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Abstract

The asymptotic behaviour of stochastic three-dimensional Lagrangian-averaged Navier-Stokes equations with infinite
delay and nonlinear hereditary noise is analysed. First, using Galerkin’s approximations and the monotonicity method,
we prove the existence and uniqueness of solutions when the non-delayed external force is locally integrable and the delay
terms are globally Lipschitz continuous with an additional assumption. Next, we show the existence and uniqueness of
stationary solutions to the corresponding deterministic equation via the Lax-Milgram and the Schauder theorems. Later,
we focus on the stability properties of stationary solutions. To begin with, we discuss the local stability of stationary
solutions for general delay terms by using a direct method and then apply the abstract results to two kinds of infinite
delays. Besides, the exponential stability of stationary solutions is also established in the case of unbounded distributed
delay. Moreover, we investigate the asymptotic stability of stationary solutions in the case of unbounded variable delay by
constructing appropriate Lyapunov functionals. Eventually, we establish criteria on the polynomial asymptotic stability
of stationary solutions for the special case of proportional delay.
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1. Introduction

Navier-Stokes equations are known to model the motion of many important fluids which include water, air,
oil, etc. Motivated by the first published paper of Leray [29], the authors in references [3] [6l [7, [OHIR] 20}, 23
25, 27, B1H35, 37, [40] have extensively studied the well-posedness and long-time behavior of solutions to Navier-
Stokes equations.

Due to the importance of delay effects in many physical, biological and engineering models [I, [8, 42], delay
differential equations have received much attention over the recent years. Besides, the future state of systems
may not only depend on their current state, but also on their past history, which plays a nontrivial role in some
cases. It is worth mentioning some typical examples, such as the investigation of high-viscosity liquids under
the condition of low temperatures, the thermomechanical analysis with respect to polymers, population models,
etc (see [22] [36] and the references therein). Thus, we need to take into account some hereditary characteristics
such as aftereffect, time lag, memory and time delay in our models.

Many researchers have focused on the relationship between the Navier-Stokes equations and the phenomenon
of turbulence for a long time. It is worth stressing that the common assumption relates the onset of turbulence
to the randomness of background movement. Moreover, the systems we study are affected by a variety of
random factors in real life, so it is necessary to consider some kind of noise in our models. The concept of
random dynamical systems was first introduced by Ulam and von Neumann [41] in 1945. Due to the fact that
stochastic differential equations originated from random dynamical systems, a growing number of people have
studied random dynamical systems since 1980s. Amongst the many notable results, it is remarkable that the
importance of the work in [4], Bensoussan and Temam in this article discussed the stochastic Navier-Stokes
equations driven by white noise and random forces, providing a more realistic model to solve the problem.
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Based on the previous discussion, we investigate in this paper the stochastic dynamics of the following non-
autonomous stochastic three-dimensional Lagrangian-averaged Navier-Stokes (LANS) equation with infinite
delay and nonlinear hereditary noise:

Ot(u — aAu) + v(Au — aA(Au)) + (u - V) (u — oz.Au)

—aVu" - Au+Vp = f(t) + g1(t,ut) + g2(t, ue) W, in (7,400) x O,

V-u=0, in (r,400) x O, (1.1)
u=0, Au=0 on (7,+00) x 00,

u(t + s,2) = ¢(s,x),s € (—00,0],z € O,

where © C R3 is a bounded open set with sufficiently regular boundary 00, 7 € R, A is the Stokes operator, the
pair (v, «) of positive coefficients denotes the kinematic viscosity of the fluid and the square of the spatial scale
at which fluid motion is filtered respectively, the symbol * denotes the transpose of a matrix, u = (u1, ug, us)
is the averaged (or large-scale) velocity of the fluid, u; denotes the segment of solutions up to time ¢, i.e.
ue(s) = u(t + s) for all s <0, p is the pressure of the fluid, f is a non-delayed external force field, the terms
g1, g2 contain some hereditary characteristics, such as memory, unbounded variable or infinite distributed delay,
etc, ¢ is an initial velocity field defined in (—oc,0] x @, and W denotes the generalized derivative (white noise)
of a cylindrical Wiener process, which will be specified later. The LANS model was first used to deal with the
turbulence closure problem by using the method of Lagrangian averaging. The study of such models, including
the well-posedness of solutions and the existence, uniqueness and asymptotic stability of stationary solutions,
has been carried out in some papers, e.g., [I2HI4] [I6] and the references therein. In the special case that o = 0,
the system is reduced to the usual three-dimensional Navier-Stokes equation whose dynamical behavior
had been widely investigated in [9, [I5] 17, 18] 25 27, B7]. The deterministic and non-delay version of ,
i.e. go = 0 and ¢; is independent of u, has been considered in [20, B5]. In the stochastic case without delay,
Caraballo et al. in [I6] studied the stochastic dynamics of such a system for the first time.

In addition, the delay version of Navier-Stokes equations has also received much attention over the last
years. The analysis of Navier-Stokes equations with some hereditary features was first studied by Caraballo and
Real in [I5] and developed in [9, 12} 14], 23H25] B0-34]. On the one hand, for bounded delay, the authors have
discussed several issues including the existence, uniqueness, asymptotic behavior and regularity of solutions,
the existence, uniqueness and stability of stationary solutions, the existence, uniqueness of global or pullback
(random) attractors. On the other hand, the case of unbounded or infinite delays has been analyzed in [24] [26]
30H34].

We may choose several phase spaces for dealing with the infinite delay as given in above references. The
first one is the Banach space

Cy(H)={p e C((—00,0; H) : lim e"*p(s) exists in H}, where v > 0, (1.2)

S—— 00
where H is the 3D Lebesgue-type Hilbert space. The second one is

C_(H)={p e C((—00,0; H): lim ¢(s) exists in H}, (1.3)

§——00

see [30] [BI]. We also use C, (V) and C_(V'), where V is the Sobolev-type subspace instead of H in (1.2) and
(L.3)-

Our first goal in this paper is to prove the existence and uniqueness of solutions to the stochastic three
dimensional LANS Eq. in the Banach space C, (V). As done by Liu and Caraballo [31] for the usual
two-dimensional system, we need to assume that the non-delayed external force f is locally integrable (see
Hypothesis F) and the delay forcing terms g;(¢, u:)(i = 1, 2) are globally Lipschitz continuous (see Hypothesis
G). An example is given in the last part of Section [2 The calculation shows that the example (corresponding
to infinite distributed delay) satisfies all conditions of Hypothesis G in the space C, (V') for v > 0. Besides,
we also need an extra assumption on the nonlinear diffusion term go of noise (see Hypothesis I).

Under the above assumptions, we use the Galerkin method to construct an approximating sequence. We then
give a priori estimates for the approximating sequence ensuring the solutions exist for the whole time interval
[r,7+ T] for all T > 0. Next, by the monotonicity method established in [39], we obtain the well-posedness of
solutions.

Another interesting and challenging topic is to consider the asymptotic behaviour of solutions for Eq. (1.1
towards to the stationary solution. This issue will provide some useful information on future evolution of the



system. Thanks to the Lax-Milgram and the Schauder theorems, we first prove the existence and uniqueness
of stationary solutions to the corresponding deterministic equation. We then show the local stability of the
stationary solution for the general delay term by using a direct method, where the general delay contains the
unbounded variable delay and the infinite distributed delay in C_. (V). Next, we prove the global stability of
the stationary solution. However, to obtain stability results in C., (V) with v > 0, the exponential stability in the
case of unbounded variable delay fails to be proved in general (see [3I] and [34] for more details). Fortunately,
in the case of infinite distributed delay, we are able to prove not only stability of stationary solutions in
C,(V), but also exponential asymptotic stability. Since we can not analyze the exponential stability in the
unbounded variable delay case in C,(V'), we will explore, at least, the asymptotic stability in C_(V), by
using the Lyapunov functionals construction proposed by Kolmanovskii and Shaikhet [28]. Furthermore, we
eventually discuss the polynomial asymptotic stability in the particular case of proportional delay (also known
as pantograph delay).

The article is organized as follows. In Section 2| we introduce the cylindrical Wiener process, some notations
and linear operators, describe some suitable assumptions about the non-delayed external force f and delay
terms g;(i = 1,2). In Section [3] we prove the existence and uniqueness of solutions to system . In Section
[ stationary solutions and their stability results are established. More precisely, on the one hand, we provide
some sufficient conditions ensuring the existence and uniqueness of stationary solutions. On the other hand, we
further study the convergence of stationary solutions including local stability, exponential stability, asymptotic
stability via Lyapunov method and polynomial asymptotic stability.

2. Preliminaries

2.1. The cylindrical Wiener process

Let (Q, F,{Fi}ter, P) be a complete filtered probability space such that {F;:}.cr is an increasing right
continuous family of sub o-algebras of F, which contains all P-null sets, and further 7; = Fq for all £ < 0.

Let {8{,t > 0,57 = 1,2,3,...} be a sequence of mutually independent standard real valued F;-Wiener
processes and K a separable Hilbert space with an orthonormal basis {e;; j = 1,2,3,...}. Suppose that
{W(t);t > 0} be a K-valued cylindrical Wiener process (with the covariance operator @ : K — K) given by

W(t) = iﬁj(t)ej, t>0. (2.1)

Given a separable Hilbert space Hy, we denote by £2(K, Hy) the space of Hilbert-Schmidt operators from
K into Hy with following norm

||S||2,CQ(K,H0) = tr(SQS*)v VS e LZ(Kv HO)? (22)

where tr denotes the trace of an operator and S* is the adjoint operator of S.

For any separable Banach space X, interval (a,b) C R and p > 1, we denote by I?(a, b; X) the Banach space
of all processes ¢ € LP(2x (a,b), F@B((a,b)),dP®dt; X) such that ¢(t) is Fy-progressively measurable for a.e.
t € (a,b), where B(-) denotes the Borel o-algebra. We also denote by LP(Q2, F,dP;C(a,b; X)) with p > 1 the
space of all continuous and Fy-progressively measurable X-valued processes ¢ such that E(sup,<;<; [|¢(t)|%) <
o0, where C(a,b; X) is the Banach space of all continuous functions from [a,b] into X. For convenience, we
write LP(Q), F,dP; C(a,b; X)) as LP(; C(a, b; X)).

For any positive constant T > 0, process ® € I*(r,7 + T; L2(K, Hy)) and t € [r,7 + T, the stochastic
integral f: ®(s)dW (s) is defined by the unique continuous Hyp-valued F;-martingale such that

(/Tt <I>(5)dW(s),w> e i/: (@(s)ej,w) Hod,ﬁj(s), Yw € Hy, (2.3)

where the integral with respect to 37/(s) is the Ito integral. By [21], if ® € I*(r,7 + T;L?(K, Hp)) and
¢ € L?(Q,L>®(1,7 + T; Hy)) is F;-progressively measurable, then

t

ji /: (2()es.005)) , 57() = [ (@)W (s).005)). T <t <741,

T

converges in L'(Q,C(r,7 +T)).
Recall that given a function ¢ : (—oco, 74+ T] — X, for each t € (7,7 + T'), the segment ¢, of ¢ is defined by

di(s) =p(t+s), Vs e (—o0,0] (2.4)



2.2. Notations and hypotheses

In this subsection, we introduce some notations and linear operators, recall some properties with respect to
the nonlinear term (u - V)(u — aAu) — aVu* - Au in the problem (1.1]), and impose some suitable assumptions.
Denote by L2(0) := (L2(0))*, HY(O) == (HE(0))*, CF(0) = (Cg°(0))? and

V={ueCPO):V-u=0 in O} (2.5)

Let H be the closure of V in L2(0). Then H is a Hilbert space with the inner product and norm

3
(u,v) = Z/ uj(z)vj(z)dz, |ul® = (u,u), Yu,v € H. (2.6)
j=1"9
Let V be the closure of V in H}(O). Then V is a Hilbert space with the inner product
> Ou; 0v;
((u,v)) = (u,v) + a(Vu, Vo) = (u,v) + Z /o axz 81;- dx, Yu,v €V, (2.7)

,j=1

and the norm [|ul|? = ((u,u)). We have V.C H C V*, where V* is the dual space of V, the injections are dense,
continuous and compact.
Denote by P the Leray projector from L.2(Q) onto H and define the Stokes operator A by

Aw = —P(Aw), YV w e D(A)=H*0)NV, (2.8)
where H?(O) = (H?(0))3. We deduce
(Au,v) = (Vu, Vv), |lullmoy < Ci|Au|, Yu € D(A),v €V, (2.9)

where C is a positive constant. In particular, D(A) is a Hilbert space.
Denote by (-,-) the duality product between (D(A))* and D(A), and define a continuous linear operator

A€ L(D(A),(D(A))*) by

(Au,v) = v(Au, v) + va(Au, Av), Yu,v € D(A) =: D(A). (2.10)
Tt is well-known that the Stokes operator A has a sequence {)j : k € N} of eigenvalues satisfying

lvll* _

0< S A <A<, A 2.11
veV\{o} |v|? =72 ke (2.11)

and a sequence {&, € D(A) : k € N} of eigenvectors which is orthonormal in H. From (2.10) we have
(s, v) = VAK((€,v)) (2.12)

and the eigenvalues of the operator A are given by e 1= VA By -, the operator A € L(D(A), (D(A))*)
satisfies the following conditions:

(A1) A is self-adjoint;

(A2) For all u € D(A), 2(Au,u) > &(Au, Au), where & = 2voy;

(A3) Avfk = ngk with Xk = Vg

As in [14], we associate another inner product on D(A) = D(A), defined by

(u,v)p(ay := (Au,v), and so Aq|[ul®> < Hu||%(A), Yu,v € D(A). (2.13)

By (2.9), the above is equivalent to the original inner product ((u,v)) + (Au, Av) for u,v € D(A).
For u € D(A) and v € L2(0), we regard (u - V)v as the element of (H~1(0))? =: H~}(O) given by

3
((u-V)v,w)y_1 = Z (O, wiwi)—1, ¥V w e HY(O), (2.14)

i,7=1



where (-,-)_1 denotes the duality product between H~(0O) and H}(O) or between H~1(O) and HE(0O), and
wyw; € HY(O) due to the continuous injections of H*(O) C L>(0) and Hj(O) C L%(O). Hence, there exists a
positive constant Cy := C3(O) such that

{(u- V)v,w)_1| < ColAulv|||lw|, V (u,v,w) € D(A) x L2(0) x H}(O). (2.15)

If u € D(A), then Vu* € (H(0))3 C (L5(0))3, where H'(O) = (H'(0))? and L5(0) = (L5(0))3. For all
v € L2(0), we have Vu* - v € (L3/2(0))3 ¢ H™1(0) satisfying

3
(Vu* -v,wy_1 = Z /O(Bjui)viwjdm, Y w € Hy(0), (2.16)

i,j=1
which implies that there exists a positive constant C5 := C5(O) such that
(Vu* - v,w) 1| < Cs|Aulv|||lw], V¥ (u,v,w) € D(A) x L?(0) x H}(O). (2.17)
Now, we introduce the trilinear operator as follows:
b (u, v,w) = ((u- V)v,w) 1 + (Vu* -v,w)_1, V (u,v,w) € D(A) x L*(0) x H(O). (2.18)
By [16], Proposition 2.2], we obtain
b (u, v, w) = —b (w,v,u), Y (u,v,w) € D(A) x L*(O) x D(A), (2.19)

which implies that b* (u,v,u) = 0,V (u,v) € D(A) x L2(O). Moreover, there exists a positive constant ¢ :=
c”(0) such that

6% (u, v,w)| < | Aullo][w], ¥ (u,v,w) € D(A) x L*(O) x Hy(0), (2:20)
and
6% (u, v, w)| < #|ull|v]|Aw|, V (u,v,w) € D(A) x L2(O) x D(A). (2.21)
We then define a bilinear mapping B : D(A) x D(A) — (D(A))*, denoted by
(B(u,v), w) = b*(u,v — aAv,w), Y (u,v,w) € D(A) x D(A) x D(A), (2.22)

and B(u) := B(u, u) for all u € D(A). By the definition and properties of b#, we find that there exists a positive
constant ¢ := ¢(O) such that
(Bl) <B(u,v),u> =0 and <B(u)7v> = 7<B(Uvu)au>7 v (uvv) € D(A) X D(A)7
(B2) |B(w, 0)l[(p(ay~ < eullllvlpuy, V¥ (u,v) € D(A) x D(A);
(B3) [(B(u,v),w)| < ellullpayllvlpeallwl, ¥ (u,v,w) € D(A) x D(A) x D(A).
Recall the phase space
Cy(V)={p e C((—00,0; V) : lim e’ p(s) exists in V'}, where v > 0, (2.23)

S—r— 00

which is a Banach space with the sup norm

lello, vy = supe™le(s)]- (2.24)

s€(—00,0]

We now establish some assumptions on the non-delayed external force and delay terms respectively.

Hypothesis F. f € I*(r,7 + T;H 1 (0)) for any 7 € R and T > 0.

Hypothesis G. Let g1 : R x C(V) = H }(O) and g2 : R x C,(V) — L(K,L?(0)) satisfy the following
conditions.

(G1) For any n € C(V), ¢;(-,n) are measurable, i = 1,2.

(G2) g:(-,0) =0, i =1,2.

(G3) There exists Ly, > 0 (i = 1,2) such that for all t € R and n,{ € C,(V),

lg1(t,m) — 91(t, Ollu-1(0) < Ly, In = Clle, vy,



lg2(t,m) = g2(t, )l 2 () 12(0)) < Laalln — Clle, vy
(G4) There exists Cy, > 0 (i = 1,2) such that for all t € R and 7,( € C,(V),

t
/ 915, ) — 91(5, 00)lI3 10yl < C, / lu(s) — v(s)]?ds,

oo
t

[ aaton) — s el smionds < G [ uts) —s)Pas
(G5) There exists Cy, > 0 (i = 1,2) such that for all 7 € R, > 7, all decreasing function w € C([r, ]) and
u,v € C%((—00,1; V)
t gt
/ @ (s)llg1(5,us) = g1(5,05)[[fr-1(0yds < Cy, / @ (s)|lu(s) — v(s)|Pds,

t t
/ @(s)]|g2(s, ts) = 92(8, v8) |72 (5 120y A < ng/ w@(s)|u(s) — v(s)|*ds.
We infer from (G2)-(G3) that, for all n € Cy(V),
g1t M)l 0y < Lo nlle, vy, 1920t M c2(x2(0)) < Lo lInlle, (v)-

Next, let us define f(t) as

((f(t),w)) = {f(t),w)_1, V ({,w) ER X V.

By the hypothesis F, fe I*(1,7+ T;(D(A))*) for any 7 € R and T > 0.
In addition, we define g; : R x C(V)) = V such that

(@ (1)) = (ga(t,n),w) 1, ¥ (17, 0) € R x Cy (V) x V.
Finally, we define go : R x C, (V) — L2(K, V) such that
G(t,n) =T +aA) P oPogltn), ¥ (t,n) € Rx C,(V),
where T is the identity operator in H and I + «A : D(A) — H is bijective, moreover,
((I +ad)  u,w)) = (w,w), Vue H, weV.
Hence, for the orthonormal basis {e;} of K, we have
(g2(t,m)ej, w) = ((I + ad)ga(t,n)e;, w) = ((g2(t, m)e;j, w)),

for all j > 1 and (t,n,w) € R x C,,(V) x D(A), by , we further obtain that

</tg2(877dW Z/ ga(s,m)e;, w)dB (s)
=3 [ (@tsmes )iz
- (</Tt 52(57”)dw(5)vw>>~ (2.25)

By the same method as in [I3], one can prove that g1 : R x C,(V) — V and go : R x C,(V) — L3(K,V)
satisfy the following conditions:

(H1) For any n € C(V), gi(-,n) are measurable, ¢ = 1, 2;

(H2) §,(-0) =0, i — 1,2

(H3) Taking Lz, = Lg,,Lg, = Lg,/v/1+ a)i, we deduce, for all t € R and n,¢ € C,(V),

1918:m) = 18 Ol < Lg, In = Clles vy



lg2(t,m) — g2(t, Ol 22k, vy < Lg,lIn — Clle, (vys

(H4) Setting C3, = Cy,,Cy, = Cy,/\/1 + aXi, we obtain, for all t € R and n,¢ € C,(V),
t
/ 1G5, ws) — (s, 0s)|ds < C2, / lu(s) — v(s)[?ds,
t t
/ 15205, ) — Go(5, 02)l|2 .1 s < C2, / lu(s) — o(s)|%ds:

(H5) Letting égl = C'gl,C égz/\/l + aA; such that for all 7 € R,¢ > 7, and all decreasing function
w € C([r,t]) and u,v € C°((—o0,t]; V)
/ @ (s)[191(5,us) — Gu(s,vs)|ds < Cal/ @ (s)l[u(s) — v(s)|*ds,

[ Sl 1) = Bl v e < i [ o)) = (o).
It follows from (H2)-(H3) that for all t € R and n € C,(V),

gt < Lg, Inllc, vy, 11920 c2xv) < Lglnlle, (v)- (2.26)

An example of the delayed terms with (H1)-(H5) is given as follows.
Example 1: For all t € R and § € C,(V), let

0 ~
(8. 6) = [ Gt s,€())ds, i = 1,2, (2.27)

where Gy : R x (—00,0] xV — V with él(t, $,0) =0, and Go i Rx (—00,0]xV — L2(K,V) with ég(t,S,O) =0,
and both are measurable. Assume that there exist Lg € L?*(—00,0) (i = 1,2) with Léi(-)e_(’“’e)‘ € L?(—,0)
for certain @ > 0 such that for all t € R, s € (—00,0] and 7, €V,

Hél(tv 8777) - él(t7 S, C)” < Lél (3)||77 - C”v

|‘62(t> 3777) - GQ(ta S, C)”LQ(K,V) < LéZ (S)HU - C”
Thus, we can rewrite the delay terms g; (¢ = 1,2) in our problem as g; (¢, us) = fooo Gi(t,s,u(t+s))ds (i =1,2).

It follows that the example is within our framework, and g;(i = 1,2) fulfill conditions (H1)-(H5) (e.g., see [34]
for more details).

3. Well-posedness of stochastic 3D LANS equations with infinite delay

In this section, we prove the well-posedness of the stochastic Eq. (1.1), which can be transferred into the
following abstract equation:

% + Au(t) + B(u(t)) = f(t) 4+ g1 (t, ue) + §z(t7ut)%/a Vi>r, (3.1)
u(t +5) = ¢(s), s€(—o0,0]

Definition 3.1. Suppose that ¢ € L*(Q,C,(V)) (which is a Fo-progressively measurable V-valued processes)
and 7 € R. A stochastic process u defined on R is called a solution to system (3.1]) if

w€ I*(r, 7+ T; D(A) N LA*(Q, L>®(r, 7+ T;V)), VT > 0,

= ¢ and P-almost surely

((wltyw)) + [ (Au(s).wpds + [ (Bluts)),w)ds

((f(s) + (s, us), w))ds n ((w/ Go(s, us)dW(s))) (3.2)

T

for all t > 7 and w € D(A).



Lemma 3.2. For all u,v € D(A), we have
(—Aw - 2(B(u) = B(v)), @) < ol[w]*[[v] (4, (3-3)
where W =u — v and o = ¢2.

Proof. Note that

(—Aw,w) = —[[wl[} ). (3-4)

By the property (B1) of the operator B, we have

<B(u)7w> :—<B(E,u)7u> :—<B(w,u),v>, (3 5)
and similarly
(B(v), W) = —(B(w,v),v) (3.6)
Subtracting from (B.5),
(B(u) = B(v),w) = —(B(w),v), (3.7)

which, together with (B2), implies that

[(B(u) — B(v),w)| = |(B(w),v)|
< ||]§(W)||(D(A))*

vl|p(a)
< cl[@]|[|@]| peayllvlipay
Lo E e o
< §||wHD(A) + EHU’H HU||D(A)~ (3.8)
Combining (3.4) and (3.8)), we obtain (3.3]) as desired. O

In the following, we present the well-posedness of problem (3.1)). For this end, we further assume
Hypothesis I. For all u,v € L?(—oco,7 + T; D(A)) and t € [r,7 + T], Eq. (3.1)) satisfies

t

[ el = Gals 0 sy + 2 [ (o) = a5 0),u(s) = o))

< 0/ ()l ayllus) — v(s)|Pds

+ 2/ (A(u(s) = v(s)) + Blu(s)) = B(v(s)), uls) = v(s))ds, (3.9)

where o is given by (3.3) in Lemma
Remark 3.3. Let

Cy, + %C'g%l = % and u(s +7) =v(s +7) = ¢(s), s <0. (3.10)
1

Then (3.9) in hypothesis I is satisfied. Indeed, by (2.13) and Lemma we only need to prove that the
following inequality holds:

t

t
[ s 02) = Gl v s+ 2 [ (@l w) = 515 v2).u(s) = v())ds
t
< )\1/ lu(s) —v(s)||ds. (3.11)
The Young inequality, (H4) and (3.10)) imply

t

[ o 10) = Gl v s+ 2 [ (@) = G, 02). ) = w())ds



t
<2 [ fuls) — o) Pas + = /Hglsus Gi(sv) |ds+—/\|u )~ ofs)|%ds

— 00

< (G iea) [l - volPas 2 [ o) o

2 Ay [
= (G + 50+ 5) [ It —vds

< Xl/ u(s) — v(s)|2ds, (3.12)

which implies (3.11)) as desired.

Theorem 3.4. Suppose that hypotheses F, G, 1 hold, moreover, ¢ € L*(Q,C(V)) and fe I*(r, 7+ T;V),
then there exists a unique solution u to (3.1)), which satisfies in addition,

we I, 7+ T; V)N LYQ, L®(1, 7 + T;V)). (3.13)

In fact, there exists a positive constant R depending on T, IE(||<;5||4 V)) and E(fH_T I1f(s )[*ds) such that

T+T
B(_sw ) +E( [ lu)as) < R (3.14)
T<r<7t+T T
Proof. We split the proof into several steps as follows.
Step 1: We use the Galerkin method to construct an approximating sequence. Consider the Hilbert basis
{wj;j € N} € D(A) of V such that Aw; = \jw;, V j > 1, denote by V,,, the linear space spanned by
{wi,wa,...,wy} for m € N, and then put

= Zam’j(t)wj7 (315)

where a,, ;(t) (j =1,--- ,m) will be obtained as the solution of the following finite dimensional system:

t

(@™ (t),w;)) + / (Aum(s), w;)ds + / (B (s)), w;)ds

-
t

— (@™ (), wy)) + / ((F) + duls.ur).w,) )ds

T

(3.16)
+ ((wj/ gz(s,u?)dW(s))), Vielnr+T], jel,m], P-as.
u™ (T 4+ 8) = Pno(s), Vs € (—o0,0],

where P, : V — V,, is the projector.

By the similar argument in [5], for each m € N, the stochastic ODE possesses a (local) solution
{am;(-)}7L, in [1,t,,) with 7 < ¢, (by the initial condition, the value of ay, () in (—oco, 7] is well defined).
From this, u™(-) is well-defined in [7,¢,,) (and thus in (—o0,t,,)). Next, we will give a priori estimate to ensure
that the solutions u™ is global, i.e. t,, = +oo.

Step 2: We give a-priori estimates for the approximating sequence. We first claim that, for any T > 0, the
following inequality holds:

T+T
B(_sw [urlz0) +E( [ @) < (3.17)
where R; is a positive constant depending on T, IE(||¢HC (v)) and IE(IT+T 1£(s)]|2ds).

Indeed, multiplying (3.16)) by @, j, summing those relatlons for j =1,--- ,m and applying Ito’s formula to
lu™(t)||?, we obtain that

t

@)1 +2 [ )y ds = () + 2 [ (79 + aatscumyam (o) )as (3.18)

T



/ 1925, ul)|| %2 (K, v)ds + 2/t ((Um(s),ﬁz(S,u;”)dW(s)».

By , we can rewrite as
t t o,
@1 +2 [ " 6 Bods < o)1 +2 [ ((Fo)+ (o). um()) )as

r
t

[ Mt s +2(( [ 6 mewav )

T

< lle()]* +2/ 1F(5) + Ga (s, ul) |l (s) | ds

t t
i, | ||uz@||a<v>ds+2\(( / um<s>,a2<s,u?>dw<s>))\. (3.19)
By (2.13), the Young inequality and (2.26)), we find
/ 17(5) + G s [ ()]s
_ 1
: / 17(s) + 31 (5, w1 () | paydls
. - t t
< 2! / |F(s)l2ds + 237 ' L2, / a2, vy ds + / ™ ()30 ds. (3.20)

Substituting (3.20]) into (3.19)), we obtain
t Lt t
IIUm(t)Il2+/ [u™ () ayds < 6(0)[I* + 2A7 / Hf(8)||2d8+01/ [ 2, vy ds

(w6 gasraws)) |

where ¢; = 1%2 + 2}1_1[/%1. The above inequality implies

+2

(3.21)

12, vy < max{ sup e ?lum (e +0)|2, sup e llu(t+0)]}
0<t—t T—t<60<0

<max{ sup et +0-7)% sup et +0)|}
0<r—t T—1<6<0

t+6

Sup 6279<||¢(0)||2+2X11/ £ (s)][*ds
<6<0 T

T—t<0<

+o /THG w1, vy s + 2‘ /THG (70 oo ) ) D }

t t
ol 4+ 101, + 237 [ 1T +en [ IR, s

/Tt+6 ((um(s)jQ(s,uZn)dW(s))) ‘ (3.22)

Taking supremum and expectation of (3.22]), we find

~ t t
B sup 10712, 0) < 22(WolR o) + 250 B ([ 1Fas) e [B( s a0 s
T<r<t T T 7<r<s

/ (w9t (s) ) (3.23)

By the Burkholder-Davis-Gundy inequality and (2.26)), the last term of (3.23)) is bounded by
r+6
/ ((um(s),ﬁg(s,u?)dW(sD) D

10

< max { sup €7@~ | 6(6) 1%,
0<0

+2 sup €2

T—t<0<0

+2E< sup sup e>?
T<r<t17—r<6<0

QE( sup sup >’
T<r<tT—r<6<0




40
o [ (g amavs))
: :
§2C1]E<</ ||Um(8)||2||§2(5,UT)H%z(K,V)dS) )
§261]E< s, [urllc, (V)(/ 192(s |2d3) )

1
< 3w I, w)) + 222, / B Il v, )ds. 324)

7<r< T<r<s

< Z]E( sup

It follows from ([3.23)-(3.24) that, for all ¢ € [r,7 + T1,

2 s 1012, 0) < (1012 o) + 8 [ 1T ) e [ B sup o s 29

T<r<s

where co = 2¢1(1 + 261L2272). Set

cr = 4E(||¢||%~7(V)> +4X11E</

which is finite due to ¢ € L*(2, C,(V)) and fe I*(7,7 + T;V). Applying the Gronwall lemma to (3.25), we
find, for all ¢ € [r,7 + T7,

T+T

||f<s>||2ds), (3.26)

E( sup |[lu;" ||c ) < cre?’ = Ry;. (3.27)

T<r<t

Finally, we infer from (3.21)) and (3.24) that, for all t € [r, T + T,

sup [ u" (5)[payds ) < e X w( [ 17
B s [ G bods) < E(lo0F) + 258 ( [ )

T+T
Co m
w2 [ (s i )ds 5B ( s Rl ). @29

T’I‘S

which, together with (3.27)), implies that there exists a positive constant Ris,

t
5 [ ||um<s>||2D<A)ds) < Rua, V. (529)

Combining ({3.27)) and ( -7 we obtain for Ry = R11 + Ri2.

We also need to give the following estlmate:

T+T
B _sw [l o) +E( [ leets) < (3.30)

T<r<r4T

where R depends on T, E(H¢>||C % ) and E(fH_T (s )H4ds).
Indeed, by (3.18) and Ito’s formula, we infer from ([2.26)) that

@+ 4 [ 1) 6 s
<101+ 4 [ T ((F6) + a0 6)) s 2 [ PGt v s
w4 [ @ds +4 [ )17 (760l )V ) )
<11 + 4 [ o IPIF6) + 3 s

11



#6 [ s o )ds 4 [ R ((0 ). gs.0)am ()
< o(0)]* + 4 / o™ ()17 s) + (s, 2 s
t t t
304, [ I s +3 [l @lds+a [ @F((0m(6) s a)aw (). (@31
where g3 is the adjoint operator of g. By , the Young inequality and , we obtain
[ 1 GPIS) + 3 s
< [ I I Gl LT + s s
<27 [ I GEIFE) + s +2 [ P s
< [ I GRS + 8, [P, s
w2 [ W
<ot [T + e / o o) + 23723, [, s
#2 [ IO 6 s (3.32)
where ¢3 = 2Xf1(1 + L%l). Substituting into ,
@l +2 [ P s
t t t
<10+ 257" [ IFN as e [ et +es [ L, s
[P (760, Bl ))), (3.3)
where ¢y = c3+ 3,¢c5 = 3Lf;tz + QXflLfg-l. By , we find

1, vy < max{ sup P fu(t+0)|*, sup et + 0)])
0<r—t <0<0

- t+0
<maX{ sup e?[o(t+ 0 —7)|*, sup 6479(|¢(0)II4+2A11/ 1£(s)II*ds

o<r—t T—t<0<0

t40 40
ter / ™ (s)]|*ds + 5 / Ja 12, ds

[ 1 (0. g s) ) }

Nl + 16y + 5 [ I s e [ )l

[ 1 (o) g iaw )| a0

+4

+C5/ ||u?||éw(v)ds+4 sup e??

T—t<0<0

Taking supremum and expectation of (3.34)), we infer

_ t t
B sup 1, 0) < 22101 00) + 2 B [ 17Nas) 4o [ B( sup e, ) oo

T7<r<s

12



+4]E< sup sup ¥
T<r<trt—r<6<0

[ " e ((w(5), Ga(s,um)aw (s) ) D (3.35)

where cg = ¢4 + ¢5. By the Burkholder-Davis-Gundy inequality and (2.26]), the last term of (3.35) satisfies

[ we (o)t )) )

4E< sup sup eY?
T<r<tT—r<6<0

r+6
<4E< sup / ||um<s>||2((um<s>,az<s,u;n>dvv<s>))D
T<r+0<t|Jr
r4+0
<ag( swp Pl sw | f ((um<s>,az<s,u;”>dvv<s>))\
7<r< T<r4+0<t T
1 . r+6 B 2
< SE( suwp [uE ) +SE[  sup / ((w(s), Gals,um)aw (s)) )
2 T<r<t 7 T<r+0<t|Jr
<‘}E m||4 8 E K m 201> my |2 d
< SB( s 8, ) +8erB( |l (5) 712, i ds
1 K m 4 4 !
< SE( sup 2, w)) HAE( [ () ds ) +derLd, [ B sup [l ) )ds
1 t
< 55 s Il o) +es [ B( s e o )as (3.36)

where cg = 4c7 (1 + ng). Substituting (3.36)) into (3.35)), we obtain

. t t
B su Il n) < 12(101E, o) + 50 E( [ 1701s) +o [ B( sup o )i @37

TTS

where cg = 2(cg + cg). Setting

~ T
e = 4B (loll, ) + TE( [ IFeas). (3.39)
then applying the Gronwall lemma to (3.37)), we deduce that
IE( sup [ HC V)) <crel = Ry, Vit [r,T+T). (3.39)

7<r<

It follows from (2.13)), (3.33) and (3.36) that for all ¢ € [, 7 + T] such that

(s [ as) < 28( s [ 6 s
<&(1o0)1*) + 255 [ 17005

1 m co [*
+58( s 1)+ 5 [B( s ol )as o)

< T7<r<s

which, together with (3.39), ¢ € L*(Q,C,(V)) and f € I*(t,7 + T;V), implies that there exists a positive
constant Rgo such that

t
E(/ ||um(s)||4ds> < Roo, ViEe[r, 7+ T). (3.41)
Combining (3.39) and -7 we obtain
t
E( sup Hum”C (v —HE(/ ||um(s)4ds) < R:=Ro1 + Roy, Ve [r,7+ 1T, (3.42)
T<r< T

13



which implies (3.30) as desired.
Step 3: We prove the existence of solutions to Eq. (3.1) by using the monotonicity method. Indeed, by
Step 2,
u™ is bounded in LY(Q, L= (1,7 + T; V) N I (r,7 + T; V) N I*(,7 + T; D(A)),
u™(7 4 T) is bounded in L*(Q; V).
By (B2), (3.39) and (3.40), B(u™) is bounded in I%(r,7 + T; (D(A))*). Moreover, by (2.26) and Step 2,
a1 (t,u) is bounded in I?*(r,7 +T;V),
Go(t,ui™) is bounded in (7,7 + T; L*(K,V)).
Thus, there exists a subsequence u™ (still denoted by itself) and five elements
u€ LY L® (1,7 + T;V))NI*(r, 7 + T; V)N I*(1,7 + T; D(A)),
ue L2(Q; V), v € I2(1,7 +T;(D(A)*), k1 € I2(1,7 +T;V) and ko € I*(7,7 + T; L?(K;V)) such that
u™ S ouoin LYQ, L®(1, 7 + T V),
u™ = in I, 7 +T;V),
u™ = in I*(r,7 +T; D(A)),
u™(T4+T) —p in L2(Q;V),
— Au™ — B(u™) — ¢ in I*(r,7 4+ T;(D(A))*),
gl(ta Uzn) — K1 in 12(7_7 T+ T V)a
Go(t,u™) — Ky in I*(1,7 4+ T;L%(K,V)).

As in [19], we extend Eq. to an open interval (=0 + 7,7 + T + §) for any § > 0 such that all terms
are equal to 0 outside of the interval [, 7 + T

Let 1(t) be a function in Wh4/3(—§ 4+ 7,7+ T +§) with ¢(7) = 1. Put w;(t) = ¥ (t)w; for all integers j > 1,
where we recall that {w;} is the Hilbert basis of V' such that {w;;j > 1} C D(A). Applying the Ito formula to
the function (u™(t),w;(t)), we obtain

T+T w. (s +T B
e+ D)y + 1) = @)+ [ (), B2 [T T (s) = Blum(s), s o) ds

T+T - T+T
+ / ((F(s) + G (s, u™), w5 (5)) ) ds + / ((w; (). Fols, u)dW(s))).  (3.43)

Taking limit of (3.43)) as m — oo, we refer to the similar calculation as in [39, Theorem 2.6], then

T+T _

T+T w.i(s T+T

—/T (u(s),dés()>ds:(¢(0),wj)+/7 <L,wj>¢(s)ds+/T ((F(s) + m1(s), wy) )y (s)ds
T+T

+ / 0(5) ((wy, ma(5)AW (5))) — (s wy)ib(r + T). (3.44)

Consider a sequence of functions {¢} such that ¢, — 1(; ;4 7) and the time derivative of ¢} tends to v; weakly
as k — oo. We use ¢, in (3.44)) to replace ¢ and then let k — oo, we find that

(u(t), w;) = (6(0),w;) +/ (1(s),wj)ds +/ ((f(s) + k1(s),w;))ds +/ ((wj, k2(s)dW (s))) (3.45)

for all t < 7+ T with (u(T +T),w;) = (1, w;) for all j > 1, then

u(t) = ¢(0) +/ (e(s) + f(s) + k1(s))ds +/ Ka(s)dW (s) (3.46)

with u(t+T) = p.

14



Let o(t) = f: ||y(s)||2D(A)ds, where y € I?(r,7 + T; D(A)) with y(7 + s) = ¢(s), s < 0. Applying Ito’s

formula to the process e~ ||lu(t)||? and e=72®) ||u™ (t)||? respectively, where ¢ is the same as in Lemma

B uol?) =5 (o) - ( [ t 7o)y )]s )
+ 21@( / ool (W(s), u(s)>ds> + 2]E< /T el ((f(s) + ok, u(s)))ds)

t
+E</ e_”9(3)|/@2||%2(K,V)ds>, (3.47)

B0 ) = £ (o)) - (| t 7o 9y [ ()]s

+ 2E( / e Eum(s) - Blum(s). um(s)>d8>

=0 o) ((Fls) + o), () )ds)

T

t
+E</ e_""(s)|§2(s,ug”)||%2(l{’v)ds). (3.48)

and

Define threo lements X, Yo and Zp by
X == B( [ e O o) " 6) — () P
w2 [ oA (5) - B (s s) — (o))
2 [ o Auts) — Blulo) ()~ ())s)

T

= o (6,07) o, 07(5) o ©))as)

T

t
+E( [ e, ) - ||£2<KV)ds)

t
Voo == B( [ 0ol |ds)+2E

(f
e (O R ) P R O I A s

2 =5 [ e Ny(s)n (||y<s>u2 -2 (s) (o) ) s

T

e~ 7o) (— Ay (s) — ’é(um(s)),um(s»ds)

+ 21E( / e = Tum(s) - Bum(s)), —y(s)>ds)

- 21E< / e Fy(s) — Bly(s)),um(s) - y<s>>ds)

“a( [ ere0 (@t o) -s))is) w26 [ (e -u) o)
+ E( / RS (7205, 90) = 2025, u), Ga(s, ys)))y(Kﬂv)@).

We infer from the above equalities that X,, = Y;, + Z,. By (3.3)) in Lemma [3.2] and (3.9, we have X,, <0,

0 > liminf X,,

m—0o0
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> E( / ey (3) oy () — y<s>2ds) ; 2E< / o) 1, us) - y<s>>ds)
~o( [ o) (— Ay(s) — Bly(s)uls) — (o)) :)

+ 21E< / et (52 = 5o ), uls) - y(s)))ds> + E( /T o) sy gg(s,ys)n;(Ky)dS) (3.49)

Taking y(t) = u(t) in (3.49)), since e~ 72" is bounded with respect to t € [r, 74T, we find that ro = Ga(t, uy), t €
[r,7 + T]. By (3.48]), we derive

Vo =B 01 ) - 5ol ) - 26( [ oo ((Fio), w(@))as), 60

which, together with (3.47)), implies

i ¥, > 520 u(s)|?) - £(lo0)1?) - 26( [ et (e uts))as)

- E( / e () o ||u<s>|2ds) 4 2E< / oot u<s>>ds)
+2IE( / te"g(s)(<m,u(s))>d5) +]E( / te"9(5)||§2(5,us)||%2(K7V)ds>. (3.51)

Sy

Besides,

tmint Zy > 5 ( [ oe 0 y(6) ) (W~ 206t s ) + 28 ([ 700 g5

m—o0

- [ o)~ Ay(s) — Bly(s)), u(s) — yio)ds)

- zE( / e (G, o) - y(s)))ds) T QE( [ (. —y(s)))ds)

+ IE(/: e—e(s) ((ﬁz(s, Ys) — 292(s, us), g2 (s, ys))>£2(K’V)ds>. (3.52)

Therefore, by (3.49)), (3.51) and (3.52), we have

0 > liminf X,,, = liminfY,, + liminf Z,,
m—00 m— o0 m— o0

> E( / e [y ()[Buls) — y<s>|2ds) ; 2E< / et 1, us) - y<s>>ds)

w2 [ 7o (o = utos o) = ytoa)) ) =22 [yt B ) = (s
+ E( /Tt e 7o) l92(s,us) — ga(s, ys)|%2(K,V)d3>- (3.53)

We further obtain

t
OgE(/ e || (s, us) — G2 (5, ys)| 22 KV)ds>

<2E</Tte“’9”<—~() B(y(s)), u(s) - (s)>)
w2 [ e (3105.0) — auls) —o(9)) )t )

~o( [ =0 (1 u(s) — s >>ds> +JE< / Oy o)l - u(9)Pds ). (3.5)
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Let y(t) = u(t) — 92(t) with for any z € I2(r, 7+ T3 D(A)) A I4(r, 7 + T; V) and 9 € [0, 1], then
0< 2IE( / t e 70N (— A(u — 92) — Bu — 92), 192>ds>
+ 2]E< / oo (305,00 = 02) = 1, ﬂz))ds) (3.55)
o [ e ) + oo [y o).

Dividing by ¥ on both sides of (3.55)), and then letting ¥ — 0, we have

E(/:ef’@“)(w Au(s) + 'B(u(s)),zms) +E</: e=oe(s) ((m - gl(s,us),z))ds> <0. (3.56)

Since (1,7 +T; D(A)) N I*(7,7 + T; V) is dense in I*(r,7 + T; V), we find

e~ 7s) (L + Au(s) + B(u(s)) + k1 — §1(5,us)) =0, ae. te€[r,7+T], we (3.57)
Note that ko = ga(t,us), t € [7,7 + T, we can rewrite (3.46) as

t t
+ / Au(s)ds + / B(u(s))ds
’ t ’ ¢

= ¢(0) —|—/ (f(s)+g1(s,us))ds +/ g2(s,us)dW(s), a.e. t € [1,7+T], w e Q. (3.58)

Therefore, the existence of a weak solution has been proved.

Step 4: We derive the estimate (3.14). For each n € N and T" > 0, we can define a stopping time 7" as
follows.

t
= inf {t <THT: Ju™(@)]? +/ [u™(s)|Bayds > n} (3.59)

For fixed m, the sequence {7/*;n > 1} is increasing to 7 + T. By (3.42)) and (3.59)), we obtain

tAT,),
IE( e[Sup ||u:,n||é7(v)) +E(/T ||um(5)||4ds> <R, Vte[r,r+T]. (3.60)

re[r AT

Thanks to (3.60) and Fatou’s lemma, we deduce that (3.14) holds for every T > 0.
Step 5: We prove the uniqueness of solutions to Eq. (3.1]). Let u,v be two solutions of Eq. (3.1]) with the

same initial condition u(s) = v(s) = ¢(s —7), s < 7, and let W := u — v. For every n € N and T > 0, we can
define a stopping time T;, by

t
= inf {t <7+4+T: / H’U(S)HQD(A)CZS > n} (3.61)

In addition, let ¢(t) := e —o J7 llv(s) ”D<A>ds, where o is given by (3.3) in Lemma and E( f ||’U HD(A)dS) is

finite due to the steps 2-3. Applying Ito’s formula to the process g( Y[w(#)]|?, we infer from in Lemma
that

tAT),
S(tAT)[[w(t AT)|* = U/ NOIEO!N OIS
Aw(s) = B(u) + B(v),w(s))ds

42 W(s), (Ga(s, us) — 52(5,05))dw<s)))

ST
+2/MT’L 91 Sy Us) — ﬁl(s,vs),w(s)))ds
[
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tAT),
[ s ) = Balss 0 v ds
Tt/\T,,, tAT,
< [ @ hads+2 [ (300 - Gl 0w() )ds
! tAT, !
w2 [ (@), @l ) - Galo,v)aw ()
AT,
[ Sl ) = Galos ) sy (3.62)
Taking supremum and expectation of (3.62), we find

t
E( sup g(r/\Tn)||w(7“/\Tn)|2> —HE(/ g(s/\Tn)Hw(s/\Tn)||2D(A)ds>
T<r<t T

<o s | [ (@m0 - 000 009) )|
(s | [ o) (0060, @) - s, )W () ) )
5 s | [ o)~ G ] ). (3.63)

The Young inequality and (H5) imply

2E ( sup

T<r<tAT,

/ qu)((m(%) ~ G1(s,0.),0(s)) ) ds )

<x( | () — s wlas) +5( | o (o)) s

< (Cy, + E ( /: (s AT |w(s AT,) |2ds)

< (551 + 1)E</t sup (0 AT,)|[w(8 /\Tn)||2ds>. (3.64)

r<6<s

By the Burkholder-Davis-Gundy inequality and (H5), we have
2IE( sup / () (((s), (G2(5. 1) = Gals, v,)) AW (5)) ) D
T<r<tAT, T

< 2IE<( L (TNl 1) ~ o) ) ) §>

tAT, %
< 2E< sup 2 AT AT [ SN0 = B0 s )
T<s<t T

1 tAT), _ _

< 2E< b <(s AT (s AT, >||2) cen( [ sl ) o) e s)
1

< IE( sup <(s ATy)|[w(s ATy)l > +011C’92/ ( sup (0 AT, )|w(9/\Tn)||2> ds, (3.65)
2 T<s<t 7<0<s

where c11 = 2¢%,. By (H5), the last line of (3.63)) is bounded by

)

T
E( sup | [ <Tals. 1) — Gols. 0] B v s
T<r<tAT), T

tAT,
< E(/ (s)llg2(s, us) — ga(s, vs)liz<K,V)d8>
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< 552 /tIE< sup g(&/\Tn)Hw(G/\Tn)Q) ds. (3.66)

7<60<s
It follows from ([3.63))-(3.66) that

t
IE( sup g(r/\Tn)|w(r/\Tn)||2> §012/ IE( sup g(@/\Tn)||w(0/\Tn)||2>ds, VtelrT+T],

T<r<t T7<0<s

where c12 = 2(C~'§1 + 1+ 0116’% + 6’52). The Gronwall Lemma, together with 0 < ¢ <1, implies

IE( sup ||w(r/\Tn)|2> =0,Vte[r,r+1T],

r<r<t
and thus,
u(r ANT,) =v(r ANTy), ae., w € Q.
Furthermore, by Markov’s inequality,

P(T, <7+T)= </ o |D(Ads>n>_ B2 10Ol s )

n

We infer from E(f: ||v(s)|\%(A)ds> < oo that T,, — 7+ T as n — co. Therefore, u(r) = v(r), a.e., w € Q for all
r <7+ T. The proof is concluded. O

4. Stationary solutions and their stability results

In this section, we are concerned with existence, uniqueness and stability properties of the stationary solutions
to (I.1). For this end, we need to assume that f(t) = f € (D(A))* (ie. f(t) = f € H1(0)), which is
independent of the time.

4.1. Existence and uniqueness of stationary solutions

We now cousider the abstract equation associated to Eq. (1.1)):

Z—? + Au(t) + B(u(t)) = f + it ue) + 52(’571“)%

u(t) = ¢(t),t € (—o0,0].

t
L Vt>0, 1)

We denote by u(t) := u(t; ¢) the solution of ([1.1)) with 7 = 0, where ¢ = ug.
By a stationary solution to (4.1), we mean a constant solution (in other words, an equilibrium point) of
(4.1). Therefore, us, € D(A) will be a stationary solution if formally

~ ~ ~ ~ dW
At + B(uco) :f—i—gl(t,uoo)—l—gg(t,uoo)ﬂ, Vi>0. (4.2)

However, this equation depends on ¢ and a noisy term. Therefore, we would need to assume that g; and g
would not depend on ¢, moreover, to get rid of the noise, we must assume that ga(t, us) = 0.

Consequently, we will focus on the existence of stationary solutions for the deterministic equation (i.e. go =0
in (4.1))) which will be any u., € D(A) such that

At + Bluse) = [+ g1t uss), V120, (4.3)
and then analyze the behavior of the solutions to (4.1)) around these stationary solutions of (4.3)).

Now, in order to study the existence of solutions to (4.3]), we have to restrict ourselves to assume that for
constant elements £ € Cy(V), gi(t,€) (¢ = 1,2) can be rewritten as

Gi(t.€) = Gi(€") i £(s) = € ¥s < 0, (1.4)
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where G; : V — V with G (0) =0, Go:V — L?(K,V) with 62(0) = 0, they are Lipschitz continuous, that is,
there exist Lz >0 (i =1,2), for all n,( € V]

1G1(n) = G1 (Ol < Lg, IIn — <, (4.5)
1G2(1) = G ()l c2(xvy < L, lln — ClI- (4.6)

For example, if g; (i = 1,2) are driven by unbounded variable delay, defined by
?71‘(7575) = éi(g(_h(t)))a 1 =1,2, (4'7)

with G; satisfying conditions (£.4)-(£.6), where h € C([0,400)),h(t) > 0 and h* = sup;>o A'(t) < 1. In this
case, the delay terms g; (i = 1,2) in our problem become §;(t,u;) = Gi(u(t — h(t))).
Another example is the case of infinite distributed delay, that is, the delay terms g; (i = 1,2) are defined by

0 ~
Gi(t.€) = / Ha(s,€(5))ds, (4.8)

where H; : (—00,0] x V — V with Hy(s,0) = 0, and Hy : (—00,0] x V — L2(K, V) with Hy(s,0) = 0 are
measurable, and they are Lipschitz continuous with respect to their second variable, that is, there exist L ( )€
L?(—00,0) (i =1,2) with Ly (-)e” (+0) ¢ L?(~o0,0), for certain 6 > 0, such that for all s € (—00,0],7 C vV,

1 (s,m) = Ha(s, Ol < Ly, ()llm = €Il (4.9)
[Ha(s,m) = Ha(s, Ol c2se.v) < Lag, () ln = ¢l (4.10)

In this case, we can rewrite the delay terms g; (¢ = 1,2) in our problem as g; (¢, u;) = f?oo Hi(s,u(t+s))ds (i =
1,2).

The above both situations are within our framework, the conditions (H1)-(H5) are fulfilled for the infinite
distributed delay in C., (V') for v > 0, but not necessarily for the unbounded variable delay. However, conditions
(H1)-(H5) are satisfied for both delays in C_ (V).

Now, we are interested in studying the existence and uniqueness of a stationary solution to Eq. (4.3).

Theorem 4.1. Assume that the above assumptions and notations hold. If A1 > Lgu then:

(a) For all f € (D(A))*, then there exists at least one stationary solution to ([@.3), which belongs to D(A) if
fev; ~ o

(b) If (1 — A\ 'Lg,)% > AT Y| f|l, then the stationary solution to is unique.

Proof. We can prove this result by using the same method as in [I4, Theorem 10] (or [I3] Lemma 3.2]), which
is based on the Lax-Milgram, the Schauder theorems. Therefore, we omit the details. O]

4.2. Local stability of stationary solutions

In this subsection, we will prove the local stability of stationary solutions to (4.3) for general delay terms
by using a direct method and then apply the abstract results to two specific situations.

Theorem 4.2. Suppose that the same hypotheses and notations in Theorem and Theorem hold. In
addition, let

~||fH

2\, >

+205, + C2,. (4.11)

1 g1

If u(-) is any solution of Eq. (4.1), us is the unique stationary solution of Eq. (4.3) and w(t) = u(t) — U,
then

B(Jw) < E(le@) + (¢ +¢2) [ 0@E(||¢<s> ~ e [?) ds. (4.12)

20



Proof. Applying Ito’s formula to |Jw(t)||?, we obtain

lw(@®)]* = [[w(0)]]* + QA (=Aw(s) = B(u(s)) + Blucs), w(s))ds

- Q/Ot <<§1(s,us) - 51(s,uoo)7w(s)>)ds - Q/Ot <(§2(s7us) - 52(s,uoo),w(s)))dW(s)

t
+ / [G2(5,1s) = Ga(s, thoo) |72 (1.1 s
0

Taking expectation of (4.13]), thanks to Fubini’s theorem,

B(jw®I) +2 [ ()b )ds = E()) -2 [ B((Bu(s) - B, w(s)

+ 21E</0t ((gl(s, ws) — 15, o), w(s)))ds)

[ B(17a0000) - Bl B )
By (2.13), (B2) and (3.7)), we deduce
_2/0 E((E(u(s))—E(uoo),w(s)>)d8: —2/0 E((E(um,w(s)),w(s)))ds

t
< 2’5/0 E(||uco | lw(s) 1B ay)ds

Nl

< 2N,

By , (2.26) and , we find
ool 4y = (Atioo, tioo)
((f uoo)) + ((91(¢, too)s Uso))

~_ 1 ~ ~
<AL I Mllusellpeay + AT Ly luce B ay.

which, together with Xl > Lz, , implies that

~ 1 ~
ANl
[tosllD(a) < llﬁ
— M Hg
Thanks to (4.16)-(4.17)), we can rewrite (4.15) as
"B((5 5 222 AL [
—Z/E B(u(s)) — B(uso ), w(s ds < =L 121 E(||w(s)||? ds.
[ E((B(u(s) ~ Blus),uw(s)) g, J, Bl

t
/O E(lteo oty [10(5)][ 1))

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

We now estimate the last two terms of (4.14) respectively. On the one hand, by (H4), (2.13) and the Young

inequality, with ¢y > 0 to be specified later on, we deduce

25 [ (@166 = o). w) s

t
~_ 1 . ~
<2 [ E (o) =3 s wl s) ) ) s

t

1t _
S%/O E(||w(5)”2D(A))dS+€o>\1 1051[ ]E(||w(s)||2)ds
I - 0
< & [ B )as+ari e ([ B(lo) - ul?)as
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t
3l ds). o)
On the other hand, by (H4) and (2.13), we find
t 2
/O IE(IIgz(s,us) - gz(s,uoo)Hm(K’V))dS

<cz ( / OOOE(||¢<3> ) ds + 37 tE(nw(s)H%(A))ds) (4.20)

It follows from the above inequalities that
220 IS

B(lu@l?) < E(lu@?) + (2]

(/OtE<|w(s)||2D(A))ds> + (oA ' C, +O§2)/0001E(|I¢(s) fuooHQ)ds

1 ~ ~
+ : + 6(])\;20?]«21 + )\;102 — 2) X
0

92

~ 22 f] by ~ ~
<e(lu) + ' (2 2y e 4 eg, -2 )«
— M Hg

(/OtE(|w(s)||2D(A)>ds> +(coh; O + 052)/0001E(||¢(s) —usl?)ds. (421)

In order to minimize the right-hand side of (4.21]), we choose ¢y = Xl CEZ ! such that 5—; + EOXfngl achieves its
minimum value 2C5,. Then, by (4.11), we have (4.12) as desired. O

In what follows, we will discuss the local stability of stationary solutions to (4.3) when the delay terms have
particular forms in C_,(V), and establish some sufficient conditions in the next corollaries. In this way, it is
much easier for us to check the conditions than (4.11)) in practical application.

Corollary 4.3. Under the same hypotheses and notations in Theorem[3.4) and Theorem[4.1] let the delay terms
Gt 1) = G (ult — h(1))(i = 1,2) satisy (L5)-@), moreover,
~ w1
o5 > 2L 20l + LG,
1 = ~
1-X\"'Lg 1—h*

(4.22)
is satisfied. If u(-) is any solution of Eq. (4.1), us is the unique stationary solution of Eq. (4.3) and w(t) =
u(t) — Uoo, then

E(lo(®)]?) < E(lw(0)]?) + - hl) Q_L,f: t 1 / OOOE(|¢><s> e ?) ds. (4.23)

Proof. Taking h = s — h(s), we obtain ds = 1/(1 - h'(s))dﬁ < 1/(1 — h*)dh. Then, by ([.5), it follows
t t ~ ~
/0 152(5.102) — G (s, vs)|%ds = / 161 (s — h(s))) — G (v(s — h(s)))|*ds

< 15, [ lhuts = h(s) = o(s = h(s)) s
Lz

t

<o [ s~ o), (4.24)

1—h* J_
Let Cy, := \/%, we deduce that, there exists Cj > 0 such that the first inequality in (H4) holds. Similarly,
L=

there exists Cg, = \/1572}1 > 0, such that the last one in (H4) holds. Thanks to (4.22), we find

- oyl

o > AL 2A=R) g + 1,
b= 1—XI1L§1 1—h*
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22| f|

> ———— +2C;, + C2, 4.25
1- A\ 'L, - (425
which implies (4.11)). Therefore, by Theorem we obtain (4.12) as desired, and thus,
0
B(Jw)) < B(le@) + (T +€3) [ E(l6(s) - usc])ds
(1—h*)3Lg +L% o

< 2 1 [P _ 2 .
<B(leOF) + —— == [ B(l6(5) — el . (4.26)
The proof is concluded. O

Corollary 4.4. Assume that the same hypotheses and notations in Theorem [3.4] and Theorem [{.1] hold. Let
the delay terms g;(t,u) f 7—[ (s,u(t+ s))ds (i =1,2) satisfy (4.8 . -, moreover,

X 2¢] £
2\ > T 2| Lz, 122 (=00,0) + 1247, 12— 00.0) (4.27)
— M g

holds. Ifu(-) is any solution of Eq. (4.1)), uss is the unique stationary solution of Eq. (4.3)) and w(t) = u(t) —teo,
then

B(Ju)1?) < B(leO?) + (127,20 + 125, B2 e0) [ 0 E(Haa(s)—uoon?)ds. (4.28)

Pmof The proof is similar to the one of Corollary It follows from and ) that there exist
= |IL7,lL2(~00,0) > 0 (i = 1,2) such that (H4) hold, and then by (4.27), we obtaln (4.11). By Theorem

we deduce ([.28) as desired.

Remark 4.5. In the case of infinite distributed delay, we can prove not only stability of stationary solutions in
C_ (V) (see Corollary even in C,(V'), but also their exponential asymptotic stability will be established
as follows.

4.8. Exponential convergence of stationary solutions
Under suitable assumptions, we prove that the solution «(t) to problem (4.1)) with infinite distributed delay
converges exponentially to the unique stationary solution us, of Eq. (4.3)) in C (V') for v > 0.

Theorem 4.6. Assume that the same hypotheses and notations in Theorem[3.4 and Theorem[{.1] hold. Let the

delay terms g;(t, uy) f Hi(s,u(t+s))ds (i = 1,2) satisfy (&9 ([.9)-([-10), and moreover, there exists a constant
0 < p < 2v such that for all t >0,

- 27| f|
pys UL
- )‘1 L§1

_1 _ : 1 _ :
+2(20) 72 [|Lg, (D™ O L2 (—oo0) + %HLQZ(')e O | L2 oy T (4.29)

is satisfied. If u(-) is any solution of Eq. (4.1), us is the unique stationary solution of Eq. (4.3) and w(t) =
u(t) — oo, then

1 1
) <e S 3| Lo (e~ Orte)
E(lw@)?) < e (14 5= (@031, (e ey
L3, O™ e i) JE (16 = sl 1)) (4:30)
and

_ 1 1 _ )
]E<||wt||2cw(v)) <e ¥ (2 + 27_p)((2p)2 1Lz, (Ve |2 oo 0

p(2y
1L, (e o) JE(ll6 = sl ) ). (431)
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Proof. Applying Ito’s formula to e?!|jw(t)||? with 0 < p < 2, we find, for all ¢ > 0,
¢
O = [ +p | e fu(s) s
t
/ e (—A(w(s)) — B(u(s)) + Blus), w(s))ds
0
t o _ _

/ oPs ((/ (’Hl(r, u(s+r1)) — Hi(r, uoo))dr, w(s)))ds
0 —00
t o B
—|—/ ePs / (7—[2(T,u(s + 7)) — Ha(r, uoo))dr‘
0 —00

+2/0t eps<(w(s), (/OOO Holr,uls +7)) %(num)dr)dw)). (4.32)

Taking expectation of (4.32), then using (2.13), we obtain

E (e w(®)]?) + / B ) ds

. t
< B(l0 = unl,m) + 037" [ B Tl )ds

+ 2
+2

2

L£2(K,V)

- Q/OtE(eps<§(u(s)) ~ Bluse). w(s) )ds
+ 2E</Ot e”s((/o (Ha(ryu(s + 1)) — Ha(r, uoo))dr,w(s))>ds>

t 0 _OO~ . 2
+ ]E(/O e /_OO (Ha(r,u(s + 1)) — Ha(r, U/OO))dT’ LZ(K,V)dS) (4.33)
Thanks to (4.18]), we deduce
t 1
_2/0 E(eps<§(u(s)) _E(uoo),w(s»)ds < % (epSHw(s)H%(A))ds. (4.34)

By (2.13)), (4.9) and the Young inequality with € > 0 to be specified later on, the fourth line of (4.33)) is bounded
by

(/O (Ha(r,u(s + 1)) — Ha(r, uoo))dr,w(s)))ds>
<o tm( [ ([ ra et + 0lar) o louaas)
<are( [ o / OOO Ly, (s + n)lar) as) + ze( [ t ey )

~ 1 t
= e+ €I[*](/O eps|w(s)||%(A)ds>, (4.35)

where I is estimated as follows. By the Holder inequality,

I E(/te“(/_ooo (7“)|w(s+r)|dr)2ds)

2
eps 7_7 (T)€77T||wsHCW(V)d’/‘) ds)

0

2
E( ep HwSHC (V)(/ Lﬁl(r)ef(VJrP)reprd,r) ds)

0 0
e” st||c W) (/ L%l(r)e”w*p)rdr/ ezprdr)ds>

— 00

<E
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1 s b
< 5l O ||%2(_oo,o>E( [ wsnamds)

1 _ :
;plngl(‘)e O | L2 o0y X

IN

t
]E(/ e’ max{ sup e7?|jw(s + 0)||?, sup 6279|w(s+9)||2}d8>
0 0<—s 0

€[—s,0
1 2 K —(2v— 2
< L, e o [ ( 36— |

+ A7t ; S[up ) e(21=P)0oP(sH0) |15 4 0)|D(A)>ds> (4.36)
€l|—s,

Thanks to (4.10)), we obtain the following result by using the same method in (4.36):
t 0 . . 2
E(/O ePs [m (’Hg(r,u(s +7)) — Ha(r, uoo))dr‘ LQ(K,V)ds>

SE(/Oteps</ooo LﬁQ(r)Hw(s—Fr)Hdr)?ds)
SE(/Ot ePS(/OOO L%(r)e7T||ws||cw(v)dr>2ds>

1 _ . L
< %llLﬁz(.)e (v+p) ||%,2(oo,0)]E</0 (e (2v p)sH(b_ UOOH%‘V(V)
—I—Xfl sup e(?7=r)0 ep(5+9)|\w(s+9)||D )ds ) (4.37)
0e[—s,0]

Substituting (4.34))-(4.37)) into (4.33)), then by 0 < p < 2+, we have

2| £l
I 2p)\1

_ : A
1L, (e O 2o+

E(e w®)]?) < E(llé — uxlZ, ) +Xfl(

1 . t
—|L~ (e~ Orte)2, — 92\ /E pr 2 d
+ o O ey + o= 20 ) | B( o {e ) ) ds

1/~ _ . _ .
+ %<€)\1 1HLﬁl(')e (rte) ||2L2(—oo,0) + ||Lﬁ2(')€ (rte) H%z(—oo,o)) X

t
B0 —unlt,w) [ e (438)

Notice that

. é A1 _1 _ .
min {5, O sy + 2} = 220U, OO (439)

which is achieved by é = (2p)% Ml Lg ( )6_(7+p)'||z21

(A30) holds.

By (4.30] - and by 0 < p < 27, and thus e?7=?¢ < 1 when 0 < 0, we find, for all t > 0,
E(llwill2, v)) = E( sup e fu(t + )|
0<0

:E(max{ sup  €2?)|o(t +0) — uso||?, sup eQwHw(t—F@)HQ})
0€(—o0,—t] 0c[—t,0]

(—o0,0) Then, we infer from (4.38]), (4.39) and (4.29) that

= B max {27l —uocllZ vy, sup_e*ut+0)]?})
0e[—t,0]

_ _ 1 1 _ .
<maxq e ME( 16— uslE, 1) ) e (14 55— ((20)7 L5, (e T |2 —so )
(V) 2 _p) 1

p(2y
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1L, (Ve O 12 0)) JE(ll9 = el 1)) }

1 1
< *”t(2 — ((2p)2 || Ls (e e
= T op - p) (20?127, (e [£2(~00,0)
+ |\L7_~L2(.)e*(v+p)- ||2L2(—oo,0)))E(H¢ - uoo||é7(v)>_ (4.40)
Therefore, the proof is complete. .

Remark 4.7. In Section we only analyzed the stability (rather than asymptotic stability) in the case of
unbounded variable delay and proved in the current subsection the exponential stability in the particular case
of distributed delay in C, (V). Therefore, next, we are interested in studying the asymptotic stability for such
variable delay in C_. (V). More precisely, on the one hand, we will prove the asymptotic stability by the
method of Lyapunov functionals construction. On the other hand, we will prove the polynomial asymptotic
stability with proportional delay, which is a particular case of unbounded variable delay.

4.4. Asymptotic stability: the Lyapunov functional method

In this subsection, we first investigate the asymptotic stability of the trivial solution of the following abstract
nonlinear stochastic partial functional differential systems by constructing suitable Lyapunov functionals. In
the last part of this subsection, we will apply the abstract results to Eq. (|1.1f).

Now, we consider the following problem:

(4.41)
u(t) = ¢(t), t € (—o0,0],

{ du(t) = (A(t, u(t)) + Fi(t, ug))dt + Fa(t,u)dW (t), Vte[0,T],
where A(t,) : D(A) — (D(A))* satisfies (A(t,u),u) < 0, for all u € D(A), Fi(t,:) : C_o(V) — V and
Fy(t,)) : C_oo(V) — L2(K,V) satisfy the following conditions: F(t,0) = Fy(t,0) = 0 and they are Lipschitz
continuous, that is, there exist L >0 (i = 1,2) such that for all t > 0 and n,¢ € C_o(V),

IF1(t,m) — Fu (0l < L In = Clle_ oy
1Ba(t,m) — Ba(t, Ol c2ievy < L lIn = Clle_ e v)- (4.42)

By the similar estimates as in Section |3 the well-posedness of (4.41)) can be proved. Fixed T' > 0 and
given an initial value ¢ € L?(Q, C_(V)), a solution to (4.41)) is a stochastic process u € I%(0,T; D(A)) N
L2(Q, L%°(0,T;V)) satisfying

u(t) = ¢(0) —l—/o A(s,u(s))als—&—/O Fi(s,us))ds

t 4.4
—|—/ Fs(s,us)dW(s), P —a.s., Vtel[0,T], (4.43)
0

u(t) = ¢(t), t € (—00,0],

where the first equation is understood in (D(A))*.
We denote by u(-; ¢) the solution of Eq. (4.41]) corresponding to the initial condition ¢.

Definition 4.8. The trivial solution of Eq. is said to be p-stable, with p > 0, if for any ¢ > 0,
there exists & > 0 such that E(||u(t; ¢)||P) < e, for all ¢ > 0, provided that ||¢[|] := supg<o E(||¢(0)]|P) < 4.
If, besides, lim;_, o E(||u(t; ¢)||?) = 0 for every initial function ¢, then the trivial solution of Eq. is
called asymptotically p-stable. In particular, if p = 2, then the trivial solution of the system is called
asymptotically mean square stable.

Consider the stochastic differential of the process 7(t) = x(¢,u(t)), where u(t) is a solution of the system
(4.41) and the function x : [0,00) x D(A) — Ry has continuous partial derivatives:

ox(t,u) ,  Ox(t,w) ,  0%x(t,u)

/
xh = x =2 7
¢ ot ou M ou?
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Applying Tto’s formula to 7(t) we obtain
dn(t) = La(t,u(t))dt + (x',, Fa(t,us)dW (1)), (4.44)

where (-, ) denotes inner products in Hilbert spaces, and L is called the generator of Eq. (4.41)), defined by
- . 1 . .
La(t,ug) =z, (t,u(t)) + (), (t, u(t)), A(t,u(t)) + Fi(t,u)) + St (xZu(t,u(t))FQ(t,ut)QFQ* (t,ut)>.

We then apply the generator L to some functionals U(t,€) : [0,00) x L?(2,C_o(V)) — R,. In addition,
assume that U(t,&) = U(t,£(0),£(0)),0 < 0, and for £ = uy, then set

Ue(t,u) =U(t,&) =U(t,u) = U(t,u,u(t +0)), <0,
u=&(0) = u(t). (4.45)

Let D be the universe of functionals which satisfy conditions (4.45)). Any functional Ue(t,u) € D has a
continuous derivative with respect to ¢t and two continuous derivatives with regard to u. Then,

Ue(t,ult)) _ /0Ue(t, u(t))
ot + < ou

+ ltr(Wﬁg(mtwﬁg(t,w).

2

LU(t,u;) = VAt u(t) + Byt )

Thanks to Ito’s formula, we obtain, for functionals from D,

E(U(t,ut) —U(s, u5)> - /tIE(LU(r, ur)>dr, t> s (4.46)

In the next proposition, we generalize the idea of Shaikhet in [38, Theorem 2.1] to the infinite delay version
of stochastic partial differential equations. Let us now prove the following result which plays an important role
in our stability investigation.

Proposition 4.9. Suppose that there exists a continuous functional U(t,£) : [0,00) x LP(Q,C_(V)) — R4
such that for the solution u(t) of problem (4.41) and p > 2, the following inequalities hold for some positive
constants (i1, fto and ps,

EU(# ur)) = mE(([u(®)]?), V=0,
EU(0,9)) < pallolf,

E(U(t, 1) — U(0, $)) < —pu A E(||u(s)|[P)ds, ¥ ¢ > 0. (4.47)

Then the trivial solution of equation (4.41) is asymptotically p-stable, that is,

Jim_ E(Ju(®)]") = 0. (1.43)
Proof. We infer from that
mE([u®)]?) < EU(t w)) <EU0,9)) < p2llllf = p2 zgrg]E(IW(@)Hp)» (4.49)

which proves the trivial solution of equation (4.41) is p-stable. Taking supremum of (4.49) with respect to t,
we find

M2

sup E([|u(t)[[7) < ==[|¢]. (4.50)
t>0 M1

Thanks to the last two lines of (4.47)), we obtain

| Euts)1ds < -LB@0.0) < o]t < o (451)
0 K3 M3
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Applying the generator L to the function U(t,u¢) = [|[u(t)||?, by the Young inequality and (4.42), we have
LU(t,u,) = Lu(@®)|” = pllul~?(A(w), u) + pllulP~>(Fi(t ), w)
D2 s, ) ey + P 2 P2 s, 1) v
< w2 (Bt ) ) + P2 ) 2 B ) 2o s

< gl 21 ) - ) + P22 a2 Bt )2
< Doy + L2 P2l + P, ) Pl
= Slla@®IP + a2 v
< (2+a)lu®l +alull?_ o,
<(Bra+a)lull v = alull ) (4.52)
where ¢ = pL2 + p(p 1)L2 G =<4 (’;72) and & = 2%1. The above inequality implies
E(LU (t,ur)) < EB(||uel[? ) = 6 < o0, (4.53)
Combining and , we obtain, for any ¢t > s > 0,
[E(lu(®)17) = Elu()|")] < é(t =), (4.54)

which implies that E(|u(r)|?) is Lipschitz continuous, together with (4.50) and (4.51)), shows that E(||lu(¢)||”) — 0
as t — 4o00. This completes the proof.

We state our asymptotic stability result by applying the previous abstract results to our model in the next
theorem.

Theorem 4.10. Assume that the same_hypotheses and notations in Theorem [3.]] - and Theorem [{.1] hold. In
addition, let the delay terms §;(t,us) = Gi(u(t — h(t)))(i = 1,2) satisfy @5)-@E7), f =0 and

*\: 7 _ 2
2(1—h)3Lg + L%

22 >
A 2 1—h*

(4.55)
Then us = 0 is the unique stationary solution to problem (4.3). Moreover, the trivial solution of (4.1) is
asymptotically mean square stable.

Proof. We first infer from the assumption f: 0 and Theoremthat Uso = 0 is the unique stationary solution
to Eq. (4.3). We then let

(1-h7)iLg + L% 0
Ult.€) = €I + e [t P (4.50
1—-h —h(t)
if £ is replaced by u;, then
(1-h*)iLg + I3
() = Ju(o)? + e [ u)ds, (4.57)
1—nh t—h(t)

and then let A(t,u) = —Au(t) — B(u(t)), Fy(t,u) = §1(t,u) = Gy (u(t — h(t))), Fa(t,u) = Go(t, us) = Go(u(t —
h(t))) in (4.41)), by @.11)), [2.13), and ([4.6), we obtain

Llfu(®)|* = 2(=A(w) = B(u), u) +2((G1(u(t = h(1))), u)) + [1Ga2(u(t = H(O) 22 (x.v,
< =2ul[Bay + 201G (ult = ROl + LE [lu(t = h(D))]|?
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(1 — h*)§L§1

< —2X [l + 1 — ) IIUH2+(1—h*)%L@IIU(t—h(lﬁ))IIQJrf'é;l\lt(t—h(t))ll2
- (1—-h"2Ls .
- ( 2+ ((1_)h)g) ull? + ((1 —h*)iLs + LéZ) lu(t — h(£))]12, (4.58)

then

(1—h*)2Lg + L% ft
LUt ) = L<||u<t>||2 i — ||u<s>|2ds)
t—h(t)

1—h*
(1—h*)sLg + L% )
< Llu(t)|2 + ———— 2 u®)|* = (1 = b3 Lg, + L3, )lJu(t — h()]*
_ 20—h*)2Ls + L2
< (-2 RS (4.59)

which, on account of (4.55)), implies LU (¢, u;) < 0. Moreover, the functional U(t,u;) defined in (4.57)) satisfies
the conditions in Proposition and thus the trivial solution of (4.1)) is asymptotically mean square stable in
the sense of Definition 4.8 O

Remark 4.11. By using the method of Lyapunov functionals construction, we obtain the asymptotic stability
of the trivial solution to with unbounded variable delay. Notice that condition becomes exactly
condition when f = 0. Therefore, Theorem ensures asymptotic stability under the same sufficient
conditions which ensures only stability in Corollary [£.3] which means that the construction of Lyapunov func-
tionals may provide better stability results. Furthermore, our analysis is also valid to study the asymptotic
stability for the general case, that is, if the stationary solution is not the origin, in this case, we can shift it to
the origin by a coordinate transformation.

4.5. Polynomial asymptotic stability for a particular case of unbounded variable delay

In this subsection, we study the polynomial asymptotic behaviour of solutions to deterministic pantograph
equations. In the particular case of proportional delay, we not only prove asymptotic stability but we can
determine that the rate of convergence is at least polynomial. Now, let us consider the following deterministic
pantograph equation:

{ X'(t) = a1 X(t) + a2 X (01), Yt >0, (4.60)

X(0) = Xo,

where a;,a2 € R, and 6 € (0,1).
Recall that the Dini derivative DT F', where F is a continuous real-valued function of a real variable defined
by

F - F
DT F = limsup M
510 0

Thanks to [2, Lemma 3.4], we present the following result which is useful to obtain the polynomial asymptotic
stability of stationary solutions to (4.60).

Lemma 4.12. Let a; € R,as > 0 and 6 € (0,1). Assume that X satisfies (4.60) with Xog > 0. If there exists a
continuous non-negative function t — Y (t) : Ry — Ry,

DY (t) < a1 Y (t) + a2Y (0t), t>0 (4.61)
with 0 <Y (0) < Xo, then Y (t) < X(t) for allt > 0.
Lemma 4.13. Assume that X is the solution of (4.60). If a1 < 0 and az € R, there exists a constant
My = MQ(G/]_,G/Q,G) >0,

X(t
lim sup X (®)l = M| Xol, (4.62)
t——4o00 tﬁ
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where B € R satisfies

ay + |as]6? = 0. (4.63)

Then, for some M = M(ay,az,0) > 0,
|X(t)] < M|Xo|(141)?, t>0. (4.64)
Proof. The proof is similar to [2, Lemma 3.5], thus the details are omitted here. O

Note that the polynomial asymptotic stability of the trivial solution to (4.60|) is presented in the above
Lemma when 8 < 0. In the following, we apply the idea to derive the polynomial asymptotic stability of
stationary solution to (4.1)).

Theorem 4.14. Assume that the same hypotheses and notations in Theorem and Theorem [{.1] hold. In
addition, let the system (4.1)) satisfy f = 0, the delay terms g;(t,us) = Lg,u(0t) (i = 1,2) with § € (0,1) and
20 > 2|Lg | + L%z, then the origin is the unique stationary solution of Eq. (4.3]), moreover, any solution u(t)
of Eq. (A.1)) converges to zero polynomially, that is, there exist M = M(Lgl,ng,Xl, 0) >0 and 8 <0,

E([lu(t; 9)II*) < ME(I6]2__ )1 +8)7, t=0, (4.65)
where B satisfies —2X1 + |Lg,| + (| Lg, | + L%z)ﬁﬁ =0.

Proof. The conclusion that the origin is the unique stationary solution of Eq. (4.3)) follows from ]""V =0 and
Theorem Applying Ito’s formula to ||u(t)||?, then taking expectation, we obtain

E(u(®)][?) ~ E(lu(0)]?)
2B ([ ) oiayds) + 12 B( [ lute) Pds) + (Ll + 238 ( [ u(os)|Pas)
(230 + 12 D( [ Iuto)Pas) + (5. + 22,08 ( [ luoo)as), v i>0,

where we used (2.13). Let v(t) = E(||u(t)?), then

IN

IN

V'(t) < (=21 + | Lg, v(t) + (|Lg,| + L2, v (6t). (4.66)
By Lemmas we obtain that there exist M = M(Lgl , LgQ,Xl, 0) > 0 and 8 € R,
o(t) < Mo(0)(1+t)°. (4.67)
Since —2\; + 2| L, | + L% <0, we deduce § < 0 and

E([lu()l?) < ME(|¢l*)(1 + )7 < ME(|¢]3__v))(1+)°.
The proof is complete. O

Remark 4.15. As a matter of fact, we can take into account a more general case in the form of g;(¢,€&) =
G;(&(—(1 = 0)t)), where G;(-) is Lipschitz continuous.

5. Conclusion

On the one hand, we proved some results on the existence and uniqueness of the solutions for a stochastic
three-dimensional Lagrangian-averaged Navier-Stokes model with infinite delay. On the other hand, the stability
and asymptotic stability of stationary solutions are established. We first proved the local stability of stationary
solutions for general delay terms by using a direct method. It is worth mentioning that all conditions are
general enough to include several kinds of delays, where we mainly consider unbounded variable delays and
infinite distributed delays. As we know, it is still an open and challenging problem to obtain sufficient conditions
ensuring the exponential stability of solutions in case of unbounded variable delay. Fortunately, we obtained
the exponential stability of stationary solutions in the case of infinite distributed delay. However, we are able
to further investigate the asymptotic ability of stationary solutions in the case of unbounded variable delay
by constructing suitable Lyapunov functionals. Besides, we proved the polynomial asymptotic stability of
stationary solutions for the particular case of proportional delay.
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