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Abstract

On the one hand, the primitive three-dimensional viscous equations for large-scale ocean and
atmosphere dynamics are commonly used in weather and climate predictions. On the other
hand, ever since the middle of the last century, it has been widely recognized that the climate
variability exhibits long-time memory. In this paper, we first prove the global existence of weak
solutions to the primitive equations of large-scale ocean and atmosphere dynamics with Caputo
fractional time derivatives. Then we establish the existence of an absorbing set, which is positively
invariant. Finally, an attractor (strictly speaking, the minimal attracting set containing all the
limiting dynamics) is constructed for the time fractional primitive equations, which means that
the present state of a system may have long-time influences on the states in far future. However,
there was no work on the long-time behavior of the time fractional primitive equations and we fill
this gap in this paper.

Keywords: Primitive equations, weak Caputo derivatives, weak solutions, absorbing sets,
attractors

1. Introduction

As far as we know, the origin of primitive equations can be traced to the 90’s of the last century
[19]. The system, which consists of the hydrodynamic equations with the Coriolis force and
thermodynamic equations, was used to study the extremely complicated atmospheric phenomena,
and to predict the weather and possible climate changes. In recent decades the well-posedness
and the long-time behavior of solutions for primitive equations have been extensively aroused
scholastic interesting with the developments of the studies of atmosphere science, see, e.g., [2, 3,
10, 15, 16, 22, 23, 25] and the references therein.
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Ever since the middle of the last century, it has been widely recognized that the climate vari-
ability exhibits long-time memory, which means that the present state of a system may have
long-time influences on the states in far future. Therefore, it is natural to study fractional Lorenz
systems and complex chaotic attractors in the fractional systems [9, 18, 24]. From a macroscopic
point of view, time fractional partial differential equations play a central role in the modeling of
anomalous subdiffusive phenomena, which arise in a wide range of natural systems such as trans-
port process in porous media, systems with memory, avascular tumor growth, foraging behavior
of animals, fluid mechanics and viscoelasticity. In this context, it is natural that there exists
an interest in the well-posedness of fractional Navier-Stokes equations, e.g., the weak solutions
[20, 21, 26], and the mild solutions [4, 5]. To date, we do not know of any published work on 3D
viscous primitive equations with time fractional differential operator.

The purpose of this paper is to fill this gap and to investigate the long-time behavior of the
weak solutions to the following primitive equations of large-scale ocean and atmosphere dynamics
with Caputo fractional time derivatives:

Dlv+ (v-Vg)v+ wd,v+ Vgp+ fok x v+ Liv =0, (1.1)
o.p+T =0, (1.2)

Vgv+o,w=0, (1.3)

DIT + (v- V)T +wd.T + LT = Q. (1.4)

Here D)v and D])T are, respectively, the Caputo fractional derivatives of v and T with v € (0, 1).
The horizontal velocity v = (v!,v?), the vertical velocity w, the temperature T, the pressure p are
unknowns. fy is the Coriolis parameter, () is a given heat source, the notation k x v is the vector
product of k = (0 0,1) and v = (v',v%,0). Set Vg = (0,0y), Vi = 0, + 0, and Ay = 07 + 95.
Define L, = & LAy — Rizaf, Lo = —R%AH — R%az’ where R; (i = 1,2,3,4) are positive Reynolds
numbers. We aim to consider problem (1.1)-(1.4) in a cylindrical domain Q=Mx(—h,0) with M
being a sufficiently smooth and bounded domain in R%. We divide the boundary of ) into three

parts:

Iy ={(z,y,2) € Q:2z=0}, (1.5)
[y ={(z,y,2) €Q:2=—h}, (1.6)
I, ={(z,9,2) € Q: (x,y) € OM,—h < 2z <0}, (1.7)

where I',, I', and I'y describe the top, bottom and lateral of ocean, respectively. The boundary
and initial conditions are given by

d.v=nw=0,0,T =—a(T — 0) on T, (1.8)
8v:0w:08T:OOan, (1.9)

v-T =0,0pvx W =0,02T=0onT,, (1.10)
(v(0),7(0)) = (vo, To), (1.11)



where a > 0, 7/ means the unit outward normal vector to dM, n(x,y) and o(x,y) stand for the
wind stress and the typical temperature distribution on the top surface of the ocean, respectively.
Suppose that ps is an unknown function on I'y. By (1.2)-(1.3) we have

w(t;x,y,z) =W()(t;x,y,2) = — /1 Vgu(t;z,y, &)dE, (1.12)
pltiz.y2) = pltig) = [ T € (1.13)

then one can recast equations (1.1)-(1.4) in a simple form
Dlv+ (v-Vyg)v+W(w)o,v+ Vg (ps - /_Z T(t;z, y,ﬁ)dﬁ) + fok xv+ Liv =0, (1.14)
DT + (v- V)T + W(@)d,T + LT = Q, (1.15)
/(; Vot z,y,&)dE = 0. (1.16)

Notice that the boundary conditions (1.8)-(1.10) can be converted into the homogeneous case (see

(3, 10, 11]). For simplicity and without loss of generality we will assume that n = 0, o = 0.

Therefore, system (1.14)-(1.16) can be supplemented with the following boundary and initial
conditions

d,v=0,w=0,0,T = —aT on Iy, ( )

0,0 =0,w=0,0,T =0 on I'y, ( )

v =0,000x W =0,02T =0 on [, (1.19)

(v(0),7(0)) = (vo, To). (1.20)

This work consists of two major parts. The first one is devoted to the existence of local
and global weak solutions to problem (1.14)-(1.20). To this end, we follow the Faedo-Galerkin
approximation but properly apply the compactness criteria for time fractional PDEs introduced
in [13] and the uniform estimates of solutions established by integration by parts, Nirenberg-
Gagliardo’s inequalities and Sobolev’s embeddings. The second part focuses on the asymptotic
behavior of weak solutions to problem (1.14)-(1.20). Based on the elementary inequality for
Caputo fractional differential equations [12], we first establish the existence of an absorbing set,
which is positively invariant. Since the solution mapping of a general Caputo fractional differential
equation does not, in general, generate a semi-group [6] (see [7] also for the generation of semi-
dynamical systems in some sense), the omega limit set of the absorbing set cannot be called the
attractor of (1.14)-(1.20). Then, the minimal attracting set containing all limiting dynamics is
introduced to investigate the long-time behavior of the weak solutions to (1.14)-(1.20).

The present paper is structured as follows. In Section 2, we briefly recall an elementary
inequality, fundamental notation and results about Caputo fractional derivatives. Section 3 is
devoted to establishing a priori estimates for weak solutions. Meanwhile, the proof of global weak
solutions to problem (1.14)-(1.20) is summarized in Section 4. In Section 5, we investigate the
asymptotic behavior of the weak solutions to problem (1.14)-(1.20).

3



2. Preliminaries

2.1. Phase spaces and fractional Gronwall inequalities

We begin with some basic notation used in this paper.

Let B be a Banach space with B’ being the dual of B, and let 7% > 0 be given arbitrar-
ily. The notation C°((0,7*); B) represents all infinitely differentiable functions from (0,7*) to
B but with compact supports. LP((0,7%); B) denotes the Banach space of all Lebesgue mea-

1

surable functions satisfying (fOT* HfH%dt)E < oo. LP((0,7%); B) is endowed with the norm
1

| flleor):8) = <fOT* ||f\|%dt)5 if p € [1,00) while the essential supremum if p = oo. We
denote LP(Q)) and LP(M) the usual Lebesgue spaces with the norm

( /Q | f\pdxdydzy, Ferr(),

[ fllzr = i
([ 1spasdy). serran),

M
where p € [1,00). Denote by H™(Q2) and H™(M) the usual Sobolev spaces of functions, together
with all their covariant derivatives, which are in L*(Q) and L?(M), respectively. For f € H™(Q)
or f € H™(M), the norm is given by

1

[(EZ X Wavutfrlrp)] serm@,

| fllzm = 1<k<m ij=a,y,2;5=1,....k

(X

1<k<m ij=z,y;j=1,...k

1

Vi Vi S+ 1FP)] L perm ().

Let
Vii= {v € (C2(Q): 0:vlag = 0,0:0]ccp = 0,07

T, :0,8ﬁ1}><%>

Fs:07

0
/ VHU(t’xayag)dé. = 0}7
—h

and

Vs i= {T € C™(Q) : (0.7 + aT) |0 = 0,0.T].——, = 0,03 T

N, :0}.

Then we introduce some spaces

Vi = the closure of V; under the H' topology,
Vy = the closure of Vy under the H' topology,
H, = the closure of V; under the L? topology,
Hy = L*(Q),



and the inner products and norms are given as follows:
1
(v, )y, = / Vyv-Vgvdrdydz + — / 0,v-0,vdxdydz,
(T, T)V2 = — / VHT-VHdedydz + = / (‘9ZT-8ZTd:1:dydz + g/ deI‘u,
Rs Jq Ry Jq Ry Jr,
(v, 0)p, = / vodzdydz,
Q

(T, T, :/T-fdmdydz,
Q

1 1
[vllvi = (v,0)5,, ([T, = (T, T)7,,

1 1
||U||H1 = <va>12{17 ||T”H2 = <T7 T>12:[2

We shall frequently use the Mittag-LefHler function E, g(z) defined as follows:

oo i
Eaﬂ(Z) = Z m, z € C.

Jj=0

In particular for the case § = 1, we denote by E,(z) the one-parameter function E, ;(z). For later
use, we collect the following uniform estimates on Mittag-Leffler functions; see [1].

Lemma 2.1. For every a € [0,1) and z > 0, we have
1 1
S N P pu———
1+T(1—a)x 1+ﬁx
Now we recall an elementary inequality of Gronwall type; see [12] for more details.

Lemma 2.2. Let u(t) > 0 be continuous and satisfy

Dlu(t) < 2a — 2bu(t).
Then a
u(t)<u(0)E,(—2bt7) + 3(1 — E,(—2bt7)).
2.2. Fractional setting

In this subsection, let us recapitulate some definitions and preliminary facts on fractional
derivatives, and the compactness criteria for time fractional PDEs; see [13, 14] for more details.

Definition 2.3. Let B be a Banach space. For a locally integrable function ueL

loc(([)? T*)’ B)? Zf
there exists ug€B such that

lim — / lu(s) — uol||gds =0,

t—0+ ¢
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we call ug the right limit of u at t = 0, denoted as u(0+) = ug. Similarly, we define u(T*—) to be
the constant ur~€B such that

1
lim / lu(s) — up
t

(T T ¢ BdS =0.

First, we recall the left Caputo derivatives for functions valued in R?. We define the modified
Riemann-Liouville operators Jzu(t) := gg * (6(t)u(t)) for § > —1, where the distributions gg are
given by

) 151 .

g5(t) = YO e

' o(t), B=0,
g PO®),  Be(=1,0).

Here 6(t) is the standard Heaviside step function, I'(5) is the Gamma function, and D typically
denotes the distributional derivative.

Definition 2.4. Let 0 < v < 1. Consider u € L}, (0,T*) possessing a right limit u(0+) = ug at

loc

t = 0 wn the sense of Definition 2.3. The ~y-th order left Caputo derivative of u is a distribution
in D'(—o0, T*) with support in [0,T*), given by
Dlu = J_yu — UG-y = gy * ((u - uo)e(t)).

If u is absolutely continuous on (0,7™), then the left Caputo derivative is reduced to the
traditional definition of Caputo derivative

Ty 1 boa(s) .
v o= 2)

where @ means the time derivative of w.

Lemma 2.5. Suppose E(-) € L} .([0,00);R) is continuous at t = 0. If there exists f(t) €
L} .([0,00); R) satisfying

DIE(t) < f(t),

where this inequality means that f(t) — DYE(t) is a non-negative distribution, then

1 t
E(t) < E(0) + —/ (t— )" f(s)ds, a.e. (2.2)
I'(v) Jo
Now we move on to the right Caputo derivatives for functions valued in R?. We set g, (t) :=
Tl (=t iy > 0 and 4 (1) == == D(6(—1)(—1)7) if 0 < 7 < 1. Then we have

Definition 2.6. Let 0 < v < 1. Consider u € L, .(—00,T*) such that u has a left limit w(T*—) at

loc

t =T in the sense of Definition 2.3. The y-th order right Caputo derivative of u is a distribution
in D'(R) with support in (—oo, T*|, given by

D] =Gy % (O(T" — ) (ult) — u(T-))). (2.3)

6



Notice that if u is absolutely continuous on (a,T*), a < T*, then

~ 1

T*
DlT*U = —m/ (S — t)_’yu(S)dS, Vit € ((1,, T*)
t

Consequently if ¢ € C°(—o00,T*),

- /TY () = Do = G o= - ‘1/TY ()
ra-yJ ° PR = Her P = I 28 =T —yar ), Y LASVA

thanks to the fact 0(T* —t)(p — p(T7)) = ¢ if ¢ € CX(—00,T™).
We now turn to the Caputo derivatives for functions valued in general Banach spaces. We fix
T* > 0 and define

D = {v ‘ v:CX((—00,T*);R) — B is a bounded linear opemtor}.

It is clear that D’ is the analogy of the distributions D’'(R).
Definition 2.7. Let B be a Banach space and u € L}, ([0,T*); B). Let ug € B. We define the

loc
weak Caputo derivative of u associated with initial data ug to be DJu € D' such that for any test

Junction ¢ € C°((—o0, T*); R),

(0. 000) = [ (Dl wb(tyit = [ (Blpp)lu = w)dr (2.4

—0o0 —00

Proposition 2.8. Let v € (0,1). Ifu : [0,7*) — B is C*((0,7*); B) N C°([0,T*); B), and
u— E(u) € R is a C* convex functional on B, then

Diu(t) = 1 (u(t) —u(0) N 7/; u(t) — u(s)ds)7

L1 —7) t (t — s)rt!

and
D]E(u(t)) < (D]u(t), Dy E(u)),

where DyE(:) : B — B’ is the Fréchet differential and (-,-) is understood as the dual pairing
between B and B'.

Proposition 2.9. Suppose Y is a reflexive Banach space, v € (0,1) and T* > 0. Assume u,, — u
in LP"((0,T%);Y), p* = 1. If there is an assignment of initial values ug,, for u, such that the weak
Caputo derivatives D)u,, are bounded in L"((0,7%);Y) (r € [1,00)), then

(i) There is a subsequence such that ug,, converges weakly to some value ug € Y.

(17) If r > 1, there exists a subsequence such that D)u,, converges weakly to f and ug,, converges
weakly to ug, and f is the Caputo derivative of u with initial value uy so that

I 1
u=uy+ 0y /0 (t—s)""" f(s)ds. (2.5)

Further, if r > 1/, then, u(04) = ug in Y in the sense of Definition 2.3.
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The following theorem could be viewed as a generalization of the Aubin-Lions lemma.

Lemma 2.10. Let T* > 0, v € (0,1) and p* € [1,00). Let X, B, Y be Banach spaces. X — B
compactly and B <Y continuously. Suppose W C L _((0,T*); X) satisfies:

loc

(i) There exists 11 € [1,00) and Cy > 0 such that Yu € W,
I —~
sup Jy(Jlully) = sup —/ (t = 5)" Hull¥ (s)ds < Ch.
te(0,T) te(0,T) FW) 0

(17) There exists p1 € (p*,00], W is bounded in L**((0,7*); B).
(i13) There exist 7o € [1,00) and Cy > 0 such that Yu € W, there is an assignment of initial
value ugy for u so that the weak Caputo derivative satisfies:

1D

Lr2((0,T%);Y) S Cs.
Then, W is relatively compact in L ((0,T*); B).

2.8. Weak solutions
We give the definition of weak solutions in the distributed sense for the problem (1.14)-(1.20).

Definition 2.11. Let v € (0,1). A couple of functions (v,T) with v € L*=((0,7%); Hy) N
L2((0,T%): V1), T € L=((0,T%); Hy) N L2((0,T%); V3), DYv € L3((0,T%); (H2(2))?) and DIT €
L3((0,T%): H2(Q)) is called a weak solution to (1.14)-(1.20) with nitial datas vy € H; and
Ty € Hy if

-
< v — vy, DZ;T*gol >= / / ((U~VH)<p1 + W(v)@zgol) wdxdydzdt
0o Jo
T* z
—I—/ / VH-<p1<ps — / T(t;x,y,{)df)dxdydzdt
0o Ja “h

T -
- / /(folC X v)-prdrdydzdt — / / v-Lypidrdydzdt,
o Jo o Jo
~ T*
<T —To, D) uipp >= / / <(U-VH)<,02 + W(v)@zg@) Tdxdydzdt
o Ja

T* T*
—/ /TLQ@dedydzdt+/ /(ngdxdydzdt,
0 Jo 0o Jo

Jor any (@1, 02) with o1 € C°([0,T*); (H*(Q))*NV1) and vy € C([0,T*); H*(2)NV,). Moreover,
(v, T) is called a global weak solution if (v,T) is defined on [0,00) so that its restriction on any
interval [0,T*), T* > 0, is a weak solution.

and

In the following, C'is a positive constant and may be different from line to line and even if in
the same line.



3. Some a priori estimates

It is well-known that L, and L, are positive self-adjoint operators with compact inverse. There-
fore, the space H; x Hy possesses an orthonormal basis {e;}32, := {(e}, e?)}32, of eigenfunctions

Jjr i/ t5=1
e, = {(\! )\2»)};?';1 of the operators

77777

Lle; = )\}e}, Lg@? = A?e?,
where 0 < A\ < A, < -+ and lim;_, /\§ = oo for i = 1,2; see [2] for more details. Then for
vg € Hy and Ty € H,, we have vy = Z;’il ajl.ejl- and T, = Z;; ozjz-e?. It is easy to see that
[vll3, < AD)7Hvll3, and [|T]17, < (AD) 7T}, for any v € Vi and T € V4. For convenience, we
set A; := min{\l, \7}.

To prove the existence of weak solutions, we shall use the Galerkin method. Let (v, T,,) be
an approximate solution of the problem (1.14)-(1.20), where

m m

U, = Z Cim€sy T = Zc?mei. (3.1)

j=1 j=1
Then we have

(€5, D2vm) + (€5, (v * Vir)vm) + (€, W (Vi) 0:0m) + (€5, fok X vin)

R

: (3.2)
1’7 \Y s — Tm s Ly Y, d 1'7 L m) — 07
+ (¢; H(p /_h (t;z,9,8) §>>+<€] 1Um)
<632'7 DIT,) + <€j2'a (Vi - Vi) T) + <6?7 W (0r)0.T5n) + <632‘7 LyTy) = (e?, Q). (3.3)

According to the properties of the basis, (3.2)-(3.3) can be reduced to the following FODE system

D(em) = Fnlem), (3.4)
cm(0) = (a7,...,ak, a2, ... a2), (3.5)
where ¢, = (ci,,,...,cb .ci ... c2 ) and F,, is a quadratic vector-valued function of c,,.

Lemma 3.1. (i) Let vy € Hy, Ty € Hy and QQ € Hy. Then for any m > 1, there exists a unique
solution (v, Trn) of the problem (3.2)-(3.3), which is defined on [0,00) satisfying

[0ml|Z o ((0.00):2) + 1 Tl 200 ((0.00):12) < CllvollE, + 1 Toll%,) + C, (3.6)

and for any t > 0,
I ~
i | = (IR + 1T, s

< lvollZ, + 1+ 22(F) DI Toll7, + CF.

(3.7)



(ii) There exist (v,T) with v € L>*((0,00); Hy) N L?

ie([0,00); V1) and T € L*>((0,00); Ha) N
([0,00); Va), and a subsequence {my}32, such that

L2

loc

Uy, —> U 0N L? ([0,00); Hy),

loc

T, — T in L, ([0, 00); Hy).

loc
4
3

([0,00); (H~2(2))?) and D)T€ L}

loc

4
3
loc

Further, (v, T) has weak Caputo derivatives D)v € L ([0,00); H2(Q)).

Proof. (i) Since F), is smooth and 0F,,(c,,)/0cy, is locally Lipschitz continuous in ¢,,, by using
the same idea as in [8, 17] but for the system (3.4)-(3.5), we can conclude that the solution ¢, of
(3.4)-(3.5) exists on [0,Ty") and ¢,, € C*(0,T;") N C°[0,T;™). Here either T = oo or T" < oo
and limsup, ,pm_ || = 00 where [c,| = \/Z:;n:l(cjlm)2 + >0 (¢5,,)% Therefore, by the form
(3.1) of (v, T;,) we have

vm € CH((0,T37); Vi) N CO([0, T37): VA),

3.8
T, € CH(0.17"): Vi) 0 OO0, T77): Vi), %)
By using Proposition 2.8, we conclude that
1 1
DY (SlomliE ) < (oms D2vw), D2 (51Tl ) < (Tns D2Ton): (3.9)
It follows from (3.1) and (3.3) that
y ]_ 2 ]- 2 a 2
<Tm7Dch> + R_HVHTm”L2 + R_HaszHL? + §||Tm|zZOHL2
s 4 : (3.10)
- / T, Qdadydz — / ((vmVH)Tm + W(vm)asz> T, dadydz.
Q Q
After using the integration by parts formula, we have
/ <(vm-VH)Tm + W(vm)ﬁsz> T, dzdydz = 0. (3.11)
Q
By the Holder and Young inequalities, we find that
[ Taisdydz < 12,1 Q1
Q
R4h 1
< (MR + 2 IQIR: + 1Tl
a A(n2R, + 12)
R4h 1 (0
< (PR + Z2)1QI3 + 50 T3 + 52 | Tonlol2 3.12
(72 R+ Y QIR + 5 10Tl + 5 Tl (3.12)
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Inserting (3.11)-(3.12) and (3.9) into (3.10), we conclude that
DT, + 1Tl < 2(02Ra +2) Q1
Since [, (fok X vp)-vpmdrdydz = 0, by (3.1) and (3.2) we have
1
(U, DYvy,) + —HVva||L2 + = 7 |
= —/ ((vm-VH)vm + W(vm)ﬁzvm> WUy drdydz
Q

|a Um”LQ

Q —h
Arguing as in (3.11), we find that

/ ((Um-VH)vm + W(vm)ﬁzvm> Wpdrdydz = 0.
Q

Notice that 0
/ Vups-vmdrdydz = —/ s (/ VH-vmdz> dxdy = 0,
Q M —h

and

[ (=9 [ Tultsn g, € vndedydz<hlv, 12
Q

—h
1 ) hQ()\Q)

< gllomlly; + T3

In view of (3.9) we find that
DY v, + vl 55 <h* (A7) T3,
This together with (3.13) implies that
DY (Ilvmlid, + L+ R2OD ™) Tllds ) + lomliE, + 1Tl
R
214+ 1208) ) (WRe+ ) QI
We deduce from Lemma 2.2 that for any 0 < ¢ < T;",
o3, + (1 + B2 A"l < (II%(ONM%I1 + (14 P2 (A) DT (0 )||H2> H(=Ait?)
2 R
F 202007 (R ) QIR — By (-har)
1
Cllvoll, + 1Toll7,) + €

11

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



where we have used sup,. F,(—At7) < 1 due to Lemma 2.1. This ensures that 7" = co. In fact,
if T;" < oo then limsup,_,pm_([vimll%, + [|Tll7,) = 0o, which contradicts (3.20). Therefore,

vl Zoe (0,00):8) + 1 TomllZoc (0.00):112) < Clllvoll, + 11 Toll%,) + C- (3.21)

On the other hand, it follows from (3.19) that for any ¢ > 0

%7) / - 77 (Iom()I1E, + 1Tn(3)1, ) ds

< vz, + (L + AN TollF, + Ct.

(3.22)

(7i) Let T* > 0 be given arbitrarily. By using Lemma 2.10, now it only remains to show that

T+);(H 2(Q))) G | ((0,7%); H=2())

For this end, we take test functions ¢, € L*((0,7*); (H?(2))?2NV;) and p, € LA((0,T*); H*(Q)NVz)
with H‘Pl||L4((O,T*);(H2(Q))2)) < 17 ||§02||L4((0,T*);H2( ) < 1. Denote

Pim = 'mP1, Pom = I'mP2, (323)
where P, is a projection mapping as in (3.1). Then we have
levmll oz < [[1Pnllllenllzaormzw)) < C, (3.24)

[2mll a0y m2 () < [ Pmllll 2]l 20,002 ()) < €. (3.25)
Thanks to the integration by parts formula, we obtain that

<Dzvm, S01> - <Dzvm’ 901771)

T T*
:/ /(Um-VH)g01m~vmd:cdydzdz+/ /W(vm)azgolm‘vmdxdydzdt
o Jo 0o Ja

r ” ) (3.26)
n / / Vit rmpadadydzdi — / / Vi tim / Tyt 2, , €)dé dudydzdt
0o Ja 0o Ja —h
T* T* 6
— / /(fok X U ) Q1mdadydzdt — / / O1m-L1vmdrdydzdt = ZL-,
0o Ja 0o Jo Py
and
<D3Tm7 902> = <D3Tma 902m>
T* T*
= / /(vm-VH)gpngmda:dydzdt +/ / W (v )0z 0om Trndxdydzdt
Q o Jo (3.27)

T* T* 10
—/ /gpgngdexdydzdt+/ /gpngdxdydzdt ::Zl""
o Ja o Ja —
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For the first term I, in view of (3.6), (3.24) and the Nirenberg-Gagliardo inequality ||vp,|/p:+ <

1 3
Cllvm |l g, [vm Iy, we deduce from the Hélder inequality that

T*
1)< [ 19l
0

T* 3
<C [ lewllelonl b
0
T 3

<[ omliea)) ([ onlia) (329
T* 3
<o( [ ol

1 1
Similarly, it follows from the Nirenberg-Gagliardo inequality ||vm|| s <C/||vm| 7, [|vm ||, and H'(Q) C
L5(Q) that

Iy

T*
</ 1= 1ml o W ()| 22 |0 | Lot
0

[ 3 1
<C / lormll 2l o |5 dt
0

<o( [ towttar) ([

T* 3
<o( [ o). (3.20)

* 3
1
o2,

Since @1, € L*((0,T%); V1), we have

)
T 0
‘13‘:( / / Ps / VH-golmdzdxdydt(:o. (3.30)
0 M —h

Applying the Hélder inequality results in
1+ |

+ )-710‘
T*

T* T*
<C / lorm e Tollmadt + C / lorm L2 l[vmll st + C / 101122 | Pl o
0 0 0

<c(/OT* |miH2V2dz)é + 0(/OT

For the terms I and Iy, by the Holder inequality we have

lvmldt) " + ClQI (T, (3:31)

T*

T*
<C/ Hsolml\H2\|vav1dt+C/ [@am 2| Tom v dt
0 0

<c(/DT* |yvm||2vldt)“l’ + 0(/OT

13

+

Ig

Iy

* 1
IToully ) (3.32)



Arguing as in (3.28)-(3.29), we deduce that

T*
<c [ leamllmnli,
0

[ Ton | ot

T 1 3 1 3
<0/ 2ml| 22 [Vl i1, lom [ 1T |, | Do [, At
0

- 3 3
<c/'nmmmﬂwmqu&w
0

T % T g
<o( [ Nonliude)" ([ 1TulRsat)’,
0 0

and

T*
‘Lz‘é/ 10 02ml| s
0

T*
<c/’|w%mm
0

W (v 2| T || 2l

1 1
[[om v 1T | 22, 1T 1, a2

<C<anWMﬁﬂQ%(AWHEﬂ&ﬂQ;

By (3.7), we observe that

T*
| el + 1Tl
0
T*
<@y [
0
<C(TH'"™ +CT™.
Inserting (3.28)-(3.35) into (3.26)-(3.27) yields
Y
1Devnll 4 o2y < ©

Recall from (3.6)-(3.7) that

V]| Lo (0,7%);11) < C,

and
1Tl oo 0,7y m2) < €,

Then by Lemma 2.10, we can find a couple of subsequences {(vy, , T, )} 2o, such that

Upny, =0 1N LQ((O,T*);Hl),

dt

) (lomllv; + 1Tl )t

§
o Tl g o reya2ca

sup J, ([|vall¥;,) < C,
o<t<T™

sup J,(|Tl%) < C.
o<t<T™

T —T in L*((0,T*); Hy).
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< C.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)



According to Proposition 2.9, v and T have weak Caputo derivatives with initial data vg and Tj
such that
4 4
DIveL3((0,77); (H2(Q))?),  DITeL3((0,T%); H2(Q)), (3.40)

respectively.
By using a standard diagonal argument, v and 7" can be defined on (0, c0) and

4 4
3 3

Dve L2 ((0,00); (H2(Q))?), DIT e L ((0,00); H2(Q)), (3.41)

loc loc

such that there is a subsequence, denoted by {(vim, , T, ) }72, satisfying

Uy, —v i L7 ((0,00); Hy), T, —T in L7, .((0,00); Hy). (3.42)

loc

By taking the further subsequence, still denoted by {(vim,., T, ) }roy, it follows from (3.42) that
Uy, = ¥ a.e. in [0,00) X Q, T, — T a.e. in [0,00) x €. (3.43)

For any 0 < t; < ty < 00, integrating inequality (3.6) from ¢; to to, we have

to
| (Il + 1T )t < (CClunlls, + 1Tl +C) e = 1)
t1

This together with Lebesgue’s dominated convergence theorem implies that

to
| (Wl + 1713 )t < (Cloolf, + 1ol + €)= ),
t1
which ensures that v € L*((0,00); Hy) and T € L*((0,00); Hs).

From (3.35), we know that {v,, }?°, is bounded in L*((0,7%); V1) and {T,, }?2, is bounded
in L?((0,7*); V5). By a standard diagonal argument again, there exists a subsequence (relabelled
the same) { (v, , Tm, ) }22; such that v,,, and T, converge weakly to v and T"in L? ((0,00); V})

loc
and L2 ((0,00);Va), respectively, and consequently v € L? ((0,00);V4) and T € L2 ((0,00); V).

loc loc

The proof of this lemma is completed. O

4. Global existence of weak solutions

In this section, we shall establish the global existence of weak solutions for (1.14)-(1.20) by
using Galerkin’s approximation method.

Theorem 4.1. Suppose vo € Hy, Ty € Hy and Q) € Hy. Then, system (1.14)-(1.20) has a
global weak solution (v,T) with v € L>((0,00); Hy) N L2 .((0,00); V1) and T € L*>((0,00); Ha) N
L2 ((0,00); Va) in the sense of Definition 2.11.

loc

15



Proof. We recall from Lemma 3.1 that there is a subsequence, still denoted by { (v, Tm)}eo_,
such that

V= in L7 ((0,00); V1), Tp—T in L}

loc

(0
Vm—v in L2 ((0,00); Hy), T—T in L} ((0,00); Hy). (4.2)

Let T* be given arbitrarily. Then for any ¢, € C°((0,7%); (H3(2))> NV1) and ¢o € C°((0,T%);
H3(Q) NV4), we define o1, := Pjp1 and ¢g; := Pjps as in (3.23). We first fix j > 1, and then we
obtain that for m > 7,

); Va), (4.1)

(D% 1), U — Vom) = (15, DI0m)
— —<@1j7 (Um . VH)Um + W(Um)azvm> - <901j7 fok X Um>

z

~ (. (p = [ Talti s §)0€)) = (o1 Liva)

T*
= / ((vm-VH)golj + W(vm)azaplj> U dxdydzdt
o Ja

T* z
o [ [ V(o [ Tultio e dedydzar
o Ja ~h
T T
—/ /(fok X vm)~g01jdxdydzdt—/ /vm-Llcpljdxdydzdt, (4.3)
o Ja o Ja

and

<5;Y;T*(,02j7Tm — Tom) = (2, D) Tin)
= _<<p2j7 (Um : vH)T;n + W(Um)asz> - <902j7 L2Tm> + <S02ja Q>

-
:/ / <(Um'vH)SO2j + W(Um)azsf)zj)dexdydzdt
0o Ja

T* T*
—/ /TmL2¢2jdxdydzdt+/ /gongdxdydzdt, (4.4)
0o Ja 0o Ja

where vg,, = P,vo and Ty, = P,1o.
By using the Holder inequality, (3.24) and (4.2), we have

T*
/ / ((Um'VH)<P1j'Um — (U~VH)<,01]--U) dxdydzdt
0 Q
A
< / ol IV a0yl lom — o]l (4.5)
0

T*
4 [ Il Vol = onlla,d
0

< C(||Um||L2((0,T*);v1) + ||U||L2((0,T*);v1))||601||L°°((0,T*);H2)||Um - U||L2((0,T*);H1)
< Cllvm — vl 20,9y = 0 as m — oo,

16



and similarly,

-
/ / ((vm-VH)gpngm - (U-VH)QOQJ-T> dxdydzdt — 0 as m — oo. (4.6)
o Jo

Notice that by applying the Holder inequality, the Nirenberg-Gagliardo inequality and H?(Q) C
Wh6(Q), we deduce from (3.24) and (4.2) that

T
/ / W (vn) 0015 (U, — v)dxdydzdt
0o Jo

T*
</ W (0m )| 2210 p15| o [0 = 0] Lot
0

- (4.7)
1 1
<C [ ol = ol lom — ol d
0
< Cllomll 2o [vm = vl 20,58 [vm = vllE20,m)va) 01| 2o 0,74 12)
< COllvm — |l 200y = 0 as m — oo,
and by using H3(Q2) C W23(Q) and H3*(Q) C WH>=(Q),
T*
/ /(W(vm) — W (v))0.p1,-vdrdydzdt
0o Ja
T* 0
— [ [ ] (ontti.0.6) = o(t.9,9)) 46V 001 ddydzat
o JaJ-n
T*
< C/ [vm = vllm, (HVHazSOleLS”UHLG + [0:015 o< 0]l v2 ) dt (4.8)
0
T*
<C [ o = vl lonlls ol
0
< Cllom — U||L2((0,T*);H1)||801||L°°((0,T*);H3)||U||L2((0,T*);v1)
< Cllom — vl 20y = 0 as m — oo.
Combining (4.7) and (4.8) together, we find that
T*
/ / (W(vm)ﬁchlj-vm - W(v)@zgplj-v) drdydzdt — 0 as m — oo, (4.9)
0o Jo
and in a similar way, we have
T*
/ / (W(vm)azgpngm — W(v)@zgong) dxdydzdt — 0 as m — oo. (4.10)
0o Ja

17



By (4.2), it is easy to see that

T+
/ /vm— Ly jdxdydzdt

L/H%,ﬂmMWMWﬁ
0

< Cllvm — vllL2o,0)m0) |01 L2 (0,7);122)
< Cllog, — UHL2((0,T*);H1) —0 asm — oo,

N

T*
/ /(Tm — T')Lopsjdxdydzdt < C|| T, — T||z2¢0,1):m,) — 0 as m — oo.

It follows from (4.2) and the Hélder inequality that

/ /VH SOU/ T (t;x,y,f)—T(t;w,y,£)>d£dzdydzdt

<0 [ 19 lialTe ~ Tl
0

< CHTm — T||L2((O,T*);H2) —0 asm— o0,

T T
/ /(fok; X Upn)-p1;dadydzdt — / /(fok: X )1 jdrdydzdt
0 Q 0 Q

T*
<C [ leuluzllom = ol
0
< CH'Um - UHL2((O,T*);H1) —0 asm — oo,
<5Z;T*901j7 Um — U()m> - <53;T*901j7 v — Uo>
= <DZ;T*901ja U — V) + <DZ;T*§01j7 Vo — Vom)

T*
<C [ 1Bz ullia (Iom = vl + oo = v, )
0

S C”D;T*@lHLZ((OvT*)?LQ) <va - UHLQ((O,T*);Hl) + ||U0 - UOmHHl)
< C(H”m - U||L2((0,T*);H1) + [Jug — v0m||H1) —0 asm — oo,

and N ~
(Derp25 Trn = Tom) — (Desptp2s, T — To)

C(HTm — T\l 2¢0,07); 1) + || To — TomHH2> —0 asm — 0.
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We fix j > 1. Then by taking m — oo, we deduce from (4.3) and (4.4) that

(Dlp-p1j,v — vo) = (15, DIv)

T+
:/ / ((U'VH)QOIJ‘ +W(v)8zg01j>-vdxdydzdt
o Jao

T* z
+/ /VH-%]-(ps—/ T(t;x,y,é“)d€>dxdydzdt
0 Q h

T T
—/ /(fgk X v)-gpljdxdydzdt—/ /U-Llcpljdxdydzdt,
o Ja 0o Ja

and

<DZ;T*<sz, T —To) = (25, D]T)

T*
:/ / ((U‘VH)QDQJ' + W(v)azgij)dedydzdt
o Ja

T* T+
—/ /TLg(,pgjdxdydzdt—i—/ /angjdxdydzdt.
o Ja o Ja

Due to ¢1; — 1 in L7 ((0,T%); (H?(2))?) and p2; — 2 in LP<((0,T%); H*(Q)) for any p. € (1,00),
we obtain the weak formulations to (1.14)-(1.20) in the sense of Definition 2.11 by taking j — oo.
O

5. Asymptotic behavior

In this section we will prove the existence of a minimal attracting set which plays the role of
a global attractor in the theory of autonomous dynamical systems.

5.1. Emistence of absorbing sets

The following result shows the existence of absorbing sets for (1.14)-(1.20), which is an impor-
tant set for the long-time behavior of the solutions.

Theorem 5.1. Let (v,T) be a weak solution to (1.14)-(1.20). Then (v,T’) can be absorbed by
= T =112 2\ 2\—1Y |72 2 242 2 Ryh 2
B = {(5,T) € Hy x Hy: o], + 1+ R0 TN, <1+ -1+ A2 (B2 R+ =2 )|Q)3: |-
1

In other words, for any given bounded sets By C Hy and By C Hs, there exists a T* = T*(By, By) >
0 such that for any t > T*, vy € By and Ty € By the corresponding solution (v(t),T(t)) to these
initial values, satisfies (v(t),T(t)) € B. Moreover, this set is positively invariant.
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Proof. From (3.20), it can be deduced for the solution corresponding to the initial values (v, Tp) €
Hl X H2 that

o), + (1 + B3 IT O,
<timinf (JlowlF, + (0 + 2200 ) Tnl3,)

< (ool + (0 4+ B2 DI Tl ) By (~at)

F 20 (R B ol - B -ae)) (1)

1

For any given bounded sets By C Hy and By C Hj, there exists a T* = T*(By, By) > 0 such that
for any t > T*, vy € By and Ty € By, we have

(HvollZ, + (1+ B2 ITolE, ) By (—Mt7) <1, ¢ > T (5.2)
Thus, if (v(-), T(-)) denotes the corresponding solution to the initial values (vg, 7p), we have
) 2 R )
o, + 1+ RO DITOIR, < 1+ 20+ 08 (R + 220 )@l 03T
(5.3)
This ensures that B is an absorbing set.
Moreover, for (vg, Tp) € B, it follows that
2 R
ool + (0 + RO Tl <1+ 2 (1 + 120D (2R + 20 Q.
Then, from (5.1) we deduce that
(@)l + (1 + B2 AT ()13,
< (Mol + (1 + R2OD ™I TolIZ, ) By (— M)
F 20200 (RRa+ ) QIR (1~ By (—hr)
b L (5.4)
2 20\2\—1) (7,2 Rsh
< By (=) + (14 020D ™) (2R + 2 1Q2:
1
2
<1t o) (R Y Q)
)\1 «
for all £ > 0. This establishes the positive invariance of B and completes the proof. O

5.2. Ezxistence of Attractors
For any bounded subset D of H; x Hs, the omega limit set in the weak topology is defined by

Qu(D) = {(U, T) € HyxHy : 3t, — oo and a sequence of weak solutions (v,(-), T,.(+)) of problem
(1.14) — (1.20) with (v,(0),T,,(0)) = (von, Ton) € D such that
(0n(tn), Tu(tn)) — (0, T) in Hy x HQ}
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Lemma 5.2. Let Q) belong to Ho, and let D be a bounded subset of Hy x Hy. Then Q,(D) is
nonempty, compact and attracts D in the weak topology.

Proof. Thanks to the reflexivity of H; and Hs, we infer from (5.1) that ,,(D) is nonempty.

In order to show the weak compactness of Q,,(D), let (v, T%) € Q,(D) be any given sequence.
By the definition of the omega limit set in the weak topology, for each ¢ we can find (’U(i),ni T 5n) eD
and t; sufficiently large such that

dista (0}, (£,), T2, (£,)), (0, 7)) < —, (5.5)

n;

where n; — 0o as i — oo, and dist,(-, ) denotes the distance between two points of H; x Hs in the
weak topology. Since (5.1) ensures that the sequence (v}, (¢, ), T). (¢}, )) is bounded in Hy x Hy, there
exists a subsequence, still denoted by (v), (¢4), Ty, (¢, )), such that(v}, (¢ ),T7 (t,)) — (v*,T*) in
H, X H,. This together with (5.5) implies that (v, T%) — (v*,T*) in H; x Hy.

Finally, we prove that ,,(D) attracts D in the weak topology. Assume on the contrary that
this is not the case. Then there exist 9 > 0 and sequences t,, with ¢, — oo (n — 00), (Vo.n, To.n)
with (von, Ton) € D and weak solutions (v, T,) of (1.14)-(1.20) with (v,(0),7,(0)) = (von, To.n)
such that

disty,((vn(tn), Tn(tn)), Quw(D)) > €9, ¥n € N. (5.6)

Notice from (5.1) that (v, (t,), T, (t,)) is bounded in Hy x Hy. Hence, (v,(t,), Th(t,)) is relatively
compact in the weak topology of H; X Hs,, and consequently possesses at least one cluster point
(v,T). This contradicts with (5.6) since (v,7) € Q,(D) by the definition of ,,(D). O

According to Lemma 5.2, it is easy to know that €2,(B) attracts B where B is the absorbing
set in Theorem 5.1. However, §2,,(B) cannot be called the attractor of (1.14)-(1.20), since there
may be additional omega limit points that are not in ,(B). This is caused by the effects that
the solution mapping of a general Caputo fractional differential equation does not, in general,
generate a semi-group [6]. Hence we need to consider the set of all omega limit points as in (5.7).
This is, strictly speaking, a minimal weakly closed attracting set containing all limiting dynamics
of the Caputo fractional primitive equation (1.14)-(1.20) in the weak topology.

Theorem 5.3. Let () belong to Hy. Then the set

Q" = | J{Qu(D) : all bounded D C H, x Hy} CB (5.7)

15 weakly compact in Hy X Hy, and moreover, is the minimal weakly closed set that attracts all
bounded subsets of Hy x Hs in the weak topology.

Proof. We first show that (2* is a subset of the absorbing set B. For any given bounded set D C

Hy x Hy, let (3,T) € Q,(D) be given arbitrarily. By the definition of (D), there exist ¢, — 0o
and a sequence of weak solutions (v,(-),7,(-)) of problem (1.14)-(1.20) with (v,(0),7,(0)) =
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(Vons To.n) € D such that (v,(t,), Tn(tn)) — (7, T) in Hy x Hy. In view of (5.1), we find that
lvn () 7, + (1 + B2OAT) D Ta(ta) 12,

< (ool + (1 + P23 ) ol ) By (~Nit)

(1 PO (R + ) QIR (1L - By (M) (58)

This together with Lemma 2.1 implies that
18117, + (L + B IT |,
< timinf (Jlon(t) [, + (1+ B2 ™) Tt )
2
<1 (L 120D ™) (k2R + —) 1QI2. (5.9)

and, consequently, (3,T) € B. Since (3,7) € Q,(D) and D C H, x H, are arbitrary, we have
U{Q(D) : all bounded D C H; x Hy} C B. Let (v,T) € Q* be given arbitrarily. Then we can
find a sequence (v,,T},) € J{Qw(D) : all bounded D C H; x Hs} such that (v,,T,) — (7,T) in
H, x Hy. Therefore,

o3, + (1 + A2 )T,
<timinf (JJunl, + (145208 DT,
n—oo

1+f(1+h2<v) Y (WA, +Ri)|yQ|\L2, (5.10)

which implies (7, T) € B, and thus Q* C B. Then it is clear that Q* is weakly compact in H; x Hs.

By Lemma 5.2 we obtain that, for each bounded subset D of Hy; x Hs, Q,(D) attracts D
in the weak topology. Then Q* attracts D in the weak topology since Q,(D) C Q*, and thus
O* attracts all bounded subsets of H; x Hy in the weak topology. Finally, we prove that Q* is
the minimal weakly closed set attracting any bounded set D C H; x Hs in the weak topology.
In fact, if there is another weakly closed set €2’ which attracts any bounded subset of H; x H,
in the weak topology, then by the definition of €,,(D), we have Q,(D) C €', and consequently
U{Qw(D) : all bounded D C Hy x Hy} C €. This implies that

= J{Qu(D) : all bounded D C Hy, x Hy} C €.

The proof is completed. O
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