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ABSTRACT. The general goal of this work is to obtain upper and lower bounds
for the L2-norm of biorthogonal families to complex exponential functions as-
sociated to sequences {Ap},~; C C which satisfy appropriate assumptions
but without imposing a gap condition on the elements of the sequence. As
a consequence, we also present new results on the cost of the boundary null
controllability of two parabolic systems at time 7" > 0: a phase-field system
and a parabolic system whose generator has eigenvalues that accumulate. In
the latter case, the behavior of the control cost when T goes to zero depends
strongly on the accumulation parameter of the eigenvalue sequence.

1. Introduction and main results. In the last years, an increasing number of
authors have addressed the problem of the null controllability of coupled parabolic
systems with less controls than equations (see [3], [19], [4], [31],...). One of the most
important problems in this framework is obtaining necessary and sufficient condi-
tions that allow the system to be controlled with a reduced number of distributed
or boundary controls.

Another important problem is the study of the dependence of the so-called control
cost with respect to the final observation time 7" > 0, when T is small enough and
the corresponding null controllability result holds at any time 7' > 0. Regarding this
latter problem, we highlight the works [17], [18], [40], [23], [24], [20], [33], [43], [7],
[15], [30], [13], [14], [12], etc., where the authors study an estimate of the control cost
K(T) (for the definition, see (9)) in the case of scalar parabolic problems (problems
that, under general assumptions, are null controllable for any 7" > 0). Most of the
previous works use the moment method to obtain an estimate of the control cost.
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In order to solve both problems, a classical tool in Control Theory is the use of
biorthogonal families to appropriate sequences of exponentials in L?(0,7;C) and,
to be precise, sharp estimates on the L2-norm of the elements of the biorthogonal
family. We will provide more details in what follows.

Given {Ax},~; C C, a complex sequence of pairwise distinct elements, we will
use the following notation:

ex(t) =e Mt vt e (0,T), (1)
where T' > 0 is fixed. With this notation, we define

Definition 1.1. Let A = {Ag}r>1 C C be a complex sequence and T' > 0. We say
that the family of functions {g;}x>1 C L*(0,T;C) is a biorthogonal family to the
sequence of complex exponentials {ej},~, in L?(0,T;C), if for every k,n € N, one
has B

T
/0 ek (1) T (£) dt = G,

where the function ey, is given in (1).

1.1. State of the art. In what follows we will give a non-exhaustive state of the art
on conditions of the sequence A that ensure the existence of biorthogonal families
to the corresponding complex exponential sequence.

1.1.1. Euxistence of biorthogonal families and bounds without explicit dependence
on T. The existence of biorthogonal families {gj},~, to sequences of exponentials
{ex}>; (ex is the function given in (1)) strongly depends on the properties of the
sequence A = {Ak}k>1. When A = {Ax}ir>1 is a positive real sequence, it is well
known (see [39]) that the existence of a biorthogonal family to the exponentials
{ex}>, in L*(0,T) is equivalent to the condition

Let us provide some general properties for real or complex sequences A appearing
in the literature which imply the existence of sequences {g},~, biorthogonal to
{er} >, in L2(0,T;C) (T > 0) satisfying appropriate estimates.

The first results on existence and estimates of families {gx},~, biorthogonal to

sequences of exponentials {ey }; ., was proved in [17], [18] and [23] (see also [27], [41],
[33], [42], [28] and [29]) for increasing real sequences that satisfy

Ap € (07 OO), Ax = A(k + w)2 + O(k)> vk >1, (2)

with A > 0 and w € R.

The previous results has been extended to the complex case in [24], [4], [5] and [7].
In [5], the authors prove the existence of biorthogonal sequences {gy },~, under gen-
eral assumptions on the sequence A and prove appropriate estimates of [|qx || 1.2 (0,TC)-
Assume that the sequence A = {Ay},~,; C C satisfies

Ai # Ay, Vi ke N with i # k,

R(Ag) > 6|0kl >0, VE>1, and 3 — < oo, (3)
=1 1A
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for a positive constant §. Then, the family of exponentials {e;},~, is minimal' in
L?(0,T;C) for any T > 0 and, therefore, there exists a biorthogonal family {Gr}>1
to {ex},>, in L2(0,T;C) (see for instance [39], [37], [4], Theorem 4.1 in [5],...). In
addition, in [5], the authors prove that there exist two positive constants C; and
C5 (only depending on A and T) such that

11+ Agl? 114 Agl?
| Ak | Ak

where C7 and Cs are positive constants depending on 7" and Wy is the infinite
Blaschke product given by

1
Wi = g5 1

n>1
n#k
Nevertheless, the authors do not provide an explicit dependence of the constants C
and Cs in (4) with respect to the final time 7" > 0. This is due to the method used by
the authors to prove (4): these inequalities are first obtained in L?(0, oo; C) (T’ = o0)
and, then, proved in L2(0,T;C) (T € (0,00)) after a contradiction argument (see [5]
for the details).
Observe that, in general, a sequence A satisfying (3) does not fulfill the so-called
gap condition:

Ch Wi < ||l@xllz20,7:0) < C2 W, (4)

Aank

k,ng:fk;sn Ak = Anf >0, )

and, therefore, the elements of A could condensate.

From inequality (4), among other properties, in [5], the authors prove a general
result of null controllability for abstract parabolic problems that develop a minimal
time Ty € [0, 00| of controllability: the system is null-controllable at any time T' > Ty
and not null-controllable for T < T,. This minimal time is related to the Bernstein’s
condensation index of the sequence of eigenvalues A = {Ay},, of the generator of
the semigroup (see [5] and [8] for further details). -

1.1.2. Euxistence of biorthogonal families and bounds with explicit dependence on
T. In [17] the authors provide an approach that allows to construct biorthogonal
families {gx},~, to the sequence {ej},~, in L?(0,T) (T > 0) with explicit bounds
of the L2-norm of ¢;, with respect to the final time T. To be precise, for increasing
sequences A = {Ag}r>1 C R satisfying (2), with A > 0 and w € R, there exist
Co, 70 € (0,00) and a family {gy},~, biorthogonal to {ex},~, in L?(0,T) such that

laell oo,y < Coc®VAHH) VT € (0,m), Yk =1, (6)

(see for instance [17] and [33]).
Estimate (6) is known to be optimal with respect the factor exp (C/T') thanks to
the work [23]: under assumption (2), there exists a positive constant C; such that
for any sequence {qx }r>1 C L?(0,T) biorthogonal to {ex}xr>1 in L?(0,T), one has
M(k) ¢

C1
eT

lakll 20,7 = N vr >0, Vk=>1, (7)

where M (k) is a positive constant only depending on k and L.

LA sequence {zx}r>1 in a Hilbert space H is said to be minimal if it satisfies z,, ¢ 5pan {zy, :
k #mn} for any n > 1.
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The existence of biorthogonal families to real exponentials that satisfy (6) and (7)
has been also treated by some authors with assumptions on the sequence A different
from (2) but always under assumptions on A that imply the gap condition (5)
(see [13], [14] and [15]). We will analyse these assumptions in Subsection 2.3.

It is also interesting to remark that in [12] the authors also obtain an upper
bound of the L2-norm of biorthogonal families to real exponentials with explicit
time dependence when the corresponding real sequence does not satisfy the gap
condition (5). In [2], the authors prove similar results when the sequence does not
satisfy (5) but without proving an explicit dependence of the constants on 7.

Inequality (6) has also been generalized to the case of complex sequences. Let us
describe the result on existence and estimates of biorthogonal families to complex
exponentials proved in [7]. One has:

Theorem 1.2 ([7]). Let A = {Ay};5, C C be a sequence satisfying assump-
tions (H1)-(H5), in Definition 1.4, the gap condition (5) and

|p\f—J\/'(7‘)| <a, VYr>0o,

(N is the counting function associated with the sequence A, defined in (21)), for
some parameters B € [0,00), p,p,a € (0,00) and ¢ € N. Then, there exists Ty > 0
such that for every T € (0,Ty), there exists a sequence of C-valued functions

{ax}r>1 C L*(0,T;C)

biorthogonal to the exponentials {ey}r>1 in L?(0,T;C), ey given in (1), which, in
addition, satisfies (6) for a positive constant Cy independent of k and T.

To the best of our knowledge, Theorem 1.2 is the most general result that provides
existence of biorthogonal families {qx},~, to complex exponentials with explicit
estimates of [|qk| 12 7,c) With respect to k and T Tt is interesting to note that the
sequences under the hypotheses of Theorem 1.2 fulfill assumptions in (3) (see [7])
and, of course, the gap condition (5).

1.1.3. The cost of fast controls. Biorthogonal families play a crucial role in the
moment method. This method was developed by Fattorini and Russell (see [17]
and [18]) to study the boundary null controllability of one-dimensional scalar par-
abolic problems with second order elliptic self adjoint generator. This method uses
in a key way the existence and estimates of biorthogonal families to {ex};~,. As a
consequence of inequality (6), in [17], the authors prove that the one-dimensional
heat equation

Oy — Ozzy = 0 in (0,7) x (0, L),
y('a 0) =, y('7 L) =0 on (OvT)7 (8)
y(07 ) =Y in (07 L)v

(L > 0) is null controllable in H=1(0,L) at any time T' > 0 with controls v €
L?(0,T). In fact, they prove the existence of a constant Cy (only depending on L)
such that for any yo € H~1(0, L) there exists a control v € L?(0,T) satisfying
<
ol 20y < Coe ™ loll 0.z
and such that the solution to (8) satisfies y(T,-) = 0 in (0, L). Thus, the set
Cr (yo) == {v € L*(0,T) : y(T,-) = 0 in (0, L), y solution of (8)},
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is non empty and we can define the so-called control cost of system (8) at time T

@)= s nf ol (9)

llyoll ;y—1=1v€CT (Yo

Therefore, for system (8), one has

K(T) < Coe ™, YT >0, (10)

for a positive constant Cy only depending on L.

Again, estimate (10) is optimal with respect to the factor exp(C/T) thanks to
the work [23]: inequality (7) implies the existence of new positive constants C; and
71 (only depending on L) such that the control cost for system (8) satisfies

K(T) > Cre™, VT € (0,7). (11)

Observe that the assumptions on the sequence A in Theorem 1.2 are more general
than condition (2). Therefore, Theorem 1.2 can be applied to a large range of
scalar and coupled parabolic problems. In particular, it assures that the system
under consideration is null controllable at any time 7' > 0 (thanks to the gap
condition (5)). In addition, Theorem 1.2 provides the inequality (10) for the control
cost IC(T) as in the case of scalar parabolic problems (Cy is a positive constant).

In the framework of N-dimensional scalar parabolic problems, [40] and [20] give
an estimate of the cost IC(T) similar to (10) using different approaches: In [40] the
authors use the exact controllability of the wave equation to prove inequality (10)
for the null-controllability of the heat equation. In [20], inequality (10) is deduced
from appropriate global Carleman inequalities for general parabolic operators.

The work [30] is of special relevance because in it, the author studies the cost
of the controllability of the one-dimensional heat equation with a pointwise control
at point o and, in this framework, there might exist a positive minimal time of
null-controllability Ty € [0, 00] (which depends on zy and could take any arbitrary
value in [0, 00], see [16]). In this work the eigenvalues satisfy (5) and the minimal
time comes from the action of the control. In particular, the author proves that, if
Ty > 0, the cost of the controllability at time T° > T, when T is close to Ty, may
explode in any arbitrary way.

1.2. Three examples of sequences of eigenvalues without gap condition.
In the framework of the controllability of non-scalar parabolic problems, new phe-
nomena associated with the vectorial nature of the problem arise (hyperbolic phe-
nomena): minimal time of null controllability and dependence of the controllability
result on the position of the control domain (see [5], [6], [38], [34],...). This mini-
mal time may come from the control action itself (as in [16] and [30]) or from the
condensation index of the sequence of eigenvalues of the generator of the semigroup
associated to the system (see [5]). In this latter case, the sequence A, in general,
does not satisfy the gap condition (5). Let us provide more details in the case
of systems with a minimal time which comes from the condensation index of the
sequence.
We consider a boundary controllability problem for the generic 2 x 2 system

oy+Ly=0 in (0,7) x (0,7),
y(,O) = Bu, y('vﬂ) =0 on (OvT), (12)
y(07 ) = Yo in (O,ﬂ'),
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where L is a second order elliptic operator, with domain D(L) = H?(0,m;R?) N
H}(0,m;R?), yo € H! (0,7‘(’; Rz) is the initial datum, B € R? is the control vector
and v € L?(0,T) is a scalar control.

The null controllability properties of the first example has been analyzed in [5].
We consider system (12) with L = Ly = — (D105 + A1), with domain D(L;) =
H?(0,m;R?) N H}(0,7;R?), and

D, :=diag(1,d), d >0, d#1, and A;:= < 8 (1) > ,
(see system (48)). Observe that the sequence of eigenvalues associated to the oper-
ator Ly is A = {kQ}k>1 U {dk2}k>1' If Vd ¢ Q (and this condition is necessary
for the approximate controllability at time 7' > 0 of the system (12) with the pre-
vious data, i.e., system (48)), the sequence A()) can be rearranged as an increasing

sequence A = {Ag)}k C R that fulfills property (3). Tt is clear that A()) does
>1

not satisfy, in general, the gap condition (5). As a consequence, system (48) has

a minimal time Ty = Ty(d) € [0, 00] which, for some d, with v/d ¢ Q, is positive.
Therefore, the system is not null controllable at time T" when T' < Ty (see [5] for
the details).

The controllability properties of our second example has been analyzed in [34].
Let us consider system (12) with

— Oz 0
p=ta= (T 0 o )s D)= HOmE) N HY0.mRY), (13)

with @ € L?(0,7). In this case, the sequence of eigenvalues of the vectorial operator
Ly is given by A® = {E2} _ U {)\(2)} C R, wh {A(Q)} is th
o is given by { }k21 ey where | A"y s the sequence

of eigenvalues of the operator —d,, + Q with domain H2(0,7) N HA(0,7). When
Q € L?(0,7) satisfies

/0 " Q) da = 0, (14)

then

A — k2 e, VE>1,

with {516}1@21 € (2. In particular, lime, = 0 and A® does not fulfill the gap con-

dition (5). Assume that )‘1(3) # n? for any k,n > 1 (that, in fact, is a necessary
condition for the approximate controllability of system (12) with L = Lo, see [34]
and Section 5). In this case, the sequence A®) satisfies property (3). Again, sys-
tem (12) has a minimal time Ty = Tp(Q) € [0,00] and there exists coeflicients
Q € L?(0,7) such that T5(Q) > 0. Thus, the system is not null controllable at time
T when T < Ty (see [34] and Section 5 for the details).

Let us consider a third example of non-scalar parabolic system. In [22] the
authors study the boundary null controllability of a phase field system of Caginalp
type which is a model describing the transition between the solid and liquid phases
in solidification/melting processes of a material occupying the interval (0, 7). For
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that purpose, they consider the nonlinear system

et - fea:aa + %pg(b:m + 59 = f((b) in (07T) X (0771—)7
0(-,0) =wv, ¢(-,0)=¢, 0(-,m) =0, ¢(-,7) =c on (0,T),
9(07 ) = 907 ¢(07 ) = ¢0 in (O,W),

where: 6 = 0(t, x) is the temperature of the material; ¢ = ¢(¢, ) is the phase-field
function used to identify the solidification level of the material; ¢ € {—1,0,1}; f is
the nonlinear term which comes from the derivative of the classical regular double-
well potential W:
6) =~ (6= ¢°).

On the other hand, p > 0, 7 > 0 and £ > 0 are, resp., the latent heat, a relaxation
time and the thermal diffusivity. Finally, v € L?(0,T) is the control function, and
0o, ¢o are the initial data.

The null controllability property of the nonlinear system (15) depends on the
coefficients p, 7 and €. This property is obtained from the corresponding one of
the linear version of (15) around the constant trajectory (0,c) (see [22] for more
details). This linear system is as system (12) with y = (0, ¢) and L = L3 given by

L= Lg = —Dgawz + AQ, with

1 ro_F
D=Dy=| & % ) Az = T, ¥ |, B:( ! )
0 £ ——
(16)
In this case the sequence of eigenvalues of the operator L3, with domain D(L3) =
H2(0,m;R?) N HL(0, m;R?), is given by A®) = {A}f*”, )\;3’2)}]0 with
>1

p+1

e AT =R, YR21, (1)

+1
)\23,1) _ §k:2 + ,02T .

where 7, is given by

2
P = \/5”/42 + <”“) VR (18)
T 27

If )\](63’1) #* )\%3’2) for any k,n > 1 (which in fact is a condition equivalent to the
approximate controllability of the linear system (12) with L = L3), the sequence A®)

can be rearranged in such a way that A®®) = {AE;’) }k> is an increasing sequence
>1
that satisfies (3) for § = 1. However, if for some integer j > 1 one has
=== (19)
then, the eigenvalues of L3 concentrate and one has
: (3) 3 _
juf (A - a) =0

and condition (5) does not hold (see [22] and Section 5 for the details). Therefore, we
have another system where the associated sequence of eigenvalues does not satisfy
the gap condition (5).
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Remark 1.3. The objective of the work [22] is to study the exact boundary con-
trollability to constant trajectories at time 7', T' > 0 arbitrary, of the nonlinear
system (15). To this end, the authors follow a technique developed in [32]. This
methodology consists of obtaining a null controllability result at time T for sys-
tem (12), with L = L3, and an estimate of the cost of fast controls like (10). In
order to obtain inequality (10) for the linear version of system (15), the authors
assume the condition

1 .
£#2, VjeN
)T

This condition is crucial in [22] because it assures that the sequence A®) satisfies (5)
and the conditions in Theorem 1.2. Thus, system (12), with L = Lg, is null control-
lable at time T for any T' > 0 and the control cost K(T') satisfies (10) for a positive
constant Cy only depending on p, 7 and £. 0

1.3. Objective. We have seen three examples of sequences of eigenvalues satis-
fying (3) and for which the gap condition (5) fails. The corresponding parabolic
systems could have a positive minimal time of null controllability T and the system
would not be null controllable at time 7" when T € (0,7p). Even if Ty = 0, it is
not clear that the control cost of the associated system fulfills inequality (10) or
inequality (11) and this is an open problem.

In order to obtain sharp estimates of the control cost K(T') associated to non-
scalar parabolic systems, it is very important to prove sharp estimates for biorthog-
onal families to the exponentials associated to the corresponding sequence of ei-
genvalues of the generator when this sequence does not satisfy a gap condition.
This is the objective of this work: Given a complex sequence A = {Ay}, -, satisfy-
ing appropriate assumptions and such that inequality (5) does not hold, is there a
biorthogonal family {g},~q to {ex},>; in L2(0,T;C) (e is given in (1)) satisfying
an appropriate estimate for llgx |l LQ(O,;;(C) which, in particular, provides an estimate
of the control cost K(T')? Understanding the behavior of the control cost K(T')
for general systems as (12) would allow us to extend the null controllability result
in the one-dimensional case to some parabolic systems in any dimension (see for
instance [7, 1]) and to some nonlinear parabolic equations using the method of Liu,
Takahashi and Tucsnak introduced in [32] (see for instance, [22] and [35]).

Summarizing, in this paper we will consider a class of complex sequences A =
{Ak}r>1 C C that satisfy (3) and for which condition (5) fails. To this class of
sequences we have as our main objective to prove the existence of families {qx},~,
biorthogonal to {ex},~, in L?(0,T;C) that satisfy sharp and explicit estimates of
||Qk||L2(0,T;C) with respect to T', Aj, and some appropriate parameters associated to
the class of sequences under consideration. As a second objective, we will apply
the previous results to system (12) when L = L (see (13)) and L = L3 (see (16))
in order to obtain new results on the cost of the boundary null controllability of
these systems at time T > 0. In this sense, we will see that the accumulation of
the eigenvalues of the operator Ly implies that the corresponding control cost K(T')
has a more explosive behavior when 7" — 0 than in the scalar parabolic case.

1.4. Main results. Let us now present the main results of this work. To this aim,
let us first introduce the class of complex sequences we will work with throughout
this work:
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Definition 1.4. Let A = {A}},-, be a complex sequence and let us fix constants
pe [0,00), P,Do,P1, P2, € (0700) and ¢ €N. (20)

We say that the sequence A is in the class £(8, p, q, po, p1, P2, @), if the following
properties hold:

(H1) Ay # A, for all n, k € N* with n # k;

{Ap}n>1 is nondecreasing in modulus, i.e., |A,| < |Apy1], for any n > 1;
p|k?* = n?| < |Ax — Ay| for any n,k > 1: |k —n| > g;
P1,P2 > po and one has

_O‘+p1\/;SN(T)Sa+p2\/’Fa VT>O,
where N is the counting function associated with the sequence A, defined by
N@)=#{k: |Ax| <7}, Vr>0. (21)

Remark 1.5. Observe that from the definition of the counting function N (see (21))
associated with the sequence A = {Ar}, - € L(5, p,q,po, p1, P2, ) (the parameters
are given and satisfy (20)), we deduce the following properties:

1. For any r > 0, one has
N(r)=k < |A|<r and |Ag1] >
2. If for some kq,ke > 1 and 71,79 > 0 one has |Ag, | <7 and |Ag,| > 72, then
ki <N(r1) and ko > N(rg)+1.
We will use these properties throughout this work. O

Remark 1.6. The parameter ¢ € N in Definition 1.4 plays an important role in this
paper. Observe that in this work we are dealing with sequences A that, in general, do
not satisfy condition (5) and whose terms could condense. With condition (H5) and
the parameter ¢ we “measure” the maximal cardinal of the condensation groupings
of the sequence A, that is to say, the maximal number of elements in A around the
term Ay that do not satisfy (H5) and could condense. In fact, the parameter ¢ plays
an important role even in the case of increasing real sequences that satisfy (5). At
the end of Section 2 we will see an example of real sequence A that satisfies the gap
condition (5) and for which the parameters p; and ps increasingly depend on gq.
Sequences not satisfying the gap condition (5) have also been considered in [8]
in the real case. Motivated by extending previous results to sequences satisfy-
ing (H5), the authors introduce the so-called block-moment method. In particular
this method introduces block-biorthogonal families using a similar approach as in [5].
As a consequence, the authors do not obtain the explicit dependence with respect
to T of the L2-norm of the elements of the biorthogonal sequence. O

We will see in Section 2 that the class £(5, p, q, po, p1, P2, @) includes sequences
A = {Ar},>, satisfying (5) (e.g., sequences satisfying condition (2)), and also se-

}k21 U {de}kzl’
with vVd € Q, or A = {k*} U{k? + e}, with {ex},~, € €2, or the sequence consid-
ered in [22], see Remark 1.3). -

We are now in a position to establish the first main result of this work. It reads
as follows:

quences where the gap condition (5) fails (for instance, A = {k2
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Theorem 1.7. Let A = {Ap},~ € L(B,p,q,D0,p1,p2, ) be a complex sequence
with parameters satisfying (20). Then, given T > 0, there exists a family of complex
functions {qi }r>1 C L*(0,T;C), biorthogonal to {ey}r>1 in L*(0,T;C) (e, is given
in (1)) which, in addition, satisfies

llgrllz2(0,1:c) < Hiexp Pk, (22)

T

1 2
c (1+7—t2 |Ak+(+m)>

for every k > 1. In (22), C is a positive constant only depending on |A1], 5,
po and « (increasing with respect to «), and P, H1 = Hi(p,q,p1,p2) and Hy =
Ha(p,q,p1,p2,T) are respectively given by

Py = II A — Ao, VE>1, ifg>2, (23)
{n>1: 1<]k—n|<q}

Pr =1, forevery k > 1, ifq=1,

2q—2
L+ pp3 +¢°
H1<P7Q7p17p2) <2 B

p2p4
4 g 212 (24)
Hl(p7 qaplap2) = < 2p52> y when A 1is real
PPy
and
1+
HQ(p7Q7p17p2aT):l+q+\/T—|— 5 2(]+p27

p=Dp1 (25)

1
Ha(p,q,p1,02,T) =14+ q+ VT + /)27 + p2, when A is real.
1

Remark 1.8. It is clear that if A = {A;},-, is a sequence satisfying the assump-
tions in Theorem 1.2 for some parameters 8 € [0,00), p,p,a € (0,00) and ¢ € N,
then A belongs to L(5, p,q,p, p,p, ), and satisfies

Ak —Ap| >v>0, Vkn>1:k#n,

for a positive constant 7. As a consequence, we can apply Theorem 1.7 and de-
duce the existence of {gx}r>1 C L?(0,7T;C), a biorthogonal family to {ex}x>1 in
L?(0,T;C), satisfying (22). Thanks to the previous gap condition, we get Py = 1,
ifg=1, or

Pk < ’7272(17 vk > 17 if q > 2.

Combining this inequality and (22) we deduce (6) for a positive constant Cy inde-
pendent of k£ and T. Therefore, Theorem 1.7 is a generalization of Theorem 1.2 to
the case of complex sequences that do not satisfy the gap condition (5).

We will also see in Section 2 that Theorem 1.7 generalizes the results on bounds
of biorthogonal families to exponentials proved in [17], [33], [15], [13] and [14]. O

The quantity Pj in Theorem 1.7 provides a measure of the condensation of the
sequence A. When condition (5) holds, then, there exists a constant C > 0 such that
|Pr| < C for any positive integer k. But in general, Py could have any explosive
behavior with respect to k (see for instance Remark 5.8).

In the next result we will prove that inequality (22) is optimal with respect to
Pi. This is our second main result:
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Theorem 1.9. Let A = {A;},~ C C be a complex sequence satisfying
Ak — Ap| S v |K? —n?|, Vk,n>1, (26)

forv >0, and A € L(B,p,q,po, 1,02, ), for parameters satisfying (20). Then, for
any sequence {qx}r>1 C L*(0,T;C) biorthogonal to {ex}r>1 in L*(0,T;C) (ey is
given in (1)), one has

6 e 1
||qk||L2(0,T;C) 2 max {71.28]6 ery/ §|A1] + BYak 5k} Pr, Vk =3, (27)

where Py, is given in (23),

pera2@= Db WD (2k+g 1)l

B (g +3)! (L+ 0T 2k + g+ 1) if k <q,
k =
o= D Gtk D" (@ktg-nt
(q+3)' (Qk—q)! (1+VT)2k+q+1 (2k+q+1)!> > q,
(28)
(k+q—2)! (2(k+q)—3 2
Th+a—2 57— TolMl) i<k <q
&= 1/2 (29)
(2¢ —2)! (4q—3 .
T2 \ gy Ol ) if k> q,

and 0 is a positive constant only depending on 8 (6 =1 when 8 =0).

Remark 1.10. It is important to note that the main estimates of [|qx[;2(o 1) In
Theorems 1.7 and 1.9 are a combination of two phenomena. The first one comes
from the fact of having an infinite family of exponential functions associated to the
sequence A. This introduces the terms

1+ p2)?
C (1 + HQ(PaQ7P17p27T) \% |Ak| + (1—?2)>‘|

in inequality (22) of Theorem 1.7, and

6
maX{QBk eTll',gk}
T

H1(p,q,p1,p2) €xp

in inequality (27) of Theorem 1.9. This kind of terms also appears in the case of
sequences satisfying the gap condition (5). The second phenomenon is new. It is the
contribution of the condensation of a finite number of elements of the sequence A.
This condensation introduces the factor Py in inequalities (22) and (27). Of course,
this new term does not appear when the sequence A satisfies the gap condition (5)
(see Remark 1.8). Observe that even if this term involves a finite number of elements
of A, its contribution to the corresponding control cost IC(T') of the associated
parabolic control problem could be more explosive than the contribution of the first
one (see Remark 5.8). To our knowledge, this is the first time where this fact has
been highlighted. O

Remark 1.11. Theorem 1.9 generalizes the results proved in [23], [13] and [14] to
general complex sequences that might not satisfy the gap condition (5). g

Remark 1.12. In [11], the authors revisit the block moment method and obtain
similar results to those of Theorem 1.7 under similar conditions on the sequence A
using a different approach. To be precise, the authors use the Laplace transform
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and an explicit estimate of the norm of the restriction operator between the space
generated by the exponentials in L?(0, c0; C) and the space generated in L2(0,T’; C).
O

As an application of Theorems 1.7 and 1.9, we will study the cost of fast controls
K(T) for system (12) in two situations in which condition (5) does not hold:
1. First, we will analyze system (12) when the operator L = Ly is given by (13)
with @ € L?(0,7) such that the sequence of eigenvalues of Ly is given by

AR — {kQ,kz +€7k2~}
k>1

and 7 € (0,1). In this example the minimal time associated to system (12)
with L = Ly is Tp(Q) = 0. Observe that the sequence A(?) does not satisfy (5)
and, therefore, Theorem 1.2 cannot be applied. We will see that the sequence
A® fulfills the assumptions in Theorems 1.7 and 1.9 and, as a consequence,
we will obtain new estimates from above and from below for the control cost
K(T) associated to system (12) for L = Lo (see Theorems 5.9 and 5.10). These
estimates show that the fast controls for system (12) with L = Lo are more
violent than those of the heat equation. This violent behavior comes from the
condensation of the eigenvalues of the elliptic operator Ls.

2. We will also study system (12) with L = L3 (see (16)), and p, 7 and £ positive
constant satisfying (19) for an integer j > 1. In this case we will check
that system (12) is null controllable for any T > 0 and the corresponding
control cost I(T") satisfies (10) for a constant Co = Co(p, 7,&) > 0. With this
example we generalize the null controllability result obtained in [22] for the
linear version of (15).

In a forthcoming paper (see [9]) we will carry out a more in-depth analysis of
the cost of fast controls I(T') of parabolic systems with a positive minimal time Tg
which comes from the condensation index associated to the sequence of eigenvalues
of the generator of the corresponding Cp-semigroup.

1.5. Plan of the paper. The plan of the paper is the following: In Section 2, we
will study some general properties of the sequences A in L(8, p, ¢, po, p1, P2, @), with
parameters satisfying (20). We will also provide in this section some examples of
sequences A in the literature that satisfy the conditions in Definition 1.4. Sections 3
and 4 will be respectively devoted to the proofs of the main results of this work,
namely, Theorem 1.7 and Theorem 1.9. Finally, in Section 5 we will apply the
results on general bounds of biorthogonal families to complex sequences that do not
satisfy the gap condition (5) to system (12) when L = Ly (see (13)) and

O'(LQ) — {]{/,27 k2 + e—k2’Y}

k>1

with v € (0,1), and when L = L3 (see (16)) is such that p,7,£ € (0,00) sat-
isfy (19) for an integer j > 1. Some results presented in this fifth section have been
announced in [21].

2. Some general properties of sequences under the assumptions of Defi-
nition 1.4. Some examples. We will devote this section to prove some general
properties of sequences A in the class of Definition 1.4. These properties will be
used in the proof of Theorems 1.7 and 1.9. We also complete this section with some
examples of sequences A that fulfill assumptions in Definition 1.4.
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2.1. Some relations between the conditions in Definition 1.4. Real se-
quences. Let us first analyze the conditions which appear in Definition 1.4 and
condition (26) because in some particular cases they are redundant. To be precise,
let us first check that the properties (H1)—(H5) and (26) imply property (H6) for
some pg, p1, p2 and a. One has:

Proposition 2.1. Let A = {A;},~; C C be a complex sequence. Then,

1. If A satisfies properties (H1), (H4), (H5) and (26) for some p,v > 0 and
q > 1, then, (HG) holds, with

po=i pl=i pzzia:maX q— M M4—1 M4—1.
Vv v VP p N e Vv

2. Assume now that A fulfills (H1), (H4) and (HG6) for some positive constants

Do, P1,P2- Then}
(a) If A satisfies property (H5), then

< } (30)

(b) If (26) holds, then

\} < p2.

Proof. Let us first assume that A = {A;}, ., C C satisfies the assumption in item

1 of the proposition, and let us prove that (H6) holds for appropriate parameters
Po; p1, p2 and o

From (H5) and (26), we have p (k* — n?) < [Ay| + [A,], for any k,n: k >n+q,

and [Ay| — [A,| < v (k* —n?), for any k,n : k > n. In particular,

Ael > p (K> —1) = [A1], VE>q+1,
{|Ak|sV(k2—1)+|A1|, Vh > 1.

Let us consider r > |A,41]|. Taking into account the first item in Remark 1.5, if
N(r) =k, then k > ¢+ 1, |Ax| < r and |Agy1| > r. The first inequality in (31)
glvesr>p(k2—1 |A1|,1e

/ Ay [1Aq]
)=k< |1 f+ |71+1 Vr > [Agyal. (32)

On the other hand, the second inequality in (31) also provides r < v [(k’ +1)° 1] +
|A1| and

_ 1M \/1 _ A \Aﬂ
N(r)—k>—1+\/yr Lo f\f 1. (33)

Observe that this inequality is also valid when 0 < r < |Agy1]|. In the previous
reasoning we have used the inequalities

Va+b<a++Vb, Va,bel0,0),
Va—b>+va—Vb, Va,bel0,00), a>b.

Let us now take r such that [A1] <r < |Ag41]. In this case,

N(r )<q<7\f+q—ﬁ\/|/\1|

(31)

(34)
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Finally, when r is such that 0 < 7 < |A¢], N(r) = 0 < \/r/\/p. We deduce then
that A satisfies (H6) with pg, p1, p2 and « given in the statement. This proves the
first item.

The second item in the statement can be deduced from (32) and (33). Indeed, if
A satisfies (H5) and (HG), one has (32) and p1+/r — a < N(r), for any r > 0. This
clearly implies (30). On the other hand, if the sequence A satisfies (26), then (33)
holds. Combining this inequality with the second inequality in (H6), we get the
second point in item. This proves the result. O

Remark 2.2. Property (H5) does not imply, in general, (H6), even for increasing
positive real sequences. Indeed, A = {kz3}k>1 is an increasing positive real sequence
that satisfies (H5), with p = 1 and ¢ = 1, and does not satisfy (H6).

Something similar can be said for property (26): A = {k},~, is an increasing
positive real sequence that satisfies (26) with v = 1 and does not satisfy (H6).

On the other hand, sequences A satisfying (H1)—(H5) and (26) for 5 > 0, p,v > 0
and ¢ > 1, also satisfy condition (H6) with parameters pg, p1, p2 and « given in the
statement of Proposition 2.1. In conclusion, A € L(8, p, q, o, p1, P2, ). O

Remark 2.3. Observe that, if A is a sequence under the conditions of item 2 in
Proposition 2.1, from inequality (30) we also deduce

1 1
0<p<—, ppi<1l, and pp1 < p< —. (35)
Po Do
These estimates will be used later. O

Let us now analyze the case of increasing positive real sequences A = {A;},~; C
(0, 00). This case is specially interesting because some assumptions in Definition 1.4
are direct. For instance, A satisfies (H1)—(H4) for = 0. In addition, one has:

Proposition 2.4. Let A = {Ak}k21 be a positive real sequence satisfying (H1),
(H}) and (HG) for some po,a € (0,00), with pr = pa = p > po. Then, A €
[-:(07p7q,p0,p,p7 (1) and (26) hOsti with

1 1/2+a)
q = 3a, pf@ and 1/3( ’ > . (36)

Proof. Let us take A = {A},~; C (0,00), asequence satisfying (H1), (H4) and (H6)
for some pg,a € (0,00), with p; = po = p > po. It is clear that A satisfies (H2)
and (H3) for 8 = 0.

Let us see that A also satisfies (H5) for appropriate constants p and ¢. Indeed,

using (H1) and (H4) we infer that A is an increasing positive real sequence. Thus,
N(Ap) =k, for any k > 1, (see (21)) and, from (H6) (p1 = p2 = p), we deduce

k—a<py/Ar<k+a, Vk>1. (37)

If k,n € N are such that k —n > 3, then, k > « and inequality (37) provides
pz(Ak—An)>(k—a)2—(n+a)2_k—n—2a_17 20 1
k2 —n2 = k2 —n2 - k-n k—n =3

Therefore, sequence A satisfies assumption (H5) for ¢ and p as in the statement of
the proposition.
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Let us now check property (26). To this end, we will again use (37). Without
loss of generality, we can assume that o > 1. Thus, if @ < n < k, one has

Py - (e
k2 —n2 — k2 —n? B k—n
On the other hand, if n < a < k, Le, if n < |a| < |a] +1 <k (|-] is the floor

function: given x € R, |z] is the greatest integer less than or equal to z), we also
deduce

1
S1—|—2a§§(2—|—a)2.

P (Ae—A) _ (k+0)® _ (laJ+a+1)? 1
< < —
k2—n?2 T kK-|al?” 2a/+1 3

In the previous inequality we have used that a > 1.
Finally, let us assume that o > 2 and take n < k < a. We can write

2 _ 2
k2 — n? 2k —1 3

Summarizing, property (H5) holds for v given in (36). This ends the proof. O

2+a)’.

Remark 2.5. Let us consider A = {Aj},~,, an increasing positive sequence, sat-
isfying property (H6) with py = po = p > 0. In this case, this condition can be
written under the equivalent form

1
A= Sk +O(k), VEk>1. (38)
p

Indeed, from (H6) with p; = pa = p, we infer (37), i.e., pv/Ax = k+ O(1) for any
k > 1. So, (38) holds. On the other hand, from (38) we deduce

1 1
Sk —onk <Ay < Sk +ank, VE>1,
p p
with ag > 0. Thus, given r > 0, if N'(r) = k, then, (see Remark 1.5) we also have

1 1
Sk —ok <Ay <7 and r<Appg <

p, e 5 (k+ 1%+ o (k+1),

ie.,

1

2<pa1+p p*a +4T)Sp\/?+p2a17

1
N(r)+1:l<:+1>2< p2ai + py/pa +4r)>p\/;—2p2a1.

Therefore, (H6) holds with pg = p; = p = p and

1
—p2aq + 1} .

o = max {pzal7 5

Observe that, in particular, if A = {Ag}, -, is an increasing real sequence such
that (2) holds, then A also satisfies (H6) with A = 1/p2. Proposition 2.4 implies
that A = {Ak}k21 € L(B,p,q,po,p1,p2, ) and (26) holds for § = 0, pyp = p1 =
p2 =p=1/VA, a € (0,00) and ¢, p and v as in (36). Therefore, Theorems 1.7
and 1.9 generalize the results on estimates of biorthogonal families established in [17]
and [23]. O
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2.2. Some additional properties of sequences in the class £. Let us continue
showing some properties for sequences A in the class £(5, p, g, po, p1, p2, ). One has:

Lemma 2.6. Let A = {Ar},~ € L(B,p,q,P0,p1,p2, @) be a complex sequence with
parameters satisfying (20). Then,

1

A <oo and |Ag] < R(Ag) + BVR(AE), VE>1. (39)
k

k>1

On the other hand, there exists a positive constant C, only depending on |A1]|, B,
po and « (increasing with respect to o), such that

1 1 C(1
—(k—a) < V|Ae| < —k+ (742”’) Vk > 1. (40)
Y2 b1 PP1
Proof. Let us take a sequence A = {Ax} k>1 under assumptions of the lemma. From
items (H4) and (H6) of Definition 1.4, we have that:

1 1 <1 @+ po/r
I ~d = — dr < —d
Z|Ak| /|A17" N (r) /Aller(T) T/Al r2 r

o 2p2

+
A1l /A

On the other hand, using assumption (H3), we deduce that

Al = R(A)? + S(A0)? £ RN + B2R(A) < (R(AL) + BVR(AL))

Therefore, we have the proof of (39).

Let us now prove property (40). Let us first assume that A is a positive real
sequence in L(8, p, q, po, p1, P2, ) (8 = 0). We have that N'(Ag) = k, for any k > 1.
In particular, taking r = Ay in assumption (H6), we deduce

k—a k+a k «@ k a 1 k a 1
<WVAR < =—+—<—+——mpi < —+ ——,

P2 pr P op o poppi ' T pi poppd
In the previous inequality we have used (35). This shows inequality (40) in the real
case.

Let us now assume that the sequence A € L(S,p,q,po,p1,p2, ) is complex,
ie, B > 0. As before, we are going to work with property (H6) with r = |[Ay]
(k > 1). From Remark 1.5, (H4) and (H6) (see Definition 1.4), we can write that,
if n =N (JAk|), then k < n, |Ax| = |A,| and

— —a+N(|A A
atn _—a+N( k|)S |Ak‘§a+/\/'(| k|):oz—i-n7 WE>1. (41)
b2 P2 p1 b1

In particular, £ < n and
—at+k<—a+n<p/|Ag|, VE>1

This proves the first inequality in (40) in the complex case.
In order to show the second inequality in (40), let us estimate n = A (|Ag]). As
|Ak| = |An]|, using property (H3), we infer

[R(A)? — R(AK)| = [S(A0)? — S(A0)°] < B(R(AR) + R(A)),
that is to say,

< 0

2

vk > 1.

[R(Ar) — R(A,)| < B2
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Again, assumption (H3) also provides the inequality

Ak = An| < [R(AR) = R+ [S(AR) = S(An)| < 52 + 26/ | Ak

If |k — n| > ¢, combining the previous inequality and assumption (H5) we obtain

plk—n|(k+mn)=p|k? —n?| <|Ax — Ap| < 5%+ 28/ Ak

2+ 28/|A
n—k:k—n<max{q,wk|}7

p(k+n)

Thus,

ie.,

n§k+max{q

B2 + 26/ | A
To(k+N(A]) [

and, from (41)

8% +2B/[Ax]
p“/|Ak<a+k+maX{q7p(k—H\/’(|Ak|))}' (42)

If the maximum in (42) is ¢, in particular,

pivV Ak <EkE+a+q.

Taking into account inequalities (30) and (35), we also deduce

o+ o+
plmﬁk—i—iqppl §k+w.
PP1 PP1

Thus, we get the second inequality in (40) for a positive constant C' only depending
on « and py and increasing with respect to «.

Let us now assume that the maximum in (42) is given by the second term. Using
again (H6) and (35), for k > a, we can write

p1M§k+a+mgk+a+ ﬁ2+2ﬁ\/m
p(k+ N (|Ak])) p(k—a-i-pl\/M)

1 21284 /]A
cpp 1 BA2VIN
PP1 Po pp1/ | Ak

This inequality provides the second inequality in (40) when k > « for a positive
constant C' only depending on |A1|, 8, po and « (of course, increasing with respect
to ).

Finally, let us consider the case k < a. Thus, there exists a positive constant C
(only depending on « and increasing with respect to «) such that

k C
\/|Ak|§0§*+72-
b1 PP
In the previous inequality we have used (35). This ends the proof. O

Remark 2.7. Analyzing the proof of Lemma 2.6 we deduce that, in fact, if the

sequence A is real, then the second inequality in (40) can be written as follows:

there exists a positive constant C, only depending on py and « (increasing with

respect to «) such that

C
2 )
1

1 1
—(k—a) < VAL < —k+ Vk > 1. 43
PQ( ) ‘ k' b1 194 ( )
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In particular the previous inequalities are independent of q. We will use this prop-
erty for real sequences A throughout the paper. O

Remark 2.8. From Lemma 2.6 we deduce that, if the sequence A = {A}x>1 isin
the class L(8, p, ¢, po, P1, P2, @), then one also has (3) for some ¢ > 0, only depending
on 8 (6 =1 when 8 = 0). As said before, property (3) implies that the family of
exponentials {ex},~, €k is given in (1), is minimal in L?(0,7;C) for any T > 0.
Thus, there exists a biorthogonal family {gx},~, to {ex},~, in L?(0,T;C) (see for
instance [39], [37], [4], Theorem 4.1 in [5],...). - O

2.3. Some examples of sequences in L(53,p,q, po,p1, P2, ). Let us complete
this section providing some examples of sequences A = {Ay}r>1 such that A €
L(B, p,q, o, 1, p2, @) for some parameters satisfying (20). In order to have a clearer
exposition, we will present the results and we will include the corresponding proofs
in an appendix, at the end of this paper.

In [13] and [14], the authors consider increasing real positive sequences A =
{Ax}r>1 C R satisfying a “global gap condition”:

Y < VA1 — VAL <m, VE>1, (44)

and an “asymptotic gap condition”:

Y < VAp+1 — VAR <A, YE> N,

where N > 1 and 79, 71,75,75 € (0,00) are such that 0 < 4 —~% < 71 — 0. Under
these assumptions on A the authors obtain general and precise upper and lower
bounds for biorthogonal families as (6) or (7), paying attention to the dependence
of the constant Cy and C; with respect to the parameters g, v1, 7§ and 77

One has:

Proposition 2.9. Let A = {A}, -, C (0,00) be a real sequence satisfying (44) for
two constants vyo,v1 > 0. Then, A € L(0, p,q, po, 1,2, ) and (26) holds with

1 1 { VA \/Al}
Po=pP1= —, b2 = ) @ = Imax 1777 )
a! Yo Y0 a!
. a1 5, 2 o1 5, 2
g=1, p=min %,gmﬁrg%vm and v = max 717571+§71\/A1 .

In particular, the gap condition (5) holds.
For the proof, see A.1.

Remark 2.10. Sequences A = {Ay},; C (0,00) under the assumptions of Propo-
sition 2.9 satisfy the general assumptions in Theorem 1.7 and Theorem 1.9 with
parameters given in the statement of the proposition. Observe, in particular, that
g =1 and P, = 1. Thus, Theorems 1.7 and 1.9 cover the results in [13] and [14]. O

We continue our analysis of real sequences that fulfill general assumptions pre-
viously discussed in the literature. In [15], the authors consider a real increasing
sequence A = {Ay},~, that is given as

A= {)\’(“1)}1@1 Y {)\’(“2)}1@21 ’
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with {/\,(Cl)}l€> and {x\,@}k> two increasing sequences of positive real numbers
>1 >1

satisfying

1
A — SR < ek, <k, Vk>1,
Y

@ 1.,
N = gk
2

! (45)
; @ O T
Tllr%fl AL An| > . vk > 1,

and the strong gap condition

VAL = VA > e, A VA 2 e, VR, (46)

for some positive constants my, o, ¢1,¢o and r. For this class of sequences, the
authors prove the existence of a sequence {q;},~, C L*(0,7) (T > 0 is given)
biorthogonal to {ej},~, (ex given in (1)) in L?(0,T) which satisfies (6) for a posi-
tive constant Cy independent of k and T and uniform for the class of sequences A

satisfying the previous assumptions.
One has:

Proposition 2.11. Let us consider two increasing sequences of positive real num-
_ )y _H® o
bers Ay = {)\k }k21 and Ay = {)\k }kzl satisfying (45) and

AV A >0 and A2 AP > VE>1, (47)

k+1 k41
for some positive constants 71, wa, cg, ¢1 and r. Then, the sequence A = Ay U Aq
can be rearranged as an increasing sequence A = {Ak}k>1 satisfying the gap con-
dition (5), A € L(B,p,q,p0;p1,p2, ) and (26), with 8 = 0, py = min{m, m},
P1 =p2 =p=T1+ T2,

o= maX{Z—l— %cl (7‘(% +7T§) ,C1 (W% +7r§)}

and q, p and v given in (36).
The proof of this result can be seen in A.2.

Remark 2.12. Observe that the sequences {)\,(cl)}k and {A,@}k satisfying
>1 >1

(45), for some positive constants 71, o, ¢; and 7, and the strong gap condition (46),
with ¢g a positive constant, in particular, fulfill assumptions (45) and (47) in Propo-
sition 2.11 (and, therefore, the general hypotheses imposed to general complex se-
quences {Ay},~, in [7]; see Theorem 1.2). Thus, the results on existence and sharp
estimates of biorthogonal families established in [15] can be deduced from the corre-
sponding results proved in [7]. Of course, Theorem 1.7 generalizes the results in [15]
and [7] to complex sequences that do not satisfy the gap condition (5). O

In [5] the authors prove the existence of a minimal time of controllability for
some parabolic problems. This minimal time is related to the condensation index
of the sequence of eigenvalues of the corresponding operator. In order to illustrate
the existence of this minimal time, the authors consider the system

oy — (D18m+A1)y:0 in (O,T) X (O,7r),
y(,O) = Bu, y('vﬂ) =0 on (OvT)’ (48)
y(0,) = yo in (0, ),
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where B € R?, v € L*(0,T) is the control,

D, :=diag(1,d), d >0, d#1, and A1::<8 (1)>

The sequence of eigenvalues associated to the operator Ly = —(D10,, + A1), with
domain D(L;) = H%(0,m;R?) N H}(0,7;R?), is given by A = {k2}k>1 U {dk2}k>1.

Recall that the condition v/d ¢ Q is necessary for the approximate controllability
of the system (48) at time 7" > 0. On the other hand, under this assumption,
there exists a minimal time Ty = Ty(d) € [0, 00] such that the system is not null
controllable at time T" when T' < T (see [5] for the details). In our second example
we will consider the sequence of eigenvalues associated to this system:

Proposition 2.13. Let us consider d € (0,00) such that Vd ¢ Q. Then, the
sequence A = {kz}k>1 U {dkz}k>1 can be rearranged as an increasing sequence

A= {Ak}k21 satisfying A € L(B, p,q, po,P1, P2, ) and condition (26) with § = 0,
bo = 1z
1 51 81
p1:p2:p:1+ﬁ, a=2 q=2, ngﬁ and 1/:5? (49)
The proof of Proposition 2.13 can be found in A.3.

Let us now analyze a fourth example of sequence A which satisfies (26) and the
general conditions appearing in Definition 1.4. With this example we cover the kind
of sequences associated to some parabolic problems studied in [34]:

Proposition 2.14. Let us consider two real positive sequences Ay = {/\,(cl)}k> and
>1

Ao = {)\,(f)}k>1 = {)\,(cl) + Ek}k>1 where {Ek}k21 is a real bounded sequence. As-
sume that Ay satisfies Ay € L£(0, p1,1, 70, 71, T2, 1), for p1,mo, T, T,y € (0,00),
and (26), for v =1, € (0,00). On the other hand, assume

A2 LAD ke > 1, withk#n, and AN £AD VEn > 1,

Let us take €9 = supy>1 |ex|. Then, the sequence

{)\’9)}1@1 - {)\22)}1@21

can be rearranged as a positive increasing sequence A = {Ay},~, satisfying A €

5(07P7Qa7707p17p2704) and (26)7 with /8 = 07 P1 = 27717 P2 = 2772; & = T24/€0 + 20{1,
q = 2 and p and v positive constants only depending, resp., on p1 and 9 and on
p1, V1 and €g.

For the proof, see A.4.

Remark 2.15. Proposition 2.14 covers the sequence of eigenvalues of operator L
in system (12) when L = Lo (see (13)). We will use this proposition in Section 5.
O

Remark 2.16. Under assumptions of Proposition 2.14, observe that the sequence
A satisfies the gap condition (5) if and only if

liminf |e| > 0.

On the other hand, analyzing the proof of Proposition 2.14, it is possible to pro-
vide some additional information about parameters p and « in Proposition 2.14
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when the sequence {e},~, satisfies appropriate properties. Indeed, when the
bounded sequence {ex};~; is such that eo = supy>; |ex| satisfies

el <eo< B R,
then, the sequence A can be explicitly defined by (see (133)):

min AV A e}, k=201,
Ap = (50)

max (AN e}, it k=20,
for any k£ > 1. In addition, from the proof of Proposition 2.14, we can deduce
Ap— Ay > %(kz—nZ), Vk,neN:k>n+2,
Ar—A, <4 ;LEO (k2 —n?), Vk,neN,

i.e., we can take p = p1/16 and v = (11 + €¢) /2 in Proposition 2.14. We will use
this observation in the proof of Proposition 5.6. O

As said in Remark 1.6, let us finalize this section with an academic example of
a positive sequence A in the class £(0, p, q, po, p1, P2, @) with a parameter g which
can be chosen as large as we want. With this example will see that the parameters
p1 and po are increasing with respect to g. To this end, let us fix a positive integer
m > 2 and define

‘-1

A:{k2+ k> 1, 1g£gm}. (51)

It is clear that the set A can be written as an increasing positive sequence A =
{Ak})~, that satisfies the gap condition (5). Let us see that it also satisfies A €

L(0, p,q,p0, 1, P2, ), for appropriate parameters, and condition (26), for v > 0.
One has:

Proposition 2.17. Let us take a positive integer m > 2 and consider the sequence
A defined in (51). Then,
1. Ae ‘C(Oapaqap07plap25a)7 with q=m, po = 2; bPr=p2=m,ax=1m and
2
2m — 1)(2m + 1)’
In fact, property (H5) does not hold if ¢ < m — 1.
2. The sequence A satisfies (26) with
dm —1
v ———.
m(2m+1)

"

Proof. If m > 2, it is clear that the sequence A is an increasing sequence that
satisfies items (H1)—(H4), with 5 = 0. Let us check (H5), (H6) and condition (26):

(a) Let us prove item (H6) for the sequence A. To be precise, let us see
—m—+myr <N(r) <myr, Vr>0, (52)

where N (r) is defined in (21). First, if » € (0,1), N'(r) = 0 and it is clear that (52)
holds.
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When 7 > 1 the function N(r) is given by

o (-1 < (-1 -
= k: k’2 — < = - < = .
o Ly I
On the other hand, we can explicitly calculate N'(r): Given r > 1, there exists
an integer k > 1 such that r € [k2, (k + 1)?). In this case,
¢

~ /-1 ~
mk—m+4£, if re W+x2+>,mm1gegm,
m m

N(r)= (53)

mk, if re[k®+1,(k+1)%).

m

Indeed, if r € [k2+z_71,k2+ Z)7Wich€N:Z§m, then, foranyﬂ:lgggz,
(-1 (—0+1
k2 + i
m

m

k% +

-1
r———¢€
m

> C [k (k+1)%),

and\‘ r—HJ =k=[r]. Also,iff:?—l—lﬁffm,onehas

m

(-1 (-1 0—0—1
r—elﬁ—- - )C[%—lf&%,
m m m

and { r— e_mlJ =k — 1. We deduce in this case

N(r):i\‘\/r—g_mlJ =mk—m+L=m|V/r| —m+7,

=1
and the first equality in (53).
Now, if r € [k2 +1,(k+ 1)2), we can apply the same reasoning as before and
deduce the second equality of (53).
Let us now prove the first inequality in (52) for » > 1 (the second one is a
direct consequence of (53)). As before, assume r € [k?, (k+1)?) with k& > 1 an

appropriate integer. Thus, if r € [kQ + %, k24 £ ) , with (eN:(< m, then

m

N(r)+m—m\/1::mk+2—m\/77>mk—m\/k2+£+z
m

:(mk+@2*(m”9+ﬂﬁ>: 2+ ml(2k — 1)

mk 4+ 0 +my\/k2 + L mk + 0 +my/k2 + L

> 0.

Finally, if r € [k:2 +1,(k+ 1)2), we can write

N(r)y=mk>m(yr—1).
This proves (52) and property (HG6) for the sequence A with pg = 2, p1 = pa = m
and a = m.

(b) Let us now see that property (H5) holds for ¢ = m (and an appropriate
parameter p > 0) and is not valid if ¢ < m. To this end, let us first provide the
expression of the terms of the sequence A. It is not difficult to see that, given an
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integer k > 1, this can be written as k = mk + ¢, with k > 0 and ¢ € N with
1 < ¢ < m. Thus,
~ 2 (-1
Mo (fa) w0
m
Negative part: Fix ¢ € N, with 1 < ¢ < m — 1, and take n = mk + 1 and
k=mk-+q+1, with k > 0, an arbitrary integer. It is clear that k—nm=¢ <m—1
and

Ap—A, (E+1)2+%—(?§+1)2 - 1
R —n? (m%+q+1)2—(m%+1>2 7m<2m%+2—|—q>

We deduce that property (H5) is not valid when ¢ < m — 1.
Positive part: Let us take ¢ = m and n,k > 1 with k —n > ¢q. In this case,

— 0, when k — oco.

k=mk+0ly, n=mn+/0, withn,l,kly€eZ 1<,0;<mandk,7>0.

Observe that, using k —n > g = m, we can conclude k—n > 1. So,

Ae—n,  (F-7) (E+ﬁ+1>+(ﬁ_ﬁ>+%

k2 —n? (mk+€2) mn+€1)

><k n)(k—kn—&-l)—i—k—n—l—i—*
B (m ) (m7 +1)°
- E+n+1 1 2

> . .
m('k?—ﬁ) +m—1 m(%+ﬁ+1) +1 2m-1 2m+1
This shows property (H5) for the sequence A with ¢ = m and p given in the
statement.
(c) In order to finish the proof of this result, let us show property (26). Again,
let us | take k,n € N with k& > n. Ab before, k = mk; + ¢ and n = mn + {1, with
nél,k by €7,1 < 1l1,0 <m, andk: n>OW1thk>n>0

Let us first analyze the case k=n=Fk > 0 and, of course, 1 < ¥/ < fy < m. We
deduce,

~ 2 ~ 2
la—1 l1—1
Akani(’Hl) +27*(k+1) Y 1 _ 1

k? —n? (m%+€2)2—<m%+€1)2 M 2mk 4 by + £ 3m

Now, if k>nand1< l1,05 <'m, one gets

A=A, (%—ﬁ) (E+ﬁ+2)+% ; (%—ﬁ) (%+ﬁ+2)+1_%

h# —n? (miéwz)Q—(mmel)Q - (mié+1)2—(ﬂm+m)2
B k-n k+7+2 1-1
_m(E—ﬁ)—i—l—m'm(E—&-ﬁ—l—l)—l—l_'— (mg+1)2_(mﬁ+m)z
3 m—1 4m — 1

< = .
_2m+1+m(2m+1) m(2m + 1)
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Taking into account that m > 2, we can infer that
1 dm —1
[ e
3m ~— m((2m+1)
and, therefore, the sequence A fulfills inequality (26) with v given in the statement.
This ends the proof of the proposition. O

Remark 2.18. It is interesting to point out that, thanks to Proposition 2.4, once
property (H6) is proved for the sequence A with py = 2, p1 = po = m and a = m,
we can conclude that A € £(0, g, ¢, 2, m, m,m) and (26) holds, with (see (36))
2
-~ ~ 1 - 1 /24m

The parameters provided by Proposition 2.17 are better than the previous values.
Indeed, taking into account that m > 2, it is clear that ¢ = m < ¢ = 3m,

2 1 4m —1 N 1<2+m)2

= d e — = —
om—Dem+ D " 3m2 M VT emyry SV T3

P=1 -

O

Remark 2.19. We can apply Theorems 1.7 and 1.9 to the sequence A given by (51)
and conclude the existence of a sequence {gx}r>1 C L*(0,T), biorthogonal to
{extx>1 in L3(0,T;C) (ey is given in (1)), which satisfies (22) and (27). If we
make use of Proposition 2.17, these two inequalities can be written under the form

AW (m) Py < |kl 0.y < AP (m) Py, Yk >3, (54)
where A" (m) := & (see (29)) and

—  (1+p2)?
C <1+H2(p7qaplap2aT) ‘Ak)| + (T{)2)>‘| )

(see (24) and (25) in the real case) with p, ¢, p1, p2 and v given in Proposition 2.17
(recall that the parameter m is the maximal cardinal of the condensation groupings
of the sequence A, that is to say the maximal number of elements in A that do not
satisfy (H5)).

Observe that, taking into account Remark 2.5, the elements of the sequence A
satisfy

AP (m) := Hi(p, ¢, p1, ) exp

1
A==k +0O(k), Vk>1
m

and, therefore, one has
1
1 — — —_— > .
mlgnooS(m) oo where S(m) Z A Ym > 2
k>1
In some sense, the family of exponentials {ex},~, (ex given in (1)) “loses” its
property of minimality in L?(0,7) when m tends to infinity. Thus, it is natural
that the constants A,(fl)(m) and A,(f) (m) in (54) satisfy
lim A (m) = lim AP (m) =00, Vk>1. (55)
m—r oo m— o0
Let us see that (55) holds. To this end, we will analyze the asymptotic behavior
of ,A,(cl)(m) and A,(f)(m) when m — oco. In what follows, we will provide an explicit
expression of these constants when 3 < k < m.
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1. Let us first analyze .A,(:)(m). From the expression of & for 3 < k < m
(see (29)) and Proposition 2.17, we can write

_ m _ 1/2
A;(cl)(m) — & = (m+k 2)! (2( +k)—3 +1> .

Tm+k72 27T

Observe that Stirling’s formula implies the existence of a positive constant
co > 0 such that

n! > cm/%(%)rl, Vn € N.

In particular, for a new positive constant ¢ (independent of m), we deduce

) o [2m k) =3 m4k -2\
Aj, (m)ZC\/(mM 2)[2T 1\ —F— ,

which is valid for any m > 2 and any k : 3 < k < m. One has the first equality
in (55).

2. We continue with the analysis of Af)(m). Let us start with #H1(p, q,p1,p2)
(see (24) in the real case). From Proposition 2.17, this constant only depends
on m and has the expression:

, Vm > 2.

(6m? — 1) (4m? —1) """
4m?

H1(p,q,p1,p2) = Hi(m) = l

It is not difficult to see that

lim 2™ _

m—o00 62(7’"‘*1) o

and, then
162D < Hi(m) < 262D ym > 9.

for two positive constants ¢; and ¢y, independent of m.
On the other hand, from the expression of Ha(p, q,p1,p2) (see (25) in the
real case), we can write

1
Ha(p, ¢, p1,p2,T) = Ho(m, T) = 4m> +2m — 1 + Iz +VT.

Observe that in our case @« = m. We can conclude that A,(f)(m) is given
by

A,(f)(m) = Hi(m)exp T

C(m) <1+H2(m,T)\//Tk+(1+m)2>] , m>2,

with C'(m) a positive constant only depending on m and increasing with re-
spect to m (see Theorem 1.7 with &« = m). Clearly, A,(Cl) (m) has an exponential

behavior with respect to m and we can write
1
AéQ)(m) > exp [C’ <1 + m? <\/Ak + T> + TAk>] ,Vm>2, Vk:3<k<m.

We can conclude that A,(f) (m) has an exponential behavior with respect to
m and saisfies the second equality in (55). O
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3. Proof of the first main result. This section is devoted to prove Theorem 1.7.
To this end, we have to take into account the lack of the gap condition (5) for the
sequence A and the fact that we cannot assume that 7' is small (see [5] and [34]).
As we will see, this introduces new difficulties.

We will use the Fourier transform together with the Paley-Wiener Theorem:

Theorem 3.1. Let f be an entire function such that
If(2)] < BeAlFl, vzec,

for two positive constants A, B, and ||f| 12y < 0o. Then, there exists a function
¢ € L*(—A, A;C) such that

1 4 1zt
1) = o= / ot .

Moreover, the Plancherel theorem gives
ollzz—a,a:0) = 1fll 2Ry -
For the proof of Theorem 3.1 we refer to [44, Theorem 18. p. 101].

Remark 3.2. In what follows, C' will denote a positive constant independent of
T, k € N| p, q, p1 and py, which may change from one line to another (C may
depend on |A1|, 8, po and «, and is increasing with respect to «). In this work,
the dependence of the constants with respect to the parameters p, ¢, p1 and ps (see
assumptions (H5) and (H6)) will be explicitly given. O

Let us begin with a result of existence of entire functions satisfying appropriate

properties. Our first main result will be a consequence of this theorem. One has:

Theorem 3.3. Let A = {Ay},~; € L(B,p,q,po,p1,p2, ) be a complex sequence
with parameters satisfying (20),_ Then, for all T > 0, there exists a sequence of
entire functions {Gy}x>1, with the following properties:

1. For any k > 1 and ¢ > 0, there exists a positive constant Cr, . _ such that

e FGu()| < Cpp BT, vz e (56)

_ 1
2. Gr(iA,) = \/TTT(SIM} for all k,n > 1;

3. Gy, belongs to L2(R), for any k > 1, and there exists a positive constant C > 0,
only depending on |A1|, B, po and a (increasing with respect to «), such that

1+ p2)2>

T Pk:a (57)

1GEll L2y < Haexp

c <1+7—l2 |Ak| +

for any k > 1, where Px, H1 = Hi(p,q,p1,p2) and Ha = Ha(p, ¢, p1,p2,T)
are respectively given in (23), (24) and (25).
Theorem 1.7 is a direct consequence of Theorem 3.3. Therefore, before providing
the proof of the technical result established in Theorem 3.3, we will complete the
proof of Theorem 1.7.

Proof of Theorem 1.7. Let us consider A = {Ay},» € L(B,p,q,po,p1,p2, @) with
parameters satisfying (20). On the other hand, let us fix T > 0. With the previous
data, let us consider the function

Fr(z) = Gk(z)e_”%, ze€C, k>1,
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where {G }x>1 is the sequence provided by Theorem 3.3. Let us see some properties
of the function Fy. First, F} is, for any £ > 1, an entire function over C. In fact,
Fy € L*(R) with 1F%llp2m) = Gl p2(ry for any & > 1.

Secondly, for any € > 0 and k > 1, F} is an entire function of exponential type
T/2 + € (see (56)). So, we can apply Payley-Wiener Theorem (see Theorem 3.1)
and deduce that there exists 1, € L?(—T/2 —¢,T/2 + ¢; C) such that

Fk(z) = e_iZ%Gk(Z) = \/%/ QZ}k(t) et dt, VzeC, Vk>1.

Observe that the support of the function ¢y, is contained in [-T/2 —¢,T/2 + €],
for any k > 1 and £ > 0. We conclude that, in fact, v, € L?(=T/2,T/2;C) and

T
o 1 Z _
Fr(z) = e =5 G (z) = E/ Gkl Vi€, Vh21 (59)

Let us now consider the function
T

qk(t):q/)k<t2), telo,7), k>1. (59)

It is clear that gy, is well defined and g, € L?(0,T; C) for any k > 1. The objective
now is to prove that the sequence {gx}r>1 C L?(0,T;C) satisfies Theorem 1.7. Let
us first see that {gx}x>1 is biorthogonal to {e=***};>; in L2(0,T;C). Indeed, for
any k,n > 1 and thanks to (58) and item 2 in Theorem 3.3, we can write,

! x r T\ x . % -
[ e ra= [ (o) e =eBE [ e a
0 0

T
2

— e AT\ /orehn G(iNy,) = Sgn.

Let us now estimate ||qx|[z2(0,7). To this aim, we will use Plancherel Theorem
and estimate (57). From the expression of ¢ (see (59)), one has

lakll20,m50) = Wkl L2~ 2, 2.0) = 1FkllL2®) = [GRllL2(R)-

Combining the previous inequality and inequality (57) we deduce (22). This com-
pletes the proof of Theorem 1.7. O

Once Theorem 1.7 is proved, our next objective will be to show Theorem 3.3.
The proof of this result is very technical. In order to make it clearer, we will divide
it in two subsections:

1. In the first subsection (see Subsection 3.1) we will introduce an entire function
fx(2) (k > 1) with simple zeros at A,, with n > 1 and n # k. To this end, we
will use the natural infinite product that satisfies the condition f(A,) = 0 for
any n # k. We will show some properties of this function that, in particular,
will imply item 2 in Theorem 3.3.

2. In the second subsection (see Subsection 3.2) we will introduce a “mollifier”
function that we will use in the definition of the entire function Gy (k > 1)
in Theorem 3.3. We will prove some properties of this function (which, in
particular, will provide the property of item 3 in Theorem 3.3) and we will
complete the proof of Theorem 3.3.

Remark 3.4. Let us remark that, if A = {Ag}e>1 € L£(5,p, ¢, o, p1,Dp2, ), with
parameters satisfying (20) (see Definition 1.4), then

K = {Kk:}kZI S £(57p7 qapOap17p27a)'
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We will prove Theorem 3.3 for the sequence A instead of A. O

3.1. An infinite product. In this section we will consider again a complex se-
quence A = {Ag}i>1 in A € L(B,p,¢,p0,p1,D2, ) (the parameters satisfy (20)).
Thus, for each k > 1 and z € C, we define

£z =11 (1 - Ai) , zeC. (60)

n>1

n#k
The objective of this section is to prove some interesting properties satisfied by the
function f.

First, observe that, by property (39), the previous product is uniformly conver-
gent on compact sets of C. Therefore, fi is, for any k > 1, an entire function over
C (see for instance [25, p. 457]). Moreover, fr(A,) = 0, for any n # k. In fact,
the zeros of f; are exactly the elements of the sequence {A, },>1,nzr and they are
zeros of multiplicity 1.

We have the following property of function fj:

Lemma 3.5 ([7]). Let A = {Ak}kz € L(B, p,q,p0, 1,2, ) be a complex sequence,
with parameters satisfying (20). Then, for every z € C and k > 1, we have

log |fk(2)] < (2 + 1)V/]2| + C, (61)
where ps is given in assumption (H6) and C is a positive constant only depending
on a and |A1| and increasing with respect to «. O

The proof of this result can be found in [7].

Recall that our objective is to construct a sequence {G},~, of entire functions
over C satisfying items 1-3 in Theorem 3.3. This construction will use the function
frx(2) and an estimate from below of the non-zero quantity |fi(Ax)|. This is one of
the key points of this work and is established in the next

Lemma 3.6. Let A = {Ak}kz € L(B, p,q,p0,p1, P2, ) be a complex sequence, with
parameters satisfying (20). Then,

|fk(Ak)‘ Z Hl(pa q7p17p2)71€70?{3(p’q’p1’p2) Al Pk_l? Yk Z 17 (62)

where C' is a positive constant, only depending on |Ai|, B, po and a (increasing
with respect to «), Hi(p,q,p1,p2), fr and Py are respectively given in (24), (60)
and (23), and Hs is defined by

1+4¢q
H3(p,q:p1,p2) =1+ g+ ——=5 + D2,
P D1

1
Hs(p,q,p1,p2) =1+ g+ W + po, when A is real.
1

Proof. As said before, if A = {Ak}kz e A e L(B,p,q,po, 1,2, @), then fi (see (60))
is an entire function over C with simple zeros at the points {A,.},,>; ,, . Moreover,
from assumption (H1), we have

)l =]

n>1
n#k

A, — Ay

n

£0.
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In order to obtain lower estimates of |fx(Ag)| let us decompose the set {n > 1:
n # k} into the following sets:
Si(k):={n>1:1<|n—k| <q},
Sa(k) :={n=1:n—k| = q, |An] <2|Axl},
S3(k):={n>1:|n—k|>q, |An] >2|Axl}.
Then,
3

=[[~". (©3)

i=1

Ay
2
A,

A
1—A—’“ I1

n€eSs(k)

)l = T]

nesS (k)

I

neSs(k)

Let us estimate each term in (63) and, to this aim, let us take n € Si(k). In
particular, n < k + ¢ and, from (H4) and (40) (or (43) in the real case), we deduce

2 20(1+¢q)* 2 2 90(1 4+ q)2
Al < Aasal < ol + 205D < 2 T a4 2010
1

PPl T Pt r*i
2 2C(1+¢q)* | 2C(1+q)* 5
g4%|/\k\+ (p2 2 (p2p4q) ::4%|Ak|+Av vn € 51(k),
1 1 ! !
(or
20 20

2
An| < 4 |Ak| + S =42 A+ A, Ve Si(k),
i PP 1
when A is a real sequence). In the previous inequalities, C' is a positive constant
independent of p, ¢, p; and ps.

If > |A1], one has

2 A 2 A
log(4p§x+A> = log(z )+10g< A2 +) <V +log <4p§+>.
P x p ‘Al‘

i 1
On the other hand, thanks to (30) and (35), we also deduce

2 2
4p2+i 4p2+cw(l+ 1 >

ST Al \pf o Pt
_ ANt + C+¢%) (Pt +1) _ C(L+pp3+%)
|A1| p?pi - p*pi
2
(or 45—% + \11\41| < % when A is real).
1 1
Thus,
—1
S |

2q—
nesy (k) [An] nesy (k) 37 Akl + A (%|Ak|+A)
1

—(2q-2)/A 2d 202
e~ a2/ p-1 >C<Ppl) e~ Ca=DVIAkl p-1
T A\ T Lt g ’

pi ' A

where Py, is given in (23) and C is a new a positive constant independent of p, ¢,
(k).

(64)

p1 and po. In the real case, we deduce the following inequality for P;

2,4 29—2
Pfk) Z C( 14 pl 2) e—(2q—2)\/|Ak| 7)];1 (65)

1+ pp3
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Let us now estimate the product Pz(k). At this point we will use the gap condition
assumed in hypothesis (H5) when |n — k| > ¢q. We will follow some ideas from [7].
Using again Lemma 2.6 (or inequality (43) in the real case), we deduce

k+mn k ppik - ppi

=B, Vn,k>1.
VIAL T A C(pl*q) "ok +C+q) = ppr+ C(1+q)
( (66)
or
k k 2); 2
tn - PPN 5 PP B oy k> (67)

— k C
VA o T o pmk+C — pp1 +C
when A is real). Then, if n € S3(k),

PP = 11

n€eSs (k)

n

An_Ak‘ plk—nllk+n| Bp |k —n|
B2 > 2R
s = 1 507

where B is given in (66) (or (67) in the real case).
Let r, :=#{n € So(k) :n <k —q} and s := #{n € Sa(k) : n > g+ k}. Then,
from the previous estimate, one has

Tk Sk
B B
PQ(k) > 1y p Sg! P = PQ(kl)PQ(];).
2+/| A 2/|Ak] T

Observe that Stirling’s formula implies the existence of a positive constant ¢y > 0

such that
n n
n! > coV2mn (7) , VnéeN.
e

On the other hand, for ¢; = e~! one has

neSz (k)

zlogz > —¢p, Va € (0,00).
Thus,

Tk Tk
Bp Bpry,
PR = >c | ———
2.1 ¥ 2 |Ak| =0 26\/ |Ak|

2ev/A,  Bpry, Bpry, (—2016 >
= ¢y ex lo >coexp | ——V|A .
' p( Bp e/l g<2eﬁ| vep T, VI

Taking into account the expression of B (see (66), resp., (67) in the real case)
and inequalities (30) and (35), we can conclude the existence of positive constant
C4 and Cy (independent of p, g, p1, p2 and T') such that

—-Ch(1 —1 —C(1 -C —1 -C
1 ( +Q)_ < 2(2 ;-Q)7<resp_’ 1< < 23’
p*pi Bp PP p*pi ~ Bp T p?pi

Therefore, PQ(? > Cexp( C(1+q)\/|Ak) (resp., P2( 1) > Cexp( \/|Ak|> in

the real case).

in the real case).

A similar reasoning can be applied to PQ(kQ). Therefore, we have proved:
P(k) > Cexp < C(1+Q) /|A )

26; v |Ak> , in the real case),

b1

for any k£ > 1. Again, C' is a positive constant independent of p, ¢, p1, p2 and T.

(68)

(resp., P2 ®) > Cexp <
p
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In order to finish, let us analyze the third product in (63). To this aim, we will
use the inequalities

1

log(l1—=x) > -2z, Vze {O, ﬂ , and ‘A < Vn € Ss(k).

From these inequalities and (H6), we can write A 7‘) < a + pa+/r, for any r > 0,
and

A 1 1
g P > 3 g (1 [35) 2 2l Yz ol [ S

neSs(k) [An n€Sg(k)|An| 20A T
A o0 o0
= _2|Ak| _M + N(;) dr | > _2|Ak| N(QT) dr
2| Al 2(A,] T 20Ax] T
*a +P2f o 2p2
> —2|Ay| =20l | 5+
2| Ay B 21Ak|  \/2]A4]

= —a — 2V2py /[ Ayl

Coming back to (63) and putting together the previous inequality and inequali-
ties (64) (or (65) in the real case) and (68), we conclude that inequality (62) holds.
This ends the proof. O

3.2. Additional properties and proof of Theorem 3.3. In this paragraph we
will prove some additional properties that we will use in the proof of Theorem 3.3.
To this end, we will introduce a “mollifier” function and we will construct the
entire function Gy (k > 1) in Theorem 3.3 by means of this function and function
fr (see (60)). In order to construct this “mollifier” function, we follow the strategy
of [41, 14].

Let us take 7" > 0 and a sequence A = {Ag},~; € L(B,p,q,po,p1,p2, ), with
parameters satisfying (20) (see Definition 1.4). With all these data, we fix an integer
N > 2 and we define the sequence {aj}r>1 C (0, 00) given by

C T
NT - where Cnr =

ay = (69)

R — 1
2> 1=
k>N
in order to have
=y
g
k>N
Observe that this choice implies
ee] —+oo
1 1
N / 42 dy < Z 2 S / y2 dy = 57— N _1’
k>N
and the estimate
N -1 N
(2> T<Cnr< ET' (70)

Consider now the function
Py r(2) := T H cos (axz), z¢€C.
k>N

With the previous data, one has:
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Lemma 3.7. Under the previous conditions, the following properties hold:

1. The function Py 1 is entire over C and satisfies

Pnr(0) =1,
|Pnr(2)] <1, Vze C such that I(z) >0,

‘e‘iz%PMT(z)‘ <ellz, vzecC.

2. There exist positive constants 8y > 0 and 61 > 0 (independent of T and N)

such that

1 1
Cnr)? P, w (55)

< gf) Vgl +1> N = log| NVT(x)|§2;< gf) Viel,

(71)

CnT 3 -0, (Cnor )\, 2
J Viz|+1< N = log|Pnr(x) < — d || .
00 N3 00

3. There exists a positive constant 02 > 0 (independent of T and N ) such that
Py r(iz) > e”2VONTT -y >, (72)

For the proof of Lemma 3.7, see [41, 13, 14].
We are ready to prove the fundamental result stated in Theorem 3.3.

Proof of Theorem 3.3. Recall that T" > 0 is given and A = {Ak}k2 is a complex
sequence in £(8, p, ¢, po, p1, P2, ). Let us define the function

Gk(z) — 1 fk(—iz) PN7T(Z =+ %(Ak)) )
V21 fu(A) Pnr(iR(Ag))
(the function fi is given in (60)). From the properties of the functions Py 1 (see

Lemma 3.7) and fi we deduce that the function Gy, is well defined and is an entire
function over C. In addition,

(73)

1 1)
——=0kn,
V2T "
Observe that the function Py 7 only has real zeros ({a,},~; is a real sequence)
and, then, the sequence {A;, },,>1, n2k are zeros of Gy, of multiplicity 1. This proves
item 2 in Theorem 3.3.

Let us now see that e 2% Gy, satisfies inequality (56). From Lemmas 3.5 and 3.7,
one has

@2 )V/I=1+C 245 (AR) | 5 SUNF+Em Ve
z

VI T (A [P GROAR)| - Var [fe ) [Par (RA)

2
for any k£ > 1. If we combine the previous inequality with

‘e*”%Gk(Z)’ <

i

1
(o +1) VIl < - (2 + 1) + e,

valid for any € > 0, we conclude that there exists a positive constant Cly p . such
that one has (56). This proves item 1 in Theorem 3.3.

Let us prove that G}, belongs to L?(R) and satisfies estimate (57). To this end,
we will make the following choice of N:
270y

1 1 )
247 (pam + 1) 5 SN <Aty (par+1)° = with 5=

(p2 is given in assumption (HG)).
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Using (61) and (71), we have that for |z| large enough one has

1
o1
PtV IO =3 (ST ) 2 VoS (A0

|G (z)] < V27 | fu(Aw)| | Py (iR(AR))]

Observe that if

1
01 (Cnr\2

1 - 9
pom+ 1< 23 ( o ,

then G, € L2%(R). In fact, thanks to assumption (74) the previous estimate is
satisfied. Indeed, recall that ax and Cy r are given in (69) and satisfy (70). So,

from (74)
b1 (CN’T)2 > 0 <(N_1)T>2 > pom + 1.

23\ 6, =23 20,

This proves Gy € L3(R).
In what follows, we will estimate |G| ;2g). First, from the expression of Gy
(see (73)) and using (61), (70), (72) and (74), one has

292\/CN’TW(A;¢)+QC oo
: — [ e IVERy 2+ ()P
27 | fr(Ag)| —o0

6202\/[2T+'y(p277+1)2/2]§R(Ak)+2C /oo
2 | fu (M) —o0
o202 \/[2T+’y(p27r+1)2/2] R(Ap)+2C

= I.
27 | fi (M)

2
1GkIT2 Ry <

22+ 1)y/lal | Py (z 4+ S(Ag)))?

(75)
Denote
Aq = {:E eR: |£C+%(Ak)| < XN,T}» Ay = {SU eER: |£L'+S(Ak)| > XN,T}a

where
Oo(N — 1)
Cnr

Let us first observe that, thanks to inequalities (70) and (74), it is not difficult to
see the property

1 (1 1)? 1 1)
L ( VW“) < Xy < 180, (T ﬂ@w)) R

XNT =

s

7 T2 T2

with v given in (74).
With the previous notations, we can write

. / 2e2m DVl | Py 1 (0 4+ S(Ay)) 2 dae
A

+/ 2P+ OV I3l | Py (1 S(AR))[? da = Iy + I
Az
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The next objective is to provide an estimate of I; and I5. To this end, we will
use property (71) of Lemma 3.7. Firstly, we estimate I;. We have:

01 ON,
Il < 62(;1)27r+1 VIS (AR)] / 2(p27r+1 \/|I+§(Ak)|e 1\2,31 Is\’dT‘m+%(Ak)‘2 d

< 62(;027r+1 ( S(Aw) |+ XN,T)/ 671\2"2’1 CNT\z-i-\s(Ak)\ dr (77)
Ay

< 2oem ) (VISAOVENT) | 41— g 2eem D) (VISGRAT+ XN‘T>XN,T.

Let us now estimate I. If we denote

:ﬁ Cn,r
22\ 7o,

—2(pam+1),

and we use again (75), we get

I, < 2wt )y/ B / 22m+ )V SO | Py (o + S(A)? da,
Az
< 2pemt1)/SD)] / o LVEFS A0l gy (78)
Az
< 92(pan+1)y/ISAD] /Oo o IVE dg = a2tV L
= L
0

As before and in order to bound L, we use again (70) and (74). Thus,

02 62T
L> 2500(N—1)T—2(p27r+1)2\/250 +22(p27r+1> —2(pamr+1)
62T 03T
_ 2590 250 > O
oI 22 1)% +2( 1) 2 22 ( 2
0, Pam + ) +2 (pam + 259 +22 (pam + 1)
and

1 1 1
L2§7<T+7(p27r+1) T2> (79)

with « given in (74).
Coming back to (75) and taking into account the inequality

xﬁeﬁ, Vax >0,

assumption (H3), (77) and (78), with Xy o and L satisfying (76) and (79), we
deduce

AR
ec(1+ (1+T+p2)9‘€(/\k)) eC(1+p2)< S(Ap)+ XN,T)<

e < gz P2+ 2)
Gl 22wy TSI T T2 (p2 )
) 6c(1+ (1+T+pz)%(/\k)) C(1+p)(1+d(Ak)+f+p2+1)
- | fr(Ak)]
c VA T+p2)[Ar]
e (1+p2+ (14+T+p2)| k\) C(1+p2)< IAk‘+pzT+1)-
- [ (Ax)]

Finally, the previous inequality and (62) provide estimate (57), for G (z). This
ends the proof. O
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4. A lower bound for the norm of arbitrary biorthogonal families: Proof
of Theorem 1.9. This section will be devoted to prove the second main result,
Theorem 1.9, of this paper. Observe that in inequality (27) two important factors
appear. The first one, eTv (v > 0), is due to the fact we are dealing with infinite
sequences. In order to obtain this factor, we will follow some ideas developed
by Giiichal in [23] (see also [14]). The second factor, Py (see (23)), comes from the
eventual condensation of the elements of the sequence A. The corresponding part
of the proof is completely new.

Let us consider a sequence A = {Ag},.~; € L(5,p,q,Po, P1,D2, ) (the parameters
are given and satisfy (20)) such that property (26) holds, for » > 0. On the other
hand, let us also consider {gx}r>1 C L?(0,T;C), a biorthogonal family to {ex}x>1
in L2(0,T;C) (ey is the function given by (1)).

Associated to the sequence A we introduce the spaces:

2 .C
E(A,T) :=span{e, : n > 1}}L .15 ),

2 .
EL(A,T):=span{e, :n>1,n # k}}L (O’T’C), Vk > 1.

With this notation, one has:

Lemma 4.1. Assume that A = {A},~, C C is a complex sequence satisfying (3)
for a positive constant §. Then, the closed space E(A,T) is a proper subspace of
L%(0,T;C). Moreover, the family of exponentials {ey},~, is minimal in L*(0,T;C),
that is to say, for every k > 1, one has -

The previous lemma is a well-known result for sequences that satisfy (3) (see for
instance [39], [37], [4], [5] and Remark 2.8).

As a consequence of Lemma 4.1, we can consider dr; > 0, the distance between
the function e; and Ey(A,T), i.e.,

T
d2 — inf _ 12 :/ —Art _ ¢ 2 dt, k> 1,
Tk pEEl;fl(A,T) le p”LQ(QT;C) 0 ‘e P ( )‘ >
where p;, € Ej(A,T) is the orthogonal projection of the function ey (t) = e~*** on

Ei(A,T). Observe that the function py, is characterized by: px € Fx(A,T) and
(ex — pr, en)LZ(o,T;C) =0, Vn>1:n#k.
Thus, if we consider the function s given by

—Apt
Sk(t) — ek(t)dg_ pk(t) — € kdz_ pk(t)7 te (O,T), vk > 1,
Tk T,k
we deduce that the sequence {s;},~, C E(A,T) is biorthogonal to {ey},~; in
L?(0,T;C). In fact, this family is the unique sequence biorthogonal to the expo-
nentials {e;},~, whose elements belong to E(A,T). Moreover, it is optimal in the
following sense: if we consider another biorthogonal family {gy},~, to {ex},s; in

L?(0,T;C), then g, — s, € E(A,T)*. Since s3, € E(A,T), we deduce

~ 2 2 ~ 2 1
||qk||L2(0,T;(C) = ||SkHL2(O,T;(C) + 1@k — 3k||L2(o,T;<C) 2 HSkH%Q(O,T;C) T2 VEk > 1.
T,
In particular,
1

2
HQkHL’-’(O,T;C) = dz.

- Vk>1.
T,k
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The goal now is to obtain an upper bound of dr, for any £ > 1. From the
definition of dr j we clearly have
dT,k S ||€k 7p||L2(07T;(C) ) vp € Ek’(AaT)7 Vk Z 1
Then,

1 1
>
||qk||L2(O,T;<C) T dry T

, Vpe Ey(AT), Vk>1. (80)
lex = Pl 2 0,70)

In order to obtain (27), we are going to apply the previous inequality to two
appropriate functions p € Ey (A, T). Inequality (27) will be a direct consequence of
inequality (80), written for these two functions.

4.1. A lower bound for the norm of arbitrary biorthogonal families. First
part. Let us prove that, for any £ > 3, one has

lakll 20,70y = Bk Pret?, (81)

where Py, and Bj, are respectively given in (23) and (28).

Following [23], the idea is to construct a particular function p in Ey(A,T). To
this end, let us fix a positive integer M > g+k, where ¢ is given in assumption (H5).
On the other hand, let us take

M+1 M+1
=) Anen(t) = > Ane ™t te(0,7), (82)
n=1 n=1

with coefficients Aj, A, ..., Aprp1 € C. Observe that f; € Ex(A,T) if and only if
A, =0 and, when Aj 75 0 then

M+1
oAkt no—Ant n o~ Ant
A = +2A by A =) (), te (0.T).
n= k+1
Therefore,
dpy < —fl , Vk>1. (83)
Ap L2(0,T;C)
Let us consider the coefficients A;, As, ..., Aps41 € C given by
M+1
A= [ Mi=A)7" 1<n<M+1 (84)
i=1

The next task will be to estimate || f1[|;2( 7.c), With f1 and A,, 1 <n <M +1,
respectively given in (82) and (84). To this aim, we recall the following results:

Lemma 4.2. Let B := {an}1<n<r+1 C C be a set of distinct points, r > 1, and let
us fix g an analytic function in a convexr domain Q C C such that B C Q. Then,
there exists 0 € [—1,1] and § € Conv(B), the convex hull of B, such that

S g 6
— (an — a;) rl 9z"
a;€EB

Lemma 4.3. The following properties hold:

T N =t 2T+t
1. the T Mdt < ———— N >1 and A > 0.
/0 S NTiToT , forany N > 1 an >
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N )
1 T . "
QN'(M) e Sng;vﬁ,foranymz()andNZL

Lemma 4.2 is a formula due to Jensen. On the other hand, the proof of Lemma 4.3
can be found in [14, Lemma 4.2, Lemma 4.3].
Now, using assumption (26), we can provide an estimate of |A;|™". One has:

Lemma 4.4. Let us fir k > 1 and M > q+ k. Then, under the assumptions of
Theorem 1.9, we have
yM+2-q—k

(¢g— D2k +q—1)!
pM=2(a=1) 2k — ¢)!

El(g— 1)1 (2k+q—1)!

(M 41—k (M+1+ENP, if k <gq,

Ak <
(M+1—k)(M+1+E)PY ifk>q,

(85)

where Ay, and Py, are respectively given in (84) and (23).

Proof. The proof is a direct consequence of assumption (26). Indeed, let us first
assume that k > ¢. From the expression of Ay (see (84)), we obtain,

M+1 k—q M+1

Al ™ = ] 1Mk = Al =P T] 1Ak = Al ] 1Ak — Anl =Py " Sk Saks
n=1 n=1 n=q+k
n#k

where Py, is given in (23). On the other hand, assumption (26) provides the following
estimate

— M+1
Stk Sk < H (v |k* —n?|) H (v|K> —n?|)
n=1 n=q+k
—q k—q M+1 M+1
yM—2(a~ 1>H (k+n) [[tk—n) J[ +n) [ (n—4)
n=1 n=1 n=q+k n=q+k

_ - k=@t (k=D (k= D! (M 1+ k) (M +1 - F)!
a B (-1 (-1 @k+q-1)! (¢—1)

— M—2(¢-1) (272_ ) (M+1—k)!(M+1+k)!.
k(g =D (2k +q—1)!

Putting both inequalities together we deduce (85) in the case k > q.

We can reason as before in the case £ < ¢. In this case, the first product S 1 in
the expression of |A;€|_1 does not appear. It is not difficult to deduce the following
estimate:

M+1 ) yM+2—q—k
Sop < k* — = M+1—kE)(M+1+k)!.
e < [ (v [k —n? )= oD@ g ML R L)
n=q+k
The previous inequality implies (85) for k& < ¢. This ends the proof. O

Let us continue with the proof of inequality (81) when k& > 3. Observe that
we can apply Lemma 4.2 to f; with coefficients A,, given in (84), r = M, B =
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{Anticnenry and g(2) = e7*% (t € [0,T] is fixed). We obtain,

M+1 M M M
_ (-1 “Ant m 0 0%g, . O
filt) = 2—21 ¢ =(-1) MaZM(f)—Me ;
" H (An - Ai)
Zn
where 6 = 0(t) satisfies |§] <1 and
M+1 M+1
&= Z apA,, with a, >0 and Z a, = 1.
n=1 n=1

Using assumption (H4) and property (3), we can write:

M+1 M+1

n=1

n=1
where § > 0 is a constant only depending on § (6§ = 1 when § = 0). Thus,
OtMe=te| M

M
|f1()] = ‘]\4' < Mefm(g) < Mef‘sml‘t, vt € [0,T].

Coming back to (83) with Ay given in (84), we deduce that

1/2
1 1 ([T o osiaag
dT,k S m ||f1||L2(0,T;C) S M ‘Ak‘ (/O t e it dt s vk Z 1.

Let us introduce the quantity

1
phta=2 (g— D' (2k+q—1)! 5|A1|+ﬁ Pk, it k<q,
Dy = (86)
- k(2k +q—1)! 1 .
V2= [(g — 1)1 ((Qk—qq)!) 5|A1|+ﬁ P, if k>q.

Let us first work with & > max{3,q}. If we use Lemma 4.4 and item 1 of
Lemma 4.3, we deduce

yM=2@=D 2k — )/(M + k + 1)I(M — k +1)! T™./2T .

dr < k

- M El(g—1)? (2k +q— 1) V2M + 1+ 26T [A]

e 2T (2k — )!P.H(M — k4 1)! M
2(¢—1) k M+ k4 1) (vT
Y \V T+ 20T (A K [(q — 1) (2k + g — 1)!M!( M)

_ M+k+1)! M
=D;! ( T
F M=) ks —ken i —F1) VD

_ 1 (M +k+1)! M
<D;! T
PGt g 1-k—qp V7
g+3)! (M +E+1)!
k+)!'(M+1—-k—q)?
where Dy, is given in (86). In the previous inequalities we have used that k£ > 3 and
M>k+q.

IN

=D D)™, Vk > max{3,q},

Eall
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Now, if k is such that 3 < k < ¢, we can argue as before and deduce the same
inequality. Summarizing, for any k > 3, one has

(g+3)! (M+k+1) (
k+!(M+1-k—q)?
where Dy, is given in (86).

Let us finalize the proof of inequality (81) when k > 3. The previous estimate of
dr 1, and item 2 of Lemma 4.3 allow us to write:

dry, < Dyt vT)M

; Vk =3,

ﬁl_i 1 1>D(k+q).§: 1 1
6 dri A (M+1—k—qPdrs = " (q+3) M+ k+ 1) (o)™

L (k+q)! & 1 1
:(VT)k+ Dk( q) Z -

(g + 3)! neonrar ™ (vT)"

k+ q)' 1 1 1
> (T)*+1 D, z
= (1) Fa+3) @k a+ D1 4ot

where Dy, is given in (86). Coming back to (80), the previous inequality proves (81).

4.2. A lower bound for the norm of arbitrary biorthogonal families. Sec-
ond part. In order to finish the proof of Theorem 1.9, let us now show that, for
any k > 1, one has

||qk HLZ(O,T;C) Z gk Pk:a (87)

where &, and Py, are respectively given in (29) and (23).
Let us introduce the function

falt) = Y Apen(t) = oo Ape ™ te(0,7), (88)
{n>1:|k—n|<q} {n>1:|k—n|<q}
with coefficients A, € C given by

A= J] Mi=A)" n>1:lk-n|<q (89)

{i>1:|k—i|<q}
i#n

Observe that ‘gk’ = Pr # 0 (Py, is given in (23)). As in the previous subsection,

we can write

L n __ ~
ATf2(t) = e_Akt + Z € Ant = Ek(t) _p(t)a te (OaT)
k {n>1:0<|k—n|<q} 'k

Cm‘ N}

Therefore,
dpk < lex _5||L2(0,T;C) = Plgl Hf2||L2(0,T;C) , VE=1 (90)
Given k > 1, we consider the set
B={A,:|k—n|<q}.
and the number r + 1 = #B. It is not difficult to see that

[ k+q-2, if1<k<yq,
"Tl2ag-1), k>,



40 MANUEL GONZALEZ-BURGOS AND LYDIA OUAILI

and, therefore r > 1 (¢ > 2). Now, if we apply Lemma 4.2 to fo with coefficients
A, given by (89), the set B, r and g(z) = e~t* (t € [0,T] is fixed), we deduce

falt) = e,
.

where 6 = 6(t) is such that ‘5‘ <1 and € € Conv (B), ie.,
E: Z anp\, with a, >0 and Z a, = 1.
{n>1:|k—n|<q} {n>1:|k—n|<q}
The previous expression of E and assumption (H4) also allow us to deduce

RO= > @R@A)=0 Y aulAd =0 min A,

{n>1:lk—n|<q} {n>1:lk—n|<q}

=9 ‘Amax{l,lﬂ»lfq}

)

with 6 > 0 as in (3) (6 =1 when 8 = 0). Summarizing, we have proved
Lo
|[fa(t)] < = [t e OWerimalt vt e [0, 7).
7!

Let us finalize the proof of (87). To this end, we work with the previous in-
equality, inequality (90), item 1 of Lemma 4.3 and the expression of r. Thus, if
1 < k < g, we obtain

) T 1/2
dr < (CEED] </0 |t|2(k+q_2) 6_26A1|tdt> Pt
< ! The?Var Pt
T (ktq=2)! \2k+q—2)+1+20 AT "
Now, if k > ¢, r = 2(¢ — 1) and a similar computation provides
1 T2(=1) /o
20-2)! \JA(g—1) + 1+ 25 [Aps1-o| T

Of course, inequality (87) is a direct consequence of these inequalities and inequal-
ity (80). This finally ends the proof of Theorem 1.9. O

dry < ( Pt

5. Application to the boundary controllability problem for some para-
bolic systems. This section will be devoted to apply Theorems 1.7 and 1.9 to two
particular parabolic systems in order to provide some new results on the control
cost for the boundary controllability problem associated to these systems. To be
precise, we will revisit the controllability problems analyzed in [34] and [22] and we
will prove new estimates of the control cost with respect to the final time 7" > 0.
Some results in this section have been previously announced in [21].

5.1. A 2 x 2 linear coupled parabolic system. Let us consider the one-dimen-
sional Dirichlet-Laplace operator L; := —0,, with domain D(El) = H%(0,7) N
HL(0,7). It is well-known that (Ly, D(Ly)) is self-adjoint and admits a sequence of
eigenvalues A; = {)\,(Cl)}kzl = {k?}x>1 and normalized eigenfunctions given by

2
go,gl)(x) = [sin(k‘m), Vk>1, x€(0,m).
™
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On the other hand, let Q € L?(0, ) be a given function and consider the operator

Ly := =0y + Q with domain D(Ls) = D(L1). Again, (Lo, D(L3)) is self-adjoint,
. . . . e

admits a sequence of increasing eigenvalues Ay = {A”}r>1 and a sequence of

normalized eigenfunctions {goff)}kzl which is an orthonormal basis of L%(0, ).
In this section we will revisit the boundary controllability problem for the system

aty + L2y =0 in QT = (O’T) X (Ovﬂ)a
y(-,0) = Bv, y(,7)=0 on (0,7), (91)
y(ov ) = Yo in (077T)7

where yo € H™! (O,F,RQ) is the initial datum, v € L?(0,T) is a scalar control,
the operator (Lg, D(Lz)) is given by (13) and B € R? is the control vector. It is
interesting to observe that we want to control system (91), two variables, with a
unique control function v € L?(0,T).

For every yo € H! (O7 ; Rg), system (91) admits a unique solution defined by
transposition, y, which satisfies y € L? (Qr;R?) N C° ([0, T]; H~* (0, 7;R?)) .

It is well-known that, when @ € L?(0, ) satisfies (14), one has

AP M Lo =K e, VE2 L

with {ex},~, € €. In particular, limej, = 0 (see for instance [26]). Observe that in
this case, the eigenvalues of the operator Ly do not fulfill the gap condition (5) and
the null controllability of system (91) has a minimal time Tp of null controllability
which is defined as:

—log |ek|

12 € [0, 00]. (92)

To = lim sup
To be precise, one has:

Theorem 5.1. Let us consider Q € L%(0,7), a function satisfying Q # 0 and (14).
Given T > 0 and B = (bl,bg)t, one has

1. System (91) is approzimately controllable at time T > 0 if and only if
biby 0 and AV £AD Vi >1. (93)

2. Assume that (93) holds and consider Ty given in (92). Then
(a) If T > Ty, system (91) is null controllable at time T.
(b) If T < Ty, system (91) is not null controllable at time T. O

The previous result has been proved in [34]. In this reference, the author also
shows that Ty depends on @ € L?(0, ) and satisfies this property: given 7 € [0, 0o],
there exists Q € L?(0, ) satisfying (14) such that Ty = 7. Thus, the minimal time
Ty associated to system (91) could reach any value in the interval [0, oc]. Therefore,
there exist coefficients @ € L2?(0,7) such that the corresponding minimal time of
system (91) satisfies Ty > 0.

Remark 5.2. The study of the controllability of system (91) is easier when Q €
L?(0,7) does not satisfy condition (14). In fact, we have the following property:
system (91) is null controllable at time T > 0 if and only if the system is approx-
imately controllable at this time, i.e., if and only if (93) holds. In this case, we
have that Ty = 0 and the null controllability of the system is valid for any 7" > 0
(see [34]). On the other hand, it is not difficult to check that we can apply Theo-
rem 1.2 to the sequence A. As a consequence, the associated control cost IC(T") for
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system (91) satisfies (10) and (11) for appropriate positive constants Cy, C1, 79 and
71 independent of T. a

From now on, let us suppose that (14) and (93) hold. Then, when T' > Ty, we de-
duce that system (91) is null controllable at time 7. So, for any yo € H~1(0, m; R?),
the set

Cr (yo) == {v € L*(0,T) : y(T,-) = 0 in (0, ), y solution of (91)},
is non empty and therefore, we can define the control cost of system (91) in time
T, K(T), when T > T (see (9)).

The positive part of the null controllability result for system (91) at time T > 0
stated in Theorem 5.1 is proved in [34] by using the moment method. Let us briefly
describe this method for system (91).

From the previous assumptions, we deduce that (L, D(Ls)) is a self-adjoint
operator. Its spectrum is given by

o(Ls) == A=A UAy = {A;”, A?}M = (K +er}a s (94)

and the eigenspaces of Lo associated to /\g) and /\,(f) are respectively generated by

(1) 0
/(fl) = ( L‘D(’; > and ¢§€2) = ( (@) > ;o VE>1 (95)
Pk

Moreover, the sequence { ](€1)7 ,22)}k> is an orthonormal basis of L? (0, 7;R?) and
1

an orthogonal basis of Hg (0,m;R?) and H~' (0,7;R?).

Using the spectral properties of the operator Lo (see (13)) we can rewrite the
null controllability problem for system (91) at time T as a moment problem. To be
precise, one has:

Proposition 5.3. Under the previous assumptions, given yo € H ™! (O,W;RQ), the
controlv € L?(0,T) is such that the corresponding solution of (91) satisfies y(T,-) =
0 in (0,7) if and only if v € L*(0,T) satisfies

T
NG (1)
b 0) [ ol = e N dt = e o) g1y,
p (96)
T

bap”) (0) / o(T = 1)e ™ dt = —e T (yo, 67) s
0

for any k > 1, where )\,(f) and d),(f) are respectively given in (94) and (95). a

For a proof of the previous property, see [34].

In fact, when (93) holds and T > Tj, Ty given in (92), the corresponding null
controllability problem at time T for system (91) (or equivalently, the moment
problem stated in Proposition 5.3) can be explicitly solved as follows (see [34] for
the details): The sequence A given in (94) satisfies (3). Therefore, Lemma 4.1

can be applied to deduce the existence of a sequence {q,(cl),ql(f)}kzl C L*0,7)
biorthogonal to {e,(cl), 61(62)}1@21 C L*(0,T), where

eD(t)=e Mt Ve (0,T), i=1,2. (97)
Thus, a formal solution of the moment problem (96) is:

o(t) = 3 (W TV U(T — 1)+ N TP P (T - 1)), Ve 0,1), (98)
k>1
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where

my) = T1<yo,¢§j>>H71,Hol, VE>1, i=1,2 (99)
bﬁok 2(0)
Furthermore, when T' > Ty, with Ty given in (92), the series (98) converges abso-
lutely in L?(0,T") and provides a null control v € L?(0,T) which in fact is a solution
of the moment problem (96).
Let us see that we can conveniently choose the sequence {q,gl), q,(f) }i>1 in order to
select a null control for system (91) associated to yo € H ! (0, ; RQ) with minimal

norm in L2(0,T). For that purpose, we define (see Section 4)

L2(0,T)
E(A,T)fspan{() n>1,i=1 2}} ,
L2(0,T)
E,gl)(A,T) = span{eg),el@) n>1, n#k 1> 1} , Vk>1
L?(0,T)
E,(Cz)(A7T) ::span{egll),e() n>1,1>1, l;ék} , Vk>1.

We have:

Proposition 5.4. Under the previous assumptions, let us suppose that (93) holds.
Let us also consider T > Ty and the sequence of functions

Ay (4)
—
kz—p’“(), te(0,T), Vk>1, i=1,2,
d )
T,k,i

where dr 1, ; and p}c) € E (A T) are defined by

2
di’L: lnf

¢ -7]
peB)(A,T)

RS CINO PN L
:/0 ’e*% E—p ()| dt, VE>1, i=1,2.

L2(0,T)

Then, the sequence {sk L5 )}k> C E(A,T) is biorthogonal to {ek L€ )}k>1 in

L2(0,T) (the function e() is given in (97)). Moreover, given yo € H~1(0,m;R?),
the control u € L?(0,T) given by

ut) = 32 (T mOsO (@ — 1)+ N TP ST <)), Vi e 0.7), (100)
E>1

where mg) is given in (99), satisfies u € Cr (yo), & € E(A,T) (u is the function
ut) =uw(T —t),te€ (0,T)) and

HUHLQ(QT) = Ueéfq}fyo) HU||L2(07T)~
Proof. As said before under assumption (93), the sequence A satisfies (3). Then,
the family {ek ,ek }k>1 is minimal in L?(0,7). In particular, we deduce that
the functions 52) are well deﬁned live in E(A,T), for any £k > 1 and i = 1,2,
and are biorthogonal to {ek ,ep )}k>1 These propertles together with T' > T
imply that the function w defined in (100) satisfies & € E(A,T) and solves the
null controllability problem at time 7T for system (91) and yo € H~ (0, m;R?), i.e
u e CT(yO)-
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Let us now consider another null control v € Cr(yp). Using the equivalence stated
in Proposition 5.3 we infer that v satisfies the moment problem (96). Therefore,

T )
/ (T — ) — (T — )] et dt =0, Vk>1andi=1,2,
0

that is to say, ¥ — 4 € E(A,T)% (v and u are defined as ©(t) = v(T — t) and
u(t) =u(T —t),t € (0,T)). Using that u € E(A,T), we deduce

||U||L2(0,T) = ||UHL2(0,T) = [|(v-1u)+ U||L2(07T) = |lv - UHL2(0,T) + ||U||L2(0,T)
~2 2
> (a2 0.0 = Null2e0y -
The previous inequalities prove the result. This finalizes the proof. O

Our objective is to apply Theorems 1.7 and 1.9 to system (91) in a particular
case. To this end, let us state a technical result of inverse spectral theory whose
proof can be found in [36] (see also [34]):

Lemma 5.5. Let us consider {Ek}kzp a sequence in (*. Then, there exists a
function Q € L*(0,) satisfying (14) such that

o(Ly) = Ay = {k? +ertsr s
where Ly := —0yp + Q with domain D(Ly) = H2 (0,7) N HE(0, ). O
From now on, we will take
€ = e*kh, k>1,

with v € (0,00), and B = (b1, b2)! with b1by # 0. Clearly {e;}r>1 € £* and we can
apply Lemma 5.5. We will work with the function @)~ associated to the previous
sequence provided by Lemma 5.5 and the corresponding sequences of eigenvalues
and orthogonal basis Aj, Ay and {@él)}kzl and {ap,(f)}kzl associated to the oper-
ators Ly and Ly. With this choice, we consider the parabolic control system (91)
with Lo given in (13).

Observe that the sequence A of eigenvalues of the operator Lo can be rearranged
as an increasing sequence A = {Ag}, -, (7 € (0,00)) doing:

Aop_1 =K%, Agp=k2+e ¥ VE>1. (101)
It is clear that the functions
(p(l) 0
Pok—1 = 8 and  ¢op = @ |, Yk>1. (102)
Pk

are an orthonormal basis of eigenfunctions of the operator Lo in L?(0,7;R?) and
an orthogonal basis of H}(0,7;R?) and H~1(0, ; R?).

The controllability properties of system (91) at time 7' > 0 can be deduced from
Theorem 5.1. In this case, system (91) is approximately controllable for any final
time T > 0. The expression of the minimal time is (see (92))

—log (e*k%) 0 ifye(0,1),
To=lm——5—=={ 1 ify=1,
oo ify > 1.

We deduce then
1. If v € (0,1), system (91) is null controllable at any final time T > 0.
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2. If v = 1, system (91) is null controllable at any final time 7" > 1 and is not
controllable at time 7" when T' < 1.
3. When v > 1, system (91) is never null controllable at any final time 7" > 0.
Observe that, when v € (0,1) and @, € L?*(0,) is the function provided by
Lemma 5.5 associated to e, = e‘kzw, system (91) is null controllable at time T,
for any T > 0. We can introduce the control cost K(T') associated to this system
(see (9)). Our objective is to analyze the dependence of K(T') with respect to T
and v € (0,1).
First, let us see that the sequence A = {Ag}, -, (see (101)) of eigenvalues of the
operator Ly is in the class £(8, p, ¢, po, p1, D2, @) (see Definition 1.4) for appropriate
parameters satisfying (20). One has:

Proposition 5.6. Let us fizy € (0,1) and consider the sequence A = {Ax}, 5, with
Ay given in (101), k > 1. Then, the sequence A satisfies A € L(S, p,q, Do, D1, D2, )
and (26), with 8 =0, ¢ =2,

1 1 1 1
Proof. The proof of this result is a direct consequence of Proposition 2.14 and
Remark 2.16. Indeed, the sequence A can be written as A = A; U Ay with

Ay = {Agy}m = {}*},., and Ap= {AEj’)}kZl - {k2 + e_k%}@l.

It is easy to see that Ay € L (B, p1,q, 7o, 71,72, @1) and satisfies (26) with 8 =0,
pm=1qg=1,mg=m =7mm=1, a3 =1and v = p; = 1. On the other hand,

k2 -1
€0 = sup |ex| =supe =e .
k>1 k>1
In addition, the sequence A can be explicitly defined by (101) (see (50)). So, from
Proposition 2.14 and Remark 2.16, we deduce that A € L(3, p, q, 70, p1, p2, &) and
satisfies (26) with parameters given in the statement of the result. This finalizes
the proof. O

With the previous choice, the sequence A satisfies property (H5) for ¢ = 2. In
this case, let us see how the term Py, (see (23)) can be estimated. One has:

Proposition 5.7. Let us fizy € (0,1) and consider the sequence A given by (101).
Then, P1 = e and

1

1 2

2y
L e <Py <" >,
@1 SPrrsgoy et "=
1 2y 1 2y
e <Py < >,
Cnt1)° =TS nt1) et "=

where Py, and the sequence A are respectively given in (23) and (101).

Proof. Let us prove the result when k = 2n, with n > 1. The case k = 2n — 1, with
n > 1, is similar. From (23) and (101), we deduce

Pork = (Agn — Map—1) (Agns1 — Agy) = e {(271 +1) — e_”%} . Yn> 1.

The previous formula provides the proof of the result. O
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Remark 5.8. Let us take a sequence {ej},~; in ¢ such that 0 < g < 1 for
any k > 1. From Lemma 5.5, there exists a function @Q € L?(0,7) such that
o(Ly) = {k2 +€k}k~>1’ As before, we can consider the operator Lo associated

to system (91) (see (13)) and the corresponding sequence of eigenvalues A given
by (94). In this case, we can repeat the computations in Proposition 5.7 and deduce
P1 =¢7! and

1 1
——— < n— <7a % >23
(2n—1)5n_P2 "= 2n-2)e, "=
1 1
<P, < . Vn>1,
2n+1)e, — = e, "=

(Py is given in (23) with ¢ = 2). The previous estimates prove that we can construct
functions @ € L?(0,7) such that the sequence {Py}r>1 associated to the sequence
A = 0(L3) can have any arbitrary explosive behavior. O

The main results of this section concern the control cost K(7') associated to
system (91). First, let us state a bound from above of the control cost:

Theorem 5.9. Let us fix v € (0,1) and take the function Q € L*(0,7) provided

by Lemma 5.5 associated to € = ek, If we denote K,(T') the control cost of
system (91) in L?(0,T) at time T > 0, then, there exists a positive constant C,
independent of v, such that

1 C 1—7
K, (T) <exp {C (1 + ) + 4+ ——1, VI >0. 103
+(T) T 1-T 715 (103)

Proof. Under the assumptions of the theorem, we can apply Proposition 5.6 and
deduce that the sequence A = {Ax},~; (A given in (101)) of eigenvalues of the
operator Ly (see (13)) satisfies A € L(5, p, q, po, p1, P2, @) and (26), with 3, p, g, po,
p1, p2 and « given in the statement of this result.

Let us now take T' > 0. Recall that the minimal time associated to system (91) is
Ty = 0. Therefore, without loss of generality, we can assume that T € (0,1). Thus,
Theorem 1.7 can be applied to A and we deduce the existence of a family of functions
{gr}r>1 C L*(0,T), biorthogonal to {ex}r>1 in L*(0,T) (for the expression of
ek, see (1)) which satisfies (22). In particular, there exists a positive constant C,
independent of ~y, such that

1
llarllz2 0,7y < exp {C (1 + V[ Ak| + Tﬂ Py, Vk=>1.

If we combine the previous inequality with Proposition 5.7 and (101), we get
1
lgar—1llz2(0,7) < exp [C (1 +k+ ) + kh} , Vk>1,
T
1 (104)
g2k |l2(0,7) < exp {C <1 +k+ T) + k%] . VE>1,

for a new positive constant C, independent of ~.
Let us prove the result. To this end, we consider yo € H (0, 7; R?) with

lvoll zr-1(0,mr2) < 1.
Using the moment method, in [34], the author proves that, taking

k27
’U(t) _ Z (e_szm](cl)QZkl(T _ t) + o (k2+e k )Tml(f)qzk(T _ t)) , (105)
k>1
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t € (0,T), where mg) is given in (99), one has v € L%(0,T) and the corresponding
solution of system (91), y € C°([0,T]; H~1(0, m; R?)), satisfies y(T,-) = 0 in (0, )
(qﬁg) is given in (95)). In [34] the author also shows that there exists a positive
constant C (independent of k) such that

‘m,(j)’ < CHyoHH—l(OJ;Rz) <C, Vk>1, i=1,2.

Coming back to (105) and taking into account (104) and the previous estimate,
we deduce
||U||L2(O,T) < eC(lJr%) Ze—sz-i-Ck-HcQ’v’
k>1
for a new positive constant C, independent of 7. Let us now take € € (0,1/2), which
will be fixed later. Observe that Young inequality implies

2

C
< kT + —— >1
Ck < ek +45T’ VE > 1,

and therefore, we can write

2 2
—k2T + Ck + k¥ < —k?T + kT + 4%7, + k% = h. (K?) + i ek®T, Vk>1,

4eT
where the function A, is given by
he(z) =—(1—-2)Te+2"7, z€(0,00).
To summarize, the previous calculations provide the following estimate:
ol 2o,y < C0TH)eder 37 ehek)=ek™T, (106)
E>1

for any € > 0.
It is easy to see that h. possesses an absolute maximum in (0,00) at point

x v 1T
e \1oeT :

Thus, if we take ¢ = (1 —v)/2, we can write

. vyl L
h <h =(1- = .
(@ <he)=0-2(125) o m el wee o)
Going back to the formula (106), we deduce
1 CQ 1-— Yy 1 2
< 14+ = —3(A=MET
Il <o ¢ (14 7) + 757+ 2 o

Finally, a comparison with Gauss integral gives

Ze*%(l—v)kQT < / o= 3(1-NT2? g, _ V2 1 < 672(1_17”’
E>1 0 2 (1—-T

and then,

1 C?+1 1—
)+ :

< 1+ —
[ollz2(0,ry < exp [C ( T (1-yT " 7=

It is clear that, from the previous inequality, we can deduce (103) for a new positive
constant C, independent of . This completes the proof. O
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Our second result provides an estimate from below of the control cost K, (T") for
system (91) in L2(0,7T) at the final time T > 0. As before, we are going to fix
v € (0,1) and take the function @, € L?(0,7) provided by Lemma 5.5 associated

2
to € = e ¥, One has:

Theorem 5.10. Under the assumptions of Theorem 5.9, there exists two positive
constants 19 and C, independent of v, such that

K, (T) > Cexp (; + M) . VT € (0,7). (107)

T

Before starting the proof of Theorem 5.10, we will show a technical result that
we will use in its proof:

Lemma 5.11. Let us consider T >0 and v € (0,1) and define the function

h(z) =Tz +2", Ve (0,00).

2(1—7)
T<7<ﬂ1) . (108)

Let us assume that

V2
Then, there exists kg > 1 such that

(1+1og2) (1 —7)

7 (1.2
S

Proof. Under the assumptions of the lemma, it is easy to see that the function his
increasing in (0,%) and decreasing in (¥, cc0), where

Thus, if kg > 1 is such that
T<ki<?, (109)
then
~ ~ I v\ /vy _ 1 v\ T
2) > =(==-21)(Z - — (L
h(k2) > h(3/2) (27 2>(T) >3 (L+1og2) (1 7)(T)
)

_ (1+1log2) (1 -7
= % leﬁ 9

and we would have the proof of the result.
In order the finish the proof, let us check that there exists ko > 1 such that (109)
holds. Indeed, (109) is equivalent to

1

—VI<k <VZ

VoA 0 <
Observe that this property occurs if

=~ 1 =
Vi— —V7>1,
V2

i.e., if T satisfies (108). This ends the proof. O
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Proof of Theorem 5.10. As before, under the assumptions of the theorem, we know
that the sequence A of eigenvalues of the operator Lo (see (13)) satisfies A €
L(B, p,q,po, p1, P2, ) and (26), with 5, p, ¢, po, p1, p2 and « given in the statement
of Proposition 5.6.

Let us fix T > 0. The minimal time T} for system (91) associated to the function
Q+ is Ty = 0. In addition, we can apply Proposition 5.4 and Theorem 1.9. We
deduce that the optimal family {sx}r>1 C FE(A,T) biorthogonal to {ey}r>1 in
L2(0,T) satisfies (27) (ex is given in (1)).

We will divide the proof of the result into two parts:

1. Assume that v € (0,1/2]. In this case, it is easy to check that, for any
70 € (0, 1], one has

N e

T~ 1715
Therefore, inequality (107) is equivalent to prove the existence of a positive constant
Co, independent of v, such that

K(T) > Coexp (‘?) . VT € (0,70). (110)

Our objective is to find Cyp > 0 and 79 € (0, 1], independent of 7, such that one has
inequality (110).
From inequality (27) written for the function s3, we deduce (v = 3 (1 + 1)):

6 E
Is3ll 20,7y = pB?a PseTv

where (see (28) for ¢ = 2)

(wT)* 1
By =C——2[|A1] + =,
ST A ur) Al o7

and C is a positive constant (8 = 0 and then § = 1). From the previous expression,
it is not difficult to see that there exist Cy > 0 and 79 € (0, 1], independent of ~,
such that

BsPs > Coe” 7w, VT € (0,79).

Coming back to the expression of [[s3][ 2 ), we finally deduce:
Issll 20y = Ce™, VT € (0,70). (111)

Let us take yo = ¢3/ ||¢3]| ;-1 (see (102)). Then, applying Proposition 5.4 to yo,
it is possible to construct the null control with minimal L?-norm for system (91)
associated to yo (see (100)):

1 1

u(t) = e 47 S3
b (0) Tall

(T —1t), Vte(0,T).

From (111), we also have

KT) = inf  vllz20,m) = llullz20,m) = Clissllz20,m) = Ce?v, VT € (0,7).
vECT (yo) ’

This proves inequality (110) and inequality (107) when v € (0,1/2].

2. Let us now assume that v € (1/2,1). In this case, inequality (107) is equivalent
to

K.(T) >Coexp< CO) VT € (0, 7). (112)

1—~
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and therefore, our goal is to prove that there exist two positive constants Cy and
79, independent of «y, in such a way that the previous inequality holds. As before,
we are going to work with an appropriate element sy, of the optimal biorthogonal
family {sx}r>1 C E(A,T) provided by Proposition 5.4.

Let us define 7y as
_1(vaa
7'0—2 \/§ .

Observe that if T' € (0, 79), then inequality (108) is valid for any v € (1/2,1). From
Lemma 5.11, we can infer the existence of kg > 1 such that

~ 1+1log2)(1— C(1-—
R () = KT+ (o > LB 00 _CO0) gy

Consider yo = ¢arg—1/ |2r0—1ll -1, i-€. (see (102)),

(@) = ke \/z ( sin (g;ox) )

On the other hand, let us also consider the null control for system (91) associated
to yo provided by Proposition 5.4:

2 1 1 /2 2
u(-) = eikOTTQJOa¢2k0—1>H*1,H352k0—1(T_') = b\/76k°T52k0—1(T—')-
b1<pk07x(0) 1V

Using inequality (27), written for the function sax,—1, and taking into account
Proposition 5.7 (¢ =2 and 6 = 1) and (113), we deduce

1/2
2 C 5 2
[ull 2o,y = Ce™ 7 [Is2ke—1ll 20,7y = T2 ( +A2k‘0—2> e 0T Poyy

2T
C (5 vz 2 .
> — (| — + Agp. = kT (ko)
= T2 <2T+ 2ho 2) %o —1°
c (5 12 eh(k) ¢ C(1—7)
= — | == + Aog,— —_— > — .
T? (2T+ 260 2) 2k0—1T2eXp( T )
where C is a constant independent of v and k.

As before,

. C C(1-—
Ky(T) > inf )||’U||L2(0,T) = |lullz2¢0,7) = T2 €XP <(1vw) , VT € (0,70).

veCr (yo

Thus, we can conclude that inequality (112) holds. This ends the proof of Theo-
rem 5.10. H

Remark 5.12. Observe that inequalities (103) and (107) are valid when v € (0, 1).
In fact, these inequalities are equivalent to:

1. If v € (0,1/2], then, there exist three positive constants 79, Cop and C; (inde-
pendent of ) such that

ofeo(1 1)) <rmr <om e (14 )] v

Observe that the previous estimates for the control cost of system (91) are
similar to those obtained for the control cost of the heat equation (see for
instance [23] and [20]).
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2. If vy € (1/2,1), again, there exist three positive constants 79, Co and C; (inde-
pendent of ) such that

exp [Co <1 + !

2 )} < K, (T) < exp [co <1+T17>], VT € (0, 7).

1—~ -

The previous expressions prove that the control cost blows up when v — 17.
This is natural because the minimal time for system (91) wheny =1is Ty = 1
and the system is not null controllable at time T when T < 1. O

5.2. The linear phase-field system. Let us now apply Theorem 1.7 and Theo-

rem 1.9 to the linear version of (15) around the constant trajectory (0, c) with ¢ =1

or ¢ = —1. To be precise, we will work with the linear system (12) with L = L3

(see (16)) and p,7,& € (0,00). As said above, the controllability properties of this

system has been analyzed in [22] under the condition & # J.%B, for any j € N. The
T

approximate controllability of this system is given by the next result:

Theorem 5.13 (Approximate controllability). Fiz T > 0. Then, system (12) with
L = L3 (see (16)) is approzimately controllable in H~1(0,7;R?) at time T > 0 if
and only if )\1(63,1) # A2 for any k,n > 1 (see (17)), that is to say, if and only if

202 — k2 —26p7(2 + k%) —2p—1#0, VkL>1, (>Fk. (114)

The proof of this result can be found in [22].

Now, our objective is to give a null controllability result at time 7" > 0 for
this system when (114) holds (which, in fact, is a necessary condition for the null
controllability at time T of system (12) with L = L3) and obtain a bound for the
corresponding control cost K(T'). This problem has analyzed in [22] under additional
assumptions on the parameters £, p and 7. To be precise, in [22] the authors prove:

Theorem 5.14. Let us us fiz T > 0 and consider &, p and T, positive real numbers
satisfying (114) and
1p
—P oy 115
§# o iz (115)
Then, system (12) with L = L3 (see (16)) is exactly controllable to zero at time

T > 0 in H-*(0,7;R?). Moreover, there exist two positive constants C and M,
only depending on &, p and T, such that

K(T) < ceMT  vT >0,
where IC(T') is the control cost for system (12) with L = Ls:
K(T) = sup ( inf |v||L2(07T)) , VYT >0.

|‘y0|‘H*1(0,7r;]]§2):1 UEZT(?/O)
and

Zr(yo) = {v € L*(0,T) : y(-,T) = 0 in (0,7), y solution of (12) for L = L3} .

Conditions (114) and (115) implies that the sequence A(®) = {)\;3’1),)\563’2)};621
(see (17)) satisfies the conditions in Theorem 1.2 (see Remark 1.3). In fact, con-
dition (115) provides the gap condition (5) for the sequence Az. Therefore, Theo-
rem 5.14 is a consequence of Theorem 1.2.

As said before, our objective is to analyze the null controllability of system (12)
with L = L without imposing condition (115) to the sequence A3 of eigenvalues of
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the operator Ls. Let us first see that this sequence is in L(, p, q, po, p1, P2, &) with
B = 0 and appropriate parameters p, po, p1,p2, @ € (0,00) (see Definition 1.4):

Proposition 5.15. Let us consider &, p and T, positive real numbers satisfy-
ing (114). Then, the sequence A = {)\(3 DoAG: 2)}k>1, with /\( ) given in (17,
can be rearranged as a positive increasing sequence A®) {Ak}k>1 satisfying
A(s) € E(Ovpa QaPOaplaPQaa) and (26)’ with

2 1 P [3p+4
Po=p1=p2=—= and a=—— -+ + 2,
\/E 2\/E< T T >

and g > 2, p and v positive constants only depending on &, p and T.

Proof. The proof of this result is a direct consequence of the results in [22]. Indeed,
from Proposition 3.2 of [22] one has,

0 < ABD c\B2 0y >,

Secondly, as a consequence of assumption (114) and Theorem 5.13, we deduce that
the elements of the sequence A®) are pairwise different. Thus, this sequence can be
rearranged into a positive increasing sequence A®) = {Ak}r>1 that satisfies (H1)
and, of course, (H2), (H3) (8 =0) and (H4).

On the other hand, taking into account the proof of Proposition 3.3 in [22], we
also have that A®) satisfies condition (H6) in Definition 1.4 with parameters pg, p1,
po and « as in the statement of the proposition.

Finally, we deduce properties (H5) and (26) from Proposition 2.4 with ¢, p and
v given in (36). This ends the proof of the proposition. O

In the next result we will provide further properties of the sequence A®) that
will be used later. Again, we will use some properties that has been proved in [22].
One has:

Proposition 5.16. Let us consider &, p and T, positive real numbers. Then,

AB2) Ag):f( p—z’) (2k+z‘)+<€’””.+€’“), Vk,i>1,  (116)

ér k+i1  k
where )\( ) s given in (17) and {ex},, is the increasing sequence given by
2
1
e = (p+ ) VEk > 1. (117)
2T ép + k p /
Proof. The proof of the result can be found in [22}. O

Let us now analyze the control cost for the linear phase-field system, i.e., the
control cost for system (12) with L = Lz. One has:

Theorem 5.17. Let us consider &, p and 7, positive real numbers satisfying (114).
Then, system (12) with L = L (see (16)) is exactly controllable to zero at any time
T > 0. Moreover, there exist positive constants Cy, C1, My and My (only depending
on &, p and T) such that

Coe™o/T < K(T) < C1eM/T, VT € (0,1, (118)

where KK(T') is the control cost for system (12) with L = Ls defined in the statement
of Theorem 5.14.



BIORTHOGONAL FAMILIES TO COMPLEX EXPONENTIALS 53

Proof. The result is proved in [22] when the coefficients £, p and 7 satisfy condi-
tions (114) and (115). Thus, let us prove the result when these coefficients do not
satisfy (115), that is to say, when one has

Lp
5 = 5
o
for some integer jo > 1. In this case, (116) becomes
AP ALY =€l - @k + (4 %) veizL )

where A,(cS’i) is given in (17) and {€x},~, is the increasing sequence given by (117).
In particular, we can estimate the terms € of the sequence as follows:

2
1 1
<,0—|— ) =€ < e < hm € = (p+ ) VT =1L,
\/W [0 2r ) 2V&p

for all £ > 1. We will use the previous inequalities in what follows.
If we choose i such that 1 < ¢ < jo — 1, from (119), we infer

AP AED S € (o — i) (2K + 1)

2L
NP =N < €00 =) 2k +1) + 72 <€ (o — 1) (2k +jo — 1) + 2L,
(120)
for any k > 1. Now, if we take i = jg, using again (119), we deduce
i 2¢
)\(3,2) )\(3 1) €kt + Kk > 1 L OVE>1,
k k+‘70 k' +]O k k+]0 - (121)

(3,2) (3,1) _ €k+jo , €k _ 2L > 1
AT = A ktio k o Vk > 1.

Finally, if ¢ > jo + 1, equality (119) provides the formula

A A — ¢ (i — o) (2k +14) — (;’jz + 6:) L VE>1, Vi>jo+1

If we take ko > 1 (only depending on &, p and 7) such that
2L _¢

T =2

in particular, for any k > kg and ¢ > jo + 1, one has
€kti €, 2L 2L §

LA Pl il
ik S S

(2ko + jo + 1),

I

(Qko +Jo+1) < 2 (i —Jjo) (2k +1),

[\)

and

M A8 > S o) (2 +0) >

ASD —ABD <€ (i — o) (2K + 1) .

(2k +jo+1), Vk > ko,

NP

(122)

The first consequence that we can obtain from (120)—(122) is the following one:
for any k > ko, we can write

A O A, < < Wk
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()\ff’i) is given in (17)). Thus, we can give an explicit expression of the elements
of the increasing sequence A®) = {Ak}y>; (see Proposition 5.15): if 1 < k <
2ko + jo — 2, we define Ay such that
A = {/\(3’1)} U {/\(3,2)} 7
{Ak}1<r<orgtio—2 k L <h<kotjo1 k ) <k<ho—1
and Ap < Agy1, for any k: 1 <k < 2kg + jo — 3. From the (2kg + jo — 1)-th term,
we define

INGEY (32
Askotjor2s—1 = Mpjors a0 Aopgpjoas = Apty, Vs > 0.

Equivalently, in the case k > 2kg + jo — 1, we have

A = Af{iljoﬂ), if k > 2ko + jo — 1 and k + jo is odd,
2 123
Ay = Ag3£2[jo), if k> 2ko + jo — 1 and k + jo is even. (123)
2

Our next objective will be to obtain appropriate estimates of the products Py
(see (23)) for the sequence A®). Recall that A € £(0, p, q, po, p1,p2, @) and sat-
isfies (26), with po, p1 and ps given in Proposition 5.15, and ¢ > 2, p and v
positive constants only depending on &, p and 7. We will reason for arbitrary
k > 2kg + jo + q¢ — 2 because if k is such that 1 < k < 2kg + jo + ¢ — 2, taking
into account that |Ay — A,| > 0 for any k # n (assumption (114)), we deduce the
existence of two positive constants ¢y and ¢; (only depending on &, p and 7) such
that

0<co<Pr<ec, Vk:1§k<2k0+j0+q—2. (124)

Let us then take k > 2ko + jo + ¢ — 2 and n > 1 such that 1 < |k —n| < ¢. In
particular, n > 2kg + jo — 1 and we can use formulae (123) for the expression of Ay
and A, and inequalities (120)—(122) for the corresponding indexes.

We will reasoning when k + jg is odd. A similar argument will provide the proof

when k + jo is even. Indeed, if k + jo is odd, from (123), one has Ay = )\(Eg’l) and

Apyy = )\-(}ijl with k = 1 (k+jo+1). Thus, we can apply (121) for k — jo and
write %€, ol

T e 1y N

On the other hand, let us take n # k+1 with 1 < |k — n| < ¢. Using properties (120)
and (122) and the expression of )\23’“ (see (17) and (18)) and A,, (see (123)), it is
not difficult to check the existence of positive constants ¢y and ¢; (as before, only

depending on &, p and 7) such that
cok < |Ap— Ay <k, Vn#k+1 with 1<|k—n|<q.
As a consequence of the previous inequalities, again, we deduce the existence of
positive constants ¢y and ¢; (only depending on &, p and 7) such that
Cok‘2q74 S H |Ak — An| S Clk2q74,
{n>1: 1<|k—n|<q}

or, equivalently (see (23)),

C
0 <p <

C1 .
7201 =P =95 Yk 22Zkotjot+aq-2 (125)

(co and ¢; are new positive constants only depending on £, p and 7). We will use
this inequality later.
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Let us now revisit some properties on null controllability of system (12) with
L = L3 proved in [22]: Given T > 0 and yo € H~'(0,7;R?), there exists a control
v € L*(0,T) such that the solution of (12) with L = L satisfies y(-,T) = 0 in (0, 7)
if and only if v € L?(0,T) solves the moment problem

T
/ e My(T — 1) dt = e~ NP, k> 1. (126)
0

In the previous equality A®) = {A}, 5, = {)\,(63’1), )\l(f”z)}kzl (A,&S’i) is given in (17))
and my, only depends on yg and satisfies

Imi| < Ckllyollg—, Vk2>1, (127)

with C' > 0 only depending on &, p and 7.

On the other hand, the sequence A®) belongs to L(0, p, q, o, P1, P2, @) and satis-
fies (26) (po, p1 and p are given in Proposition 5.15, ¢ > 2, and p and v are positive
constants only depending on &, p and 7). Then, we can apply Theorems 1.7 and 1.9
to the sequence A®). We deduce the existence of a biorthogonal family {ar} >, to
the exponentials {ey},~; (see (1)) associated to the sequence A®) satisfying (22)
and (27). -

Let us first prove that, under the assumptions of Theorem 5.17, system (12) with
L = Lj is null controllable at any time 7" > 0 and satisfies the second inequality
n (118). To this end, we will solve the previous moment problem for any yog €

~1(0,7;R?). An explicit solution of this problem is

Ze Tmpqu(T —t), VYt € (0,T).
k>1

Since g, Pr and my respectively satisfy (22), (124) o (120), and (127), we can
prove that the previous series is absolutely convergent in L?(0,7) and provide an
estimate of the L2-norm of v. Indeed,

Imilllarll 20y < CheCVAreC/ TPy < CeOVRreC/T |yl 4oy
< C'eC/Te%"'%A’c = CeC/Te%A’“, Vk > 1,

for a new positive constant C, only depending on £, p and 7. If we use (43) (p2 and
« are given in the statement of Proposition 5.15), we deduce that v € L?(0,T) and

ooy < OIS EM < OOy 37 et

k=1 k=1 k>a

< CeC/T/ e~ FE@=)? o Cy/ 8 eC/T.
R &r

From this inequality we deduce the estimate from above of K(T') in (118).

Let us now prove the first inequality in (118). To this end, we will reason as in
Subsection 5.1 and, to be precise, as in Proposition 5.4 and the first point of the
proof of Theorem 5.10. We first construct the sequence {sj},, biorthogonal to the
exponentials {ex},, associated to the sequence A®). Given yo € H~1(0,m;R?),

we know that the null control with minimal L?-norm for system (12) with L = L3
(see (16)) associated to yo € H~1(0,m;R?) is

Ze Trpsi(T —t), VYt e (0,T),

k>1
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where my, depends on yy and appears in the corresponding moment problem (126).

Let us take £ = max {3, ¢} and yo = ¥y, with ¥, the eigenvector of L3 associated
to Ay with || W, - = 1 (for the expression of ¥, see Proposition 3.1 in [22]). In
this case, the corresponding null control with minimal L2-norm is

u(t) = e T mys, (T —t), ¥t e (0,T),

and K(T) = |ull 20,7y = e T my| ||s¢|| (me only depends on p, ¢ and 7). If we
use inequalies (27), for the function s¢, and (124) or (125) for k = ¢, we deduce the
existence of a positive constant C, only depending on p, £ and 7, such that

(vT) ! 1 .
Ty | Il + ggem, VT >0

2T
Finally, there exist C' > 0, only depending on p, £ and 7, such that
{41
(I/T) 1 —1
———————/|A — > Cezv, VT €(0,1].
(1+VT)2"+‘”1V| i+ o5 2 Cert, € (0.1]

K(T) > Cex™v, VT € (0,1],
for a new constant C' > 0 only depending on p, £ and 7. This proves (118) and
finalizes the proof of Theorem 5.17 O

K(T) > CBje™ =C

Therefore,

Theorem 5.17 in particular provides a local boundary exact controllability re-
sult to the trajectory (0,¢) (¢ = £1) for the nonlinear system (15) under assump-
tion (114). One has:

Theorem 5.18. Let us consider £, 7 and p three positive numbers satisfying (114),
and let us fir T > 0 and ¢ = —1 or ¢ = 1. Then, there exists € > 0 such that, for
any (8o, 6o) € H-1(0,m) x (c + H(0, 7)) fulfilling

160ll -1 + llgo — cllay < e,
there exists v € L?(0,T) for which system (15) has a unique solution
(0, ¢) € [L*(Qr) N C°([0,T]; H~'(0,m R?))] x C*(Qr)

which satisfies
0-T)=0 and ¢(,T)=c in (0,7).

In order to obtain the proof of the previous local controllability result for sys-
tem (15), it is enough to follow the reasoning of the reference [22] that combines
inequality (118) with the general methodology developed in [32]. For further details,
see [22].

Remark 5.19. Theorem 5.18 is valid under the only assumption (114). In this
sense, Theorem 5.18 generalizes the local controllability result for system (15) stated
in [22] where the authors prove the same result under assumptions (114) and (115).
O
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Appendix A. Proof of Propositions 2.9, 2.11, 2.13 and 2.14.

A.1. Proof of Proposition 2.9. Let us take A = {Ay},~; C (0,00), a sequence
under the assumptions of the proposition. It is clear that the sequence A satis-
fies (H1)—(H4) for g = 0.

Let us first see that property (44) implies property (H6). Indeed, given r > 0,
one has A (r) = k if and only if Ay, <7 and Agy; > 7. Since the sequence A satisfies

Yok + VAL —v < VAL <mk+ VAL =, VE>1, (128)
we can write
Yok + VAL =0 <Vroand Ve <k + 1) 4+ VA -,

i.e., condition (H6) holds with pg, p1, p2 and « as in the statement of the proposition.
Let us now see that we can deduce (H5) from property (44). First, one has

VAL — VAL =30 (kE—n) Vk,n:k>n.
As a direct consequence, one also has
A — Ay >0 (k (\/ E+ VA ) Vk,n:k >n,

that together with (128) provides
A=A =93 (2 = n2) + 230 (k =) (VA1 =) -

for any k,n : k > n. If /A1 > 70, clearly one gets (H5) with p as in the statement.
Otherwise, /A1 < o and, from the previous inequality, we deduce

B 2%t (o VA 238 S (- V).

n k+n

for any k,n : k > n. In this case we also deduce (H5) with p given in the statement.
Finally, let us prove (26). Reasoning as before, we can write

A —A (\/>—\/>>(\/>+\ﬁ)<71 (\/>+\/>)
for any k,n : k > n, that together with (128) gives
Ay — A, <93 (k:2 —n2) +2v1(k—n) (\/A>1—’yl), Vk,n:k>n.
In the case in which /A7 < 71, we deduce (26) with p = 42. Otherwise,

A 7An 2 2
kg—n2 S’Y%+k2jln2 (VAI_“YI) §712+*71 (\//Tl—’h),

3
for any k,n : k > n. We also obtain (26) in this case with p given in the statement.
This finalizes the proof of Proposition 2.9. O

A.2. Proof of Proposition 2.11. Let us consider {)\S)}kzl and {)\](62)};@21, two
sequences satisfying (45) and (47). It is clear that, from (47) and the third condition
in (45), the sequence {/\g)}kzl u {)\,(f)}kzl can be rearranged as an increasing
sequence A = {Ag}r>1.

First, let us see that (26) holds and A € L(85, p, q, po, p1, P2, ) for appropriate
positive constants p, ¢, po, p1, p2, & and v. It is clear that A satisfies (H1)—(H4).
On the other hand, using that )\,(Cl) =+ )\%2) for any k,n > 1, we also have

Ny = #{k: AP <t {raf <rf = M) + M), >0,
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where M (r) is given in (21). Using the first property in (45) we infer

731_21{2 —ek <AV < %kz +ek, VE>1, i=1,2.
Therefore, we can follow the arguments in Remark 2.5 and deduce

-1- %mcl + 1T < Ni(r) < T r e, i=1,2.
Coming back to the expression of N(r), we finally obtain

—2—%61(W%+7T§)+(7T1+7T2)\[</\/'() (m1 + ) VT + e (77 +73), Vr >0,

Thus, condition (H6) holds with pg, p1, p2 and « as in the statement of Propo-
sition 2.11. Finally, applying Proposition 2.4, we also have that the sequence A
satisfies (26) and A € L(B, p, q, po, P1, P2, &) with the parameters p, ¢, po, p1, P2, &
and v given in the statement of Proposition 2.11.

Let us now check the gap condition (5). Taking into account property (47), we
just have to check the following property

=A@z e >0, k21,

and this will be deduced from the third condition in (45). Indeed, this condition

implies
A - )\(2)‘> <\/ FRVONS ) AN vk > 1

If k < 2¢;p?, from the previous inequality we deduce the existence of a constant
¢ > 0 such that

‘)\S) - Aﬁ?‘ >c, WneN.

If £ > 2c1p?, then we can apply the first assumption in (45) and deduce

k2 r |k r | k2 r
A _ YN ISy Ly P A LG A N LA
‘ k =g\l n2 “ k ﬂf( am) 2 k\ 2r?  V2m
This proves (5) and ends the proof of the result. O

A.3. Proof of Proposition 2.13. Let us consider the sequence A = {k*};>1 U
{dk?})>1 with d > 0. Thanks to assumption vd ¢ Q, it is clear that k* # dn?
for any k,n > 1. So, the sequence A = {k*};>1 U {dk*};>1 can be rearranged as
an increasing sequence A = {Ay}r>1 that satisfies (H1)—(H4) with S = 0. On the
other hand,

:#{k:k2§r}+#{k:dk2§r}=Lﬁj—i—\‘\\/ng, Yr > 0,

ie.,

_2+<1+\[>\[<N() <1+f>\[ Vr > 0.

Thus, condition (H6) holds with p; = ps = p and « given in (49).
As a direct consequence of Proposition 2.4 we can deduce (26) and

A€ £(67p,qap0aplap2a CY),
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(¢, p and v given in (36)). We will provide better values of these parameters using
the expression of A. Indeed, if we take r = Ay, k > 1, one has k = N (Ax) and

= N(Aw) = | VA + VEJ k21

Vd
Observe that if Ay =n? for some ny > 1, from the previous inequality we deduce
k=mng+ \‘A]CJ .
Vd

Using that z — 1 < |z| < z, for any = > 0, the previous inequality provides,

VA Vi Vin NS v
\//Tk-i-\/c—i—l—nk-i-\[ -1< ﬂk-i-{\/gJ—k —\/A/Tk+Wv

VAL <k+1, Vk>1. (129)
= ()

The same property can be proved in the case in which Ay = dnj for some nj > 1.
Let us now prove conditions (H5), with ¢ = 2, and (26). If k—n > 2, from (129),
one has

Ap—Ap K2 —(n+1)* 1 1 5
— > 1 1-— > —.
( +\/g) k2 —n2 — k2 —n? +k+n k—n/) — 8

Thus, (H5) holds with p given in (49). On the other hand, if k¥ > n, we deduce
(see (129))

A — A, (E+1)2—n? 1 1 8
— < =(14+-— 1 <=
( +\/g) k?—n?2 =  k?2-—n? +k+n Tra) 3w

and property (26) with v given in (49). This ends the proof of Proposition 2.13. O

A.4. Proof of Proposition 2.14. Let us consider two sequences A; = {)‘g)}kzl

and Ay = {)\;(62)}1@21 under the conditions of Proposition 2.14. In particular, the
sequence A; UA; can be rearranged as a positive increasing sequence A = {Ay}, <.
Let us see that A € L(8,p,q,po,p1,D2,), for § = 0 and appropriate positive
constants p, ¢, po, p1, p2 and «, and (26) holds for v > 0.

First, it is clear that A satisfies (H1)-(H4) (8 = 0). As above, using that )\,(;) #
)\512) for any k,n > 1, we also have
N@) = # {k: AW < r} +# {k AP < r} = Ni(r) + Na(r), Vr>0.
From Remark 1.5 we deduce the following property:
Ni(r —eo) S No(r) < Ni(r+¢e9), Vr >0, (130)
(in the previous inequality we have taken Ni(r — o) = 0 when r < &p). Indeed,
given r > 0, if ko = Na(r), then )\( ) <r and )\; 41 > r. In particular,

)\,(Clz) —egp < /\,(€2 <r and r< /\,€2+1 < /\k12)+1 + €o,

gp = sup €x|) and AW <r+eandr—¢g < AL Applying item 2 of
k>1 k2 ka+1
Remark 1.5, property (130) can be easily deduced.
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Recall that Ay = {)\,(cl)}k>1 € L£(0,p1,1,m,m,m2,1). Thus, from (H6), we

deduce w1/ — a3 < Ni(r) §_7r2\/17 + a1 for any r > 0. Combining this inequality
and the expression of N (r) with (130), we obtain

mVT — a1 SN(r) < ma/r 4+ mo/r + €0 + 204, if r < e,
mVT + TV — 0 — 200 S N(r) < ma/r + Ta/T + &0 + 201, if r > gp.

Now, from the previous property and taking into account inequalities (34), it is easy
to deduce that N (r) satisfies

mVT — a1 S N(r) < 2mo\/r + mav/Eo + 204, if r < e,

271’1\/;— Wl\/% — 2&1 < ./\[(’I") < 27T2\/77+ WQ\/E%-F 2C¥17 if r > €0-
In particular,

27’(’1\/;—71'1\/{5»—20[1 SN(T)§27T2\/;+7T2\/%+20111 vr > 0.
Therefore, condition (H6) holds with p;, p2 and « as in the statement of Proposi-
tion 2.14.

Let us now see that the sequence A satisfies (H5) and (26) with ¢ = 2 and
appropriate positive parameters p and v. To this end, we will use that A; is in
L(0, p1,1, 79, m, 72, 1) (¢ = 1) and satisfies (26), for v; € (0, 00) or, more precisely,
we will use

pl‘kQ—nzl < ‘)\21) _)\;1)‘ Sul‘kz—nz

., Vk,neN. (131)

The sequence {ey},~, is bounded. So, there exists ko > 1, depending on p; and
€0, such that -
len| < €0 < %(2k—1)<%|k2—n2{7 Vkn>1:k>ky, n#k

With this value of kg and (131), written for k and n, we obtain

)\](61) _)\?(11)‘ > py k2 - n?| > %|k2—n2|7

)

’/\I(Cl)_)\g)‘ > ‘)\561)_/\%1)‘ _ &0 2p1|k2—n2’—%‘k2—n2’ > %|k2—n2

’)\;2) 7)\512)’ > ‘)\’(Cl) 7/\%1)‘ — 260 > py [k? = n?| - %|k2—n2| > % k2 — n?|

with k > kg and n # k, i.e.,
‘)\ff) - A;ﬂ‘ > Bk —n?], Wknz1ik>ko, nAk Vije {12} (132)
As a consequence of (132), we also obtain /\,(;) < /\,(321 and /\,(3) < )\,(clll, for any

k > k. This provides the following explicit formula for the terms of the increasing
sequence A when k > 2ko — 1:

min {)\él),)\f)} k=201,
Ay = (133)

max {Af}’, Aff)} ik =L

We are going to use the previous expression of the terms Ay in order to prove
condition (H5) with ¢ = 2. Recall that the sequence A is real and increasing. Then,
Ak - An
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Assume that, for every n € {1,...,2ko — 2} fixed, one has

A=Ay P1 . A — Ay V1

IA

Then, there exists a positive constant p, only depending on kg and p; or, equiva-
lently, on p; and €q, such that

A=A, >p(k*—n?), VkneN:1<n<2k —2andn<k.

In this way, we have proved condition (H5) for ¢ = 1 and k,n € N such that
1<n<2ky—2and n <k Wewill prove (134) below.

Let us now see that the sequence A satisfies (H5), with ¢ = 2 and an appropriate
value of the parameter p, when k,n > 1 with £ > n+2 and n > 2kg — 1. We divide
the proof into four cases:

1. Assume that k = 2/ — 1 and n =2m — 1, with'ﬁ,m > koand k —n > 2.

In particular, £ —m > 1, Ay = )\éz) and A, = ,\5,%), with ¢,7 € {1,2}. Thus,
from (132)
A=A =2 =2 > B (e —m?) = B [k +1)? = (n+1
— %(k+n+2)(k:—n) > %(kzz—nQ).

2. Assume now that k = 2¢ — 1 and‘n = 2m, with f,m >koand k—n>2. In
particular, £ —m > 3/2, A, = /\gl) and A, = )\%), with 4,5 € {1,2}, and we
can apply (132):

m

Ak—An:Aéi)—A(j)z%(ZQ—mQ):%[(k+1)2—n2} > B (k2 —n?).

3. It k = 20 and n = 2m, with £,m > ko and k—n > 2, then £—m > 1, Ay = A
and A, = \Y), with 4,5 € {1,2}. Applying again (132), we get

_ (@) j P1 ()2 2y _ P12 2
A — Ay =), —A,@z?(z —m?) =2 (K —n?).
4. In the case k =2¢ and n = 2m — 1, with £,m > kg and kK —n > 2 we will use
the inequality
1
= (n+1)? > 5 (K = n?)
which is valid for any k,n > 1 such that k > n+ 2. Also, £ —m > 1/2, i.e.,

£ —m > 1 and we can apply (132). As before, Ay = )\éi) and A, = /\ﬁﬂ;), with
i,7 € {1,2}, and

Ae =R =2 =20 > B (2 —m?) = B (B = (n+1)%) > T (6 = n?).

We can conclude that property (H5) holds for the sequence A with ¢ = 2 and
= min {~ &}
P P 16)

Recall that the constant p only depends on p; and gy. Therefore, p only
depends on p; and €.
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The next task will be the proof of (134). To this end, let us fix n such that
1§n§2k‘0—_2andk22k0—1. Then k = 2¢ or k = 2¢ — 1 with £ > kg. In both
cases, Ay = )\21), with ¢ € {1,2}, and we can write (see (131)):

Ap — Ay > AE” —e0—Aogyo > p1 (2 —1) + AS” —¢e0 — Nogy—2
k2
> p1 (4 - 1) — €0 — Nagy—2,
A= Ap <A g = Ay <o (= 1) + A 459 — Ay

k+1)2
<uy ((H—1>+A§1)+50—A1.

4

This proves (134).

In order to finish the proof of Proposition 2.14, let us check that the sequence A
fulfills condition (26) for an appropriate v > 0. The proof is very close to that of
condition (H5). First, one has

ekl <eo <eo(2k—1) < g K> — n?

, VYkn>1:n#k.
From this inequality and (26), for 4 € (0, 00), we deduce

‘)\561) _ /\511)

<wi |k =n?[ < (1 +e0) [K2 =0,

‘)\Ecl) _)\5]’2)‘ S ‘)\Ecl) _Asll)’ +<€Q S (Vl +€O) ‘kQ _n2

; (135)

)

‘)\,(62) - )\%2)‘ < (1 + 2e0) |k — n?

for any k,n > 1 with # k.

Let us now prove condition (26) for the sequence A. As before, from the second
property in (134) we deduce the existence of a positive constant 7, only depending
on kg and vy, such that

Ak—Angﬁ(kQ—M), Vk,neN:1<n<2ky—2andn<k.

Let us now see inequality (26) when k,n € N are such that 2kg — 1 < n < k.
Recall that, in this case, we have an explicit formula of the terms of the sequence
A (see (133)). Let us first consider the case n > 2kg — 1 and k = n + 1. Thus,

Apy1 — Ay = Ao — A1 = [e| < o ((n +1)° - n2) ,
At = Ay = Aoryr — Ao < A =AY <y (204 1) <y ((n 11— n2) .
In the general case, i.e., when k,n € N are such that 2kg — 1 < n < k with

k > n+2, we can repeat the arguments above and deduce inequality (26) . Indeed,
as a consequence of (135), we deduce

1. Ifk:2£—1 andnzZm—l,withE,mZ ko and k —n > 2, then, £ —m > 1,
Ap =AY and A, = AP, with 4,5 € {1,2}. (135) implies

i ; 2
Ak — A = AP =20 < (1) + 20) (52—m2):#[(k+1)2—(n+1)2
2 2
:%(k_kn_i_g)(k_n)g%(]f_rﬂ)_

2. Assume now that k =2/ — 1 and n = 2m, with {,m > ko and k —n > 2. In
this case, £ —m > 3/2, A, = )\él) and A, = /\%)7 with ¢,7 € {1,2}. On the
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other hand, it is not difficult to check that
(k+1)27n2 §2(k27n2), Vk,n>1:k>n+2.
Thus, from (135) we get:

v + 2¢e

A — A, = )\gi) — )\gﬂ;) < (1 + 2¢9) (€2 — m2) = 1

[(k +1)% - n?

2

< ),

3. When k': 20 and n = 2m, with ¢,m > kg and k —n > 2, one has £ —m > 1,
Ay = )\g') and A, = )\7(%), with 4,5 € {1,2}. Applying again (135), we get

v + 2¢eg9 9 2

)

4. Finally, let us take Kk = 2¢ and n = 2m — 1, with {,m > kg and kK —n > 2.
Again, £—m > 1/2,i.e., {—m > 1 and we can apply (135). As in the previous
cases, A = )\gz) and A, = )\7(%), with 4,5 € {1,2}, and

Ak =D = A = A9 < (1 +250) (2 = m?) = L0 2250 <k2 — (n+ 1)2)

Ap — Ay = AP = 2D < (0 4 22¢) (2 —m?) =

vy + 2¢
S%(kQ—nQ)

Summarizing, we have prove property (26) for the sequence A with

{~ V1+250}
V= max (v, ——5— ¢

Recall again that the constant 7 only depends on kg and vy, that is to say, on
p1, €0 and vq. Therefore, the parameter v only depends on p1, 11 and &g.

With the proof of property (26) we end the proof of Proposition 2.14. a
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