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Abstract

For a bipartite graph G on m and n vertices, respectively, in its vertices classes, and for integers
sand t such that 2 < s<t,0<m—-—s<n—t, and m+n < 2s+t— 1, we prove that if G has
at least mn — (2(m — s) + n — t) edges then it contains a subdivision of the complete bipartite
K (s,+) with s vertices in the m-class and ¢ vertices in the n-class. Furthermore, we characterize the
corresponding extremal bipartite graphs with mn — (2(m—s)+mn—t+1) edges for this topological
Turan type problem.
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1 Introduction

Throughout this paper, only undirected simple graphs without loops or multiple edges are considered.

Unless otherwise stated, we follow the book by Diestel (cf. [18]) for terminology and definitions.



Two well-known extensions of the Turdn problem (cf. [1]) are the Turén topological problem and
the Zarankiewicz problem. The former one consists of estimating the extremal function ex(n,TK),)
which represents the maximum number of edges of a graph on n vertices free of a topological minor
TK, of a complete graph on p vertices (see Bollobds’ excellent monograph (cf. [4]) devoted to this
subject and the contributions on this topic (cf. [5, 9, 14, 19, 20, 22])). The second was stated by
Zarankiewicz (cf. [2]) who studied the maximum size of a bipartite graph on (m,n) vertices, denoted
by z(m,n;s,t) that contains no bipartite complete K ;) subgraph with s vertices in the m-class and
t vertices in the n-class. For a survey of this problem we also refer the reader to Section VI.2 of the
book by Bollobés (cf. [4]). Most of the contributions are bounds for the function z(m,n;s,t) when
s,t are fixed and m,n are much larger than s,t¢ (cf. [6, 7, 12]). Other contributions provide exact

values of the extremal function (cf. [10, 13, 23]).

Recent results on some problems involving the existence of a complete bipartite graph or a sub-
division of a complete bipartite graph as a subgraph can be found in the literature (cf. [15, 16, 17,
21, 24, 26, 27]). Bohme et al. (cf. [16]) studied the size of a k-connected graph free of either an
induced path of a given length or a subdivision of a complete bipartite graph. Kiihn and Osthus (cf.
[17]) proved that for any graph H and for every integer s there exists a function f = f(H,s) such
that every graph of size at least f contains either a K, s as a subgraph or an induced subdivision of
H. Meyer (cf. [15]) also relates the size of a graph with the property of containing a minor of Kj ;.
Other problems involving the existence of maximum matching in graphs are considered (cf. [26]). And
involving the existence of 2-factors in bipartite graphs and k-factors in regular graphs can be found

(cf. [21, 24, 28]).

Combining the topological version of the Turdn problem for complete graphs with the Zarankiewicz
problem, we introduce the extremal function tz(m,n;s,t) as a natural extension. The function
tz(m,n;s,t) is defined as the mazimum size of a (m,n)-bipartite graph free of a topological minor
TKsy) of a complete bipartite K, 1) with s vertices in the m-class and t vertices in the n-class. In
1998 Bollobés and Thomason (cf. [8]) proved that the function ez (n; TK,) is upper bounded by cp®n.
From this contribution together with the fact that the example, due to Jung (cf. [3]) and improved
by Luczak (cf. [11]), giving a lower bound is a bipartite graph, it follows that the extremal function
tz(m,m;t,t) is asymptotically upper bounded by ct?n. The objective of this paper is to obtain exact
values for this extremal function tz(m,n;s,t) and to characterize the corresponding extremal bipar-
tite graphs for infinitely many related values of m,n,s,t. Namely, we determine the exact value of

tz(m, n; s, t) and we characterize the family T'Z(m, n; s, t) of extremal graphs for any values of m,n, s, ¢



satisfying2 <m—s<n—tand m+n<2s+1t—1.

1.1 Terminology and notations

A subdivision of a graph H is a graph T'H obtained from H by replacing the edges of H with internally
disjoint paths. The branch vertices of T H are all those vertices that correspond to vertices of H. The

complete bipartite graph K, 4) is said to be a topological minor of a bipartite graph G if TK(, ;) C G.

Given two positive integers, m, n, a bipartite graph G with vertex classes X and Y of cardinalities
|X| = m and |Y| = n, is denoted by G = (X,Y). The sets of vertices and edges of G are denoted
by V(G) = X UY and E(G), respectively, whereas v(G) and e(G) stand for the corresponding

cardinalities.

For a bipartite graph H = (X,Y), the degree of a vertex v in the graph H is denoted by dg(v)
whereas Ax (H) (resp. Ay (H)) stand for the maximum degree among vertices in the first class (resp.
second class). Thus, A(H) = max{Ax(H),Ay(H)} is the maximum degree of H. Let us consider
two subsets of vertices {z1,x2,...,2,} C X and {y1,y2,...,¥p} C Y. Let us denote by Hyo = H,
Hio=H—{z1},Hi1 =Hio—{y1},andforalli =2,...,p, let us denoted by H, ;—1 = H;—1,,-1—{x;}
and H; ; = H; ;_1—{y;} . Next we introduce the notion of decreasing sequence of vertices in a bipartite

graph H = (X,Y).

Definition 1.1 Given an integer p > 1 and a bipartite graph H = (X,Y), a subset of vertices of H,
{z1,91, 22,92, .- ., Tp, Yp}, with {z1,...,2p} € X and {y1,...,yp} CY, is called a decreasing sequence
of H if the following assertions hold:

(Z) dHi,lﬂ-,l(xi) = AX(Hifl,i71)7 fOT’i = 1, e P
(ZZ) dHi,i—l(yi) = Ay(Hi’i_l), fO’I"i = 1, N /N

(i1i) For each i = 1,...,p, either z;y; ¢ E(H) or every vertex y € V (H;;—1) NY with degree
dm, ., (y) = Ay (H; ;1) is adjacent to vertex x; in H.

Note that
dHo,o (1‘1) > dHl,l('T2) > 2 de—l,p—l(l‘p) > AX(HI?,P)

and

dHl,o (yl) > dH2,1(y2) >z de,pfl(yp) > AY(HPJ’)?



and furthermore,

p
Z dH1 1,i—1 xl +dH” 1(y2)) + (Hp’p)'
=1

2 Exact values

Let G be a bipartite graph G = (X,Y’) on m and n vertices in X and Y respectively. We will henceforth
use H to denote the bipartite complement of G, i.e., the bipartite graph H = (X,Y) = K, »y — E(G).

The problem of finding a T'K, ;) in a bipartite graph G can be formulated in terms of its bipartite
complement H. Indeed, if G = (X,Y) contains a T'K ;) with set of branch vertices SUT, S C X,
T C Y, then the edges of the graph H[S U T] are missing in G and thus they must be replaced in
G with internally disjoint paths passing through vertices of X \ S and vertices of Y \ T. Since each
of these paths must have odd length at least 3, it follows that e (H[SUT]) < min{|X \ S|, |Y \ T}
Hence, the following necessary but not sufficient condition on the induced subgraph H[SUT] in order

to determine whether K, ;) is a topological minor of G is immediate.

Remark 2.1 Let G = (X,Y) be with | X| =m and |[Y|=n and let H be the bipartite complement of
G. If G contains a TK sy, then there exist S C X and T CY with |S| = s, [T'| = t, such that the
number of edges of the subgraph induced by S UT in the bipartite complement of G satisfies

e(H[SUT]) <min{m — s,n — t}.

Next, we obtain a lower bound on the maximum size of a (m, n)-bipartite graph free of a topological

minor T'K 4 ) of K44

Proposition 2.1 Let m,n,s,t be integers such that2 < s <t,0 < m—s < n—t, and m+n < 2s+t—1.
Then the bipartite graph G = Ky, ny — M, where M is any matching of cardinality 2(m —s)+n—t+1,

does not contain TK 4y and therefore,

tz(m,m;s,t) >mn— (2(m—s)+n—t+1).

Proof First, let us see that K(,, ,) has a matching of cardinality 2(m — s) +n —t + 1. This is clear

because from 2 < s < tand 0 < m—s < n —t, it follows that m < n, and from the hypothesis



m+n < 2s+t—11it follows that 2(m —s)+n—t+1=(m+n)+m—2s—t+1 < m < n. Therefore,
we may consider the bipartite graph G = (X,Y’) = K, ) — M where M is a matching of cardinality
2(m —s)+n—t+1in Ky ). Next let us see that K, 4) is not a topological minor of G. For that,
from Remark 2.1 it is enough to prove that e (H[SUT]) > m — s for any subsets S C X and T C Y
of cardinalities s and t, respectively, with s < ¢. Observe that the number of isolated vertices in the

class Y of H is exactly n — (2(m — s) +n —t + 1). It follows that the number of edges of H[X UT] is
e(HXUT])>t—(n—2(m—-s)+n—t+1)) =2m—2s+1.

But since e(H[(X \ S)UT]) < m — s, then we have

e(H[SUT]) e(H[X UT)) — e(H[(X \ S)UT])

Y

2m—2s+1—(m—s)
= m-—-s+1>m-—s.

Thus the result holds. m

Lemma 2.1 Let p > 1 be an integer and let G = (X,Y) be a bipartite graph, with |X| > p and
Y| > p, and denote by H = (X,Y) the bipartite complement of G. Let {x1,y1,%2,Y2,...,%p,Yp} be
any decreasing sequence of H and denote by r = e(Hp ). If r > 1 and e(H) < 3p, then:

(i) r <p.
(i) A(H,,) = 1.
(i) {Zp—(r—1)Yp—(r—1):-- - TpYp} N E(H) = 0.
() {ayp—(r—1y,-..,ayp} N E(H) =0, for each a € X \ {x1,...,2,} of degree dy, ,(a) = 1.
(v) Ifr>2, then {xp_(r_nb, ..., 2,b}NE(H) = 0, for eachb € Y\{u1,...,yp} of degree dy, (b) =

1.

Proof Since e(H) ) =r > 1 we deduce Ax (H,,) > 1, Ay(H) ) > 1, following that dg,_, ,_, (2;) >

1 and dg,, ,(y;) > 1fori=1,...,p, and therefore

e(Hp,p) = E(H) - Z (dHi—l,i—l(xi) + dHi,i—l(yi)) < 3p - 2p =D

i=1

thus item (i) is proved.



If Ax(Hpp) > 2, thendpy, ,, ,(x;) >2foreachi=1,...,p, hence,

p
e(H) = Z (dHi—l,i—l(xi> + dHi,i—l(yi)) + e(Hp,p) >3p+r > 3p,
=1

which is a contradiction. Analogously, we arrive at a contradiction if Ay (H, ,) > 2. Thus, Ax(Hp,) =

Ay (H, ) =1, which implies A(H),) = 1, hence item (i%) is shown.

(733) Let us denote the edges of H,, by e1 = aib1,...,e, = ayby, a; € X \ {z1,...,2,} and b; €
Y \{y1,...,yp}, for i =1,...,7r. By item (i) we know that r < p. We reason by way of contradiction
supposing that there exists j € {0,...,7 — 1} such that z,_;y,—; € E(H). First we claim that
dr, ;, ;. (Yp—;) = 1. Otherwise, if dgy, , . (yp—j) > 2 thendpy,, () >2,fori=1,...,p—j

and therefore, by (i4) we have

p—J p
6<H) = Z dHL 1,i—1 xl + dHL i— 1(?/1)) + Z (dHi—l,i—l(Ii) + dHi,i—l(yi)) + e(Hp,P)
=1 i=p—j+1

> 3p—j)+2j+r

the last inequality due to the fact that 7 < r — 1. Since this is a contradiction with the hypothesis,
then Ay (Hyp jpj-1) = du,_;, ;. (yp—j) = 1, yielding to dpg,, ,(y;) = 1, for i = p—j,...,p
and dg, ,(b;) = 1, for i = 1,...,7. As {x1,91,%2,%2,...,Zp,¥yp} is a decreasing sequence of H, it
follows that z,_; is adjacent in H to each one of the vertices of the set {yp—j;,...,yp,b1,...,0r}
because of point (7ii) of Definition 1.1. That is, dg, ;, , ,_, ,(%p—j) > j + 14 r, which means that
de, (i) >j+14+r>2fori=1,...,p— j and therefore,

p—J P

€(H) = Z de 1,i—1 .231 +de 1(y1)) + Z (dHi—l,i—l(xi)+dHi,i—1(yi)) +6(HP,P)

=1 i=p—j+1
3p—j)+2j+r=3p+(r—j)>3p,

7

Y

again a contradiction. Thus z,_;y,—; ¢ E(H) for all j € {0,...,r7 — 1}, hence item (4i) is valid.

(iv) Note that r > 1 implies dg, ,, ,(z;) > 1 and dg,, ,(y;) > 1 fori=1,...,p. We reason by way
of contradiction supposing that there exists j € {0,...,r — 1} such that ay,_; € E(H) for a vertex
a€ X \{z1,...,xp} of degree dy, ,(a) = 1. Then dy (a) > 2 and hence, dy,_, ,_,(z;) > 2,

p—j—1l,p—j—1



fori=1,...,p—j. Thus,

<.

p— p
G(H) = (dHi—l,i—l('Ti) + dHi,i—l(yi)) + Z (dHi—l,i—l(wi) + dH“—l(yZ)) + e(HPvP)
1 i=p—(j—1)
> 3(p—j)+2j+r=3p+(r—j)>3p,

i

because j < r — 1, against the hypothesis.

(v) Since r > 2 then dy,_, ,_,(z;) > 1 and dp,,_,(y;) > 1 for i = 1,...,p. We reason by way of
contradiction supposing that there exists j € {0,...,r — 2} such that z,_;jb € E(H) for a vertex

be Y \{y1,...,yp} of degree dy, ,(b) = 1. Then dp,_ b) > 2 and hence, dp, ,_, (y;) > 2, for

J'*lyp*j*2(

i=1,...,p—j— 1. Thus,

1

P—Jj— p
e(H) = Z Hi—1,i— 1 )+dH“ 1 yl + Z de 1,i—1 xl)+de 1(y1)) + (HPJ))
=1 i=p—j

> 3p—j-D+2(+ 1) +r=3p+(r—j—1)>3p,

because j < r — 2, again a contradiction. [ |

Lemma 2.2 Let p > 2 be an integer. Let G = (X,Y) be a bipartite graph with |X| > p and |Y| > p,
and denote by H = (X,Y) the bipartite complement of G. Suppose that there exists a decreasing
sequence of vertices U = {x1,11,%2,Y2,...,%p,Yp} of H such that E(H,,) = {ab} with a € X and
beY. Ife(H) < 3p then there exists an (a,b)-path in G with its internal vertices belonging to U.

Proof Since E(H) ) = {ab}, then Ax(H, ) = Ay(Hpp) = 1, which implies that dp, , ,_, (2;) > 1
and dp, ,_,(y;) > 1 fori =1,...,p. If G contains the path a,y,,zp,b, then we are done. So assume
that some of the edges ayy, zpyp, Tpb is an edge of H. We know by Lemma 2.1 (4i7) that z,y, ¢ E(H).
If ay, € E(H), then dg,_, ,_,(a) > 2, because {ay,,ab} C E(Hp_1,-1). Then dy,_,,_,(x;) > 2 and

we get
P
€(H) = Z (dHi—l,i—l ($l) + dH@zf1(y1)) =+ e(HP:P) > 3p +1,
i=1
which is a contradiction. Therefore we can suppose that z,b € E(H) and ay, ¢ E(H). Then

{zpb,ab} C E(Hp_1,—2), following that dy
i=1,...,p—1. Since dp, , ,(yp) > 1 and dg, , , ,(x;) > 1fori=1,...,p, it follows that

(b) > 2, which implies that dg,, ,(yi) > 2, for

p—1,p—2

p—1

B(H) = (dHi—l,i—l(xi) + dHi,i—l(yi)) + (de—l,pfl(',L‘p) + de,pfl(yp)) + e(H;DJ?)
i=1

3(p—1)+2+1=3p.

%



This means that all the above inequalities become equalities, that is,

de, ., (yi) =2, fori=1,...,p—1, and de,,,,l(yp) =1;
de,_, (i) =1, fori=1,...,p.

Therefore we obtain that:

e x,y, 1 ¢ E(H), because otherwise, {z,b, 2pyp—1} C E(Hp_2p 2) and thus, dg, , , ,(vp-1) =
Ax(Hp_1,-1) > 2, contradicting (1).

e 1, 1b ¢ E(H), for if not, {x, 1b,2pb,ab} C E(H, 2, 3) and hence, dy, , , .,(yp—2) =
Ay (Hp_2,-3) > 3, against (1).

o p_1y,—1 & E(H), because otherwise, dp,_, _,(yp—1) > 3 and therefore, dp, , ,_,(yp—2) > 3,

contradicting (1).

Thus, it follows that {ay,, TpYp, TpYp—1, Tp—1Yp—1, Tp—1b} N E(H) = (). Consequently, there exists in
G the path a, yp, Tp, Yp—1, Tp—1, b, hence the result holds. [ ]

Lemma 2.3 Let m,n,p be integers such that p > 2, m > p andn > p. Let G = (X,Y) be a bipartite
graph with | X| = m and |Y| = n, and denote by H = (X,Y) the bipartite complement of G. If
e(H) < 3p, then K(p_pn—p) is a topological minor of G.

Proof Let U = {z1,y1,22,92,...,%p, Yp} be a decreasing sequence of H. The graph H,, ,, is a bipartite
graph with vertex classes X* = X \ {z1,...,zpt and Y* =Y \ {y1,...,yp}, s0 | X*| = m — p and
|Y*| =n—p. Ife(H,, ;) = 0 then the bipartite complement of Hy, ;, is K (;,—p, n—p) and the result follows.
We may henceforth assume that e(H) ) > 0, or in other words Ax (Hp ) > 1 and Ay (Hp ) > 1, thus
dm
and A(H, ) = 1. Let us denote the edges of Hy,, by e1 = a1b1,...,e, = ayby, a; € X* and b; € Y™,

i () > 1and dy,, ,(y;) > 1for i =1,...,p. Then by Lemma 2.1 we have e(H,,) =r <p
fori=1,...,7. In order to prove that G contains T'K(,,_p ,,_p) with set of branch vertices X* UY™,
we will show the existence of vertex disjoint (a;,b;)-paths in G, i = 1,...,r, with internal vertices
from U. As e(H) < 3p, if » = 1 then the bipartite complement of Hp, is K,—pn—p — €1. Thus,
by Lemma 2.2, the bipartite graph G contains TK,,_p,—p and we are done. Hence assume that
2 < r < p, then by Lemma 2.1 (¢ii), (iv), (v), for each i = 1,...,7 and j = 0,...,r — 2, there exists

in G the path a;,yp—j,zp—;,b;. Thus, we only must show that there exists ¢ € {1,...,7} such that



the path a;, yp—(r—1), Tp—(r—1), bi is contained in G. Otherwise, since z,_(—1)yp—(r—1) € E(G) and
aiYp—(r—1) € E(G) foralli =1,...,r, because of Lemma 2.1, we deduce that z,_(._1)b; € E(H) for all
i=1,...,r, thatis, dg, , ,_ (2p—(r—1)) > r and therefore, dy, , , ,(x;) >rfori=1,...,p—(r—1).
Then since 2 < r < p it follows that

p—(r—1) P
E(H) = Z (dHi—l,i,—l (xb) + dHi,i—l (yl)) + Z (dH'i—l,ifl (Zk) + dHi,i—l (yl)) + e(HPJ))
i=1 i=p—(r—2)

> (r+D)(p—-(Cr-1)+20r—1)+r
= 3p+1+0r-2)(p—r+1)
> 3p

which is a contradiction. Hence there exists ¢ € {1,...,7} such that the path a;, Yp—(r—1)> Tp—(r—1), Oi
is contained in G. Without loss of generality we may assume that ¢ = r. Then there exist in G the
vertex-disjoint paths aj,y,_(;_1),Tp_(j-1),b; for j = 1,...,r. Thus, G contains T'K(,,_p ,—p) and

this finishes the proof. [ |

The following lemma gives a sufficient condition on the size of a bipartite graph in order to contain

a complete bipartite graph as a topological minor.

Lemma 2.4 Let m,n,s,t be integers such that 2 < m —s <n—t. Let G = (X,Y) be a bipartite
graph with | X| = m, |Y| = n. If the bipartite complement H of G has size e(H) < 2(m — s) +n —t,

then K1) is a topological minor of G.

Proof Set p =m—sand ¢ =n—t, then 2 < p < gand e(H) < 2p+q. First, suppose that p = q. Thus
the bipartite graph H has size at most 3p, and by Lemma 2.3, we obtain that K, _pn—p) = K
is a topological minor of G. Hence, assume that p < q. Without loss of generality, we may assume
that the vertices of the partite set Y are ordered in such a way that dy(y1) > dg(y2) > -+ > dg(yn)-
Set Y/ = {y1,...,Yq—p} C Y and let us consider the bipartite graph H' = (X,Y \ Y’). Observe that
|X|=mand |[Y\Y'| =n—(¢—p) =t+p. If e(H') =0 then the bipartite complement G’ of H’
is the complete bipartite graph K, ;4,). Since G’ is a subgraph of G and K, ) € K 14p), then G
contains a K, and we are done. So, we may assume that e(H’) > 0, which implies that dg (y;) > 1
fori=1,...,q—p. Hence, e(H') = e(H) — > "V du(y;) <2p+q— (¢—p) < 3p, and therefore, from

Lemma 2.3, it follows that K (,,_p +1p—p) = K(s,) is a topological minor of G. [ |



Combining Proposition 2.1 and Lemma 2.4 the following theorem is immediate.

Theorem 2.1 Let m,n,s,t be integers such that2 < s<t,2<m-s<n—t,andm+n < 2s+t—1.
Then
tz(m,n;s,t) =mn— 2(m—s)+n—t+1).

3 Family of extremal graphs

Lemma 3.1 Let p > 2 be an integer and let G = (X,Y) be a bipartite graph with | X| > p and
Y| > p, and denote by H = (X,Y) the bipartite complement of G. Let {x1,y1,%2,y2,...,%p,Yp} be
any decreasing sequence of H and denote by r = e(H, ). If e(H) <3p+1 and Ax(H) > 2 then

(i) r <p.
(i) A(H,,) < 1.
(iii) If r =1 then {Zp_(r—1)Yp—(r—1),- - - TpYpy N E(H) = 0.

(iv) If r > 2 then {ay,—(r—2), ..., ayp }NE(H) = 0, for each a € X\{z1,...,2p} of degree dp, ,(a) =
1, if any.
(v) Ifr > 2 then {x,_(,_2)b, ..., xpb}NE(H) =0, for eachb € Y\{y1,...,yp} of degree dp, ,(b) =1,

if any.

Proof If e(H,,) = r = 0, then both items (¢) and (i¢) hold. Hence we may assume that 0 < r =
e(Hpp) < 3p + 1, which implies Ax(H,,) > 1, Ay(Hp,p) > 1, following that dg,_, ,,(x;) > 1 for
i=2,...,pand dy,, ,(y;) > 1fori =1,...,p. Moreover, dg,,(x1) > 2, because Ax(H) > 2.

Therefore
p

e(HILP) 6( ) (dHoo(xl)—i_dHlo yl Z dHL 1,i—1 .131 +dH’LL 1(y2)> < 3p+1_3_2(p_1) =
=2

thus item (4) is proved.

If Ax(Hpp) > 2, then e(Hp ) > 2 and dy,_, ,_,(x;) > 2 for each i = 1,...,p, hence,

p
= (o (@) +da, () + e(Hyp) > 3p+e(Hyp) > 3p+2> 3p+ 1,
=1

10



which is a contradiction. Analogously, we arrive at a contradiction if Ay (H, ) > 2. Thus, Ax(Hp,) =

Ay (H,,) =1, which implies A(H),) = 1, hence item (i%) is shown.

i11) From item (i) it follows that » < p. Let us denote the edges of H,, by e; = aiby,...,e, =
p,p ’

aybr, a; € X\ {z1,...,2p} and b; € Y \ {y1,...,yp}, for ¢ = 1,...,r. Since e(H,

p,p) =r 2

—_

)

then dg, ,,_,(x;) > 1 and dp,,_,(y;) > 1 for i = 1,...,p. We reason by way of contradiction
supposing that there exists j € {0,...,r — 1} such that z,_;y, ; € E(H). Then dpy, ,_,(y;) > 2 for

i=1,...,p—j—1,because dy, ; ., (yp—j) > 1 and x,_;y,_; € E(H). We have two cases:

Case 1. Assume that dg, , _, ,(yp—;) > 2, then dy,,_,(y;) > 2 for i = 1,...,p — j. Since
dp,o(21) = Ax(H) > 2 and j <r — 1 it follows that

p—J p
G(H) = Z de 1,i—1 1’1 + dH1 i 1(y1)) + Z (dHi—l,i—l (:L'Z) + dHi,i—l(yi)) + e(HPvP)
i=1 i=p—(j—1)

> 44+3p—-j—-1)+2j+r
— 3p+14(r—j)
> 3p+1,
which is a contradiction.
Case 2. Assume that dg, ;.  (yp—j) =1, then dp, , ,(y;) = 1, for i = p —j,...,p. Moreover,
dm, ,(bi) = 1, for i = 1,...,7, because A(H,,) = 1. As {x1,y1,%2,%2,...,Zp,Yp} is a decreasing
sequence of H and zp,_;y,—; € E(H), it follows that z,_; is adjacent in H to each one of the vertices of

the set {yp—j,...,¥p,b1,...,b.} because of point (iii) of Definition 1.1. That is, dp, , , ,_, ,(7p—j) >
J+1+4r, which means that dg, , ,_,(x;) > j+1+rfori=1,...,p—j. If j = Othendy, ,, ,(2;) > 1+r

fori=1,...,p, and therefore
p—1
B(H) = Z (dHi—l,i—l('ri) + dez—l(yi)) + (de—l,p—l(xp) + de,p71(yp)) + e(H;IL;D)
=1

> B4+r)p-1D+r+2)+r

= 3p+1+r(p+1)—2>3p+1,

because r > 1 and p > 2, which is a contradiction. If j = —1 then dy,_, ,_,(x;) > j+ 1471 = 2r for
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t=1,...,p— (r—1), and therefore

p—r
G(H) = (dHi—l,i—l (xl) + dHi,,i—l (yl)) + (de—r,p—r(xp—(r—l)) + de—(T—l),pffy‘ (yp—('r—l)))
=1
p
+ Z (dHi—l,i—l (wl) + dHi,i—l (yl)) + e(HP’P)
i=p—(r—2)
> 2r+2)p—-r)+2r+1)+2(r—1)+r
= 3p+1+@2rp—2r2—p+3r—2)
> 3p+1+(p-1)
> 3p+1,

because p > 2, which also contradicts the hypothesis. Finally, if 1 < j < r — 2 then dHFLFl(xi) >
j+1+r>3fori=1,...,p—j, and therefore

p—j—1
€(H) = Z (dH171,1:71(xi) + dHi,i—l(yi)) + (de—j—l,p—j—l(xp_j) + de—j,p—j—l (yp—j))
z:lp
+ Z (dHi—l,i—l (xl) + dHi,i—l (yl)) + e(prp)
i=p—(j—1)

Y

S(p—j— 1) +4+2j+r
= 3p+1+2p—-3j—2+71)

> 3p+1+@Br—-3j—-2)>3p+1,

because p > r and j < r — 2, again a contradiction.
Thus zp,_;y,—; ¢ E(H) for all j € {0,...,r — 1}, hence item (ii7) is valid.

(iv) Assume e(H,,) = r > 2. Then dy,_,,_,(z;) > 1 and dpy,,_,(y;) > 1 for i = 1,...,p. We
reason by way of contradiction supposing that there exists j € {0,...,r — 2} such that ay,_; € E(H)

for a vertex a € X \ {z1,...,2,} of degree dy, ,(a) = 1. Then dp, (a) > 2 and hence,

—i—-l,p—j—1

de,_, (i) >2,fori=1,...,p— j. Thus,

<.

p— p
G(H) = (dHi—l,i—l(xi) + dHi,i—l(yi)) + Z (dHi—l,i—l(xi) + dHi,i—l(yi)) + e(Hp’p)
1 i=p—(j—1)
> 3(p—§)+2j+r=3p+(r—7j) >3p+1,

%

because j < r — 2, against the hypothesis.

(v) Assume e(Hp,) = r > 2. Then dg, (r;) > 1and dg,,_,(y;) > 1 for i = 1,...,p. Moreover,

—1,i—1

dm,,(r1) > 2, due to the fact that Ax(H) > 2. We reason by way of contradiction supposing that

12



there exists j € {0,...,r — 2} such that x,_;b € E(H) for a vertex b € Y \ {y1,...,yp} of degree
dp, ,(b) = 1. Then dpy, (b) > 2 and hence, dg, , ,(y;) > 2,fori=1,...,p—j— 1. Thus,

—Jj—-1,p—j—2

p—j—1
6<H) = (dHoo(x1)+dH1o yl + Z dH1 1,i—1 xl)+dH” 1(y2))
v =2
+ Z (dHi—l,i—l(xi) + dHi,i—l(yi)) + e(Hp’P)
1=p—j

> 44+3p—j—-2)+2(j+1)+r=3p+(r—j) >3p+1,

because j < r — 2, again a contradiction. [ ]

Lemma 3.2 Let p > 4 be an integer. Let G = (X,Y) be a bipartite graph with |X| > p and |Y| > p,
and denote by H = (X,Y’) the bipartite complement of G. Suppose that Ax(H) > 2 and there exists
a decreasing sequence of vertices U = {x1,y1,Z2,Y2,- .., Tp,Yp} of H such that E(H,,) = {ab} with
a€ X andbeY. Ife(H) < 3p+ 1 then there exists an (a,b)-path in G with its internal vertices
belonging to U.

Proof Assume that e(H) < 3p+ 1. Note that dg, ,(71) = Ax(H) > 2. Since E(H, ;) = {ab}, then
Ax(Hpyp) = Ay (Hpyp) = 1, which implies that dp, , , ,(2;) > 1 and dg,,_,(y;) > 1 fori=1,...,p.
If G contains the path a, y,, zp, b, then we are done. So assume that some of the edges ay,, pyp, Tpb

is an edge of H. We know by Lemma 3.1 that z,y, ¢ E(H). So, let us distinguish two cases.

Case 1. Suppose that ay, € E(H). Then dpy, ,, ,(a) > 2, because ab € E(H). Then

de,_, ,_,(x;) > 2 and we get

P
€(H) = Z (dHifl,i—l(xi) + dHLLfl(yl» + e(Hp,P> >3p+1> 6<H)
i=1
Thus, all the inequalities become equalities, that is,
de,_, ., (z;) =2and dy, ,_, (y;) =1, fori=1,...,p. (2)
Hence, we obtain that:
oz, 1y,—1 ¢ E(H). Otherwise, since Ay (H,_1,-2) = dg,_,, ,(yp—1) = 1 and both y, and b

have also degree 1 in H, 1, 2, applying point (ii7) of Definition 1.1, it follows that
{Zp—1Yp—1,Tp_1Yp, p—10} C E(H) and therefore, dy, , , ,(7,-1) > 3, which contradicts (2).
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e ay,1 ¢ E(H), because otherwise, dpg, , , ,(Tp-1) = Ax(Hp_2p-2) > dg, ,, ,(a) > 3, con-
tradicting (2).

o 1, 1b¢ E(H), for if not, dy,_, , (Yp—2) = Ay (Hp_2p-3) > du,_,, ,(b) > 2, against (2).

As a consequence, we get that the path a,yp—1,2p—1,b of G connects the vertices a and b.

Case 2. Suppose that x,b € E(H) and ay, ¢ E(H). Thus, dyg,_, ,_,(yp) > 2, which implies that

de, ., (yi) > 2, for i =1,...,p— 1. Since dg, , ,(yp) > 1, dg,o(21) > 2 and dpy,_,,_,(z;) > 1 for
1=2,...,p, it follows that
p—1
E(H) = (dHo,o (501) + dHl,o (yl)) + Z (dHi—l,i,—l (xi) + dHi,i—l (yl))
i=2
+ (de—l,pfl(‘rp) + de,pfl (yp)) + e(Hp’P)
> 443(p—-2)+2+1=3p+1=¢e(H),
which means that all the above inequalities become equalities, that is,
dpy,(z1) =2and dy, ,, ,(x;) =1fori=2,...,p;
' ’ (3)
di,, ,(y;) =2fori=1,...,p—1, and dg, , ,(yp) = 1.
Therefore, we have:
e 2, 1b ¢ E(H), because on the contrary, du,_, ,_,(yp—2) = Ay (Hp2,p-3) > dr,_,,_,(b) >3

against (3).

o Yy, 1 & E(H), for if not, du,_,, ,(vp—2) = Ax(Hp_3p-3) > dp_3p-3(xp) > 2 and this

contradicts (3), since p > 4.
e, 1y,—1 & E(H), because otherwise, taking into account that dg, , , ,(yp—1) = 2, we have

de—2,p—3 (yp—Q) = AY(HP—2>P—3) > de—Z,p—S (yp—l) > 3, contradicting (3).

Thus, in this case, it follows that {ay,, zpyp, TpYp—1, Tp—1Yp—1, Tp—1b} N E(H) = (. Consequently,

there exists in G the path a, yp, Zp, Yp—1, Tp—1, b, and the result also holds in this case. [ ]

Lemma 3.3 Let m,n,p be integers such that p >4, m > p andn > p. Let G = (X,Y) be a bipartite
graph with | X| = m and |Y| = n, and denote by H = (X,Y) the bipartite complement of G. If
A(H)>2 and e(H) < 3p+ 1, then K(,,—p n—p) is a topological minor of G.
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Proof Without loss of generality we may assume that A(H) = Ax(H) (otherwise it is enough to
interchange the classes X with V). Let U = {x1, y1, %2, Y2, ..., Zp, Yp} be a decreasing sequence of H.
The graph H, , is a bipartite graph with vertex classes X* = X\{x1,...,zp} and Y* =Y \{y1,...,%p},
so |[X*|=m—pand [Y*| =n—p. If e(H,,) = 0 then the bipartite complement of Hy, ;, is K (y,—p,n—p)
and the result follows. So, we may henceforth assume that e(H) ,) > 1 or in other words, Ax (H, ) > 1
and Ay (Hpp) > 1, thus dy, _,,_,(2;) > 1and dpy,,_,(y;) > 1fori=1,...,p. Then by Lemma 3.1 we
have e(Hp ) =r < p and A(H, ) = 1. Let us denote the edges of H,, by e1 = a1b1,...,e, = a,b,,
a; € X* and b; € Y*, fori =1,...,r. In order to prove that G' contains a T'K(,_p n—p) with set of
branch vertices X* UY™*, we will show the existence of vertex disjoint (a;,b;)-pathsin G, i=1,...,r,
with internal vertices in U. As e(H) < 3p + 1, we are done if r = 1 by applying Lemma 3.2, hence

assume that 2 < r < p.

First, suppose that 2 < r < p — 1. Then, by Lemma 3.1 (iii), (iv), (v), for each i = 1,...,r
and j = 0,...,r — 2, there exists in G the path a;, yp—j,p—j,b;. Thus, we only must show that
there exists ¢ € {1,...,r} such that the path @iy Yp—(r—1)> Tp—(r—1), b; is contained in G. We reason
by way of contradiction supposing that for all i = 1,...,r the path a;, yp_(—1), Tp—(r—1), bi does not
exist in G. From Lemma 3.1 it follows that x,_(._1),Yp—(r—1) € E(G), thus a;y,_—1) € E(H) or
Tp_(r—1)b; € E(H) for each i =1,...,7. We will distinguish three possible cases:

Case 1. Assume that x,_(._1)b; € E(H) for all i = 1,...,r, then dg,_, ,_ (2p—(r—1)) > 7 and
thus, dg, |, ,(z;) >rforj=1,...,p—(r—1). Moreover, dHy_ sy o) (Yp—r) = Ay (Hp—pp—(r41)) =

dy (b;) > 2, which means that dp, , ,(y;) >2for j =1,...,p—r. Thus,

p—r,p—(r+1)

p—r
B(H) = (de—l,j—l(xj) + de,j—1(yj)) + (de—T,p—r(xp—(T—l)) + def(r,-fl),pfr,- (yp—(r—l)))
Jj=1 »
+ Z (deflhj—l (x]) + de,j—l (y])) + e(HP,P)
j=p—(r-2)

> (r+2)p—-m+r+1)+20r—1)+r
= 3p+1+(r—-2)(p—r)+p—2

> 3Ip+1,

since 2 < r < p and p > 2, which is a contradiction.

Case 2. Assume that a;y,_(,—1) € E(H) for alli = 1,...,r, then, reasoning as in Case 1, we have
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dg, ; ,(y;) >rforj=1,...,p—(r—1),and dp, ,, ,(x;) >2for j=1,...,p— (r—1). Thus,

p—(r—1) P

€(H) = (de—l,j—l(xj) + de,jfl(yj)) + Z (de—l,j—l(mj) + de.j—l(yj)) + e(HPﬁD)

Jj=1 Jj=p—(r—2)
> (r+2)p—(r-1))+2(r—1)+r

= Pp+1+@r-2)p—-1)+p-1

> 3p+1,

since 2 < r < p and p > 1, which is a contradiction.

Case 3. Assume that there exist ig, jo € {1,...,7} such that z,_(,_1)b;, € E(H) and aj,y,—(r—1) &
E(H). Clearly ig # jo, because xp_(,—1)Yp—(r—1) & E(H) (by Lemma 3.1) and by hypothesis, the
path a;, Y,—(r—1), Tp—(r—1), bi does not exist in G for all i = 1,...,r. Since z,_(,—1)Yp—(r—1) & E(H),
it follows that x,_(,_1)bj, € E(H), for if not, we find in G the path a;,,yp—(r—1), Zp—(r—1), bjo
against our assumption. Analogously, ai,z,—(r—1) € E(H). Observe that {a;,=,_(r—1),aibiy} C
E(Hp—p—) and therefore, dg, , _ (2p—(r—1)) = Ax(Hp—rp—r) > dn,_, . (ai,) > 2, which implies
that dg, _,,_,(v;) > 2 fori=1,...,p— (r —1). Moreover, observe also that {y,_—1)bj,,a;j,bj,} C
E(Hy rp—(r+1)) and therefore, dp, .\ (Yp—r) = Ax(Hp—rp(r1)) > du, ., 0y (big) = 2,
which means that dg, ,_, (y;) >2fori=1,...,p—r. Hence,

p—r
e(H) = Z (de—l,j—l(xj> + de,jﬂ(yj)) + (de—r,pﬂ- (xpf(rfl)) + de—(r—l),p—r(ypf(’f‘fl))>
Jj=1 »
+ Z (de—l,jfl (z;) + de,jfl(y]’)) + e(Hp,p)
Jj=p—(r—2)

> Ap—-r)+3+2(r—1)+r
= 4dp+1—7r
= 3p+l+(p-r)

> 3p+1,

since r < p — 1. Then, if 2 < r < p — 1, in all the possible cases, we arrive at a contradiction with
the assumption that the path a;,y,_(-—1), Tp_(r_1), b; does not exist in G for all ¢ = 1,...,r. Thus, if
2 <r < p-—1 there exists i € {1,...,r} such that the path a;, Yp—(r—1), Tp—(r—1), b is contained in G.
Without loss of generality we may assume that ¢ = 7. Then there exist in G the vertex-disjoint paths

aj,yp,(j,l),xp,(j,l),bj forj=1,...,r.
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Second, assume that » = p. Then, from Lemma 3.1 it follows that

{z1y1, ..., 2pyp} NE(H) = 0
{aiya,...,aqyp} NEH) = Qfori=1,...,p; (4)
{zabs,...,zpb ) NEH) = Ofori=1,...,p.

This means that for each ¢ =1,...,pand j =0,...,p—2, there exists in G the path a;, yp—;, Tp—;, b;.
Thus, we only must show that there exists ¢ € {1,...,p} such that the path a;,y1,z1,b; is contained
in G. We reason by way of contradiction supposing that for all i = 1,...,p the path a;,y1,z1,b; does
not exist in G. Since z1y; € E(G) we deduce that for each i =1,...,p, a;y1 € E(H) or x1b; € E(H).
If {a;y1,a;-y1} C E(H) for two indices i,7* € {1,...,p}, with i # i*, then dg, ,(y1) > 2. Since
dp, o (21) = Ax(H) > 2 we have

P
e() = (dHo,o(xl) + dHl,o(yl)) + Z (de—l,j—l(xj) + de,j—l(yj)) + e(Hpp)
j=2

> 442(p—-1)+p

= 3p+2

> 3p+1,
a contradiction. Thus, in the set {aq,...,a,} there is at most one vertex adjacent to y; in H, which
means that z; must be adjacent in H to at least p — 1 vertices of the set {b1,...,b,}, due to the fact

that for each i = 1,...,p, a;y1 € E(H) or x1b; € E(H). Then dg, ,(z1) > p — 1 and therefore,

G(H) = (dHo,o (xl) + dHl,o (yl)) + Z (de—l,jfl(x]') + de,j—l(yj)) + e(prp)
=2

> pt+2p—1)+p
= 3p+1+(-3)
> 3Ip+1,

since p > 4, again a contradiction with the hypothesis. Hence, there exists ¢ € {1,...,7} such that
the path a;,y,_(r—1), Tp—(r—1), bi is contained in G. Without loss of generality we may assume that
i = r. Then there exist in G the vertex-disjoint paths a;,y,_(;—1), Zp—(j—1),b; for j =1,...,r, and

the result holds. [ |

Theorem 3.1 Let m,n,s,t be integers such that2 < s<t,4<m-s<n—t, andm+n < 2s+t—1.
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Then G = (X,Y) € TZ(m,n;s,t) iff G = K(y,n) — M where M is any matching of cardinality
2(m—s)+n—t+1.

Proof By Proposition 2.1 and Theorem 2.1, if G = K, »)—M where M is any matching of cardinality
2(m—s)4+n—t+1, then G € TZ(m,n; s,t). Thus, we only must show that there are no more extremal
bipartite graphs. For that, it is enough to prove that the bipartite complement H = (X,Y) of every
extremal bipartite graph G = (X,Y) € TZ(m,n; s,t) has maximum degree A(H) = 1.

Let G = (X,Y) € TZ(m,n;s,t) satisfy the hypothesis of the theorem and let us denote by
H = (X,Y) the bipartite complement of G. Set p = m — s and ¢ = n — ¢, then 4 < p < ¢ and
e(H) =2p+q+ 1. If p=q then A(H) = 1, follows from Lemma 3.3. Thus, assume that p < q.
Without loss of generality, we may assume that the vertices of the partite set Y are ordered in such
a way that dg(y1) > du(y2) > - > du(yn). Set Y' = {y1,...,yq—p} C Y and let us consider the
bipartite graph H' = (X,Y \ Y’). Observe that |X| = mand Y \Y'|=n—(¢—p) =t+p. If
e(H') = 0 then the bipartite complement G’ of H' is the complete bipartite graph K(,, ¢4,). Since G’
is a subgraph of G and K, ;) € Ky 14p), then G contains a K, ;), against the assumption. So, we
may assume that e(H’) > 0, which means that dg(y;) > 1for i =1,...,qg — p. Hence,

C(H') = e(H) ~ S dir(y) <2p+q+1—(q—p) <3p+1. 5

=1

Then the following facts can be concluded:

e F(H') = 3p+ 1. Otherwise if E(H') < 3p + 1 then, from Lemma 2.3, it follows that G’
contains TK (—pn—(g—p)+p) = L K(m—pn—q) = TK(s ), but this contradicts the fact that G €
TZ(m,n;s,t).

e dy(y;)) =1, fori=1,...,q —p, thus Ay (H) = 1, because Ay (H) = dg(y1). This is directly
derived because all the inequalities (5) become equalities since E(H') = 3p + 1.

Next let us see that Ax(H) = 1. Otherwise, there is a vertex € X having two distinct neighbors
y,y* € Ng(z). Since Ay(H) = 1, then Ny(y) = Nu(y*) = {z}, and besides, there are exactly
e(H) =2p+q+1 > q—p+ 2 vertices of degree 1 in the class Y. Let us consider the bipartite
graph G* = (X*,Y™*) whose bipartite complement H* = (X*,Y™) is obtained from H by removing
any g — p vertices of Y \ {y,y*} of degree 1. The graph H* satisfies that |X*| = |X| = m > p,
Y*| = Y| -(¢q—p) =t+p > p, e(H*) = e(H) — (¢ —p) = 3p + 1. Further, observe that
dg-(x) > 2, because {y,y*} C Y* and {zy,zy*} C E(H*), which means that A(H*) > 2. Then,
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by applying Lemma 3.3, the bipartite complement G* of H* contains a TK (p,—p t4p—p) = TK(s -
Since G is a subgraph of G, we deduce that G contains T'K(,;), and this contradicts the fact that
G € TZ(m,n;s,t). Hence, A(H) = min{Ax(H),Ay(H)} = 1 and this proves the result. =
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