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ABSTRACT. In this paper we deal with the controllability problem for some Sobolev type equations. We

show that the equations cannot be driven to zero if the control region is strictly supported within the

domain. Nevertheless, we also prove that it is possible to control the equations using controls which

have a moving support, under some assumptions on their movement.
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1. INTRODUCTION

Let Q < RY (N € N*) be a bounded domain whose boundary 052 is regular enough. Let 7' > 0 and O
be a nonempty open subset of Q x (0,7"). We will use the notation @ = Q x (0,7) and ¥ = 0Q x (0, 7).
In this paper we deal with controllability properties for some pseudo-parabolic equations of the form

(I =L))oy + My = f, (1.1)

where 7 is positive real number and £ and M are linear partial differential operators of order 21 and m
with m < 20 in the spatial variable, respectively (see for instance [12, 20, 21, 22]). More precisely, we

Department of Mathematics, Federal University of Paraiba, UFPB, CEP 58051-900, Joao Pessoa, PB, Brazil. E-mail:
fchaves@mat.ufpb.br. F. W. Chaves-Silva was partially supported by CNPq and the ERC project number 32084: Semi
Classical Analysis of Partial Differential Equations, ERC-2012-ADG.

Department of Mathematics, Federal University of Pernambuco, UFPE, CEP 50740-545, Recife, PE, Brazil. E-mail:
diego.souza@dmat.ufpe.br. D. A. Souza was partially supported by the ERC advanced grant 668998 (OCLOC) under the
EU’s H2020 research program.



2 FELIPE W. CHAVES-SILVA AND DIEGO A. SOUZA

consider the following two problems

yr — Ay — Ay =vxo in Q,

y=0 on X, (1.2)
y(-0) = o in Q
and
Yo — Ay + V- (Az, 1)y) =vxo in Q,
y=20 on X, (1.3)
y(-,0) = yo in Q,

where A = (ay,...,ay) is a given regular vector field and xo € C®(Q) with supp xo < O.
Our goal in this paper is to investigate the null controllability problem:
given T > 0 and yo € H}(Q) find a control ve L?(0) such that the associated solution of
(1.2) (resp. (1.3)) satisfies:
y(wT)=0, in Q.

Equations such as (1.1) are a particular case of the so called equations of Sobolev-Galpern type, see
[8, 23]. These type of equations appear for instance in the study of problems associated with the flow of
certain viscous fluids, in the theory of seepage of homogeneous liquids in fissured rocks, see [3], and surface
waves of long wavelength in liquids, acoustic-gravity waves in compressible fluids, hydromagnetic waves
in cold plasma, acoustic waves in anharmonic crystals, see [1]. In particular, equations (1.2) and (1.3)
are known as the Barenblatt-Zheltov-Kochina equation (in this case y represents the absolute value of the
velocity of the fluid and 1 characterizes the fissured rock, increasing n corresponds to a decreasing degree
of fissuring) and the multidimensional Benjamin-Bona-Mahony equation, respectively (see for instance
[ y Sy Oy ])

Regarding controllability for equations (1.2) and (1.3), as far as we know, the only results available
in the literature were obtained in the one-dimensional setting. Indeed, in [17] it is proved that equation
(1.3), with A being a constant, cannot be steered to zero if O = w x (0,T) and w & ) is a proper subset.
However, the proof given in [17] can be only performed in the 1d setting, since it relies on the moment
method. For a positive controllability result for (1.2), we cite [24], where the authors consider the problem
posed on the torus and prove that if one make the control to move in time covering the whole domain,
it is possible to drive the solution exactly to zero. Also related to the controllability of (1.3), we cite
[25, 26], where the unique continuation property is studied.

In this paper, we analyze the null controllability of equations (1.2) and (1.3) in the multi-dimensional
setting. First, we show that both equations (1.2) and (1.3) cannot be steered to zero if the control is fixed
and localized in a proper open subset of ). More precisely, we prove the following two negative results.

Theorem 1.1. Let T > 0 and w & Q be a fived open set. If O = w x (0,T) then system (1.2) is not null
controllable at time T, i.e., there exists yo € H*(2) x H}(Q) such that the null controllability of system
(1.2) fails.

Theorem 1.2. Let T > 0, w & Q be a fized open set and A € C*(Q). If O = wx (0,T) then system (1.3)
is not null controllable at time T, i.e., there exists yo € H*(Q) x HE () for which the null controllability
of (1.3) does not hold.

It is worth to mention that Theorems 1.1 and 1.2 are closely related to the fact that the principal
part of (1.2) and (1.3), given by 0;:A, has vertical characteristic hyperplanes which makes impossible to
recover any information localized along these characteristics (see Section 2). In fact, the proof of both
results relies on the construction of highly localized solutions (Gaussian beams). For Theorem 1.1 we
construct such solutions by means of Fourier transform (for similar constructions see [14, 15]). On the
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other hand, since the vector field A in equation (1.3) depends on both the space and time variables, we
can not use Fourier Transform to prove Theorem 1.2. Therefore, we will use a different approach based
on asymptotic expansion of solutions.

The second main part of this paper is devoted to obtain positive null controllability results for equations
(1.2) and (1.3). In fact, since the main obstruction to the null controllability with localized fixed controls
is the existence of concentrated solutions, we ask the control to move so that we can see the information
that would be lost otherwise, i.e., we make the control to move in time in order to cover the whole space
domain. This idea of making the control to move in order make the system controllable has been used

for many different problems in the past few years, see for instance [5, 6, 10, 11, 16]. Here, due to the
techniques we shall employ, we consider two different types of movement.
The first type of movement, which has been introduced in [13] (see also [19]), will be used to deal with

equation (1.2).

Definition 1.3 (Moving control region of type I). We say that an open set O < Q satisfies the Moving
Geometric Control Condition of type I (MGCC-I) if for all xg € Q, the vertical line {(s,x0); s € R} enters
O before time T and

Lo = inf sup (ta —t1) > 0.
€L (4) t)x{x}cO

Remark 1.4. The condition in Definition 1.3 means that vertical rays which do not propagate in space
also reach the control domain and stay in it during some time interval. In practice this means that the
cross section of O moves, as the time evolves, covering the whole domain €.

The positive controllability result we prove for equation (1.2) reads as follows:

Theorem 1.5. Let T > 0 and assume that O satisfies MGCC-I. Then, for any yo € H?(Q) n HE(Q)
there exists a moving control v € L*(0) such that the associated solution to (1.2) satisfies

y(-.T) =0 in Q.

We prove Theorem 1.5 using a compactness-uniqueness argument which relies on an observability type
inequality for an ODE (for which Definition 1.3 is necessary) and energy estimates for elliptic equations.

As we will see, unless A = A(t), we cannot use a compact-uniqueness argument to deduce positive
controllability results to equation (1.3) (see Section 4 for more details). For this reason, we use a different
strategy based on Carleman estimates. Nevertheless, since Carleman estimates are heavily dependent
on the construction of specific weight functions, we require stronger geometrical assumptions on the
movement of the control region. In fact, we take the control domain determined by the evolution of a
given reference subset w — R through a given flow and such that w contains a smooth bounded domain
wo < RY which satisfies the following geometric requirements:

Assumption 1.6. There exists a flow X : RN x [0, T] x [0, T] — RY, which is generated by an admissible
velocity field F € C([0,T]); W3 (RN:RY)), a curve T' e C®([0,T];RY) and two times t; <ty in (0,T)
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such that:
I'(t) € X(wo,t,0)nQ, Vtel0,T]; (1.4)
Qc U (wo,1,0) = {X (z,t,0); (x,t)€wy x [0,T]}; (1.5)
elo,T
O\X (wo, t,0) is nonempty and connected fort € [0,t1] U [t2, T]; (1.6)
O\X (wo,,0) has two (nonempty) connected components for t € (t1,1t2); (1.7)
Ve C([0,T];Q), Ite[0,T], 6(t) € X(wop,t,0). (1.8)

Definition 1.7 (Moving control region of type II). A moving control region of type II (MGCC-II) is
defined as Oy = Uyepo. 1 [X(w,t,0) 0 Q] x {t} where the reference control domain w < RY contains

a subset wy which satisfies Assumptions 1.6 and Wy < w. For any t > 0 a time section is defined as
O, (t) == X(w,t,0) n Q.

The positive controllability result we prove for equation (1.3) is the following.

Theorem 1.8. Let T > 0, let O, satisfying MGCC-II and A e WHL*(0,T; WH*(Q)N*N) . Then, for
any yo € H?(Q) n HE(Q), there exists a moving control v localized in O, with v € L?>(0,,) and such that
the associated solution to (1.3) satisfies

y(.T)=0 in S

It is important to say that both Assumption 1.6 and Definition 1.7 were introduced in [5] to study the
controllability of a wave equation with both viscous Kelvin-Voigt and frictional damping and the idea was
to split the equation into a coupled parabolic-ODE system and prove new Carleman estimates for both
the heat equation and ODE’s when the control region moves as the time evolves. Here, to prove Theorem
1.8, we split equation (1.3) into a coupled elliptic-ODE system and prove new Carleman estimates for
elliptic equations when the control region moves together with some suitable weighted energy inequalities
combined with the Carleman inequality proved for ODE’s given in [5] (see Section 3 for more details).

2. NEGATIVE CONTROLLABILITY RESULTS

2.1. Barenblatt-Zheltov-Kochina with fixed controls. We prove Theorem 1.1. Here we assume
that O is of the form w x (0,7, where w is a proper open subset of .
For analyzing the controllability of (1.2) we will make use of the following decomposition:

u—Au=w in @,
wy+w=u+vxe in @, (2.1)
u=0 on X, '

w(-,0) =uy—Aug in Q.

Indeed, the solution of equation (1.2) satisfies u(-,7) = 0 if and only if the solution of system (2.1)
satisfies w(-,T) = 0.

From duality arguments, the null controllability for system (2.1) with control supported in w x (0,7")
is equivalent to the existence of a constant C' > 0 such that the observability inequality

(-, 0) 220y < C j f (2 dadt,
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holds for all ¢ € L?(Q), where v, together with ¢, is the solution of the adjoint system

p—Ap=1¢ in Q,
“Yrtp=¢ n Q
p=0 on X,
Y(T)=9yr in Q
Theorem 1.1 is a direct consequence of the following proposition:

Proposition 2.1. Let wy be an open subset of Q such that @y < 2. Then, there exist ¢ > 0 and
S € L%(Q) such that for any integer k > N /4 the corresponding solution of

- Apt =9t in @,
Y Y =9 in Q,

*=0 on X, (2:3)
V(. T) =9y in Q
satisfies
[0 052y = C and 720 102000y < CFN* Ve e (0,6) (2.4)

where C' is a positive constant independent of e.
Proof. Let us first consider the system (2.3) posed in RY x (0,7), i.e.
o—Ap=1 in RN x(0,7),
—t + d) =¢ in RN x (OvT)a (25)
’1/1(7T) = wT in RN;
with 17 € L2(RN).
Taking the spatial Fourier transform, one verifies that

: ~ s (1)
| (T—1) 5 e (1+[¢?) ~

Yr(€) and @€ t) = EarE Y7 ()

P&, t) = 67(155\2)
solves .
(1+g*¢ =+ in RYx(0,T),

—hi+d=¢ in RYx(0,7), (2:6)
/(ﬁ(aT) = &T in RNv
where &T is the Fourier transform of .
Now let 6 be a real smooth function supported in By (0) with 0] 2g~) = 1 and for each € > 0 consider

559 = 0 (Ve (6= 2) e, )

where ¢ € RV |€] = 1 and g is a point around which we will localize our solution.
Let (¢, $€) be the solution of (2.6) associated to 5. Since 15 € L2(RN), let (¢, 3¢) be the solution
of (2.5) with initial datum %%, the inverse Fourier transform of ).

Claim 1. There exist two constants C1,Cy > 0, independent of €, such that

Cr < ‘|1L€('70)||L2(RN) < Co.
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Proof of Claim 1. We have
. 1 (T—t) i€
Ye(a,t) = @~ JRN e e Vg (e)emede
and by Parseval’s identity

- 1
[9°C O @y =

o 182 pyy o
(2m)2N fRN e e T e (6)de.
Since Hq&eTHLz(RN) =1, it follows that

. 1
€ 2
(27T)2N < W ('>O)HL2(R") < (27‘1’)2N.

Claim 2. Let o € RYN. For any § > 0 there exists C > 0, independent of €, such that

, 7 k=N
16122 0,711 (o—sol28)) + 19122 (0,72 (a0 l7) < Ce ™.

Proof of Claim 2. Let us show the estimate for ¢¢. Similar arguments give the estimate for ¢
Since

2
. e (lf\‘ﬁl 2) -t ~e £
by the change of variables ¢ = y/e(§ — ) we see that
15 +52
e € (Tt
. N/A=N/2 (¢ 1:5 20) (f+ ge (1+|%+§|2>( )d -
P t) = N ff 1+]5 4+ €2 ¢ (2.11)
I¢l<1 B
From the fact that
_ _ RTINS _
A]Zez(m—mo)(%-‘r%) _ (_l)k <|$ -’L'0| > ez(m—z@.(%.;,.%) ke N,
€
for |x — xo| = 6 and for any integer k > N /4, we have
—%(T—ﬂ
k N/4 E 9(()6 (1+\?+g\2)
t) = (=1) ilo—w0) (Jz+ D) Ak _ d 2.12
80(33,) ( )(27TN|xfx0|2k Jf C( 1+|%+§|2 )C ( )
[¢l<1 € €
For € small, one can prove that the term in A

in the above integral is bounded uniformly with respect
to € and then the following estimate holds
ch—N/4

m . (2. 13)
Analogously, we have

and this gives the estimate for @¢.

(2.8)
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Claim 3. Let 1% as (2.7) and (¢, 9°) the associated solution of (2.5). Then,
HJJE(U O)”2L2(|z—w0|<6) =>C>0.
Proof. From (2.13) for t = 0, we get
”1[)6('a O)H%2(|$—Io|>5) < OGkiN/Al

and from Claim 1 we have

6_2T

7€ 2
O < ¥(5 022 @y

which gives the result.

We now finish the proof of Proposition 2.1. To do that, consider g € Q\@wy and
0 < n < min{dist(zq, ), dist(x, Owp)}

such that {z : |x — x| < n} < Q.
As before, take (¢¢, ¢¢) the solution of (2.5) associated to 1/3%, the inverse Fourier transform of 5.
Consider (9, @) the restriction of (¢¢, ) to  x (0,T"). Thus,

R )
-y +¢Y =¢° in Q,
P =q° on X,
P(T) =95 i 0
where S, 1= 1/3%1|QX(07T) and ¢¢ := ¢6‘652x(0,T)'
From Claim 2 and Claim 3, we have that

(2.15)

19172 0,7:02 w0y < C* N and [+, 0) 720y = C > 0, (2.16)

respectively.
Now, let (¢f, 1) be the solution of

pr —Apr =77 in Q,
=YL+l =pr in Q,

pr=—q on X,
(- T) =0 i Q.

Noticing that ¢¢ € L?(0,T; HY/?(09)), one can show that ¢* € H'(0,T;L*(Q)) and the following
estimate holds
|02l e 0,1220)) < Cla® 20,1112 (002)) -

Nevertheless, because ¢¢ := ¢¢ by trace estimate and Claim 2, we deduce that

% (0,T)°

2 e 0,720y < Cef N/, (2.17)
Finally, defining (¢, ¢¢) = (¥ + V¥, e + ), we see that (1, p°) solves (2.3) and by (2.16)—(2.17)
we obtain (2.4). O
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2.2. Benjamin-Bona-Mahony with fixed controls. We now prove Theorem 1.2. Here we assume
that O = w x (0,7"), where w is a proper open subset of Q.

The null controllability for system (1.3) with control supported in w x (0,7") is equivalent to the
existence of a constant C' > 0 such that the observability inequality

T
Ol < C | [ poiPasde, (218)
holds for all ¢y € L?(Q2) and % is the solution of the adjoint equation
P+ APy —A-Vyp=0 in Q,
P =0 on 3, (2.19)
’(/)('7 T) = wT in .
In order to prove Theorem 1.2, we show that the observability inequality (2.18) does not hold for every
¢T € L2 (Q)
2
Given z9 € Q\wy, we set a(x) = x-& +i@ with & € RV\{0} and let § > 0 be such that Bs(x) < Q

and Bs(zo) nw = . For h > 0, we introduce the function

Un(@,t) = €% (folx) + hfi (@, t) + h2fa(x, 1) |

where
foe CF(Bs(x0)), fo=1 in (Bs(zo),
T
- t Az, 7)dr - Va(zx)
4 fl(xat) = —Zfo(l‘) ‘va(m”g ) (2.20)

T T
—f A(z,7)dT -V fo — zf filz,7)A(z,7)dT - Va—2iVfi - Va —ifiAa
t t
[Va(z)[? '

Remark 2.2. Since |Va(x)| = |&| # 0 for all x € Q, f1 and fo are well-defined and supp f1(-,t)
supp fo, supp fa(-,t) < supp fo for all t € [0,T].

It is easy to check that i, € C*(Q) satisfies
—Ynt+ Athpy —A-Vipp =R in Q,
Pp =0 on ¥, (2.21)
wh(‘,T) = €i%f0 in Qa

fQ(SC, t) =

with
R=¢'n [(—fl,t +Afiy—A-Vfi+2iVa- Vi, +ilafs, —iA-Vafa)h

+ (= for + Afay— A sz)fﬂ} (2.22)

= e'i (hRy + h’Ry) .
Let now ¢ € H1(0,T; H*(Q) n H}(2)) be the unique solution of
—pt+Ap—A-Vo=—-R in Q,
=0 on X, (2.23)
©(-,0) =0 in Q.
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The function ¥ = ¥y, + ¢ solves

—h+ Ay —A-Vip=0 in Q,
¢v=0 on %, (2.24)
Y(,T) = e'n fo + o(,T) in Q.

For h small enough, we have

T
IR|2 0 =hj J e
(2x(0,7)) 0 JBa(zo)

From standard energy estimates, one deduce that

H‘PH%?(wx(o,T)) < HRHiz(Qx(o,T)) = O(hN?H), (2.26)

lz—

" Ry (2, 8) + hRa(x, 1)) da dt ~ O(RN/2+1), (2.25)

for h small enough.

Now, since wh| = 0, it follows that

wx(0,T)
19172 x 0.7y) ~ O(RN/2H1), (2:27)

On the other hand, we have

lo—

_ zg|? 2
wuwm@=Le B2 by + 02 de
~ O(hN/?),

From (2.27) and (2.28), it follows that the observability inequality (2.18) cannot hold for every ¢ €
L?(Q). This proves Theorem 1.2.

(2.28)

3. PosITIVE CONTROLLABILITY RESULTS
This section is devoted to prove Theorems 1.5 and 1.8.
3.1. Barenblatt-Zheltov-Kochina with moving controls. In this section, we show the positive null

controllability for equation (1.2) under the MGCC-I. In fact, Theorem 1.5 is a direct consequence of
the following result.

Proposition 3.1. Let T > 0 and assume that O satisfies MGCC-1. For any zo € L*(Q), there exists a
moving control v e L*(O) such that the solution (y,z) of

y—Ay==z in Q,
z+z=y+vxo in Q, 3.1)
y=20 on X,
z(+,0) = zg in Q.

satisfies
y(,T)=2(:-T)=0 in Q.

Proof of Theorem 1.5. Given yo € H?(Q) n H}(Q), we take zg = yo — Ayp € L?(R2) and it follows from
Proposition 3.1 that there exists v € L?(O) such that the associated solution (y,z) to (3.1) satisfies
y(T) = z(T) = 0. Replacing (3.1); into (3.1),, we readily see that y, with the control v, solves the null
controllability problem for the Barenblatt-Zheltov-Kochina equation (1.2). O
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Let us now prove Proposition 3.1. Indeed, we only have to show the existence of a constant C' > 0
such that

o0y < [ WPdade, vor e 12(@), (32)
where (¢, ) is the solution of

p—Ap=1 in Q

Gitb—p i Q

p=0 on X,

Y(T)=4¢r in Q

Before proving Proposition 3.1, let us introduce some notation. For any € > 0 and any A < RN+, let
M (A) = {z e RVHL: dist(z, A) < €}

(3.3)

and

Oc 1= O\M(00\3).

Remark 3.2. Since O satisfies the MGCC-I, there exists g > 0 such that Oz, (and hence O, ) still
fulfils the MGCC'-I.

Proof of Proposition 3.1. For any t € (0,T) and = € O, (t), where O, (t) the cross section of O, at time
t, it follows from (3.3), that

(s, 2)2 < <|¢(t D) + L|(T,aﬁ)|2d7'>, Vse (t,T). (3.4)

Since O, satisfies the MGCC-I, integrating (3.4) in O, and using the definition of Lo, , we can show
that

Loéof J [ (s, )|*drds < C Jf W(t, x) 2dxdt+f lo(t, )| *dxdt |,

or equivalently

191320 < C (I¥l3a(0.) + 10320y - (3.5)
By standard energy estimates applied to (3.3);, we also have that
lelZzgy + IVelizg) < Clelizg):- (3.6)
Also, differentiating (3.3), with respect to time and using energy estimates again, we get
leel3) + IVetlEzig) < C ([W12q) + el ) - (3.7)
Hence, from (3.5), (3.6) and (3.7), we obtain the estimate
120y + Il i) < € (91320, + Iel32q) ) - (3.8)

In what follows we are going to get rid of the last term in (3.8) by a compactness-uniqueness argument.
In fact, we will prove that

[91Z2q) + lelin ) < Clliao.,): (3.9)
Indeed, if (3.9) does not hold, there exists (0", ") c H*(Q) x L*(Q) solution of (3.3) such that
W”H%Z(Q) + ||90n“§11(Q) =1 (3.10)
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and

n 1
9732 0.) < = (311)

Since (3.10) holds, there exists a subsequence (still denoted by the same index) such that
(™, 9™ converges weakly to some (p*,1*) in H(Q) x L*(Q).
It is not difficult to see that (¢*,1*) is a weak solution of (3.3) and that
©" converges strongly to ¢* in L?(Q). (3.12)
Using the weak convergence and (3.11), it follows that
0 3 0,,) < lminf [0 320, = 0

Therefore, we have that

P =0 in O, (3.13)

and
19" 17200y + l¢* 3 (@) < Cle*172(q)- (3.14)
Since (Y™ —*, ™ — ¢*) solves a problem like (3.3) and (3.8) and also (3.11)-(3.14) hold, we have that
Y™ converges strongly to ¥* in L?(Q). (3.15)

From (3.8), (3.10) and (3.11), we see that
c 2

According to (3.12) and (3.16), we get that

0 < [¢*[Z2(q)- (3.17)

Thus, we conclude that (¢*,4*) is not zero.
Let us introduce the linear space E < H*(Q) x L?(Q) given by

E:= {(W/;) € H'(Q) x L*(Q) : (p,%) satisfies (3.3); — (3.3), ¢|,=0and ¢ =0 in oeo}. (3.18)
Since (¢*,9*) € E, we have that E # {0}. Let us now show that E = {0}, which is a contradiction.
Claim 4. E c H?(Q) x H3(Q).

Proof of Claim 4. Let (¢,v) € E. Since ¢ = 0 in O, it follows from (3.3); — (3.3), that
—Ap =01in O,

and hence
pe H*"'(0s,,), VkeN.

Since O3, also satisfies the MGCC-I, we can use similar arguments to those in (3.8) and equation
(3.3)2 to show that

Wl < € (o) + Iolinco) (3.19)
2

< Cleltn g (3.20)
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and then, by a bootstrap argument and elliptic regularity for (3.3),, it follows that

pe H(Q).
Arguing in the same way, we see that
Wi < € (Wi, + 1ol (320
< Clels ) (3.22)
and that
pe H(Q),
which proves the Claim. O

Claim 5. E is a finite dimensional vector space.
Proof of Claim 5. Let {(¢™, ¢¥™)}¥_, < E with
["122(q) + I¢" I3 (@) < 1, YneN.
Then, (using the same index) we see that
(¢™, ™) converges weakly to some (g, 12) in H'(Q) x L*(Q).
One can also see that (@, 12) is a weak solution of (3.3) and that
@™ converges strongly to @ in L*(Q).
From (3.8), we have that
[¥1Z2(q) + Il ) < Clelieg), ¥(v,¥) € E. (3.23)
Therefore, it follows that
(¢™,9™) converges strongly to ({, zZ) in H'(Q) x L*(Q),

which proves that F is finite dimensional. O
Now, for any (¢,%) € E, by Claim 4, and noting that O, satisfies the MGCC-I and ¢ = 0 in O, we
see that v» = 0 on ¥ and
I-Ap—-A(I-A)p)=I-A)p in Q,
—((I=A)+T-Ap=(I—-A)p in Q,
(I-A)p=0 on .

Thus, we have that ((I — A)p, (I — A)y) belongs to E.
Since E is finite dimensional, the operator I — A must have an eigenvalue A € C and an eigenvector

(0}, 9*) e E\{0}.
Claim 6. A\ # 0.
Proof of Claim 6. Suppose A\ = 0. Then, for any t € (0,T) we have that
(I -A)p*,t)=0 in Q,
M, t) =0 on 012,
which gives
©*(-,t) =0in Q for all t € (0, 7).

In particular, from the PDE equation we see that 1»* = 0 in Q. Then (¢*,¢*) = (0,0), which is a
contradiction. g
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To finish the proof, we notice that since

v = A in Q,
_’(/Jt/\ + @[’/\ = SO)\ in Q7
=0 on X,

= =0 in  Og.
Now, for a fixed to € (0,T) and zg € O, (to), it follows that (©*(zo,.), %> (0, .)) is the solution of

wA(x(% ) - /\SD (Z‘o, ) in (OvT)a
—th(l‘o’ ) + ¢ (330, ) @A(l‘O;t) in (OvT)a
Mo, to) =0, ¥ (w0, t0) =0

and since A # 0 and M GCC-I holds, we conclude that
o =y*=0in Q.

This contradicts the fact that (o, ™) is not zero.
Therefore, we have proved the observability inequality

19122 (q) + lelin @) < Cl¥lizo.,,)- (3.24)

and the proof of Proposition 3.1 is finished.
O

3.2. Benjamin-Bona-Mahony with moving controls. In this section, we prove the positive null con-
trollability for the Benjamin-Bona-Mahony equation (1.3). Here we use an approach based on Carleman
estimates.

In what follows, we assume that X and wg satisfy Assumption 1.6, and for each open set w < R,
with @y © w, we choose w1, wy nonempty open sets in RY such that

Wy C w1, W1 C wa, Wo2 C w.
The following weight function is constructed in [5].

Lemma 3.3 ([5]). There exist a positive number T € (0, min{1,7T/2}) and a function n € C*(Q x [0,T7])
such that

Vn(z,t) # 0, €[0,7], z € N0, (?) (3.25)
ne(x,t) # 0, € [0,T], x € QO (t), (3.26)
ne(z,t) >0, [077]» z € N0y, (1), (3.27)
ne(x,t) <0, e[T—r1,T], x€Q\O,, (t), (3.28)

Z—Z(x,t) <0, te[0,T], x € (3.29)

n(z,t) > HnHoo, tel0,T], zeQ. (3.30)
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Next, we introduce a real function r € C*(0,T), symmetric with respect to ¢t = % and such that for
T > 0, as above,

1
n for 0<t<3,
r(t) = strictly decreasing for 3 <t <,
1 for 7<t< %7
r(T —t) for Z<t<T
and define the weights
v(,t) = et (1) € 2 x (0,7),
a(z,t) = rt) (N —y(z, 1)) (2,t) € Qx (0,T),
§x,t) = r(t)y(z,1) (z,t) € 2 x (0,T),
o*(t) = max a(x,t) te (0,7),
zeQ)
*(t) = ming(x,1) te(0,T)

e

where A > 0 is a parameter that will be chosen large enough.
The following Carleman inequality was proved in [5].

Lemma 3.4. Let T > 0 and let w = RY satisfy Definition 1.7. There exist positive real numbers Ay > 0,
51 > 0 and C1 > 0 (depending on  and w) such that for all \ = A1, all s = s, and allg € H*(0,T; L*(9)),
the following inequality holds

T
sA\? JJ.§|q|2e_2w dxdt < Cy Jf lgs|?e ™25 dadt + s> \? f f e 25¢2|q|? dadt
5 . 0 Jou, 1)

We recall that O, (t) = X (wa,t,0) N Q (see Definition 1.7).
To our purposes, we prove the following new Carleman inequality for the Laplace operator.

Lemma 3.5. Let T > 0 and let w < RN satisfy Definition 1.7. There exist positive real numbers
A2 > 0, 72 > 0 and Cy > 0, independent of t, such that for all X = Xy, all T = 1 and all (¢9,G) €
HY(0,T; L?(Q) x L*(Q)N), the solution y of

“Ay=g+V-G in Q,
‘ =0 on > (3.31)
satisfies
f [N (7)) +Vyl] e dz < C2(J (A2 () Mgl + (r)|GI? e’ da
Q Q
+J N (17)2|y2e*™ da + J X | Vy|? dx), (3.32)
sz(t Owg (t)

for all t € [0,T].

For sake of completeness, we give a sketch of the proof of Lemma 3.5 in Appendix A.
Theorem 1.8 is a consequence of the following result:
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Proposition 3.6. Let T > 0, A € WL2(0,T; WhH*(Q)N*N) and let w = RN satisfy Definition 1.7.
Then, for any 2o € L?(2), there exists a moving control v e L?(0,,) such that the solution

y—Ay =z n Q)
2z + V- (A(z, t)y) = vxo, n Q, (3.33)
y=0 on X,
2(+,0) = z in Q.

satisfies

y(,T)=2(-T)=0 in Q.
Proof of Theorem 1.8. Given yo € H?(Q) n Hg (), we consider zg = yo — Ayp € L*(Q). From Proposition
3.6, there exists v € L?(0,) such that the associated solution (y, z) to (3.33) satisfies y(T) = 2(T) = 0.

It is not difficult to see that y solves, together with the control v, the null controllability problem for the
Benjamin-Bona-Mahony equation (1.3). O

The rest of this section is devoted to prove Proposition 3.6. As before, proving Proposition 3.6 is
equivalent to find C' > 0 such that

T
160, 0) 2500 < cjo j@ s, e 1), (3.34)
wl(t

for all (¢,) solution of
p—Ap=A-Vy in Q,

;120: 7 ::1 g (3.35)
Y(T) =vr in Q.

Inequality (3.34) is a consequence of the following Carleman inequality:

Theorem 3.7. Let T >0, Ae WHL(0,T; WL (Q)VN*N) and let w = RN satisfy Definition 1.7. There
exist positive constants sg, Ao = 1 and C, only depending on Q0 and wy, such that, for any V¥ € L*(),
the solution (¢,) to the adjoint system (3.35) satisfies:

ffe_2sa[|V<p|2 + 5 A2€% o dzdt + sA? ﬂgw\?e—mdmt
Q Q
+ J [SA2E* |V oy |2 + sA2E* |y [2]e 2" dadlt

Q

T
< OSG)\QJ;) JO ( )£6ef4soz+25a*|1/)|2dmdt.
wl(t

for all s = so(T + T?) and for all X = ).

Proof. We begin applying the Carleman inequality given by Lemma 3.4 to (3.35),, which gives
T
ff SAZE|Y)Pe 25 dadt < Jf |22 dxdt + f f S2A2E2 Y| Pe 2 durdt. (3.36)
0 JOu, ()
Q Q :

Next, noticing that
A-Vi=V-(AY)—yV-A
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and applying the Carleman inequality given in Lemma 3.5 for (3.35),, we see that

1 2
T2>\2f > 42 |g|? dx +J e?MVpl*de < C (f e2mﬂdx + Tj Ty P da
Q Q Q Y Q

TA2
+72)\2 ‘[ 22| da +
Owg (t)

for A = A\g and 7 = 79.
To connect this elliptic estimate with (3.36), we set

T = sr(t),

multiply by
e—2sr(t)62”"“”

and integrate with respect to ¢ in (0,7). If we take sg > 79 then we have that 7 >

estimate holds

s2\? ‘[[ e 2502 |p|? dadt + Jf e 25|V p|? dadt
Q Q

2
<Ol ” ~zalOl dwdt—l—sﬂ- “2L|)? dadt

+52>\sz *2sa52|<p|2dxdt+JJ e 25|V p|? dadt

Ouy ()

¥ |V|? dx) ,
)

To and the following

(3.37)

Adding (3.36) and (3.37), and absorbmg the lower order terms by taking A large enough, we get

sA? ” e 25 || 2 dadt + s>\ H e 250€2|p|? dadt + H e 25|V p|? dadt

<s )\2Jf o e 2502 || dadt + SQAQJJ —26% l|? dxdt
wz t

+JJ e 25|\ Vop|? dadt | .
0 Jou, 1)

Now, let us introduce w3 such that Wy € w3 € W3 < w and the function
C(x,t) = I9(X(x,0,t)),
where ¥ is a cut-off function satisfying
deCP(ws), 0<d(z)<1l, 9=1 in ws.

This way, we have that

T
f f e 25|\ Vop|? dadt gj Ce™ %YV |? drdt.
O

0 JOuw, (1)

(3.38)
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Then, since (e~ 25V = V(Ce™2%p) — V({e™2*%)p, we obtain

J(e‘zs“ng\dedt = ﬂV(ge—st)-vcpdxdt—ﬂ[wg —25%) . Voo drdt
Q Q Q

= % H A(Ce ) |g]* dwdt + ﬂ V(Ce %) - Vi dadt
@ Q

= B+ Bs.
Now, let us estimate the terms By and By. For that, we use that

A(Ce ) 1= e 2% {AC + 4sAE [V - V] + 28XEC [N V2 (2s€ + 1) + An]},
to see that

T
B; < Cs2>\zf J e 25¢2|p|? dadl.
0 JOu,(t)
Since A- V¢ := V- (AyY) — 4V -Ae H!

(€), the solution for (3.35), satisfies the following weak
formulation

(p,w) + (V, V) = —(Ap, Vw) — (YV - A,w) Yw e Hi (Q).
Using the previous formulation with w = (e=2*%p, we obtain

- £ f Cem %Y | dadt — g (V- A) (e *pip dadt — g Y [A- V(e )] dadt

= B} + Bj + Bj.

By

Now, for Bi, we easily deduce that

|B;| < 052)\2f f e 252 p|? dadt.
0wy (1)
For B3, we notice that, for every § > 0, we obtain

B2| < 65\ || e 2% |y|? dadt + Cj 52/\2 e~ 2522 p|2 dadt.
51
Oy ()

Zsa) = e*QSa(VC + 2sA6CVn), for every 6 > 0, we have that

T
Bl <e| s\ J‘[e*2sa£2|<p|2 dxdt + ff6725a|V<p|2d:cdt + Cs SZAQJ J e 250 E2ah|? dadt.
0 Joo. (1)
Q Q s

This way, we get

sA\? ﬂ “Esag|y|Pdrdt + s2A\2 ﬂ T2sag2 |¢\2d:cdt+” ~29\Y |2 drdt

(3.39)
( QAQJ f e 2522 || dadt + SWJ f 28“§2|<p|2d:rdt> .

Since V(Ce™

Ouy (t)
Finally, to estimate the local mtegral of  in the right-hand side of (3.39), we need to have some global
integral of ¢; on the left-hand side. For that, we first take the time derivative in (3.35),, use the fact
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that (A- VYY), = V- (A + Ay) — )V - A— ¢V - A, and (3.35),, to see that ¢, solves the following
elliptic equation
'@t—A%—V'(AH/J—AQD)'HOV'A—wV'At n Q, (3.40)
wr =0 on X. '
From (3.39) and energy estimates for (3.40), it is not difficult to see that

J [sAZE* Vi |2 + s)\2§*|<pt\2]e_2m*dxdt
Q

T T (3.41)
<C SQAQJ J e 22 o 2 dadt + SQAQJ J e 25022 dadt | .
0 Jo., ) 0

0 Jou,®

Combining (3.39) and (3.41), we get

fj e 25| Vp|? + s2A2E3 || |dadt + sA? JIEW\%””dmdt
Q Q

+ f [SA2E* |V oy |2 + sA2E* |y ]e 2" davdlt (3.42)
Q

T T
<C SQAQJ J e 252 |2 dadt + 32/\2f f e25E2|p|? dadt | .
0 Owg(t) 0 Owg (t)

The proof of Theorem 3.7 is finished noticing that —¢; = ¢ and using integration by parts to estimate
the local integral in ¢.
O

4. COMMENTS AND OPEN PROBLEMS

e We have proved Theorems 1.5 and 1.8 assuming that yo € H2(Q) n Hg(22). We do not know whether
these results are true if we take only yo € H}(Q). Indeed, in this case the initial condition for both
decompositions (3.1) and (3.33) will be in H~1(2) and it seems that both the compactness-uniqueness
argument and the argument based on Carleman inequalities does not work.

e If the vector field A is regular enough and depends only on time, i.e., A = A(t), we can weaken
the hypothesis on the movement of the control for equation (1.3). In fact, we can use a compactness-
uniqueness argument as in the proof of Theorem 1.5 and deduce the following result.

Theorem 4.1. Let T > 0, O satisfying MGCC-I and A€ C*(0,T). Then, for any yo € H*(Q) nH}(Q),
there exists a moving control v € L*(0) such that the associated solution to (1.3) satisfies

y(-.T)=0 in Q.

e Concerning the geometrical requirements for the movement of controls given by the MGCC-I1, i.e.
Assumption 1.6, we do not know if all the conditions (1.4)-(1.8) are really necessary in order to get
null controllability for equation (1.3) when A is z-dependent. Indeed, we use these conditions only to
construct the function n given in Lemma 3.3. Removing any of the conditions (1.4)-(1.8) is interesting
and, as far as we know, completely open.

e It would be interesting to study controllability issues for nonlinear pseudo-parabolic equations such
as the nonlinear BBM equation. Indeed, it is not even clear whether nonlinear pseudo-parabolic equations
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can be driven or not to zero by means of controls applied to fixed control domains. Moreover, assuming
that null controllability does not hold with fixed controls, it is a challenging problem to control nonlinear
equations using moving controls and we are only aware of the paper [11] where a similar one-dimensional
problem has been considered. We leave this study to a forthcoming paper.
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APPENDIX A. CARLEMAN INEQUALITY FOR THE LAPLACE OPERATOR

We give the sketch of the proof of Lemma 3.5, which is inspired by the arguments in [9].
For every t € [0,7T], we set the function v(z,t) = €@ and consider w(z,t) = €™ @t z(x, t).
We have the following decomposition

Az = e Ale” M w) = [Aw + 72| VA)*w] — [27Vy - Vw + TAyw] = e g+e7'V-G = G+ V- (eTG),

where g =g —7V7y-G.
Multiplying the previous equation by w and integrating by parts, one can see that:

J- |Vwl|? dx + TQJ- VA2 |w]? dz = J e gwdr — f €G- Vwdz
Q Q Q Q
which, together with the properties of the weigh function, gives the result.
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