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Abstract. In this paper, we consider an equivalence relation within the class

of finitely presented discrete groups attending to their asymptotic topology
rather than their asymptotic geometry. More precisely, we say that two finitely

presented groupsG andH are “proper 2-equivalent” if there exist (equivalently,

for all) finite 2-dimensional CW-complexes X and Y , with π1(X) ∼= G and

π1(Y ) ∼= H, so that their universal covers X̃ and Ỹ are proper 2-equivalent.

It follows that this relation is coarser than the quasi-isometry relation. We

point out that finitely presented groups which are 1-ended and semistable at
infinity are classified, up to proper 2-equivalence, by their fundamental pro-
group, and we study the behaviour of this relation with respect to some of the
main constructions in combinatorial group theory. A (finer) similar equivalence

relation may also be considered for groups of type Fn, n ≥ 3, which captures

more of the large-scale topology of the group. Finally, we pay special attention
to the class of those groups G which admit a finite 2-dimensional CW-complex

X with π1(X) ∼= G and whose universal cover X̃ has the proper homotopy type

of a 3-manifold. We show that if such a group G is 1-ended and semistable
at infinity then it is proper 2-equivalent to either Z× Z× Z, Z× Z or F2 × Z
(here, F2 is the free group on two generators). As it turns out, this applies in

particular to any group G fitting as the middle term of a short exact sequence
of infinite finitely presented groups, thus classifying such group extensions up

to proper 2-equivalence.

1. Introduction

It is well-known that an algebraic classification of finitely generated groups is
impossible because of the undecidability of the word problem [43]. In [29], Gromov
outlined a program to understand and try to classify these groups geometrically
via the notion of quasi-isometry for finitely generated groups, regarded as metric
spaces. Since then, those properties of finitely generated groups which are invariant
under quasi-isometries have been of great interest and widely studied. On the other
hand, the study of asymptotic invariants of topological nature for finitely generated
groups has also led to an interesting research area (see [24] for a good source on
this subject). See also [44] for a nice survey on some of such invariants coming from
3-manifold theory.

In this paper, we consider an equivalence relation within the class of finitely pre-
sented groups attending to their asymptotic topology rather than their asymptotic
geometry, and point out that this equivalence relation is coarser than the quasi-
isometry relation, i.e., quasi-isometric finitely presented groups will also be related
in this wider and “geometry forgetful” sense. For this, we need some preliminaries.
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We will generally be working within the category of locally finite CW-complexes
and proper maps. We recall that a proper map is a map with the property that
the inverse image of every compact subset is compact. Thus, two locally finite
CW-complexes are said to be proper homotopy equivalent if they are homotopy
equivalent and all homotopies involved are proper.

Given a non-compact (strongly) locally finite CW-complex Y , a proper ray in
Y is a proper map ω : [0,∞) −→ Y (see [24]). We say that two proper rays ω, ω′

define the same end if their restriction to the natural numbers ω|N, ω′|N are properly
homotopic. This equivalence relation gives rise to the notion of end determined by
ω as the corresponding equivalence class, as well as the space of ends E(Y ) of Y as
a compact totally disconnected metrizable space (see [2, 24]). The CW-complex Y
is semistable at the end determined by ω if any other proper ray defining the same
end is in fact properly homotopic to ω; equivalently, if the fundamental pro-group
pro − π1(Y, ω) is pro-isomorphic to a tower of groups with surjective bonding ho-
momorphisms. Recall that pro − π1(Y, ω) is represented by the inverse sequence
(tower) of groups

π1(Y, ω(0))
ϕ1←− π1(Y − C1, ω(t1))

ϕ2←− π1(Y − C2, ω(t2))←− · · ·

where C1 ⊂ C2 ⊂ · · · ⊂ Y is a filtration of Y by compact subspaces, ω([ti,∞)) ⊂
Y − Ci and the bonding homomorphisms ϕi are induced by the inclusions and
basepoint-change isomorphisms (which are defined using subpaths of ω). We refer
to [24, 38] for more details and the basics of the pro-category of towers of groups.

Given a CW-complex X, with π1(X) ∼= G, we will denote by X̃ the universal
cover of X, constructed as prescribed in ([24], §3.2), so that G is acting freely on

the CW-complex X̃ via a cell-permuting left action with G\X̃ = X. The number
of ends of an (infinite) finitely generated group G represents the number of ends

of the (strongly) locally finite CW-complex X̃1, for some (equivalently any) CW-
complex X with π1(X) ∼= G and with finite 1-skeleton, which is either 1, 2 or ∞
(finite groups have 0 ends [24, 48]). If G is finitely presented, then G is semistable
at each end (resp. at infinity, if G is 1-ended) if the (strongly) locally finite CW-

complex X̃2 is so, for some (equivalently any) CW-complex X with π1(X) ∼= G
and with finite 2-skeleton. In fact, we will refer to the fundamental pro-group of

X̃2 (at each end) as the fundamental pro-group of G (at each end). Observe that
any finite-dimensional locally finite CW-complex is strongly locally finite, see [24,
Prop. 10.1.12]. It is worth mentioning that the number of ends and semistabilitiy
are quasi-isometry invariants for finitely presented groups [7].

In this context, we have:

Definition 1.1. Two finitely presented groups G and H are proper 2-equivalent if
there exist (equivalently, for all) finite 2-dimensional CW-complexes Xand Y , with

π1(X) ∼= G and π1(Y ) ∼= H, so that their universal covers X̃ and Ỹ are proper
2-equivalent.

See §2 for the definition of a proper n-equivalence between locally finite CW-
complexes. Observe that any two finite groups are proper 2-equivalent as any two
simply connected finite CW-complexes are (trivially) proper 2-equivalent, since
they are homotopy equivalent to a finite bouquet of 2-spheres (see [49]). Also, the
required proper 2-equivalence can be replaced by a proper homotopy equivalence
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after wedging with 2-spheres. We will give the details in §2 and show that this
determines an equivalence relation for finitely presented groups. One can easily
check that the number of ends and semistability at each end are invariants under
this proper 2-equivalence relation, as well as any other proper homotopy invari-
ant of the group which depends only on the 2-skeleton of the universal cover of
some finite CW-complex with the given group as fundamental group, like simple
connectivity at infinity (see [24]). Likewise, the second cohomology H2(G;ZG)
of a finitely presented group G is an invariant under proper 2-equivalences, as

it is isomorphic to the first cohomology of the end H1
e (X̃;Z), for any finite 2-

dimensional CW-complex X with π1(X) ∼= G (see [24, §12.2, 13.2]). Also, observe
that if G is semistable at infinity then the second cohomology with compact sup-

ports H2
c (X̃;Z) ∼= H2(G;ZG) ⊕ (free abelian) is free abelian (and hence so is

H2(G;ZG)), see [27]. It is worth mentioning that the cohomology groupH2(G;ZG)
was shown in [28] to be a quasi-isometry invariant of the group (see also [24, Thm.
18.12.11]).

This proper 2-equivalence relation is motivated by the study and recent results
[17] on properly 3-realizable groups, i.e., those finitely presented groups G for which
there is some finite 2-dimensional CW-complex X with π1(X) ∼= G and whose uni-

versal cover X̃ has the proper homotopy type of a 3-manifold. We will dedicate
special attention to this class of groups in §6 taking a closer look to it regarding the
above equivalence relation, and show that there are only three proper 2-equivalence
classes containing 1-ended and semistable at infinity properly 3-realizable groups.

It follows from [24, Thm. 18.2.11] that if G and H are in fact quasi-isometric
groups then they are also proper 2-equivalent, even if the required proper 2-equivalen-
ce in Definition 1.1 is replaced by a proper homotopy equivalence (see [17, Cor. 1.2]).
On the other hand, it is easy to find finitely presented groups which are trivially
proper 2-equivalent but not quasi-isometric. For this, we may just consider the
fundamental groups of the torus and any other closed orientable surface of genus
at least 2, which both have R2 as universal cover. A non-trivial example will be
given in §6.

We also show that two finite graph of groups decompositions with finite edge
groups and finitely presented vertex groups with at most one end yield proper
2-equivalent groups if they have the same set of proper 2-equivalence classes of ver-
tex groups (see Theorem 3.9). On the other hand, unlike the situation under the
quasi-isometry relation (compare with [45, Thm. 0.4]), the proper 2-equivalence
class of a finitely presented group does not determine in general the set of proper
2-equivalence classes of vertex groups in such a decomposition of the group. Again,
an example will be given in §6.

2. Some basic properties. The finite ended case

We start by recalling the notions of proper n-equivalence and proper n-type for
CW-complexes, already existing in the literature.

Definition 2.1. ([24, § 11.1]) . A proper cellular map f : X −→ Y between
finite-dimensional locally finite CW-complexes is a proper n-equivalence if there is
another proper cellular map g : Y −→ X such that the restrictions g ◦ f |Xn−1 and
f ◦ g|Y n−1 are proper homotopic to the inclusion maps Xn−1 ⊆ X and Y n−1 ⊆ Y .
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It is worth mentioning that an n-equivalence as in Definition 2.1 is a stronger
version of the notion of a proper (n−1)-type which extends the classical (n−1)-type
in ordinary homotopy theory introduced by J.H.C. Whitehead [50]. More precisely,

Definition 2.2. ([13, § 6]) LetX and Y be two finite-dimensional locally finite CW-
complexes. We say that they have the same proper n-type if there exist proper maps
f : Xn+1 −→ Y n+1 and g : Y n+1 −→ Xn+1 such that the restrictions g ◦ f |Xn and
f ◦ g|Y n are proper homotopic to the inclusion maps Xn ⊆ Xn+1 and Y n ⊆ Y n+1.

Remark 2.3. By the proper cellular approximation theorem (see [24]), if two finite-
dimensional locally finite CW-complexes are proper n-equivalent then so are their n-
skeleta, and two n-dimensional locally finite CW-complexes are proper n-equivalent
if and only if they have the same proper (n − 1)-type. On the other hand, if two
finite-dimensional locally finite CW-complexes are proper homotopy equivalent then
they are proper n-equivalent, for all n.

Remark 2.4. Recently, Geoghegan et al. [26] have relaxed Definition 2.1, making
Definitions 2.1 and 2.2 more compatible.

The following result shows that Definition 1.1 does not depend on the choice
of the corresponding CW-complexes. It also provides an alternative equivalent
definition by replacing the required proper 2-equivalence with a proper homotopy
equivalence after wedging with 2-spheres.

Theorem 2.5. Let G and H be two infinite finitely presented groups, and let X and
Y be any two finite 2-dimensional CW-complexes with π1(X) ∼= G and π1(Y ) ∼=
H. Then, if X̃ and Ỹ denote the corresponding universal covers, the following
statements are equivalent:

(a) The groups G and H are proper 2-equivalent.

(b) X̃ and Ỹ are proper 2-equivalent (i.e., they have the same proper 1-type).

(c) There exist 2-spherical objects S2
α and S2

β so that X̃ ∨ S2
α and Ỹ ∨ S2

β are
proper homotopy equivalent.

(d) The universal covers X̃ ∨ S2 and Ỹ ∨ S2 are proper homotopy equivalent.

The wedge in (d) is the usual one, while the wedges in (c) are taken along maximal

trees T ⊂ X̃ and T ′ ⊂ Ỹ , and by an spherical object we mean the space obtained
from the corresponding maximal tree by attaching finitely many 2-spheres at each
vertex.

Proof. We may always assume that the 0-skeleta of the CW-complexes X and Y
reduce to a single vertex. If G and H are proper 2-equivalent then there exist finite
2-dimensional CW-complexes W and Z, with π1(W ) ∼= G and π1(Z) ∼= H, so that

the universal covers W̃ and Z̃ are proper 2-equivalent. We now consider K(G, 1)-
complexes X ′ and W ′ with (X ′)2 = X and (W ′)2 = W , and K(H, 1)-complexes
Y ′ and Z ′ with (Y ′)2 = Y and (Z ′)2 = Z. By the proper cellular approximation

theorem, it is not hard to check that (̃X ′)2 = X̃ and (̃W ′)2 = W̃ are proper 2-
equivalent as X ′ and W ′ are homotopy equivalent. It also follows from [24, Thm.

18.2.11], since π1(X
′) ∼= π1(W

′) ∼= G. Similarly, Ỹ = (̃Y ′)2 and Z̃ = (̃Z ′)2 are
proper 2-equivalent. Thus, (a) ⇒ (b) follows by transitivity. On the other hand,
(b) ⇒ (d) follows from the proof of [17, Cor. 1.2], and (d) ⇒ (c) follows from the

fact that X̃ ∨ S2 = X̃ ∨S2
T where S2

T is the “universal” spherical object defined by
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attaching exactly one 2-sphere at each vertex of T ⊂ X̃; similarly, Ỹ ∨ S2 = Ỹ ∨S2
T ′ .

Conversely, for (c) ⇒ (d) we observe that, by the classification of spherical objects
in [2, Prop. II.4.5], we have a proper homotopy equivalence

X̃ ∨ S2
T ≃ X̃ ∨ (S2

α ∨ S2
T ) = (X̃ ∨ S2

α) ∨ S2
T

If f : X̃ ∨ S2
α −→ Ỹ ∨ S2

β is now a (cellular) proper homotopy equivalence, then

the restriction ω = f |T yields a proper homotopy equivalence (X̃ ∨ S2
α) ∨ S2

T ≃
(Ỹ ∨ S2

β) ∨ S2
ω, where S

2
ω is the spherical object obtained by attaching #ω−1(v) 2-

spheres at each vertex v ∈ T ′. As ω induces a homeomorphism between the spaces

of ends E(T ) ≃ E(X̃) and E(T ′) ≃ E(Ỹ ), the classification of spherical objects in
[2, Prop. II.4.5] yields a proper homotopy equivalence S2

ω ≃ S2
T ′ and hence

(Ỹ ∨ S2
β) ∨ S2

ω ≃ (Ỹ ∨ S2
β) ∨ S2

T ′ ≃ Ỹ ∨ (S2
β ∨ S2

T ′) ≃ Ỹ ∨ S2
T ′

thus obtaining a proper homotopy equivalence X̃ ∨ S2 = X̃ ∨ S2
T ≃ Ỹ ∨ S2

T ′ =

Ỹ ∨ S2. Finally, (d) ⇒ (a) is obvious as π1(X ∨ S2) ∼= G and π1(Y ∨ S2) ∼= H. �

Remark 2.6. Theorem 2.5(d) shows that the alternative definition via proper ho-
motopy equivalences does not depend on the choice of the corresponding CW-
complexes after taking wedge with a single 2-sphere.

Corollary 2.7. The relation of being proper 2-equivalent is an equivalence relation
for finitely presented groups.

Proof. It readily follows from the transitivity of proper n-equivalences for CW-
complexes. Alternatively, in view of Theorem 2.5, one can also show transitivity as
follows. Let G,H and K be infinite finitely presented groups so that G is proper
2-equivalent to H and H is proper 2-equivalent to K, and let X,Y and Z be
finite 2-dimensional CW-complexes with π1(X) ∼= G, π1(Y ) ∼= H and π1(Z) ∼= K.

By Theorem 2.5, we have that X̃ ∨ S2 is proper homotopy equivalent to Ỹ ∨ S2

which in turn is proper homotpy equivalent to Z̃ ∨ S2. Thus, G and K are proper
2-equivalent, as π1(X ∨ S2) ∼= G and π1(Z ∨ S2) ∼= K. �

Remark 2.8. In particular, if G and H are two quasi-isometric finitely presented
groups and X and Y are finite 2-dimensional CW-complexes with π1(X) ∼= G and

π1(Y ) ∼= H, then it follows from [24, Thm. 18.2.11] that their universal covers X̃

and Ỹ are proper 2-equivalent (in fact, X̃ ∨ S2 and Ỹ ∨ S2 are proper homotopy
equivalent, by Theorem 2.5) and hence G and H are proper 2-equivalent as finitely
presented groups. By using the Švarc-Milnor Lemma and its well-known corollaries
(see [24, Thm. 18.2.15] or [19]) we have as an immediate consequence that if H ≤ G
has [G : H] < ∞ and N ≤ G is a finite normal subgroup then G,H and G/N are
proper 2-equivalent to each other. In particular, all 2-ended groups are proper
2-equivalent to the group of integers.

Notice that we may define a function φ between the set of proper 2-equivalence
classes of finitely presented groups and the set of proper 1-types of 2-dimensional
(locally finite) simply connected CW-complexes, by assigning to each equivalence

class [G] the proper 1-type of X̃, where X is any finite 2-dimensional CW-complex
with π1(X) ∼= G. Of course, all spaces with k ends where 3 ≤ k <∞ are not in the
image of φ. Even when considering only simply connected CW-complexes with an
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allowed number of ends, this function φ is not expected to be surjective, as suggested
by the following example. First, consider the mapping telescope of the obvious map
S1 −→ S1 of degree two and cut it in half through a transverse circle C. Second,
consider the right hand side of it and glue a disk to the circle C along the boundary,
via the identity map (see the figure below). The second cohomology with compact
supports of the resulting 2-dimensional simply connected CW-complex is not free
abelian (as contains the dyadics as a subgroup) and its fundamental pro-group has

the form 1← Z
×2←− Z ×2←− Z ×2←− · · ·

If φ were surjective, then there would exist a 1-ended finitely presented group G
which is not semistable at infinity (as H2(G;ZG) is not free abelian, see §1) and
would also serve as a counterexample to the Burnside problem for finitely presented
groups (as no free Z-action is possible with such a fundamental pro-group, see [25]).
This leads us to the following open question (some related questions have already
been posed in [25]):

Open question: What is the image of φ?

Observe that given two (infinite) finitely presented proper 2-equivalent groups G
and H which are semistable at each end, and finite 2-dimensional CW-complexes

X and Y with π1(X) ∼= G and π1(Y ) ∼= H, for any end of X̃ there is an end of

Ỹ so that the corresponding fundamental pro-groups are pro-isomorphic, and vice
versa (see [24, Thm. 16.2.3]). In fact, in the 1-ended case we have the following
characterization.

Proposition 2.9. Let G and H be two finitely presented groups which are 1-ended
and semistable at infinity. Then, G and H are proper 2-equivalent if and only if
they have pro-isomorphic fundamental pro-groups.

Indeed, with the above notation, if pro − π1(X̃) ∼= pro − π1(Ỹ ) (regardless the

base ray, by the semistability condition) then by [13, Prop. 6.2] we have that X̃

and Ỹ are proper 2-equivalent and hence G and H are proper 2-equivalent. In
particular, all 1-ended and simply connected at infinity (finitely presented) groups
are proper 2-equivalent to each other and hence proper 2-equivalent to Z× Z× Z.

We conclude this section by studying the behaviour of the proper 2-equivalence
relation with respect to direct products and group extensions in general.

Lemma 2.10. Let X,Y, Z andW be finite-dimensional locally finite CW-complexes,
and assume X and Y are proper n-equivalent to Z and W respectively.Then, X×Y
is proper n-equivalent to Z ×W .

Proof. Let f : X −→ Z and g : Y −→ W be proper n-equivalences together with
proper cellular maps f ′ : Z −→ X and g′ : W −→ Y and proper homotopies
F : f ′ ◦ f |Xn−1 ≃ iXn−1 , F ′ : f ◦ f ′|Zn−1 ≃ iZn−1 , G : g′ ◦ g|Y n−1 ≃ iY n−1 and
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G′ : g ◦ g′|Wn−1 ≃ iWn−1 . By the proper cellular approximation theorem, we may
also assume that all those proper homotopies are cellular. Therefore, the product
maps f × g and f ′× g′ as well as the homotopies H : Xn−1× Y n−1× I −→ X × Y
and H ′ : Zn−1 ×Wn−1 × I −→ Z ×W , given by H(x, y, t) = (F (x, t), G(y, t)) and
H ′(z, w, t) = (F ′(z, t), G′(w, t)), are all cellular maps. Thus, as (X×Y )k ⊆ Xk×Y k

for all k ≥ 0, the restrictions H|(X × Y )n−1 × I : (f ′ × g′) ◦ (f × g)|(X × Y )n−1 ≃
i(X×Y )n−1 and H ′|(Z ×W )n−1 × I : (f × g) ◦ (f ′ × g′)|(Z ×W )n−1 ≃ i(Z×W )n−1

are the desired proper homotopies, and this concludes the proof. �
Proposition 2.11. Let G,G′,H and H ′ be finitely presented groups and assume
that G and H are proper 2-equivalent to G′ and H ′ respectively. Then, G ×H is
proper 2-equivalent to G′ ×H ′.
Proof. First, if either G (and hence G′) or H (and hence H ′) is finite then G×H
and G′×H ′ have proper 2-equivalent finite index subgroups, and hence we are done
by Remark 2.8, as any two finite groups are proper 2-equivalent. Otherwise, there
exist finite 2-dimensional CW-complexes X,X ′, Y and Y ′ having G,G′,H and H ′

as fundamental groups and so that X̃ and X̃ ′ are proper 2-equivalent to Ỹ and Ỹ ′

respectively. By Lemma 2.10 above, X̃ × Ỹ = X̃ × Y is then proper 2-equivalent

to X̃ ′ × Ỹ ′ = X̃ ′ × Y ′ and hence so they are their 2-skeleta, by Remark 2.3. The

conclusion follows, since
(
X̃ × Y

)2

= ˜(X × Y )2 and
(
X̃ ′ × Y ′

)2

= ˜(X ′ × Y ′)2. �

More generally, Proposition 2.11 together with [24, Thm. 16.8.4] yield the fol-
lowing result.

Proposition 2.12. Let 1→ G −→ K −→ H → 1 and 1→ G′ −→ K ′ −→ H ′ → 1
be two short exact sequences of finitely presented groups, and assume that G and H
are proper 2-equivalent to G′ and H ′ respectively. Then, K is proper 2-equivalent
to K ′. In fact, K and K ′ are proper 2-equivalent to G×H and G′×H ′ respectively.
Proof. If either G (and hence G′) or H (and hence H ′) is finite, then the con-
clusion easily follows from Remark 2.8. Otherwise, by [24, Thm. 16.8.4], given
finite 2-dimensional CW-complexes X,X ′, Y and Y ′ having G,G′,H and H ′ as
fundamental groups, there exist finite CW-complexes Z and Z ′ having K and K ′

as fundamental groups and so that their universal covers Z̃ and Z̃ ′ are proper 2-

equivalent to X̃ × Ỹ and X̃ ′ × Ỹ ′ respectively (and hence so are their 2-skeleta).
Therefore, K and K ′ are proper 2-equivalent to G ×H and G′ ×H ′ respectively,
and the conclusion follows then from Proposition 2.11. �

Notice that if the groups G,G′,H and H ′ in Propositions 2.11 and 2.12 above are
all infinite then the corresponding products (resp. group extensions) are 1-ended
and semistable at infinity [40] and have pro-isomorphic fundamental pro-groups,
by Proposition 2.9. It is worth mentioning that they are all of telescopic type at
infinity (see §5), i.e., their fundamental pro-groups are always pro-free and pro-
(finitely generated) [18, 16]; in fact, they are all proper 2-equivalent to one of the
following groups Z× Z× Z, Z× Z or F2 × Z, as we will show in §6.

3. The infinite ended case

Since the quasi-isometry relation is stronger than the proper 2-equivalence rela-
tion for finitely presented groups, the following result follows from [45, Lemma 1.4]
together with Remark 2.8.
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Lemma 3.1. Let G be an infinite finitely presented group, and n ≥ 2. Then,

G∗
(n)
· · · ∗G is proper 2-equivalent to G ∗G (in fact, they are quasi-isometric).

Remark 3.2. Alternatively, an intuitive direct proof could be roughly as follows.
Given any finite 2-dimensional CW-complex X with π1(X) ∼= G and denoting by

Xn = X∨
(n)
· · · ∨X (n ≥ 2) the corresponding wedge, we claim that the universal

covers X̃n and X̃2 are already proper homotopy equivalent. For this, observe that

X̃n consists of a tree-like arrangement of a collection of copies of X̃ in such a way

that n of those copies meet appropriately at each vertex of X̃n. Given a vertex on

a fixed copy of X̃ inside X̃n, the idea is to start pushing somehow towards infinity,

i.e., outside some (increasing) finite subcomplex of X̃n containing the given vertex,

some of the various copies of X̃ we encounter within that finite subcomplex so as
to keep only two of such copies at each vertex, and keep repeating the argument

to an increasing (finite) number of fixed copies of X̃ inside X̃n. A limit process
would then give us the desired proper homotopy equivalence. The missing details
are of the same sort and complexity as those shown in the argument for the proof of
Lemma 3.4 and Proposition 3.3 below, and we omit them for the sake of simplicity.

Proposition 3.3. Let G,H and K be infinite finitely presented groups, and assume
that G and H are proper 2-equivalent. Then, G ∗K and H ∗K are also proper 2-
equivalent.

The converse of this result does not hold in general, i.e., common free factors
can not be canceled out and still obtain a proper 2-equivalence in general. A simple
example would be Z ∗ Z versus F2 ∗ Z. We need the following technical lemma for
the proof of Proposition 3.3.

Lemma 3.4. Let f : X −→ Y be a proper homotopy equivalence between two infi-
nite finite-dimensional locally finite (connected) CW-complexes. Then, f is properly
homotopic to a map g : X −→ Y which is a bijection g : X0 −→ Y 0 between the
0-skeleta. Moreover, given arbitrary vertices v0 ∈ X and w0 ∈ Y , the map g can be
chosen so that g(v0) = w0.

Proof. We may always assume that f is a cellular map, by the Proper Cellular
Approximation Theorem (see [24]). Moreover, given arbitrary vertices v0 ∈ X and
w0 ∈ Y , we may further assume that f(v0) = w0. Indeed, let γ : I −→ Y be an
edge path with γ(0) = f(v0) and γ(1) = w0. By applying the Proper Homotopy

Extension Property to f and the path γ, we get a proper map f̃ : X −→ Y properly

homotopic to f with f̃(v0) = w0.
Let TX ⊂ X and TY ⊂ Y be maximal trees. By choosing v0 ∈ TX as a root

vertex we have the usual ordering on the vertices of X by setting v ≤ v′ if v lies in
the unique path Γ(v0, v

′) ⊂ TX from v0 to v′. Moreover, we write |v| = n if Γ(v0, v)
contains exactly n + 1 vertices. The integer |n| is termed the height of v. More
generally, given a subcomplex Z ⊂ X we write |Z| = min{|v| , v ∈ Z0}. Similarly,
by fixing w0 ∈ TY as a root vertex, we have the same kind of ordering on Y 0.

We are now ready to prove the lemma. For this, we set X0(n) = {v ∈ X0 , |v| ≤
n} and let TX(n) ⊂ TX denote the finite subtree generated by the set X0(n).
Similarly, we define Y 0(n) and TY (n), n ≥ 1. We first find a proper map h : X −→
Y properly homotopic to f and such that h restricts to a surjection h : X0 −→
Y 0. The definition of the map h will follow from the inductive construction of an
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increasing subsequence 0 = n0 < n1 < · · · < nj < . . . and maps hj : X
0(nj) −→ Y 0

satisfying the following properties:

(a) hj extends hj−1.
(b) Y 0(j) ⊂ hj(X0(nj)).
(c) |Γ(f(v), hj(v))| ≥ min{|f(v)|, j} − 1, if |v| > nj−1.

In order to construct the maps hj , we start choosing a subsequence m1 < m2 < . . .
such that all components of cl(TY − TY (mi)) are unbounded. For the sake of
simplicity, we assume that the tree TY is such that we can choose mi = i for all
i ≥ 1, easing the reading of what follows. This way, any vertex w ∈ Y 0 with |w| = j
is either a terminal vertex or there are infinitely many vertices w′ ≥ w. In any case,
we can find infinitely many vertices with the property

(3.1) |w′| ≥ j + 1 and |Γ(w,w′)| ≥ j − 1.

We start simply by taking n0 = 0, and h0(v0) = f(v0) = w0.

Assume hj already constructed. Let LY
k = {w ∈ Y 0 , |w| = k and h−1j (w) = ∅}.

By induction, kj = min{k , LY
k ̸= ∅} ≥ j + 1. For each w ∈ LY

kj
, we choose a

vertex vw ∈ X0 such that |vw| > nj and |Γ(w, f(vw)| ≥ |w| − 1 = kj − 1 ≥ j.
Here we use (3.1) and the fact that f induces a homeomorphism between the
corresponding spaces of ends. Next, we choose nj+1 > nj large enough to have
{vw , w ∈ LY

kj
} ∪X0(nj) ⊂ X0(nj+1), and define hj+1 : X0(nj+1) −→ Y 0 by set-

ting hj+1(v) = hj(v) if v ∈ X0(nj), hj+1(vw) = w if w ∈ LY
kj

and hj+1(v) = f(v)

otherwise. Clearly, hj+1 satisfies conditions (a) and (b above). In order to ver-
ify (c), we observe that for any vertex |v| > nj we have |Γ(hj+1(vw), f(vw))| =
|Γ(w, f(vw))| ≥ |w| − 1 ≥ j and |Γ(hj+1(v), f(v))| = |f(v)| if v ̸= vw, for all
w ∈ LY

kj
.

This way, the union h0 = ∪jhj : X0 −→ Y 0 is a proper surjection by condi-
tions (b) and (c) above. Furthermore, condition (c) yields that the family of arcs
{Γ(f(v), h0(v))}v∈X0 is locally finite and hence the mapH0 : X×{0}∪X0×I −→ Y
given by H0(x, 0) = f(x) and H0|{v} × I = Γ(h0(v), f(v)) is proper. Thus,
by the Proper Homotopy Extension Property, H0 extends to a proper homotopy
H : X × I −→ Y , and h = H1 is the required map.

Next, we will modify the map h so as to get the desired proper map g : X −→ Y .
This time, we will construct injective maps gj : h

−1(Y 0(j)) −→ Y 0 inductively with
the following properties

(a) gj extends gj−1.
(b) Y 0(j) ⊂ gj(h−1(Y 0(j))).
(c) |Γ(h(v), gj(v))| ≥ |h(v)| − 1, for all v ∈ X0.

since h−10 (w0) = {v0}, we simply set g0 = h0 : {v0} −→ Y 0. Assume gj already
defined. Given w ∈ Y 0 with |w| = j + 1 and h−1(w) = {vw0 , vw1 , . . . , vwk(w)}, we
define gj+1 on h−1(w) according to the following two cases

(1) There is some v ∈ h−1(Y 0(j)) with w = gj(v). Then, we define the vertices
gj+1(v

w
i ) (0 ≤ i ≤ k(w)) so as to form a set of k(w) + 1 vertices in Y 0 −

gj(h
−1(Y 0(j))) such that |Γ(gj+1(v

w
i ), gj(v))| ≥ |gj(v)| − 1.

(2) Assume w is outside the image of gj . Then, we define gj+1(v
w
0 ) = w and

the vertices gj+1(v
w
i ) (1 ≤ i ≤ k(w)) so as to form a set of k(w) vertices in

Y 0 − gj(h−1(Y 0(j))) with |gj+1(v
w
i )| > |w| and |Γ(gj+1(v

w
i ), w)| ≥ |w| − 1.
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In both cases, we also choose the vertices in such a way that gj+1(v
w
i ) ̸= gj+1(v

w′

i′ )
for all i ≤ k(w) and i′ ≤ k(w′) whenever w ̸= w′. Notice that gj+1 thus defined
satisfies conditions (a) and (b) above. Moreover, condition (c) also holds for gj+1.
This is obvious if v ∈ h−1(Y 0(j)) by the induction hypothesis. Otherwise, if v /∈
h−1(Y 0(j)) but h(v) = gj(v

′) for some v′ ∈ h−1(Y 0(j)), we have

|Γ(gj+1(v), h(v))| = |Γ(gj+1(v), gj(v
′))| ≥ |gj(v′)| − 1 = |h(v)| − 1

Finally, if v /∈ h−1(Y 0(j)) and h(v) misses the image of gj , then

|Γ(gj+1(v), h(v))| ≥ |h(v)| − 1, for h(v) = w as in (2)

The map g0 : X0 −→ Y 0 given by g0(v) = gj(v) if v ∈ h−1(Y 0(j)) is then
injective, and hence a bijection by property (b). Moreover, property (c) yields
that the family of arcs {Γ(g0(v), h(v))}v∈X0 is locally finite and hence we obtain a
proper map g : X −→ Y properly homotopic to h by applying the Proper Homotopy
Extension Property to G0 : X × {0} ∪X0 × I −→ Y given by G0(x, 0) = h(x) and
G0|{v} × I = Γ(g0(v), h(v)). �

Proof of Proposition 3.3. Let X,Y and Z be finite 2-dimensional CW-complexes
having G,H and K as fundamental groups and whose 0-skeleta consists of a single
vertex X0 = {x0}, Y 0 = {y0} and Z0 = {z0}, together with a (cellular) proper

homotopy equivalence f : X̃ −→ Ỹ and base points x̃0 ∈ X̃, ỹ0 = f(x̃0) ∈ Ỹ and

z̃0 ∈ Z̃. We may further assume that f is a bijection between the 0-skeleta, by Lema
3.4. It is clear that π1(X ∨Z) ∼= G ∗K and π1(Y ∨Z) ∼= H ∗K. We will show that
G∗K and H ∗K are proper 2-equivalent by finding a proper homotopy equivalence

between the universal covers X̃ ∨ Z and Ỹ ∨ Z. According to [48], these universal
covers can be described as in [1] as follows.

(i) The universal cover X̃ ∨ Z is a tree-like arrangement of countably many copies

X̃p and Z̃r of X̃ and Z̃, whose vertices are identified to get the 0-skeleton X̃ ∨ Z
0

via a bijection α : N× N −→ N× N given by the group action of G ∗K on X̃ ∨ Z;
that is, by choosing a bijection for each p and r, the 0-skeleta X̃0

p and Z̃0
r can be

regarded as the sets {(p, q); q ∈ N} and {(r, s); s ∈ N}, respectively, and then (p, q)

gets identified with α(p, q) to obtain the 0-skeleton X̃ ∨ Z
0
.

(ii) Similarly, the universal cover Ỹ ∨ Z is a tree-like arrangement of copies Ỹa

and Z̃ ′c of Ỹ and Z̃, whose vertices Ỹ 0
a = {(a, b)}b∈N and Z̃ ′

0

c = {(c, d)}d∈N are

identified to get the 0-skeleton Ỹ ∨ Z
0
according to a bijection α′ : N×N −→ N×N.

We choose a “root” copy X̃p0 ⊂ X̃ ∨ Z which gives the height 0 for the copies

of X̃. Then the copies of Z̃ at height 0 are the Z̃r’s for which α(p0, q) = (r, s) for

some q, s ∈ N. Now a copy X̃p (p ̸= p0) is said to be at height 1 if a vertex in X̃p is

identified to a vertex of a copy of Z̃ at height 0. This way we can define the height

of any copy of X̃ and Z̃. Let | |1 denote this height function. Similarly, by choosing

a “root” copy Ỹa0 ⊂ Ỹ ∨ Z we can define a height function | |2 for the copies of Ỹa
and Z̃c.

For each k ≥ 0, let Lk
1(X) =

⊔
|X̃p|1≤k

X̃p and Lk
1(Z) =

⊔
|Z̃r|1≤k

Z̃r. Similarly, we
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define Lk
2(Y ) =

⊔
|Ỹa|2≤k

Ỹa and Lk
2(Z) =

⊔
|Z̃′

c|2≤k

Z̃ ′c.

We are ready to define inductively (cellular) proper homotopy equivalences

fk : Lk
1(X) −→ Lk

2(Y ) and gk : Lk
1(Z) −→ Lk

2(Z)

such that fk and gk are extensions of fk−1 and gk−1, respectively, and gk◦α = α′◦fk
for all k ≥ 0. We start by considering cellular homeomorphisms φ : X̃p0

−→ X̃

and ψ : Ỹa0
−→ Ỹ and by Lemma 3.4 we choose f0 : X̃p0

−→ Ỹa0
to be a (cellular)

proper map properly homotopic to ψ−1 ◦f ◦φ which restricts to a bijection between
the 0-skeleta. In order to define g0 : L0

1(Z) −→ L0
2(Z), let Zr with |Zr|1 = 0. Then

there exist exactly two indices s, q ∈ N such that α(p0, q) = (r, s). Let c ∈ N be

such that the copy Z̃ ′c contains a vertex (c, d) for which α′(f0(p0, q)) = (c, d). Then
we apply Lemma 3.4 to any cellular homeomorphism Zr

∼= Zc to get a (cellular)

proper homotopy equivalence g0,r : Z̃r −→ Z̃ ′c which carries the vertex (r, s) ∈ Z̃r

to the vertex (c, d) ∈ Z̃ ′c. The union map of all g0,r defines a (cellular) proper
homotopy equivalence g0 : L0

1(Z) −→ L0
2(Z) which restricts to a bijection between

0-skeleta. Moreover, by definition g0 ◦ α = α′ ◦ f0.
Assume that we have already defined the maps fk and gk. For any X̃p with

|X̃p|1 = k+1 we find exactly a vertex (p, q) ∈ X̃p such that the vertex (r, s) = α(p, q)

belongs to a copy Z̃r with |Z̃r|1 = k. Let Ỹa be the only copy at height k + 1 for

which there exists a vertex (a, b) ∈ Ỹa with α′(a, b) = gk(r, s). Then if φ : X̃p
∼= X̃

and ψ : Ỹa ∼= Ỹ are (cellular) homeomorphisms we apply Lemma 3.4 to the compos-

ite ψ−1 ◦ f ◦φ to get a proper homotopy equivalence fk+1,p : X̃p −→ Ỹa restricting
to a bijection between the 0-skeleta and fk+1,p(p, q) = (a, b). The union of the maps

fk and fk+1,p yields a proper homotopy equivalence fk+1 : Lk+1
1 (X) −→ Lk+1

2 (Y )
which extends fk. A similar argument can be applied to define gk+1 as an extension
of gk.

Once the fk’s and gk’s have been defined, the obvious filtered maps f :
⊔

p∈N X̃p −→⊔
a∈N Ỹa and g :

⊔
r∈N Z̃r −→

⊔
c∈N Z̃

′
c defined by f |Lk

1(X) = fk and g|Lk
1(Z) = gk

turn to be (cellular) proper homotopy equivalences. Moreover, the following dia-
gram commutes

⊔
p∈N

X̃p

f

��

N× Nioo

f0

��

α // N× N

g0

��

j //
⊔
r∈N

Z̃r

g

��⊔
a∈N

Ỹa N× Ni′oo α′
// N× N

j′ //
⊔
c∈N

Z̃ ′c

where the maps i, i′, j, j′ denote the inclusions of 0-skeleta and f0 and g0 are the

corresponding restrictions. Furthermore, X̃ ∨ Z and Ỹ ∨ Z are the pushouts of the
first and second row, respectively. Thus, by the gluing lemma [2, Lemma I.4.9], the

map f ∪ g : X̃ ∨ Z −→ Ỹ ∨ Z obtained by the pushout construction is a proper
homotopy equivalence. �
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Corollary 3.5. Let G,H and K be finitely presented groups. If G and H are
proper 2-equivalent and both G ∗K and H ∗K are infinite ended, then G ∗K and
H ∗K are also proper 2-equivalent.

Proof. The proof goes as in [45, Thm. 0.1], using Lemma 3.1 and Proposition 3.3
above. First, if G,H and K are finite then G ∗ K and H ∗ K are virtually free
groups which are not virtually cyclic, since they are infinite ended by assumption,
and hence proper 2-equivalent by Lemma 3.1.

Second, if G and H are finite but K is infinite then G ∗K and H ∗K contain

finite index subgroups isomorphic to K∗
|G|
· · · ∗K and K∗

|H|
· · · ∗K respectively, which

are proper 2-equivalent by Lemma 3.1.
Similarly, if G and H are infinite but K is finite then G ∗K and H ∗K contain

finite index subgroups isomorphic to G∗
|K|
· · · ∗G and H∗

|K|
· · · ∗H, which are proper 2-

equivalent to G∗G and H ∗H respectively, by Lemma 3.1, and hence the conclusion
follows as G ∗ K and H ∗ K are then proper 2-equivalent to G ∗ G and H ∗ H
respectively, which in turn are both proper 2-equivalent to G ∗H, by Proposition
3.3.

Finally, the case when G,H and K are infinite corresponds to Proposition 3.3.
�

Again, since quasi-isometric (finitely presented) groups are in particular proper
2-equivalent, [45, Thm. 0.2] together with [17, Cor. 1.2] also yields the following

Proposition 3.6. Let G and H be finitely presented groups and F be a common
finite proper subgroup. If both G ∗F H and G ∗H are infinite ended, then they are
proper 2-equivalent (in fact, they are quasi-isometric). Similarly, if both G∗F and
G ∗ Z are infinite ended, then they are proper 2-equivalent.

Remark 3.7. It is worth mentioning that an argument similar to that in the proof
of Proposition 3.3 above together with the alternative description, within its proper
homotopy type, given in the proof of [14, Thm. 1.1] for the corresponding universal
cover provide a direct proof of Proposition 3.6 in the case the factor groups (resp.
the base group) are infinite.

As a consequence of all of the above, we obtain that the proper 2-equivalence re-
lation behaves well with respect to amalgamated products (resp., HNN-extensions)
over finite groups; namely,

Theorem 3.8. Let G,G′,H and H ′ be finitely presented groups, and F, F ′ be
common finite proper subgroups of G,H and G′,H ′ respectively. Assume that G is
proper 2-equivalent to G′ and H is proper 2-equivalent to H ′. If both G ∗F H and
G′ ∗F ′ H ′ are infinite ended, then they are proper 2-equivalent. Similarly, if both
G∗F and G′∗F ′ are infinite ended, then they are proper 2-equivalent.

Observe that any finitely presented group G with more than one end can be
decomposed as the fundamental group of a finite graph of groups (G,Γ) whose edge
groups are finite and whose vertex groups are finitely presented groups with at
most one end, by Stallings’ Structure theorem [47] and Dunwoody’s accesibility
theorem for finitely presented groups [20]. Thus, as the fundamental group of a
graph of groups with n + 1 edges can be built out of graphs with fewer edges (by
amalgamated products or HNN-extensions), an inductive argument gives us the
following generalisation of Theorem 3.8.
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Theorem 3.9. Let G and G′ be two infinite ended finitely presented groups, and
assume they are expressed as fundamental groups of finite graphs of groups (G,Γ)
and (G′,Γ′) whose edge groups are finite and whose vertex groups are finitely pre-
sented groups with at most one end. If the two graph of groups decompositions have
the same set of proper 2-equivalence classes of vertex groups (without multiplicities)
then G and G′ are proper 2-equivalent.

Remark 3.10. In the case G and G′ are both semistable at each end, then (G,Γ) and
(G′,Γ′) having the same set of proper 2-equivalence classes of 1-ended vertex groups
amounts to having the same set of pro-isomorphism types for the fundamental pro-
groups of the 1-ended vertex groups, by Proposition 2.9.

It is worth mentioning that the converse of Theorem 3.9 does not hold in general,
unlike the situation under the quasi-isometry equivalence relation (compare with
[45, Thm. 0.4]). A counterexample to the converse will be given in §6.

4. Groups of type Fn, n ≥ 2

We recall that a group G has type Fn, n ≥ 1, if there exists a K(G, 1)-complex
with finite n-skeleton. Being of type F1 is then the same as being finitely generated,
and being of type F2 is the same as being finitely presented. It is worth mentioning
that Bieri-Stallings’ groups provide examples of groups which are of type Fn−1 but
not of type Fn, n ≥ 3 (see [3]). Given n ≥ 2, we consider the following relation
among groups of type Fn, n ≥ 2.

Definition 4.1. Two groups G and H of type Fn are proper n-equivalent if there
exist (equivalently, for all) finite n-dimensional (n − 1)-aspherical CW-complexes

X and Y , with π1(X) ∼= G and π1(Y ) ∼= H, so that their universal covers X̃ and

Ỹ are proper n-equivalent.

Again, one can check that any two finite groups are proper n-equivalent. It is
easy to see that Definition 4.1 agrees with Definition 1.1 for n = 2. Moreover, proper
(n + 1)-equivalent implies proper n-equivalent, n ≥ 2. As in §2 (for n = 2), we
next show that this definition does not depend on the choice of the corresponding
CW-complexes, and provide with an alternative equivalent definition via proper
homotopy equivalences (after taking wedge with n-spheres).

Theorem 4.2. Let G and H be two infinite groups of type Fn, and let X and
Y be any finite n-dimensional (n − 1)-aspherical CW-complexes with π1(X) ∼= G

and π1(Y ) ∼= H. Then, if X̃ and Ỹ denote the corresponding universal covers, the
following statemens are equivalent:

(a) The groups G and H are proper n-equivalent.

(b) X̃ and Ỹ are proper n-equivalent (in the sense of Definition 2.1).

(c) There exist n-spherical objects Sn
α and Sn

β so that X̃ ∨ Sn
α and Ỹ ∨ Sn

β are
proper homotopy equivalent.

(d) The universal covers X̃ ∨ Sn and Ỹ ∨ Sn are proper homotopy equivalent.

Indeed, if G and H are proper n-equivalent then there exist finite n-dimensional
(n − 1)-aspherical CW-complexes W and Z, with π1(W ) ∼= G and π1(Z) ∼= H,

so that the universal covers W̃ and Z̃ are proper n-equivalent. We now consider
K(G, 1)-complexes X ′ and W ′ with (X ′)n = X and (W ′)n = W , and K(H, 1)-
complexes Y ′ and Z ′ with (Y ′)n = Y and (Z ′)n = Z. By the proper cellular
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approximation theorem, it is not hard to check that (̃X ′)n = X̃ and (̃W ′)n = W̃
are proper n-equivalent as X ′ and W ′ are homotopy equivalent. It also follows

from [24, Thm. 18.2.11], since π1(X
′) ∼= π1(W

′) ∼= G. Similarly, Ỹ = (̃Y ′)n and

Z̃ = (̃Z ′)n are proper n-equivalent. The rest of the argument follows just as in the
proof of Theorem 2.5 (see [17, Thm. 1.1] and [51]).

Corollary 4.3. The relation of being proper n-equivalent is an equivalence relation
for groups of type Fn, n ≥ 2.

Proof. As in §2, it follows from the transitivity of proper n-equivalences for CW-
complexes. Alternatively, one can also show transitivity as follows. Let G,H and K
be infinite groups of type Fn so that G is proper n-equivalent to H and H is proper
n-equivalent to K, and let X,Y and Z be finite n-dimensional (n − 1)-aspherical
CW-complexes with π1(X) ∼= G, π1(Y ) ∼= H and π1(Z) ∼= K. By Theorem 4.2,

we have that X̃ ∨ Sn is proper homotopy equivalent to Ỹ ∨ Sn which in turn is

proper homotopy equivalent to Z̃ ∨ Sn. Thus, G and K are proper n-equivalent,
since X ∨Sn and Z ∨Sn are finite n-dimensional (n− 1)-aspherical CW-complexes
with π1(X ∨ Sn) ∼= G and π1(Z ∨ Sn) ∼= K. �

Remark 4.4. Again, if G and H are two infinite quasi-isometric groups of type
Fn (n ≥ 2), then it follows from [24, Thm. 18.2.11] that G and H are proper
n-equivalent in the above sense (even if a proper homotopy equivalence is required
instead of a proper n-equivalence in Definition 4.1, by Theorem 4.2). Again, by the
Švarc-Milnor Lemma, we have as an immediate consequence that if H ≤ G with
[G : H] < ∞ and N ≤ G is a finite normal subgroup then G, H and G/N are
proper n-equivalent to each other.

Recall that given a group G of type Fn (n ≥ 1) and a K(G, 1)-complex X with
finite n-skeleton, we say that G is (n − 1)-connected at infinity if for any compact

subset C ⊂ X̃ there is a compact subset D ⊂ X̃ so that any map Sm −→ X̃ −D
extends to a map Bm+1 −→ X̃−C, for all 0 ≤ m ≤ n−1 (0-connected at infinity is
the same as 1-ended). It is not hard to check that (n− 1)-connectedness at infinity
is an invariant under the proper n-equivalence relation, as well as any other proper
homotopy invariant of the group G which depends only up to the n-skeleton of
the universal cover of some K(G, 1)-complex with finite n-skeleton. Likewise, the
cohomology group Hn(G;ZG) of a group G of type Fn is an invariant under proper

n-equivalences, as it is isomorphic to the cohomology group of the end Hn−1
e (X̃;Z),

for any finite n-dimensional (n−1)-aspherical CW-complex X with π1(X) ∼= G (see
[24]). For a group G of type Fn, the cohomology group Hn(G;ZG) was shown in
[28] to be a quasi-isometry invariant of the group.

An argument similar to that in Proposition 2.11 yields the following result.

Proposition 4.5. Let G,G′,H and H ′ be groups of type Fn and assume that G
and H are proper n-equivalent to G′ and H ′ respectively. Then, G × H is proper
n-equivalent to G′ ×H ′.

Next, we observe that if 1 → N −→ G −→ Q → 1 is a short exact sequence of
infinite groups and N and Q are of type Fn, then so is G (see [24]). Moreover, it
follows from [24, Prop. 17.3.4] together with Therorem 4.2 that G is in fact proper
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n-equivalent to N ×Q. Thus, using the same argument as in Proposition 2.12 we
have the following generalisation of Proposition 4.5.

Proposition 4.6. Let 1 → G −→ K −→ H → 1 and 1 → G′ −→ K ′ −→ H ′ → 1
be two short exact sequences of groups of type Fn, and assume that G and H are
proper n-equivalent to G′ and H ′ respectively. Then, K is proper n-equivalent to
K ′.

Similarly, the same arguments used throughout §3 yield the following result.

Theorem 4.7. Let G and G′ be two infinite ended finitely presented groups, and
assume they are expressed as fundamental groups of finite graphs of groups (G,Γ)
and (G′,Γ′) whose edge groups are finite and whose vertex groups are of type Fn

with at most one end. If the two graph of groups decompositions have the same set
of proper n-equivalence classes of vertex groups (without multiplicities) then G and
G′ are proper n-equivalent.

Observe that, in the context of Theorem 4.7 above, the groups G and G′ are
indeed of type Fn (see [24, §7.2, Ex. 3]).

5. The particular case of properly 3-realizable groups

A tower of groups P is a telescopic tower if it is of the form

P = {P0
p1←− P1

p2←− P2 ←− · · · }

where Pi = F (Di) are free groups of basis Di such that Di−1 ⊂ Di, the differences
Di − Di−1 are finite (possibly empty), and the bonding homomorphisms pk are
the obvious projections. An infinite finitely presented group G is said to be of
telescopic type at each end (resp. at infinity, if G is 1-ended) if its fundamental pro-
group at each end (resp. at infinity) is pro-isomorphic (for any choice of base ray)
to a telescopic tower. Equivalently, G is semistable and pro-free and pro-(finitely
generated) at each end (resp. at infinity), see [36] for instance. Observe that being
of telescopic type at each end is an invariant under proper 2-equivalences.

It is worth mentioning that direct products and ascending HNN-extensions of
infinite finitely presented groups have been shown to be of telescopic type at infinity
[18, 36]. In fact, any extension of an infinite finitely presented group by another
infinite finitely presented group is of telescopic type at infinity [16]. One-relator
groups are also of telescopic type at each end [15] (see also [37]).

We recall that a finitely presented group G is properly 3-realizable (abbreviated to
P3R) if for some finite 2-dimensional CW-complexX with π1(X) ∼= G, the universal

cover X̃ of X has the proper homotopy type of a 3-manifold (with boundary).

Notice that it follows from [12] that X̃ always has the proper homotopy type of
a 4-manifold. This concept was originally motivated by the Hopf conjecture on
the freeness of the second cohomology group H2(G;ZG) for any finitely presented
group G; indeed, if G is P3R then one can check that Lefschetz duality yields the
freeness of the cohomology group H2(G;ZG). Being P3R does not depend on the
choice of X after taking wedge with a single 2-sphere S2 [1]. It has been proved
that the class of P3R groups is closed under quasi-isometries [17] and amalgamated
products over finite groups [14], and contains the class of all groups of telescopic
type at each end [36, 37]. Moreover, it is conjectured in [23] that those two classes
are the same (and examples of non-P3R groups are given), and it has been proved
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so in [23] under the qsf (quasi-simply filtered) hypothesis, i.e, roughly speaking, that
the corresponding universal cover admits an exhaustion that can be “approximated”
by simply connected complexes (see [8]). Next, we show that the qsf condition in
[23, Thm. 1.1] may as well be replaced with semistability at infinity in the 1-ended
case, and we count the number of proper 2-equivalence classes in this case.

Theorem 5.1. Let G be a 1-ended finitely presented P3R group. If G is semistable
at infinity, then G is of telescopic type at infinity; moreover, G is proper 2-equivalent
to one (and only one) of the following groups Z×Z×Z, Z×Z or F2×Z (here, F2

is the free group on two generators).

Observe that the groups Z×Z×Z, Z×Z and F2×Z are 1-ended and semistable
at infinity [40, 41]; moreover, they are 3-manifold groups and hence (trivially) P3R
groups. Thus, there are exactly three proper 2-equivalence classes of 1-ended and
semistable at infinity (finitely presented) groups which contain P3R groups. It is
worth mentioning that each of these proper 2-equivalence classes contains non 3-
manifold groups as well, see Remark 5.23 below.

Theorem 5.1 above together with [16, Thm. 1.2]) yield the following

Corollary 5.2. If 1 → H −→ G −→ Q → 1 is a short exact sequence of infinite
finitely presented groups, them G is proper 2-equivalent to one of the following
groups Z× Z× Z, Z× Z or F2 × Z.

We also have the following corollary in the infinite ended case.

Corollary 5.3. Every finitely presented group of telescopic type at each end is the
fundamental group of a finite graph of groups whose edge groups are finite and whose
vertex groups are either finite or else proper 2-equivalent to one of the following (1-
ended) groups Z× Z× Z, Z× Z or F2 × Z.

Proof of Corollary 5.3. Observe that any infinite ended finitely presented group G
can be expressed as the fundamental group of a finite graph of groups (G,Γ) whose
edge groups are finite and whose vertex groups are finitely presented groups with
at most one end, by Stallings’ structure theorem [47] and Dunwoody’s accesibility
theorem [20]. By [37, Lemma 3.2], if G is of telescopic type at each end then each
of the 1-ended vertex groups in (G,Γ) is of telescopic type at infinity as well and
hence a 1-ended and semistable at infinity P3R group, by [36, Thm. 1.2]. The
conclusion follows then from Theorem 5.1. �

The next subsection is devoted to the proof of Theorem 5.1 above making use
of some non-compact 3-manifold theory, as well as to the introduction of a new
numerical invariant P(G) of such group G.

5.1. The fundamental pro-group of 1-ended and semistable at infinity
P3R groups. We will use the usual three (co)homologies in proper homotopy
theory; namely, ordinary (co)homology (H∗,H

∗), end (co)homology (He
∗ ,H

∗
e ), co-

homology with compact supports (H∗c ) and homology of locally finite chains (H lf
∗ ).

All coefficients are in Z. Besides the corresponding exact sequences for pairs for
each of these (co)homologies, the three of them are related by the well-known exact
sequences displayed in the rows of the following diagram for any topological pairs
Z = (Z,Z0) and Y = (Y, Y0), where Z0 ⊂ Z and Y0 ⊂ Y are closed sets.
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(5.1)

// Hq+1(Z)

∼= D
��

// H lf
q+1(Z)

∼= D
��

// He
q (Z)

∼= D
��

// Hq(Z)

∼= D
��

//

// Hn−q−1
c (Y ) // Hn−q−1(Y ) // Hn−q−1

e (Y ) // Hn−q
c (Y ) //

Moreover, for any n-manifold M the vertical arrows are duality isomorphisms if we
choose either Z = (M,∂M) and Y = (M, ∅) or Z = (M, ∅) and Y = (M,∂M). We
refer to [39] and [24] for the details. See also [34] for a similar approach.

Given an arbitrary P3R group G, let MG be the set of 3-manifolds having

the proper homotopy type of the universal cover X̃ for some finite 2-dimensional
CW-complex X with π1(X) = G. Any manifold M ∈ MG will be said to be an
associated 3-manifold to the P3R group G. In this subsection all P3R groups are 1-
ended so thatMG consists of 1-ended simply connected 3-manifolds with boundary.
Let us start with some properties derived from duality of those manifolds.

Proposition 5.4. Let M be a 1-ended simply connected 3-manifold with boundary.
Then, the boundary ∂M consists of a (locally finite) union of planes and spheres.

In particular, H lf
1 (∂M) = 0. Moreover, π2(M) ∼= H2(∂M).

Proof. The H∗c -exact sequence of the pair (M,∂M) and duality show that

0 = lim
−→

H1(M,Uj) ∼= H1
c (M) −→ H1

c (∂M) −→ H2
c (M,∂M) ∼= H1(M) = 0

is exact, whence H1
c (∂M) vanishes. Therefore, H1

c (W ) = 0 for each component
W ⊂ ∂M , and the classification of the open surfaces in [46] shows that W is either

S2 or R2, and hence H lf
1 (∂M) = 0. Here, {Uj} is any system of ∞-neighborhoods

in M , see [24] or [39].
SinceG is 1-ended, we have 0 = H1

c (M) which, by duality, implies thatH2(M,∂M) =
0. Thus, the inclusion ∂M ⊆ M induces isomorphisms H2(∂M) ∼= H2(M) ∼=
π2(M). �

According to Proposition 5.4, if X is some finite 2-dimensional CW-complex

with π1(X) ∼= G so that X̃ has the proper homotopy type ofM ∈MG, then π2(X)
is carried by ∂M . Furthermore, if G is infinite, then π2(M) is either infinitely
generated or trivial. Indeed, any non-trivial 2-cycle would be translated by the

G-action on X̃ to infinitely many other non-trivial 2-cycles in H2(X̃). Thus, if
π2(M)(∼= π2(X)) is not trivial, then it must be infinitely generated, yielding then
the following result.

Proposition 5.5. If M is a 1-ended simply connected 3-manifold with boundary
and π2(M) ̸= 0, then π2(M) is an infinitely generated free abelian group.

The cardinal number p(M) = #planes in ∂M can be easily estimated by the end
(co)homology groups. In fact, the existence of planes in ∂M of a 1-ended simply
connected 3-manifold M is determined by the following proposition.

Proposition 5.6. Let M be a 1-ended simply connected 3-manifold. The following
statements are equivalent:

(a) ∂M contains at least one plane.
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(b) He
0(∂M)

duality∼= H1
e (∂M) ̸= 0 (moreover, p(M) = rankHe

0(∂M)).
(c) The homomorphism j∗ : Z ∼= He

0(M) −→ He
0(M,∂M) is trivial.

Proof. The Milnor exact sequence

0 −→ lim
←−

1pro−H1(∂M) −→ He
0(∂M) −→ lim

←−
pro−H0(∂M) −→ 0

and Proposition 5.4 yield an isomorphism

He
0(∂M) ∼= lim

←−
pro−H0(∂M) ∼=

m⊕
i=1

Z

where m is number of planes in ∂M (possibly m =∞). This shows (a) ⇐⇒ (b) as
well as the equality p(M) = rank He

0(∂M).
On the other hand, the exact sequence corresponding to the upper row in (5.1)

together with duality and [24, Prop 11.1.3] and [24, Prop 12.1.2] yield the exact
sequence

0 = H lf
1 (M) −→ He

0(M) −→ H0(M) ∼= Z −→ H lf
0 (M) = 0

whence He
0(M) ∼= Z, and hence the exact He

∗ -sequence of (M,∂M) leads to the
exact sequence

He
0(∂M)

i∗−→ He
0(M) ∼= Z j∗−→ He

0(M,∂M) −→ He
−1(∂M) −→ 0 = He

−1(M)

Therefore, if ∂M contains at least one plane, then the end ofM can be reached by a
ray in ∂M and so i∗ above is onto, whence j∗ is trivial. Conversely, the annihilation
of j∗ implies that He

0(∂M) ̸= 0 and hence ∂M contains at least one plane as proved
above. This shows (a) ⇐⇒ (c). �

As a consequence of Proposition 5.6, we get the following sufficient condition for
the existence of planes in ∂M .

Proposition 5.7. The end (co)homology groups H1
e (M) ∼= He

1(M,∂M) are iso-
morphic free abelian groups. Moreover, if p(M) ̸= 0 then p(M) = 1+rank H1

e (M),
and p(M) ≥ 2 if and only if H1

e (M) ̸= 0.

Proof. Recall the duality isomorphism H1
e (M) ∼= He

1(M,∂M) from (5.1). From the
exactness of the sequences

0 = H1(M) −→ H1(M,∂M) −→ H0(∂M)

0
(1)
= H lf

2 (M,∂M) −→ He
1(M,∂M) −→ H1(M,∂M) −→ · · ·

where (1) follows from duality (see 5.1), we obtain that He
1(M,∂M) is isomorphic

to a subgroup of the free abelian group H0(∂M). Moreover, we have a commutative
diagram

H lf
2 (M)

(2)
��

// H lf
2 (M,∂M)

(1)
= 0

��
He

1(M)
k∗ // He

1(M,∂M) // He
0(∂M) // He

0(M)
(3)∼= Z

j∗ // He
0(M,∂M)

where (3) was observed in the proof of Proposition 5.6, and the homomorphism (2)
is onto as it is followed by the zero homomorphism He

1(M) −→ H1(M) = 0, and
so k∗ is the trivial homomorphism.
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Moreover, if ∂M contains planes then j∗ = 0 by Proposition 5.6 and the exactness
of the bottom sequence yields He

0(∂M) ∼= He
1(M,∂M)⊕ Z. Therefore,

p(M) = rank He
0(∂M) = rank He

1(M,∂M) + 1 = rank H1
e (M) + 1

Here we use again Proposition 5.6. IfH1
e (M) ∼= He

1(M,∂M) ̸= 0 thenHe
0(∂M) ̸= 0;

i.e, ∂M contains planes and, by the equality above, p(M) ≥ 2. �
As a corollary, we have the following result.

Corollary 5.8. If M and N are two proper homotopy equivalent 1-ended simply
connected 3-manifolds and p(N) ≥ 2, then p(M) = p(N).

Remark 5.9. (a) Notice that the vanishing of H1
e (M) ∼= He

1(M,∂M) only implies
p(M) ≤ 1 but not necessarily the absence of planes in ∂M .

(b) Corollary 5.8 may fail for p(N) ≤ 1. Indeed, by regarding R3
+ as the infinite

cylinder X = B2 × R+, consider a sequence {Dn}n≥0 of 3-balls with Dn ⊂

int(B2 × [n, n + 1]). Then N = R3
+ − (

∞∪
n=0

Dn) admits the subspace X2 =

(S1 × R+) ∪ (

∞∪
n=0

B2 × {n}) as a proper strong deformation retract. Notice

that X2 has the proper homotopy type of the spherical object S2
R+

obtained by

attaching one 2-sphere at each vertex t ∈ N ∪ {0} ⊆ R+. Similarly, we write
R3 = B3 ∪S2× [1,∞), where B3 is the closed unit ball. Moreover, we consider
S2 as the attaching of a 2-cell at a point {x0}, so that each cylinder S2×[n, n+1]
turns out to be the attaching of a 3-cellDn at ({x0}×[n, n+1])∪(S2×{n, n+1}).
By choosing, for each n ≥ 1, a 3-ball En ⊂ int(Dn) and E0 ⊂ int(B3), it is clear

thatM = R3−(

∞∪
n=0

En) properly deforms onto ({x0}× [1,∞))∪(
∞∪

n=1

S2×{n}),

which is proper homotopy equivalent to the spherical object S2
R+

above. Hence,

M and N have the same proper homotopy type but p(M) = 0 and p(N) = 1.
Observe that this construction can be carried out in any dimension and for any
(locally finite) countably infinite collection of top-dimensional balls.

Given any 1-ended P3R group G (we do not assume semistability) and two 2-
dimensional CW-complexes X and Y with π1(X) ∼= G ∼= π1(Y ), the universal

covers X̃ ∨ S2 and Ỹ ∨ S2 are proper homotopy equivalent by [17, Thm. 1.1].

Moreover, by the proof of [1, Prop. 1.3], if X̃ has the proper homotopy type of

a 3-manifold M then X̃ ∨ S2 has the proper homotopy type of a 3-manifold M ′

with p(M) = p(M ′). Thus, if p(M) ≥ 2 then for any other 3-manifold N ∈ MG

we have p(M) = p(M ′) = p(N ′) = p(N), by Corollary 5.8. However, as Remark
5.9(b) points out, this is not true if p(M) ≤ 1. Notice that the complement of a
discrete countable family of open 3-balls in R3 has the proper homotopy type of
the universal cover of the 2-skeleton of an irreducible closed 3-manifold.

Notwithstanding, if we set

(5.2) P(G) = min{p(M);M ∈MG}
we get a numerical invariant of the 1-ended P3R group G. This number will be
called the ∂-number of G. In case P(G) ̸= 0, this number is determined by the
cohomology of G as follows (cf. [35]).
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Proposition 5.10. The second cohomology H2(G;ZG) of any 1-ended P3R group
G is a free abelian group. Moreover, if P(G) ̸= 0 then

(5.3) P(G) = rank H2(G;ZG) + 1

Proof. Let X be a finite 2-dimensional CW-complex with π1(X) ∼= G and so

that X̃ has the proper homotopy type of some M ∈ MG. We have isomor-

phisms H1
e (M) ∼= H1

e (X̃) ∼= H2(G;ZG), according to [24, Cor 13.2.9] and [24,
Cor. 13.2.13]. Moreover, being G P3R the cohomology group H2(G;ZG) is free
abelian (see [35]). Therefore,

P(G) = rank H1
e (M) + 1 = rank H2(G;ZG) + 1

by Proposition 5.7. �

Corollary 5.11. If the 1-ended P3R group G contains at least one element of
infinite order (in particular, if G is torsion-free) then the possible values for P(G)
are 0, 1, 2 or ∞.

Proof. This is a direct consequence of equality (5.3) and Corollary 5.2 in [22], stating
that the rank of H2(G;ZG) is 0,1 or ∞. �

Remark 5.12. Notice that equality (5.3) holds for any commutative ring R, i.e.,

(5.4) P(G) = rank H2(G;RG) + 1

Indeed, since M ∈ MG is orientable and [24, Cor. 13.2.9] and [24, Cor. 13.2.13]
hold for an arbitrary commutative ring R, we have isomorphisms H1

e (M ;R) ∼=
H1

e (X̃;R) ∼= H2(G;RG) and the same proof as in Proposition 5.7 yields the equality
(5.4).

Proposition 5.13. If G is a 1-ended P3R group with cd(G) ≤ 2, then P(G) ≥ 2.

Proof. Since G is 1-ended and cd(G) ≤ 2, then G is a 2-dimensional duality group
by [4, Thm. 5.2] (see also the argument in [3, Prop. 9.17(b)]). Thus,H2(G;ZG) ̸= 0
and we get P(G) ≥ 2, by Proposition 5.10. �

Corollary 5.14. If G is a 1-ended P3R group with geom dim(G) = 2, then P(G) ≥
2.

Remark 5.15. Notice that in case π2(M) = 0 for some 3-manifold M ∈ MG, then
geom dim(G) = 2 and hence P(G) ≥ 2.

For P(G) = 2 we have a stronger converse to Corollary 5.14 stated as Theorem
5.17 below. Recall that a group G satisfies virtually the property P if G contains a
subgroup H ≤ G of finite index satisfying P. The property P is said to be virtual
if it holds for any group which satisfies P virtually. For instance, the number of
ends and semistability are well-known virtual properties of a group. In [1] it was
shown that proper 3-realizability is a virtual property. Next, we will enhance [1,
Thm. 1.1] by proving that the ∂-number P(G) is a virtual property of the P3R
group G. Namely,

Theorem 5.16. Let G be a 1-ended finitely presented group G, and let H ≤ G be
a subgroup of finite index. Then G is P3R if and only if so is H, and in this case
P(G) = P(H).



A TOPOLOGICAL EQUIVALENCE RELATION FOR FINITELY PRESENTED GROUPS 21

Proof. By [1, Thm. 1.1] we already know that the proper 3-realizability of G is
equivalent to that of H. Moreover, the proof of [1, Thm. 1.1] shows that for
any finite 2-dimensional CW-complexes X and Y having G and H as fundamental

groups respectively, there are finite bouquets of 2-spheres

m∨
i=1

S2
i and

n∨
j=1

S2
j so that

the universal covers ofW = X∨(
m∨
i=1

S2
i ) and Z = Y ∨(

n∨
j=1

S2
j ) are proper homotopy

equivalent. Observe that W̃ is proper homotopy equivalent to X̃ ∨ S2, and similarly

Z̃ is proper homotopy equivalent to Ỹ ∨ S2 (see the proof of [1, Prop. 1.3]). Thus,

any 3-manifoldM ∈MG with the same proper homotopy type of X̃ (or of X̃ ∨ S2)

yields a 3-manifold M ′ ∈MH with the same proper homotopy type of Ỹ ∨ S2 and
with p(M) = p(N), and viceversa. Therefore, P(G) = P(H). �

Next, we point out that the 1-ended P3R groups with ∂-number 2 are exactly
the virtually surface groups.

Theorem 5.17. A 1-ended finitely presented P3R group G has P(G) = 2 if and
only if G is a virtually surface group.

Proof. Assume G is a 1-ended P3R group with P(G) = 2. Then, H2(G;FG) ∼= F
for any field F by Remark 5.12, and [5, Thm. 0.1] yields that G is a virtually surface
group. Here we use the fact that any finitely presented group is an FP2 group for
any commutative ring R. The converse is an immediate consequence of Theorem
5.16. �

The previous results do not assume the semistability at infinity of the 1-ended
P3R group G. Under this aditional hypothesis, the 3-manifolds in MG are then
semistable at infinity. Thus, Perelman’s results on the Poincaré Conjecture [42]
lead us to the following theorem.

Theorem 5.18. Let M be a 1-ended simply connected and semistable 3-manifold,
then M has the proper homotopy type of the complement in R3 of a disjoint union
of locally finite families of pairwise disjoint open 3-balls and open half-spaces.

Proof. We already know that ∂M is a union of planes and spheres, by Proposition

5.4. Let M̂ be the manifold obtained by attaching copies of the 3-ball and the

3-dimensional half-space thus capping off the boundary of M , and let M̃ ⊂ M̂ be
the submanifold obtained by attaching only the corresponding copies of the 3-ball.
Since M does not contains fake 3-balls (by the solution to the Poincaré Conjecture

[42]) it follows that M̂ is an irreducible semistable and contractible open 3-manifold

and hence homeomorphic to R3, see [33] or [9, (A) on p. 213]. Similarly, M̃ is an

irreducible semistable and contractible 3-manifold with ∂M̃ ̸= ∅, and hence M̃ is a
missing boundary manifold of the form B3 − Z, where Z ⊂ ∂B3 = S2 is a closed
subset with S2−Z being a disjoint union of open disks in one-to-one correspondence
with the planes in ∂M . See [10, Prop. 8.2]. �
Corollary 5.19. Let G be a 1-ended and semistable at infinity P3R group. Any
associated 3-manifold M ∈ MG has the proper homotopy type of the complement
in R3 of a disjoint union of locally finite families of pairwise disjoint open 3-balls
and open half-spaces.
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Remark 5.20. (a) For a 1-ended and semistable at infinity P3R group G, the pos-
sible value P(G) = 1 from Corollary 5.11 cannot occur. Indeed, the only
possible 3-manifold M ∈ MG with p(M) = 1 would the half-space R3

+, by
Remark 5.9(b) and Corollary 5.19, which is ruled out by Remark 5.15.

(b) For any 1-ended and semistable at infinity P3R group G, the setMG contains
at most two different proper homotopy types determined by the ∂-numberP(G)
and the presence of 2-spheres in the boundary of the 3-manifolds (see the proof
of [1, Prop. 1.3]). If P(G) ̸= 0 then, by Corollary 5.19 and the description in
[10, Thm. I’], we could argue that those proper homotopy types are also the
topological ones. For P(G) = 0 we have one proper homotopy type and two
topological types, by Remark 5.9. On the other hand, in the infinite ended
case the set MG may contain infinitely many different topological types (see
the example given in the Appendix).

Corollary 5.19 allows us to determine easily the fundamental pro-group of any
3-manifold M ∈ MG associated to any 1-ended and semistable at infinity P3R
group G. For this, we start by choosing an appropriate system of∞-neighborhoods
of M in terms of the families {Πm}m≥1 and {Σk}k≥1 (possible empty, but not
simultaneously since M is proper homotopy equivalent to a 2-dimensional CW-
complex, see [1, Prop.3.1]) of planes and spheres in ∂M respectively.

Lemma 5.21. Under the above hypotheses, there is a system of ∞-neighborhoods
of M consisting of connected 3-manifolds with boundary {Uj}≥0 with U0 =M and
such that the following two conditions hold:

(a) The spheres Σk miss all the topological frontiers Fr(Uj).
(b) For each j ≥ 0, there is an integer m(j) ≥ 0 such that the plane Πm is con-

tained in Uj − Fr(Uj) if m ≥ m(j), and Fr(Uj) is a compact surface with

boundary

m(j)∪
m=1

Πm ∩ Fr(Uj); moreover, there exist homeomorphisms of pairs

(Πm ∩ Uj ,Πm ∩ Fr(Uj)) ∼=
(
S1 × [m(j)−m,∞), S1 × {m(j)−m}

)
.

Proof. The Uj ’s are found as follows. We use [11, Lemma 3.1] to start with a
system W = {Wj}j≥0 of ∞-neighborhoods of M , with W0 = M and each Wj

being a connected 3-submanifold whose topological frontier Fr(Wj) is a connected
compact surface, possibly with boundary. By using a regular neighborhood of the
union of eachWi with the (finitely many) spheres hitting it and disjoint with the rest
of the spheres, we replace W by a new system W ′ = {W ′j}j≥0 of ∞-neighborhoods
of M , already satisfying condition (a). Then, one observes that the intersections
{W ′j ∩ Πm}j≥0 form a system of ∞-neighborhoods of the plane Πm and we can
assume that each intersection W ′j ∩Πm distinct from Πm is contained in an infinite
cylinder C ′j,m such that {C ′j,m}j≥0 is a system of∞-neighborhoods in Πm. This way,
the polyhedra W ′′j = W ′j ∪m≥1 C ′j,m give a new system of ∞-neighborhoods in M
and by using a regular neighborhood of eachW ′′j avoiding the spheres outside it, we
can replace each W ′′j by a 3-submanifold Uj whose intersection with each plane Πm

is either the whole Πm or a new infinite cylinder Cj,m with Fr(Uj)∩Cj,m = ∂Cj,m.
Finally, {Uj}j≥0 satisfies (a) and (b). �

Theorem 5.22. Let G be a 1-ended and semistable at infinity P3R group. Then,
for any 3-manifold M ∈ MG associated to G (and any choice of base ray) the
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tower pro− π1(M) is a telescopic tower generated by a set of P(G)− 1 elements if
P(G) ̸= 0 and the trivial tower otherwise.

Proof. LetM ∈MG. First, observe that the towers pro−π1(M) ∼= pro−π1(M̃) are

pro-isomorphic, where M̃ is the 3-manifold obtained from M by attaching copies

of the 3-ball as in Theorem 5.18 and so that ∂M̃ contains no spheres. Indeed,
by using a system {Uj}j≥0 of ∞-neighborhoods for M as in Lemma 5.21 and the

corresponding system {Ũj}j≥0 of ∞-neighborhoods for M̃ , one can readily check

that the inclusion i :M ⊆ M̃ induces isomorphisms i∗ : π1(Uj) −→ π1(Ũj), j ≥ 0.

On the other hand, the pair (M̃, ∂M̃) is homeomorphic to (B3 − Z, S2 − Z), with
S2 − Z = ∪iDi being a pairwise disjoint family of open disks Di of cardinality
P(G).

If P(G) = 0 then M̃ ∼= R3 is simply connected at infinity, and the case P(G) = 2
follows easily from Theorem 5.17, since pro− π1(M) is then pro-isomorphic to the

constant tower 1 ← Z id←− Z id←− · · · . Otherwise (i.e., P(G) = ∞ by Remark
5.20(a)), we fix a homeomorphism hi : int B2 −→ Di for each i, and denote by
Di,k the image by hi of the ball B2

k ⊂ B2 of radius k/k+1 for k ≥ 1. Similarly, let
B3

k ⊂ B3 be the 3-ball of the same radius.
Let Ci,k denote the cone over Di,k with vertex the center of B3. By identifying

the compact sets Nn = B3
n ∪ (

n∪
s=1

{Cs,t; s+ t = n+ 1}) ⊂ B3 −Z with their images

by the homeomorphism (M̃, ∂M̃) ∼= (B3 − Z, S2 − Z), the following facts can be
readily checked :

(i) M̃ =
∪
n≥1

Nn and {M̃ −Nn}n≥1 is a system of ∞-neighborhoods for M̃ .

(ii) M̃−Nn is homotopy equivalent to a 2-sphere with n holes, whence π1(M̃−Nn)
is a finitely generated free group of rank n− 1.

(iii) Via the previous homotopy equivalence, the homomorphism between funda-

mental groups induced by the inclusion M̃ −Nn+1 ⊂ M̃ −Nn anihilates the

generator arising when removing Cn+1,1 from M̃ −Nn.

This way we have proved that

pro− π1(M) ∼= pro− π1(M̃) ≡ {1←− π1(M̃ −N1)←− π1(M̃ −N2)←− · · · }

is a telescopic tower as claimed in the theorem. �

We now finish this subsection with the proof of Theorem 5.1 as a consequence
of all of the above.

Proof of Theorem 5.1. Let G be a 1-ended finitely presented P3R group which
is semistable at infinity, and let X be a finite 2-dimensional CW-complex with
π1(X) ∼= G an whose universal cover is proper homotopy equivalent to a 3-manifold
M . By Theorem 5.22, we have that G is indeed of telescopic type at infinity. Fur-
thermore, its fundamental pro-group at infinity is pro-isomorphic to a telescopic
tower 1← P1 ←− P2 ←− · · · of one of the following three types:

(i) Pi = {1}, for all i ≥ 1 (if P(G) = 0).
(ii) Pi = Z, for all i ≥ 1 (if P(G) = 2).
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(iii) Pi = F (Di) with Di ( Di+1 and Di+1 −Di finite, for all i ≥ 1 (if P(G) =
∞).

We recall that two towers (inverse sequences) of groups G0
λ1←− G1

λ2←− G2 ←− · · ·
and H0

µ1←− H1
µ2←− H2 ←− · · · are pro-isomorphic if after passing to subsequences

there exists a commutative diagram:

Gi0 Gi1
oo

}}zz
zz
zz
zz

Gi2
oo

}}zz
zz
zz
zz

· · ·oo

}}||
||
||
||

Hj0

OO

Hj1
oo

OO

Hj2
oo

OO

· · ·oo

where the horizontal arrows are the obvious compositions of the corresponding λ’s
or µ’s.

Thus, one can easily check that all telescopic towers as in (iii) are pro-isomorphic
to each other. Moreover, it is not hard to check that the telescopic towers of types
(i), (ii) and (iii) above can be realized as the fundamental pro-group of the following
1-ended finitely presented groups, respectively:

(i) The direct product G = Z × Z × Z, with the finite 2-dimensional CW-
complex X being the 2-skeleton of S1 × S1 × S1.

(ii) The direct product G = Z× Z, with the finite 2-dimensional CW-complex
X = S1 × S1.

(iii) The direct product F2×Z, with the finite 2-dimensional CW-complex X =
(S1 ∨ S1)× S1.

The second part of Theorem 5.1 follows then from Proposition 2.9 since the (pro-
isomorphism type of) the fundamental pro-group of G completely determines its
proper 2-equivalence class. �

Remark 5.23. Notice that each of the three proper 2-equivalence classes above
contains non 3-manifold groups. For this, we may consider the following 1-ended
and semistable at infinity finitely presented groups. First, let G be right angled
Artin group associated to the flag complex given by a 3-simplex (with its 1-skeleton
as defining graph). Then, by [31, Prop. 5.7(iii)] G is a non 3-manifold group which
is simply connected at infinity, by [6, Cor. 5.2], and hence proper 2-equivalent
to Z × Z × Z. Second, the finitely generated abelian group H = Z × Z × Z2 is
a non 3-manifold group (see [30, Thm. 9.13]) which has Z × Z as a subgroup of
finite index and hence it is proper 2-equivalent to Z × Z. And finally, let K be
the Baumslag-Solitar group ⟨a, t; t−1at = a2⟩ which is a non 3-manifold group (see
[32]) and has a fundamental pro-group of telescopic type as in (iii) above (see [36]
for details) and hence K is proper 2-equivalent to F2 × Z.

Remark 5.24. (a) Given a 1-ended finitely presented group G containing an ele-
ment of infinite order, we may interpret Theorems 5.17 and 5.22 above as a
converse to [25, Thm. 1.4] in the following fashion:
(i) The group G has pro-monomorphic fundamental group at infinity (actu-

ally pro-stable) if and only if G is a semistable P3R group with P(G) = 0
or P(G) = 2. As pointed out in [25, Remark 6] or [25, Prop. 2.8], we may
talk of the fundamental group at infinity of a group G since the conclusion
is that the group G is semistable.
Also, Theorems 5.22 and 2.5 and Proposition 2.9 yield the following:
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(ii) The group G has as fundamental group at infinity a strictly telescopic
tower (meaning pro-epimorphic not pro-stable) if and only ifG is a semistable
P3R group with P(G) =∞.

(b) Notice that in both cases the 2-skeleton of the corresponding universal cover
associated to the group G is a proper co-H-space, see [13, Cor. 6.4].

6. A counterexample to the converse of Theorem 3.9

The purpose of this section is to show a counterexample to the converse of Theo-
rem 3.9 in contrast to the situation under the quasi-isometry relation, see [45, Thm.
0.4]).

Let us consider the finitely presented groups G = Z2 and H = Z×Z×Z and let
Z = RP 2 and Y be the 2-skeleton of S1×S1×S1, with π1(Z) ∼= Z2 and π1(Y ) ∼= H.
We now proceed to show that the infinite ended groups G ∗ G ∗ G and H ∗H are
proper 2-equivalent, but clearly G and H are not proper 2-equivalent groups as G is
finite and H is 1-ended. For this, consider the 2-dimensional CW-complexes Y ∨Y
and X = Z ∨ Z ∨ Z. Clearly, π1(X) ∼= G ∗G ∗G and π1(Y ∨ Y ) ∼= H ∗H.

The universal cover X̃ can be obtained by doubling the edges (not the vertices)
of the Cantor tree of degree 3 at each vertex, and then identifying each double
edge with the equator of a copy of the 2-sphere S2. One can readily check that
this space is proper homotopy equivalent to the 2-spherical object Γ obtained by
attaching a copy of S2 at each vertex of the Cantor tree above. On the other hand,

the universal cover Ỹ can be regarded as the 2-dimensional complex in R3 given
by the union of the boundaries of the unit cubes whose edges are parallel to the
coordinate axes and whose vertex set is Z × Z × Z ⊂ R3, and hence as a (strong)
proper deformation retract of R3 minus a countable collection of 3-balls, one for

each of these unit cubes. Thus, as observed in Remark 5.9(b), Ỹ has the proper
homotopy type of the 2-spherical object Σ under R+ obtained by attaching a copy
of S2 at each non-negative integer. Moreover, by Lemma 3.4, the proper homotopy

equivalence f : Ỹ −→ Σ can be assumed to restrict to a bijection between the

0-skeleta f0 : (Ỹ )0 −→ Σ0.

Recall from the proof of Proposition 3.3 that the universal cover Ỹ ∨ Y is con-

structed by a tree-like arrangement of copies of Ỹ as the pushout of a diagram⊔
p∈N

Ỹp
i←− N× N α−→ N× N j−→

⊔
r∈N

Ỹr

where α is a bijection determining how the copies Ỹp are attached to the copies Ỹr

to get Ỹ ∨ Y . Then, we make a replica of the previous pushout diagram via the
bijection f0 above and get a commutative diagram

⊔
p∈N

Ỹp

⊔
p fp

��

N× Nioo

(id,f0)

��

α // N× N

(id,f0)

��

j //
⊔
r∈N

Ỹr

⊔
r fr

��⊔
p∈N

Σp N× Ni′oo α′
// N× N

j′ //
⊔
r∈N

Σr
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where the fp’s and fr’s are copies of the map f , i′ is given by i′(a, b) = f ◦ i ◦
(id, f0)

−1(a, b), similarly j′, and α′ = (id, f0) ◦ α ◦ (id, f0)−1. As in the proof
of Proposition 3.3, the gluing lemma [2, Lemma I.4.9] yields a proper homotopy

equivalence between Ỹ ∨ Y , as the pushout of the upper row, and the pushout of the
lower row, say ∆, which is a 2-spherical object under a Cantor tree with two copies
of the 2-sphere S2 attached at each vertex. Thus, by the classification of spherical
objects in [2, Prop. II.4.5], ∆ has the proper homotopy type of the spherical object
Γ above, as they are both 2-spherical objects under Cantor trees with 2-spheres
attached along each end, and hence the groups G ∗ G ∗ G and H ∗ H are proper
2-equivalent.

Appendix

The purpose of this appendix is to give an example of an infinite ended P3R
group (which is semistable at each end) so that the set of 3-manifolds associated
to it contains infinitely many different topological types in contrast to the 1-ended
case, see Remark 5.20 (b) above.

Let us consider the finitely presented group G = Z × Z, and let X = S1 × S1

denote the standard 2-dimensional CW-complexes associated to the obvious pre-

sentation. It is clear that the universal cover X̃ = R2 is contractible and thickens
to the (p.l.) 3-manifold M = R2× [−1, 1] so that the inclusion X̃ ↪→M is a proper
homotopy equivalence. Observe that ∂M consists of two planes, i.e., P(G) = 2 (see
§5.1). Consider the free product G ∗G which is again P3R by [1, Lemma 3.2] and
the 2-dimensional CW-complex P obtained from X ⊔X ⊔ I by identifying 0, 1 ∈ I
with the corresponding base point in each copy of X. Is it clear that π1(P ) ∼= G∗G.
Following the same argument as in the proof of [1, Lemma 3.2], we next proceed to

give instructions to build a family of manifolds M̂ associated to G ∗G as follows.

Consider copies X̃p and X̃ ′r of X̃, as well a filtration {Cm}m≥1 of the 3-manifold
M by compact subsets. Following the same argument as in the proof of [1, Lemma

3.2], the universal cover P̃ of P is proper homotopy equivalent to a (p.l) 3-manifold

M̂ obtained as the corresponding quotient space constructed from the following
data:

(i) Disjoint unions
⊔
p∈N

Mp and
⊔
r∈N

M ′r of copies of M , so that X̃p ⊂ Mp and

X̃ ′r ⊂M ′r.
(ii) Copies {Cp

m}m≥1 and {C ′rm}m≥1 of {Cm}m≥1 as filtrations for each Mp and
M ′r respectively.

(iii) A bijection φ : N × N −→ N × N (given by the corresponding group action

of G ∗ G on P̃ ) so that each pair (p, q), φ(p, q) determines vertices xp,q ∈ X̃p and

x′φ(p,q) ∈ X̃
′
r joined by a single copy Ip,q of I inside P̃ (where r = π1(φ(p, q))).

(iv) Functions m̂, m̂′ : N × N −→ N so that xp,q ∈ X̃p − Cp
m̂(p,q) and x′φ(p,q) ∈

X̃ ′r − C ′
r
m̂′(φ(p,q)), together with proper cofibrations

j : N× N −→
⊔
p∈N

Mp , j(p, q) ∈ ∂Mp − Cp
m̂(p,q)

j′ : N× N −→
⊔
r∈N

M ′r , j
′(p, q) ∈ ∂M ′r − C ′

r
m̂′(φ(p,q)) with r = π1(φ(p, q))
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so that j(p, q) and j′(p, q) are joined by paths to xp,q and x
′
φ(p,q) respectively (inside

the corresponding copy of M).

(iv) A disjoint union
⊔

p,q∈N

Ip,q of copies of the unit interval I, so that 0 ∈ Ip,q is

being identified with j(p, q) ∈ ∂Mp and 1 ∈ Ip,q is being identified with j′(p, q) ∈
∂M ′r (with r = π1(φ(p, q))).

(v) Finally, the corresponding 3-manifold M̂ is obtained by attaching three-
dimensional 1-handles Hp,q to this quotient space whose cores run along each Ip,q.

Moreover, with some additional care, the points j(p, q) and j′(p, q) above can be
chosen so as to avoid any given subset S of the set of all plane boundary components

in the original
⊔
p∈N

Mp⊔
⊔
r∈N

M ′r satisfying that S does not contain the two boundary

components of the same copy of M . Notice that the homeomorphism type of the

3-manifold M̂ obtained as prescribed above depends somehow on how these points
are disposed in the whole construction, as they determine the homeomorphism type

of ∂M̂ , following (v) above. This way, we are choosing a particular homeomorphism

type for such an M̂ . Indeed, all planes in S remain as boundary components of M̂ ;
therefore, any two subsets S and S ′ as above with different cardinality yield non
homeomorphic 3-manifolds as the result of the construction.
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