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Abstract

In this paper we introduce the concept of infinite pointwise dense lineability (spaceability),
and provide a criterion to obtain density from mere lineability. As an application, we study
the linear and topological structures within the set of infinite differentiable and integrable
functions, for any order p > 1, on RY which are unbounded in a pre-fixed set.
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1 Introduction

Lineability, introduced by Gurariy [11], studies the existence of linear structures within
sets with nonlinear properties. Formally, a subset M of a vector space X is a-lineable if
M U {0} contains an a-dimensional subspace W of X, where o denotes any cardinal number.
If additionally X is endowed with a topology and W is dense in X (respectively, closed) we
say that M is a-dense lineable (respectively, «-spaceable) in X.

In the last years many examples about the existence of such structures have been provided
(see [1, 6]).
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In fact, the search was initially for the existence of linear structures in specific cases
of known spaces such as, for example, continuous nowhere differentiable functions [13],
everywhere surjective functions [2] or p-integrable functions that are not g-integrable for
any ¢ < p [S].

Recently, there has been a shift towards searching for more general results related to new
linear behaviors, such as vector spaces containing any pre-fixed vector or algebraic structures
of higher dimension than a given one. Furthermore, these results often come with applications
to specific cases. Some of the results obtained in this regard can be found in [8, 10, 16, 17].

To be more concrete, Pellegrino and Raposo [18] introduced a pointwise type of lineability
as follows:

A subset M of a (topological) vector space X is called pointwise «-(dense) lineable if for
each x € M, there is a (dense) a-dimensional subspace W, such that

x e W, C MU{0}.

If W, is a closed a-dimensional subspace, we say that M is pointwise a-spaceable. If @ =
dim(X), we say that M is maximal pointwise (dense) lineable (spaceable). It is clear that
these pointwise notions imply the respective first ones, and that both concepts of (pointwise)
dense lineability and spaceability are (strictly) stronger than mere lineability. Moreover there
are only a few results which provide some (sufficient) additional conditions to “jump” to
density or spaceability from lineability.

In this paper we introduce the concept of infinite pointwise (dense) lineability (spaceabil-
ity), which relates to the existence of infinitely many vector spaces of infinite dimension with
the above definitions. Within these, we provide criteria that allow us to obtain denseness of
the corresponding vector spaces from mere lineability, which will be a helpful tool to obtain
existence of large linear structures within certain families of functions.

As an application, we consider the family of infinitely differentiable, integrable functions
on RY which are unbounded on a pre-fixed set, and we show its maximal infinite pointwise
(dense) lineability, as well as its spaceability. With this we continue and complete a number of
previous and recent results about the set of continuous, unbounded and integrable functions
on [0, +00) (see [7, 9]).

2 Infinite pointwise lineability: main definitions and general criteria

Inspired by [14, 15], and the notion of pointwise a-lineability we introduce the following
definition.
Definition 2.1 Let X be a vector space, « an infinite cardinal number and M C X.

1. We say that M is infinitely pointwise a-lineable if, for every x € M, there exists a family
M = {Wi}ken of vector subspaces such that for each k € N:

(1) dim(Wy) = a,
(i) x € Wy € M U {0}, and
(iii) Wx N W; = span{x} for any / € N with [ # k.

2. If additionally X is endowed with a topology and each vector space Wy € M (k € N) is
dense in X, we say that M is infinitely pointwise a-dense lineable in X.

It is not difficult to get infinite vector subspaces from a vector space of infinite dimension.
Indeed, we have only to divide it in an adequate way. So «-lineability implies “infinite"
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a-lineability. The same property happens to be true for the pointwise case. Let us include, in
order to be self-contained, the proof of this.

Proposition 2.1 Let X be a vector space, o > Ro, and M C X. Then M is pointwise
a-lineable if, and only if, it is infinitely pointwise a-lineable.

Proof The only if partis obvious since, in general, infinitely pointwise notions imply ordinary
pointwise notions. So let us proof the if part.

Since M C X is pointwise «-lineable, for each x € M there is a vector space W C M U{0}
such that dim(W) = « and x € W. So, there exists a set I withcard(/) = ¢ and {w; : i € I}
such that x and w;’s are linearly independent and W = span({w; : i € I}U{x}). Now, since
o > R, we can split / into infinitely many pairwise disjoint subsets I; (k € N), each one
with cardinality «. Thus, by considering the vector spaces Wy given by

Wi :=span ({w; : i € }U{x}),

we have that W, € M U {0}, dim(W;) = « for every k € N and, because of the linear
independence of x and a)l’.s, Wi N W; = span{x} for all k # [, and so the infinite pointwise
a-lineability of M is proved. O

Remark 2.2 Observe that from the above proof we have that if a set M is infinitely pointwise
a-lineable then for any x € M there exists a family M = {Wj}ren of vector spaces satis-
fying conditions (i), (ii) and (iii) of Definition 2.1(a), and additionally the following fourth
condition:

Wi+ W, Cc MU{0} foranyk,l e N.

The case of dense-lineability is not so clear, since denseness may not be inherited by the
infinitely many vector spaces constructed. Recall that (see [3, Definition 2.1] or [4, Theorem
2.1]) if M and N are subsets of some vector space X, then M is said to be stronger than N
ifM+NCM.

Theorem 2.3 Let X be a metrizable separable topological vector space, and o be an infinite
cardinal number, and M be a nonempty subset of X for which there is a nonempty subset N
of X such that

(i) M is stronger than N;
(i) MON = @;
(iii) N is dense-lineable.

If M is pointwise a-lineable, then M is infinite pointwise o-dense lineable (and therefore
pointwise a-dense lineable).

Proof Since X is separable there exists a sequence (x,), C X such that the set {x,, : n € N}
is dense in X, where we can assume without loss of generality that x; = 0.

Now, since M is pointwise a-lineable, by Proposition 2.1 it is infinitely pointwise c-
lineable. Hence, for every x € M, there exists a family M = {W; }en of vector spaces such
that x € Wy € M U {0} with dim(W}) = « for every k € N, and Wy N W; = span{x} for
every k # [. By Remark 2.2, we assume that Wy + W; C M U {0} for any k,/ € N.

Since each Wy is a vector space, for each k € N there exists a linearly independent set
{0® : i€ I} withcard(/) = a and 1 € I such that

W = span{w(k) 11 el},

i

@ Springer



25 Page4of13 M. C. Calderén-Moreno et al.

where we can assume without loss of generality that a)(k) = x forevery k € N.

Due to the fact that « is an infinite cardinal, we can split / into infinitely many pairwise
disjoint nonempty sets I,, (n € N), where 1 € I;.

Now, fix k,n € Nand i € I,. Since multiplication by scalars is a continuous operation in
a topological vector space, there exists 5( ) > 0 such that

1
dePo®,0) < =

where d denotes a fixed translation invariant metric on X.

On the other hand, N is dense lineable in X, so there exists a vector subspace V- C N U{0}
with V dense in X. Now, for each n € N, the denseness of V guarantees the existence of
v, € V such that

1
d(vp, x,) < —,
n

where we can choose v := 0 (recall that x; = 0).

Now, define the elements xlgkl as follows:

%

Vll

=, +£(k) (k), k,neN,i el,,

so that we consider the vector space W®) generated by them, that is:
k .
w® = span{xr(u? :neN,iel,}

We will show that for every k € N, x € W®, W& js dense in X, W& < M U {0},
dim(W®) = ¢ and WO N WO = span{x} for any [ € N with [ # k.
From now on, let £ € N fixed.

(1) Since 1 € I; we have that:

v + Sgk) ® = Egk)a)gk) = sgk)x € W(k).

Thus,

X = a)gk) (k) (U + S(k) (k)) € W(k).

(2) Now, in order to prove the density of W® in X, let us fix n € N and take some iy, € I,,.
(k) (k)

Xy i We have that

By considering u,,

dw®, x,) < dw®, vy) +d vy, xp)
= d(y + V0, v) + d (g, xn)

= d(gi(,],{)wi(f)’ 0) + d(vn» -xn)
1 1 2
<—4+-==——0 (- o0).
n n n
Since (x,), is dense in X, we get that (u S,k))n is also dense in X, and the same holds true
for W,
(3) Fix w e W® \ {0}. There are scalars ci, c3, ..., cg with ¢; # 0, as well as indices
irel, (r=1,2,...,s),such that

(k) (k)

w—clxlll+C2x212+ + (k)

Sl\
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But by the definition of (x,(fl? )n.i We have that

(k)

w=Yy0+2 ,
where
Yo = C1V] + QU2 + - -+ + Cys,
z(()k) =cC1& (k)w(k) + czs(k)a)g{) + -+ cé.,sg)wi(f).
Recall that vy, v, ..., vy € V, which is a vector space, so ygp € V C N U {0}. Anal-
ogously, @ ( ), wg), ce wl(sk) € Wy, they are linearly independent, and cssff) # 0,

s0 29 € W0} € M. If yo = 0, then 0 = 2 € M. If yp # 0, then

= yo + z(()k) e N+ (W \{0}) C N+ M C M because M is stronger than N,
and we have W < M U{0}.
(4) Let us show now that dim(W ®)) = o. For this, it is clear that

card({(n, i):neN,ie In}) = card (U In) =card(]) = a.

n=1

So, if we prove that the vectors of {x,(llfi) : n € N,i e I,}are linearly independent we are
done. Indeed, assume by way of contradiction that clekl) +czx§kl)2 +--tcy x(k) = Owith
¢s # 0. As done before (and following the same notation), we have that yy + zé) ) — 0,
where yp € V and z(() € Wi\ {0}. But then, yp = —z( ) e Wi \{0}, since Wy is a vector
space. Hence, we have that

yo€ (Wi \{O)NV CMNN =g,

which is a contradiction.
(5) It only remains to prove that W® N W® = span{x} for every [ # k. With this aim, let
we WO N WD, Since w is in each of the vector spaces, we can write it as:

14 14 14
k k k k
w=uo- xi f + E otsx,(ls?l.s =a-& + E U5V, + E otsei(J)wi(s),

w:ﬂx(1)+2ﬁr 0] —ﬂ 81+Zﬂrvn,+2ﬂr ([) (l)

where (ng, is) # (1, 1) # (n,, jr) forany s, r. Hence

p q

J / k k
Zasvnx_zlgrvn, (ﬂ—a)glx+2ﬂr 0 () Za 8() ().
s=1 r=1

Observe that the left hand side isin V. C N U {0}, and the right hand side is in Wy + W; C
M U {0}, and since M N N = &, each term of the above equality must be zero. So,

aex + Zas ® (k) = fe1x + Zﬁ, @ (Z) =y -x,
s=1
because the left hand side is in Wy, the right hand is in W; and Wy N W; = span{x}. Now,
&’s are nonnull and the linear independence of the x, a)( )°s and of the X, wﬁ )’s gives us

a=p= 81 ,and oy = 0 = B,. Thus, ¢ = y - x € span{x}, as required. O
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Remark 2.4 Observe that, under the hypotheses of the above theorem, (pointwise) «-dense
lineability implies infinite (pointwise) «t-dense lineability. In fact, although there exist many
examples of dense-lineable sets M, for many of them there exists a set N enjoying conditions
(1), (i1) and (iii) of Theorem 2.3 (see [1, §7.3]).

Up to now, we do not know if this fact remains true for a general dense-lineable set M in
a general topological vector space X. So, we propose the following question.

Open Problem 1 Let X be a topological vector space and M C X be a (pointwise) o-dense
lineable set. Is M always infinite (pointwise) a-dense lineable?

3 Linear and topological structures of the set of continuous,
unbounded and integrable functions on RV

Let N € N. Throughout this section, we use the following notation:

(1) C*®(RN) represents the set of all real functions on RY that are infinitely many times
differentiable on R" . This becames a Fréchet space when endowed with the topology of
uniform convergence on compacta for all partial derivatives of all orders, see [12].

(2) LP(RM) (p € [1, +00)) denotes the vector space of all (classes of) functions RY 5> R
that are p-integrable Lebesgue on RV . This becomes a Banach space under the p-norm

1/p
||f||LF = (/RN|f|pdxl-~-de> .

(3) For each multi-index & = (11, ..., ay) € NU{OD)V, we set o] := o] + -+ - + an.
(4) For each x € RV [|x|| will stand for the classical euclidean norm on RV

From now on we consider the space of functions X given by

X :=C®R")n ﬂ LP(RV).
p=1

Observe that the formula

IIfllm = max sup |D*f(x)] (feC®RY), m=1,2,...)

lal=<m ||| <m

defines an increasing sequence of seminorms generating the natural Fréchet topology of
C*®(RN). Here D* denotes the partial differential operator of order . With this and the fact
that LP(RV) N LIRY) ¢ L"(RN) whenever 1 < p < r < g < +00, we can consider a
natural translation invariant metric dx in X given by:

o LI =gl SR (Ve {177
d(fr) =Y = . _8&m oy~ T8I
x(f. &) m2=:12m 1+ — glim pZZ:lZP L+11f —gllee

We have that (X, dx) is a Fréchet space and convergence in dyx is equivalent to uniform
convergence on compacta for all partial derivatives of all orders and convergence in p-norm
for every p € [1, +00).

In this space of functions X we shall search for unbounded functions in a pre-fixed not
relatively compact subset A C R¥ . Let us show first that we can always find such a function.
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Example 3.1 Let A C RY be a not relatively compact set in RY . Then there exists a sequence
(an)n C A such that ||a,|| strictly increases to +0o0 (n — 00), and |la,+1 — a,|| > 1.
Therefore, the closed balls B(a,,, 2%,) are pairwise disjoint for every n € N. Now, by the
Smooth Urysohn’s Lemma [19, Corollary 1.7.1], there exist bump functions ®,, : RYN 5 R
such that for each n € N:

@) @, € C*RM),

(b) ®,(x) € [0, 1] forall x € RV,

() ®,(x) =0forallx ¢ B(ay, 5), and

(d) @,(x) = 1forall x € B(an, 3i7)-

In particular, since each ®,, is bounded and has compact support, we have that ®,, € L?(RY)
for every p > 1, and so ®,, € X for each n € N. Now, consider the function

[o¢]
w(x) = ZnCDn(x), x e RV,
n=1
Since the supports of the ®,’s are pairwise disjoint, the expression of w does not actually
represent an infinite series, but rather each one of the bump functions, that is:

_ | n®u(x) ifx € B(ay, 3).n €N,
wx) = { 0 otherwise.

Thus, w € C®°(RY). Moreover,

o0 o0 1
lwlZy =D nl@allfy < Y no < +oo,
n=1

n=1

sow € LP(RN) for all p > 1. Thus w € X. Finally, w is unbounded on A. Indeed,

imd%n(an)

m=1

lw(an)| = =n®,(ay) =n — +00 (n - o).

From now on, given a not relatively compact subset A in RV, we denote:
nBC®I(A) :={f € X : f is unbounded in A}.

The main result of this section shows that this set is not only nonempty but even maximal
pointwise spaceable. Recall that dim(X) = ¢. We will explicitly construct the closed vector
space.

Theorem 3.2 Let A be not relatively compact in RN. Then the set nBC® I (A) is pointwise
c-spaceable in (X, dx).

Proof Let f € nBC*°I(A) be fixed. There exists a sequence (a,), C A such that f(a,) —
oo as n — oo. Without loss of generality we can assume that (||a,||), is strictly increasing
to infinity, ||@,4+1 — a,|| > 1 and | f(a,)| > 1 foralln € N.
For each n € N, by considering the closed balls,
1

Bl,n = B ap, W s
1

By,:=Bl|ay, ———————— |,
2 " f an) [N 22

the Smooth Urysohn’s Lemma provides a bump function ®,, € C*°(R") such that:
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25 Page8of13 M. C. Calderén-Moreno et al.

(a) ®,(x) € [0, 1] forall x € RV,
(b) ®,(x) =0forall x ¢ By, and
(c) ®,(x) =1forallx € By ;.

In particular,

1 N 1
@, |7, <2V = <1,
1 ®nler = <|f(an>|1/N2"+1> |f @] -2V
and @, € LP(RYN) for every p > 1. Then the ®,’s are in X and the supports are pairwise

disjoint.
Now, we consider a partition of N into infinitely many pairwise disjoint subsequences:

N={jm) : neNyU| Jli(n.k): n e N},
k=1

where the sequences (j(n)), and (i (n, k)), x are strictly increasing in n and k.
For each k € N, we define the functions fj : RN - R by

fi(x) = Z F @i, 10) Pi (1) ().

n=1

Observe that, as the supports of ®;, x)’s are pairwise disjoint, for each x € RV, there exists
a neighbourhood U of x, and ng, kg € N such that:

fe(xX) = f(@ing.ko) Pitno.ko) (X)), x € U.
So, fre C o (RM) for all k € N, and if we compute its L”-norm, we obtain that

o
LA, =Y 1f @) i I

n=1

o0 1 N
< ; -
<D 1 f @il <| Faal /sz(n,m)

1

3
Il

1 >
2i(n.k)N = Z onN =1
n=1

M

1

3
I

Hence, f; € LP@RN) for each p > 1,and f; € X (k € N). Furthermore, for each k € N,
| fe(@in )| = | f(@ip)l = +00 (n — 00).

Thus, the sequence of functions (fi)x C nBC®I(A).
Let ¢1 be the Banach space of all 1-summable real sequences. Now, we can define the
operator T : £1 — nBC*I(A) U {0} given by

T(@)g) =0 f + Y fr.
k=1

Indeed, since the supports of the f;’s are pairwise disjoint, given xo € R¥, there exists
ko € N, and a neighbourhood of xo where

T ((ete)ic) (x) = ap f(x) + ay Sieg (X)),
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so T ((ox)x) € C®(RN). On the other hand,

1T (@olier < leol - I fllr + ) lel - Il fill e

k=1

o0
< ool - Il f1lLr + ) leul < oo.
k=1

It is clear that T((0,0,...)) = 0, If (ax)x is not the null sequence, then 7 ((cx)x) is not
bounded in A because either oy 7#~ 0, and then

IT (@) (@) = leollf@ja)] +0 — +00 (1 — 00);
or g = 0, and then there exists ko € N such that oy, # 0 and
IT ((eti) i) (@i (n,ko)) | = Nt || f(@i(nko))| = +00 (n — 00).
Thus the operator T is well defined and injective. Then, for the vector subspace
Wpr:i=T()
we have
f=7(1,0,0,...)) and dim(Wy) =c.

Observe that this shows that n BC*°I(A) is pointwise c-lineable. o
Now, to get the pointwise c-spaceability it is enough to show that the closure Wy of Wy
in (X, dy) satisfies that

W0} = T(E)\{0} C nBCI(A).

For this, consider & € T (£1)\{0}. Then, there exists (H;); C W\{0} such that H; — h as
| - o0in (X, dx). So, for each [ € N we can write:

o
Hy =off + Za;l{fk
k=1

Since (H;); converges to & on (X, dx ), we have convergence on compacta in RV Therefore,
for each n € N, by considering the singleton (actually compact set) {a ()} we have that:

Hi(@jm) = abfajm) — h@jm) (— 00,
and

GOV
fajmy)

(I — 00).

Hence,
h(ajmy) = lim Hi(ajm) = oo f(ajm))-
[—o00
Now, we arrive at two possible situations depending on «:

(i) If g # 0 we are done, since | (aj(,))| — oo asn — oo, and then 1 € nBC®I(A).
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(ii) If g = 0, let us fix kg € N. For each n € N, consider the compact set K, given by

_ 1
K“=&“““=BG““”uwmmwmrwm“>'

For every x € K,, we have:

H(x) = ag f () + Y o fi(x) = et £ (x) + ot fig (¥) = h(x) (I — 00).
k=1

Hence, by taking x = a;(, k,), and recalling that oy = 0, we have that
Olzlcofko(aio,,ko)) = a]lcofko(ai(n,ko)) +ap f@imig) = h@inry)) (@ — o0).

Thus, we have

h(a:
,lm — 7(61’(”’](0)) =g, (— 00).
f(@in.kp))

Observe that we can assume that we fixed a ko for which oy, # 0. Otherwise, we have
that g, = 0 for any ko € N and, as a9 = 0, H; — 0 (I — 00) pointwise in RY. This
is a contradiction because Hy — h # 0 (I — o0) in (X, dx).

We can then evaluate 4 at these points, obtaining:

|G, ko)) | = letieg| - | f (@i(n ko)) | = +00  (n — 00).

Thus h € nBC*I(A), and so Vf\{O} C nBC®I(A) as desired.

As a direct consequence of this result, we have shown the following:
Corollary 3.3 The family nBC*° I (A) is maximal pointwise lineable in X.
Now, by Proposition 2.1:
Corollary 3.4 The family nBC*°I(A) is infinitely pointwise c-lineable in X.

If we take the topological structure of the space X into account, the characterization
provided in Theorem 2.3 let us get density also.

Theorem 3.5 The family nBC*°I(A) is infinitely pointwise c¢-dense lineable in (X, dx).

Proof Recall that the set N := C° (R™) of smooth functions with compact support in RY
is a dense vector space in (X, dx). If we take M := nBC*®°I(A) itisclearthat M + N C M
and M N N = & because both are subsets of X, the functions in M are unbounded, and the
ones in N are bounded. By Corollary 3.4, M is infinite pointwise c-lineable in X. Thus, an
application of Theorem 2.3 completes the proof. O

4 Final remarks

(1) From the proof of Theorem 3.2 we can deduce the following result:
For any pre-fixed not relatively compact subset A of RN | the set

nBC®(A) := {f € C*R"Y): f isunbounded in A}
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2

A3)

is maximal pointwise spaceable in C®°(RN).
In fact, for every f € nBC®(A), there exists a c-dimensional subspace V; such that

span(f) ® V; CnBC™®(A) and  Vy C [ LF@®RY).
p=1

From Corollary 3.4, it is trivial that the set n BC*°I(A) is infinitely pointwise c-lineable
in C®(RN). As the set C o (RV) is dense in C*®°(RY) (endowed with the topology of
uniform convergence on compacta for all derivatives of all orders), we have:

The set nBC®1(A) is infinitely pointwise ¢-dense lineable in C*°(RY).

Leta : [0, +00) — [1, +00) be a continuous increasing function. We say that a function
f € C(RM) has growth « through the set A whenever

lfeol

x|~ o0 e (l1x])
X€EA

If in Example 3.1 we modify the definition of the function w(x) as follows:
o0
w) =Y n-allagl) - Su(x)  (x €RY),

n=1
(where in the pre-fixed sequence (a,), C A we also assume that ||a,|| > 1 for any
n € N) we obtain a function in the vector space X that has growth o through the set A.
Now, if we consider any fixed function f as above, and we choose a sequence (a,), C A
such that L@l 400 as n — 0o, we can follow all the same steps as in the proof of

a([lan|l)
Theorem 3.2 to obtain the next result:

Theorem 4.1 Let A be not relatively compact in RN and let o : [0, +00) — [1, +00) be a
continuous increasing function. Then the set

{f € X : f has growth o through the set A}

is pointwise c-spaceable and infinitely pointwise c-dense lineable in (X, dx).

“4)

Let  be an open subset of RY. We consider
Xq:=C™(Q) N [ L\,
p=1

which is a Fréchet topological vector space under the metric dy o defined as

FURTARPD SUUN [l { [N S SO [ e 2200
, ) m=12m L+IIf — gllk,, p:12P 1+ 11f - gllLr@

where (Kj;)m is an exhaustive sequence of compact subsets in Q (K,, C K, 11 and
Q=U>_ Ky)and

fllk, = |mi)r(n sup |D* f(x)| (feC®Q), m=1,2,...).

o] < xeKpy
Then the results of Sect. 3 hold for the set
nBC®I(A, Q) :={f € Xq : f isunbounded in A},

where A is a not relatively compact subset in 2. Indeed, for fixed f € nBC®I(A, Q)
there exist two sequences (a,), C A and (r,,), C (0, 1) such that:
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(a) (rp)n is strictly decreasing to zero,

(b) B(ay, r,/2) is contained in €2, for eachn € N,
(c) (an)n tends to the boundary of Q (n — 00),
(d) llan+1 — anl| > r, foreachn € N, and

(e) |f(ay)| > 1foreachn € N.

For any n € N we consider the closed balls:

- n
By,; =B ),
b (a” | (@) [V - 2"“)

. _7 rn
BZ,n, =B <an, |f(07n)|l/N _2n+2) .

All these balls are contained in €2 and are pairwise disjoint. Now we can follow the
same steps as in the proof of Theorem 3.2 to get maximal pointwise spaceability of
nBC®I(A, Q).

(5) Finally, we can apply our Theorem 2.3 to establish the infinite pointwise dense-lineability
of any set for which its pointwise lineability is already known and for which we can find
a suitable set N. For instance:

e In [18] it is proved the pointwise c-lineability of £,(X) \ Uq<p £4(X) (where X is any
Banach space); taking N := cpo(X), we get its infinite pointwise c-dense lineability in
£,(X).

e In [9] it is proved that the set .A( of sequences of continuous unbounded and integrable
functions in [0, 400) that goes to zero both in L{-norm and uniformly in compacta of
[0, +00) is pointwise c-lineable. Taking as N the set cop(B) of Lemma 3.1 in [7], we
also get the infinite pointwise c-dense lineability of .Ag in ¢o(L1[0, +00) N C[0, +00)).
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