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Abstract In this paper, a detailed and comprehensive
linear stability analysis of a rolling toroidal wheel is
performed. The wheel is modeled as a rigid toroid-
shaped body rolling without slipping on a horizontal
surface. The nonlinear equations of motion constitute
a Differential-Algebraic Equations system, given by
the dynamic equilibrium equations augmented with the
nonholonomic constraints, which arise from the no-slip
condition. The circular steady motion and the linearized
equations of motion along this relative equilibrium are
obtained, for both the solid and hollow tori. The expres-
sions of the linearized equations and the correspond-
ing eigenvalues are derived analytically as a function
of the torus aspect ratio. The variation of the stability
boundary with the torus aspect ratio is shown. A com-
parison of the results obtained in the solid and hollow
scenarios is included, and all the results are validated
with the rolling hoop, which corresponds to a degener-
ate torus with zero aspect ratio. In the particular case
of the steady straight-line rolling and spinning about
a vertical diameter, which constitute limit motions of
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the circular steady motion, the critical rotational and
angular speeds required for stabilization are obtained.
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1 Introduction

Nonholonomic systems are physical systems subject
to constraints that involve both positions and veloc-
ities and are non-integrable. In contrast to classical
Lagrangian or Hamiltonian systems, nonholonomic
systems are nonvariational [1]. A classical example of
nonholonomic system is a body with rolling contact, as
a wheel rolling without slipping.

The interest in nonholonomic systems dates back to
the late nineteenth century. After the incorrect appli-
cation of the Lagrange equations in the presence of
nonintegrable constraints, the equations of motion of
a nonholonomic system were derived by Ferrers [2] in
1872. These equations were given in the form of Euler-
Lagrange equations, including some additional terms
arising from the constraints (but without Lagrange mul-
tipliers). Next, Voronetz performed, in 1901, the formal
derivation of these equations [3]. Chaplygin obtained,
for the case of cyclic configuration variables, the so-
called Chaplygin equations [4,5], which engendered
the technique of nonholonomic reduction. In his fun-
damental work Principles of Mechanics [6], Hertz first
coined the term ‘nonholonomic’ and showed the inap-
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plicability of variational principles and Lagrange equa-
tions to nonholonomic systems. The works of Borisov
et al. [7], Bloch et al. [1] and Manuel de Ledn [8] can
be followed to find details about the development of
nonholonomic mechanics.

The research on rolling bodies went hand in hand
with the development of nonholonomic mechanics. The
first known work devoted to the dynamics of a rolling
rigid body is attributed to Euler [9], in which small
oscillations of a body rolling without slipping were
studied. The work of Poisson [10], which addresses the
integrability of a heavy top moving on a smooth surface,
gave rise to multiple papers investigating the integrabil-
ity of the equations of motion of a disk rolling without
slipping. Slesser [11] studied for the first time, in 1861,
the motion of arolling symmetrical disk on a horizontal
rough plane. Vierkandt [12], in 1892, revealed that, on
an appropriate symmetry-reduced space, all motions
of the rolling disk are periodic. Chaplygin [13] showed
the integrability of the rolling motion of an axisym-
metric body on a horizontal plane. In the particular
case of the rolling disk, the reduction of the problem
to the analysis of hypergeometric quadratures was pre-
sented. Independently from Chaplygin, in 1900, Appel
[14] and Korteweg [15] carried out the integration of
the equations of motion of a disk with hyperelliptic
functions, and Gallop [16] obtained the same results
by resorting to Legendre functions. Furthermore, Car-
vallo [17] and Routh [18] studied the stability of the
rolling disk, although these works did not include any
information on the bifurcations of the system.

Other works devoted to analyse the stability of
the steady motions of the rolling disk, taking advan-
tage of the classical integrability results, are those of
Mindlin [19,20], Duvakin [21] and Karapetyan [22].
Kolesnikov [23] and Fedorov [24] discussed qualita-
tive properties of the disk motion, and Kozlov et al.
[25] studied the nonintegrable problem of a disk mov-
ing on an inclined plane. O’Reilly [26] analysed the
bifurcations and stability of the steady motions for
both rolling and sliding disks, obtaining two-parameter
families of integrable second-order differential equa-
tions. The results showed that the bifurcations of the
steady motions of the disks are either of the pitch-
fork or saddle-node type. The study of bifurcations
and stability of the disk’s stationary motions was also
performed by Cushman et al. [27] and Kuleshov [28].
Borisov et al. [29] showed different trajectories drawn
by the contact point in the body-fixed and relative
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frames of references, and presented a complete three-
dimensional bifurcation diagram in the space of the
first integrals. Zenkov et al. [30] analysed, by using
an energy-momentum analysis for nonholonomic sys-
tems, the stability of the relative equilibria of the rolling
disk. Paris et al. [31] studied the circular rolling steady
motion of the disk and derived the expression for the
frequency of small oscillations about this reference
motion. The book of Cushman et al. [32] provides
a modern differential geometric treatment of linearly
nonholonomically constrained systems and, in particu-
lar, analyzes the stability and the corresponding bifur-
cation diagram of the rolling disk. Moreover, a detailed
linear stability analysis of the straight-line rolling, spin-
ning about a vertical diameter and tumbling solutions
of the rolling disk was presented by Przybylska [33].
The dynamics of an unbalanced disk with a single non-
holonomic constraint was studied in a recent work by
Kilin et al. [34]. In addition, there exist several works
devoted to other nonholonomic rolling bodies. Borisov
et al. [35] consider cases of existence of invariant mea-
sure, additional first integrals and Poisson structure in
the problem of rigid body’s rolling without sliding on
a plane and a sphere. The particular examples of non-
holonomic systems addressed in this work, in addition
to the rolling disk, are: a dynamically symmetric ball
with the displaced center of mass rolling on a plane;
the rolling of balanced, dynamically nonsymmetric ball
(Chaplygin ball); the rolling of an unbalanced, dynam-
ically nonsymmetric ball on a plane and the rolling
of an ellipsoid on a plane. Moreover, different exam-
ples of bodies rolling on a sphere are included in [35]:
the problem of rolling of round disk; a ball with dis-
placed center; a balanced, dynamically nonsymmetric
ball on sphere; the unbalanced, dynamically nonsym-
metric ball on sphere; and the rolling of body with
partially flat surface on sphere. Other important works
devoted to the rolling of a ball on different surfaces are
those of Hennans [36] and Borisov et al. [37-40]. A
recent work of Antali et al. [41] addresses the kinemat-
ics and dynamics of a rigid body in contact with two
rigid surfaces in the presence of dry friction.

The nonholonomic rolling torus is a particular case
of axisymmetric body of revolution rolling without
slipping on a horizontal plane. The complete integra-
bility, the corresponding reduction of order and the
stability analysis of these bodies can be found in sev-
eral works [13,35]. Nevertheless, the authors have not
found a single work in the literature including a detailed
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stability analysis of the relative equilibria of the rolling
toroidal wheel in terms of the geometric parameters of
the torus. Hauser and Saccon [42] presented the equa-
tions of motion of a torus with a general contact pro-
file, which rolls without slipping and is actuated by
drive and steer torques. A stability analysis, consider-
ing similar geometric and inertial parameters to those
of a motorcycle tire, was performed. Garcia-Agtindez
et al. [43] studied the linear stability of the steady for-
ward motion of a solid rolling torus. Moreover, some
examples of nonholonomic multibody models of vehi-
cles with toroidal wheels can be found [44—48].

The novelty of the present paper is the performance
of a detailed and comprehensive stability analysis of
the rolling toroidal wheel. The linear stability of the
relative equilibria of the rolling torus is studied, which,
to the best knowledge of the authors, has not been done
in any previous work of the literature. The linearized
equations of motion along the circular steady motion,
the straight-line rolling and the spinning about a ver-
tical diameter, and the corresponding eigenvalues, are
obtained as a function of the torus geometric param-
eters. The results are entirely developed analytically
and numerically supported. Furthermore, a compari-
son between the linear stability results of the solid
and hollow rolling tori is presented. The results of the
rolling toroidal wheel are validated and compared with
those of the rolling hoop, which constitutes a degen-
erate torus. The nonlinear equations of motion are lin-
earized along the circular steady motion by following a
linearization procedure suitable for nonholonomic sys-
tems, which can be found in [49]. This methodology,
despite not obtaining a minimal-sized Jacobian matrix
and not fully exploiting the symmetry of the problem,
allows for obtaining the stability results of the rolling
torus in terms of its geometric parameters in a clear and
straightforward way, being natural and recognizable
for the mechanical engineering community. This pro-
posed methodology has already been successfully used
in complex multibody dynamics problems, to study the
linear stability of the waveboard [48] or the bicycle
[49].

The paper is structured as follows. Following the
Introduction, Sect. 2 describes the toroidal wheel model
and presents the nonlinear equations of motion. Next,
Sect. 3 presents the circular steady motion and the
linearized equations of motion along this reference
solution. Section4 shows all the results of the stabil-
ity analysis. In particular, Sects. 4.1 and 4.2 present

the linear stability analysis of the steady straight-line
rolling motion and the spinning motion about a verti-
cal diameter, respectively, and Sect. 4.3 includes the
stability results of the circular steady motion. Finally,
Sect. 5 summarizes the main conclusions drawn from
the present work.

2 Description of the model and nonlinear
equations of motion

In this section, the toroidal wheel model is described
and the nonlinear equations of motion are presented.

2.1 Description of the model

The wheel is modeled as a rigid torus that rolls without
slipping on a horizontal surface. The mechanical model
consists of five generalized coordinates (n = 5), with
the vector of coordinates x € R” given by:

x=(xcyc¥ o), )
where x¢ and y¢ locate the contact point C of the wheel
with the ground, and ¥, ¢ and 6 are the yaw, lean and
roll angles, respectively. The global (inertial) frame is
denoted as body 1 and the wheel is body 2. Figure |
shows the generalized coordinates and the body frame
of the toroidal wheel. To describe the orientation of the
intermediate frames (X'Y'Z’), (X""Y" Z") and the body
frame 2 (X,Y>Z5), depicted in Fig. 1, the matrices R/,
R" and R, are defined. These matrices are computed
by using the elemental rotation matrices Ry, Ry and
Ry as follows:

¥ (zcyye)

Fig. 1 Mechanical model of the toroidal wheel: generalized
coordinates and body frames
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R’ (x) = Ry Ry,
R2 (x) = R¢R¢Rg. (2)

In this work, a circular cross-section of the toroidal
wheel is considered. The toroidal geometry is defined
by the torus aspect ratio 1, which is computed as the
ratio of the minor to the major radius of the torus,
denoted as a and b, respectively:

=5 3)

For areal torus, a < b (n < 1) is required. In any case,
the subsequent analysis is also valid for the limit cases
a > b (degenerate torus), a = 0 (hoop) and b = 0
(sphere).

The plane of symmetry 1, is the middle plane of
the toroidal wheel and contains the hoop of equivalent
radius R. The minor and major radii verify the follow-
ing relation:

a+b=R. “)

Figure 2 shows a front view of the toroidal wheel, with
the plane of symmetry 7, , the minor and major radii. In
addition to the contact point C, other points of interest
of the system are also depicted in Fig. 2. The centre of
mass of the wheel is G, the centre of the torus tube is
P and [ is the lowest point of the hoop of equivalent
radius. The position vectors of C and G, expressed in
the global frame, are given by:

T
rc=(xcyc0) ., rg=rc+rcp+rps. )

Fig. 2 Front view of the toroidal wheel
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with

T "_
rcp=(00a) , rpc = R rpg, (6)
_ T
andrpgz(OOb) .
The condition of rolling without slipping leads to
two nonholonomic constraints (/ = 2):

Cnh(x,fc)=B(x>x:(zg>:<8>, )

where C,, (x, x) is the / x 1 vector of nonholo-
nomic constraints, linearly dependent on the general-
ized velocities; vc, and vc, are the X and Y- com-
ponents of the velocity of the contact point vc; and
B (x) is al x n matrix. Since the nonholonomic con-
straints are linear with respect to the system velocities,
the matrix B (x) can be computed as:

aC,, (x, x
B o = 2 (5 X), ®)
ax
The velocity of the contact point v¢ is given by:
Ve =G + @21 X TGe, ©)

where v is the velocity of the centre of mass, @z
is the angular velocity of the wheel and rgc =
— (rcp +rpg)- The use of Eq. (9) leads to:

vc =| Vg,

%c—(b4acos (¢)) 6 cos (Y) —ag sin ()
yc —(b+acos (¢)) 0 sin (¥)+ad cos ()
0

(10)

Note that, in Eq. (10), the Z-component of v¢ is null
and is therefore not included in the nonholonomic con-
straints (7). Since the wheel is described by using five
coordinates (n = 5), the number of degrees of freedom
of the system is three (ng =n — [ = 3).

2.2 Equations of motion

The equations of motion of the rolling toroidal wheel
are given by the dynamic equilibrium equations, which
are derived as explained in Schiehlen [50], augmented
with the nonholonomic constraints (7), leading to the
following index-2 Differential Algebraic Equations
(DAE) system:

Mx)¥+B"(x)A = Q(x,%), (11)
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Cup (x,X) =B (x)x =0, (12)

where M (x) is the n X n mass matrix; Q (xx) is
the n x 1 vector of generalized forces, and A is the
I x 1 vector of Lagrange multipliers. All the vectors
and matrices in Egs. (11) and (12) are smooth func-
tions. The vector of generalized forces Q (x, x) can be
expressed as:

Q(xvx): Qg(x)+Qv(xv't)v (13)

where @, (x) is the generalized gravity forces vector
and Q, éc x) is the quadratic-velocity inertia term,
associated with the inertia forces that are quadratic with
respect to the system velocities (centrifugal and Cori-
olis forces). The expressions of the matrices M (x),
B (x), and the vectors Q, (x), Q, (x, x) are given by:

M (x)
m 0
0 m

= %m (sa*+26%). 1= %m (3a> +25%).
(17

For the limit case a — 0, Eq. (17) give back the
moments of inertia of the well-known hoop case.

3 Methodology

The objective of this section is to describe the circular
steady motion of the rolling toroidal wheel and obtain
the linearized equations along this relative equilibrium,
as a function of the torus geometric parameters. To this
end, the linearization approach proposed in [49], which
has been successfully used to perform the linear stabil-

mb cos() sin(¢)
mb sin(yr) sin(¢p)

= | mbcos(y)sin(¢p) mbsin(Y)sin(g) I + (1;‘, — I+ mb2) sin?(¢)

mb sin(yr) cos(¢p) —mb cos(yr) cos(¢p)
0 0

mb sin(Yr) cos(¢) 0
—mb cos() cos(¢) 0

0

1;', sin (¢)

0 I, sin(g) |, (14)
Ié + mb? 0
0 1,
(100 —asin(y) — (b + acos (¢p)) cos (¥)
Bx) = (0 10 acos(¥) — (b+acos(¢))sin(¥) a5)
0 mb (1//2 + ¢>2) sin (¥) sin (¢) — 2mb1/}{i> cos () cos (¢)
0 —mb (2 + ¢?) cos () sin (¢p) — 2mbyr¢ sin () cos (¢)
0, (x) = 0 0, E) = — 116 cos (¢) — (1;'] - mb2> ¥ sin (2¢) . 16)
mgb sin (¢) I;tpé cos (¢) + (II’, — I+ mbz) U2 sin (¢) cos (¢)
0

—I%y ¢ cos (¢)

In Egs. (14) and (16), Ié and II’; are the moments of
inertia about a diameter and a vertical axis perpendic-
ular to the wheel centre, respectively. The superscript i
in/ é and / ]’, is henceforth used to distinguish between
the solid and hollow scenarios, with i = {s, h}. Tatum
[51] provides the expressions of the moments of inertia
of a solid and hollow torus with circular cross-section:

1 1
Ij=gm (sa>+4%), 1= Zm (30> +4%).

ity analysis of complex nonholonomic multibody sys-
tems as the bicycle or the waveboard [48], is employed.
This methodology, despite not fully exploiting the sym-
metry of the problem and not obtaining a minimal-
sized Jacobian matrix, allows for obtaining the stabil-
ity results of the rolling torus in terms of its geometric
parameters in a clear and straightforward way, being
recognizable for the mechanical engineering commu-
nity.

@ Springer
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Nevertheless, in the context of nonholonomic
mechanics, the use of reduction methods that allow
for reducing the order of nonholonomic equations of
motion, with the help of symmetries and first integrals,
is widely extended. The works of Chaplygin [13] or
Voronetz [52] already addressed the reduction of the
equations of nonholonomic examples, and the term
nonholonomic reduction was proposed in the work of
Kaoiller [53]. A review of the problem of the construc-
tive reduction of nonholonomic systems with symme-
tries was performed by Borisov and Mamaeyv [54]. The
reduced equations of motion of an arbitrary body of rev-
olution rolling on a plane were presented by Borisov
and Mamaeyv [35] and applied to several nonholonomic
examples [29,35]. Therefore, due to the importance in
nonholonomic mechanics, the methodology followed
in [35] is first summarized, outlining its main steps.
The use of this reduction method exploits the symme-
tries of nonholonomic systems and allows for obtaining
a minimal-sized Jacobian matrix.

3.1 Reduction method

The nonholonomic rolling torus is a particular case of
axisymmetric body of revolution rolling without slip-
ping on a horizontal plane. The complete integrability,
the corresponding reduction of order and the stability
analysis of these bodies can be found in the literature
[13,29,35]. The main steps of the methodology fol-
lowed in Borisov and Mamaev [35] are summarized
below:

— Identify the symmetry group of the system. The
symmetry group of the rolling torus is G =
SE(2) x SO(2), where the first multiplier repre-
sents arbitrariness in the choice of a fixed coordi-
nate system, and the second corresponds to the axial
symmetry of the rolling body.

— Compute the reduced equations of motion. This
symmetry group can be used to reduce the equa-
tions of motion of an arbitrary body of revolution,
with tensor of inertia I = diag(/y, I, I3), to an
autonomous fourth-order system [35]. The reduced
equations can be expressed in terms of the vari-
able z = sin(¢), with z € (—1,1), and a set
of variables K1, K7, K3 € R, which are linearly
expressed in terms of the angular velocity of the
body. The detailed expressions of K, K> and K3

@ Springer

can be found in Borisov and Mamaeyv [35], and the
system of equations is given by:

2 =kKsj,
1=t (1-(2))
Ki=—kpoilz|{1—|—= K> K3,
h
Ky = —kpimfi (fi — f3) K1K3, (18)
K3=k(A@KT + B KiK)
U (2)
+C (2) K3 — BZZ .

In Eq. (18), f1 and f> are functions of z that define
the surface of the body; U is the potential energy;
the expressions of k, A (z), B (z) and C (z) can be
found in Borisov and Mamaev [35]; and p; is the
density of invariant measure, computed as:

1
= .
JiB+mh 7 (1= 22) +mbs f3

— Computation of the relative equilibria. The rela-
tive equilibria correspond to the fixed points of the
system of equations (18), which are given by the
following pair of equations:

K3 =0,

19)

0

(20)
AQR)KI+B (2) K1 Ky+C (2) K3 — W@ _

From Eq. (18), given z = zp, then K| and K satisfy
a quadratic equation.

— Linearization of the reduced equations. Let z = zo,
with [z0] < 1, K1 = KV, K» = KJ and K3 = 0
define a relative equilibrium of the system (18).
The linearization of Eq. (18) along this reference
solution yields a 4 x 4 time-independent Jacobian
matrix.

— Stability analysis of the reference solutions. The
orbital stability of the reference solutions investi-
gated in this work is defined by the stability of the
fixed points of the system (18). Since the 4 x 4
Jacobian matrix does not depend explicitly on time
and presents constant coefficients, the linear sta-
bility can be assessed directly by analyzing the set
of eigenvalues of the time-independent matrix. The
conservation laws of the system can be used to study
the nonlinear stability of these solutions.

This methodology can be applied to the rolling
toroidal wheel in the same manner as in previous
works devoted to the rolling disk [29] or other rolling
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bodies on a plane [35]. Despite the low dimension
and high symmetry of the system being leveraged by
this reduction method, the present work conducts the
linear stability analysis of the rolling toroidal wheel
using the linearization approach presented in Ref. [49].
This approach constitutes a powerful general-purpose
methodology that, while not resulting in a minimal-
sized Jacobian matrix, enables the derivation of explicit
results regarding the system’s stability.

3.2 Description of the circular steady motion

The nonlinear equations of motion (11)—(12) are lin-
earized with respect to the circular steady motion of the
toroidal wheel. The steady straight-line rolling motion
and spinning about a vertical diameter, whose stability
will also be studied in this work, are limit motions of the
circular steady solution. A circular trajectory of radius
p, described by the contact point C with a constant
angular speed w, can be expressed as:

)= (202 ) v ) 1) 0°)", @)
with

Yo (1) = psin (1),

?° (1) = ¢o,

0% (1) = 21, (22)

x2 (1) = pcos (wi),

V=2 +or
2 9

where £2 is the rotational speed of the wheel. Note that,
in Eq. (22), xg (t) and yg (t) vary sinusoidally with
time; the yaw angle Y9 (¢) and the roll angle 69 (1)
grow linearly with time, and the lean angle ¢° (¢) is
constant throughout the circular steady motion and is
denoted as ¢g.

The angular velocity @ and the rotational speed £2
are related by means of the nonholonomic constraints.
Combining the nonholonomic constraints (7), the fol-
lowing expression is obtained for 6:

9' _ }‘CC Cos (W) + .).)C sin (l/f) - (23)
R cos (¢)

Particularizing Eq. (23) for the reference solution (22),
the following relation is obtained:

o (M) o (24)

A characteristic time of the torus system 7, related
to free fall, and the angular frequency wq are defined

as follows:

a+b 1 g
0 = , wy=—=_,—.
0 g 0 70 a+b

(25)

The following nondimensional angular and rotational
velocities are introduced:

. @
a=2, =2 (26)
@0 w0

To satisfy the equilibrium equations (11), the lean
angle ¢¢ of Eq. (22) verifies:

& sin (o) ((172 + 12) cos (¢o) + 8n)
+8(1+ ) sin (¢o) + 26 ((14n2+16) cos (¢0))
+4n (3 + cos (2¢0)) = 0, 27)
@ sin (¢0) ( (20 +12) cos (o) + 81

+8(1 4 ) sin (¢o) + 2 ((20n2+16> cos (qbo))
+ 41 (3 + cos (2¢p)) = 0, (28)

with —/2 < ¢ < 0. Equations (27) and (28) corre-
spond to the solid and hollow case, respectively. Note
that Eqs. (27) and (28) also hold for the steady straight-
line rolling and the spinning motion around a verti-
cal diameter. In the case of the steady straight-line
rolling, which corresponds to @ — 0, Egs. (27) and
(28) yield ¢g — 0. The same result is obtained when
Egs. (27) and (28) are particularized for the steady
spinning around a vertical diameter, corresponding to
£ — 0. In addition, Eqgs. (27) and (28) can be partic-
ularized for the limit case  — 0, to obtain the same
equilibrium equation of the rolling hoop:

(3@2 cos (¢ho) + 2) tan (¢o) + 42 = 0,
with — /2 < ¢g < O. 29)

Figures 3 and 4 show an arbitrary position of the
rolling toroidal wheel and the rolling hoop, respec-
tively, during the circular steady motion.

3.3 Linearization of the equations of motion
Consider the circular steady motion xo(t) defined in

Egs. (21) and (22) and its time derivatives 220, ).
This motion represents a known reference solution of

@ Springer
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Fig. 3 Circular steady
motion of the rolling
toroidal wheel

Fig. 4 Circular steady
motion of the rolling hoop

the Differential-Algebraic Equations system given by
Egs. (11) and (12), and therefore verifies:

M (xo) 04 BT (xo) A= @ (xo, x(’) : (30)
0

Con (x 50 =B(x°)x°=0, 31)

where A is the vector of Lagrange multipliers in the
circular steady motion. The set A? can be obtained from

@ Springer

0° (t) =t

Eq. (30), which leads to:
A (1) = (AY() A9 ()", (32)

with A? (t) = maw? (p + bsin (¢o)) cos (wt) and A9 (1)
= mw? (p + bsin (¢p)) sin (wt). Note that A(l) (t) and
Ag (t) vary sinusoidally with time.

The variations X, J'E % and A with respect to the
reference solution are introduced:

x—x0 ¥ =x—x",

f=i—-i"and A = A — A, (33)

X
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A coordinate partition, based on n — [ independent
and [ dependent velocities, denoted as X,; and X4,

respectively, is used: ¥ = (fa,- Jéud )T. Similarly, the
same partition at position level is considered: ¥ =
(ia,- Xad )T. In the case of the rolling toroidal wheel,
n = 5and/ = 2. Choosing as independent coordinates
the yaw, lean and roll angles v, ¢ and 6, the vectors
of independent and dependent coordinates X ,; and X ;4
are given by:

06—y [ L (n—1)|0i—1)xi
J=\| Ju | Jno| J2x . (38)
Ja | 2 | J33

In Eq. (38), 0(,,,1) and O(nfl)xl are (n — l) X (I’l — l)
and (n — [) x [ null matrices, respectively, and I (,—)
is the identity matrix of size n — [. Note that the size of
JisQ2n—1)x2n—1)=8 x 8.

With the coordinate partition (34), the Jacobian
matrix of Eq. (38), particularized for the circular steady
motion (22), is obtained:

0 0 01 0 0 00

0 0 00 1 0 00

0 0 0l0 0 1 00

_ 0 0 00 o) 0 00
JO= 0 ol Ol 0 « oo (39)

0 0 00 ol 0 00

—082 cos (wt) af2sin (¢p) sin (wt) 0|0 acos (wt) —p sin (wt)|0 0

—082 sin (wt) —as2 sin (¢g) cos (wt) 0| 0 asin (wt) ocos(wt) |00
where 0 = b + a cos (¢o) and the coefficients oe;, with
. o e T . 7 i = {s,h}and j = 1...5, are functions of the rota-
Xai= (v ¢b) . Xaa = (%c Jc) - (34) tional speed £2, the angular speed w, the lean equilib-

Following the linearization procedure presented in
[49], which allows the computation of the reduced lin-
earized equations of motion of a mechanical system
with holonomic and nonholonomic constraints, the fol-
lowing linear ODE system is obtained:

Xai = Jo1%ai + J0kai + J23% (35)
Xaq = J31%ai + J32¥ai + J33% . (36)

The computation of the matrices J21, J22, J23, J31,
J 32 and J33in Egs. (35) and (36) is developed in detail
in [49]. Note that Eq. (35) represents the reduced lin-
earized dynamic equations, and Eq. (36) corresponds
to the linearized nonholonomic constraints.

The linearized equations of motion (35) and (36)
can be written as a first order system by defining X =

(fai Xai fad>T1
X=J=x, 37)

where J is the Jacobian matrix of the system, built as
follows:

rium angle ¢( and the torus aspect ratio 7:

o} (2, 0.1, ¢0) = 8] (1. $0)  + 8 (0. ¢o) 12,
o (2.0, 1. 60) = 84 (1. $) & + 8 (1. $0) &
+ 85 (0. do) R,
ok (2, 0,1, ¢0) = 8 (0, po) @ + 85 (n, o) 2., (40)
al (2, 0,1, ¢0) = 8 (1, o) o,
of (2, .1, ¢o) = 85 (1. $o)  + 8 (0. o) 2.

The analytical expressions of the functions 8,’; (n, ¢o)
in Eq. (40), withi = {s,h} and k = 1...9, can be
found in “Appendix A”, for both the solid and hollow
scenarios.

3.4 Computation of the time-independent Jacobian
matrix

Since the Jacobian matrix J(¢) of Eq. (39) depends
explicitly on time, the linear stability cannot be assessed
directly by computing the set of eigenvalues of the Jaco-
bian matrix. To eliminate the time-dependence from
the Jacobian matrix, a coordinate transformation is
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used. The transformation is based on the use of a rotat-
ing coordinate system (XY, Z,) (see Fig. 3), which
rotates with the toroidal wheel. Therefore, the follow-
ing transformation can be defined:

x@)=AMNx+C@1), (41)

where x is the new vector of coordinates, associated
with the rotating frame:

F=(icicvda). (42)

In Eq. (41), the expressions of the transformation
matrix A () and vector C (t) are:

(L (0)|02x3 .
A (I) = <m’m) 5 with
L) = <cos (wt) —sin (a)t)) 7 @3)

sin (wt) cos (wt)

Ct)= (00wt 02:)" . (44)

Due to the symmetry of the circular steady motion
(22), this reference solution can be expressed, in the
rotating frame, as the following constant vector:

¥ = (R 5290 0°) = (p07/2900)".
(43)

In the same way, the Lagrange multipliers, expressed
in the rotating frame, are denoted as I' 0 and verify:

A =Lxr°, (46)
where the matrix L(¢) was defined in Eq. (43). The use
of Egs. (32) and (46) yields:

r°=(r°r?)" = (mw? (p + Rsin (¢0)) 0)" .(47)

Note that, in contrast to the Lagrange multipliers A° of
Eq. 32), I 0 is a constant vector.

Using that, from Eq. (33),x = xV4+%; from Eq.(41),
x0 = A(t))?0 + C(t); and defining ¥ =i %0, the
following relation is found:

¥ = A()x. (48)

Using the coordinate partition of Eq. (34), and the def-
inition of the matrix A (¢) in Eq. (43), Eq. (48) can be
expressed as:

Faa\ _ (L ®]02:3) [*aa
(fai > N (03><2 I3><3> (§ai ) ’ 49

@ Springer
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where ¥4 = (1; é 9‘) and %, = (3¢ jc)'. Dif-

ferentiating with respect to time Eq. (49), the following

relations at velocity level are obtained:

ad = L (1) ¥aq + L(t)aa, (50)

Kai = Xai. (51)
The substitution of Egs. (50) and (51) in the linear

system of equations (35) and (36) leads to:

Xai = Jo1Xai + JXai + J23%aa, (52)

-;ad = j31;ai + J_32;ui + J_33-;C:adv (53)

where the matrices Jo1, J22, J23, J31, J32 and J33
are computed as follows:

Ja = Jo, J31=L""J3,
Jn = Jn, Jun=L""J3,
Jo = JInL, Jis=L"(JsL—L). (59

T

Finally, defining X = ( Xyi ; ui Xa d) , the linearized

equations of motion (52) and (53) can be written as

a first order system of the form X = JX, with the
Jacobian matrix J:

0 0 oj1t 0 0[0 0O
0 0 0[0 1 0[00
0 0 0[0 0 1[0 0
- 1 0 0 00l 0[0 0
T=1 0 o Ok 0 4| 0 0 £33)
0 0 0[0al 0|0 0
—oQ 0 00 a 0[]0 w
0 —af2sin(¢g)0[{0 0 o|—w O

where the coefficients o’ were defined in Eq. (40).
Note that, in contrast to Eq. (39), the Jacobian matrix
J does not depend explicitly on time and presents con-
stant coefficients. In this case, the linear stability can be
assessed directly, being all the information contained
in the set of eigenvalues of J.

The 8 x 8 Jacobian matrix (55) results in 2n —
| = 8 eigenvalues. As detailed in Ref. [49], the lin-
earization approach yields [ = 2 spurious eigenval-
ues, associated with the linearized nonholonomic con-
straints in Eq. (55). These eigenvalues are easily rec-
ognizable and, in this case, are given by + wi, aris-
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ing from the rotating coordinate system (X,Y,Zy)
that is used to transform the time-dependent Jacobian
matrix of Eq. (39) into the time-independent Jacobian
matrix (55). The remaining six eigenvalues obtained
from the Jacobian matrix (55) correspond to the spec-
trum of the problem and are discussed in Sect. 4.

4 Results and discussion

In this section, the linear stability of the steady straight-
line rolling motion, steady spinning around a vertical
diameter and the circular steady motion are analysed
in detail.

4.1 Linear stability of the steady straight-line rolling
motion

First, the linear stability of the steady straight-line
rolling motion of the toroidal wheel is studied. This
motion corresponds to a limit case of the circular steady
motion (22), with w — 0, p — oo and ¢g — 0. This
reference motion can be expressed as:

x2 (1) = 2R, y2 () =0,
v0 (1) =0, " (1) =0,
6° (1) = 1. (56)

Note that Eq. (22), particularized for « — 0 and
p — oo, yield xg @ty — 0, yg (t) = $£2Rt and
vO () = %, which corresponds to the toroidal wheel
moving along the Yj-axis. For simplicity, the equiva-
lent reference motion defined by Eq. (56), correspond-
ing to the straight-line rolling of the wheel along the
X1-axis (see Fig. 5), is considered. In vector form, the
reference motion of Eq. (56) is given by x0 () = 2%,
with 20 = (2R 000 2)". In the steady straight-
line rolling motion, the values of the Lagrange multi-
pliers, denoted as Ag, are given by:

A= (4%, 43,)" = (00)". 57)

The Jacobian matrix of Eq. (55) can be particularized
for the reference motion (56). The following system of
linear equations, involving the yaw, lean and roll angles,

Fig.5 Steady straight-line rolling motion of the toroidal wheel

is obtained:

U= —2u () 24,

. 2 ; g ~
¢ = 5#2 m Eﬁb
4, (58)
+ §M§ () 2,
6 =0,

where Mlj (n) are functions of the torus aspect ratio 7,
withi = {s, h}and j = 1...3, given by:

3> +4 h 392 +2
s _ 2T _ -l =
M] (T’) - 5772 +4’ H’] (77) 5172+2’
12(1 + 1) i 6(1+1)
s — —
0= ez M2 = gp e
” )_21n2+24n+24 H iy 1572 4+12n+12
M= 560 30104 M3 T 8 Tlen+12°
(59

The linearized equations (58) are also valid for the
steady straight-line motion of the rolling hoop, which
corresponds to the limitcase n — 0. Note that ,u; 0 =
1. As can be seen in Eq. (58), the equation associated

with the forward motion, 6 = 0, is decoupled from
the following two coupled linear system of differen-
tial equations, involving the yaw and lean angles of the
wheel:

B+
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ks, 0\ (¥ _ [0
(50)(5)=06)

. ‘ 4 .
with s, = zlul] (77)’ s, = _EMS (n)’ k81 = 0 and

ks, = —%,ué ) % In Eq. (60), Ks and Gg are the
stiffness and velocity-dependent matrices, respectively.

The following set of eigenvalues, associated with the
linear system of equations (58), is obtained:

As = (01w 24 23)" (61)

with A} ==¢i(n,am)\/E;E5TE§5and

A3 = —¢' (n, wo),/¢" (n, 2). The functions ¢’ and
{i, with i = {s, h}, are given by:
2w
J G2 +4) (132 + 163+ 12)
¢ (n, 2) = (10n2 + 8) (1+7n) — 22

x (21n4 42403 4+ 5207 + 329 + 32) ,
(62)

¢* (n, fo) =

2w
(512 +2) (92 + 81+ 6)
" (n. 2) = (5'72 +2) (141) — 22

x (15774 1203 2202 + 8 + 8) .

o" (n, fo) =

The eigenvalues of Eq. (61), particularized for the case
of the rolling hoop (n — 0), become:

As

6 =
0 = %_wov 1 —402,
= —“/Tgwm/l — 4022 (63)

-

2

XS ‘7]—)0
InEq. (61), twonull and two nonzero eigenvalues are
associated with the system of equations (60). Note that,
since the stiffness matrix Kg of Eq. (60) is degenerate
(ks, = 0), only two nonzero eigenvalues are obtained.
Furthermore, the remaining two null eigenvalues in
Eq. (61) correspond to the forward motion as a rigid
body of the rolling wheel.

From the eigenvalues of Eq. (63), it can be seen
that the gyroscopic stabilization of the rolling hoop is

obtained for [_ZC = 3 Therefore, the critical rotational

@ Springer

speed 2. for which the stabilization is achieved is given
by:

- 1 1 /g
.QC—§=>.QC—§ s (64)
This result corresponds to the critical rolling speed of
the rolling hoop found in the literature [31,33], validat-
ing the linear stability analysis.

In the case of a toroidal wheel of aspect ratio 7,
the value of £2 for which the gyroscopic stabilization
is obtained is denoted as Qéc, with i = {s, h}. From
the non-null eigenvalues of Eq. (61), the boundary that
determines the linear stability of the steady straight-line

rolling motion is therefore given by ¢’ (n, fz;%) = 0.
The values of S_Z,éc, for the solid and hollow cases, are
given by:

55 (109> +8) (1 +n)

ne N 20t 4 2403 + 5252 + 32 4+ 32°
P (n+2)a+m
e 15n% + 1293 +22n% + 8y + 8

(65)

(66)

From Eq. (64)—(66), the following relation is obtained:

2y =i (1) 2. 67)

with the functions yx;:

4(10n> +8) (1 + 1)

21n* +24n3 +52n% + 321 + 32°
4(57 +2) 1 +n)

15n% + 1273 + 2202 +8n + 8~

(68)

Xs (T)) =

xn () = (69)

Note that these functions verify x; (0) = x5 (0) = 1.
The critical rotational speed of the toroidal wheel ver-
ifies 2}, < 2. Vn # 0, for both the solid and hollow
scenarios, since x, () and x; () are monotonically
decreasing functions. Therefore, in the toroidal wheel
case, a lower rotational speed than in the rolling hoop
scenario is required to achieve the stabilization. The
evolution of these functions with the torus aspect ratio
n is shown in Fig. 6.

Figure 6 allows a comparison of the linear stability
of the steady straight-line rolling motion between the
solid and hollow toroidal wheels. The intersection of
xs (n) and xj, (n) occurs for n* ~ 0.7115. For n < n*,
the gyroscopic stabilization is achieved for a lower rota-
tional speed in the solid case, while the hollow scenario
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Solid case: x;(n)
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xs(1), xa(n)

09F

0.88 N

0.86 : : :
0 0.2 0.4 0.6 0.8 1

Torus aspect ratio, n

Fig. 6 Functions yx; () and xj (n)

becomes stable for a lower rotational speed than the
solid case if n > n*.

A comparison of the root loci of a solid toroidal
wheel, with = 0.75, and a hoop of equivalent radius
is shown in Fig. 7a. The torus aspect ratio n = 0.75

has been chosen for a convenient visualization of the
results. A numerical value of wg = 1 rad/s is consid-
ered. For 2 < .Qj] .» the rolling toroidal wheel presents
a hyperbolic equilibrium, with two nonzero real eigen-
values of opposite sign, and is therefore unstable. In
the case of 2 = .Q,‘;c, the eigenvalues coalesce and
the wheel is still unstable. The gyroscopic stabiliza-
tion is finally achieved for £2 > .Qéc, presenting an
elliptic equilibrium with a pair of purely imaginary
eigenvalues. The cross markers in Fig. 7a correspond to
§2 = 0 rad/s, and the square markers to £2 = 1 rad/s.
Moreover, the unstable and stable regions are depicted
in Fig. 7b. The transition from the unstable to the stable
region is given by the critical rotational speed, which
in the case of a solid toroidal wheel of n = 0.75 and
wo = 1rad/s, is §2;, = 0.4834 rad/s.

Figure 8a, b show the evolution of the real and imag-
inary parts, respectively, of the eigenvalue Aé with
the rotational speed, for different torus aspect ratios:
n = {0,0.25,0.5,0.75, 1}. The results are analogous
for the eigenvalue A2, with opposite sign. Note that, in

line with Fig. 6, in which the functions y; (1) are shown,

Fig. 7 Eigenvalues of the 15 o 1.5
rolling toroidal wheel in the —Ln=0 0 ) l—— unstable stable =
steady straight-line rolling L I = 1 o
motion 05k |- An=07s =05 o
= & ¢
= . Ag-n=075 ,; P B
E g —Re(A)
-0.5 T:E -0.5 ___—Re(A;) ‘\\\
% <3 s ---Im(Ad) o llo. R
M 05 0 05 " 0 02 04 06 08 1
Re()) Rotational speed Q (rad/s)

(a) Comparison of the root loci of the solid
toroidal wheel (n = 0.75) and hoop (n = 0),

with wo = 1 rad/s.

(b) Unstable and stable regions of the
steady forward motion: evolution of the real
and imaginary parts of the eigenvalues with
the rotational speed 2.

Fig. 8 Variation of the real

and imaginary parts of Aé 0.8
(Re (Als) and Im (Aé),

respectively) with £2, for 0.6
n=1{0,0.25,0.5,0.75, 1}. L:g\:
The solid (S) and hollow E 0.4

(H) scenarios are shown ) :
—e = H,p=05
S, n=0.75
e H,p=0.75
S,p=1
———H,p=1

1.5

S,n=0

———-H,7=0

S, 7=025

———-H,n =025

S, 1=05

1H----Hn=05

— 8,7 =0.75

- e H,n =075

= S,n=1

Ei

0.5r

0
0 0.1 0.2 0.3 0.4 0.5

Rotational speed Q (rad/s)
(a) Influence of i on Re (A}).

0.5 0.6 0.7 0.8 0.9 1
Rotational speed Q (rad/s)

(b) Influence of 7 on Im (A).
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the rotational speed for which the real eigenvalue Aé
becomes purely imaginary decreases as n increases,
due to the stabilizing effect of the toroidal geometry.
Figure 8a, b also allows a comparison betweeen the
solid and hollow scenarios. For a torus aspect ratio
lower than n* ~ 0.7115 (n = 0.25 and n = 0.5 in
Fig. 8a, b), the gyroscopic stabilization is achieved and
the eigenvalue )Lé turns purely imaginary for a lower
rotational speed in the solid case, while the hollow sce-
nario becomes stable for a lower rotational speed than
the solid case if n > n* (n = 0.75 and n = 1 in Fig. 8a,
b). This behavior is consistent with the evolution of the
functions x, () and yxp () in Fig. 6.

4.2 Linear stability of the steady spinning motion
around a vertical diameter

The linear stability of the steady spinning motion
around a vertical diameter is analysed. In this case,
this reference motion corresponds to a limit case of the
circular steady motion (22), with 2 — 0, p — 0 and
¢O — 0:

(1) =0, y2 (1) =0,
v (1) = o, 0% (1) =0,
0% (1) = 0. (70)

In vector form, the reference motion of Eq. (70) can be
expressed as x0 (t) = 't with @0 = (0 OwO O)T.
In the steady spinning motion around a vertical diame-
ter, the values of the Lagrange multipliers, denoted as
AS), are given by:

AY = (49, 4%,) =(00)". (1)

Figure 9 shows an arbitrary position of the toroidal
wheel during the steady spinning motion.

Particularizing the Jacobian matrix (55) for this ref-
erence motion, the following system of linear equations
of motion, involving the yaw, lean and roll angles, is
obtained:

Oa

<
I

= (. 2, 2 g\: 4 2
p=|og(Mow +§ z(ﬁ)E ¢+§03(77)609, (72)

e

3 =

@ Springer

Fig. 9 Steady spinning

motion around a vertical
diameter of the toroidal

wheel

where a]’: () are the following functions of the torus
aspectratio, withi = {s, h}and j =1...4:

s n% +8n + 12 Y n*+4n+6
oiM=F5 s =5
13n* 4+ 161 + 12 I +8n+6
! 121+ 1) 6(1+n)

BM=—y————. =g,
13n% 4 161 + 12 M +8n+6

i 21n>+24n+24 15724120412
03 (77)2 2 5 03 n)= 2 )
26n2432n+24 18924+16n+12

s 14n2+24n+24 1072 +12n+12
04(77):22—, o= F 5 15
1n=+24n+24 159 +12n+12
(73)

Note that aj’: (0) = 1. The linearized equations (72)
are also valid for the rolling hoop (n — 0). As can
be seen in Eq. (72), the spinning motion is decoupled
from the following two coupled linear system of dif-
ferential equations, involving the lean and roll angles
of the wheel:

(Z)- +w<ocw‘) 4}
0 cor 0 )\ §
G,
ko 0\ (&) _ (0
(520)(2)-0) @
———
K,
. 4 . 3
with ¢, = —3 2 (), Cwy, = 3 2 (), ko, =

. 2 . g
—ol () 0* — 505 ) = and k,, = 0. In Eq. (74),
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K, and G, are the stiffness and velocity-dependent
matrices of the steady spinning motion, respectively.

The following set of eigenvalues, associated with the
linear system of equations (72), is obtained:

Ao = (01, 2, 22)" (75)

with AL =« (n, @) v/¢' (n, ®) and
22 = —k' (1, wo)+/g' (n,®). The functions «’ and
¢' are given by:

0

V1302 + 1650 + 12°

¢ @) =8(1+1) — @ (13n2+ 167 + 12),

k* (1, wo) =

w0

K, 00) = e,
Vo= +8n+6

@) =4 +n) — (9n2+8n+6). (76)

In the limit case of the rolling hoop, the eigenvalues of
Eq. (75) become, for n — 0:

| NG 3
=201 =2
)‘w‘,ﬁo 3“0 2"
2 V6 3,
=21 = 252, 77
“"n—m 3“0 2% 7

InEq. (75), twonull and two nonzero eigenvalues are
associated with the system of equations (74). Note that,
asin the steady straight-line rolling motion, the stiffness
matrix K, of Eq. (74) is degenerate (k,, = 0), and only
two nonzero eigenvalues are obtained. Moreover, the
remaining two null eigenvalues of Eq. (75) correspond
to the spinning motion as a rigid body of the toroidal

wheel, given by @ = 0in Eq. (72).
From the eigenvalues of Eq. (77), it can be seen that
the gyroscopic stabilization of the hoop in the steady

o . - 2
spinning motion occurs for o, = 3 Therefore, the

critical spinning speed w, for which the stabilization
of the hoop is achieved is given by:

2 2
Be =12 = we =22, (78)
3 3R

This result corresponds to the critical spinning speed of
the rolling hoop presented in [33], validating the linear
stability analysis.

In a toroidal wheel of aspect ratio 1, the bound-
ary that determines the linear stability of the steady

spinning motion around a vertical diameter is, by
virtue of the non-null eigenvalues of Eq. (75), given
by gi (n, J)lnc) = 0, with c?)ﬁ,c being the value of @
for which the gyroscopic stabilization of the spinning
wheel occurs. The values of c?)fw for the solid and hol-
low case, are given by:

e 1392 + 16 + 12’

- ' (1 ”)
h
w. = —_——. 80

From Eq. (78) and Eqgs. (79)-(80), the following rela-
tion is obtained:

Dhe =¥ (1) . @1

where the functions y;, with i = {s, h}, are given by:

(79)

12(1+n)
vs (1) 1392 + 160 + 12’ (82)
6 (1+1n)
= 83
) = G 8+ 6 (83)

Figure 10 shows the evolution of y; (1) and y;, (n)
with the torus aspect ratio. Both functions are monoton-
ically decreasing, with y; (0) = y; (0) = 1. Therefore,
as in the case of the steady straight-line rolling motion,
the toroidal geometry results in a stabilizing effect with
respect to the hoop, since the critical angular speed of
the toroidal wheel verifies o, < w. ¥n # 0, both in
the solid and the hollow scenarios. Given that y;, < y;

N Solid case: 7s(n)
\\\ - ——-Hollow case: v,(n)
09F N
N
N
N
N
N

— N
£0.8 AN
= N
?yi 0.7 \\\

0.6 I

0.5 : : : :

0 0.2 0.4 0.6 0.8 1

Torus aspect ratio, n

Fig. 10 Functions y; () and yj, (1)
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Vn # 0 (see Fig. 10), the gyroscopic stabilization is
achieved for a lower angular speed in the hollow case.

Figure 11a shows a comparison of the root loci of a
solid torus, with = 0.75, and a hoop with equivalent
radius. As in the case of Fig. 7, the torus aspect ratio
n = 0.75 has been chosen for a convenient visualiza-
tion of the results. A numerical value of wy = 1 rad/s
is considered. In Fig. 11a, the cross marks correspond
tow = 0 rad/s, and the square marks tow = 1.5 rad/s.
Figure 11b represents the evolution of the real and com-
plex parts of the eigenvalues A i) and )»3) with the angu-
lar speed w. The unstable and stable regions are also
depicted in Fig. 11b. The transition from the unsta-
ble to the stable region is given by the critical angular
speed, which in the case of a solid toroidal wheel with
n = 0.75 and wg = 1 rad/s, is wzc =~ 0.6687 rad/s.
The critical angular speed of the hoop with equiva-

2
lent radius, w, = \/g ~ (.8165 rad/s, is also high-

lighted. The toroidal wheel, in the steady spinning
motion around a vertical diameter, presents the same
behaviour as in the steady straight-line rolling motion.

A hyperbolic equilibrium exists for o < wi,c, with
two nonzero real eigenvalues of opposite sign, being
unstable. For v = a):i, the eigenvalues coalesce, with
ké) = )%20 = 0, and the system remains unstable. Lastly,
when w > wfn,, the gyroscopic stabilization is achieved
and the real eigenvalues turn into a complex conjugate
pair, leading to an elliptic equilibrium.

The influence of the aspect ratio n on the real
and imaginary parts of the eigenvalue )Ltlu is shown in
Fig. 12. Figure 12a represents the variation of the real
part Re ()L}U) with the angular speed w, for a set of val-
ues of n = {0,0.25,0.5,0.75, 1}. Similarly, Fig. 12b
shows the imaginary part Im (11). Note that, in consis-
tency with the functions y; () and y;, (n) of Egs. (82)
and (83), depicted in Fig. 10, the toroidal geometry
leads to a stabilizing effect, since the value of w for
which the real eigenvalues become purely imaginary
decreases as 7 increases. For a given torus aspect ratio
n, the gyroscopic stabilization of the steady spinning
motion around a vertical diameter is always achieved

for a lower speed in the hollow scenario.

Fig. 11 Eigenvalues of the L5 o L5 ]
rolling toroidal wheel in the n z unstable el
steady spinning motion =
around a vertical diameter 0.5¢ =305 T | R
= =9 —Re(\)
E° 8 L —eemH]]
- —ln=0 = Ny i
0.5+ ”hA;:TW:U g -0.5 . lem()\i) g
nt ————A;U—OJS _go 1 A
—— =22 =07 ~
15 i S 15 Fnel e
-1 -0.5 0 0.5 1 0 0.5 1 15

Re(N)

Angular speed w (rad/s)

(a) Comparison of the root loci of the rolling (b) Unstable and stable regions of the steady
toroidal wheel (n = 0.75) and hoop (n = 0), spinning motion around a vertical diameter:

with wop = 1 rad/s.

evolution of the real and imaginary parts of
the eigenvalues with the angular speed w.

Fig. 12 Variation of the

real and imaginary parts of 0.8
)»Clu (Re ()LLIU) and Im ()Lclo),

respectively) with w, for 0.6
n ={0,0.25,0.5,0.75, 1}. =
The solid (S) and hollow E 0.4

(H) scenarios are shown
e H, =05
S, =075

0
0 0.2 0.4

Angular speed w (rad/s)
(a) Influence of  on Re (AL).
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4.3 Linear stability of the circular steady motion

The linear stability of the circular steady motion, which
was defined in Eqgs. (21) and (22), is analysed. From
the Jacobian matrix of Eq. (55), the following system
of linear equations, involving the yaw, lean and roll
angles, is obtained:

b= (8 (1, 40 0 + 85 (1. 60) 2) &, (84)
¢

(55 01, @0) &7 +8] (1. 90) 2485 (1. 90) 20)

+ (85 (1. $0) +85 (1. 60) 2) W +85 (1, ¢o) 8,
(85)

0 = (8401, 00) 0+ 8, (1, 60) 2) &, (86)

where the functions 8,i (n, ¢o), with i = {s, h} and
k = 1...9, were introduced after Eq. (40) and their
expressions can be found in “Appendix A”. The linear
system of equations (84)—(86), particularized for the
case of the rolling hoop (n — 0), becomes:

_2e ¢
cos (¢o)

(.2 2¢g 4 .
¢=| @ cos 2po)+ 5 5 cos (¢o) — s L2wsin (240) | ¢

ASSIN

87)

+ (%9 cos (¢ho) +sin (2¢o)) 1Z+§wcos (0) 6.
(88)

5 = (29 tan (¢) — %a) cos (¢0)> @. (89)

Equations (84)—(86) can be rewritten as follows:

Vv 0 co O 0 cg 0

| T el con 0 coy | +82)ce 00

é:' 0 cw, O 0 ce0
G? G2

DS

— (801, ¢0) & + 8, (1. ¢0) 2 + 85 (1. 60) 20). In
contrast to the linearized equations of motion associ-
ated with the steady straight-line rolling and spinning
around a vertical diameter, given by Eqgs. (58) and (72),
respectively, equations (90) constitute a linear system
of three coupled equations.

The following set of eigenvalues, associated with the
linear system (90), is obtained:

Ao = (014 2L 22)" 1)
where
)\,(1: = —'a)o 8}3 (Qv 5)9 ¢07 77),
\/ Bs (1, ¢o)
P | Sy (2. . ¢o.1). (92)

T JB )

and ng, with i = {s, h}, is given by:

@, o, 1) = B (1, po) + BL (n, ¢o) 2°

+ BL (1, o) 2 + B (1. do) @
(93)

Sy (2,

The analytical expressions of the functions ﬂ,i in
Egs. (92) and (93), withi = {s,h} and k = 1...5,
can be found in “Appendix A”.

The nonzero eigenvalues of the circular steady
motion, presented in Eq. (92), become, for ® — 0 and
¢o — 0, those of the steady straight-line rolling motion
of Eq. (61). Furthermore, in the limit case 2 — 0 and

000\ (V¥ 0
+lok,0ffe]=(0]. (90)
000/ \; 0
———
K.

where K. is the stiffness matrix, and G, GgQ are
velocity-dependent matrices, proportional to the angu-
lar and rotational speeds w and £2, respectively. In
Eq. (84), coy = —8] (1. §0). Cay = —8} (0. $0). €y =
=85 (n, ¢0), Coy = —85 (N, d0), cy = —8; (1, do),
co, = =85, ¢0), coy = —8(n, do) and ke, =

¢o — 0, the eigenvalues (75) of the steady spinning
motion around a vertical diameter are obtained. There-
fore, the same eigenvalues of the linear stability anal-
ysis of the limit motions are obtained, validating the
linear stability results of the circular steady motion. In
the limit case of the rolling hoop, the eigenvalues of
Eq. (92) become, for n — 0:
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6 3 -
. 0 @ cos (¢o) — 55)2 — 482 (2 + @sin (¢0)).
6 3 -
)‘g . — _@ cos (¢po) — 5a_)2 — 42 (Q + wsin (¢()))
n—

(94)

The equilibrium equations (27) and (28), particular-
ized for a given aspect ratio 1, can be represented as
the following surface:

St (2, @, ¢0) =0, withi = {s, h}. (95)

Moreover, the function S /‘3 (2, @, ¢o, 1), particular-
ized for a torus aspectratio 7, is denoted as S /’5 (.{_2, w, qbo) .
Therefore, the boundary that determines the linear sta-
bility of the circular steady motion of a toroidal wheel
with aspect ratio 7 is given by the intersection of the
equilibrium surface S (£2, @, ¢o) = 0 of Eq. (95) and
the surface Sli3 (2, @, ¢9) = 0:

Si(2, @, ¢0) =0,
{ S (2, @, ¢o) = 0.

Figure 13 shows a three-dimensional view of the sta-
bility boundaries, obtained for different aspect ratios 5.
In particular, the numerical values of n = {0, 0.25, 0.5,
0.75, 1} are considered. Note that, for convenience, the
absolute value of the equilibrium lean angle |¢g | is used.
To verify the results, the same curve is obtained, for
n = 0, in the solid and hollow scenarios (see Fig. 13),
and tallies with the result obtained for the rolling hoop.

Moreover, Fig. 14 shows the projections of the
stability boundaries on the @—£2 plane. The stability
results obtained in the study of the limit motions (steady
straight-line rolling in Sect. 4.1 and spinning around a
vertical diameter in Sect. 4.2) can also be observed in

(96)

25

S,H,n=0

— 8,7 =025

20

‘¢ll‘

Fig. 13 Stability boundaries of the circular steady motion. The
solid (S) and hollow (H) cases, for n = {0, 0.25, 0.5, 0.75, 1},
are shown

@ Springer
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Fig. 14 Projections of the stability boundaries, in the solid (S)
and hollow (H) case, for n = {0, 0.25, 0.5, 0.75, 1}

Fig. 14. For @ — 0, the intersections of the projec-
tions with the £2-axis of Fig. 14 correspond to [_256,
and are in accordance with the expression of S_an, in
Eq. (67) and the functions x; and x, of Egs. (68) and
(69), respectively. Likewise, for £ — 0, the intersec-
tions of the projections with the @w-axis correspond to
d)iic, and are in accordance with the expression of c?)fm
in Eq. (81) and the functions ys and y; of Egs. (82)
and (83), respectively. Note that the torus aspect ratio
n of the toroidal wheel greatly impacts on the stability
boundaries. As n increases, the stability is achieved for
a lower combination of rotational speed £2 and angular
speed o.

Lastly, Fig. 15 shows, for a solid toroidal wheel,
the stability boundaries on the equilibrium surfaces
S5 (2,@,¢0) = 0, for n = 0 and n = 0.75. The
torus aspect ratio n = 0.75 has been chosen for a con-
venient visualization of the results. The part of the equi-

S5(Q,@, ¢0),n =0

60 § 5:(9Q,@, ¢o),n =075
———Stab. boundary, n =0
Stab. boundary, n = 0.75

Fig. 15 Stability boundaries, for n = 0 and n = 0.75, on the
equilibrium surfaces S3 (£2, @, ¢9) =0
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librium surface below the stability boundary represents
the unstable region, and the toroidal wheel presents a
hyperbolic equilibrium, where the nonzero eigenvalues
ki and )»% of Eq. (92) are real with opposite sign. On
the stability boundary, the eigenvalues A g and kg coa-
lesce and become null. Finally, the part of the equilib-
rium surface above the stability boundary is the stable
region, corresponding to an elliptic equilibrium, where
the eigenvalues A g and )Lf are purely imaginary.

In the particular case of a circular trajectory with
large radius compared to the radius of the wheel
(p > R),anaccurate expression of the rotational speed
required for stability in the circular steady motion can
be analytically found. Paris et al. [31] showed this result
for the rolling disk and hoop. Particularizing the eigen-
values (94) for the condition p > R, which by virtue of
Eq. (24) is equivalent to @ < 2, the critical rotational
speed £27 is obtained:

V/cos (o) = $24/c0s (¢o), 97)

Q=

SN

where £2, is the critical rotational speed of the rolling
hoop in the steady straight-line rolling motion, defined
in Eq. (64). Equation (97) provides the same result
shown by Paris et al. [31]. From Eq. (97), it can be
seen that the critical rolling speed for stability in the
circular steady motion §2 (corresponding to @ < £2)
is lower than in the steady straight-line rolling motion
. (associated with @ = 0). Similarly, in the case of
a toroidal wheel describing a circular trajectory with
large radius compared to the radius of the wheel, the
expression of the critical rolling speed required for sta-
bility can be obtained:

e | B, 0
2= [—— 98
" B (1, $o) %)

where the functions ﬂ{ (n, ¢o) and ,35 (n', ¢o) can be
found in “Appendix A”. The functions 8 (1, ¢o) and
,85 (n, ¢o) have opposite signs. As in the case of the
rolling hoop, and as can be seen in the projections of the
stability boundaries shown in Fig. 14, the critical rolling
speed in the circular steady motion .(_2{7’5 (corresponding
to @ <« £2) is lower than the critical rolling speed
in the steady straight-line rolling Q,’%C (associated with
o = 0).

5 Conclusions

In this paper, the linear stability of the rolling toroidal
wheel was analysed in detail. The nonlinear equations
of motion of the solid and hollow toroidal wheel with
circular-cross section were derived. The circular steady
motion, which constitutes a relative equilibrium of
the system, was obtained. The linearized equations of
motion along this reference solution were analytically
derived as a function of the torus aspect ratio .

First, the linear stability of the steady straight-line
rolling motion and the steady spinning motion around a
vertical diameter, which correspond to limit motions of
the circular steady solution, were studied. In the steady
straight-line rolling motion, the corresponding eigen-
values and the critical rolling speed required for stabi-
lization £2; . were analytically obtained. For 2 < £2; .,
the rolling toroidal wheel presents a hyperbolic equi-
librium, with two nonzero real eigenvalues of opposite
sign, and is therefore unstable. In the case of 2 = .{2,’7 o
the eigenvalues coalesce and the wheel is still unstable.
Finally, for £2 > 52,’7 .» anelliptic equilibrium with a pair
of purely imaginary eigenvalues is obtained, becom-
ing stable. A comparison between the solid and hollow
scenarios was also performed. Below a critical torus
aspect ratio *, the gyroscopic stabilization is achieved
for a lower rolling speed in the solid case, while for
n > n*, the hollow toroidal wheel becomes stable for
a lower rotational speed than the solid case. Similarly,
the eigenvalues and the critical spinning speed a)ﬁ7 . of
the steady spinning motion around a vertical diameter
were derived. For w < a)fw, a hyperbolic equilibrium is
obtained, with two nonzero real eigenvalues of opposite
sign, being unstable. For w = wﬁ,c, the eigenvalues coa-
lesce and, for w > a)il . the stability is achieved, obtain-
ing an elliptic equilibrium with a pair of purely imagi-
nary eigenvalues. In this reference motion, the stability
is always achieved for a lower spinning speed in the hol-
low toroidal wheel. For both limit motions, the eigen-
values and the critical rolling and spinning speeds were
particularized for n = 0, obtaining the same results of
the rolling hoop. A comparison between the toroidal
wheel and the rolling hoop was also included, showing
the stabilizing effect of the toroidal geometry.

Concerning the linear stability of the circular steady
motion, the corresponding eigenvalues were analyti-
cally obtained, for both the solid and hollow scenarios.
The influence of the torus aspect ratio n on the stabil-

@ Springer



2472

A. G. Agiindez et al.

ity boundary was studied, and it was shown that, as
n increases, a lower combination of rolling speed 2
and spinning speed w was required to achieve the sta-
bility. The equilibrium surfaces, with the correspond-
ing stability boundaries, were shown for n = 0.75
and the hoop case (n = 0). The stability results of
the steady straight-line rolling motion and the steady
spinning motion around a vertical diameter were ana-
lytically validated by particularizing the eigenvalues of
the circular steady motion for these reference solutions.
Moreover, these results were also verified with the pro-
jections of the stability boundaries on the @ — £2 plane.
Lastly, in the case of a circular trajectory with large
radius compared to the radius of the wheel (p > R),
an accurate expression of the critical rolling speed
required for the stability of the circular steady motion
was obtained.

Itis important to note that, in this work, all the results
have been obtained for a toroidal wheel with a circular-
cross section. In future work, the influence of differ-
ent geometries of the cross-section on the stability of
the relative equilibria could be studied. Moreover, the
bifurcations of the system could be analysed and com-
pared with those of the rolling hoop and disk.
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A Appendix

The functions 8,i n, ¢o), with i = {s,h} and k =
1...9, are given by:

B 2n* sin (3¢g) — 34n* sin (¢9) — 2813 sin (2¢0) — 5612 sin (¢o) + 812 sin (3¢y) — 167 sin (2¢0)

%1 (1. 90) = = 60 (397* — 4n* cos? (d) + 40173 cos (o) + 840> — 1672 cos? (¢o) + 321 cos (do) + 32)
55 (7. o) = — 4211 + 48n° cos (¢o) + 1047 4 647 cos (do) + 64
2 cos (o) (39n* — 4n* cos? (o) + 40n> cos (o) + 84n? — 1602 cos? (o) + 321 cos (¢o) + 32)°
5 (1, o) = 1" cos (26o) +8n cos (do) +12¢0s Qo) (0 8 cos (¢o)
’ 1302 + 161 cos (¢o) + 12 T (1312 + 165 cos (¢o) + 12) (1 + 1)’
52 (n. o) = — 14n” sin (¢o)+8n sin 290) +16sin (¢o) (n. do) — n” sin (2¢) + 167 sin (¢o) +12 sin (2¢0)
s - 9o 1372 + 167 cos (¢o) + 12 ERCAUAS 1372 + 161 cos (¢o) + 12 ’
5 (1, o) = 147* cos (o) + 8n + 81 cos? (¢o) + 16 cos (o)
’ 132 + 161 cos (¢g) + 12 ’
s n* cos? (¢o) — 36n* — 601 cos (o) — 640> — 2402 cos? (¢o) — 487 cos (¢g) — 48 cos? (¢p)
% (1. o) = cos (o) (39n* — 4n* cos? (¢o) + 4013 cos (¢o) + 84n? — 16> cos? (¢o) + 321 cos (o) + 32)°
89 (n, ¢o)

_ 38n*sin (¢o)+4n* sin’ (¢0) +221° sin (2¢0) +88n? sin () + 1607 sin® (¢o)+24n sin (2¢po) +64 sin (o)
N cos (¢o) (39n* — 4n* cos? (¢o) + 4003 cos (¢o) + 84n> — 160> cos? (¢o) + 321 cos (¢o) + 32)
n* sin (3¢) — 23n% sin (¢p9) — 1417 sin (2¢) — 2252 sin (¢o) + 21 sin (3¢) — 47 sin (2¢)
 cos (¢o) (27n* — 2n* cos? (¢o) + 2013 cos (¢o) + 34n? — 4n? cos? (¢o) + 81 cos (¢o) + 8)
30n* + 2403 cos (¢o) + 441> + 161 cos (¢o) + 16
cos (¢o) (27n* — 2n* cos? (o) + 2013 cos (o) + 341> — 4% cos? (¢o) + 81 cos (¢o) + 8)

81 (n, ¢o) =

8% (n, ¢o) = —
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’

S5 (7, oy = 1108 200) + 4105 (Go) +6¢05 @) (0 4 cos (¢o)
’ 972 + 81 cos (o) + 6 A (912 + 8ncos (¢o) +6) (1 + 1)’
5 (1. o) = — 1052 sin (¢o) + 47 sin (2¢0) + 8 sin (¢o) 5" (1. o) = n? sin (2¢0) + 87 sin (¢o) + 6 sin (2¢)
> 912 + 817 cos (go) + 6 BERAS 9172 + 817 cos (go) + 6
s (1. o) = 10n?% cos (¢o) + 41 + 4n cos? (¢o) + 8 cos (¢o)
T 9 + 811 cos (o) + 6 ’
81 (1, o) = — n* cos? (¢o) + 24n* + 301> cos (¢o) + 240> + 1612 cos? (do) + 12 cos (¢o) + 12 cos? (¢o)

cos (¢o) (27n* — 2n* cos? (¢o) + 20n3 cos (o) + 3412 — 4n2 cos? (¢o) + 81 cos (¢o) +8)
28n* sin (¢0) +2n* sin® (¢o) +11n° sin (2¢0) +40n? sin (o) +4n> sin’ (o) +6n sin (2¢o) + 16 sin (¢o)

86(n, o) =

cos (¢o) (27n* — 2n* cos? (¢o) + 2013 cos (o) + 34n? — 4% cos? (¢o) + 81 cos (¢o) + 8)

99)

The functions g}, withi = {s,h} andk = 1...5,
are.

BT (1, #0) = 8 (1) ( (390" +8412432) cos? (¢)
—l—(40n3 +32n) cos’ (o) — <4n4+ 16n2) cos* (¢0)) ,
B3 (n. o) = —4 (84n5 + 2087 + 1287
+ (147n6 + 628n* + 7681 + 256) cos (¢ho)
+ (252n5 + 62403 + 38417) cos? (¢o)

+ (96774 + 128172) cos’ (¢0)> ,
1
1+ ncos (¢p)
((4627)7 T 12167 — 15687 — 2304;7) sin (o)

B3 (. o) =

+ (207n6 + 1487* — 864> — 512) sin (26)
- (462n7 +12645° — 124873 — 1792n) sin’ (o)
+ (5367;6 — 448p* — 1152772) sin (o) cos> (o)
— (112;77 + 448y + 512;73) sin (¢o) cos* (¢)

— (32776 + 128774) sin (¢o) cos’ (¢>0)) ,

B} (1, 40) = (2889° + 5128

(1 + ncos (¢0))*
+ (1057;6 4 4087* — 400% — 384) cos (¢ho)

- (654n7+2160n5+3104n3+ 128077) cos? (¢ho)

@ Springer

_ (471 n8+3488n6+6464n4+3136n2) cos? (o)
- (1424777 +5144n° + 41605 + 38417) cos* (¢h0)
+ (8n8 — 13045 — 19847" — 384;72) cos® (o)
+ (88177 +64n° + 384n3) cos® (o)
+ (8n8 12870 + 384774) cos” (¢0))

BE(n, do)= (507n6+ 1560n* + 1424r)2+384>cos (¢0)
+ (1 1441 + 22400° + 89617) cos2 (o)
- (52n6 — 384t — 320772) cos® (¢h0)

- (64;75 + 256173> cos* () , (100)

Bl (1. 90) = 4 (1 + ) (270 + 3407 + 8) cos® (40)
+ (20n3+8n> cos’ (¢o) — <2n4+4n2> cos? (¢o)) ,
B (n. g0) = —4 (301" + 440 + 161
+ (75;76 +1945* + 1449% + 32) cos (¢0)
+ (90n5 + 13203 + 4817) cos (¢ho)

n (24n4 n 16172) cos (¢0)) :
|
1 + 7 cos (¢o)
x ((210n7 3200 — 3441 — 288;7) sin (o)

BY (n, do) =
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+ (93176 +18n* — 160> — 64) sin (2¢0)

- (210n7 +344n° — 2641° — 224n) sin® ()
+ (1887;6 — 80n* — 144;72) sin (o) cos® (¢ho)
- (40n7 1 805° + 64;73) sin (¢o) cos* (o)

(84° + 1617*) sin (#0) cos® (90) ) .
1
(I+ ncos (¢))?
(9617+967° + (~271°+415* ~ 1007?48 ) cos (¢)

B (n, ¢o) =

- (342n7 +760n° + 6161 + 1607;) cos? (¢0)

- (219778 1115850 + 135675* + 440n2) cos3 (o)
_ (500n7 + 1260n° + 7047 + 48n) cos* (o)

+ (—10178 — 41250 — 456 — 48772) cos’ (o)

+ (12;77 — 487 + 48n3> cos® (¢o)

+ (4n8 +3205 + 48n4) cos” (qbo))

B (0. do) = (243n6+468n4+276n2+48) cos (o)
+ (396n5 + 4641 + 112n) cos? (o)

_ (18776 112t — 4on2) cos3 ()

_ (16175 + 32n3) cos* (o) - (101)
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