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In this paper, we prove that when a n-D cubical set is continuously well-composed (CWC), that is, when the boundary of its
continuous analog is a topological (n — 1)-manifold, then it is digitally well-composed (DWC), which means that it does not
contain any critical configuration. We prove this result thanks to local homology. This paper is the sequel of a previous paper
where we proved that DWCness does not imply CWCness in 4D.
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1 Introduction

Digital well-composedness (DWCness) is a strong property
in digital topology, because it implies the equivalence of 2n-
and (3" — 1)-connectivities in a set and in its complement. A
well-known application of this flavor of WCness is the tree of
shapes [11,12], a powerful hierarchical representation of the
objects in a gray-level [20] or color image [10]. On the other
side, continuously well-composed (CWC) images are known
as “counterparts” of n-dimensional manifolds (or in short, 7-
manifolds) in the sense that they do not have singularities (no
“pinches”) in their boundary. The consequence is that some
geometric differential operators can be directly computed
on the discrete sets, which can simplify or fasten specific
algorithms.

DWCness and CWCness are known to be equivalent in 2D
and in 3D [4,16]. As the sequel of [7] where we prove thanks
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to a counter-example that DWCness does not imply CWC-
ness in 4D, we prove in this paper that CWCness implies
DWCaness in n-D.

Some other flavors of well-composednesses exist like
well-composedness in the Alexandrov sense [2,8,9,20], well-
composedness on arbitrary grids [2,23], weak well-compo-
sedness [5] or Euler well-composedness [6], but we will not
go further into details here.

The plan is the following: Sect. 2 presents an intuitive
explanation of the proof presented in this paper, Sect. 3 recalls
the material necessary to our proof in matter of discrete topol-
ogy; Sect. 4 contains the proof of the main result of this paper;
Sect. 5 concludes the paper.

2 Intuitive Proof of our Main Theorem

Let us assume that we start from a finite set X of points of Z".
We want to show that when we dilate X by a unitary centered
cube of radius % in R", then the topological properties of the
resulting CA(X) C R”, called the continuous analog of X,
are related to the properties of the initial set X. More exactly,
we want to prove Theorem 5, which asserts that when CA (X)
is regular in the sense that its boundary is a topological man-
ifold, then it means at the same time that the initial set X is
regular in the discrete manner. Being regular in a discrete
manner, in the context of discrete topology, means that a set
does not contain critical configurations, well known to lead
to topological issues. Using the technical terms, continuous
well-composedness implies digital well-composedness.
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To prove that aregular CA(X) implies aregular X, we will
proceed by counterposition, that is, we will prove that as soon
as X contains (at least) one critical configuration, then the
continuous counterpart CA(X) contains a pinch at the center
m e (%)n of this critical configuration (Sect. 4.3 is devoted
to prove this fact). From a technical point of view, we will
use local homology to compute local topological properties
of CA(X) at m to show that it is not a homology manifold,
and thus it is not a topological manifold either (we recall that
topology manifoldness implies homology manifoldness).

The methodology is then straightforward: by assuming
that X is not regular, we choose any of its critical config-
urations, we deduce its center m; since m belongs to the
boundary of CA(X) according to Lemma 1, we can study
the behavior of the boundary of CA(X) from a topological
point of view around m thanks to local homology. These
characteristics depend only on the configuration (we do a
case-by-case study) as stated by Theorem 4. We will obtain
that some homological issue appeared at m (since the local
homology group of dimension (n — 1) will not be Z as stated
in Property 4) and then we will conclude that the boundary
of CA(X) is not a topological manifold.

Intuitively, this is the way the main proof of this paper will
be done.

3 Discrete Topology

As usual in discrete topology, we will only work with digital
sets, that is, non-empty strict subsets of Z" which are finite
or whose complementary in Z" is finite.

3.1 Digital Topology and Digital well-composedness

Let n > 2 be a (finite) integer called the dimension. Now,
let B = {e], ..., e"} be the (orthonormal) canonical basis
of Z". We use the notation p;, where i belongs to [1, n], to
determine the i"" coordinate of the point p € Z". We recall
that the L'-norm of a point p € Z" (seen as a vector) is
denoted by ||.||1 and is equal to Zie[[l,nﬂ | pi| where |.] is the
absolute value. Also, the L°°-norm is denoted by ||.||co and
is equal to max; [ ] | pil-

For a given point p € Z", the 2n-neighborhood in Z" is
denoted by N>, (p) and isequal to {p’ € Z" ; ||p — p'll1 <
1}. In other words,

Non(p) = {p—i—)»,-ei i ef{=1,0,1}i ¢ [[1,n]]}.

For a given point p € Z", the (3" — 1)-neighborhood in
Z"is denoted by Nan_(p) and is equal to { p' € Z"; ||p —

P’ oo < 1}. In other words, N3:_1(p) equals:

pt+ D e xe(=1,0,1} i€ [ln]
ie[l,n]

From now on, let ¢ be a value in {2n, 3" — 1}. The starred
¢ -neighborhood of p € Z" is denoted by N, gi" (p) and is equal
to Nz (p) \ {p}. An element of the starred ¢-neighborhood of
p € 7" is called a ¢ -neighbor of p in Z". Two points p, p’ €
Z" such that p € N/ (p') or equivalently p’ € N (p) are
said to be ¢-adjacent.

Let X be a subset of Z". A finite sequence :(po, e,
p*) of points of X is called a ¢-path joining p® and p¥ when
p° is ¢-adjacent only to p! in 7, p¥ is ¢-adjacent only to
p*Vinm, andif foralli € [1,k—1], p' is ¢-adjacent only
to p~! and to p'*! in 7. Such a path is said to be of length
k.

A digital set X C Z" is said to be ¢-connected when
there exists a {-path into X joining any pair of points of X.
A subset C of X which is ¢-connected and maximal in the
inclusion sense (that is, there is no subset of X greater than
C and ¢-connected) is said to be a ¢ -component of X.

For any g € Z" and any F = (fl,...,fk) C B (F can
be an empty set), we denote by S(g, F) the set:

q+ Z A ft | ai € {0, 1}, Vi € [1,4]
ie[1,k]

b\.
oi:"

Fig.1 The two connected sets depicted here represent 2D blocks. The
two white points of the block depicted on the left side are 2-antagonists
in this block, and draw a primary 2D critical configuration. In a same
manner, the two white points antagonists in the block depicted on the
right side draw a secondary critical configuration. Indeed, in a 2D space,
all critical configurations are at the same time primary and secondary

‘r\r

Fig.2 The two connected sets depicted here represent 3D blocks. The
white points of the block depicted on the left side are 3-antagonists in
this block, and draw a primary 3D critical configuration. The set of six
white points in the block depicted on the right side draws a secondary
3D critical configuration
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Fig.3 The two connected sets depicted here represent 4D blocks. The
white points of the block depicted on the left side are 4-antagonists
in this block, and draw a primary 4D critical configuration. The set of
fourteen white points in the block depicted on the right side draws a
secondary 4D critical configuration

We call this set the block associated with the pair (¢, F);
its center is g + Zi e[1.4] %, and its dimension, denoted by
dim(S), is equal to k. More generally, a set S C Z" is said
to be a block when there exists a pair (¢, F) € Z" x P(B)
such that S = S(q, F).

Then, we say that two points p, p’ € Z" belonging to a
block § are antagonists in S when the distance between them
equals the maximal distance using the L' norm between two
points in S; in this case we write p’ = antagg(p). Note that
the antagonist of a point p’ in a block S containing p exists
and is unique. Two points that are antagonists in a block of
dimension k > 0 are said to be k-antagonists; k is then called
the order of antagonism between these two points.

Note that in the particular case where p and p’ are O-
antagonists, p = p/, the center of the block is equal to p,
and the corresponding family of vectors is F = .

We say that a digital subset X of Z" contains a critical con-
figuration in a block S of dimension k € [2, n] when there
exist two points {p, p’} € Z" that are antagonists in S s.t.
XNS ={p, p'} (primary case) ors.t. S\ X = {p, p’} (sec-
ondary case). Figures 1, 2 and 3 depict examples of critical
configurations.

Then, a digital set X C Z" is said to be digitally well-
composed (DWC) [3] when it does not contain any critical
configuration.

3.2 Basics in Topology and Continuous
well-composedness

Definition 1 (Topological spaces [1,14]) Let T be a set, and
let U be a set of subsets of 7" such that:

— T and @ are in U,
— Any union of elements of I/ is in U,
— Any finite intersection of elements of I/ is in U.

Then, U is said to be a topology, and the pair (T, U) is
called a topological space. The elements of T are called the
points of (T, U), and the elements of I/ are called the open

Fig.4 The continuous analog of the set {0, 1} x {0, 1, 2, 3}

sets of (T, U). We will abusively say that T is a topological
space, assuming it is supplied with its topology /.

An open set which contains a point of T is said to be a
neighborhood of this point. For any subset Y of T', we denote
by Y€ its complement in T; thatis, Y =T \ Y.Let T be a
topological space. A set Y C T is said to be closed when it
is the complement of an open setin 7.

Definition2 ([18]) A topological space M is said to be
locally Euclidean of dimension n > 0 at x € M if x has

a neighborhood that is homeomorphic to an open subset of
R".

Definition 3 A second countable space is a topological space
X whose topology has a countable basis, that is, there exists
some countable collection U = {Ui}fil of open sets of X
such that any open subset of X can be written as a union of
elements of some subfamily of /.

Definition 4 A Hausdorff space is a topological space where
distinct points have disjoint neighborhoods.

Definition 5 ([18]) A topological n-manifold M with bound-
ary with n > 0 is a second countable Hausdorff space that is
locally Euclidean of dimension n at each x € M, and such
that there exists for any x € M an open set U containing x
and a homeomorphism ¢y : U — R" or a homeomorphism
¢y U — Rsg x R™L,

Let us recall what is continuous well-composedness for n-
D sets according to Latecki [16,17]. The continuous analog
CA(p) of a point p € Z" is the closed unit cube centered at
this point with faces parallel to the coordinate planes:

CA(p) ={p' eR"; lp—pllc < 1/2}.

Note that for any p € Z", the topological space CA(p)
is an example of (connected and compact) topological mani-
fold with boundary, and the set R” is a topological manifold
without boundary.

The continuous analog C A(X) of a digital set X C 7"
(see Fig. 4) is the union of the continuous analogs of the
points belonging to the set X:

CAX) = | CA(p).
peX
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Fig.5 Boundary of the continuous analog of a set: in dashed circles, the
elements p of X, in gray the squares corresponding to CA(p) centered
at the points p, and in red the boundary of the continuous analog of
X all around X [This picture is better viewed in color.] (Color figure
online)

However, contrary to CA(p), a topological space CA(X)
(with X some digital subset of Z") is not necessarily a topo-
logical manifold, as depicted later (see Fig. 11).

Then, we will denote by bdCA (X) the topological bound-
ary (see Fig. 5) of CA(X):

bdCA(X) = CA(X) \ Int(CA(X)),

where Int(.) is the (topological) interior operator. That is,
Int(CA(X)) is asubset of CA(X) which is open and maximal
in the inclusion sense.

Let X be asubsetof Z". We say that X is a continuous well-
composed set (CWC) when the boundary of its continuous
analog bdCA(X) is a (n — 1)-manifold, that is, if for any
point p € X, the (open) neighborhood of p in bdCA(X) is
homeomorphic! to R" 1.

Note that it is well known that the boundary of the con-
tinuous analog is self-dual:

Proposition 1 Let X be a digital subset of 7", then:
bdCA(X) = bdCA(X°).

Thus, any digital set X subset of Z" is CWC iff its com-
plement X¢ is CWC.

3.3 Local Homology

Since it will be useful in the sequel, let us recall that for A
and B two sets, the Cartesian product of A and B is denoted
by A x B andisequalto {(a,b); ae€ A, b e B}.

3.3.1 Cubical Sets

Definition 6 (Definition 2.1 p. 40 of [13]) An elementary
interval is a closed interval I C R of the form

I1=[l1+1], or I ={},

1 We call homeomorphism a bicontinuous bijection. When there exists
some homeomorphism f : A — B such that B = f(A), we say that

these spaces are homeomorphic.

for some / € Z. Elementary intervals that consist of a single
point are said to be degenerate, while those of length 1 are
said to be nondegenerate.

Definition 7 (Definition 2.3 p. 40 of [13]) An elementary
cube Q in R" is a finite product of elementary intervals, that
is,

O=ILx---xI,CcCR"

where each /; is an elementary interval. The set of elementary
cubes in R” is denoted by £”".

Note: It is important not to confuse the n-dimensional
cubes CA(p) for p € Z", used to build the continuous
analogs of discrete sets, with k-cubes (with k € [0, n]) used
in cubical homology, which represent the faces of these n-
dimensional cubes seen as cubical complexes and allow us
to compute homology groups. Remark also that a translation
by half coordinates is needed to convert CA(p) or its faces
into a k-cube (and conversely). For example, in 1D, the 1-
cube [0, 1] is centered at x = % when CA(0) = [—%, %] is
centered at x = 0 and then we use a translation of —% to
convert the 1-cube into CA(0). However, these translations
can be ignored in this paper since topological properties are
preserved by translations in R”.

Definition 8 (Definition2.4p.410of[13])Let Q = [} x---x
I, C R" be an elementary cube. The interval [; is referred
to as the ith component of Q and is written as I; (Q). The
dimension of Q is defined to be the number of nondegenerate
components in Q and is denoted by dim(Q). Also, we define

Ke:={0Q € K; dim(Q) =k}
and
Z =Ky N K"
Definition 9 (Definition 2.9 p. 43 of [13]) A set X C R" is

cubical if X can be written as a finite union of elementary
cubes. If it is a cubical set, we adopt the following notation:

K&) ={Qek; Q< X}

and

K (%) :={0 € K(X) ; dim(Q) = k}.

Definition 10 (p. 47 of [13]) With each eleglentary k-cube
Q € K}, we associate an algebraic object Q called an ele-

mentary k-chain of R". The set of all elementary k-chains of
R”" is denoted by
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Ki:={0; 0Ky},

and the set of all elementary chains of R" is given by
n —_—

UK

k=0

Given any finite collection {é\l ey é;}, we are allowed to

consider sums of the form

101+ +anOn
where o, ..., oy, are arbitrary integers. In particular, for

each Q € K7, define Q : K} — Zby

~ . |JlrifP=0,

Q(P) = {0 otherwise,

andlet0: K} — Z be the zero function, namely, 0(Q) = 0
forall Q € IC” Then, Q is the elementary chain dual to the
elementary cube 0.

Definition 11 (Definition 2.16 p. 48 of [13]) The group C}
of k-dimensional chains of R” (k-chains for short) is the free
Abelian group generated by the elementary chains of IC” In
particular, K} K" is the basis of Cy.

Definition 12 (Definition 2.23 p. 51 of [13]) Given two ele-
mentary cubes P € K and Q € ICZ,/ , we define the cubical
product of P and Q such as

PoQ:=Px0.
3.3.2 Chain Complexes and Boundary Operator

Definition 13 (Deﬁnltlon 2.27 7p. 53 of [13]) Let X C R” be
a cubical set. Let IC(.’{) = {Q 0 € K(%X)}. Then, Ck(%)
is the subgroup of C; generated by the elements of K (%)
and is referred to as the set of k-chains of X. Since we know
that X C R”, it is not necessary to write a superscript 7 in
Ki(X) and Ci(X).

Note that given any ¢ € Cy(X), we have the decomposi-
tion

c= Y w0

0;eK(X)
where «; € Z.

Definition 14 (Definition 2.31 p. 54 of [13]) Given k € Z,
the cubical boundary operator 9 : C}} — C;_, is a homo-
morphism of free Abelian groups, which is defined for an
elementary chain Q € I%Z by induction on the embedding

number as follows. Consider first the case n = 1. Then,
Q is an elementary interval and hence Q = {l} € IC(I) or
o=I[,l+1]€ IC% for some [ € Z. Define

S _ [ oito=u.
akQ"{{z+1}—{z}ifQ=[z,z+1].

Note that £ can take here two different values, k = 0 if
OQ={}andk=1if Q ={I,1 + 1}.
Now assume thatn > 1.LetI = I} (Q)and P = IL(Q) x
- x I,(Q), then we can write that

0=10¢P.

Define

RO =0k 1o P+ (—D"Tod,P,

where k1 = dim(/) and k; = dim(P). Finally, we extend

the definition to all chains by linearity; that is, if c = @1 Q1+
-+ o, O, then

e = a10k 01 + - + Amd Om-

Proposition 2 Ler Q = [0, 11¥ € R” be a k-elementary cube
with k > 1. Then, the boundary of Q equals

k—1
50 =) (~1)'Alg ([O, 17 x {1} x [0, 1]k+,~)
i=0
k—1
_ Z(—l)iAlg ([0’ 1]i x {0} x [0, l]k_l_,-)’

i=0
where Alg(P) is just a notation representing P.
Proof The proof follows from Definitions 12 and 14. O

Proposition 3 (Proposition 2.39 p. 280 of [13]) Let X C R"
be a cubical set. Then,

I (Cr(X)) S Cr—1(X).

Definition 15 (Definition 2.40 p. 59 of [13]) The boundary
operator for the cubical set X is defined to be

O 1 Cr(X) = Cro1 (%)

obtained by restricting 3 : C} — C}_; to Cx(X).

Definition 16 (Definition 2.41 p. 59 of [13]) The cubical
chain complex for the cubical set X C R" is

C(X) := {Cr(X), i Yiez,
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where Cy(X) are the groups of cubical k-chains generated
by K(X) and 8,35 is the cubical boundary operator restricted
to X.

3.3.3 Homology Groups

Definition 17 (p. 60 of [13]) Let X € R” be a cubical set. A
k-chain ¢ € Cr(X) is called a cycle in X if dxc = 0. The set
of all k-cycles in X, which is denoted by Z;(X), is ker 8,35
and forms a subgroup of Cr(X). Explicitly,

Zi(X) := ker 9 = Cp(%) Nker & C Cr(X).

A k-chain ¢’ € Cy(X) is called a boundary in X if there exists
¢ € Cgy+1(X) such that 9y ¢ = ¢’. Thus, the set of boundary
elements in Cy(X), which is denoted by By (X), consists of
the image of 8,35“. Since a,fil is a homomorphism, Bk (X)
is a subgroup of Cy (X). Explicitly,

Bi(X) := im 3% = 011 (Crp1 (X)) S Cr(X).

Recall that since dxdr+1 = O (Proposition 2.37, pp.58
of [13]), every boundary is a cycle and thus By (X) is a sub-
group of Zx(X).

We say that two cycles c1, c2 € Zi(X) are homologous
and we write ¢ ~ ¢ if ¢; — ¢2 is a boundary in Cy (%), that
is, ¢ — ¢2 € Br(X). The equivalence classes are then the
elements of the quotient group Z; (X) /B (X).

Definition 18 (Definition 2.42 p. 60 of [13]) The k-th homol-
ogy group is the quotient group

Hi (%) := Zi(X)/Br(X).

The homology of X is the collection of all homology groups
of X. The shorthand notation for this is

H(X) := {Hi(X) }kez-

Definition 19 (Definition 2.43 p. 60 of [13]) Given ¢ €
Zr(X), [c]e Hy(X) is the homology class of ¢ in X.

Definition 20 (Definition 2.50 p. 67 of [13]) A sequence of

vertices Vg, ..., V, € Ko(X) is an edge path in X if there
exists edges E, ..., E, € K(X) such that V;_1, V; are the
two faces of E; fori = 1,...,n. For V, V' € Ky(X), we
write V ~x V' if there exists an edge path Vp, ..., V, €
Ko(X) in X such that V = Vy and V' = V,,. We say that X

is edge-connected if V. ~x V' forany V, V' € Ko(X).

3.3.4 Relative Homology

Now, we recall some background in matter of relative homol-
0gy.

Definition 21 (Definition 9.1 p. 280 of [13]) A pair of cubical
sets X and A with the property that A € X is called cubical
pair and is denoted by (X, A).

Relative homology is used to compute how two spaces
A, X such that A € X differ from each other. Intuitively,
we want to compute the homology of X modulo A: we
want to ignore the set A and everything connected to it.
In other words, we want to work with chains belonging to
C(X)/C(A), which leads to the following definition:

Definition 22 (Definition 9.3 p. 280 of [13]) Let (X, A) be

a cubical pair. The relative chains of X modulo A are the
elements of the quotient groups

Cr(X, A) = Cr(X)/Ci(A).

The equivalence class of a chain ¢ € C(X) relative to C(A)
is denoted by [c]4. Note that for each k, Cy (X, A) is a free
Abelian group. The relative chain complex of X modulo A
is given by

(Ce(x, 4), 97"}

where 35 . Cr (X, A) — Ci_1(X, A) is defined by

3 Mela == [0%cla.

Obviously, this map satisfies 8,95’1’4) BIEX’A) = 0. The relative

chain complex gives rise to the relative k-cycles:
Zi(X, A) = ker 9%,
the relative k-boundaries
Bu(X, A) == im 311",
and finally the relative homology groups:
Hi (X%, A) := Zr(X, A)/Br (%X, A).
Note that for ¢ € Ci(X), we can write [c]4 = ¢ + Cr(A)

using the coset notation since [c] 4 represents the equivalence
class whose representative is c.

Proposition 4 (Proposition 9.4 p. 281 of [13]) Let X be an

(edge-)connected cubical set and let A be a non-empty cubi-
cal subset of X. Then,

Ho(X, A) =0.
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3.3.5 Exact Sequences

Definition 23 (Definition 9.15 p. 289 of [13]) A sequence of
groups and homomorphisms

~-~—>G3£>G2£>G1—>...
is said to be exact at G, when
im 3 = ker y;.

It is an exact sequence if it is exact at every group.

Corollary 1 (The exact homology sequence of a pair (Corol-
lary 9.26 p. 297 of [13])) Let (X, A) be a cubical pair. Then,
there is a long exact sequence:

* * B*
oo Hyg1 (A) =5 Hypp (X)) =5 Hyy 1 (X, A) —> Hy(A) — ...

where 1 : C(A) — C(X) is the inclusion map and 7w :
C(X) — C(X, A) is the quotient map.

3.3.6 The First Isomorphism Theorem

Let us briefly recall the first isomorphism theorem, critical
to compute homology groups in the diagrams depicted at the
end of the paper.

Theorem 1 The first isomorphism theorem states that for two
groups G and H, with ¢ a homomorphism from G to H, then

G/ ker(¢) >~ im (¢).
3.3.7 Mayer-Vietoris Sequence of a Pair

Theorem 2 (p. 142 of [19]) A cubical subset X of a cubical
set X is a cubical set which is a subset of X. Let X be a
cubical set; let Xo, X1 be two cubical subsets. of X such that
X =XoUX. Let L = Xo N X1. Then, there exists an exact
sequence:

. b 9
s H(L) B H (o) @ B () B 0 S e ) >

called the Mayer—Vietoris sequence of (Xg, X1).

The interested reader can refer to the proof of this theorem
in [19] (pp. 142) to get the details about which homomor-
phisms were used to obtain such a remarkable result.

3.3.8 Manifolds and Local Homology

Definition 24 ([21]) A cubical set X is said to be locally a
homological n-manifold at x € X if the homology groups
{H; (%, X\ {x})}; 7, satisfy:

Z wheni = n,
H; (X, X\ {x}) = {O otherwise.

N o
¢ Ne | o [%o

Fig.6 How to compute £(z) (the encircled disks) from a given point z
(the not-encircled disks of the same color) (Color figure online)

Then, X is said to be a n-dimensional homological manifold
ifitis locally an n-dimensional homological manifold at each
point x € X.

Theorem 3 ([21]) A topological manifold is a homological
manifold.

More details about local homology can be found in [15,
22].

4 The Proof that CWCness Implies DWCness
inn-D

To prove that CWCness implies DWCness in n-D, we pro-
ceed by counterposition: we prove that when a digital set
contains a primary or secondary critical configuration, then
the boundary of its continuous analog is not a homological
(n—1)-manifold, and then not a topological (n — 1)-manifold.
In the sequel, we will use the notations described in Table 1
and progressively detailed along this section.

4.1 Properties of the Continuous Analog Operator

We define the round operator round(-) for any value v €
R\ (% \ Z) as round(v) = w where w is the integer such
that v € Jw — %, w + %[.

Notations 1 From now on, we will write for z € R" and for
e>0:

Boo(z,8) :={x e R"; [lx — zlloo < &}
Notations 2 Let z be an element of R". We define (see Fig. 6):
£(2) == {q el"; z € CA(q)}

Remarkably, &(z) is also the intersection of the closed ball
Boo(z, 1/2) with 7.

Foragiven z € R", the following notation is an alternative
way to determine which points of Z" are the centers of the
continuous analogs which contain z. Due to its definition
based on the Cartesian product, it will be easier to manage it
in our n-dimensional proofs.
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Table 1 Summary of the main

notations of Sect. 4.1 xe R*\ X XCcR”
Xc 7"\ X xXcz'
CA(p) The continuous analog of p pez
CA(X) The continuous analog of the set X Xcz?
bdCA(X) Boundary of the continuous analog of the set X xXcz'
Boo(z, €) {x eR"; |lx — zlloo < &} Notation 1 zeR" >0
£(2) {g € Z"; z € CA(q)} Notation 2 zeR"
g4t(2) Xie[t,a] &M Notation 3 zeR"
e(v) €-operator Notation 4 velR
CA1p(v) v— % v+ 3] Notation 5 veR
CAp(T) UperCA1p (V) Notation 5 TCZ
Notations 3 Let z be an element of R". We define: ‘_ _________ : : _________ : : _________ : '_ _________ :
i @ i e e i e
It(,y - It i | § ¥ |
ga (z) := Xie[[l,n]]fia > oiinininafoiniafniiajaininijajniaf === e
where for any i € [1,n], E ot i b i L ot i
14l S Z 5 | | |
é?llt = {Zl 29 Zj + 2} When Zl. € 2 \Za ! Y i o) &) ' ® i
! {round(z;)} otherwise. i : ; :
Proposition 5 For any z € R, we have the following prop-

erty:

£(z) = £¥(2).

Proof Let 7 be an element of R”. Let us remark that g € £(z)
is equivalent to say that g € Z" such that z € CA(q), that is,
lz =gl < 3.

Now let g be an element of £'(z). Then, for any i € [1, n],
qi € Ei““, which implies that we have 3 possible cases:

— whenz; ¢ %\Z,qi =round(z;) € Zandthen |z; —g;| <
1

29
— whengz; € %\Zandqi = zi—%,qi € Zand|q,~—zi| <

[T ST

— whengz; € %\Zandqi = zi+%,qi € Zand|g; —zi| <

then ||g — zlloc < 3 and g € Z", then g € £(2).
Now let ¢ be an element of £(z). Then, g € Z" such that
Iz =¢qlloo < % Then, for any i € [1,n], |z; — gi| < % The
consequence is that for any i € [1, n], —% =qi — 2 = %,

that is:

1 1
Zi—ES‘IifZi‘I‘E- (1

When z; € % \ Z, we obtain that g; € [z; — %, zi + %]] since

qi € Z,thengq; € {z; — 3,z; + 3). When z; ¢ £\ Z, we

Fig. 7 When the interior of the continuous analog of p intersects the
continuous analog of some set X, then p belongs to X

obtain that there exists a unique ¢g; that satisfies (1), and this
value is round(z;), then ¢; € {round(z;)}. The proof is done.
O

The goal of this section is to prove Theorem 4 (see
page 15). As the reader will understand easily, before proving
such a theorem, we need to understand how the continuous
analog relates the points of Z" and the unitary cubes centered
at points of Z".

Proposition 6 Let X be a subset of Z* and let p be an element
of 7. Then,

{Int(CA(p)) N CA(X) # 0} = {p € X} .

Proof This proposition is depicted in Fig. 7. Let us assume
that z € Int(CA(p)) N CA(X). Since z € Int(CA(p)), then
Iz = plloo < % In addition, since z € CA(X), there exists
some g € X such that ||z — gllcc < % Since ||g — plloo =
lg —z+z—plloc = llg—zlloo+llz—plloc < 1,theng = p,
and then p € X. O

As we can see in the next proposition, the continuous ana-
log is also strongly related to &.
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Fig.8 When a point z (each non-encircled colored disk) belongs to the
interior of the continuous analog of some set X (see the gray dashed
component), then £(z) (depicted by the encircled disks of the same
color) is included in X (Color figure online)

Proposition 7 Let X be a subset of 7", and let 7 be an element
of R". Then,

z € Int(CA(X)) = &(2) C X.

Proof This proposition is depicted in Fig. 8. Let us assume
that z belongs to Int(CA (X)), then there exists some neigh-
borhood V. of z such that V, € CA(X). Then, there exists
some small value ¢ > 0 such that By (z, ¢) C V, € CA(X).
Now, two cases are possible:

— either z € Z", then £(2) = {z}, and z € Int(CA(z)), thus
z € Int(CA(z))NCA(X), which implies by Proposition 6
that z € X, then £(z) C X.

— or z ¢ 7", then for every ¢ € £(z), there exists a point
g. defined such as:

I
qe :=z+§(q—z),

which belongs to B (z,&) € CA(X). Also, we can
reformulate:

qg:=(1—i)z+£6],
2 2

which leads easily to g, € Int(CA(q)), thus it satisfies:
q. € Int(CA(g)) N CA(X),

and then g € X by Proposition 6. We can conclude with
§(z) € X.

This concludes the proof. O

Since in Theorem 4, we will use the boundary operator
used on the continuous analog, we can assume that we will
need the following proposition relating the continuous analog
of a set and the one of its complementary.

L] L] (] L] °
) ) 0 ) o
L] L] ° ] (]

Fig.9 Let X be the set of three points of Z? pictured as dashed circles.
The interior of the continuous analog of a set X (in light gray) does
not intersect the continuous analog of the complementary of X (in dark

gray)

Proposition 8 Ler X be a subset of Z". Then,

Int(CA(X)) N CA(X) = 0.

Proof This proposition is depicted in Fig. 9. Let us assume
that there exists some z € Int(CA(X)) N CA(X). Because
z € Int(CA(X)), by Proposition 7, the set £(z) satisfies
&(z) € X. Let us denote by #(.) the cardinality operator.
Then,

— either #(£(z)) = 1, and we are in the case where there
exists a unique p € X such that ||p — z||co < % then for
all ¢ € Z" \ {p} (containing X€), ||¢g — zllco > %, and
then z ¢ CA(X€): we obtain a contradiction.

— or #(§(2)) = 2, then forall p € £(2), lp — zllos = 73,
when for every g € Z" \ £(2), lg — zllco0 > % Because
E(z) € X,q € 7"\ &(z), and then for any ¢ € X,
lg — zlloo > % This way, z ¢ CA(X¢); one more time,
we obtain a contradiction.

The proof is done. O

Now let us recall and prove an elementary property of the
continuous analog relative to the continuous analog of the
complementary, it will be used in the next proposition.

Proposition9 Ler X be a subset of 7", then:

Int(CA(X)) = (CA(X))".

Proof Let z be an element of Int(CA(X)). Then, there exists
some neighborhood V, of z which is included in CA(X).
Then, V, N (CA(X))¢ = @. Let us assume that:

z € CA(X°) (2)

then there exists y € X¢ such that ||z — y|loo < % Because
CA(y) is closed, then V; N CA(y) # 0. However by (2),
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() ° ] ° °
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Fig. 10 The boundary of the continuous analog of a digital set X (see
the red closed curve between the set of the dark points and the set of the
dashed points) can be computed as the intersection of the continuous

analog of X and the one of its complementary in Z". [This picture is
better viewed in color.] (Color figure online)

V, € CA(X), which is equivalent to V, € Int(CA(X)), and
by Proposition 8§,

Int(CA(X)) N CA(XC) =4,

then V, NCA(X¢) = (). We obtain a contradiction. Then, (2)
is false, that is, z € (CA(X))¢.

Let us prove the converse inclusion. Let z be an element of
(CA(X))“. Since CA(X) is closed, (CA(X))® is open, and
then there exists an open neighborhood V, of z such that
V. € (CA(X)). It means that V. is included into CA(X*)
since CA(X) U CA(X¢) = R”". However, the fact that V,
is included in CA(X°) means that z belong to Int(CA(X€)).
The proof is done. O

As said before, we need properties relative to the boundary
of the continuous, analog; here we are going to show that we
can reformulate its topological boundary as an intersection
of two continuous analogs, which will make the proofs easier
in the sequel.

Proposition 10 Let us define the non-empty digital strict sub-
set X of 7", then, the topological boundary bdCA(X) :=
CA(X)\Int(CA(X)) of the continuous analog of X is equal
to:

CA(X) N CA(X).

Proof This proposition is depicted in Fig. 10.

Let us assume that X # (§ # X¢. Let us prove the dou-
ble inclusion. Let z be an element of bdCA(X). Then,
z € CA(X), and z ¢ Int(CA(X)). This last property means
that for any neighborhood V; of z, V, N CA(X)¢ # (. How-
ever, CA(X) U CA(X¢) = R”, then CA(X)¢ € CA(X°),
and then V, N CA(X¢) # @. Since CA(X¢) is closed in
R" and since any neighborhood of z intersects CA(X¢), z
belongs to CA(X€). Then, we have proven that bdCA(X) C
CA(X) NCA(X").

Let us now prove the converse inclusion. Let z be an element
of CA(X) N CA(X®). By hypothesis, z € CA(X). Since

z € CA(X°), then z ¢ Int(CA(X)) by Proposition 9. The
proof is done. O

In the sequel, we are going to show that the center of a
critical configuration belongs to the boundary of the contin-
uous analog of this critical configuration, but before we have
to prove this elementary property.

Proposition 11 The center m of a block S in Z" satisfies the
following relation:

Vp e S, me CA(p).

Proof Let S be a block which can be written S(g, F) with
F = U;erle'} and with Z C [1, n]. Then, by definition, any
p € S can be written as:

P3=CI+ZM e,

iel

with A; € {0, 1}. Then, the value ||p — m|ls is equal to
max;e[y ] |Pi —mil. When i € [1, n] does not belong to Z,
thenm; = p;. Then, || p —m| o is equal to max; 7 | p; —m;|.
When i belongs to Z, we have two possible cases: either
% =0and |p; —mji| =lgi — (i + 3)| = 3, 0rA; = 1 and
\pi —mil = |(gi +1) — (g; + )| = 3. The conclusion is
that when Z is empty, that is, when S is a block of one point,
we have that p € S is equal to m and then m € CA(p), and
that, when dim(S) > 1, forany p € S, ||[p — m|lcc = % and
then we obtain one more time that m € CA(p). O

Now, we can assert and prove the property that the center
of a critical configuration belongs to the boundary of the
continuous analog of this critical configuration; the aim being
to show in the sequel that we can easily find elements of the
boundary of the continuous analogs where the continuous
analog of a not DWC set is not a homological manifold.

Lemma 1 Let X be a digital subset of Z"". When X contains

a critical configuration in the block S, then the center m of
S belongs to bdCA(X).

Fig.11 A digital set X containing a critical configuration in some block
S (see the dashed circles in the squares), then the center m (in red at the
center of the figure) belongs to the boundary of the continuous analog
of X. [This picture is better viewed in color.] (Color figure online)



141

1.0+

08+

0.6

02

-1 1 2 3

Fig. 12 The graph of the mapping v — €(v)

Proof This lemma is depicted in Fig. 11. When X contains a
critical configuration, there exists some block S of dimension
k > 2suchthat XNS = {p, p'} (orsuchthat S\ X = {p, p'})
with p’ = antagg(p). Let g € S be a 2n-neighbor of p (then
q # p’ since they are (k — 1)-antagonists). Now let m be
the center of S. Two cases are possible: in the primary case,
p € X, and then g € X¢. By Proposition 11, m belongs then
to CA(p) NCA(g) € CA(X)NCA(X¢), and then m belongs
to bdCA (X) by Proposition 10. The secondary case follows
a similar reasoning. O

The following notation represents the maximal radius of
the open ball which fits in Int(CA(£(z))) (1D and n-D cases).

Notations 4 Let us define the operator € : R — [0, 1] such
that for any v € R:

1 when v € % \ Z, D

L when v € Z, (I
ew):=12 1

v—([vl—=3) when[vl—v<v—|v], ()

lv] + % —v when [v] —v >v—|v], V)

(see Fig. 12). When we are in cases (11), (I11) or (IV), we
obtain:

B# Jv—e€),v+e@)]

1 1
C :|round(v) ~ 5 round(v) + §|:

Based on € defined for real values, we define by extension:

Vz e R", €(z) := min €(z;).
ie[l,n]

To be able to switch between the 1D and the n-D contin-
uous analogs (needed in Proposition 16 seen at page 13), we
introduce a simplified definition of the 1D version here.

Notations 5 For v € R, let us denote by CA1p(v) := [v —
%, v+ %]. For any p € 7, we have that

Xie[1,n]CA1D(pi) = CA(p).

Now, for R C Z, let us denote:
CAip(R) := UyerCA1p(v).

Property 1 For any family {Ei};c[1,,] of subsets of Z, we
have the following property:

Xie[1,/] CAID(E:) = CA(Xie[1 n] ED)-
Proof Let us prove the case n = 2:

CAip(E1) x CA1p(E?)

=| U can@pn | x

PI€E]

L cAn) |.

)2Z213%)

- U U CAip(p1) x CAip(p2),

PIEE] p2€En

= U U cawpr. p.

PIEE preEr

= |J cam.
pPEEIXEy

= CA(E| x Ej).

The case n > 2, n finite, follows the same reasoning. O

In the following proposition, we show that a little
open ball centered at a given z € R” is included in the con-
tinuous analog of £(z), which shows how €(z) and £(z) are
related.

Proposition 12 For any z € R", we have the following prop-
erty:

Boo(z, €(2)) S Int (CA(5(2))) -

Proof The intuition of this proof is depicted in Fig. 13. Let us
define I% @:={iel,n]z € % \ Z}. Now let us observe
that:

Fig. 13 The set B (z, €(z)) (see each white square) is always included
in Int (CA(£(z2))) (see the union of the squares in light gray centered at
the elements of £(z)). Furthermore, the intersection of CA(Z" \ £(z))
and B(z, €(z)) is equal to the empty set
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Boo(z, €(2)) = Xie[1.0] Boo (i €(2),
g Xie[l,n]] BOO(Zi7 E(Zi))7

€ Xie[ia] 12i — €(@i), zi + €@

Now, let i be an element ofl'% (2),then &(z;) = {zi — % Zi+

%}, which implies that Int(CA;p(£(z;)) =lzi — 1,z + 1[,
and then:

lzi —€(zi), zi +€(zi)[ € Int(CA1p(§(z;)).

Besides, when i is an element of [1, ] \I% (), &€(zi) =
{round(z;)}, then

Int(CA1p(§(zi))) =]round(z;) — % round(z;) + %[,

and since we are in cases (I 1), (I11) or (IV), we obtain:
1zi — €(zi), zi + €(z)[S Int(CA1p(§(z1))).
Finally,

Boo(z, €(2)) © Xie[1,u] Jzi — €(zi), zi + €@,
Xie[1.a]Int(CA1p(§(2i))),

C Int(X;e[1,n)CAI1D((20))),

C Int(CA(Xe[1,a)€(z))),

€ Int(CA(§(2))).

IN

This concludes the proof. O

In the following proposition, we show the complementary
of the previous proposition.

Proposition 13 For any z € R”,

CA(Z" \ £(2)) N Bxo(z, €(2)) = 1.

Proof The intuition of this proposition is depicted in Fig. 13.
By Proposition 12,

B (z, €(2)) € Int(CA(§(2))),

then By (z, €(z)) N (Int(CA(£(2))))¢ = @, so by Proposi-
tion 9, B (2, €(2)) N CA(Z" \ £(2)) = 0. O

The following proposition is very important, since it is
the first to show that we can restrict the set X to X N &(z)
when we compute its intersection with the neighborhood of
Bxo(z, €(2)). This is one of the keys of Theorem 4.

Fig. 14 At z (depicted by a small black disk), only the topology of
Int(CA(X NE&(z))) N Bxo(z, €(z)) matters when we look at Int(CA(X)).
The same reasoning applies for the continuous analog and for its bound-
ary. [This picture is better viewed in color.] (Color figure online)

Proposition 14 For any z € R" and for any X C 7",

Int(CA(X)) N Boo(z, €(2))
= Int(CA(X N&(2))) N Boo(z, €(2))-

Proof The intuition of this proof is depicted in Fig. 14.
The converse inclusion is immediate. Now, for the direct
inclusion, let us assume that x belongs to Int(CA(X)) N
Bxo(z, €(2)). This is equivalent to say that there exists some
neighborhood V, of x which is included in CA(X) and
in Boo(z, €(z)). However, V, C Bso(z, €(2)). Since V, C
CA(X),

Vi C€ CA(X) N B (2, €(2)),
which is included in:

CA(X N&(2)) N Boo(z, €(2))
JCAX N\ §@) N Buo(z. €(2)),

where the second term is included in CA(Z" \ &£(z)) N
B (z, €(z)) which is equal to the empty set by Proposi-
tion 13. Then, V, € CA(X N &(2)) N Bso(z, €(z)), which
means that x € Int(CA(X N&(z2)) N Bso(z, €(2))), which is
equal to Int(CA(X N &(z))) N Boo(z, €(2)). This concludes
the proof. O

The following proposition is the complementary part of
the previous proposition, since it concerns the continuous
analog and not its interior.

Proposition 15 Let X be a digital subset of 7" and let 7 be
an element of R". Then,

CA(X) N Boo(z,€(2)) = CA(X NE(2)) N Boo(z, €(2)).

Proof The intuition of this proof is depicted in Fig. 14. For
any digital set X C Z" and for any z € R”, we have:
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c/ \o 0 Lo
Fig.15 Points z are depicted by colored disks surrounded by a dark gray
solid rectangle corresponding to the ball By (z, €). The balls intersect
always the interior of the continuous analog CA(p) of each point p

belonging to £(z) (depicted by encircled disks of the same color as z)
(Color figure online)

CA(X) N Bxo(z, €(2))

= |J CA(p) N Bxo(z. €(2)),
peX

U CA(p) N Boo(z, €(2))
pPEXNE(2)

U U CA(p) N Bx (2, €(2))

P'EX\E(2)

However we can remark that the second term in the union is
included in Up’eZ"\s(z) CA(p') N Bx(z, €(z)) by Proposi-
tion 13, which is equal to the empty set. This concludes the
proof. O

Grouping together the two previous propositions, we can
assert in the following lemma that shows that even for the
boundary of the continuous analog, only the set X N &(z)
counts.

Lemma2 Let X be a digital subset of 7' and let 7 be an
element of R". Then,

bdCA(X) N Buo(z, €(2)) = bdCA(X N §(2)) N Bo (2, €(2)).

In other words, the boundary of X in the neighborhood of 7
depends only on X N &£(2).

Proof 1t follows directly from Propositions 14 and 15. The
intuition of this proof is depicted in Fig. 14. O

4.2 Properties of antagonists and blocks

There comes an additional property of the neighborhood of
z € R" relatively to the interior of the continuous analog of
&(z). This proposition will be used in Lemma 3 at page 14 to
show that we have some remarkable properties when we use
the continuous analog on antagonists.

Proposition 16 For any z € R", any ¢ > 0, and any p €

£(2),

Boo(z, &) NInt(CA(p)) # 0. ?3)

Proof The intuition of this proposition is depicted in Fig. 15.
Let ¢ be a real value greater than % In this case, By (2, €)
contains £ (z) thus for any p € £(z), (3) is true.

Now, let us assume & € ]O, %] Then, for any coordinate
i € [1,n], we have two possibilities. When z; belongs to

z\" 1 1 .
((7) \Z"): &(zi) = {zi — 3,27 + 7}; otherwise, §(z;) =
round(z;). In both cases, for any p; € £(z;):

Boo(zi, &) NInt(CA1p(pi)) # 9.

Using this property, we obtain that for any p € £(z) and for
any i € [1,n], p;i € £(z;), thus:

1 1
lzi—ezitel N |pi—5.pi+5| #9,
2 2
which means that by using the n-D Cartesian product, we

obtain that (3) is true. This concludes the proof. ]

The intuition of the following proposition is the following:
a block is defined using its lexicographically lowest vertex
(with all coordinates minimal), when & is defined with respect
to its center (using the alternative definition of £(z) as the
intersection of Z" with the ball centered at z and of radius
%). One translation transforms the block to &. It is the same
translation that transforms elementary cubes to closed unit
cubes.

n
Proposition 17 Let m be an element of (%) , and let S be
the block centered at m. Then,

S = E(m).

NV
o o

O [

Fig. 16 For m a center of some block S, we can compute this same
block just by applying the operator £ to m: the cardinality of &(m) is
equal to 4 (on the left side), 2 (on the right top side) and 1 (on the right
down side) in the pink, red and purple cases, respectively. [This picture
is better viewed in color.] (Color figure online)
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Proof This proposition is depicted in Fig. 16. Let m be an ele-
ment of (%)n. Let (¢, F) € Z" x B suchthat S = S(gq, F),
we can write F = {fi}ie[[]’k]] where k := dim(S). By defi-
nition of m, we have m = ¢ + 3 ;1 4 le

For any p € S, there exist (A;);c14] € {0, 1}* such that
p=q+ Zie[[l,k]] Ai f'. Then,

Y MS

ie[1,k]

P —mloc =

o0

where (A));c[14] € {—3.3}*, which implies that |p —
Mmoo < % and then m € CA(p), leading to p € §(m).
Conversely, forany p € E(m), p € Z" and ||p — m||c < %,
which means that for any i € [1,n], |p; — m;| < %, or
equivalently:
mi— L < pi<mit 4
2 -0 2
When m; € Z, (4) is equivalent to p; = m; since p; € Z,
and when m; € % \ Z, (4) is equivalent to p; € {m; —
%, pi + %}; we call this property (Rp). Let us define 7 :=
{i € [1,n] ; m; € 2\ Z), then F = {e'};c7. Also we can
remark that for any i € [1, n],

] mi ifmi (S Z,
G=m, — % otherwise.

Then, we can rewrite S in the following manner:

S =S(q.F).
=1{q+ Yz i€’ s ki €{0,1},Vi € T},
={m+Yepre s A e{—L LLVieT)

Besides, by (R1), p can be rewritten as m + ZieZ A;ei with
Al e{—%,%} foreachi € Z, then p € S. O

The next lemma shows that when we use k-antagonists,
with k > 2, the interior and the union operators commute.

Fig.17 When p and p’ are 2-antagonists (see the black disks), the inte-
rior of the union of the continuous analog of { p, p’} is equal to the union
of the interiors of the continuous analogs of p and p’. Furthermore, the
intersection of the two interiors is equal to the empty set

This assertion will be used in Lemma 4, showing that bdCA
and the union operators also commute in this same configu-
ration.

Lemma3 Let p, p’ be two k-antagonists in a block S, with
k > 2. Then, we have the following relation:

Int(CA(p)) U Int(CA(p")) = Int(CA({p, p'})).

Proof The intuition of this lemma is depicted in Fig. 17. The
fact that

Int(CA(p)) U Int(CA(p")) S Int(CA({p, p'}))

is obvious since for any two subsets A, B of a topological
space, Int(A) U Int(B) € Int(A U B).

Now let us prove that if p does not belong to Int(CA(p))
UInt(CA(p’)), then p does not belong to Int(CA({p, p'})).
Obviously, when p does not belong to CA(p) UCA(p’), then
p cannot belong to Int(CA({p, p’})). Then, let us prove that
if p belongs to:

CA(p) UCA(p") \ (Int(CA(p)) U Int(CA(p")))
C bdCA(p) UbdCA(p),

then it does not belong to Int(CA({p, p'})).
Let m be the center of S, then by Proposition 17, S = &(m).
Then,

CA(p) UCA(p") = CA({p, p'}) S CA(S) = CA(E(m)).
It means that two cases are possible when z € CA(£(m)):

— Either z € Int(CA(£(m))), then by Proposition 16, for
any ¢ > 0, and for any g € £(z), Boo(z, €) NCA(q) # @.
Then, the smallest set E € Z" verifying that B (z, ) C
CA(E) contains &(z). In other words, if a set ¥ C Z"
does not contain £(z), then Beo(z, €) g CA(F). Two
subcases are then possible:

— If z = m, then by Proposition 17, £(z) = &(m) =
S. Then, for F := {p,p'} CZ",F 2 £&(z) = S
because dim(S) > 2, and then B (z, &) € CA(F),
and finally z ¢ Int(CA({p, p'})).

— Ifz # m, then £(z) isa£-D block with £ € [1, k—1].
This way, F := {p, p’} C Z" does not contain
£(z2). Indeed, if F contains &£(z), then F = £&(z)
(since £(z) contains at least two points and F con-
tains exactly two points), which implies that £(z) isa
1D block made of two 2n-neighbors. It would imply
that p and p’ are 2n-neighbors, which is impossi-
ble since k > 2. Then, F does not contain £(z), and
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Fig. 18 When p and p’ are 2-antagonists, the boundary (in red all
around the two squares) of the continuous analog of {p, p'} is equal to
the union of the boundaries of the continuous analogs of p and p’. [This
picture is better viewed in color.] (Color figure online)

then By (z,6) ¢ CA(F) = CA({p, p'}) and then
z ¢ Int(CA({p, p'})).

— Orz € bdCA(£(m)). Then, let us assume that z belongs to
Int(CA({p, p'})). Then, there exists a neighborhood V,
of z such that V, € CA({p, p'}). However, E(m) = S D
{p, p'} and then CA({p, p'}) S CA(£(m)), then V; C
CA(&(m)), then z belongs to Int(CA(£(m))), which leads
to a contradiction. Then, z ¢ Int(CA({p, p'})).

The proof is done. O

The following results show one property of the continuous
analog when we use antagonists.

Proposition 18 Let p and p’ be two k-antagonists in a block
of Z" with k > 1. Then,

Int(CA(p)) NCA(p') = B = Int(CA(p")) N CA(p).

Proof The intuition of this proof is depicted in Fig. 17. Let us
prove that Int(CA(p)) N CA(p') = @: Int(CA(p)) = {z €
R"; Jz— pllo < %} and CA(p)) = {z € R" ; ||z —
Pl < %}. If the intersection Int(CA(p)) N CA(p’) is not
empty, there exists an element z € Int(CA(p)) NCA(p’) and
then:

1P = P'lloo < 1P = 2lloo + 12 — P'lloc < 1,
which is impossible because k > 1. O

The following lemma is the second key of Theorem 4
(operators bdCA and union commute when we use k-
antagonists with k > 2).

Lemma4 Let p and p’ be two k-antagonists in a block of 7"
with k > 2. Then, we have:

bdCA({p, p'}) = bdCA(p) U bdCA(p)).

I
<
/AN
1

Fig. 19 When X contains a critical configuration {p, p’} of center m,
the boundary of CA(X) behaves like the union of the boundaries of the
continuous analogs of p and p’ in the neighborhood of m (see the part
of the red self-crossing curve included in the blue circle). [This picture
is better viewed in color.] (Color figure online)

Proof The intuition of this proof is depicted in Fig. 18. The
term bdCA(p) U bdCA(p’) is equal to:

CA(p) \ Int(CA(p)) U CA(p") \ Int(CA(p"),

since CA(p) and CA(p') are closed sets. By Proposition 18,
Int(CA(p)) N CA(p') = = Int(CA(p')) N CA(p),

then bdCA (p) U bdCA(p') is equal to:

(CA(p) UCA(p") \ Int(CA(p)) \ Int(CA(p")).

This term is equal by Lemma 3 to:

(CA(p) UCA(p") \ Int(CA(p) U CA(p"),

which is in fact bdCA ({p, p'}). O

Theorem 4 Let X be a digital subset of 7. When X contains
a critical configuration (of order k € [2, n]) at some block
S of center m, then for all ¢ €10, e(m)]:

bdCA(X) N Boo(m, &)
= (bdCA(p) UbdCA(p')) N Beo(m, &).

In other words, the boundary of CA(X) behaves like the
union of the boundaries of the continuous analogs of p and
p’ in the neighborhood of m.

Proof This theorem is depicted in Fig. 19. Let us treat first
the primary case: X NS = {p, p'}. Then, by Lemma 2, and
by choosing z := m, we obtain that:

bACA(X) N Boo(m, €(m))
= bdCA(X N E(m)) N Boo(m, €(m)),
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n
and since m € (%) , by Proposition 17, then £(m) = S,
then:

bACA(X) N Boo(m, €(m))
= bdCA({p, p'}) N Boo(m, €(m)).

Since p and p’ are k-antagonists with k > 2, by Lemma 4,
we obtain:

bdCA(X) N Boo(m, €(m))
= (bdCA(p) UbdCA(p")) N Boo(m, €(m)).

Now let us treat the secondary case: S \ X = {p, p'}.
Then, the fact that X contains a secondary critical configu-
ration is equivalent to say that X contains a primary critical
configuration: X N'S = {p, p’}. Then, by Proposition 1,
bdCA(X) = bdCA(X€), and then by following the same
reasoning as for the primary case:

bdCA(X) N Beo(m, €(m))
= bdCA(X€) N Boo(m, €(m)),
= bdCA(X¢ NE(m)) N Boo(m, €(m)),
=bdCA({p, p'}) N Boo(m, €(m)),
= (bdCA(p) UbdCA(p")) N Boo(m, €).

This concludes the proof. O

Corollary 2 Let us assume that a digital set X C 7" contains
a critical configuration in some block S of center m such that
XNS={p,p'torS\X = {p, p'}. IfFbdCA(p) UbdCA(p’)
is not locally Euclidean of dimension (n — 1), then bdCA (X)
is not locally Euclidean of dimension (n — 1) neither. In other
words, it is sufficient to show that the set {p, p'} of X is not
CWC to show that X is not CWC.

4.3 The n-D Proof

From now on, in this subsection, we assume that we have
a digital set X C Z" which contains some primary critical

n
configuration at the block S of center m € (%) and such

that X N S = {p, p’}. In addition, we define:
%, = bdCA(p) UbdCA(p).

The notations of Sect. 4.3 are summarized in Table 2.
Thanks to Lemma 1, we know that m belongs to X, /, and
thanks to Corollary 2, we know that if X, ,/ is not locally
homeomorphic to ]O, 1[”’1 at m, then {p, p’} is not CWC,
and then X is not CWC neither.

To prove that {p, p'} is not CWC, we are going to use
homology. Indeed, if we can prove that:

Hn—l(xp,p/s %p,p/ \ {m}) #Z,

then X, , is not a homological manifold at m, and then it is
not a topological manifold. For this aim, we will use the first
isomorphism theorem.

Since X, is the union of two (n — 1)-spheres sharing a
(n — k)-cube, we can deduce its homology groups:

Property 2 The homology groups of X, ;v are the following:

HO(xp,p/) =7,
anl (xp,p’) =7® Zs
Hyez\10,.n-13(Xp, pr) = 0.

Now let us define:
A=X, p\ {m},
then we obtain the following values of the homology groups

of A (they will be used to prove next that the homology group
Hyp—1(X,, 7, A) is not equal to Z).

Property 3 Let Z* = 7\ {0}. Let A = X, ,y \ {m}, then:

— Whenk =n =2, we have:

{ Ho(A) = 72,
Hyez(A) =0,

When k =2 and n = 3, we have:

Ho(A) = Z,
H;(A) = Z,
Hyez\(0,1(A) =0,

When k = 2 and n > 4, we have:

H,-1(4) =0,
Hy—2(A) =7,

— When k =n > 3, we have:

{ Ho(A) = Z2,
Hpez+(A) =0,

— Whenk =n —1andn > 4, we have:

H,(A) =0,
H,-1(4) =0,
Hy,—2(A) =0,

— Whenk € [3,n — 2] andn > 5, we have:

Hn(A) = 0,
H,—1(A) =0,
Hn—Z(A) = 07
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Table2 Summary of the main

notations of Sect. 4.3 n=2

k>2
p.p
XNns={p,p}

_ ptr
m= =

Xp.pr

The dimension of the ambient space

A digital subset of Z" which is not DWC

One of the blocks where a critical configuration occurs in X
The antagonism order of S relatively to X

The two k-antagonists in §

The studied primary critical configuration of X

The center of S

bdCA(p) UbdCA(p’)

Proof Let us decompose A this way for the sequel:

Ko = bdCA(p) \ {m).
Ky =bdCA(p) \ {m},
J=KoNKj,
A= KypUK].

Now let us treat each case separately.

— When k = n = 2, A is homotopy equivalent to a O-
sphere since it is a set of two empty 2-cubes minus their
intersection.

— Whenk =2andn = 3:

— A is made of two 3-cubes sharing a 1-cube minus its
center, then it is connected and Hy(A) = Z.
— J is homotopy equivalent to a O-sphere and then:

{ Ho(J) = 72,
Hiez+(3) =0,
we obtain then the Mayer—Vietoris sequence depicted
below:
H(3) =0 —2s H]}fzg())):@o L Hy@4) =0
Hy3) =0 —2» HE%(’T;’):@O 2, my4) =0
——
Hi(3) =0 —1s H]}?E;(’](;’):@O I om@a =z
Ho() = 77— Hﬁ%ﬁ"f}z L HyA) =7
e
H_1(J) =0
thus H; (A) = Z.

— When k = 2and n > 4, Jis a (n — k — 1)-sphere
with (n —k — 1) = (n — 3) > 1 and then Hy(J) = Z,
H,—3(3) = Z, and H;ez)\(0,n—3) = 0. At the same time,
Ko and K are contractile and then H(K() = Ho(K;) =
Z and H; ¢z (Kg) = H;ez+ (K1) = 0. Then, we obtain
the Mayer—Vietoris sequence depicted below:

H,—2(Ko) & ¥n—2 B
H, »(K)) =0 H,—2(A) = Z

On—2

— Hl—(K())@
H,_3(J) = Z —r=3, ‘=3
n=3() H,3(K1) =0

thus H,,_»(A) = Z.

— When £k = n > 3, A is a set of two empty n-cubes
minus their intersection (a vertex), and then it is homo-
topy equivalent to a O-sphere.

— Whenk = n—1andn > 4,then Jis homotopy equivalent
to a0-sphere and K¢ and K are contractile, then we have:

{ Ho(J) = 72,
Hiez+(3) = 0,

{HO(KO) =7,
H;ez+(Ko) =0,

and:

{HO(KI) =17,
Hiez+ (K1) =0,
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which leads to the results depicted below:

H,—1(Ko) ® V¥n—1
2l H, (A =0
H,_1 (K1) = 0 1(4)

8n—l

n—2 Hp_2(Ko) ® Yn—2

— — >
Hy,—2(K1) =0

H,— (@) =0 H,—2(A) =0
On—2

H,-3(3) =0

then H,,—1(A) = H,—»(A) = 0.

— When k € [3,n — 2] and n > 5, then J is homotopy
equivalent to a (n — k — 1)-sphere since it is equal to a
(n—k)-ball minus its center, and because (n —k—1) > 1,

we have:
Ho(3) = Z,
H,—x-1(3) = Z,

Hiez\{0,n—k-13(3) =0,
Also, K¢ and K are contractile, and then:

{ Ho(Ko) = Z,
H; ez (Ko) = 0,

and:

{ Ho(K1) = Z,
Hiez+ (K1) =0,
We obtain then the results depicted below:

H,-1(Ko) ® ¥n-1 3
H,_1(Ky) =0 — H,—1(A) =0

On—1

-2 H, 2(Ko)® Vn—2
H, () =0 ——3 " 1 H,_(A) =0
2(3) H, »(K) =0 n—2(A)
8n—2

H,-3(3) =0

then H,_1(A) = H,_2(A) = 0.

This concludes the proof. O

Now that we know the important values of the homology
groups of A, let us prove the following property induced by
Property 3.

Property 4 When we have n > 2 and k = 2, then:
Hy—1(Xp,p, A) = 27,

and when we have n > 3 and k € [3, n], then:

H,—1(X, 0, A) = Z2.

In other words, for any n > 2 and any k € [2, n], we have

Hn—l(%p,p’s A) # Z.

Proof These results follow from the six following computa-
tions:

Step 1:H, (X, ,,A) whenk =n =2

Hi(Xp, p, A) =

Hi4) =0 —Ls Bl = T o

Z

d

Y

70 HO(-%]),[IU A) =

Hy(A) = Zz _0> Ho(xp.p’) =7 0

Step 2: H,, (X, ,/, A) whenk =2 and n =3

Hya) =0 2 HZ(XP‘Z”') = m Hz(xp,%/,A) =
z Z
/
L
Hi(A) = Z —— H{(X,,)=0

Step 3: M, (X, 7, A) whenk =2 andn > 4

H (A) =0 -1 anl(xp,p’) = Tn-1 anl(xp,p/» A) =
n—1 = I Zz _— Z3

\

n—1

H,_»(A) = Z —2=2 Ha2(Xpp) =
0

Step4: H,, (X, ,, A) whenk =n >3

Hn,I(A) — 0 ln—1 H”_l(gzp.pr) = Tn—1 Hn_](gép’pr, A) =

x

H,—2(4) =0
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Step 5: H,, (X, ,/, A) whenk =n —landn > 4

H (A) -0 ln—1 anl(%p,p’) = Th-1 anl(xpﬁp’? A) =
n—1 = > Zz > Z2

On—1
H,—2(A) =0

Step 6: H,_1(X,,,/, A) whenn > 5and k € [3,n —2]

H (A) =0 -1 Hll—l(xp,p’ = Tn—1 Hn—l(%p,p’v A) =
n—1 = I Zz —_— Zz

8nfl
H,—(A) =0

The proof is done. O

Based on Property 4, it follows that X, , is not locally
a homological manifold at m, and then X, ,/ is not locally
Euclidean of dimension (n — 1) at m. From this, we can con-
clude that X,  is not locally a topological (n — 1)-manifold
atm. Since X, ,» behaves like bdCA (X) in the neighborhood
of m by Theorem 4, then X is not CWC. When X contains
a secondary critical configuration, the reasoning is the same,
as explained in Corollary 2.

Theorem 5 For any digital set X C 7", n > 2, X is DWC
when X is CWC. In other words, CWCness implies DWCness
inn-D, n > 2.

5 Conclusion

We have shown in this paper that CWCness implies DWC-
ness in n-D, which can be summarized by saying that when
we do not have any topological issue in the boundary of the
continuous analog of a digital subset of Z", then this last set
does not contain any critical configuration, which implies
that its connectivities are equivalent.

By gathering the properties relative to well-composedness
coming from [7] and from the current paper, we can see that
we obtain:

CWC = HWC = DWC,

where we call homology-well-composedness (HWCness)
the property of a cubical set to have a homology manifold as

boundary. Conversely, we know that:

DWC % HWC,

but we do not know if HWCness implies CWCness. We pro-
pose to study this last point in future works:

HWC = cwC.
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