,,.
Step 3: We take limit of the solutions proved in Step 2 to derive the existence of solutions to Eq. (4.9). Taking

w™ =u™ in ([4.12)), we have
™ 1%y = ((f + golu™),u™))

<A™ D gay + AT Lgllu™ (a5 (4.17)

which implies all solutions obtained in Step 2 are bounded by [[u™| pa) < X;%Hﬂ\/(l - Xfng). Thus, u™ has a
weakly convergent subsequence (not relabeled) such that 4™ — wu in D(A). Moreover, for any regular bounded set
Q C O, we derive the same uniform bounds of u™|g, which together with the compact injection, yields u™|g — u|g
in H)(Q).

For , we fix any w; € B, there exists a subsequence of u™ (relabeled the same) such that

(Au™,wj) + (Bu™),wy) = ((F+go(w™),w))), ¥ m > j. (4.18)
Taking limit in , we find
(Au,w;) + (B(uw), w;) = ((f + go(w), w;)). (4.19)

In fact, the first term is obtained due to the weak convergence of © — w in D(A). The bilinear mapping converges
as long as they are defined on the support of w; which is compact, so we denote by @); C O a bounded open set with
smooth boundary containing it. Therefore, we not only deduce the weak convergence v — u in D(A), but the strong
convergence u™ — u in H}(Q;) (see [16, Lemma 2.4] for more details). For the last term,

1((@o (™), w;)) = ((Fo(w),w;)) | < lgo(w™) = Fo(w) iy, llws |
< Lgllu™ = ullmy @ llw;ll, (4.20)

which converges to zero due to the strong convergence in H{(Q;). Consequently, (4.19) is satisfied for each wj;. Since
the linear combinations of elements for B = {w;;j € N} are dense in D(A), we deduce that holds at least by
e (;)ul.let ug) and u(o%) be two solutions to system . Then,
Al = ul) + BuQ) - Bu) = Go(uld)) - go(). (4.21)
Taking the inner product of with ul) — ug), we find
0l = w2 1Bay + (Bl)) = Bul),uld = uld) = ((g0(u) — Go(ul), ul) —ud))). (4.22)
Thanks to the fact that <]§(u) - E(v), u—v) = 7<§(u —v),v) for all u,v € D(A), then by and (2.16]), we obtain
(Buh) — B@),uld) —u®)] < &, H|ul) —u@ (300 1@ | o) (4.23)
Multiplying by s, we infer from and that
ool Bay = (Attos, toc)



Dynamics and stability analysis for stochastic 3D LANS equations 21

to\»—-

L2 1 Mol peay + A7 Lglluoo B ay s (4.24)
which, together with Xl > Lz, implies that
sl
u g A 4.25
ool p(ay < L (4.25)
Actually, all solutions to (4.9) must satisfy the above bound. Therefore, combining (4.23)) and (4.25)), we have
(BO) - ) o) @y < it I )~ 2 ey (4.26)
1

By (2.10)), the last term of (4.22)) is bounded by
((Go(ul)) = 9o(ufd), uld —uld))) < Lgllul) — w2

< )‘ 1L ||U(1 *U ”D(A) (4.27)
Substituting (4.26])-(4.27) into (4.22)), we deduce
(1= A7 L) [[ul) = u@ 1By < AT — w21 B ) (4.28)

which implies the uniqueness follows as long as we assume (1 — Xl_ng)2 > Exl_lﬂﬂ

Next, we mainly analyze the behavior of the solutions to (4.1]) around these stationary solutions of ([4.9)).

4.2 Local stability of stationary solutions

In order to prove the local stability of stationary solutions to (4.9)), we first prove the local stability of stationary
solutions to (4.9)) for general delay terms by using a direct method. Finally, we apply the abstract results to two kinds
of infinite delays.

Theorem 4 Assume the same hypotheses and notations in Theorem[]] and Theorem[3 hold. In addition,

2vaHfll

2X >

+2C; + C2 (4.29)
1 Lg

is satisfied. If u(-) is any solution of Eq. (4.1), ueo is the unique stationary solution of Eq. (4.9)) and w(t) = u(t) — teo,
then

B(Jw)) < E(le@) + ¢ [ " E(166) - uel?) s (4.30)

—00

Proof Applying the Ito formula to [Jw(t)||?, we obtain

lw(@®)]]* = lw(0)]* + 2/(:(510(8) — B(u(s)) + B(uo), w(s))ds
+2 /Ot ((5(3, Us) — Go(too), w(s)))ds 4+ 2 /Ot ((w(s), (o (u(s)) — 5(uoo))dW(s)))
[ () = 3 ) s (4.31)
Taking expectation of , we have

B(jw 1) +2 [ E(u)ben)ds = E(lO)2) -2 [ B((Bluls) - Blu).us) )ds
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w2 [ (3600~ ot ) ) s

+ /OtE<||5(u(s)) — 5o s s ) (4.32)

Let us now estimate each term on the right-hand side of (4.32). By (2.10)), (2.16), and the fact that (B(u)—B(v), u—v) =

—(B(u —v),v) for all u,v € D(A), we deduce

—2/OtE<<§(u(s)) - B(uoo),w(s)>)ds - 2/OtIE(<B(w(s))7uoo)>ds

t
<% / E((|w(s) |3 luoo | )ds

1 t
<2a, ? / E(|w(s)3a) luool o) ds. (4.33)
By Theorem [3, we have
~ 1 ~
A A
U < —. 4.34
ool p(ay < L (4.34)
Substituting (4.34)) into (4.33)), we find
e = 2L [
~2 [ B((Blus) - Bluw) w(s)))ds < ~AAEL [ B(Ju(s) s (4.35)
0 1-A"LzJo

By (H4), (2.10) and the Young inequality with ey > 0 to be specified later on, we deduce

25 [ ((3ss00) = ot w) s
=2 [ (35 ~ 60 06) s

~_ 1 t _ _
<20 [ B (o) =3 wl o(s) o) ) ds

1 2 N—12 ! 2
< o | EQ@ ey )ds +di*es [ B(jus))ds
L 2 1l [ 2
< . ; E<||w(3)||D(A))dS + €A Cf 7OOIE(||¢(5) — Uso| )ds
¢
A (el )is). (4.36)
By (2.10)), the last term of (4.32) is bounded by
"B -G 2 as<ice [k 2 )d 4.37
. l[o(u(s)) U(“O@)HL?(K,V) s> A L5 A ||’LU(8)||D(A) s. (4.37)

It follows from the above inequalities that

AT 1 -
E(||w(t)H2) < JE(Hw(O)||2) + (11XH1LH + oo teods 2C2 4+ A 1CE - 2) x
R ]

([ B0 )as) +aic [ B(166) - unl?)is
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~ 22 £ 2\ ~
< E(Jlu(0)[) “11<1_fo1“L~+e§+ o 1C§2+C§—2>\1)x

([ B )as) + i [ B(lo6) ~ uel?)as (4.38)

Minimizing the right-hand side of (4.38)), we choose ¢y = ch‘g_ ! such that i‘—; + eo)\l_lcgg achieves its minimum value
2C5. Then, by (4.29)), we obtain (4.30) as desired.

In what follows, we will establish some sufficient conditions ensuring the local stability of stationary solutions to
(4.9) when the delay term has particular forms in C_ (V).

Corollary 1 Assume the same hypotheses and notations in Theorem [1] and Theorem [3 hold. Let the delay term
Gt uy) = Glu(t — )) satisfy [@.5) and ([d.6), moreover,

22| £ 2(1—h*)3Lg
1-X\'L; 1—h*
is satisfied. If u(-) is any solution of Eq. (4.1), us is the unique stationary solution of Eq. (4.9) and w(t) = u(t) — teo,

then
E(||w<t>||2) < 5o + LT [ " E(66) - unl?) s (4.40)

Proof Taking 5 = s — h(s), we obtain ds = 1/(1 — h/(s))ds < 1/(1 — h*)ds. Then, by (4.6)), it follows

/ 605, us) — G(s, vs)|2ds = / 1G(u(s — h(s))) — Gluls — h(s)))|*ds

27, > +C2 (4.39)

<12 / u(s — h(s)) — v(s — h(s))|2ds
< 2ds. 4.41
—17h*/_oo““<> o(s)|ds (4.41)
By (H4), we obtain U5 = —=%=. Thanks to ([@:39), we find
_ a7 2L
> ] S+ G
— )\1_ Lg (1 — h*)§
i
> i”flu +2C;+ C2, (4.42)
-\ 'L,

which implies (4.29)), together with Theorem [4| implies (4.40) as desired.
Corollary 2 Assume the same hypotheses and notations in Theorem [1] and Theorem [3 hold. Let the delay term
g(t,u) = fi)oo H(s,u(t + s))ds satisfy ([4.7) and ([A.8), moreover,

<o 2f)

20 > + 20 L || 12— oo 0) + C2 4.43

1 L I1Lg1lL2(—o0,0) (4.43)

holds. If u(-) is any solution of Eq. (4.1), us is the unique stationary solution of Eq. (4.9) and w(t) = u(t) — uwo, then
0

E(Ilo(®)]2) < E(lwO)]2) + L5l 2.0 / E(||¢<s> - uoo|2)ds. (4.44)

Proof The proof is similar to the one of Corollary I By (4.8) and (H4), we deduce C5 = ||[Lzl|12(—cc,0)- It follows
from and Theorem Y| I that - ) holds as desired.

Remark 1 For the above infinite distributed delay, we can prove not only stability of stationary solutions in C_ (V)
(see Corollary [2)) even in C(V'), but also their exponential asymptotic stability will be established in the next theorem.
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4.3 Exponential convergence of stationary solutions

Under suitable assumptions, we prove that the solution u(t) to problem (4.1]) with infinite distributed delay converges
exponentially to the unique stationary solution us, of Eq. (4.9) in C, (V') for v > 0.

Theorem 5 Assume the same hypotheses and notations in Theorem [1 and Theorem [ hold. Let the delay term
g(t,uy) = fi)oo H(s,u(t + s))ds satisfy (4.7) and (4.8), moreover, there exists a constant 0 < p < 27 such that for all
t>0,

~ 22 71
2%, > 7?'”1”
1-X\'L;

is satisfied. If u(-) is any solution of Eq. (4.1), us is the unique stationary solution of Eq. (4.9) and w(t) = u(t) — teo,
then

+2(20) " F|Lg (e O || 20y + C2+ p (4.45)

(2p)°

E(le@?) < e (14 5o Ia 0 2o JE(I6 = uaclie, 1)) (4.46)
and
2 —pt (Qp)% —(v+p)- 2
E(HthCW(V)) <e <2+m“Lﬁ(')e ”LQ(foo,O))E(H(b—UOOHCA,(V))' (4.47)

Proof Applying the Ito formula to e?!||w(t)||?> with 0 < p < 2, we find, for all ¢ > 0,

t
" w(t)]* = [lw(0)] +ﬂ/0 e”*||w(s)||*ds

" /ot e (= A(w(s)) = B(u(s)) + B(uoo), w(s))ds
t o B
+ 2/0 eps(([m (H(r,u(s+7r)) — H(r, uoo))dr,w(s)>>d$
+ [ P s = o) sy
+2 /0 ePS((w(s),(E(u(s)) —5(uoo))dW(s))>. (4.48)
Taking expectation of and using , we obtain
E (e w(®)]?) +2 / B (e () )ds

~ t
<B(l0—uelt,m) + o5 [ E(e o)) ds

- 2/(: ]E(ep5<§(u(s)) - E(uoo),w(s»)ds
+ 2IE(/Ot ePs ((/0 (H(r,u(s + 7)) — H(r, uoo))dr,w(s)))ds>

—00

+ ([ 5006 ~ e s ) (1.9

Thanks to (4.35)), we deduce

A ~ 2 [ (s 2
_2/0 E(e (B(u(s))—B(um),w(s»)dsg1_X11L§ O E(e ||w(s)|\D(A)>ds. (4.50)
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By (2.10)), (4.8) and the Young inequality with € > 0 to be specified later on, the fourth line of (4.49) is bounded by

2E</Ot eps((/_o (7—~i(r, u(s+ 1)) — H(r, uoo))dr,w(s)))ds>

. t 0
<o (e[ natluts ) - Jo)cds)
0 —00
- t 0 2 1 t
< éx\l—lE(/ eﬁS(/ Lﬁ(r)Hw(s—!—r)Hdr) ds> —|—€IE(/ eP5||w(S)|2D(A)dS>
0 —00 0
~ 1 t
= AT+ é]E</ e"s||w(s)||%(A)ds), (4.51)
0

where I is estimated as follows. By the Holder inequality,

I—]E</OtePS(/O Lﬁ(r)|w(s+7")||dr)2ds)

o0

t 0 2
E(/ eps(/ Lﬁ(r)e_”||ws\\cw<V>d7”) ds)
0 —00

t 0 2
B [ ot ( [ Lae omrerar)as)
0 —oo
t 0 0
SE(/ e”s||w5||a(v)(/ L%(r)e_Q('H'p)rdr/ errdr)ds>
0 —00 —00

1 B ' t
LR B [l s )

IN

(e~ 02,

1
< %HLQ (—00,0) %

t
E(/ epsmax{ sup e |lw(s 4 0)|?, sup 6279|w(5+0)||2}ds>
0

0<—s 0€[—s,0]

1 . s
< 5 ILa0)e (rte) lliz(_oo,oﬂ@</0 (e Y016 — uso |12 (v

n Xfl 9 S[up | 21790 P (550 (5 + ) ||2D(A)> ds) . (4.52)
€[—s,0

By (2.10), the last term of (4.49) is bounded by

t

/0 tE(e,,s”&(u(S)) = Fuo)l[Barv) ) ds < A7'CE / B (e lew(s) 3 ) ds (4.53)

Substituting (4.50))-(4.53)) into (4.49)), then by 0 < p < 2+, we have

~ (27l ¢ i), A
(e 1w0) <810 umlt ) 3 (250 gt e +
[w(®) [ e, (v) o T on 1 L5() Iz2(—c0.0) +

t
C2 4+ p—2X E or 2 d
220 [ 2w ) )as

1~ i, b v—p)s
+ 5 IR0 B (10— uecliE, ) / e~ @, (4.54)
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Choosing é = (2p)%X1HLg(~)e_('y+”)'||221(_Oo,0), then
é —(v+p)- M -3 —(v+p)-
min { ——|1L5 ()"0 |2y + T} = 220) HILg()e T 12 c0)- (4.55)

2p\1
We infer from (4.54)), (4.55) and (4.45) that (4.46]) holds.
By (#.46)), and by 0 < p < 27, and thus e®>*=)¢ < 1 when 6 < 0, we find, for all t > 0,
B(wnl, ) = B sup e (e + 6)?)
0<0
= E(max{ sup  €2?)|p(t +0) — uso|?, sup e|w(t + 0)||2})
0€(—o0,—t] 0e[—t,0]
= E( max {e")l6 — usclZ, ), sup > lu(t+0)|?})
T ge[-1,0]

< max {ept]E<|<Z5 - Uoo”%y(v))7

2p)
e P11 _(@p)E L~()e—(r+p): E _ 2
(1+ gy HaCe T oo JE(16 — el 1)
1
—pt (2p)§ _ _( + ) 5
Se P (2+m|lLH()e YTrp ||L2(*OO,0)>E(||¢_U’OOHCW(V))- (456)

Therefore, the proof is complete.

Remark 2 Although we may not prove the exponential stability for the unbounded variable delay in C, (V') (see [23]
and [26] for more details), we will explore at least the asymptotic stability in C_. (V) in the next subsection.

4.4 Asymptotic stability: the Lyapunov functional method

In this subsection, we mainly investigate the asymptotic stability of the trivial solution of the following abstract
nonlinear stochastic partial functional differential system by constructing suitable Lyapunov functionals:

{ du(t) = (A(t,u(t)) + F(t,u))dt + &(u(t))dW(t), ¥ tel0,T], (4.57)

where A(t,-) : D(A) — (D(A))* satisfies (A(t,u),u) < 0, for all u € D(A), F(t,-) : C_oo(V) = V and 6(-) : V —
L2(K,V) satisfy the following conditions: F'(t,0) = (0) = 0 and they are Lipschitz continuous, that is, there exist
Lz, Ls > 0 such that for all t > 0, 91,72 € C_oo(V) and (1, €V,

1E(t,m) — F(tm)ll < Lalm —n2lle_ov), (4.58)

and

16(¢1) = a(C)lle2(x,vy < LallGr — G- (4.59)

By the similar estimates as in Section 3] the well-posedness of (4.57)) can be proved. Fixed T' > 0 and given an
initial value ¢ € L2(£2,C_(V)), a solution to (4.57)) is a stochastic process u € I2(0,T; D(A)) N L2(£2,L>°(0,T;V))

satisfying
/ A(s, u( ds+/ F(s,us))ds

+/ (u(s))dW (s), P-a.s., ¥ ¢ € [0,T],
0
u(t) = ¢(t)’ le (700, 0]7

(4.60)
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where the first equation is understood in (D(A))*.
We denote by u(+; ¢) the solution of Eq. (4.57)) corresponding to the initial condition ¢. For the reader convenience,
we recall the following definition taken from [30].

Definition 2 The trivial solution of Eq. is said to be p-stable, with p > 0, if for any € > 0, there exists § > 0 such
that E(|lu(t; ¢)||?) < ¢, for all t > 0, provided that ||¢[|} := supy<o E(||¢(0)||?) < 4. If, besides, lim;_, o E(||u(t; ¢)||P) =
0 for every initial function ¢, then the trivial solution of Eq. is called asymptotically p-stable. In particular, if
p = 2, then the trivial solution of the system is called asymptotically mean square stable.

Let the Lyapunov functional U(t,€) : [0,00) x L?(§2,C_o(V)) — RT satisfy U(t, &) = U(t,£(0),£(0)),0 < 0, and
for & = uy, then set
Ue(t,u) =U(t,€) =U(t,u) = U(t,u(t+6)), 0 <0,
u=£(0) = ult), (4.61)
where u(t) is a solution to system (4.57). By [30], the generator L of (4.57) has the following form:
_ OUe(t,ut) | OVt ult))
LU(tup) = =522+ (5

+ o PULO) 50706 uir) ),

2
where (-, ) denotes inner products in Hilbert spaces. Thanks to the Ito formula, we obtain

VA u(t) + Bt ) )

t

E(U(t,ut) - U(s,us)) = / E(LU(’/‘, u,.))dr, t>s. (4.62)

Notice that the following proposition generalizes the idea of Shaikhet in [30, Theorem 2.1] to the infinite delay
version of stochastic partial differential equations.

Proposition 1 ([?]) Suppose that there exists a continuous functional U(t,€) : [0,00) x LP(£2,C_(V)) = RT such
that for the solution u(t) of problem (4.57) and p > 2, the following inequalities hold for some positive constants i1, fio
and pus,

EU(t, ur)) = mE(lu@)|?), ¥Vt >0,
EU(0,9)) < pallollf,

t
E(U(t,ur) — U(0,9)) < —Mg/ E(|lu(s)||?)ds, ¥V t > 0. (4.63)
0
Then the trivial solution of equation (4.57) is asymptotically p-stable, that is,
; Py —
Jlim E(Ju(t)|?) = 0. (4.64)

Based on the previous abstract results, we state our asymptotic stability result for our original problem as follows.

Theorem 6 Assume that the same hypotheses and notations in Theorem [1] and Theorem [3 hold. In addition, let the
delay term g(t,u;) = G(u(t — h(t))) satisfy [@5), (&6, f =0 and

2(1—h*)3L;
Rt Ee e} (4.65)

Then uso = 0 is the unique stationary solution to problem (4.9). Moreover, the trivial solution of (4.1)) is asymptotically
mean square stable, that is,

2A; >

Jim E([lu(t; ¢)[*) = 0. (4.66)
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Proof We first infer from the assumption f: 0 and Theorem |3| that u., = 0 is the unique stationary solution to Eq.
([4.9). We then construct the Lyapunov functional U (t,u;) : [0,00) x L?(§2,C_o(V)) — RT, defined by

(1-h*)3Ls [t
Ut ) = ) + =g [ o) Pas. (467
t—h(t

Let A(t,u) = —Au(t) — B(u(t)), F(t,us) = §(t,us) = G(u(t — h(t))), 6(u(t)) = 7(u(t)) in @E57), by (&6), we obtain
L{ju()|* = 2(=A(u) = B(u),u) + 2((G(t = h(t)),w)) + [F(w(®))[|Z2(x,v)

< —2ullBay + 201G (ult — A ull + CZlu(t)||?
< (1-h*)3Ls .
< =2Xlul® + 1_7”9”1&”2 + (1= 1) Lglu(t — h(®)|* + CZllu®)]*
- (1-h"):Ls ,
= ( =2\ + % + C?T) [ull® + (1 = 1) % Lglu(t — h(t))|, (4.68)

then

1—h*)3Ls [
(o) = (O + ST [ )

1

o, , I—h")2Lg 2 3 2
< LJu(®)? + I (o) - (- ) Lt — (o)
<(-2hi+ il c2) P (4.69)

which, together with (4.65)), shows LU(t,u;) < 0. Moreover, the functional U(¢,u;) defined in (4.67) fulfills the
conditions in Proposition |1} and thus the trivial solution of (4.1)) is asymptotically mean square stable in the sense of
Definition Bl

Remark 3 By using the method of Lyapunov functionals construction, we obtain the asymptotic stability of the trivial
solution to with unbounded variable delay. Notice that condition becomes exactly condition when
f = 0. Therefore, Theorem |§| ensures asymptotic stability under the same sufficient conditions which ensures only
stability in Corollary [1} which means that the construction of Lyapunov functionals may provide better stability
results. Furthermore, our analysis is also valid to study the asymptotic stability for the general case, that is, if the
stationary solution is not the origin, in this case, we can shift it to the origin by a coordinate transformation.

4.5 Polynomial asymptotic stability for a particular case of unbounded variable delay

This subsection is concerned with the polynomial asymptotic behaviour of solutions to deterministic pantograph
equations. In the particular case of proportional delay, we not only prove asymptotic stability but we can determine
that the rate of convergence is at least polynomial. Now, let us consider the following deterministic pantograph
equation:

{ X'(t) = a1 X (t) + a2 X (60t), V't >0, (4.70)

X (0) = X,
where a;,a2 € R, and 6 € (0,1).
Recall that the Dini derivative DT F, where F is a continuous real-valued function of a real variable, defined by
F - F
DT F = limsup M
510 o

Thanks to [I, Lemma 3.4], we restate some results which will be crucial in the polynomial asymptotic stability of
stationary solutions to Eq. (4.70]).
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Lemma 3 Let a; € R,az >0 and 0 € (0,1). Assume that X satisfies (4.70) with Xo > 0. If there exists a continuous
non-negative function t — Y (t) : RT — RT,

DY (t) < a1 Y (t) + axY (0t), t>0 (4.71)
with 0 <Y (0) < Xo. Then Y (t) < X (t) for all t > 0.

Lemma 4 Assume that X is the solution to Eq. (4.70). If a1 < 0 and as € R, there exists a constant gy =
QO(GI;G/Qaa) > 07

lfffgop ‘X;(t)l = 00|Xol, (4.72)
where B € R satisfies
ar + |a|6” = 0. (4.73)
Then, for some 91 = p1(a1,az2,6) > 0,
[ X(6)] < o1]Xo|(L+8)7, ¢ >0. (4.74)

Proof The proof is similar to [I, Lemma 3.5], thus the details are omitted here.

Notice that the polynomial asymptotic stability of the trivial solution to Eq. (4.70]) is proved in the above Lemma
when 8 < 0. In what follows, we apply the idea to deriving the polynomial asymptotic stability of stationary solution

to problem (4.1)).

Theorem 7 Assume the same hypotheses and notations in Theorem[1] and Theorem@ hold. In addition, let the system
4.1) satisfy f =0, the delay term g(t,uy) = Lyu(6t) with 0 € (0,1) and 2)\; > 2|Lg| + CZ2, then the origin is the
unique stationary solution to Eq. ., moreover, any solution u(t) of Eq. - converges to zero polynomially, that
18, 52 E(L@Cg, )\1,9) > 0 and ﬁ <0,

E(lut; 9)II*) < eE(I0lIE_ )1 +1)7, t=0, (4.75)
where B satisfies —2X; + |Ls| + C2 + |Lg|0® = 0.

Proof By f = 0 and Theorem [3| we easily deduce that the origin is the unique stationary solution to Eq. (4.9).
Applying the Ito formula to ||u(t)||?, then taking expectation, we obtain

E(lu(®)]I*) — E(l6(0)]I*)

< 3 [ IuCo)ayds) + (sl + C2)E( [ TutoPas) + gl ( [ tutos)2as)

t t
(<28 + 115l + C2E( [ fu(e) ) + 158 ( [ futon)as). v o>,

IN

where we used (2.10). Let v(t) = E(|lu(t)||?), then

du(t ~
Zl(t) < (=2X\1 + | Lg| + C2)v(t) + | Lz v(62). (4.76)
By lemmas we obtain that there exist 0 = o(Lg, C5, Xl, 6) >0 and § € R,

v(t) < ov(0)(1 + t)°. (4.77)
Since —2\; + 2|Lg| + C2 < 0 and —2\ + |Lg| + C2 + |Lg]60® = 0, we deduce 8 < 0 and
E([lu®)?) < GE(I¢(0)[*)(1 + )" < GE(6lIZ_ 1)L +1)".
The proof is complete.

Remark 4 In fact, we can take into account a more general case in the form of §(t,&) = G(£(—(1 — 0)t)), where G(-)
is Lipschitz continuous.



30 S. YANG ET AL.

Statements and Declarations

No potential conflict of interest was reported by the authors.

Data availability statements

Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

Acknowledgements This work was done when Shuang Yang visited the Department of Differential Equations and Numerical Analysis
at the University of Sevilla. She would like to express her thanks to all people there for their kind hospitality.

References

1. J. A. D. Appleby, E. Buckwar, Sufficient conditions for polynomial asymptotic behaviour of the stochastic pantograph equation, Pro-
ceedings of the 10’th Colloquium on the Qualitative Theory of Differential Equations 32 pp., Electron. J. Qual. Theory Differ. Equ.
Szeged, 2016.

2. L. Arnold, Stochastic Differential Equations: Theory and Applications, John Wiley and Sons Inc, New York, 1974.

3. T. Caraballo, X. Han, A survey on Navier-Stokes models with delays: existence, uniqueness and asymptotic behavior of solutions,
Discrete Contin. Dyn. Syst. Ser. S 8 (2015), 1079-1101.

4. T. Caraballo, A. M. Marquez-Duran, J. Real, On the stochastic 3D-Lagrangian averaged Navier-Stokes a-model with finite delay, Stoch.
Dyn. 5 (2005), 189-200.

5. T. Caraballo, A. M. Marquez-Durén, J. Real, The asymptotic behaviour of a stochastic 3D LANS-alpha model, Appl. Math. Optim. 53
(2006), 141-161.

6. T. Caraballo, A. M. Marquez-Duréan, J. Real, Asymptotic behaviour of the three-dimensional a-Navier-Stokes model with delays, J.
Math. Anal. Appl. 340 (2008), 410-423.

7. T. Caraballo, J. Real, Navier-Stokes equations with delays, R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 457 (2001), 2441-2453.

8. T. Caraballo, J. Real, T. Taniguchi, On the existence and uniqueness of solutions to stochastic three-dimensional Lagrangian averaged
Navier-Stokes equations, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 462 (2006), 459-479.

9. A. Cheskidov, C. Foias, On global attractors of the 3D Navier-Stokes equations, J. Differential Equations 231 (2006), 714-754.

10. A. Cheskidov, S. S. Lu, Uniform global attractors for the nonautonomous 3D Navier-Stokes equations, Adv. Math. 267 (2014), 277-306.

11. D. Coutand, J. Peirce, S. Shkoller, Global well-posedness of weak solutions for the Lagrangian averaged Navier-Stokes equations on
bounded domains, Comm. on Pure and Appl. Anal. 1 (2002), 35-50.

12. G. DaPrato, J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.

13. M. Fabrizio, A. Morro, Mathematical Problems in Linear Viscoelasticity, in: STAM Studies in Applied Mathematics, vol. 12, SIAM,
Philadelphia, 1992.

14. J. Garcia-Luengo, P. Marin-Rubio, J. Real, Pullback attractors for 2D Navier-Stokes equations with delays and their regularity, Adv.
Nonlinear Stud. 13 (2013), 331-357.

15. J. Garcfa-Luengo, P. Marin-Rubio, J. Real, Regularity of pullback attractors and attraction in H' in arbitrarily large finite intervals
for 2D Navier-Stokes equations with infinite delay, Discrete Contin. Dyn. Syst. 34 (2014), 181-201.

16. M. J. Garrido-Atienza, P. Marin-Rubio, Navier-Stokes equations with delays on unbounded domains, Nonlinear Anal. 64 (2006),
1100-1118.

17. J. K. Hale, Retarded equations with infinite delays. Functional differential equations and approximation of fixed points (Proc. Summer
School and Conf., Univ. Bonn, Bonn, 1978), pp. 157-193, Lecture Notes in Math. 730, Springer, Berlin, 1979.

18. D. D. Holm, C. Jeffery, S. Kurien, D. Livescu, M. A. Taylor, B. A. Wingate, The LANS-a model for computing turbulence, Los Alamos
Sci. 29 (2005), 152-171.

19. P. E. Kloeden, T. Lorenz, Mean-square random dynamical systems, J. Differential Equations 253 (2012), 1422-1438.

20. P. E. Kloeden, J. Valero, The Kneser property of the weak solutions of the three dimensional Navier-Stokes equations, Discrete Contin.
Dyn. Syst. 28 (2010), 161-179.

21. V. B. Kolmanovskii, L. E. Shaikhet, New results in stability theory for stochastic functional differential equations(SFDEs) and their
applications, in: Proceedings of Dynamical Systems and Applications, vol. 1, Dynamic Publishers, 1994, 167-171.

22. L. Liu, T. Caraballo, P. Marin-Rubio, Stability results for 2D Navier-Stokes equations with unbounded delay, J. Differential Equations
265 (2018), 5685-5708.

23. L. Liu, T. Caraballo, Analysis of a stochastic 2D-Navier-Stokes model with infinite delay, J. Dynam. Differential Equations 31 (2019),
2249-2274.

24. P. Marin-Rubio, A. M. Mérquez-Duran, J. Real, Three dimensional system of globally modified Navier-Stokes equations with infinite
delays, Discrete Contin. Dyn. Syst. Ser. B 14 (2010), 655-673.

25. P. Marin-Rubio, A. M. Mérquez-Duran, J. Real, Pullback attractors for globally modified Navier-Stokes equations with infinite delays,
Discrete Contin. Dyn. Syst. 31 (2011), 779-796.

26. P. Marin-Rubio, J. Real, J. Valero, Pullback attractors for a two-dimensional Navier-Stokes model in an infinite delay case, Nonlinear
Anal. 74 (2011), 2012-2030.



Dynamics and stability analysis for stochastic 3D LANS equations 31

27. J. E. Marsden, S. Shkoller, Global well-posedness for the Lagrangian averaged Navier-Stokes (LANS-a) equations on bounded domains,
Topological methods in the physical sciences (London, 2000). R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci. 359 (2001),
1449-1468.

28. M. Renardy, W. J. Hrusa, J. A. Nohel, Mathematical Problems in Viscoelasticity, Longman Scientific and Technical, John Wiley and
Sons Inc, New York, 1987.

29. J. C. Robinson, W. Sadowski, Almost-everywhere uniqueness of Lagrangian trajectories for suitable weak solutions of the three-
dimensional Navier-Stokes equations, Nonlinearity 22 (2009), 2093-2099.

30. L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Functional Differential Equations, Springer, Cham, 2013.

31. B. Wang, Weak pullback attractors for mean random dynamical systems in Bochner spaces, J. Dynam. Differential Equations 31
(2019), 2177-2204.



	Introduction
	Preliminaries
	Well-posedness and mean dynamics for stochastic 3D LANS equations with infinite delay
	Stationary solutions and their stability results

