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Abstract. This paper concerns the null controllability of the two-phase 1D Stefan problem
with distributed controls. This is a free-boundary problem that models solidification or melting
processes. In each phase, a parabolic equation, completed with initial and boundary conditions,
must be satisfied; the phases are separated by a phase change interface, where an additional free-
boundary condition is imposed (the so-called Stefan condition). We assume that two localized sources
of heating/cooling controls act on the system (one in each phase). We prove the following local null
controllability result: the temperatures can be steered to zero and, simultaneously, the interface can
be steered to a prescribed location provided the initial data and the interface position are sufficiently
close to the targets. The ingredients of the proofs are a compactness-uniqueness argument (which
gives appropriate observability estimates adapted to constraints) and a fixed-point formulation and
resolution of the controllability problem (which gives the result for the nonlinear system). We also
prove a negative result corresponding to the case where only one control acts on the system and the
interface does not collapse to the boundary.
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1. Introduction. The two-phase Stefan problem is a mathematical model, i.e.,
a coupled system composed of two PDEs and one ODE, used to describe liquid-solid
phase transition. This physical phenomenon is frequently found in many processes
in science and engineering, for example, continuous casting of steel [2], cryosurgical
treatment of cancer [28], analysis of crystal growth [5], and design of lithium-ion bat-
teries [4]. It is also important to highlight that, besides their use in thermodynamics
processes, similar systems can be used to model other phenomena, such as analysis
and computation of the flux of a fluid on a free surface [32, 21, 29|, fluid-solid inter-
action [7, 26, 30], gas flow through a porous medium [1, 9, 31], and tumor growth
[19, 18].

Let us recall the mathematical formulation of the two-phase 1D Stefan problem,
and let us formulate the related control problem considered in this paper.
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Let L > 0, T > 0, and ¢;,£p,¢, € (0,L) be given with ¢, < ¢y < £,.. We also
consider two functions, ug € Ha (0, £y) with ug > 0 and vy € Hg (¢, L) with vy < 0,
and two open sets, w; CC (0,4;) and w, CC (¢, L). At each ¢, the material domain
is separated into two parts: z € [0, £(¢)) (the liquid phase) and « € (¢(t), L] (the solid
phase). Here, £ = £(t) is the position of the interface between liquid and solid phases;
it satisfies £(0) = ¢ and £(t) € (¢;,¢,) for all ¢t.

The aim of this paper is to study the controllability properties of the following
two-phase Stefan problem:

— djugy = hily, in @,
V¢ — dyVgg = hrl, in Qr,
u(0,t) =0 in (0,7),
v(L,t) =0 in (0,7),
S u(+,0) = ug in  (0,4),
v(-,0) = vo in (4, L),
u(l(t),t) = v(L(t),t) =0 in (0,7),
—0'(t) = dyug (€(t),t) — dyvg(€(t),t) in (0,T).

Here and in what follows, d; and d,, must be viewed as diffusion coefficients, and we
use the notation

Q:=(0,L) x (0,T),

Q={(z,t)eQ: t€(0,T), v € ( £(t))
Q. ={(x,t) eQ: te(0,T), x € (), L
O, =w; x(0,7), and O, = w, x (0,T).

12
)

b

The main result in this paper is the following.
THEOREM 1. Let by € (¢,£.). Then there exists 6 > 0 such that, for any ug €
HE(0,4o) with ug >0, any vg € HE (Lo, L) with vg < 0, and any £y € (€1, £,) satisfying
ol 2 (0,60) + V0l 2 0,2y + b0 — £r| <6,

there exist controls (hy, h,) € L*(0;) x L*(O,) and associated states (u,v,€) with

e HY(0,T) N CY(0,T)), £#) € (6,6,) Vte0,T),
Uy Ugy Uty Ugy € LQ(QZ) and v, Vg, Vg, Vgg € LQ(Qr)a

such that
(2) UT) =Ly, u(-,T)=0 in (0,47), and v(-,T)=0 in (¢r,L).

Remark 1. We will see in section 5.1 that the maximum principle for parabolic
equations implies that null controllability cannot hold if one of the controls (for in-
stance, h,) vanishes and the interface satisfies 0 < ¢(T') < L. However, the possibility
of getting a null control result with only one control when one of the phases is allowed
to collapse to the boundary, that is, ¢(T") = L or ¢(T) = 0, is open.

For completeness, let us mention some previous works on the control of (1) and
similar models.
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The analysis of the controllability properties for linear and nonlinear parabolic
PDEs defined in cylindrical domains is a classical problem in control theory, and some
of the main contributions are in the references [8, 10, 16, 20, 25]. On the other hand,
the study of the controllability properties of free-boundary problems for PDEs has not
been much explored, although some important results have been obtained in the past
few years, especially for one-phase Stefan problems and variants; see [6, 13, 14, 12].
In [22], the authors study the controllability problem for the free-boundary viscous
Burgers equation with one moving end point.

Regarding the two-phase Stefan problem, the best results to our knowledge con-
cern stabilization. More precisely, it is proved in [23] that, under some assumptions,
there exist Neumann boundary controls and associated states (u,v,f) defined for
all ¢ > 0 such that

A {lut) = Tonllz2 0,000 = Jim [[o(,8) = Tnl[L2(0,60) = 0 and - lim £(t) = Lo,
where 7T,,, is a melting/solidification temperature.

A natural question is whether or not it is possible to drive both the temperature
and the interface to prescribed targets at a finite time. In this paper we give a
positive partial answer to this question. Recall that, in [7, 15, 26], a similar problem
was considered for a 1D fluid-structure problem, with the following equations on the
interface:

u(l(t),t) = v(l(t),t) =), ve(l(t),t) —ug(£(t),t) =ml’(t) for te(0,7T).

In contrast to previous works on free-boundary controllability, in this paper we
deal with situations leading to new difficulties. Let us discuss some of these differences:
e (Control of two phases. Obviously, the fact that we model a two-phase tran-
sition process greatly complicates the structure and properties of the state

system and requires an appropriate analysis.

e (Control of the interface. The aim is to control not only the temperature on
both sides but also the interface between liquid and solid regions. This will
bring an extra difficulty. The main strategy will rely on linearization, then
reformulation as a constrained observability problem, and then resolution of
a fixed-point equation.

The rest of this paper is organized as follows. In section 2.1, we will reformulate
the free-boundary problem as a nonlinear parabolic system in a cylindrical domain.
In section 3, we will present an improved observability inequality, which leads to the
null controllability for a related linearized system subject to a linear constraint. In
section 4, we will give a proof of Theorem 1. To this end, we will apply a fixed-
point argument. Finally, in section 5, we will present some additional comments and
questions.

2. Preliminaries.

2.1. Reformulation of the free-boundary problem. First, let us find a suit-
able diffeomorphism ® that transforms the free-boundary problem for the parabolic
system (1) into an equivalent problem for a nonlinear parabolic system in a cylindrical
domain.

To do this, let us fix a function £ € H'(0,T) N C((0,T]) such that £(t) € (¢;,¢,)
for all t € [0,T7], and let us take o > 0 sufficiently small such that

b +o<lt)—0c and l(t)+o0 <l —0o in [0,T].
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Then, for any ¢; + 20 < y < ¢, — 20, we build a function m(-,y) : R — R by linear
interpolation of the points ({; — 0,4, —0), ({i+0,4,+0), (y—o0,lop—0), (y+0,lo+0),
(¢, — 0,4, — o), and (£ + 0, + o) and then extend the extreme segments toward
infinity. Specifically, we have the following definition for m(-,y):

T if </ +o,
b — by +2 —{ —
€l+a+(l o +20)(@— b —0) if {i+o<z<y-—o,
b +20—y
m(x,y) = x—y—i—éog .y if y—o<zx<y+o,
fo—&—o—&—(T_ 0 —20)(x—y-0) if y+o<zx<dt.—o,
by —y—20

T if x>4¢,.—o.

Let us now consider a function € C*°(R) such that

g

supp 1 C (—o,0) / n(z)de =1 and n(z)= n(—x) VzeR.

—0

Then, we can define a smooth function G : R x (¢; + 20, ¢, — 20) — R as follows:
G(z,y) = [n*m(,y)](z).

A simple computation leads to the equalities

(3) Gz, ly) =z Ve eR, G(y,y) =1Ly, 0.G(y,y) =1,

and
VG(z,y) = ([0 *m(-,y)](x), [n* Oym(-, y)(x)),

where
0 if z</{+o0,
(b—Llo+20)(z—li—0) .
f ¢ —
i+ 20—y 1 to<zr<y-—o,
oym(z,y) =4 —1 if y—o<zx<y+o,
4, —Lly—20)(x—4C.+0) .
f grf ’
(fr—y—ZU)Q I y+to<ax< o
0 if >4, —o.

Let us introduce the mapping
D:Q— Q, with ®(z,t) := (G(x,L(t)),t).

It can be seen that ® is a diffeomorphism in @Q); it coincides with the identity in the
regions (0,4, + o) x (0,T) and (¢, — o,L) x (0,T), and, moreover, ®(¢(t),t) = (¢o,t)
for all t € [0,T]. Let us introduce the sets Qo; = (0,€y) x (0,T) and Qo :=
(€o,L) x (0,T), and let us define p: Qo; — R and ¢ : Qo — R, with

p(f,t) = U(I,t) = u(q)il(gat)) and Q(f;t) = ’U(%,t) = U((bil(fat)%
where (£,t) := ®(x,t). Then, we have that the pair (p, q) satisfies

pr — dipee + bipe = hily, n Qo
a4 — dyqee +bpge = helo, in - Qo
p(o, )= Q(L7 ) =0 in (0,7),
(4) p(',O) = Po in (0’60%
q(+,0) = qo in (b, L),
p(e(b ) = Q(Eo, ) =0 in (O,T),
dipe (Co, t) — drge(lo,t) = —'(t) in (0,7),
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where pg := ugo [G(+, £y)] ™ = ug € HE(0,40), qo := voo [G(-,£)] ™t = vo € H} (4o, L),
and

df(-,1) = di (G ([G(- £8)] 71 e(1))”

5 D= d (G (O] )
bf(-,1) == Gy ([GC L)) 71 £(1)) €' () + diGlar (IG (- €))7, £(2))
DG, t) o= Gy ([GC )] () (1) + dy G (IGC (1)) 71 (D)) -

Remark 2. Since £€ H'(0,T), it is not difficult to deduce that (df, d%) € L=(Qo ;) x

1) Yr

L>®(Qo.) and (bf,b%) € L2(0,T; L>(0,£y)) x L?(0,T; L* (o, L)). Moreover, there ex-

1»Yr

ist constants K1, K3 > 0, independent of £ and T', such that ||(b], b%)|| L2 (1) x £2(1o) <
K[l 20,1y + KoT.

This way, we have that Theorem 1 is equivalent to proving a local controllability
result for (4). Actually, we will prove the following.

THEOREM 2. Let by € (£;,¢,.). Then there exists § > 0 such that, for any py €
H(0,4) with po >0, any qo € H (Lo, L) with go < 0, and any Ly € (£, ¢,) satisfying

[Poll 2 (0,60) + 0l 12 20,2y + [0 — £ | <6,

there exist controls (hy, hy) € L*(0;) x L*(0,.) and associated solutions (p,q,t) to (4)
with
{ 0 € HY(0,T) N CY((0,T]), £(t) € (b, 4,) Ve[0T,

P Des Py Pee € L2 (Qoy) and q,qe, g, qee € L*(Qo,r),
such that

UT) =4y, p(-,T)=0 in (0,4), and q(-,T)=0 in (Lo, L).

2.2. Well-posedness of the two-phase free-boundary problem. The aim
of this section is to prove the local existence and uniqueness for the two-phase free-
boundary problem (1). More precisely, we have the following result.

PRrROPOSITION 1. Let L,T > 0 and ¢; < {y < {4, be given. Then, the system
(1) is locally well-posed. In other words, for any (h;,h,) € L*(0;) x L*(O,) and
(ug,v0) € H(0,49) x H}(lo, L), there exist a time 0 < T < T and a unique strong
solution to (1) in the time interval (0,T) such that

{eeﬂl(o,ﬂ 00) =Ly, L(t) € (4,0,) Yteo
(

2/ 2
Uy Ugy Uty Ugpgy € L (Ql) and V, Vg, Vt, Ugz € L

I,
)
where Q= {(z,t) € Q: t € (0,T), 2 € (0,£(t))} and Q, := {(x,t) € Q : t €
(0,T), z € (£(t),L)}.

Thanks to the diffeomorphism ® : QQ — @, introduced in section 2.1, Proposition 1
is equivalent to the local existence and uniqueness of (4). More precisely, Proposition 1
is an immediate consequence of the following result.

T
Qr

PROPOSITION 2. Let the conditions of Proposition 1 be satisfied. Then, the non-
linear system (4) is locally well-posed; i.e., if (hy, hy) € L?(O;) x L?(O,.) and (po, qo) €
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H}(0,40) x H(by, L) are fived, there exist T € (0,T) and a unique strong solution

~

in (0,T) such that
¢e HY0,T), €(0) =Ly, £(t) € (l,0,) Vtel0,T),
{ P, De, Prs Pee € L2(Qoy) and q. qe, qi, gee € L*(Qo,y),
where @071 := (0, 4p) X (O,f) and @077. = (b, L) X (O,f).
Proof. First, let us introduce the spaces
X[ :=L*0,T;H?(0,60))NH (0,T;L*(0,£y)) and
XI:=L*0,T;H?(¢y,L))NH(0,T;L?(¢y,L)).
For each fixed ¢ € H'(0,T), we can use the Faedo-Galerkin method to get a
unique strong solution (p%,¢%) € X' x XTI to (4)1-(4)s. Moreover, thanks to Re-

mark 2, we find a positive constant C, independent of pg, qo, hi, by, £, and T, such
that

(6)
10,0 rxr < Cr (14 K +VT) [1+ (K +VT) K + 7] 0D 2,

where K := [|'|| L2(o,7) and IT:= |[(po, go) | ez x 2 + || (ha, Br) || L2 x 2.

Now, let us assume that ; < ¢; < ly < £, < £, and R > 0, and let us introduce
the set

Apri={0e HY(0,T): 0 < U(t) <L, ¥t € [0,T], £(0)="Lo, |¢'|lz20r) < R}

and the mapping A : Agr — H'(0,7T), with

t
A(6) = Lo and Lo(t) = o — / [dipt(lo, ) — drgt(to, 7] dr,
0

where (p%,¢%) € X x XTI is the unique strong solution to (4);—(4)s. It is not difficult
to see that Ag r is a nonempty, closed, and convex subset of H1(0,T).

Let us check that, for some 0 < T < T, A satisfies the following assumptions of
Banach’s fixed-point theorem in 'AR,f:

e There exists T € (0,T] such that

(7) AM(Ap:) C Ap, V€ (0,T).
Indeed, £,(0) = ¢y. Let us introduce
(8)

C(T, R) = Cy (14 R4+ VT) [L4 (R4 VT) R+ 7| e (YT (EVT),

Then, using the Holder inequality, (6), and (8), we see that, for some Cy > 0
independent of T', one has

t
|Lo(t) — Lo] < / |dipe (o, 7) — drgf (Lo, T)| d T
0

S 02T1/2||(p€(£0u ')7 qg(&b '))||L2(0”1:)><L2(07'f)
< G2 (0", 0"l xr wxr
< C,TY?C(T, R)Y* 11
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for all t € [0,7] and any T € (0,T].

On the other hand, since the trace operator I' : X' x XT HY40,T) x
HY4(0,T) defined by T'(p,q) := (pg(fo, -),qf(&h -)) is continuous, thanks to
the continuity of the embedding HY4(0,T) < L*(0,T), we find C3 > 0
(independent of T') such that

€2 2o,y < CaT/AC(T, R)V2 1L,

It follows easily from the inequalities above that, if T is sufficiently small, (7)
holds. R

There ezists T' € (0,T] such that A : Ay 7 — Ap 7 is a contraction.

It can be proved that there exists D; = D;(7) such that Dy(7) = 0ast—0
and

(9)

Lo, = Lol mo,) < Di(7) (I = p%lIx7r + ld" — ¢ llx;) Vi, o € Ap,-.

Furthermore, using standard energy estimates, we get a positive Dy = Da(7),
similar to (8), such that

(10) P = p%llx; + lla™ = alxr < Da(OIE F 1230,y £2(0.0):
where

(11)

Ff = (d) —di®)pgg — (0 —0)pe and FY = (4 —d;)qgg — (b7 —b2)g”
and Qo := (0,49) x (0,7) and Qo := (fo, L) x (0,7).

Then, using the fact that G and its inverse G=! (defined in section 2.1) are

smooth functions, we see that there exists D3 = D3(7) (D3(s) is bounded for
0 < s <T) such that

(12) H(Flea Ff)”m@o’l)xm@m” < DS(T)H(pezaqb)HX[ xXT
Combining (9)-(12), we deduce that
(13) [A(L1) = Al a1 0,7y < E(T)|[41 — Lol 1 (0,7)

where E(71) = Dl(T)DQ(T)Dg(T)H(pEZ,ql2)HXl‘r><X:. Since (p‘2,¢") is uni-
formly bounded in X x X[ for all 0 < 7 < T provided ¢y € Ag -, we find
that E(s) — 0 as s = 0.

As a consequence, there exists T' € (0,7 such that A : A, 7 — A, 5 is a
contraction.

b1 — Lol go,r)-

Therefore, A possesses exactly one fixed-point in Ay 7. This ends the proof. O

3. Approximate controllability of a linearized system. In this section, we
are going to complete a first step in the proof of Theorem 2. More precisely, we are
going to prove a controllability result for a suitable (natural) linearization of (4).

To do this, let us fix £ € C*([0,T]) with £(0) = ¢y and £([0,T]) C (¢;,£,), and let
us consider the system

(14)

M (p) = il in Qo
Mf(q) = hrlwr in QO,m
p(o, ) = p(€07 ) = Q(ZOa ) = q(L’ ) =0 in (OvT)r
p(,O) = Po in (0760)7
q(,O) = 4o in (607‘[’)7

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where the operators M} and M are, respectively, defined by
M{(p) :=p1 — djpec +bjpe and M/ (q) := g — diqee + bige.

Also, let us introduce the function £ : [0,7] — R given by

L(t) = Lo — /0 [dipe (Lo, T) — drqe(Co, T)] dT.

Remark 3. Using the facts that G and G~! are smooth and ¢ € C'([0,T]), we
can prove that df and bf belong, respectively, to C*(Q ;) and C°(Q,;). Furthermore,
the second spatial derivative of df and the first spatial derivative of blz are functions
in C°(Qy,). The same can be obtained for the coefficients d’ and bf.

The main goal of this section is to obtain a (robust) approximate controllability
result for (14) subject to the linear constraint on the states

(15) L(T) = lr.

In other words, we want to find controls (h;, h,) € L?*(0;) x L*(0,) such that the
associated solutions to (14) satisfy (15).
Let us first reformulate (15). Thus, consider the auziliary adjoint system

(M{)*(4) =0 n Qo
(Mf)*(C) =0 in QO,rv
(16) ¢(07 ) =0, 1/1(50, ) =1 in (O,T),
C(goa ) =1, C(La ) =0 in (07T)7
w(7T) =0 in (Oa€0)7
¢(T)=0 in (b, L),

where the operators (M})* and (Mf)* are, respectively, defined by
(M{)*(¥) == =t = (di)ee — (0j9)e and  (M;)*(C) == —Co — (dr)ee — (0:0)e-
It is not difficult to check that (16) possesses a unique weak solution (v, p), with
Yo € L*(0,T; H'(0,40)) 0 H*(0,T; H*(0,4)),

(e € L*(0,T; H' (4o, L)) N H' (0, T; H ' (4o, L))
A crucial property of (¢, () is the following.

PROPOSITION 3. Given R > 0, let us consider the set B = {{ € C([0,T));
1€ |co(po,r)) < R}. Then, there exists a positive constant Cy depending only on Ly, £y,
L, wi, wr, T, and R such that, for any £ € Bgr, one has

el L2(0) + 11Cell 20,y > Co-

Proof. We argue by contradiction. Thus, if the assertion were false, then there
would exist £1, 5, ... and associated pairs (1%, (1), (2, (?),... (weak solutions to (16)),
such that

1
(17) [0 llcc < R and [[9" |20, + 1€" | 2(0,) < - Vn>1
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Due to the smoothing effect of parabolic operators and the facts that the (df", bf)
are uniformly bounded in C*(Q,;) x C°(Q,,;) and the second spatial derivative of dj
and the first spatial derivative of b} are uniformly bounded in C° (Qo,), there exists
o > 0 such that

19" | 20, 7= o3 52(0,00)) + 1V | 22 (0,7—0322(0,60)) S C V> 1,

with C > 0 depending only on £y, ¢;, ¢, T, and R. Consequently, after extraction of
a subsequence, we would have

l, — ¢ strongly in C°([0,T — o)),
b, — ¢ weaklyin  HY0,T — o),
Y —1p weakly in - L2(0,T — a; H?(0,4)) N H*(0,T — o5 L2(0, £p)),

and we would be able to pass to the limit in the equation and in the boundary
condition satisfied by ™ to deduce that

(18) (MZZ)*(w) =0 in (ano) X (OaT - U)v
1/1(0, ) =0, 1/}(607 ) =1 in (OaT - U)'

But we would also have, by (17), that ¥ =0 in w; X (0,7 — o), which is impossible in

view of the unique continuation property and (18)s. This ends the proof. 0

Let us multiply (14), by %y, and let us integrate in Qo to obtain

Lo T
(19) //O e d = - /O polE)e(€,0) dé — /0 dipe (bo, ) d.

Analogously, multiplying (14), by (, and integrating in Qo , we get

L T
e [ madcit=— [ w0 ds+ [ dcltor)ar
O, Lo 0
It follows from (19)—(20) that a pair of controls (h;, h,) € L?(O;) x L?(0,) are such

that £(T") = ¢p if and only if
(21)
Lo L
/ /O e de dt+ / /O edgdt =g — by ~ /0 Po(€)he(€,0) de — /K “w(©)(E 0) de.

Accordingly, we see that the role of the auxiliary adjoint problem (16) is to allow a
reformulation of the approximate controllability problem for (14) subject to (15) (a
constraint on the state) as a control-constrained approximate controllability problem
for (14).

In section 3.2, we will establish the approximate controllability of (14) subject to
the linear constraint (21). Before this, we will need an adequate (improved) observ-
ability inequality.

3.1. An improved observability inequality. To do this, let us first con-
sider open sets wop; CC wy, wo,, CC wy, and let us introduce the weight functions
nos € C*([0,4]) and no, € C*([lo, L]) satisfying

{ no4 > 0 in (0, £o), 10,1(0) = 10,1(fo) = 0, and |ng,| > 0 in [0, lo]\wo 1,
no,r» > 01in (€o, L), no,r(fo) = 10,-(L) =0, and |ng .| > 0 in [fo, L]\wo,r-
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Also, for any X > 0, let us set

eM0.1(8) e2Mmo,illoe — AM0,1(8)
t) = t) :=
Ml(gv ) t(T—t)’ al(ga ) t(T—t) )
ekno,r(g) 62>‘H770,7‘”oo — eAVIO,T(E)
T 7t = 9 T 7t =
H (5 ) t(T*t) & (6 ) t(T*t)

Then, by using the regularity of the coefficients of the adjoint operators (M;)* and
(M£)* (see Remark 3) and following the ideas in [11, 20], we get the following global
Carleman estimates.

PROPOSITION 4. Let R > 0, and assume that £ € C*([0,T]) satisfies £(0) = o,
£([0,77) € (41, 4,), and ||['||co(o,r)) < R. Then, there exist positive constants Ao, so,
and C (depending on £, ., R,wi,w,, and T) such that, for any s > sop and X\ > Ao,
we have

(22) / /Q 20 [(s) ™ (Joul? + lpeel?) + N2(span)loel? + M (spu)?|ol?] dé dit

ol f[ ey @l e [ e%aw*(sm)ﬂsomfdt]

and

(23) / /Q &2 [(sp1) ™ (160l + |deel2) + A2 (st bel? + X (sya0)?|6[2] di

/I M) @) dede + J[L et o a dt]

for any pair (p, d) in the Bochner—Sobolev space

<C

[L*(0,T; Hy (0, 40))NH ' (0, T; H~ (0, £6))]x[L*(0, T; Hg (Lo, L))NH' (0, T; H™ ' (£o, L))]

such that ((Mf)*(ga), (Mf)*(gb)) belongs to L*(Qo1) x L*(Qo.r)-

A straightforward argument, based on estimates (22)—(23), leads to the following
observability inequality.

PROPOSITION 5. Let R > 0, and assume that £ € C*([0,T]) satisfies £(0) = o,
£([0,T7) C (41, £,), and |[€'| coqo,r)y < R. There exist positive constants \o, so, and C,
depending on 4y, £, R, w;, w,, and T, such that, for any s > sg and any X\ > Xy, we
have

24)  [le(0)lz2(0,0) < Cliellzzo)y  and  [|6(,0)ll L2602y < ClidllL2(0,)

for any pair (p, ) in the Bochner—Sobolev space

[L2(0,T; Hy (0, £0))NH ' (0, T; H™ (0, €0))] % [L*(0, T5 Hy (¢o, L))NH ' (0, T; H™ (€, L))
such that ((M{)*(¢), (Mf)*(¢)) = (0,0).

In order to present an improved observability inequality, let us introduce the linear
projectors P{ : L2(Qo,) = L?(Qo,) and P4 : L2(Qo.) — L*(Qo.,), respectively, given
by

Plo =i (p)¢e and Pro:= 5(4)r,
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where we have set

/ Copd

// \Q|2d§dt

Remark 4. Note that the ranges of ]P’f and P’ are 1D vector spaces. Therefore,
these operators are compact.

/ [ v dear

22O and 5@
/ || dE dt

[ () =

and (tg, ¢¢) is the unique weak solution to (16).

For any (7, ¢7) € L?(0,£y)x L2 ({g, L), there exists a unique pair (¢, ¢) satisfying

©e L*(0,T; Hy(0,40))NH (0, T; H1(0,40)),

(2) ¢p€ L*(0,T; Hy (o, L))NH' (0, T; H ' (£o, L))

that solves in the weak sense the linear system

(M{)*(#) =0 in Qo
(1\(4,‘?);( )=0 | in ?o,r,)
©(0,:) =¢(ly,-) =0 in (0,T
(26) ol ) = G(L.) =0 i (0.T)
o(T) = pr in (0,4),
¢(’T>:¢T in (f )

Accordingly, we can introduce the following functional in L?(0,4y) x L%(¢y, L):
Lo
o) = [[ lofasrs [ lo 0 ds+ 150

+ [ o dears [ o optas + st

where (¢, ¢) satisfies (25)—(26).
We can prove the following result.

PROPOSITION 6. Let R > 0, and let us assume that ¢ € C*([0,T)) satisfies £(0) =
o, £([0,T1]) C (41, 4:), and ||[€'||coqo,r)) < R. Then, there exists a positive constant C,
depending on {o, l;, L., R, wi, w., and T, such that, for any (o7, or) € L?(0,4y) x
L?({y, L), the following holds:

(27) I(soT,asT)sc[//O IsD*IF’fcplzdde//o 16— PLo2de dt | |

where (@, $) is the solution to (26).

Proof. The proof will be by contradiction. It is inspired by the results in [27].
Let us prove that there exists a constant C; > 0 (depending on 4y, ¢}, ¢,, R, wy, w;.,
and T) such that, for any pair of functions (o7, ¢7) € L?(0,£y) x L?(¢y, L), one has

/O\<P|2d§dt+ |w§0|2d£+//|¢|2d£dt+/l¢ 0)[2 de
(28) !

<o [/O |w—Pfso|2d£dt+//o |¢—Pﬁ¢|2d§dt} .

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/30/24 to 150.214.182.233 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CONTROL OF TWO-PHASE STEFAN PROBLEMS 3089

If (28) does not hOld, there must exist (@T717¢T71)7(§0T,2,¢)T,2),... in L2(07€0) X
L?({y, L) such that
(29)

Lo L
/%F%ﬁ+A|w@@?%+/4@?%ﬁ+/I%®®F%=1md

Lo

1
// Iwn—PzapnIQdfdtJr// |¢n—]P’f¢n|2d£dt§E
O,

for all n > 1. Noting that

1
5 [ Pieaacas 5 [ pio.paca

//|%|ﬂ%—m%ldw+fLﬂm2+%—M%deu

we easily get from (29) that the (3f(¢n), 85(¢n)) are uniformly bounded in R2. Con-
sequently, there exist a subsequence (again indexed by n) and a pair (87, 37) € R?
such that

(30) (B (en), B(dn)) = (B, B) in R?.
It is clear from (22), (23), and (29); that, at least for a new subsequence, one has
on — ¢ weakly in L%(o, T — o; H*(0,40) N Ha(0,40)),
Onit — pr weakly in L%(o,T — o; H1(0,4p)),
Cn — ¢ weakly in L*(0, T — o; H* (o, L) N H{ (4o, L)),
Cot — G weakly in L?(0,T — o H (4, L))

for all ¢ > 0 small enough. Obviously, we have

EMQ*E@)):O in Qo
MEY* ¢ =0 in QO,’H
(31) 0(0,) = p(ly,) =0 in (0,7),

(b(g(]v )*¢(L ) 0 in (O’T)

Moreover, since (¢n, ¢n) = (n — Plon, dn — Phon) + (Plp,, Plo,) in O x O, us-
ing (29)2 and (30), it is also true that

(@ns dn) = (Pro,Prg)  strongly in L*(O)) x L*(O,),

where (P, P36) = (B r. 5Cr).

We have from (16) and (31) that ((M])*(p — Pfo), (M5)*(¢ — P:¢)) = (0,0) in
Qo,1 x Qo,r and also that, in view of (29) and (30), (¢ — Pjp,¢ — Pf¢) = (0,0) in
O; x O,. Then, by applying a classical unique continuation argument, we conclude
that (¢,¢) = (Pfp,Pi¢) in Qo X Qo,. However, this implies (¢,¢) = (0,0) in
Qo1 X Qo,r, since

(070) = (SO(£07 ')7¢(£07 )) = (Bl*wf(€0> ')75:4-((607 )) = (61*75:)

In other words,
(#ns @) = (0,0) in L2(Op) x L*(O,).
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Then, taking into account (24) and (29), we see that

//O wnIdedtﬂL/Oeo n(€,0)? d§+//or ¢n|2d£dt+/:¢n(£,0>|2d5%07

which is obviously absurd.
This proves (28). The remaining terms in I (7, ¢r) can also be bounded by the
right-hand side of (27) as an immediate consequence of Proposition 3. O

3.2. Approximate controllability problem with linear constraint. In this
section, we prove the approximate controllability of (14) subject to the linear con-
straint (21). More precisely, the following holds.

PROPOSITION 7. Assume that R > 0, o € (¢,4,.), and £ € CH([0,T]) satisfy
b < L(t) <Ly for allt € [0,T], £(0) = Lo, and ||¢'||coo,r) < R. Then, for any e >0,
any data po € HY(0,40) and qo € H (Lo, L), and any b1 € (¢1,4,), there exist controls
(RY _,ht ) € L*(O)) x L*(O,.) and associated solutions to (14), with

lie)''re

p € L2(0,T; H?(0,40)) N HY(0,T; L*(0, 4y)),
q € L*(0,T; H*(¢y, L)) N HY(0,T; L? (¢, L)),

satisfying the approximate controllability condition

(32) (T, q(, T)) L2 (0,60)x L2 (00, 1) < €

and the linear constraint (21). Furthermore, the controls can be chosen to satisfy

(33) (e (Pr Lol 220 % 22(@0.) < C (1o 90)l 2222 + [bo — L)

where the constant C' > 0 depends only on £, ¢, ,w,w,, T, and R.

Proof. Let us first introduce the notation

£ L
My =ty —{y — /0 Po(§)e(§,0) d€ — /e 90(§)Ce(&, 0) dg,

where the pair (¢, () is the unique solution to (16).

Now, for any given € > 0, let us introduce the functional Jy. : L?(0,£y) x
L?(4y, L) — R, defined as follows: given (o7, ¢r) € L?(0,4y) x L*({y, L), we have
(34)

Tectonon) = [[ lo=BloP dcar+ [[ 16— PloP g+ Sler.or)lions

£ L
- [ m@ste. 0~ [ anerote.0de = () + pie)] -
0
where the pair (¢, ¢) satisfies (25)—(26).

Using Holder and Young inequalities, it is not difficult to check that J,. is a
continuous, coercive, and strictly convex functional. Therefore, J, . possesses a unique
minimizer (¢%,¢5) € L*(0,4y) x L?(£y,L). The corresponding solution to (26) will
be denoted by (¢e, ¢<). Then

(35) Jé75(§0§"7 QS;“)(QDT? QST) =0 V(SQT’ ¢T) S L2(Oa€0) X L2(£07 L)a
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where

Ji (91,0 67.2) (97, 67) = // .~ P(p.) <pd§dt+// b — PL(g.)|de dt

2||soT||L/ P () () dE + o ¢T(5>¢T<£) dé

2)|¢% |l 2
_/ o(€,0) dé — / 90(€)B(€,0) dé — [Bf(¢)+6f(¢)] %
0

Here, we have used the facts that (o — Pj(pe),P{(¢))r2(0,) = 0 and (¢ — PL(¢:),

PL(#))r2(0,) = 0.
Let us introduce

(36)

M,
B = [Pioe) — 0e] + e

2 [¢el30,
Let (¢, ¢1) € L*(0,09) x L*(ly, L) be given, and let (p,q) be the solution to

(14) associated to the control pair (hlés, h%..). Then, multiplying (14) by the solution
(p, @) to (26) and integrating in Qg and Qo r, We obtain

M, e

and hl_ = [PL(4.) — .
= ol o= [Brloe) — o] +

Lo
/ B pde dt + / B pdedt = / (6, T)(E,T) — pol€) (€, 0)] de
(37) O, O, 0

L
+ / 4(6. T)6(E,T) — qo(€) (€, 0)] de.

Lo

Taking into account (36) and comparing (35) with (37), we get

‘% L
/ (& T (€) de + / A€, T)r(€) de
0 Lo

([l L 50
_c . )
2 </0 0%l 2 er(e) £+/[0 6% ]I 2 o7 (§) d€

for all (pr,¢r) € L?(0,€y) x L?(¢y,L). Therefore, the approximate controllability
condition (32) follows. Since we also have

//O hf75¢ed§dt+//orhfﬁ,sgd§dt_ //O [P (02) — 2] de”%

¢ M,
+//OT [Pr(¢e) _¢£] Cngdt—F 7

= MZ7

the pair (hf67 h..) satisfies (21) and, consequently, £(T) = /7.

Finally, due to the fact that (pr.,d7) is the minimum of J,., we have the
inequality Jy (9%, 05) < Jr(0,0) = 0. Using this fact and the definition of M,
and (27), we deduce that there exist positive constants C' (depending on ¢, ¢,., R, w;, wy.,

and T') such that

1(p= = P{ ()l 2(00) + (D — PL(6)) ]I L2(0,)
< C (lpoll L2 (0,00) + o]l £2(eo, )
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and

10§ cllr2con) + IRt cllz2o,) < C (1@ = Pi(pe))llz2(on) + 1(de — PG L2(0,) + |1 Me])
< C (IIpollz2(0,00) + ol 220,y + 140 — £1]) -

This ends the proof. ]

4. Controllability of the two-phase Stefan problem. In this section we
prove Theorem 2. The proof relies on a fixed-point argument. First, it will be conve-
nient to recall some regularity properties for linear parabolic systems.

Due to Propositions 1 and 2, the smoothing effect of (4) implies that we can
assume that (po,qo) € Wy*(0,4) x Wy *(£o, L), and we can consider smallness as-
sumptions of (pg, go) in this space.

4.1. A regularity property. First, let us assume that (pg,qo) € W01’4(0,€0) X
W01’4(€0, L). For any open interval I C R, let us introduce the Banach space

X40,T;1) := L*0,T; W>*(I)) nWh4(0, T; L*(I)).

On the other hand, let us consider the cylinder G; := (¢;,4y) x (0,7T), the Holder

seminorms et )
UGS, t —Uu 5 t
(Wg = sw i
(&,t),(¢' )EG, |£ — g |
13334
" u(€,t) — (1)
ulg, —ul&,
Wie, = suw (6.,
(6,1),(6,1/) €T, [t — ']
t#t!

where 0 < s < 1, and the space C*"/2(G)) formed by the functions v € C°(G,) whose
corresponding (u)¢ 5, and <“>:/G21 are finite. It is known that C**/2(G,) is a Banach
space (see [24]) with the following norm:

K/2
k,k/2;Gy = ||u||00(61) + <U>E,Gz + <u>t,/GL‘

[[ul
Finally, let us introduce the Banach space
OO0 = {u € COGh) s ug € CF/2(Gy), (u)i g™ < +o0}.

Obviously, we can introduce similar quantities and spaces for functions defined
in Gy == (y,¢,) x (0,T). The following result holds.

LEMMA 1. Let us assume that £y, br € (£1,¢,) and (po, qo) € W01’4(0, 4y) ><W01’4(€07 L).
Then, the states (p,q), furnished by Proposition 7, satisfy

(p,q) € CHHOHR/2(G)) x C1HOHER/2(@G ) for k= 1/4.
Furthermore, there exists C' > 0, depending on {;, {,, w;, wy, T, and R, such that
(38) IPlysrinrjzc + 10w rin 2, < C (1000 lyaswzs + 160 = trl).
Proof. Clearly, due to the regularity of pg, there exists a function f€X*(0,T; (0, 4))

such that f(0,t) = f(lp,t) = 0, for ¢ € (0,T), and f(&,0) = po(&), for £ € (0,4p).
Consequently, the state p, provided by Proposition 7, can be written in the form
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p =y + f, where y € L%(0,T; H2(0,40)) N H'(0,T; L?(0,4y)) is the unique strong
solution of the problem

Yo — diyee + bjye = F in Qo
(39) y(0,-) =y(lo,-) =0 in (0,7),
y(-,O) =0 in (0760)’

where I' = hle,alwl — ft + dléfgg — blefg

Now, let o > 0 be such that w; CC (0,4, —0), and, moreover, let G := ({;—o0,{;+
o) (0,T) C Qo,. We can easily check that F € L*(0,T; L*(¢;—o0,{,+0)). Therefore,
from local parabolic regularity results, we obtain that y € X*(0,T; ({;—0/2,¢,+0/2))
and

1Yl x40, 75(6—0 /2,040 /2))

<C (||F||L4(OaT§L4(ZI,*G',£l+U)) + H?JHL’-’((),T;H?(o,zo))mHl(o,T;L2(0,eo))) )

where C' depends only on ||d! ||, ||} ]lccs 415 £, and o.
Next, using standard parabolic energy estimates and (33), we get

Yl x40, 15060—0/2,040/2)) < C (H(pm QO)HW(}AxW(}A + [lo — €T|)

for some C' > 0 as above. Here, we have used the fact that ||df|~ and [|bf||« are
bounded in terms of R. Finally, using this inequality, the regularity of the trace
y(£1, ), the fact that y is a strong solution to (39), and [33, Propositions 9.2.3 and
9.2.5], we conclude that y € X*(0,T; (¢;,4)), and, moreover,

(40) 1yl xac0,75000,60)) < C (”(pO?(IO)”WOl"‘xWOL“ + o — £T|)
for a new C > 0.

In a similar way, we can write ¢ = z + g, where g € X*4(0,T; (o, L)) is a shift
function for the initial data gg, and z € X*(0,T; (fo, £,)) satisfies

(41) 23073000, < € (110, @0l cpzs + 1o — 1) -

Then, the estimate in (38) is an immediate consequence of (40)—(41) and the
following embedding from [3, Lemma 2.2]:

XA40,T; (€1, 40)) x X40,T; (Lo, £,)) — CHHHU+R/2(G)) 5 1= (+0)/2(G ),

where k = 1/4. d
Let us introduce the function 6 : [0,T] — R, given by

(42) 0(t) = drge (Lo, t) — dipe(Co, t).

Then, as an immediate consequence of (38), we get that € C/3(]0,T]), and, more-

over, there exists a positive constant C (depending on ¢, ¢, w;,w,, T, and R) such

that

(43) 101l omy < € (1Pos @0l s + Vo = £r)
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4.2. A fixed-point argument. In this section we will achieve the proof of The-
orem 2. It will be a consequence of the following uniform approximate controllability
result.

THEOREM 3. Assume that R > 0 is given. Then, there exists 6 > 0 such that,
for any py € W01’4(O,£0) with pg > 0, any qo € W01’4(€0,L) with qo < 0, any fo, b €
(41,2,.) satisfying

HPOHW(}«“(Q,%) + ||qo||W01’4(éo7L) + [lo — br| <6,

and any € > 0, there exist controls (h§,he) € L*(O;)x L*(0,.) and associated solutions
to (4), with

le € Cl([O,T]) and fe(t) S (&,&«)Vt S [O,T], HZIEHC’O([O,T]) <R,
(44) pe € L*(0,T5 H?(0,40)) N H' (0, T3 L*(0, o)),

e € L*(0,T; H?({o, L)) N H'(0,T; L* (4o, L)),

satisfying the exact-approximate controllability condition

(45) (T) =Ly and |[(p(-,T),q= (-, D)) £2(0,00) x L2 (£0,1) < €-

Moreover, the controls can be found satisfying the following uniform estimate with
respect to €:

(46) [1(hi Lwys hilw )22 Qo) x22(Qo.0) < C (II(po, o) llwraxwa + [€o — £1])
for some positive C' (depending on €1, ¢,,w;,w,, T, and R).
Proof. Given {; < 0, <0, <0 and R > 0, we define the set

Ap == {0 € CY[0,T]) : & < L(t) < £ YL € [0,T), £(0) = Lo, [|€'lcoqoryy < R}-

Obviously, Ag is a nonempty, closed, and convex subset of C1([0,T]). Let us also
introduce the mapping A. : Ar — C*([0,T]), given by

t
A(l) = £, with L(t) = by — / (dipe (€0, ) — drae(fo, 7)) dr,
0

where (p, q) is the state associated to the control pair (hle,s, hfﬁ) constructed as in the

proof of Proposition 7 (recall Lemma 1) and, therefore, £(T') = ¢7. Thanks to (42)
and (43), we have that £ € C*([0,T)).

Let us check that A, satisfies the following conditions of Schauder’s fixed-point

theorem:

e A, is continuous. Indeed, let the ¢,,(n > 1) and ¢ belong to Ag, and assume

that ¢, — ¢ in C1([0,T]). We must prove that A.(¢,) — A-(¢) in C*([0,T7)).

To that end, we will first prove that the corresponding solutions to (16) satisfy

(47) (5 Ce) = (We,¢e)  strongly in - L*(Qoy) x L*(Qo,y)-

Let f € L(0,T; H%(0,40)) x H'(0,T; L*(0,40)) be such that £(0,-) = 0 and
flly,-) =1 on (0,T), and let us put ¥y, = ¥, + f and ¢y = U, + f. It is

then clear that y, := ¥, — ¥, is the unique weak solution to
(M) (ye,,) = F, in- Qoy,
Ye,(0,) =y, (bo,-) =0 in (0,7,
ygn(-,O) =0 in (0,[0),
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where F,, € L?(0,T; H=1(0,4p)) is given by

Fo, =(d ¢ — diee) f +2(d) ¢ — dye) fe + (df — d") fee + (b ¢ — bye) f
+ (b = b)) fe 4 ((df — dy)We)ee + ((b) — b )W)

Then, using the facts that (df",bl[") are uniformly bounded in the space
Cl(go,l) x C%(Qy,;) and (dfzg,bfz) are uniformly bounded in C°(Q;) X
CO(QOJ), the standard parabolic energy estimates, and the regularity of the
function G (as well as the regularity of its inverse G~1), we get that y,, — 0
strongly in L?(Qo,) which, in turn, implies

e, — 1y strongly in LQ(QOJ).

Analogously, we can prove that ¢, — ¢, strongly in L?(Qq ).
Now, we recall that, for each ¢ > 0, there exists a unique ((p%,e, %5) in
L?(0, £y) x L*(4y, L) that minimizes the functional .J,, ., defined in (34). Due
to the facts that Ji, (¢7.,¢7.) < 0 and the constant appearing in the
right side of (27) does not depend on n, we get that the minimizers are
uniformly bounded with respect to n in the space L?(0,£y) x L?({g, L), and
the corresponding (¢, ¢7), solutions to (26), are uniformly bounded spaces
given in (25). Therefore, there exist (o7, ¢r.c) in L%(0,£y) x L*(fo, L) and
(e, @) in L2(Qo,) X L*(Qo,,) such that, at least for a subsequence, one has
(1)

(0, 0F.) = (@1, ¢1c) weakly in L2(0,£g) x L*(fo, L),

(0(-,0),¢2(+,0)) = (¢e(+,0), ¢<(+,0)) weakly in L2(0, o) x L?(lo, L), and

(90?4)?) — (905;¢€) StI‘OHgly in Lz(QO,l) X L2(Q07r)~

We will show now that (o7, ¢7.) is the unique minimizer of the functional
Jyc. Indeed, we first note from the convergences in (47) and (48), that

(P (1), Py (62)) = (P (), Pr(¢:))  strongly in L*(Qo.) x L*(Qo,r)-
Then, using this fact and the weak convergences (48)1,2, we easily get

(49) J[,E(QOT,Ea d)T,E) < hmnlnf Jﬁme((ﬁrjl“75, ¢7ZL",E)'

Now, let (¢7,¢7) be given in L2(0,4y) x L?({g, L), and let the (™, ¢") be
the solutions to the system (26), with ¢ replaced by ¢,, for n = 1,2,....
Then, using the same ideas that led to (47), we can ensure that the (¢™, ¢")
converge strongly in L?(Qo;) x L*(Qo.) to the solution (¢, ¢) to (26) and the
(¢"™(,0),¢"(-,0)) converge weakly in L?(0,£y) x L?(fo, L) to (¢(-,0), ¢(-,0)).
Therefore, from (47) and (49) we deduce that

(50)

Jee(pre, ¢r.c) <himinf Jp, (7.0, 7. ) <liminf Jp, (@7, 61) = Joc(or, ¢1)-

Since (¢, ¢1) € L*(0,lo)x L?(£y, L) is arbitrary, we conclude that (¢7.c, ¢r.c)
minimizes Jy .
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Now, let us consider, for each n, the pair (hfé’;lwl,hfglwr) associated by
Proposition 7 to £,. It follows easily from (47), (48),, and (50) that

(51)  (hylu, bty ) = (b du, b 1,,) strongly in L*(0;) x L*(O,),

Wiy Hope ~Wr Wi e

Wiy e Wy

where (hle,sl Rt _1,,) is the control corresponding to . Let us denote by
(p?,q?) and (pe, ge) the solutions to (14) associated, respectively, to (hffs' 1w,
hirl,,) and (hf 1u,, bt 1s,.). Then, if we set (y", 2") = (p' — pe, ¢* — qc)
and (w]'ly,, wl'l,, ) = (hf”;lwl — hf Ay, hin 1, — hf 1, ), we find that

Y= dyyte + 0 yE = wile, + B in Qo
2 —dirzge + bz = wily, + FP in Qo
(52) yn(07 ) = yn(£07 ) = Zn(£07 ) = Zn(La ) =0 in (OaT)7
y"(-,0) =0 in (0,4),
2"(-,0) =0 in (4o, L),

where
F/' := (dy" —d})peee — (b —b])pec and F* = (d;" —dj)pe.cc — (b]" —b[ )pe.c.

Recall that (pg, qo) € W01’4(0,€0) X Wg’4(€0, L). Therefore, arguing as in sec-
tion 4.1 and Lemma 1, we first deduce that (F}*, F*) € L*((¢;,4p) x (0,T)) x
L*((£o, £) x (0, 7)) and (y7 (Lo, ), 2¢ (o, -)) € CV/3([0,T]) x CV/3([0,T]), and
also that

1€ (Co, )l crre + [12¢ (€o, )l crrs
< C(IE" FM eswsyxps sy + 107 2" e 2y« Lz a2y)
for some C > 0, independent of n.
It is not difficult to check that, in this inequality, the first term in the right-
hand side goes to 0 when n — co. From standard parabolic estimates applied
to (52) and (51), we also have the convergence to zero of the second term
in the right-hand side. Therefore, we deduce that (p[¢(fo,), ¢ ¢(fo,)) —
(pe.e(Co, ), qe.¢ (Lo, ) in C/8([0,T7), which implies the continuity of A..
A, is compact. Note that A (¢)'(t) = 6(t) for all £ € Ar and all ¢ € [0,T],
where 6 is the function defined in (42). Thus, we conclude easily from (43)
that A.(Ag) is a bounded subset of C'*+1/8([0, T), which is a compact subset
of C1([0,T7).
There exists & > 0, such that, whenever (po,qo) € Wg*(0,40) x Wy (¢o, L)
and
1(Po> go) llyy24 s wp s + [lo — x| <6,
A (AR) C Apg. Indeed, it follows easily from (43) that there exists C' > 0
(depending on ¢y, .., w;,w,, T, and R) such that

IL(t) — o] < CT (||(p0,q0)||wé,4xw01,4 + 1l — éT\) vt € [0,T]

and
101 < € (10, 0)llwe exwes + o = exl ) vt € 0,71,

Thus, we get the result by taking

(5<min{R EO_&,&_EO}.

C’ CT CcT
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Consequently, for initial data pg, qo, and ¢y satisfying the above conditions, Schauder’s
fixed-point theorem guarantees that there exists ¢. € Ag such that A (¢.) = ¢.. Tt is
easy to see that this is sufficient to achieve the proof of the result. ]

Now, we are in position to prove Theorem 2. Indeed, since the fixed points /.
and controls (h{, hZ) furnished by Theorem 3 are uniformly bounded, respectively, in
C'1/8([0,T]) and L?(O)) x L*(O,), there exist £ and (h;, h,) such that, at least for
a subsequence, we have

0. — £ strongly in C'([0,7]) and
(h, he) — (huohy) weakly in L2(O)) x L2(O,).

12!

(53)

Since the coefficients (d.<,bi*) and (d’,b%) are uniformly bounded, respectively, in

T YT

L>®(Qo,1) x L*®(Qo,) and L>®(Qo.,) X L>®(Qo,-), we can conclude from energy esti-
mates and (53) that there exists (p,q) with

(54) { pe = p weakly in  L?(0,T; H?(0,£0) N Hy(0,40)) N H*(0,T;L*(0,4p)),
qe — ¢ Weakly in L2(07T7H2(07€U)mH&(KOuL>)mH1(07T7L2(€07L))7
where the (pe,q.) are associated to the (h{,h5). Then, (p,q) is the solution to
(14), associated to (hs, hy,). Moreover, from (45), it is clear that ¢(T) = {7 and
(p(7 T)7 Q(v T)) = (07 O) on (07 T)
Furthermore, as a consequence of (54) and the embeddings

H?(0, ) < C([0,4o]) < L*(0,49) and H?(fo, L) <> C*([to, L]) — L?(ko, L),
we find that, for any given ¢ € [0, 7], the following holds:

e—=0

t
f(t) = hm gg(t) = lll’r(l) (E(] — / [dlpgyg(goﬂ') — erE,§ (50,7')] dT)
e— 0

t
={ly — / [dipe (Lo, T) — drqe (o, T)] dT.
0

This implies that the Stefan condition (4)7 is satisfied by (¢, p,¢) and ends the proof
of Theorem 2. O

5. Additional comments.

5.1. Lack of controllability with only one control. In the next result it is
proved that, if h; or h, vanishes and the interface does not collapse to the boundary,
then null controllability cannot hold.

THEOREM 4. Assume that ug € HE(0,0p) with ug > 0, vo € Hg(ly,L) with
v <0, and vo #Z 0. Then, if (h,h,) € L?(O;) x L?(0,.), h,. = 0, and the associated
strong solution to (1) satisfies £(t) < L for all t € [0,T], we necessarily have

v(,T)£0 in (UT),L).

Proof. Let us assume, by contradiction, that (1) is null controllable with h, = 0,
ie, u(-,T)=0in (0,4(T)) and v(-,T) =0 in (((T), L).

Then, considering the diffeomorphism ® and the function ¢ = v o ®~!, defined in
section 2.1, we get easily that ¢ is the solution to

@ — digqee +bige =0 in Qo

quv ) = Q(Lv ) =0 in (OvT)a
q(+,0) = qo in (lo, L),
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where g := vg 0 [G(-,4)] " € H} (Lo, L) and, obviously, go < 0 and gy % 0. We also
have

(55) q(-,T)=0 in (4, L).

We can apply the weak maximum principle to ¢ in Qg ,. Obviously, this gives ¢ <0
in QO,T~

Thus, if (55) holds, we get, from the strong maximum principle and the fact that
q < 0in Qo,, that ¢ =0 in @ ,., which contradicts go # 0. 0

Remark 5. Note that the previous argument also shows that the null controlla-
bility for (1) cannot be achieved for solutions which preserve the signs of the initial
conditions in each phase region. In other words, in order to drive the solution to zero
at time T, the liquid and solid states must penetrate each other before T

5.2. Boundary controllability and other extensions. We can prove local
boundary controllability results similar to Theorem 1. Thus, let us introduce the
system

—djug, =0 in Qla
Vg — dpUze =0 n Qr,
uw(0,t) = ki(t), v(L,t) = k.(¢) in (0,7),
(56) u(+,0) = ug in  (0,4),
v(-,0) = in (fo7 L),
u(f(t),t) =v({(t),t) = in (0,
—U'(t) = dyug (£(t), 1) — dr vr(f( ),t) in (0,

where (ki, k) stands for the boundary control pair.

Then, using a domain extension technique and Theorem 1, it is easy to prove
that, if ug and vy are sufficiently small, and ¢, is sufficiently close to ¢, there exist
controls (ki, k) and associated solutions to (56) that satisfy ¢(T) = ¢, u(-,T) = 0 in
(0,¢r) and v(-,T) =0 in (¢p, L).

Let us finally mention that the arguments and results in this paper can also be
used to solve other variants of the two-phase Stefan controllability problem. Thus,
we can prove results similar to Theorem 1 when the controls are Neumann data,
and we can assume that the equations contain lower order terms or even appropriate
nonlinearities.
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