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of multilayer-moment models. It considers a multilayer-type discretization where the
layerwise velocity is a polynomial of arbitrary degree N on the vertical variable. The
contribution of this work is twofold. First, we compare the multilayer and moment models
in their usual formulation, pointing out some advantages/disadvantages of each approach.

f\(/]eglvtv;;;s;_moment models Second, a family of multilayer-moment models is proposed. As particular interesting case
Vertical discretizations we shall consider a multilayer-moment model with layerwise linear horizontal velocity.
Shallow water flows Several numerical tests are presented, devoted to the comparison of multilayer and
Free surface Euler equations moment methods, and also showing that the proposed method with layerwise linear

velocity allows us to obtain second order accuracy in the vertical direction. We show as
well that the proposed approach allows to correctly represent the vertical structure of the
solutions of the hydrostatic Euler equations. Moreover, the measured efficiency shows that
in many situations, the proposed multilayer-moment model needs just a few layers to
improve the results of the usual multilayer model with a high number of vertical layers.
© 2022 The Author(s). Published by Elsevier B.V. on behalf of IMACS. This is an open
access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The modeling and numerical simulation of geophysical flows is currently a very active topic of research. In particular, the
study, analysis and numerical simulation of the well-known Navier-Stokes system [19] is of interest. It describes the motion
of fluids and also can be employed for other complex geophysical flows as granular or debris flows.

Nevertheless, its complexity and specially the high computational cost associated to the resolution of this system makes
that some other simpler approaches are usually proposed. One of the most widely used is the shallow-water (or Saint-
Venant) system [21]. In the shallow water approach the characteristic length of the domain is assumed to be much longer
than the vertical one, and then the vertical effects are assumed to be small when compared to the horizontal ones. There-
fore, a vertical integration is done and the averaged horizontal velocity is considered. In [34] a rigorous derivation of
this system, based on a asymptotic analysis, is introduced. This approach has been used in many recent works (see e.g.
[9,35,4,49]).
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Although shallow water type systems are quite popular, mainly due to the low computational cost required for their
simulation, they present a main drawback: the vertical information is neglected. Indeed, considering the averaged horizontal
velocity and neglecting the vertical deviations from this average leads us to lose important information for many practical
applications. Several ways to overcome this limitation have been proposed in the literature. In next paragraphs we describe
those that are relevant for our work.

A possible approach to capture vertical effects is to use the so-called o -coordinate framework (see [50,17]). The idea is
first to do a change of variables so that the vertical coordinates vary between 0, the bottom, and 1, the free surface. Then,
the free surface is defined as a function of the horizontal coordinates which is derived from the standard kinematic free
surface condition. The interval [0, 1] is then discretized, giving a vertical approximation of the solution of the model. This
approach has been used in [38,16,18,47] among others.

Another way to recover vertical effects in shallow flows is to use the so-called multilayer approach [3,6,30]. Multilayer
systems consider a vertical division of the fluid into M given layers, where this division is not physical, but it may be
considered as a virtual vertical discretization. Within each layer, a depth-averaged process is performed leading to a lay-
erwise constant solution for the horizontal velocity. In [3] the vertical layers are immiscible, while [6,30] consider a mass
and momentum transfer exchange between the internal layers. In recent years several works have been proposed based on
this procedure to model fluids or complex geophysical flows such as bedload and suspension sediment transport, variable
density flows or granular and debris flows (see [29,27,48,11,8,36,32,31] among others).

The last approach we describe here corresponds to the shallow water moment models [52,40]. In the moment approach,
rather than dividing the vertical direction into layers, one single layer is considered, but now the variables are supposed
to follow a polynomial profile, with an arbitrary degree of approximation, in the vertical direction. Again, this allows us
to obtain vertical effects as now the horizontal velocity is not just a constant for the whole column of the fluid, but a
polynomial on the vertical variable. We refer the reader to [45,41,43,12,33] among others for a better description and
applications of this technique. An advantage of this approach with respect to the multilayer one is its lower computational
cost. Typically, the vertical structure of solution could be capture more accurately with moment models with a low degree
polynomial, while the number of layers required to obtain a similar solution with the multilayer approach demands more
computational effort as it will be shown later on.

The contribution of this work is twofold. The first goal is to propose a common framework for vertical discretization of
Euler equations, as well as a family of improved multilayer-moment methods. The idea is to avoid the usual difficulties and
computational cost when solving the full 3D system, while keeping the information on the vertical direction with a low
or moderate complexity and computational cost. The ideas proposed here not only can be seen as a generalization of the
multilayer, o -coordinate or moment approaches, but it will also allow us to generalize and propose new enriched models.
In particular, we propose here a family of multilayer-moment method, based on this framework, to improve the accuracy of
both methods, taking advantage of the strengths of each one.

The second objective will be to analyze the efficiency and accuracy of the different techniques. For instance, one may
conjecture that the computational cost of moment method is lower than the multilayer one, specially when the number
of layers M is large, since it increases in a quasi-linear way with M. However, moment method may not be enough to
reproduce complex vertical profiles for the velocity. We aim to give answer to this conjecture and to do a thorough study
of the efficiency, advantages and disadvantages of the different proposed approximations.

This paper is organized as follows: Section 2 is devoted to present the more general system considered here and its
representation in o -coordinates, which will be vertically discretized. In Section 3 we focus on the case of Euler system
and we develop a vertical discretization to obtain the family of multilayer-moment models, and also analyze interesting
particular cases. Section 4 is devoted to numerical test cases, and some conclusions are presented in Section 5. Finally, in
appendixes Appendix A and Appendix B we give detail of how viscosity effects are included, as well as the particular cases
of the classical multilayer and moment models.

2. Governing system

Let us start by establishing the system we are going to deal with. For the sake of simplicity, we consider here a
two-dimensional flow, although everything might be generalized to the 3D case. Let (x,z) be the horizontal and normal
directions, respectively, and u = (u, w) the velocity vector. Let us remark that, in this section, we do not necessarily fix a
Cartesian reference system, but rather proceed in a general way. Therefore, the coordinates may be considered in a general
reference system, for instance performing a rotation of Cartesian reference and using tilted coordinates, which may be useful
in some applications such as gravity driven flows. The incompressible Navier-Stokes system for a fluid with constant density
p € R is given by

oxu + o,w =0,
,0(3tU+U3xU+W3zu)+3xP=Pfx+3xTxx+3szz, (1)
p(atW tuow+w azW) +0zp = P fz + OxTox + 02722,
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where 7 is the deviatoric stress tensor, p the pressure, and f = (fx, f;) is the external force, usually representing the
gravity force. For instance, if (x, z) are the usual Cartesian coordinates then f = (0, —g). Other option is to consider a tilted
reference system over a fixed inclined plane with slope 6 > 0, then f = (gsinf, —gcos0).

We shall consider for now the decomposition of the pressure into hydrostatic and non-hydrostatic components:

p=p(PH + pNnH), with 9,pp=f,.

We denote by h(t, x) the fluid depth and we define b(x) the bottom topography. We shall denote by 7(t, x) = h(t, X) +b(x)
the free surface. As boundary conditions, we take the usual kinematic conditions at the bottom (z =b) and free surface

(z=mn):
u‘z:b axb = W|z:b’ afn + u\z:r] 8x77 = W|z=n'
In addition, we assume the usual normal stress balance at the free surface and a Darcy friction law at the bottom (see
e.g. [33]):
Txzl;_py, =0 and Ty, = pe ‘u\z:b ‘ U,

where € is a dimensionless constant friction coefficient.
Now, we write system (1) in the so-called o -coordinates. To this end, we consider the change of variable given by
z—b

&= 5 where & € [0, 1] for z € [b, 17].

Nothe that £ = 0 (respectively & = 1) corresponds to the bottom z = b (respectively free surface z=n) level. Then, denoting
by ¥ (t,x, &) =¥ (t,x,Eh + b), the differential operators read
9y =hd ¥

and

hdsyr = 8 (hy) — s (9 (Eh +b) ¥), forse {t,x).

Taking into account the new variables, the pressure is written as

p=p Du + Dnu), with 3:py =hf,
where it is clear that, assuming that the pressure is null at the surface, we obtain the expression for the hydrostatic pressure

Pu=hfz(E-1).

Thus, the Navier-Stokes system in o -coordinates reads
dx (hil) 4 9 (W — Uy (Eh + b)) =0,

0c (hiT) + O (RT% + hBwm) — hfs0 (2o + )

~ ~ ~ -~ ~ (2a)
—0¢ (wi — pNHOx(hE 4 2p)) = Ox(NTxx) + 3 (Txz — TxxOx(hE + b))

O (hw) + 0y (huw) — O¢ (W + aNH) = 0x(hT) + ¢ (Tzz — TxOx (hE + b)),

where by simplicity we consider here t = v (Vu + Vu’), with v = /p a constant kinematic viscosity. In addition, z, =
b+ x fx/ f, include all gravitational contributions, and @ corresponds to the vertical transference term written as

w(&) = d; (h +b) +U(&)dx (hE +Db) — W(&). (2b)

Notice that we have used here u2 =72 and i'w = Uiw, and in the third equation of (2a) the hydrostatic pressure has been
canceled with the external force.

As a simple case, we shall consider 7y, = vd,u, ant then the boundary conditions are rewritten as
Voo ~ ~
h (857")\5:0 =€ |u|s:0| Ule=o>
Vo~
M (agu)hs:1 =0.

In the following, for the sake of simplicity, we focus on the hydrostatic Euler system, and therefore the vertical momen-
tum equation is replaced by the hydrostatic assumption and viscous effects are neglected. However, in the numerical test we
will be interested on showing flows with vertical structure, which is produced by friction forces and vertical viscosity effects
mainly. To do so, we eventually consider the vertical term 9,7y, in the model in usual multilayer and moment discretization,
which has been already introduced in previous works and we detail it in Appendixes A and B.

w(0) = E|s:0 oxb — \7V|§:0 =0,
and (20)

(1) =8N +Uj,_, dn — W),_, =0,
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3. A general vertical decomposition of Euler equations

In this section, we perform a vertical discretization for system (2). As we said in Section 1, the first main goal is to
propose a general framework that generalizes the moment [45] and multilayer [30] approaches for shallow flows. Moreover,
a family of models enhancing the vertical structure of the fluid is proposed.

For the sake of simplicity, let us assume for now that (x,z) are the Cartesian coordinates and therefore f = (0, —g)’.
Recall that n = h + b denotes the free surface and we assume the pressure to be hydrostatic, p = gh(1 — &). This means
in practice that the equation for W is no longer considered, as W may be computed from the divergence free condition.
Moreover, we shall neglect viscous terms for now, v = 0:

dx (i) + 3 (W — oy (h + b)) =0,
3 (hll) + 9y (hT?) + ghdyn — 3 (Tw) =0, (3)

@ = 8 (h& + b) + Wox(h& +b) — W,
together with the kinematic conditions
a)‘szo = a)|$=1 =0.
In what follows we shall omit the notation (7) and assume directly the dependence on (t, x, ). Moreover, using the
definition of w, the first equation in (3) is rewritten as
dch + dx(hu) = s w, (4)
which is integrated for & € [0, 1] to get
1
dh+dx(hu)=0, where U= / ude. (5)
0

In addition, using previous equations (4) and (5), we find an explicit expression, in terms of the spatial derivative, for the
vertical transference term w as

& & &
W), :/(Bth—i—ax(hu))ds:—éax (hr) +0x | h /u(s)ds =0y |h /uh_.zsds —&u
0 0 0
Notice that w is continuous as long as u is an integrable function.
Thus, the o-coordinate Euler equations (3) may be equivalently written as

3ch + 95 (hu) — dew =0,

d(hu) + dy(hu?) + ghdyn — 3 (uw) =0,

. (6)

w=20|h /u\szsds —&u
0

We consider now a vertical partition of the interval [0, 1] into M layers, that is, we consider

0:L1/2 <-~-<La+1/2<---<LM+1/2:l,
and define ly = Ly41/2 — La—1/2 €[0,1], @ =1, ..., M. Note that it holds then that

M

o
La+1/2:Zlﬁ, a=1,2,...,M, and LM+1/2:ZI¢¥:1-
p=0 a=1

We shall define the layer Q4 as
Qa = {(X,S) ceR x [0, 1] . La7]/2 <E < La+1/2}, fora = 1,...,M.

Let U be a given general variable and consider its polynomial approximation within each layer:

M
U(tvx’ S) = Z U(X(ta X, g)]]-Qa (S)? Wlth U(l(t7X7 ') € ]P)N[EL

a=1
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where 1g, (&) is the characteristic function in the subdomain Q. Consider now an orthogonal basis of Py[£] in the interval
[0, 1], consisting of the polynomials
¢j:[0,11=R, j=0,1,...,N,

and rescale them in the interval [Ly—_1/2, La+1,2], defining

§—Loy—12

$a,j($)=¢j< ) & €[Lla-1/2: La+12]-

lo

We shall consider here the particular case of the Legendre polynomial basis, although any other choice could be made.
In particular, the first polynomials of the basis are

Po&) =1, ¢1(E)=1-2& () =1—6£+65", ¢3(5)=1—12& +30£° —20&°.

Notice that these polynomials satisfy

1
#:(0)=1. and / $1(6)bj (&) dE = sy,
0

where §;; is the Kronecker symbol and p; is the square norm of ¢; in Py[£], which is not necessarily 1 as the basis is
assumed only to be orthogonal.

For the sake of generality, let us rewrite the system (6) as

ath + dx(hu) — d: 0 =0, (@
8tU+8xF(h,U)+35H(h,U)=S(h,U)8Xn, (b)

3 (7
w=20|h /u\szsds —tu| |, (©

0

with
1
U=hu, FhU)=ulU, HMhU,w) = —Ea)U, Sth,U) = —gh.
Remark 1. Although in our case it is quite simple, since U = hu, writing the system in the form (7) allows us to consider any
other generic variable. For instance, in the case of non-hydrostatic pressure it would be interesting to consider U = (hu, hw)!

or in the presence of a passive scalar c(t, x, §) transported by the fluid, we would use U = (hu, hc). Therefore, the derivation
performed in what follows will be as general as possible.

N
Ug(t.%.8) =Y Ua j(t.X)¢a.j(), foré €lLo—1/2, Las1y2l.
j=0

More explicitly, in our case we are considering i]\a,j = hﬁa,j.
We recall that, since the basis is orthogonal, we have

Lo+1/2

UaP,jdé =loptjUq.j. (8)
Ly—12

Let us introduce the following definitions, as they will be useful afterwards
1 1 £ 1

Ajjk = /¢i¢j¢kd$7 Bijx = / ®; (&) /¢j(5)d5 d(E)dE, Ciji = / Pipiprds, i = Agjj
0 0 0 0

Remark 2.
Aijo = Mjdij, Bojk=0, Bijo=¢i(1)odjo— 1jdij, Cijx=Cij, Cojx=0.

240



J. Garres-Diaz, C. Escalante, T. Morales de Luna et al. Applied Numerical Mathematics 183 (2023) 236-262

Moreover, it is easy to show that

Lat1/2 Lat1y2 1
Gdidds= [ @00 (ﬂ%“)d& [ @600 1ats = A
Ly-12 Lo—1/2 0
Lat1/2 £
/ ) / $i(5)ds | due)de
Lo—1/2 o«—1/2
Lat1/2 MIXT_”Z
R A R NCE SO
Ly—1/2 0
1 s
=la/¢{(s) /¢j (2)dz | ¢r(s)ds = ly Bij.
0 0
and
La+t1/2 Lot1/2 1
B dids = / # (ﬂ%)%(@@)(ﬂ%)ds: f (¢ (5)ds = Cij.
La—12 Lo-1/2 0

In the case of Legendre polynomials, we also have

$ila—12)=¢;0) =1,  $j(Lay1/2) =¢;(1) = (=1)’.

Let us remark that any other polynomial orthogonal basis could be used in principle. In case of changing the basis, then
the coefficient ;, Ajjk, Bijk, Cijr must be accordingly modified.

In order to derive the final model, we first compute the mass conservation equation by integrating (7a). Afterwards we
shall multiply the momentum equation (7b) by the basis functions ¢, ; and perform a vertical integration in the layer. The
integrated mass equation reads

lo 0¢h + 15 0% (hﬁa’o) = Wa+1/2 — Wa—1/2, fora=1,..., M, 9)
where we have used that fol ¢jdé = 5jo. Summing the previous equations for « =1, ..., M, or equivalently integrating the
mass equation along the vertical domain & € [0, 1], we recover equation (5)

1 M
h+dx (h) =0,  where ﬁ:/ud.;%:Ztyﬁﬁ,o. (10)
0 p=1

Moreover, using the expansion of U, the vertical transference term w (7c), for &€ € [Ly_1/2, La+1/2], can be expressed as

-1 Lp+1y2 3
w=Y d|h f udé | +ox | h f udé | — &y (hr)
p=1 Lg—1/2 Lo—1/2
. (1n
= wo-12 + (La—1/2 — &) 0x (M) + 9« | h / udé
Loa—12

with
a—1
Wo—-1/2 = Z 1)3 ax (h (’ljﬁﬁo — H)) .
p=1

Let us focus now on the momentum equation (7b), which is multiplied by the basis function d?a,,- and then integrated
within each layer. We shall compute each term separately.
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For the time derivative, from (8) we have
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Lat1/2
0U a4 =lo i 0t Uy, (12)
Lo—1/2
The derivative of the convective flux yields
Lati/2 Lat1/2
WF(h Ugaids = [ ox(uU)o,ids
Ly—1/2 Lo—1/2
Laviya N
= dx > U, jUa ke, jPokPoids | =l Y Aijds (UajUai).  (13)
w1y k=0 jik=0
The source term gives
Lo+1/2
S(h, U)xn §a,i € = —gh Sio dxn. (14)
La—1/2
Finally, the vertical transference term gives:
Lat1/2 Loy1/2
— baiOH)_, H(h, U, 0)¢), ; d. (15)

deH(h, U, w)$a,i dg = ¢°"i(1)H|€=r 1/2 172
ot -

La—12

Lo—1/2

In the particular case of the Legendre basis, we have ¢ (1) = (-1 and ¢q.i(0) = 1. Let us further develop the last integral

in (15) taking into account (11). Then,

Lay1/2 Loat1/2
/ H(h, U, 0)¢), ;dé = — f %wuag“.ag
Lo—1/2 Ly—12
N Loyt1/2 N Lat12
=—we 12 ) %aa,j Bl ibajdE — Dy (W Z% (La—1/2 = &) By iPa.j &
j=0 La-1/2 j=0 La-1y2
N l La+1/2A & R R
Z Oaiintie ) [ B / B ()5 | B e
k=0 Ly—1/2 a—1/2
Now, taking into account that
Lat1y2 1
/ (La=1/2 — &) 3&,,-55\0:,]' d& = —ly f5¢{(5)¢j(5) ds = —lyBjoj,
Lay-12 0
we have
e N Nopo N1 ~
H(h, U, a))qﬁa dE = —wq - 1/2]20 UO, iCijo + lo BX hu ZOE a,jBioj — lo ijOEUa,kax(hua,j)Bijk. (16)
Ly-1/2 = k=

Combining (12), (13), (14), (15), and (16), for x =1,2,...,
we get the final multilayer-moment system
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lo:0ch + 1o 0x (hllg,0) = Wat1/2 — Wa—1/2

N
loitideUg i + o Z Aiji0x (ﬁa,jaa,k) + ghdjger 9xn
j.k=0
(1) @U) L @) )
=(-1'-(w - —(w
h |§:Lt;+1/2 h ‘SZL;—l/Z

N N N
1~ _ 1~ 1~ ~
_wa—1/2ZHua,jCij0+laax (hu)ZEUa,jBin —ly Z Eua,kax(hua,j)Bijk»

j=0 j=0 Jj.k=0
for @ =1,..., M, where we recall that w1/2 = wm+1/2 =0 and
4 a—1
w=wy-1/2+ (La,]/z — E) Jx (hﬁ) +ox|h f udé with wg_1/2 = Z Ig dx (h (ﬁﬂ,o — E)) .
Ly—1/2 A=1

Notice that the mass equation in previous system can be immediately replaced by (10).
Finally, a definition of (wU )‘g " is needed to close the system. Thanks to the continuity of @ we have
“ra+1/2
— _ +
(wU)ls:Liﬂ/z = Gat1/2 U|E=L§+1/z N a)aH/ZU“H/Z

where here we must understand the limit values at the interfaces as

N N
Upiajp=, lim Ui, =) Uajojlastjp) =) (1) Uaj.
E<lot12 j=0 j=0
N N
U;+l/2 = E—Hn}ruz UIQaH = Z Ua+1,j¢a+1,j(La+1/2) = Z UaJrl’j_
&>Lat1y2 j=0 =0

Let us focus now on the particular case U = hu. We may now use a continuity argument at the interface for some
particular combinations of the variable. This can be seen as an analogous procedure to what is done in [30], where jump
conditions associated to the weak formulation of the original system are used. The detailed procedures are given in Ap-
pendix A. Then, after some straightforward computations, the term

U @ —ut . we_
a+1/2 Pa+1/2 a—1/2 Pa—1/2

in (15) is replaced by
Ug41/2 Wat1/2 — Ua—1/2 Wa—1/2 (18)

where here lg41/2 = (ugﬂ/z + u;+1/2> /2 is a centered approximation unless otherwise is specified (see Appendix A for
details and in particular equation (A.4)).
Therefore, the final multilayer-moment system reads

lo:0ch + 1o 0x (hllg,0) = Wat1/2 — Wa—1/2

N
loidp (hllei) + lo Z Aijidx (g, jTio k) + gh Sio e1 0xn
j.k=0

= (=) Uat1/200+1/2 — a—1/20a—1/2

N N N
—wa—172 ) Ua jCijo + ladx (W) Y o jBioj —la Y Toe k(e ) Bijis
j=0 j=0 j k=0

fora=1,...,M.

In the most general case presented previously, we do not deal with viscous terms since they involve some essential
and technical difficulties. Namely, derivatives in the stress tensor component when accounting for the discontinuities of the
velocity profile at the internal interfaces have to be correctly defined. Moreover, when considering the case M > 1,N > 0
in the multilayer system with viscous terms, a usual discretization of such viscous terms does not ensure the convergence
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of the system to the correct solution, and some techniques must be applied to overcome this problem (see e.g. [20,2]).
All these difficulties are out of the scope of this paper, and it is currently a work in progress that will be studied in a
forthcoming article. Nevertheless, this task is easier in some particular cases already introduced in the literature: see for
instance the case of the usual multilayer (zero-moment case) and moment (one-layer case) models, which will be presented
later.

Note that the previous system allows us to obtain a method that is expected to be (N + 1)th order accurate in the vertical
direction. Then, combining it with a high-order (horizontal) spatial reconstruction scheme (e.g. based on WENO operators)
and a high order time integrator (e.g. Runge-Kutta), the resulting method is expected to be globally high-order.

Remark 3. Written in compact form, system (17) is equivalent to

Lat12 Loat1/2 Lat12
00 Buids + [ OF(0Fsds — [ 00 UYn i
La—1/2 Loa—1/2 Lo—12
Lo+1/2
toaiDH_ = ¢ai@H_ = / H(h. U, )¢, dé = 0.
Lo-12

This may be seen as a semi-discrete vertical discretization of (7) in the framework of the Discontinuous Galerkin (DG)
methods. Note that the Legendre polynomials basis has largely been used in similar contexts, although one can find other
different choices (see [52,40,22,23,44,53,43,41,12,7,33,42]). It is worth mentioning that, while the regular integrals are nu-
merically approximated in other works (see for instance [24,37,26]), here we are computing those integrals exactly.

3.1. Particular cases

Let us consider now some particular cases of interest for (17). Concretely, we shall see that the proposed discretization
gives the multilayer [30] and moment [45] models for particular choices of M and N, including the classical shallow water
system. Finally, a new model is proposed, where the horizontal velocity is assumed to be linear within each vertical layer.

Shallow water system
The easiest case is when we only have a single layer (M = 1) and we use as polynomial approximation the constants
(N =0). Then, from system (17) we get

o¢h 4 0x (hﬁl,O) =Wy — Wy

and

—~ o~ 1 1
3 U1,0 + 9x (U11,0U1,0) + ghoxn = M’ (wU)),_, — h (@U)),_,

1~ N PN 1~ e
- 60|EZOEU1,0C000 + ox (hu) EULoBooo — Eul,oax(hul,O)BOOO-

Now using the fact that Bgj =0, Cojk =0, ®|._, = w|._, =0 and

then (17) gives us the classical shallow water system
dch + 9y (hu) =0,
o () + t (W) + ghdyn = 0.
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Multilayer zero-moment case: multilayer constant system
We may consider now the case of M layers and constant polynomial approximation N = 0. In this case:

lo0ch + 1o 0x (hllg,0) = Wat1/2 — Wa—1/2

ladUq,0 + lodx (Ta,0Ua,0) + ghdn = (wU). — —( wl),
&= La+1/2 t=ly_12
1~ _ 1A ~
—waq/zEUa,oCooo + 1o Ox (hir) EUa,oBooo —lo Hua,oax(hua,0)3000~

Taking into account now that Bgjx = Cojk = 0, denoting the average within the layer by

ﬁ(x,o = hﬁa,o = huyg,
and noticing that the definition of wy+1/2 coincides with the transference term through the layer interfaces in [30], i.e.,

M
wa+1/2—28x (ug —u)), with U:Zlyuy,
y=1

with w1/ = wm41/2 =0, system (17) reduces to the multilayer system in [6,30]

lo (0ch + 3y (hug)) = We+1/2 — W12,

o (3 (hug) + Ox (huZ) + ghdy (b +h)) = Tat1/20a+1/2 — Ua—1/20a—1/2,

for o =1,..., M, where we consider here

- +
~ Uyr12 TUgp12  Ug +Ugtt
Ug41/2 = > = >

unless otherwise stated (see Appendix A).

It is remarkable the fact that the derivation of multilayer models in this framework is simpler than the usual one, since
the intermediate interfaces Ly41/2 depend no more on x, which simplifies the integration procedure.

Although the focus here is on Euler equations, it will be of interest including viscous or friction effects for some simula-
tions. Therefore, for the sake of completeness, Appendix A.2 gives the main ideas on how these terms are included for the
multilayer system.

Remark 4. In view of what has been said in Remark 3, the multilayer system [6,30] corresponds to a semi-discrete vertical
discretization in the DG framework, where the polynomial space corresponds to constant functions, u, € Po[£].

Shallow water moment model
We now consider the case of one layer (M = 1) and arbitrary N, we get

och + 0y (hﬁLo) =Wy — Olegs
N
wideUri+ Y Aijeds (@1, ;U1 k) + ghdio dxn
J, k 0
1
— (il P @), — 2 @U),
N N N
W OZ Ul quO‘f’ax hu Z Bigj — Z Ul kdx (hilq i) Bijk-
Jj= 0 =0 Jj.k=0
1)
Now we use again that Bgjxk =0, Cojk =0, w|z=0 = w|g=1 =0, the identity Agjr = Ljdjx = 21]4’i1' and

1
61,0 = / Udf = hﬁLo = hu.
0
Let us slightly simplify the notation by removing the subscript of the single layer, setting then

Us,; = hiy ; = hu;,
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the mass equation and the momentum for i = 0 takes the form
dch + oy (hu) =0
ﬁz

at(huo)+Zax<2]+l) + ghdmn =0.

For i > 0, we get

wide (W) + pidx 2huoty) + Z Ajjidx (hiT k) = 0y (huo)zuj i0j — Z Uy dx(hU ) Bjjk.
j.k=1 j,k=0

We look now the term on the right hand side,

N N
ox (hllp) Y "W;Bioj — Y _ Tydy(hllj)Biji

j=0 jik=0

N N N N
= 0y (o) ) UjBioj — Y Uxdx(hlio)Biok — ) Uodx(hTj)Bijo — Y Tdx(hl})Bij

j=0 k=0 j=1 jk=1
N N N
— D _Todk(hj)Bijo — ) Uiy (hil)Bije = pillody(hlli) — ) Wed(hj) By
j=1 J.k=1 jk=1

where the identity Bjjo = ¢i(1)todjo — (jdij for i > 0 has been used. Thus, we obtain the usual writing of the inviscid
shallow water moment model [45] with i=1,..., N:

dth + 0 (htip) =0
3 (Wlo) + dx | hu3 +h hoxn =0
¢ (hilo) + dx | hulZ + ;2 + ghdn =0, 0)
N N
9 () + 9y | 2huou; + h* Z Auku iUk | =Uodx(htly) — — Z Bukukax(hu])
' k=1 P k=1

Remark 5. In view of what has been said in Remark 3, the moment model [45] corresponds to a semi-discrete vertical
discretization with a single element on the vertical direction, and the polynomial space corresponds to the Legendre poly-
nomial basis of degree N, u € Py[&].

As in the multilayer case, we are going to perform some numerical tests involving viscous effects. Therefore, we give the
details on how these terms are included in the moment model in Appendix B.

Multilayer first-moment case: multilayer linear system

From a practical point of view, and due to the complexity of the general system (17) from the numerical and implemen-
tation points of view, we will limit ourselves to the case M layers and N =1, that is, a first order expansion of Uy(t, x, -)
inside of each vertical layer. The resulting model is a multilayer model where the velocity is linear on & at each layer:

N
Ut,x,8) =Y Ualt,x,E)1g, (&), and Ug(t,X, &) =Uq o(t,%) + Ua,1(t, a1 (€).

a=1

In this case, the coefficients appearing in the system are
Agjk = Mjbjk, Atoo=A111=0, Ajo=Aloi=m1 =73
Coij = Boij =0, Cio0=-2, C110=0,

Bigo =—1, Bio1=p1, Brio=-wm1, B111=0,

and the moment equation for i =1 is
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-~ o~ o~ 1 1
lo10eUq, 1 + o f010x (ucv,OUoz,l + Ua,lua,o) =—= (CUU)| _ - = (wU)| 4
h t=lyi1p §=lo_1p2
1~ 1 ~ —~
_a)a—l/ZHUa,O(_z) + 1o, 0x (hT) i (Ua,0(=1) + Uq,1141)

1 ~ ~ ~ 1
—ly h (U(x,O(—l) + U(x,1M1) Ox (Mg 0) — laE

Let us rewrite the term involving coefficient By;j, Cy;; as

Uq.0 (— 1) dx(hig 1)

1~ —~ 1~ 1 ~ —~
lo 1 Eua,oax(huot,l) + zwa—l/ZEUa,O th (Ug,0 — 11Uq.1) (@at1/2 — Wa—1/2)

1~ ~ 1 ,~ —~ 1~ -~
=lo 1 EUa,Oax(hua,l) +t4 (Ug,0 = 1Uq,1) ®at1/2 + M’ (Ua0 +11Uq.1) @a—1/2.
Then, the final system, for « =1,..., M, reads

lo0ch + 1y 0y (hﬁaqo) = Wy+1/2 — Oa—1/2,

—~ o~ " o~ 1 1
lg0Ug,0 + Lo Ox (Ua,OUa,O + H«lua,luot,l) +ghoxn =~ (wU) - (U) .
h t=lgy1p h &=Ly _12
—~ o~ o~ 1 1
la:“«latua,l + Lo j010x (ua,OUaJ + Uoz,]Uot,O) =—- (CUU)| _ - (wU)| 4
h e=ly1p  h t=Ly 12

1~ . 1 ~ ~ 1 ~ —~
+o p1 Eua,Oax(hua,l) 5 (Ua,0 — t1Uq,1) @a41/2 + b (Ug,0 + 11Uq,1) @a—12.

Finally, let us set the system involving just the horizontal velocity, and the mass equation obtained when summing all
the layers

M
arh + 1y 3y (h Zﬁa,o) =0,
a=1

R — hu? | _ _
lo:0¢ (hTie,0) + lorOx hug, o + T + ghoxn = wa12Ua+1/2 — Wa—1/2Ua—1/2, (21)

lo 10 (M, 1) + lo p119x (2hlg 0ller,1) = —Wat1/20a41/2 — Oa—1/2Ua—1/2

Ho 1T, 00x (Mg, 1) + (a0 — H1T0,1) Oa+1/2 + (Ta,0 + L1la,1) ©a—1/2,

fora=1,..., M, where

- + ~ ~ ~ ~
~ CUgipptUgi1p Uao+Uat10 | U1, — Ua
Ugt1/2 = 3 = 3 + 5

unless otherwise stated (see Appendix A).

Remark 6. One should note that a loss of hyperbolicity could arise in certain situations, although we have not found dif-
ficulties in this sense for the practical applications shown here. Indeed, it is a known fact that the shallow water (one
layer M = 1) moment system is hyperbolic for the first-order case (N = 1), but the same does not hold for the case N > 1.
This fact is studied in [42], where authors introduced two alternative families of hyperbolic shallow water moment models,
denoted there as Hyperbolic Shallow Water Moment and g-Hyperbolic Shallow Water Moment. They correspond to small
modifications of the non-conservative terms in the original Shallow Water Moment system.

Moreover, in the case of multilayer system (N = 0), the hyperbolicity of multilayer systems is only proven for the two-
layer case (see [6]). In contrast, a linearization process was performed in [31] which concluded that hyperbolicity may be
lost when there is a big difference between layer velocities and the global average velocity.

Therefore one expects that hyperbolicity may be lost in the general case of multilayer moment model system.

4. Numerical results

We present in this section some numerical tests showing an interesting comparison between multilayer and moment
models. Firstly we perform a simple test including viscosity and friction force to have diversity in the velocity profiles. Next,
some more tests in the inviscid case are performed to include also the results of the first order multilayer-moment model

derived in Subsection 3.1.
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In the next subsections, we perform two families of tests. First, subsections 4.1 and 4.2 aim to give a comparison between
usual multilayer (A.5) and moment models (B.1) commonly used, in particular in the viscous case to obtain a natural
vertical structure. Concerning the numerical scheme, we have carried out the simulation using a standard first order path-
conservative HLL finite volume scheme as described in [15]. Let us remark that when viscous terms are included in the
standard multilayer and moment models, a semi-implicit discretization is used (see, e.g. [28] and [33] for the multilayer
and moment systems, respectively) in order to avoid any restrictive time-step condition.

Second, subsections 4.3 and 4.4 show the convergence of the multilayer models with constant (zero-moment) (19) and
linear (first-moment) (21) horizontal velocity to stationary solutions of hydrostatic Euler equations, as well as an accuracy
test. For those tests, we consider a second order path-conservative HLL scheme based on a MUSCL reconstruction [14].

In order to construct the HLL scheme, we follow [15] with the following minimum (1) and maximum (1) wave speeds:

o Shallow water moment model:

M =To —+/gh+T72, Ay =To+/gh+13.

e Multilayer constant system:

Mm=uU—gh,  A=T+/gh.

e Multilayer linear system:

M=U—+/gh+u5, Ip=U+,/gh+1?,

with

M M
u= Zlaaa’o and ﬁ] = Zlaaa,l-
a=1 a=1

Remark that, although the hyperbolicity of the systems is not proven as explained in Remark 6, we do not find any practical
problem related to this aspect in the presented numerical tests. Remark also that there are no wet/dry areas in the consid-
ered tests. In such a case, any of the standard techniques dealing with this problem (see [13,46,25,51] among many others)
could be applied.

Let us mention that one could make this method more efficient by using some strategies as the ones developed for
multilayer and DG discretizations. In particular, a locally variable (in the spacial direction) number of vertical layers (see e.g.
[31]) and/or polynomial degree for the moment description (see e.g. [1]) could be used. Moreover, both strategies could be
employed at the same time to construct efficient and flexible methods, especially for realistic applications. However, this is
out of the scope of this paper.

4.1. Multilayer and moment model in subcritical viscous flow

Here we compare the results of the standard multilayer and moment models in a viscous subcritical flow. The viscous
and friction forces generate complex and different velocity profiles along the domain, from almost constant to parabolic
profiles and recirculations in the flow. This test aims to show how multilayer and moment models reproduce these profiles
and explore each approach’s limitations and advantages/disadvantages. To this aim, we consider as a reference solution the
one obtained with a very fine discretization computed by the multilayer model with 640 vertical layers.

We consider a classical subcritical test in a domain x € [—25, 25], where the initial free surface and discharge are 1 (x) =
5 m and q(x) = 4.42 m2/s respectively, and the bottom is

2 X .
0.05 — 0.001x + 2 cos (E) m if |x| <5,
0.05 - 0.001x m otherwise.

b(x) =

We use 200 point in the horizontal discretization, with CFL = 0.8, and subcritical boundary conditions (inlet discharge g;;, =
4.42 m?/s and outlet free surface 1oy = 5 m). The final time is ty =1000 s. We show the results for a low (v =0.001 m?/s)
and high kinematic viscosity (v =1 m?/s) case, with strong friction € = 100v. For each case we show the approximation of
the free surface and the errors made by the moment and the multilayer approaches. To this aim, we shall measure relative

errors as follows: b
. . . L. . . —a
Consider an horizontal discretization of the domain I = [a, b] by means of Ny volumes of constant size Ax = N
X

I =[xi—12, Xiv1/2],  fori=1,2,..., Ny,

. ) Xi—1/2 + X;
where x12 =a, and Xj;1/2 =xj_12 + Ax for i=1,2,..., Ny. We will denote as well x; = M the center of the

cell I;.
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20 25

20 25

Fig. 1. Steady state solution for low (v = 0.001 m?/s, upper figure) and high (v =1 m?/s, lower figure) viscosity cases. Blue lines correspond to the vertical
profiles of velocity at locations x = —22.5, —15, —5, —2.5, 0, 2.5, 5, 15, 22.5 m. (For interpretation of the colors in the figure(s), the reader is referred to the
web version of this article.)

Consider as well a vertical partition of the interval [0, 1] into M layers

O=Lip<-<lot1ipp < <Lyt =1

For any generic variable v denote by vy ; the approximation obtained for v in the cell i and layer . Then we shall
denote by

Ne o M
i 2
v, = | Ax — Ve, and V[]oo= max |[Vg.il.
Ivil2 Z 2 O Ve IVlioe = max [ve,]
i=1 " a=1 i=1,...,Nx
Remark that in the particular case that v does not depend on the vertical variable &, then we simply consider vy ; = v;
for o =1,..., M. We then compute the relative errors by
lv =Vl

— , forp=2,o00,
[vref |l

Errp[v] =

where 7" is a given reference solution.
We will be interested as well in computing the errors in the vertical direction for a given cell I;, so that we denote by

vil,2=

yaeey

M
hi sz . and |Vl o= max_ |ve
M= “r R VA

and we compute the relative errors

_yref
Erré[v,xi] = w for p =2, c0.
IVre Iy, p
Here, the solution of the multilayer model, obtained with 700 nodes and 640 vertical layers, will be considered as the
reference solution. Then, when computing the errors, v"¢/ should be understood as the projection of the reference solution
onto the space of the local solution v. For the case of moment models, the vertical velocity profile is computed, and its
value at the center of the corresponding layer is obtained for the errors.
In Fig. 1 we see the steady state solution reached by both approaches for the free surface at the final time for both
considered values of the viscosity, together with vertical profiles of the velocity at some particular locations. On the one
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51 o Reference

- (a) Moment models ---N=1
SN =2
N=3
N=4
——-N=5

I |

20 25

o Reference

-—-M=5
-—-M =10
-—-M =20

M =40

M=80 |
——-M = 160

M = 320 |

-25 -20 -15 -10 -5 0 5 10 15 20 25

o Reference
---M=5
---M =10
-—-M =20

M = 40
M = 80
|---M = 160
= M =320 ||
20 25

Fig. 3. Free surface approximation with moment and multilayer models for the high viscosity case.

hand, in the low viscosity case (upper figure) and for the first half of the domain, the velocity profile is almost a straight
profile except near the bottom, where the velocity is smaller due to the friction force. However, the velocity profile is more
complex after the bump, and we find recirculation areas (change on the sign of the velocity along the vertical direction)
near the bottom. On the other hand, for the high viscosity case (lower figure), the velocity follows a parabolic profile along
the whole domain.

Figs. 2 and 3 show the free surface computed with both the multilayer and moment approach, and Tables 1 and 2
show the relative errors made on the free surface, averaged velocity and the full velocity field, measured with respect to
the reference solution. In Fig. 2 we see the convergence to the reference solution in the multilayer case. In the case of
moment models, although the convergence towards the reference solution is not fully obtained for N =5, especially in the
left region. That is due to the fact that the vertical profiles of velocity are straight lines almost everywhere in the vertical
direction, and moment models do not properly reproduce these profiles, as we discuss later. Nevertheless, we see that the
errors made by the moment models are of the same order of magnitude as the multilayer models. Actually, we see that the
errors made by the multilayer model with 20 layers and the 2nd order moment model are similar, while the computational
cost for the former is much bigger than for the latter. Moreover, to improve the 5th order moment model results, we need
to use 80 layers in the multilayer system. The computational effort for both approaches is shown in Fig. 4, where we see
that moment models are cheaper than multilayer models from the computational point of view.

Fig. 3 and Table 2 show the results for the high viscosity case, where the vertical profile of velocity is approximately a
parabolic profile along the whole domain. Looking at Fig. 3, we observe that there is convergence to the reference solution
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Table 1

Applied Numerical Mathematics 183 (2023) 236-262

Relative errors in the low viscosity case made on the free surface (1), averaged velocity (i) and the velocity field
(u =u(x,z)) by the multilayer models (M layers) and the moment models (order N).

Erry [n] Erry U] Erry [u] Erreo [1] Erro [U] Erre [u]

M Multilayer (M layers)

5 857 x1073 1.04 x1072 2.63 x107! 1.39 x1072 1.94 x1072 5.24 x107!
10 458 x1073 5.65 x1073 1.81 x10~! 761 x1073 1.04 x1072 4.40 x107!
20 244 x1073 3.05 x1073 1.07 x10~! 4,01 x1073 551 x1073 342 x107!
40 113 x1073 146 x1073 527 x1072 1.86 x1073 2,58 x1073 2.03 x107!
80 517 x10~4 6.89 x1074 245 x1072 8.47 x1074 1.20 x1073 1.08 x10~!
160 222 x1074 3.07 x10~4 1.06 x10~2 3.63 x1074 534 x1074 5.60 x1072
320 7.44 x10~° 1.06 x10~* 3.54 x1073 121 x10~* 1.83 x10~* 227 x1072
N Moment (order N)

1 2.65 x1073 293 x1073 2.09 x10~! 5.88 x1073 3.63 x1073 438 x107!
2 210 x1073 2.86 x1073 1.62 x10~! 6.90 x1073 7.33 x1073 414 x107!
3 1.04 x1073 1.66 x1073 118 x10~! 3.66 x1073 484 x1073 3.64 x107!
4 115 x1073 145 x1073 811 x1072 2.09 x1073 2.60 x1073 2.77 x107!
5 9.63 x1074 123 x1073 542 x1072 161 x1073 219 x1073 1.94 x107!

Table 2

Relative errors in the high viscosity case made on the free surface (1), averaged velocity (u) and the velocity field
(u =u(x,z)) by the multilayer models (M layers) and the moment models (order N).

Err [n] Erry U] Erry [u] Erreo [1] Erroo [U] Erre [u]
M Multilayer (M layers)
5 1.83 x1072 3.79 x1072 123 x107! 319 x1072 463 x1072 1.85 x107!
10 813 x1073 1.81 x1072 5.62 x1072 1.42 x1072 219 x1072 130 x10~!
20 3.82 x1073 8.50 x1073 2.65 x1072 6.63 x1073 1.04 x1072 8.79 x1072
40 1.81 x1073 3.95 x1073 1.25 x1072 314 x1073 483 x1073 516 x102
80 8.40 x10~4 1.79 x1073 5.79 x1073 1.45 x1073 220 x1073 2.68 x1072
160 3.58 x10~4 7.56 x10~4 247 x1073 618 x10~* 9.32 x1074 122 x1072
320 119 x10~* 250 x1074 821 x1074 2.06 x1074 3.08 x1074 418 x1073
N Moment (order N)
1 149 x1072 398 x1072 149 x107! 2.76 x1072 472 x1072 2.81 x10~!
2 1.05 x1073 9.67 x1073 230 x1072 257 x1073 131 x1072 114 x107!
3 427 x1074 4.26 x1073 8.28 x1073 116 x1073 5.62 x1073 7.77 x1072
4 254 x10~4 179 x1073 398 x1073 6.24 x10~4 234 x1073 4.87 x1072
5 179 x1074 6.65 x1074 212 x1073 3.74 x1074 8.60 x1074 2.83 x1072
104 —e -Multilayer v high
—e—Multilayer v low
P~ S~ —=-Moment v high

. e —=—Moment v low

wn

= 2L M=5, e |

EJD 10 ) ~__

SaEE ..
T e e
R L5
T T — g
0 ‘
10
1073 1072 100

log(Errs [u])

Fig. 4. Wall-clock time compared to L2 errors on the velocity field, in log scale, for multilayer and moment models.

for free surface. It can be stated that the errors for the moment models appearing in Table 2 are smaller than in the
previous case, in particular for the velocity field. That is due to the better approximation of the velocity profile along the
domain since they are close to a parabolic profile, which is well approximated by polynomials and, therefore, by the moment
approach. Note that in this case, the 3rd order moment model improves the results of the multilayer model with 40 layers,
and the 5th order moment model produces smaller errors than the multilayer model with 160 layers.

That is an interesting result since the computational time increases fast with the number of layers. This can be seen in
Table 3, where we show the ratios between the elapsed times for the multilayer models and the 3rd, 4th and 5th order
moment models, obtained when simulating up to the final time ¢ty = 1000 s. We see for instance that the 5th order moment

251



J. Garres-Diaz, C. Escalante, T. Morales de Luna et al. Applied Numerical Mathematics 183 (2023) 236-262

Table 3
Ratio between the wall-clock time needed by the multilayer models with M layers (tmyiovy) and the 3rd, 4th

and 5th order moment models (tmomenr(3rd)» tmoment(4th)» tmomenr(Sth) )
M=5 M=10 M =20 M =40 M =380 M =160 M =320

toattiy/Emoment sty 35 6.0 116 251 621 1772 562.9
fmulri(M)/fmomenerh) 4.5 7.8 151 32.8 81.2 2315 7353
tonutiV) /tmomentrdy 57 938 191 413 102.2 2913 925.4
5t =—-Hm A 5r r=0m :
9 -5 ¢
_ 2 T m ¢ | L ]
45V =10 *m?/sq ‘ v=10"m?/s ¢ | 5 v=1m?/s ‘T’,/
: di =7 7 b
4 : o Reference Z : Pl (}‘/
[ } 4r - M=5 (H:/ 45 j
.M =10 I
35+ |‘ M = 20 (}/Il//
! T aly 4t /
3l I 3t M = 40 4y 9
g : Slmew | ) 3 ;
T25¢ / E | --M=1060| 4 =35l b
w M =320 |24 /B
2+ 2 7,5 Wy
< 7, ,d //(
15t 1 3 SR
. s ar/
/7, /D VA
1 11 /e P
7/ .
ne 251 //;fé Multilayer
0.5 Ao e
- 6;6/5 models
[o) i - . . . L ol o ) . L L 2 L
02 04 06 08 1 12 05 0 0.5 1 1.5 0 1 2
u(z) (m/s) u(z) (m/s) u(z) (m/s)
S5r=-5m 1\ / 5r ) r3=0m ) //.
—3._ 9 / r=5m q 0/ 5r 2 /
v =10""m"/s / , v=1m"/s o
457 / h\ / v =10"%m?/s :1 }'// / o,/
\ | !y,
4+ %\ /// 4L | o Reference "f,"/// 45 | @
o) \( -—-N=1 Q/' #
35| o A _N=2 Ay /o
| / ‘e
o/ N=3 /9 4t /
. 3t #/ { 3r N=4 S A — / $
5257 I‘ /g? ---N=5 /e E //l6
N Q) = A w 3.5 S P
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Fig. 5. Vertical profiles of velocity computed with the multilayer (upper figures) and moment (lower figures) models. Left hand side and center figures
correspond to the low viscosity case whereas right hand side figures correspond to the high viscosity case.

model is 6 times faster when compared to the multilayer model with 10 layers and 25 times faster when using 40 vertical
layers. This ratio increases to up to 62 if we double to 80 the number of layers.

In Fig. 4 we see the comparison of the wall-clock time with the L2 relative errors on the velocity. We choose the error
on the velocity field because it is the variable for which the errors are the largest. In the low viscosity case, we see that the
5th order moment model is comparable to the multilayer with 40 layers and better than the multilayer with 160 layers, in
the sense that these errors are lower.

Let us now focus on the different profiles of velocity that we observe in these cases and how multilayer and moment
models approximate them. We obtain three kinds of profiles depending on the magnitude of vertical effects. First, in the
low viscosity case, we obtain a straight profile for a wide zone of the vertical domain (left-hand side plots in Fig. 5), and
the velocity decreases close to the bottom because of the friction force. The low order moment models badly approximate
this kind of profiles as it is difficult to fit them with a first or second order polynomial, due to the lack of sufficient vertical
resolution. If we increase the order of the moment model, then we observe the oscillating intrinsic nature of polynomials.
This fact is in particular observed for the fifth order moment model in the left bottom picture in Fig. 5. By increasing

252



J. Garres-Diaz, C. Escalante, T. Morales de Luna et al. Applied Numerical Mathematics 183 (2023) 236-262

Table 4

Relative errors made on the vertical profile of velocity for three different profiles: quasi-straight (x = —5,v =
10~3 m?/s), profile with recirculation (x =5, v = 10~3 m?/s) and parabolic (x =0, v =1 m?/s) profile. Results
are shown for the multilayer (M layers) and the moment models (order N).

Errf [u, —5] Err} [u,5] Err [u,0] Err, [u, —5] ErrZ [u, 5] ErrZ, [u, 0]
(v=1073) v=1073) =1 v=107"3) (v=1073) =1
M Multilayer (M layers)
5 222 x107! 351 x10~! 125 x107! 440 x107! 3.80 x107! 1.83 x10~!
10 133 x107! 225 x107! 5.66 x1072 3.83 x10~! 2.67 x107! 9.40 x1072
20 6.70 x1072 129 x10~! 2,67 x1072 261 x107! 156 x10~! 4.72 x1072
40 3.24 x1072 6.33 x1072 126 x1072 1.60 x107! 7.81 x1072 231 x1072
80 149 x1072 294 x1072 5.84 x1073 8.69 x1072 3.66 x1072 1.08 x1072
160 6.26 x1073 127 x1072 249 x1073 4,02 x1072 159 x1072 465 x1073
320 2.06 x1073 428 x1073 8.28 x10~4 139 x1072 537 x1073 155 x1073
N Moment (order N)
1 251 x107! 2.31 x107! 157 x107! 439 x107! 3.84 x10~! 2.77 x107!
2 1.89 x107! 1.48 x107! 1.03 x1072 4,06 x107! 2.97 x10~! 134 x1072
3 122 x10~! 9.66 x10~2 5.00 x1073 315 x107! 142 x10~! 5.98 x1073
4 749 x1072 6.95 x1072 2.28 x1073 214 x1071 1.04 x107! 2.69 x1073
5 4.34 x1072 479 x1072 125 x1073 127 x107! 7.26 x1072 150 x1073

the order of the moment model N, the profiles are nearer to the reference solution. Nevertheless, the oscillations are still
present. Secondly, we see a profile of velocity corresponding to recirculation of the flow (central plots in Fig. 5). These
profiles are well reproduced by high order moment models (N =4, 5), whereas low order models (N < 4) fail. Remark that
the multilayer model needs more than 10 layers to reproduce this effect. Finally, we observe parabolic profiles (right hand
side plots in Fig. 5). As expected, these profiles are efficiently and properly reproduced by moment models for order N > 1.
We also see the convergence to the reference solution in all these profiles.

Table 4 shows the errors with respect the reference solution for these three profiles. We see that for the parabolic profile
(x = 0), the moment model with N > 1 gives better results than multilayer models. The errors are larger for the other
profiles (x = —5 or x = 5), but higher moments give good results, only comparable to using many layers in the multilayer
case.

In conclusion, if the vertical profile of velocity is close to a polynomial, the moment approach allows us to obtain
good results with less computational effort than the multilayer model, which needs many layers. However, if one needs to
reproduce cases with large areas where a straight profile is found, the moment approach will oscillate due to its polynomial
nature. That is eventually a limitation of the usual formulation of moment models. In this case, the multilayer model may
be more appropriate, although a sufficiently large number of layers would still be needed.

4.2. Comparison of multilayer and moment models with Navier-Stokes

Let us now consider a numerical test included in [30] (Section 5.2) where a qualitative comparison with a Navier-
Stokes solver in a simplified configuration is performed. Concretely, the test is described in [30] as follows. They carried
out a simulation with the multilayer model, and the obtained stationary free surface is imposed as the fluid domain in
the FreeFem++ solver [39] to solve the pressure and velocity fields. The authors checked that the simulation was in the
hydrostatic framework, and they compared the obtained velocity profiles with both the multilayer method and FreeFem++.
A reasonable agreement between the obtained profiles was found, where the differences are most undoubtedly due to how
boundary conditions are imposed in the finite element solver and the multilayer model with a finite volume method.

To compare with the multilayer and moment models, we consider a fluid domain [0, 3] discretized with 200 nodes and
CFL =0.8. In these simulations, a non-slip condition was used in the FreeFem++ code, so we consider here a large enough
friction coefficient to reproduce this boundary condition. In practice, after a convergence analysis in €, we use € = 108. For
the viscosity, two values are considered, v =5 x 10~% and v = 1073 m?/s.

We write here the initial and boundary conditions: the flow is initially at rest, and the initial bottom and free surface
are given by

0 ifx<1,
box)={ 05(x—-1) ifl<x<2, bo(x) +ho(x) =1m att=0s,
0.5 ifx>2,

and subcritical boundary conditions are imposed:

2z 5
q(O,t):Fm/s atx=0m; h3,t)+b(3)=1.2m atx=3m.

Fig. 6 shows the fluid domain with the stationary free surface, once it has been reached, where we focus on the velocity
profiles at locations x = 1.26 and 1.74 m. We obtain the velocity profiles in these two points and compare them with the
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Fig. 6. Fluid domain with velocity profiles at x=1.26, 1.74 m for the case v =103 m?/s.
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Fig. 8. Vertical profiles of velocity computed with the multilayer (M = 80) and moment (N = 5) models (lines) and the FreeFem++ solution (symbols) at
locations x = 1.26, 1.74, for two values of the viscosity v =103 (left figures) and v =5 x 10~ m?/s (right figures).

corresponding finite element solution. First, we show the convergence of the velocity profiles for both the multilayer and
moment approach to a reference solution computed with a large number of layers (see Fig. 7), in the case v =103, We
see that the velocity profiles in these points exhibit a parabolic shape near the bottom due to the friction force, and then
they become a linear profile. As expected, both approaches reproduce well these profiles, although we see the oscillatory
character of the moment approach, especially in the straight part of the vertical profile. The same behavior is observed
when comparing with the FreeFem++ solutions for v =1073,5 x 10~% m?/s (see Fig. 8). We see that the obtained profiles
are in good agreement with the finite volume solution, in concordance with [30]. Similarly to what was said in that work,
we conclude that the observed differences are most surely due to the way of imposing boundary conditions in both solvers,
and also the rest of the characteristics of both solvers (mainly, non-hydrostatic pressure and stationary with the fixed free
surface approach of the performed FreeFem++ simulation in [30]).
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4.3. Numerical convergence for stationary analytical solutions of the free-surface hydrostatic Euler equations

We focus now on comparing the usual multilayer model (19) and the one introduced here with a layerwise linear
velocity (21). We consider two discretizations for the velocity at the vertical interfaces (see Appendix A), a centered (C)
definition

+ —
uoz+1/2 + uot+1/2
2 9
and an upwind (U) definition

Ug41/2 =

+ - .
Ugi12 T Ugy1p SigN (—wart1)2) ( n

uOH']/Z = 2 - 2 uOH—]/Z - uO_H-]/Z) .

From now on, we shall denote by MCC and MCU the Multilayer Constant Central and the Multilayer Constant Upwind
models, that is, the usual multilayer models with either a central or upwind definition of the velocity at the interface.
Similarly, MLC and MLU will stand for Multilayer Linear Central and Multilayer Linear Upwind models with layerwise linear
velocities.

We consider a set of continuous stationary solutions for the hydrostatic Euler system (6) derived in [10]. More precisely,
we consider the general continuous stationary solution given by

aZﬂZ
zZy(X) =2zp —h(x) - ———,
e , 2g sin? (Bh(x)) (22)
~ o
ux, &)= m cos(éBh(x)),

where o, B and z, are three real constants, and h(x) is a non-negative continuous function such that sin(gh(x)) £ 0 for all
x in the horizontal fluid domain.

This test problem aims to inspect the abilities of the proposed vertical discretizations to preserve stationary solutions of
the free-surface hydrostatic Euler equations and numerically state the expected order of accuracy.

To do that we consider

xe[-5,5], a=B=-1, z,=0,
and
h(x) =1.4— 0.8, (23)

for the total water depth (see Fig. 9). Once the height is fixed, the bottom is given by (22). Then, given a vertical discretiza-
tion into M layers, we consider as initial condition for the horizontal velocity

Ug (%, §) =T 0(0Pa.0) + U1 (Pe1 (), ae(l,.... M),
the piecewise linear projection of the function U in (22) as given in (8), i.e.,

Lat1/2
E(X,%’)é;a’j(%-)dg, forj=0,1andx €{1,..., M}. (24)
lct:u'j

La—1/2

zl\ot,j(x) =

We then compute different numerical approximations for a final time ¢t = 10 s with a set of refined meshes and other
values of the number of layers M. Dirichlet boundary conditions have been used by imposing the values of the stationary
solution at both ends of the domain. We consider in this case the L! absolute errors. Such errors are computed against the
initial condition, that coincides with the L' projection of the exact solution into the space of linear polynomials in &. More
precisely, we consider in this case the errors given by

Ny Ne,M Lot1y2
Ih—h g = ax > by =] u—u = ax Y / ]ua,,-@)—ﬁ;‘if,-(s) dt, (25)
i=1 i’aZ]Laq/z

where the last integral will be computed by using the Simpson’s rule. As it is said above, in this test the reference solution
is given by the initial state.

Table 5 shows the L! errors and the numerical convergence rates. It is essential to make some remarks. First, note that a
usual formal order analysis has been performed, where Ax~ Az, and an increasing number of cells has been considered for
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Fig. 9. Initial free-surface and vertical profiles of velocity u at locations x = —5, —3.5, —2, —0.5, 1, 2.5, and 4 m. for the stationary solution given by
(23)-(24).
Table 5

Numerical convergence results for the initial condition (23)-(24). The L' errors refer to the variables h and u at a final time t =10 s,
measured for different vertical discretizations of M layers and using uniform Cartesian meshes of Ny elements.

M Ny lh—heT 4 Ordery, lu —u™ Order, Ilh—h" T, Ordery, lu—u™ |y Order,
MCU MCC

10 100 7.24 x1073 - 1.76 x107T - 6.51 x10~3 - 519 x10~2 -

20 200 454 x1073 0.67 1.07 x107! 0.72 1.63 x1073 2.00 1.42 x1072 1.87

40 400 278 x1073 0.71 5.90 x1072 0.86 3.99 x10~4 2.03 350 x1073 2.02

80 800 154 x1073 0.86 310 x102 0.93 9.81 x107° 2.02 836 x1074 2.07
MLU MLC

10 100 6.56 x1073 - 515 x1072 - 6.58 x1073 - 522 x1072 -

20 200 1.64 x1073 2.00 143 x1072 1.85 1.65 x1073 2.00 1.45 x1072 1.85

40 400 4,00 x1074 2.03 342 x1073 2.06 3.98 x1074 2.05 342 x1073 2.08

80 800 9.77 x107° 2.03 831 x1074 2.04 9.80 x10~> 2.02 832 x1074 2.04

computing the expected order of accuracy of the vertical and horizontal numerical approximation methods of free-surface
Euler equations. Note that the desired order of accuracy is achieved for the MLU and MLC methods since they provide
second order of accuracy in the vertical direction. Concerning the MC methods, note that MCC provides a second order
of accuracy on the vertical, whereas the MCU is expected to provide first order of accuracy. Finally, note the efficiency of
ML methods over MC. To get a L! error equal or less to 1 x 10~2 for the velocity u, the MCU and MCC need more than
M =80 and M = 20 layers, respectively, whereas the MLU and MLC approximation reach errors less than 1 x 102 with less
than M =30 and M = 20 layers. A deeper analysis of the efficiency, including elapsed times, will be done in the following
subsection.

4.4. Perturbed stationary analytical solutions for the free-surface hydrostatic Euler equations

We consider now a perturbation of the stationary solution (22)-(23). We take the same initial conditions except for the
velocity, for which we assume

~ ap
Ux, &)= — cos h(x) —0.1)). 26
(*,8) sin(B (h(x) —0.1) (B (h(x) ) (26)
The computational domain is now [—10, 10], and the parameters are set to « = 8 = —1, and z, = 0, as previously. In this

case, periodic boundary conditions are imposed. We then compute different numerical approximations until a final time
t =1 s with a set of refined meshes in the vertical direction with different values of the number of layers M.

Table 6 shows the L! errors and the numerical convergence rates. Errors are computed as in (25), but considering a
reference solution that has been computed with the Multilayer Constant Central method with Ny = 1600 elements and
M = 160 layers. As it can be seen, the proposed methods provide an accurate approximation as expected, and similar
conclusions as in the previous test case may be reached. It is important to emphasize the outstanding performance of ML
methods compared to MC ones.

Table 7 shows the computational time needed by both models for several layers, as well as its ratio. In terms of the
computational effort, the model MLU is approximately 1.5 times more expensive than the MCU for a given number of
layers M. That is natural since M extra equations, corresponding to iy 1, are solved in the layerwise linear velocity case.
However, the gain of the accuracy is worth it by far. It can be concluded from the Tables 5 and 6, and also from Fig. 10,
where we show the computational times against the error made on the velocity field, for the cases M =5, 10, 20, 40 layers.
In particular, we see that the MLU model with M =5 layers improves the results of the MCU model with M = 40 layers,
with a lower computational effort.
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Table 6
Numerical convergence results for the initial condition (26). The L! errors refer to the variable u at a final time t =1 s,
measured for different vertical discretizations of N layers and using uniform Cartesian meshes of Ny = 1600 elements.

M Ny lu—u™l|y  Order, | Jlu—u™l|; Order, | Ju—u"f||; Order, | |u—u"|;  Order,
MCU MCC MLU MLC

5 1600 | 3.42 x1072 - 903 x10~3 - 791 x10°% - 147 x10~3 -

10 1600 | 171 x107%  1.00 229 x1073 198 144 x10~* 246 369 x1074 199
20 1600 | 863 x1073 098 572 x10™*  2.00 256 x107% 249 938 x10~> 198
40 1600 | 433 x1073 099 141 x1074 2,01 5.84 x1076 213 249 x107> 191

3 —=—Multilayer Linear Upwind (MLU)
10 —e—Multilayer Constant Upwind (MCU)

0%  10*  10%  10?
log(Err;[u]) (m/s)

Fig. 10. Computational time and errors on the velocity field, in log scale, for the MCU (black circles) and MLU (blue squares) models at ty =10 s, with
M =5, 10, 20, 40 layers and Nx = 1600 cells.

Table 7
Wall clock times of MCU (tmcuwy) and MLU (tmuuevy) models to reach ty =
10 s, and ratios, with M =5, 10, 20, 40 layers and Ny = 1600 cells.

M=5 M=10 M =20 M =40
tmcumy (S) 49.1 97.1 222.6 623.9
tMLumy (S) 81.1 159.3 347.6 878.7
tMLU(M)/tMCU(M) 1.65 1.64 1.56 141

5. Conclusions

A general framework for vertical discretizations of Euler equations has been proposed. It is based on considering a
change to o-coordinates and a partition on M layers along the vertical direction of the interval [0, 1]. Then a polynomial
approximation of the variables, with arbitrary degree N, is assumed. The derivation procedure performed is general enough
to extend it to other cases (e.g. non-hydrostatic pressure regimes, passive scalar transport, among many others). This model
may be seen as a semi-discrete vertical discretization of the Euler system written in o -coordinates in the framework of the
Discontinuous Galerkin methods.

As particular cases of the discretization introduced here, we immediately recover, as simplified configurations, the usual
multilayer and moment models appearing in the literature. Therefore, both can be seen as particular vertical discretizations
under the same framework. In addition, an enriched multilayer-moment model has been proposed, particularly a multilayer
model with a layerwise linear horizontal velocity.

In the numerical test cases, we have shown comparisons of usual moment a multilayer approaches, pointing out some
advantages/limitations of both methods. We have shown that, in general, high order moment models allow us to recover
the solution of multilayer models with a much smaller computational effort, so then they are much more efficient. It
is especially relevant when the velocity field exhibits a parabolic profile along the whole domain. However, multilayer
models may be more appropriate when the velocity profile has straight zones since moment models introduce oscillations
due to the polynomial approximation. Finally, we have shown that the multilayer model with layerwise linear velocity
proposed here preserves a fully 2D steady solution of hydrostatic Euler equations, different from water at rest, up to second
order accuracy. Moreover, when introducing a perturbed initial condition, we recover the desired order of accuracy of both
approaches: multilayer model with layerwise constant velocity is first order accurate. In contrast, second order is obtained
with the proposed model considering a layerwise linear velocity. We have also measured the efficiency of the MLU model
for the MCU model. Despite being 1.5 times more expensive in terms of computational efforts for a fixed number of layers,
we have shown that it makes sense to use it in terms of accuracy. Actually, with the proposed layerwise linear velocity
model, we need just a few layers to improve the results of the usual multilayer model with a high number of vertical
layers. In the future, it would be interesting to extend the proposed model to the non-hydrostatic case, as well as studying
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local strategies to adapt a variable number of the vertical layers and/or a variable polynomial degree for efficiency purposes,
following the ideas in [1,31].
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Appendix A. Viscous multilayer-moment systems and continuity conditions at the interfaces

This appendix is devoted to describe, for the sake of completeness, how the viscous terms are included in the derivation
of the models. Although this work focuses mainly in Euler equation, they are relevant for some of the simulations and they

allow to properly define the velocities at the interfaces u .
a+1/2
We first detail the general procedure and then describe the viscous system in the particular case of layerwise constant

velocities (Multilayer Constant method).
A.l. Multilayer-moment system

Let us first recall that for any variable f = f(t, x, &), we shall denote by fai-u/z = f‘efLi the upper or lower limit at
“Fa+1/2

the interface Ly1/2. When the variable is continuous at the interface, we simply denote it by fy1/2. We shall denote by

_ ft
flavi2= fa+1/2 - fa+1/2~
Let us focus on (2a) in the hydrostatic case, but keeping now the viscous terms:

3ch + dx(hu) — dew =0,

or (hu) + 9« (huz) + ghoyn = x(hTxx) + ¢ (WU + Txz — Taxx(hE + D)),

&
w=0x|h /u\szsds —&u
0
Recall that, from the definition of w, we get a)ofﬂ/2 = a)(;ﬂ/z. Then, integrating the second equation for s € [0, £] we have

(U + Txz — Ox(hE + b)fxx)|5 - ((fxz)|$:o - 8x(b)(fxx)|g)
£ ¢
= hfu(s)ds + 0y h/(u2 — Txx)(5) | ds + ghgdyn
0 0

Notice that in particular this means that (uw + Tx; — dx(h& + b)Txy) is continuous at the interfaces Ly1/2. In particular,

[uw + Tx; — Ox(hE + b)Txx]a+1/2 =0,

or equivalently
[—Txz + Ox(hE + b)fxx]a-&-]/Z = [u]a+1/2 W 41/2- (A1)

Remark 7. Using a similar framework as the one introduced in [30], continuity of w and uw + tx; — 9x(h& + b)Txx at the
interfaces may be interpreted as the jump conditions for the mass and the horizontal momentum conservation equations
verified by a weak solution of the Navier-Stokes system.

Denote by 0 = —Ty; + dx(h& + b) Ty and remark that
Lat1/2
- - + +
dg (WU — 0)dE = Wat1/2Uq 417 = Ogiq/p — Pa—1/2Ug_1/5+ 04125
Ly—1/2

- +

where o, +1/2:9a—1/2 should be correctly defined.
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In [30], this is done by means of a centered approximation Gy1,2 at the interface:

+ -
Out1/2 T Oat1p2
—
Nevertheless, one could do other possible choices as we will see.
In general, a given approximation at the interfaces may be done by considering a vertical numerical flux G depending
on the upper and lower limit values at the interface. For the sake of generality, let us consider

Oa+1/2 =

+ —
o + o A
~ . _ + _ Yat1/2 a+1/2 at+1/2 [ 4+ _
Oa+1/2 = g(%+1/2"7a+1/2) = 3 ) (%+1/2 - Ua+1/2)’ (A2)
where the term Aq.1/2 allows us to include an upwind term on the definition of Gy1/2.

By writing

+ - + -
— (%12 %t12 Out1/2 ~ Out1)2
Out12 = ) - ) )

then we have

+ -
_ ~ Nav172 (4 _ 04112 ~ %12
Out12= <(7a+1/2 T (%H/z - Ua+1/2> - 3

- 1 - 1
=0u+1/2 — 5(1 = Aa+1/2) [0 laq1/2 = Oat1/2 — 5(1 = Aat+1/2) [Ulat1/2 Dat1/2,

where (A.1) has been used. Therefore,
_ _ _ - 1
Oa+1/2Uy 4 1/2 ~ Ogqi12— = Pa+1/2Ug 19 — Oa+1/2 + 5(1 — Ag+172) [U]a+1/200+1/2

= Wa+12Ua+1/2 — Oa+1/2;

where

+ -
u +u A
~ _ - 4 _ Yatl/2 a+1/2 at+1/2 [+ _
Ua+1/2 =6 (”a+1/2’ ”a+1/2) - 2 T (“a+1/2 - ”a+1/2) : (A3)

In a similar way one obtains

+ J—
Ag_ O,_ —0,_
n ~ a-1/2 [ 4+ _ a-1/2 ~ Oa—1y2
Ogy—1/2= (‘70!—1/2 T (%—1/2 - Ua—1/2>> + (—2 )

~ 1 -~ 1
=0q-1/2 + 5(1 + Aa—1/2) [0 la—1/2 =Oa-1/2 + 5(1 + Aa—172) [U]y—1/2 @a—12,

and

+ + b1 ~
wafl/Zuafl/z - O-a,1/2 = Wg-12Ux—-1/2 —Oa-1/2,

which leads us to

Uy y12@a+1/2 —Uy_15@a—1/2 = O 1 + 0415 = Uat1/2 @at1/2 — Ug—1/2 Wa—1/2 — Oat1/2 + Ou—1/2. (A4)

Finally, (18) is recovered from (A.4) when going to the limit of v tending to zero to recover Euler equations.

Remark 8. There is a compatibility condition between definitions (A.2) and (A.3) for T and 1, in the sense that the numerical
flux we consider to define Ty11/2, in view of (A.1), is the flux we recover for the definition of the velocity at the interface
Ugt1/2-

For instance, in [30,27,32,8] a central flux (A = 0) is considered, whereas an upwind numerical flux (A = sign (—w)) is
taken in [6,5,36,31], mainly for stability reasons, where the sign of —w matches with the sign of the vertical velocity (see
(2b)).

Nevertheless, (A.2) and (A.3) correspond formally to the consistency with the viscous terms. In the general case this
could be not sufficient to grant stability and, in particular, for M > 1 and N > 0 appropriate penalization terms would be
needed to make sure that the discretization converges as shown in [20,2].
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A.2. Viscous multilayer constant method

We consider now the viscous Multilayer Constant (MC) case, where we recall that the velocity is layerwise constant.
With the goal of keeping the friction force and vertical viscosity effects, we consider the leading order approximation

—~ V ~
O':—sz:_ﬁagu,

which is easily justified from an asymptotic analysis. Then, from (A.4) we get

Vo~ Vo~ ~ ~
n (35”)a+1/2 “h (3511)0[71/2 + Ua+1/2 Wa+1/2 — Ua—1/2 Da—1/2,

for a constant kinematic viscosity v. By simplicity, consider here Ay41/2 =0 in (A.2), and therefore

+
Tza+1/2 = Txzat1/2 = = Txza+1/2-

In particular, we need to approximate (5;71) Concretely, we choose

a+1/2°

V Ugy1 — Uy

~ v 3.7
Tazatl2 = — H (3Su)o¢+l/2 ) % (o +lgs1)

Therefore, the viscous version of system (19), accounting for boundary conditions (2c), reads

dth + 9y (hu) =0

Lo (0 (hute)) + 0 (hu2) + ghd (b +h)) =Kaey1/2 — Ka—172 (Aa)
Ugs1+U Ug +u
+$w‘w/2 _ afwwa_m, fora=1,....M

with

V Ug+1 — Uy
Kot1ip=-1—"""—

, foroe=1,.... M —1, (A.5b)
h j(lot—H +lo)

and the boundary conditions (2c) for the stress tensor Kyy1/2 =0, K12 = € [uq| uy. Finally, we have
o M
wa+1/2:zlﬂax (h (uﬂ —ﬁ)), with u= Zlﬂu,g. (A.5¢)
B=1 =1
Appendix B. Viscous shallow water moment model

Including the contribution of the viscous term d¢ Tx; in moment model (20) is a simple task. Proceeding as in [33], we
compute the following integral for i =0, ..., N (see (2a)) taking into account the boundary conditions (2c):

1 N1
/ag Cocu) gide = (deu)_ (D)~ (dew)_, Zﬂ-/qw;dg
0] 0

v N
= —e|u‘§:0|u‘520 " ZUJ‘DU,

where Djj = f¢,¢]d$ Note that Djj = Dji, Doj =0, and up :=uj,_, = Zu] Thus, the moment model with vertical vis-
j=0
cosity reads
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dch + 0 (hilp) =0,
N 52
9 (hig) + oy | hu2 +h)  —L— hdxn = —€|up|up,
; (htto) + Ox o+ ;2].+1 + ghoxn [uplup
R R 1 N R R R 1 N R R (B.1)
dr (huy) + 0x | 2huou; + h— Z Ajjktljuy | =Uodx(huj) — — Z Bjjiuidx(huj)
Fjk=1 " k=1
1 v N
—— | €luplup + =) u;D;ji |, fori=1,...,N.
i h; jDij
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