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Abstract—This article proposes a ray-tracing and physical-
optics (RT-PO) model that allows for an accurate and time-
efficient evaluation of planar Mikaelian lens antennas imple-
mented by parallel plate waveguides. With an intrinsic flat shape
and axis-symmetry of refractive-index distribution characteristic,
the planar Mikaelian lens antennas are easy to fabricate and
integrate to standard planar feeds. A numerical computation
of the ray paths based on the Snell’s law gives a description
of the phase of the electric field in the lens aperture, while
the ray-tube power conservation theory is employed to evaluate
the amplitude. The field equivalence principle is then used to
calculate the far field of the lens antenna. The information of far-
field directivity, gain, and dielectric efficiency is further obtained,
considering a small loss in the dielectric materials. Our approach
is validated by comparing the results of a particular Mikaelian
lens antenna with those computed using a commercial full-wave
simulator, demonstrating high accuracy and significant reduction
in computation resources and times.

Index Terms—Dielectric efficiency, directivity, gain, Mikaelian
lens antenna, parallel plate waveguide, physical optics, ray
tracing.

I. INTRODUCTION

NOWADAYS, our modern society is experiencing a grow-
ing need for high-speed wireless communications to

meet the demands of emerging mobile applications, such as
cloud-based virtual reality, autonomous driving, wireless med-
ical services, etc. The limited availability of spectrum in the
lower frequency bands, often referred to as sub-6 GHz, makes
it difficult to meet these high capacity demands. In recent
years, there has been a surge in research on higher frequency
bands, particularly millimeter waves and beyond, to take
advantage of the plentiful spectrum resources available [1], [2].
At such high frequencies, beamforming devices are essential
to generate high-gain antenna solutions to compensate for
the considerable path losses while still maintaining the large
coverage with beam-steering or multiple-beam capabilities.
However, conventional microwave components and antennas,
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such as beamforming networks and printed circuit board
phased arrays, are expensive for mass production. Conse-
quently, quasi-optical solutions are generally the preferred
choice for highly directive and cost-effective multiple-beam
antennas at high frequencies, as they are simpler to construct
and more tolerant of manufacturing mistakes [3]–[5]. Well-
known solutions include reflector-based antennas [6], [7],
homogeneous dielectric lens antennas [8]–[10], gradient index
(GRIN) dielectric lens antennas [11], [12], and parallel plate
lens antennas [13], [14].

Compared to homogeneous lenses, GRIN lenses are gen-
erally more flexible in achieving large beam-steering angles
with competitive efficiencies and broad operating bands. There
have been several renowned GRIN lens antennas, such as the
Luneburg lens antenna [15], the half-Maxwell fish-eye lens
antenna [16], [17], and the Gutman lens antenna [18], [19].
Despite the fact that all of the GRIN lenses mentioned have
graded refractive-index distributions, they all share the same
feature of having a curved feeding interface, making it difficult
to integrate them into standard planar feeds. To overcome this
limitation, transformation optics, and in particular the quasi-
conformal transformation optics method, were proposed to
modify the shape of the lens and the corresponding refractive-
index distributions [20]–[23]. However, these conformal map-
ping transformations typically cause a reduction in beam-
steering capabilities and an increase in the complexity of
implementation. Unlike these spherically symmetric lenses,
the Mikaelian lens, also called the hyperbolic cosine lens,
has a unique flat shape characteristic of both the feeding
interface and the lens aperture [24], [25]. Moreover, the
Mikaelian lens can be easily fabricated due to the intrinsic
cylindrical symmetry of its refractive-index distribution. As a
result, it has recently attracted a great deal of attention in the
applications of microwave and millimeter-wave components
and antennas [26]–[31].

For applications requiring only one-axis beam scanning, a
planar (two-dimensional, 2-D) version of the aforementioned
lenses can be implemented in a parallel plate waveguide
(PPW) configuration [32]–[36]. Full-wave simulators are typi-
cally used to study the wave propagation and far-field radiation
characteristics of the PPW lenses. However, as the electrical
size of the lenses increases, these full-wave simulations re-
quire considerably long computation times and high memory
resources, which hinders the design of PPW lenses through
optimization because of the time limitations. Consequently,
ray-tracing (RT) tools based on geometrical optics (GO) have
been found to be both precise and time-efficient [37]–[43].

This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAP.2023.3348983

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



2 IEEE TRANSACTION ON ANTENNAS AND PROPAGATION, VOL. XX, NO. X, MONTH 202X

Although the RT tool proposed in those papers is capable of
giving a good description of the wavefront of electromagnetic
waves confined inside the PPW, this approach is restricted
to the analysis of the radiation patterns in the beamforming
plane (the H-plane) of PPW lenses. In other words, compared
to commercial simulators, relevant information is missing,
including the full radiation pattern, directivity, gain, and di-
electric efficiency.

In this article, we propose an RT and Physical-Optics
(PO) model, named the RT-PO model, to obtain the radiation
pattern, directivity, gain, and dielectric efficiency of planar
Mikaelian lens antennas. The implementation of the PO ap-
proximation combined with the RT approach is demonstrated
to be considerably accurate and highly time-efficient when
comparing the obtained results to well-established commercial
full-wave simulators.

The article is organized as follows. In Section II, we propose
an RT-PO model to analyze planar Mikaelian lens antennas,
taking into account the unique properties of the lens. In
Section III, detailed numerical results of the implementation of
the method in a particular Mikaelian lens antenna are presented
and discussed. The accuracy and computational efficiency
of the algorithm is also evaluated by comparing it with a
commercial full-wave simulator. Finally, some conclusions are
drawn in Section IV.

II. RAY-TRACING AND PHYSICAL-OPTICS MODEL

A. Ray Tracing for Mikaelian Lenses

First proposed by A. L. Mikaelian [24], Mikaelian lenses are
capable of transforming rays excited from one point in a flat
feeding interface to collimated rays in a flat aperture. In this
article, we focus on planar Mikaelian lens antennas realized
with GRIN dielectric materials within PPWs, as illustrated
in Fig. 1(a), where L denotes the length of the lens along
the z-axis and R half the width along the x-axis. Under this
coordinate system (x, z), the refractive-index profile is defined
as follows:

n(x) =
n0

cosh

(
π|x|
2L

) (1)

where n0 is the refractive index when x = 0 and the
profile is constant in the z-direction. The propagation of
waves in this planar Mikaelian lens antenna takes the form
of a transverse electromagnetic (TEM) mode assuming that
the height of the PPW, h, is small enough compared to the
operating wavelength. To avoid exciting high-order TE/TM
modes, the operating frequency should be lower than c/2hn0,
where c is the speed of light in vacuum. Furthermore, Fig. 1(b)
depicts the corresponding model of the Mikaelian lens antenna
used in the full-wave simulator, including the rectangular
waveguide feed and the flare structure; the details will be
discussed in Section III. As stated in Section I, the analysis of
wave propagation and the resulting radiation characteristics of
PPW beamformers is generally performed with commercial
full-wave simulators [36]. These simulators require a lot of
computing power and time, so RT-based techniques combined
with PO procedures have been developed to be more accurate

(a)

(b)

Fig. 1. (a) Illustration of ray tracing inside a planar Mikaelian lens antenna
and the cross section in the xy-plane. (b) Full-wave (CST) model of a planar
Mikaelian lens antenna and the cross section in the yz-plane, including the
feed port, lens, and radiation flare structure.

and faster [37]–[44]. However, existing methods are restricted
to the analysis of two-dimensional (2-D) radiation patterns
in the beamforming plane. In this paper, we present an RT
model based on Snell’s law to calculate the electric field in
the opening of the planar Mikaelian lens, along with a straight-
forward implementation of the field equivalence principle for
computing full three-dimensional (3-D) radiation patterns in
every direction. Thus, we can also calculate directivity, gain,
dielectric loss, and radiation efficiency from our proposed RT-
PO model.

In the GO approximation, rays are defined as trajectories
perpendicular to the wavefronts of the electromagnetic (EM)
waves [45]–[47]. To be effective and precise, the GO approach
must meet two conditions: (i) the lens size must be sufficiently
large compared to the wavelength λ, and (ii) the refractive
index should vary smoothly per wavelength. This second
condition also implies that reflections can be disregarded in
the direction of the changing refractive index. As illustrated
in Fig. 1(a), in our RT model, a family of rays are traced
from the source point f (colored red) to the target points
(colored yellow) in the aperture, with the k-th ray having
a starting departure angle φk. The refractive index of the
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Fig. 2. Interface between two dielectric materials of thickness δx, where
n(xi + δx) < n(xi). (a) A ray is transmitted from the lower layer to the
upper layer when θi < θc. (b) A ray reflects at the interface when θi ≥ θc.
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Fig. 3. Illustration of the k-th ray tube to evaluate the E-field amplitude in
the lens aperture.

Mikaelian lens changes only in the vertical direction along
the x-axis, as indicated in (1). To account for this, we divide
the inhomogeneous dielectric material in the x-direction into
N homogeneous layers with a thickness of δx (δx = 2R/N ),
where the variation of the dielectric material between layers
is minimal. Figure 2 depicts the behavior of a ray at any inner
interface between two dielectric materials located at positions
xi and xi + δx, respectively, with i denoting the i-th segment
Si of the ray. Here, we assume that xi > 0 and hence n(xi) >
n(xi + δx) [other scenarios have been omitted for the sake of
brevity without losing generality]. For the i-th segment Si, the
departure angle φi is known; therefore, the incident angle θi is
equal to (π/2−φi). When θi is smaller than the critical angle
θc, which is equal to arcsin[n(xi+δx)/n(xi)], the ray transits
from the lower layer to the upper layer, and the refractive
angle θi+1 is equal to arcsin[n(xi) sin θi/n(xi + δx)], as
shown in Fig. 2(a). Otherwise, the ray completely reflects at
the interface with a reflection angle θi+1 = θi, as plotted
in Fig. 2(b). In both cases, the departure angle φi+1 is obtained
using φi+1 = π/2− θi+1 and the (i+ 1)-th segment Si+1 is
traced accordingly. As a result, with a known position of the
source point f and predefined starting departure angles φk, all
rays can be traced.

B. Electric Field in the Lens Aperture

In this subsection, the electric field in the lens aperture,
including both amplitude and phase, is obtained using the
information provided by the traced rays. First, the amplitude
Ak at each target point k of the lens aperture is computed
using the ray-tube power conservation theory [37], [40], [45],

[47]. Following the notation in Fig. 3, this amplitude is given
by the following equation:

Ak = A′
k

√
δφk

δLk (̂sk · n̂k)
(2)

where A′
k is the amplitude at a reference position near the

feed, δφk = (φk+1 − φk−1)/2 is the subtended angle of the
k-th ray tube at the source position, δLk = (xk+1 − xk−1)/2
is the width of the k-th ray tube in the aperture, n̂k is the
unit vector normal to the lens aperture, and ŝk is the unit
vector along the direction of the k-th ray outside the lens
aperture, corresponding to the local Poynting vector. The feed
amplitude A′

k depends only on the source excitation, provided
that the PPW has a constant height h. Typically, the directive
open-ended waveguide is used to feed PPW lenses. Here, we
approximate the amplitude distribution of the feed waveguide
by a Gaussian function defined as

A′
k = 10−(3ζ2/20) (3)

where ζ = φk/φ3dB is the ratio between the angle of
departure, φk, and the half-power beamwidth angle, φ3dB, the
same as in [37].

Phase Φk and dielectric loss ξk associated with the electric
field at the target point k in the aperture are obtained by
adding phase variation Φi and dielectric loss ξi in all segments
of the k-th ray. Assuming that the dielectric material for the
i-th segment of the k-th ray has a complex relative dielectric
permittivity ϵri = ϵ′ri + jϵ′′ri with a small dielectric loss
(ϵ′′ri ≪ ϵ′ri) [as usually found in dielectric lenses], the complex
wavenumber of the material is given by

ki = βi − jαi (4)

with

βi ≈
√

ϵ′rik0 = nik0 (5)

αi ≈
βi

2

(
ϵ′′ri
ϵ′ri

)
=

βi

2
tan δ (6)

where k0 is the wavenumber in the free space, ni the refractive
index, and tan δ the dielectric loss factor. Given that the length
of the i-th segment is σi = δx/ sinφi, the phase variation Φi

and dielectric loss ξi in the i-th segment of the k-th ray are

Φi = βiσi (7)
ξi = αiσi (8)

and, therefore, the phase Φk and dielectric loss ξk associated
with the k-th ray are calculated as

Φk =
∑
i

Φi =
∑
i

nik0σi (9)

ξk =
∑
i

ξi =
∑
i

(
nik0
2

tan δ

)
σi . (10)

Knowing the amplitude, phase, and dielectric loss, the E-field
distribution in the lens aperture is finally obtained as

Ek = Ake
−jΦke−ξk ŷ. (11)
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Fig. 4. (a) Geometric parameters and coordinate system for numerical
evaluation of the 3-D radiation characteristics. (b) Aperture distribution of
the equivalent magnetic current assuming the screen around the aperture is
PEC.

C. 3-D Far-Zone Electric Fields

In this work, the 3-D radiation characteristics of the planar
Mikaelian lens antennas are evaluated using a simplified
implementation of the PO approximation (i.e., the field equiv-
alence principle) [48]. This approach is based on sensible es-
timates of the fields on and in the vicinity of the antenna aper-
ture, which are particularly suitable for PPW lens antennas. As
illustrated in Fig. 4(a), we model the Mikaelian lens antenna
as a thin aperture surrounded by an infinite screen, with an
aperture electric field denoted as Ea(r

′) and r′ being any point
in the lens aperture. Under a reasonable assumption that the
infinite screen is a perfect electric conductor (PEC), the actual
source Ea(r

′) is replaced by the following equivalent magnetic
source:

Ms(r
′) = −2n̂×Ea(r

′) (12)

where n̂ is the unit vector normal to the aperture. As the
lens aperture is located in the xy plane, Ms(r

′) = 2Ea(x
′)x̂,

as plotted in Fig. 4(b), assuming that the lens works in the
fundamental TEM mode. As a result, the far-field expression
of the electric field produced by the equivalent magnetic source
in the lens aperture (S′) is given by [48], [49]

E = −jk0
e−jk0r

4πr
r̂× [−L̃] (13)

where L̃ stands for

L̃(θ, ϕ) = L̃θθ̂ + L̃ϕϕ̂ =

∫
S

Ms(r
′)e jk0·r′dS′ (14)

in which k0 = k0r̂ = kxx̂ + kyŷ + kz ẑ is a wavevector
with components kx = k0 cosϕ sin θ, ky = k0 sinϕ sin θ and

kz = k0 cos θ. Introducing (14) into (13), the far-zone electric
field can be written in spherical coordinates as

E(r, θ, ϕ) = Eθθ̂+Eϕϕ̂ = −jk0
e−jk0r

4πr
(L̃ϕθ̂− L̃θϕ̂) . (15)

Combining the equations (11)-(15) together, the far-zone
E-field radiated by the lens aperture can be finally computed
with (29) and (30), which are given in Appendix A.

With this information, we can calculate the radiation pat-
terns in the E- and H-planes. According to the coordinate
definition in Fig. 4(a), the E-plane pattern is in the yz-plane
(ϕ = π/2), and the far-zone E-field is

Er = 0 = Eϕ (16)

Eθ(θ) = jk0b
e−jk0r

2πr

sin(k0b
2 sin θ)

k0b
2 sin θ

∑
k

Ake
−ξke−jΦkδLk .

(17)
Similarly, the far-zone H-plane E-field in the xz-plane (ϕ =
0) is given by

Er = Eθ = 0 (18)

Eϕ(θ) = jk0b
e−jk0r

2πr

∑
k

Ake
−ξke−j(Φk−k0xk sin θ)δLk .

(19)
It is worth emphasizing that the H-plane is the beamforming
plane of the Mikaelian lens antenna, so more attention will
be paid to this plane when studying the lens’ beam-scanning
characteristics.

D. Reflections and Virtual Source

In the preceding analysis, a simplification was assumed in
that all the EM waves that reached the lens aperture would
be transmitted directly to the open air; that is, the refraction
between the lens and the open air was taken into account but
not the reflections. However, because of the varying refractive-
index distribution in the lens aperture, part of the waves will
be reflected into the lens. The reflected waves in the aperture
can be modeled as rays traced back inside the lens, and their
amplitude will be given by the reflection coefficients following
the Fresnel formulae.

As depicted in Fig. 5(a), a family of rays emitted from the
actual source f (colored blue) arrive at the lens aperture. For
a clearer illustration, only the rays with the departure angle
φk > 0 are plotted in the figure. These rays will continue
into free space. However, part of the EM waves will be
reflected. Due to the self-focusing property of the Mikaelian
lens, the corresponding reflected rays (colored green) converge
to a virtual source f ′, which is symmetric to the primary
source f with respect to the z-axis. At the interface z = 0,
these rays are again partially reflected and transmitted. The
transmitted rays are omitted in the figure and ignored in
our analysis because they do not contribute to the forward
radiation. The reflected rays, which are colored purple, can
be seen as emitted from a virtual source f ′ and travel to
the lens aperture where they radiate out in combination with
the originally transmitted blue rays. A portion of the EM
waves from the virtual source is again reflected/refracted in the
aperture, resulting in multiple reflections and transmissions.
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Fig. 5. (a) Illustration of ray tracing inside a planar Mikaelian lens antenna
considering the effect of a virtual source f ′. (b) Illustration of the k-th ray
in the Mikaelian lens aperture to evaluate the transmission and reflection
coefficient.

However, the effect of this is minimal and is not taken into
account in our model. Furthermore, due to the symmetry
property of the Mikaelian lens, we can observe in Fig. 5(a)
that the purple rays from f ′ are z-axially symmetric with the
blue rays from f , so they do not need to be calculated in the
code, thus reducing computation time and memory resources.

In order to quantify the amount of reflected and transmitted
EM waves associated with the k-th ray emitted from the
primary source f , we make use of the reflection Fresnel
coefficient [49], which can be expressed as

ρk =
nk(r̂k · n̂k)− ŝk · n̂k

nk(r̂k · n̂k) + ŝk · n̂k
(20)

where r̂k and ŝk are the unit vectors associated to the incoming
and outgoing directions of the rays, as shown in Fig. 5(b).
From (20), the transmission Fresnel coefficient is calculated
as τk = 1 + ρk, that is,

τk =
2nk(r̂k · n̂k)

nk(r̂k · n̂k) + ŝk · n̂k
. (21)

The magnitudes of the reflection and transmission power
coefficients are then given by [49]

Rk = |ρk|2 (22)

Tk = |τk|2
ŝk · n̂k

|nk|(r̂k · n̂k)
. (23)

Since the ray tracing provides the amplitude of the electric
field through the power conservation of the ray tube [see
Eq. (2)], the relevant coefficients for the field amplitude, here

denoted as Rk and Tk, must be obtained from the power
coefficients in (22) and (23) as

Rk =
√

Rk = |ρk| (24)

Tk =
√

Tk = |τk|

√
ŝk · n̂k

|nk|(r̂k · n̂k)
. (25)

Due to the aforementioned symmetry properties of the
Mikaelian lens, the calculation of the reflection coefficient R′

k

associated with the k-th ray of the virtual source f ′ can be
omitted since it is the same as Rk. It can also be clearly
observed from Fig. 5(a) that the phase distribution for the
purple rays is the reverse of that for the blue rays and that
the dielectric loss is the same. However, the dielectric loss of
the green rays must be calculated explicitly, and the process
is the same as that of the blue rays with an angle of −φk.

Taking all of the above into account, we finally obtain the
E-field associated with the k-th ray in the lens aperture as

Ek = Ake
−jΦke−ξkTk

[
1 +RkR

′
ke

j2Φke−(ξk+ξ
(−)
k )

]
(26)

where the first and second terms are the aperture fields asso-
ciated with the primary and virtual sources, and ξ

(−)
k denotes

the dielectric loss of the ray with a departure angle −φk.
Introducing (26) into the corresponding expressions for the
far-zone E-field, we can now obtain the directivity D(θ, ϕ)
and gain G(θ, ϕ) of the Mikaelian lens antenna applying (31)
and (32) given in Appendix B. Subsequently, the correspond-
ing dielectric efficiency ed and the total radiation efficiency
(including reflections) can be calculated.

It should be noted that all the information in (26) is provided
by the blue rays that have been traced from the primary
source f ; thus, taking into account the effect of the virtual
source does not add to the complexity of the proposed RT-PO
model.

III. NUMERICAL RESULTS

To validate the proposed RT-PO approach for planar
Mikaelian lens antennas, we consider a particular case with
R = 100mm, L = 120mm, and n0 = 2 (see Fig. 1). At
the design frequency of 30GHz, R and L correspond to
10λ and 12λ, respectively. In addition, we assume a small
dielectric loss factor of tan δ = 10−3n(x). In this section,
the height of the PPW is h = 2mm to ensure that only the
fundamental mode is operating. The numerical results of the
RT-PO model are validated by comparing them with the full-
wave simulation results acquired with the CST software. This
software has already been shown to be in close agreement with
the experimental results of multiple PPW lens antennas [50]–
[52].

A. Aperture Electric Field

First, we validate our RT procedure to calculate the E-field
in the lens aperture, a computation that is key for a further
accurate evaluation of the electric far fields. In particular, Fig. 6
shows the normalized amplitude and phase distributions of the
E-field in the lens aperture (z = L) obtained from RT and CST
at 30GHz with the source f located at x = 1λ. Following (3),
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Fig. 6. (a) Normalized amplitude and (b) phase distributions of the E-field
in the aperture of the lens obtained from RT and CST at 30GHz with the
source f located at x = 1λ (inset: illustration of the Mikaelian lens fed by an
open-ended waveguide with the width of 8.64mm; lens aperture is in green).

an open-ended waveguide feed is used as the source with the
width of 8.64mm, matching the dimensions of standard WR34
operating at the Ka-band; the height of the waveguide feed is
the same as the PPW height h of 2mm. The feed model is
adjusted at 30GHz with φ3dB = 32.5◦ and a phase center
displacement of 0.1λ within the lens.

In our first analysis, the wave reflections in the lens aperture
are omitted in the RT model [that is, Rk = 0 in (26)], and
hence we set an open boundary condition (perfect matching
layer) to eliminate the reflections in the lens aperture in the
CST modeling. In this case, Fig. 6(a) shows that both the
RT and CST amplitudes agree well with (w.) and without
(w.o.) dielectric losses, thus validating our evaluation of the
field amplitude by means of the ray-tube power, as well as
our treatment of dielectric losses. It should be noted that the
results with losses are slightly asymmetric with respect to
x = 0, because the rays arriving at the opposite position in
the aperture (z = L) pass through layers of material with
different dielectric loss factors. In Fig. 6(b), it is also shown
that the phase in the aperture obtained with RT agrees very
well with the CST results, which confirms the operation of
the proposed RT method and the accuracy of the phase of the
traced rays.

If reflections in the aperture are now included in the RT
model [Rk ̸= 0 in (26)], the E-field in the lens aperture
is calculated taking into account that is generated by both

(a)

(b)

Fig. 7. (a) Normalized amplitude and (b) phase distributions of the E-field
in the aperture of the lens obtained from RT and CST at 30GHz with the
source f located at x = 1λ, including the effect of the virtual source f ′.

the primary and the virtual source. Accordingly, the CST
simulation now contains a small extension of a PPW filled
with air after the lens aperture and “open add space” boundary
condition. The normalized amplitude and phase distributions
with and without dielectric loss are plotted in Fig. 7. The phase
results of the RT and CST in Fig. 7(b) show good agreement,
but some small discrepancies are found for the amplitude
in Fig. 7(a). These deviations are mainly attributed to the fact
that for simplicity, the effect of multiple reflections inside
the lens is not considered in the RT model. However, small
numerical errors in the amplitude of the electric field at the lens
aperture have a minor effect on the far-field calculations, in
contrast to the major influence that would have been observed
if these small discrepancies were in terms of phase. This topic
will be discussed in more detail later in Section III-B.

To better illustrate the ray tracing implemented with the
proposed approach, some additional intermediate results are
presented in Fig. 8 concerning the traced rays and the E-field
distributions inside the lens at 30GHz with the source f lo-
cated at three different locations, x = 0, 1λ, and 2λ. A good
collimation of the rays is clearly appreciated from the rays
arriving parallel to the aperture. As shown in Fig. 8(a), when
the lens antenna radiates in the broadside direction, the rays
that exit the aperture are also well aligned, corresponding to
the flat wavefront of the E-field in the lens aperture shown
in Fig. 8(d). In the CST modeling, a flare with sinusoidal shape
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f = 0 f = 1λ f = 2λ

flare

f

f '

(a) (b) (c)

(d) (e) (f)

Fig. 8. (a)-(c): Ray tracing and (d)-(f) corresponding electric field distribution
of the Mikaelian lens antenna at 30GHz with the source f located at x = 0,
1λ, and 2λ.

0
u

RT-PO

CST

f = 0 f = 1λ f = 2λ

1-1-1

1

0v

Fig. 9. Contour maps of the radiation patterns in the uv-plane at 30GHz
with the source f located at x = 0, 1λ, and 2λ obtained using RT-PO (upper
row) and CST (lower row), under the same scale.

of 2 to 10mm in height and a length of 18mm is used to
match the PPW Mikaelian lens with the free space, the same
as in [52]. In the beam-scanning scenarios corresponding to
the source f located at x = 1λ and 2λ, Figs. 8(b)-(c) show that
the rays are refracted non-parallel in the aperture due to the
varying refractive index along the aperture characteristic of the
Mikaelian lens. In accordance with the discussion in Sec. II-D,
the reflected waves from the aperture shown in Figs. 8(e)-(f)
(modeled as additional rays in the RT model, not explicitly
shown in Figs. 8(b)-(c)) converge to a virtual source f ′ that
reradiate out. Therefore, it is also clear that the total E-field
distribution in the lens aperture is the superposition of the
field from the primary and the virtual source, which applies
to the total electric far field as well. An additional observation
in Figs. 8(a)-(c) is that the rays that exit from the lateral sides

(a)

(b)

Fig. 10. Far-field directivity of the Mikaelian lens antenna at 30GHz in the
(a) H-plane (ϕ = 0) and (b) E-plane (ϕ = π/2) obtained by RT-PO (solid
line) and CST full-wave simulation (dashed line) for the source f located at
x = 0 (blue line), 1λ (purple line), and 2λ (green line).

of the lens explain the spillover effect, whose influence on the
radiation characteristics will be shown in Section III-B.

B. Radiation Characteristics

Next, we present numerical results of the radiation charac-
teristics obtained with the RT-PO model, which are compared
to full-wave (CST) simulations, including radiation patterns in
the uv-plane, principal E- and H-plane patterns, directivity,
gain, and dielectric efficiencies. The contour maps of the
radiation patterns in the uv-plane at 30GHz with the source
f located at x = 0, 1λ, and 2λ are reported in Fig. 9, where
the upper and lower rows correspond to the results of the RT-
PO model and the full-wave simulation of CST. It is apparent
that the RT-PO model precisely predicts the main beam and
the side lobes, whereas the ring-shaped side lobes caused by
the diffraction effect in the edge of the lens flare shown in
the full-wave simulations are not present in the RT-PO model.
Note that the diffraction side lobes are well below the level of
the main beam, as expected. In terms of computational effort,
the RT-PO model performs in less than 5 s, while the CST
model requires 16M cells and 30min on a computer with a
64 bit operating system and 128GB RAM.

Figure 10 shows the far-field directivity in the principal
E- and H-planes, which gives a more detailed comparison
between the results of the RT-PO model (solid line) and
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the full-wave CST simulation (dashed line). The results in
the H-plane (ϕ = 0), which is the beamforming plane, are
plotted in Fig. 10(a), where the blue, purple, and green lines
represent the curves for the source f located at x = 0, 1λ,
and 2λ, respectively. In this figure, the accuracy in agreement
of the main beam from the RT-PO model and the CST results
can be clearly appreciated. It is also apparent that the peak
directivity values are well estimated, as well as the pattern
shapes, including the side lobes in the opposite direction of
the main beam, contributed by the virtual source. Finally, we
can observe some additional lobes below 0 dBi caused by the
spillover effect. Note that these low-level lobes in the CST
results are more irregular because of the superposition of the
spillover and diffraction effects.

The directivity data in the E-plane (ϕ = π/2) are plotted
in Fig. 10(b). Since the aperture width in the E-plane is only
10mm, which is much smaller than the one in the H-plane, the
beamwidths in Fig. 10(b) are much wider. When the source f
is located at x = 0, the beam shape obtained using the
RT-PO model and the CST simulation agree well with very
small discrepancies. In beam-scanning scenarios, where the
main beam is shifted away from the E-plane, the agreement
worsens, with ripples in the CST results that are not present
in the RT-PO predictions. As mentioned above, these ripples
are mainly caused by diffraction effects; and since their level
is around 20 dB lower than that of the main beam, they are
negligible in most cases.

Fig. 11. Far-field gain of the Mikaelian lens antenna at 30GHz in the H-
plane (ϕ = 0) obtained by RT-PO (solid line) and CST full-wave simulation
(dashed line) for the source f located at x = 0 (blue line), 1λ (purple line),
and 2λ (green line).

The RT-PO algorithm also allows for the computation of the
far-field gain of the Mikaelian lens antenna considering dielec-
tric losses, which can be further used to assess the dielectric
efficiency. For brevity, only the results in the beamforming
H-plane are shown in Fig. 11. Compared to the directivity
results in Fig. 10(a), the gain patterns have a similar beam
shape with a lower peak value due to dielectric losses. As a
result, the corresponding dielectric efficiencies ed are obtained
and shown in Table I. The dielectric efficiencies obtained using
the RT-PO model agree well with the CST results, with
relatively larger discrepancies occurring in the beam-scanning
cases. These discrepancies are due to the increased dielectric

TABLE I
DIELECTRIC EFFICIENCIES OBTAINED WITH RT-PO AND CST

Model x = 0 x = 1λ x = 2λ

RT-PO 70.5% 74.5% 74.8%
CST 71.0% 71.5% 71.3%

Fig. 12. Far-field directivity of the Mikaelian lens antenna at 30GHz in the
H-plane obtained by RT-PO with or without spillover or virtual source effect
and CST full-wave simulation for the source f located at x = 1λ.

losses in multiple reflections, which are not taken into account
in our model.

To examine the impact of spillover and virtual-source effects
on RT-PO predictions, Fig. 12 compares the CST full-wave
simulations when the source f is positioned at x = 1λ
with RT-PO results with and without the spillover (SO) or
virtual-source (VS) effects. The findings reveal a notable
correspondence between RT-PO results and CST simulations,
even when disregarding the spillover and virtual-source effects,
particularly on the main beam’s shape and the main side lobes
above 5 dBi. The presence of the virtual source is clearly
evident in the orange-dotted curve, significantly impacting
directivity at angles opposing the main beam direction, con-
sequently giving rise to side lobes. The magnitude of these
side lobes is determined by the refractive-index distribution
across the lens aperture. Moreover, a comparison between the
solid-purple curve and the orange-dotted curve suggests that
the side lobes below 0 dBi can reasonably be attributed to the
spillover effect. In conclusion, for a more accurate prediction
of the radiation characteristics of the Mikaelian lens antenna,
particularly under circumstances involving strong reflections
within the lens aperture, the inclusion of both spillover and
virtual-source effects within the RT-PO model is imperative.

IV. CONCLUSION

In this manuscript, we presented an accurate and efficient
RT-PO approach for the analysis of planar Mikaelian lens
antennas. This numerical method combines geometric and
physical optics. Geometric optics is used to obtain the phase
and amplitude information of the electric field in the lens
aperture. Phase information is extracted from the rays that
are traced from the feed to the lens aperture making use of
Snell’s law, whereas amplitude information is given by the
ray-tube power conservation theory. The 3-D far-field pattern
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radiated by the lens aperture is finally computed with the field
equivalence principle, which is a PO approximation. Informa-
tion on directivity, gain, and dielectric efficiency is obtained
by considering a small dielectric loss of the lens. The unique
characteristic of a virtual source for the Mikaelian lens and
the spillover effect are further included in the RT-PO model.
The 3-D far-zone electric fields evaluated with the proposed
approach have been satisfactorily validated by comparison
to the commercial full-wave simulator CST for a particular
Mikaelian lens antenna. The RT-PO model provides a precise
description of lens radiation characteristics with a computation
time factor of approximately 300 times less than the CST
model. This feature is particularly useful when the RT-PO
model is exploited to design Mikaelian lens antennas or other
PPW beamformers through optimization. Future work will
explore the use of this RT-PO model applied to more general
Mikaelian lens antennas to improve scanning performance and
even other PPW lens antennas with arbitrary aperture shapes,
such as geodesic lens antennas.

APPENDIX

A. Far-Zone E-fields for PPW Mikaelian Lenses

For the derivation of the far-zone E-field, we start with L̃θ

and L̃ϕ in (15). For the specific aperture orientation shown
in Fig. 4, where the aperture is in the xy-plane and the
equivalent magnetic source only has the x-component, the L̃θ

and L̃ϕ are found to be

L̃θ = cos θ cosϕ
sinY

Y
Ẽa(k0 sin θ cosϕ) (27)

L̃ϕ = − sinϕ
sinY

Y
Ẽa(k0 sin θ cosϕ) (28)

where a and b are the length and width of the lens aperture
respectively, k0 ·r′ is equal to k0(x

′ sin θ cosϕ+y′ sin θ sinϕ),
Y = (k0b/2) sin θ sinϕ, and Ẽa(q) is the Fourier transform
of Ea(x). Although this Fourier transform can be numerically
computed in different efficient ways, here we propose to apply
a simple Simpson rule using the obtained E-field distribution
of the traced rays in (11). As a result, the field radiated by the
lens aperture can finally be calculated as (Er = 0)

Eθ(θ, ϕ) = jk0b
e−jk0r

2πr
sinϕ

sinY

Y

×
∑
k

Ake
−ξke−j(Φk−k0xk sin θ cosϕ)δLk (29)

Eϕ(θ, ϕ) = jk0b
e−jk0r

2πr
cos θ cosϕ

sinY

Y

×
∑
k

Ake
−ξke−j(Φk−k0xk sin θ cosϕ)δLk . (30)

B. Derivation of Directivity and Gain

For the derivation of directivity, the average radiated power
density Prad is first formed using the fields in the lens aperture
and then integrated over the whole aperture bounded by the
surrounding PEC. We assume that the magnetic field in the
aperture is given by Ha = −(Ea/ηa)x̂ where the wave

impedance in the aperture is given by ηa = η0/(̂sk · n̂k), with
η0 being the free-space wave impedance. After some simple
derivations, the directivity and gain can be obtained as

D(θ, ϕ) =
4πU

Prad
≈

4πr2
(
|Eθ|2 + |Eϕ|2

)
b
∑

k A
2
k e

−2ξk (̂sk · n̂k)δLk
(31)

G(θ, ϕ) =
4πU

Pin
≈

4πr2
(
|Eθ|2 + |Eϕ|2

)
b
∑

k A
2
k (̂sk · n̂k)δLk

. (32)
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