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CHAPTER 1

Introducciéon

Recientemente se han propuesto diversos modelos macroscopicos para describir el
comportamiento de sistemas vivos en los que algunas de las cantidades a estudiar tienen
un comportamiento no lineal en la frontera. En particular nos gustaria recalcar dos
ejemplos:

El primero se refiere a una especie de mariposas (ver [70]). Basdndose en la informacién
empirica del articulo precedente, en [30] se hace un estudio tedrico de una ecuacién en
derivadas parciales con condiciones de contorno no lineales con el objetivo de explorar
los posibles efectos que provocan en una determinada especie los comportamientos par-
ticulares de dicha especie en la frontera de su habitat.

El segundo ejemplo esta relacionado con un cancer no solido, la leucemia. En este tipo
de cancer, las HSCs (hematopoietic stem cells) juegan un papel relevante en una terapia
contra este cdncer. Concretamente, resulta crucial el tiempo que tardan estas células en
alcanzar su lugar de origen en el interior del hueso desde que se administran a través de la
corriente sanguinea. En [68] se propone un modelo de ecuaciones en derivadas parciales
no lineales que involucra a dos poblaciones, las HSCs y un factor quimiotactico de éstas,
es decir, una sustancia quimica que guia a las HSCs. En este sistema se supone que la
produccién del factor quimiotactico tiene un comportamiento no lineal en la frontera.
Finalmente se puede consultar [90] para mds ejemplos de EDPs elipticas con condiciones
de contorno no lineales.

Esta tesis presenta tres partes:
En la primera haremos un estudio teérico general de las ecuaciones elipticas en derivadas
parciales con condiciones de contorno no lineales. Posteriormente, en la segunda, hare-
mos un estudio tedrico de ecuaciones elipticas concretas que presentan no linealidades
tanto en la ecuacién como en la frontera. Finalmente, en la tercera parte, estudiamos
modelos concretos de sistemas de ecuaciones en derivadas parciales de tipo parabdlico
con origen en Biologia y dinamica de tumores.
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A continuacién pasamos a describir brevemente cada uno de los capitulos y poste-

riormente daremos mas detalles de ellos.

a)

Estudio teorico general. Esta parte engloba a los capitulos 2, 3 y 4.

En el capitulo 2 se presentan algunos resultados de la teoria de ecuaciones elipticas
lineales con condiciones de contorno de tipo mixto asi como una versién del teorema
de Krein-Rutman, el cual, junto con el principio del maximo, resulta fundamental
para determinar la existencia de autovalores principales en problemas de autovalo-
res lineales, es decir, autovalores cuya autofuncion asociada se puede escoger posi-
tiva. Ademds el principio del méximo juega un papel relevante en las propiedades
del autovalor principal.

El capitulo 3 se dedica al problema de unicidad de soluciones para ecuaciones
elipticas con condiciones de contorno no lineales. En este capitulo presentamos
tres teoremas de unicidad complementarios, dos de ellos dan unicidad de solucién
positiva y otro unicidad de cualquier tipo de solucion.

En el capitulo 4 abordamos tanto al fenémeno de bifurcacion como un tema es-
trechamente relacionado con éste: el de las cotas a priori. Primero daremos condi-
ciones suficientes para la existencia o no existencia de bifurcacién desde cero o
infinito en problemas elipticos generales con condiciones de contorno no lineales.
Posteriormente, estableceremos el comportamiento de una rama de soluciones po-
sitivas respecto a una familia de supersoluciones y subsoluciones. Finalizaremos el
capitulo con un resultado general de cotas a priori.

Estudio teorico de ecuaciones particulares. En esta parte se hallan los capitulos
5y 6. En ella se aplican los resultados de los anteriores capitulos a ecuaciones
concretas.

En el capitulo 5 estudiamos una ecuacion eliptica no lineal, la cual presenta una
competicién entre un término de absorcién de la ecuacién y un flujo positivo que
circula en la frontera. En dicho estudio ademé&s de los resultados de capitulos
anteriores utilizaremos entre otros el método de la sub-supersoluciones, el principio
del barrido de Serrin y el lema del paso de montana de Ambrosetti y Rabinowitz.

En el capitulo 6 combinaremos un término céncavo en la frontera con diferentes
tipos de no linealidades en la ecuacién: términos convexos, céncavos y concavo-
convexos. Ademas de los resultados de existencia, también daremos algunos resul-
tados del comportamiento de las soluciones positivas, si es que existen, cuando un
parametro presente en la frontera se hace grande.

Aplicaciones a modelos bioldgicos. Esta parte abarca los capitulos 7 y 8. En ella
realizamos el estudio de dos sistemas parabdlicos en los que, o bien se presentan
las variables acopladas en la frontera, o bien la condicién de contorno de una
de las variables es no lineal. Ambos sistemas comparten ademds un término de
quimiotaxis. Este fenémeno, bastante presente en Biologia, se refiere al movimiento
de un ente bioldgico en la direccion del gradiente de una sustancia quimica.
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En el capitulo 7 estudiamos un sistema parabdlico-parabdlico asi como su esta-
cionario asociado que modela una etapa crucial en el crecimiento tumoral; la an-
giogénesis. En este sistema una de las variables modela un flujo no lineal entrante
en la frontera. Probaremos existencia y unicidad de solucién global asi como varios
resultados de convergencia a los estados estacionarios semitriviales. Asimismo, pro-
baremos la existencia de estados de coexistencia, es decir, el caso en el que ambas
soluciones son no nulas, y estudiamos ademas la estabilidad local de las soluciones
semitriviales.

En el dltimo capitulo abordamos un sistema parabélico-eliptico propuesto en [83]
como un sistema relacionado con la formacién de patrones, como puede ser la
pigmentacion que en la piel presentan diversas especies animales como el tigre
o la cebra. Las variables de dicho sistema se hallan acopladas en la frontera.
Nosotros daremos, ademas de la existencia de una tdnica solucién global en tiempo,
un resultado del comportamiento asintético de las soluciones cuando el tiempo se
hace grande.

A continuacién descrimos maés exhaustivamente los resultados de cada uno de los capitulos.

1.1. Ecuaciones elipticas lineales

En el capitulo 2 nos dedicamos béasicamente, a recopilar informacién acerca de las
ecuaciones elipticas lineales. Esta parte es, en cierta manera, el nicleo principal de la
tesis ya que cuanto mas profundo sea el conocimiento de las ecuaciones lineales, més
informacién se podra obtener en el caso no lineal. Los resultados de la primera seccién
se han extraido principalmente de [36]. Toda la primera seccién va encaminada a dar
una versién de un teorema de Andlisis Funcional, el Teorema de Krein-Rutman, (ver
también [79] para una versién no lineal). Dicho teorema es una herramienta fundamental
a la hora de probar existencia de autovalores principales, es decir, autovalores cuya
autofuncién se puede escoger positiva. Se aplicard a los problemas de autovalores de
la dltima seccién del capitulo. Para la segunda seccién hemos seguido el libro [57] y la
tesis [24]. En ella nos ocuparemos de los teoremas de unicidad y regularidad de problemas
elipticos lineales de la forma

Lu= f(x) enQ,
Bu = g(x) sobre 01,

donde © ¢ R? es un dominio acotado de frontera regular con 9Q = Ty UTy y Ig, Ty
son abiertos y cerrados disjuntos en la topologia relativa, podria darse el caso I'g = () 6
I'1 = 0. El operador £ es uniformemente eliptico en € de la siguiente forma:

d 82 d )
£ = - i~ < bli 5
”zjla ]8:@6:@ + zz; 8:@ te

con coeficientes a;; = aj; € C1T2(Q), b; € C*(Q) and ¢ € C*(Q), a € (0,1).
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El operador B esta definido como sigue

Bu { U sobre Iy,

Bu  sobre I'y,
donde 9
Bu := a—z + b(x)u,
n = (ni,...,nq) denota el vector normal unitario exterior de I'y y b € C'T%(T';). Esta

seccion juega un papel relevante a lo largo de la disertacién ya que el que una ecuacion
regularize un solucion sirve, si la regularizacion es fuerte, para definir operadores com-
pactos y aplicar asi todas las herramientas del Andlisis Funcional que existen para este
tipo de operadores.

El contenido de la tercera seccién hace referencia a los trabajos [9], [24], [26] y [27].
En esta seccién se enuncia una caracterizaciéon del principio del maximo para ecua-
ciones elipticas de segundo orden con condiciones de contorno de tipo mixto (£, B, )
en términos de una supersoluciéon positiva estricta y en términos de la positividad de
su autovalor principal que notaremos por A\ (£, B), \1(£,D) si 'y =0y \(L,N) para
condicién frontera de tipo Neumann. Ademds enumeraremos las multiples propiedades
del autovalor principal mediante perturbaciones en la frontera de Dirichlet, perturba-
ciones en ¢ y en b. Estas propiedades van a resultar de gran utilidad a la hora de
construir sub-supersoluciones para problemas no lineales, la estabilidad de las soluciones
y no existencia de éstas.

En la dltima seccién del capitulo consideramos el siguiente problema de autovalores

Lo =Am(z)p en ),
(1.1) p=0 sobre Ty,
By = Ar(z)ep  sobre I'y,

con m € C¥(Q) y r € C(Q). El caso I'1 = ), es decir, condiciones de contorno de tipo
Dirichlet fue abordado en [61] cuando m cambia de signo y ¢ > 0, en [94] se generaliza los
resultados anteriores para el caso en el que a;; € VMO(Q) N L>®(Q) y en [73] se estudia
el caso cuando m cambia de signo sin la restricciéon ¢ > 0. SiT'o =0 y b = 0, es decir,
condiciones de contorno del tipo Neumann el problema fue abordado en [93] con ¢ = 0.
Cuando (m,r) > 0, es decir, m > 0, r > 0y (m,r) # (0,0), el problema es considerado
en [4]; cuando (m,r) cambian de ambos de signo se dan algunas propiedades en [8] y
en [102] se estudia dicho problema con b = 0, Iy = @), £L = —A. Maés precisamente
en [102] se estudia la existencia de autovalores principales del siguiente problema:

—Ap = Ag(z)p + p(A)p  en Q,

gi = Ah(z)p sobre 0f2.

(1.2)
En dicho articulo se prueba que si g(xz) £ 0 en Q y h(z) £ 0 sobre 0f2 entonces existe un
tnico autovalor principal p1(A) de (1.2) que ademas satisface

li = —00.
)\—1}}’100 'ul()\) >
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Cuando 'y, 'y no son necesariamente disjuntos se aborda en [55] el estudio de autovalores
principales para el problema de autovalores

—Ap —a(x)p=Ap en
=0 sobre Iy,

— —b(x)u=0 sobre T'y,

con a, b funciones medibles, no necesariamente acotadas.

Nosotros damos una caracterizacién del autovalor principal de (1.1) cuando m = 0, es
decir, un problema de autovalores en la frontera, el clasico problema de Steklov. Aunque
el resultado sigue préacticamente de [8] y [27].

Teorema 1.1. a) Si (m,r) >0y
du >0 such that (c+ pm,b+ pr) >0,

entonces existe un unico autovalor principal para el problema de autovalores (1.1),
es simple y su autofuncion asociada se puede escoger fuertemente positiva en €.

b) Sim=0yr>0r(x)>0 en un conjunto de medida d — 1 dimensional no nula;

entonces existe el autovalor principal de (1.1) y lo denotaremos por uy si y solo si

lim M(L,B—Ar) = p_o > 0.

A——00

ademas su autofuncion asociada se puede escoger fuertemente positiva en £ y

lim A — Ar) = —o0.
)\—1>I-&I-100 1(E,B ’I“) >

La posibilidad de no existencia de autovalores cuando r = 1 abre nuevas posibilidades,
por ejemplo, cuando se consideran problemas no lineales con un parametro en la frontera.

1.2. Unicidad para ecuaciones elipticas con condiciones de con-
torno no lineales

En el capitulo 3 abordamos el problema de unicidad de soluciones (generalmente
positivas) para el problema

Lu= f(x,u) en Q.
(1.3) u = p(z) sobre Ty,
Bu = h(x,u) sobreI'y,

con f:OXR—-IR,p:Tg—Ryh:I'1 x R— R funciones regulares. Nuestro primer
resultado es:

Teorema 1.2. Supongamos que \i(L,B) > 0. Si las funciones u — f(z,u), h(x,u) son
decrecientes entonces existe a lo sumo una solucion de (1.3).
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u
96

Este resultado es bien conocido cuando ¢ > 0, I'g = 0 y Bu := Bou + 8

(8 un
vector exterior no tangente a 9€2) con

e o bien y =1y § =0 (Caso Dirichlet),

e 0 bien fp =0y 6 =1 (Caso Neumann),

e 0 bien fp > 0y § =1 (Caso Robin).

Esto puede verse [3] y [92]. En este capitulo generalizamos estos resultados permitiendo
condiciones de contorno més generales y ademads b y ¢ pueden cambiar de signo.

Nuestro segundo resultado es:

Teorema 1.3. Supongamos que ¢ >0 en I'g y que

» wr fE) g

u u

son funciones decrecientes en (0,400) con al menos una de ellas estrictamente decre-
ciente, entonces existe a lo sumo una solucion positiva de (1.3).

Este resultado generaliza un teorema clasico, bajo condiciones de Dirichlet homogéneas,
(aunque el resultado se puede extender facilmente para el caso Robin o Neumann) el cual
asegura que si en casi todo x € ) la funcién

f(z,u)

u

(1.5) u es decreciente en (0, +00)

entonces existe a lo sumo una solucién positiva de (1.3) ver por ejemplo [20], [21] y [60].
Bajo la condicién (1.4), el Teorema 1.3 fue probado en [86, Theorem 4.6.3] cuando I'y = 0),
L autoadjunto y asumiendo ademads la existencia de un par de sub-supersoluciones. Ver
también [97] para un resultado bajo una condicién mas restrictiva f/g decreciente.

Finalmente en [40] se da una extensién al resultado cldsico en el que se satisface
la condicién (1.5), y se mostré un resultado que complementa y mejora éste. En este
capitulo presentamos el siguiente resultado que generaliza al anterior para condiciones
de contorno no lineales.

Teorema 1.4. Supongamos que A\i(L£,B) >0, ¢ >0 en T y que existe g € C*(0, 4+00) N
C([0,+0)), g(t) >0 sit >0y g es decreciente, con

Hf(ac,u) h(zx,u)
g(u) " glu)

son decrecientes en (0,00).
Si:
"1
/ —— < 400 para algun r > 0,
o 9(t)
entonces existe a lo sumo una solucion de (1.3) satisfaciendo

u(z) >0 para todo x € 2
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b)
lim @ =0,

s—0t S

entonces existe a lo sumo una solucion fuertemente positiva.

Nos gustaria poner énfasis, como se vera a lo largo de la tesis, que los resultados de
unicidad son complementarios.

1.3. Técnicas de bifurcacion para ecuaciones elipticas con condi-
ciones de contorno no lineales

En el capitulo 4 nos centramos en el fenémeno de la bifurcacién global. Ademas
de un tema relacionado estrechamente con éste, el de las cotas a priori para soluciones
positivas. Concretamente, parte de capitulo 4 se dedica a problemas de la forma

Lu = m(z)u+ f(x,u) enQ,
(1.6) u=20 sobre Iy,
Bu = Ar(z)u + g(x,u)  sobre I'y,

con (m,r) >0, m e C¥Q), rcCH*oQ), fFeC*(QxR)ygelCO2xR).

a) No linealidades exclusivamente en la ecuacion. La bifurcacién desde cero e in-

finito de soluciones positivas para el problema (1.6) con condiciones de contorno
de tipo Dirichlet fue estudiada en [11,88] y en [14] para operadores de la forma
—div(a(z,u)Vu). En el caso de condiciones de contorno similares a (1.6) puede
consultarse [5] como referencia estandar.
En el libro [75] se prueba la bifurcacién desde cero de soluciones positivas sin necesi-
dad, como en nuestro caso, de que todas las soluciones problema sean positivas.
Este hecho se debe a que el autor utiliza los indices de punto fijo en conos mientras
que nosotros empleamos, como en [11], la teoria del grado topoldgico.

b) No linealidades exclusivamente en la frontera. La bifurcacién desde infinito para
operadores autoadjuntos ha sido abordada en [16] (ver también [17]).

c¢) No linealidades en la ecuacion y en la frontera. En [100] se aborda el fenémeno de
bifurcaciéon desde infinito con no linealidades en la ecuacién y en la frontera ambas
no linealidades asintéticamente lineales.

Salvo casos concretos, no hemos dado resultados generales de direccién de bifurcacién
como los que aparecen en [14-16].

En la primera seccién del capitulo reescribiremos el problema (1.6) como un prob-
lema de punto fijo para un par de operadores compactos, K; para la ecuacién y Ko para
la frontera. Este tipo de descomposicién, en nuestro conocimiento, fue propuesto por
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primera vez en [4] (ver también [100]). Para la buena definicién de este tipo de oper-
adores juega un papel fundamental los resultados del capitulo 2.

Para la segunda seccién, bifurcacién desde cero, utilizamos, al igual que en [11], la
teoria del grado topoldgico. En nuestro conocimiento no se ha dado un resultado tan
general. Previamente al enunciado del teorema definimos C como

C:={(\u) € R x C(Q) : u solucién positiva de (1.6)}.
En la segunda seccién probamos que:
Teorema 1.5. (Bifurcacién desde cero) Supongamos que (m,r) > 0,
(1.7) f(z,0) >0 Vz € Q, g(x,0) >0 Vx €Ty,

existen c1,co € R tales que

. Z,s . = .
lim @ s) = ¢y unif. en Q, lim
s—0t S s—0t

g(z, s)

= co unif. enI'y.

Sea 71, si existe, el unico cero de la aplicacion
p(A) == A (L—c1 —Am, B —ca — Ar).

Entonces 41, es un punto de bifurcacion desde cero y es el inico para soluciones positivas.
Ademds eziste un continuo (cerrado y conexo) no acotado Co C C emanando desde (71, 0).
Mads ain, sila aplicacion u(-) no se anula entonces no existe bifurcacion desde cero para
soluciones positivas.

En la siguiente seccién nos centramos en el fenémeno de bifurcacién desde infinito.
Concretamente probamos que:

Teorema 1.6. (Bifurcacién desde infinito) Supongamos (m,r) >0, (1.7) y

lim f(@:s) = ¢y unif. en Q, lim 9(@5)
s§—-+o00 S s—-+o00 S

= co unif. enI'y,

para algunas constantes c1,co € R. Sea 71, si existe, el inico cero de u(-). Entonces 71
es un punto de bifurcacion desde infinito y es el unico para soluciones positivas. Ademds
eziste un continuo no acotado Coo C C bifurcando desde infinito en A =7,. Mds aun, si
do > 0 es suficientemente pequeno y

J = [¥1 — 60,71 + do] x {u € C(Q) : |lul|w > 1}
entonces, o bien

a) Coo \ J estd acotado en R x C(Q) y Coo \ J encuentra al conjunto {(),0) : A € R},

o bien

b) Coo \ J estd no acotado en R x C(9).
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Finalmente, si 1 no existe entonces no hay una rama de soluciones positivas bifurcando
desde infinito.

La siguiente secciéon se dedica al fenémeno de bifucacién en el caso concavo-convexo.
Cuando aparecen no linealidades de este tipo en la ecuacién el método de bifurcacion
desde cero se ha empleado en [14], [39] y [38]. En la primera parte nos ocuparemos de
ecuaciones en las que el pardametro aparece exclusivamente en la ecuacién. Concretamente
de ecuaciones de la forma

Lu=\f(x,u) en £,
(1.8) u=20 sobre Iy,
Bu = g(x,u) sobre Iy,

donde f € C*(2 x R), g € C***(I'; x (0,+00)). Ademds supondremos que

(1.9) f(z,0) =0 Vz € Q, g(x,0) >0 Vx eI'y,
y
(BCC) lim f(z5) = 400 unif. en Q, lim 9(z,5) =0 unif. en I';.

s—07t S s—0t S

Bajo las condiciones anteriores probamos lo siguiente:

Teorema 1.7. Si se verifican las condiciones (1.9) y (BCC) entonces A = 0 es un punto
de bifurcacion desde cero y es el unico punto de bifurcacion desde cero para soluciones
positivas. Ademds existe un continuo no acotado Cy de soluciones positivas de (1.8)

emanando desde (0,0).

En la segunda parte de la seccién consideraremos ecuaciones en las que el pardmetro
sOlo actua en la frontera. En concreto de ecuaciones de la forma

Lu = h(z,u) en,
(1.10) u=20 sobre Iy,
Bu = Aj(z,u) sobre I'j,

donde h € C*(Q2 x R), j € C1T¥(T'; x (0,+00)). Adicionalmente supondremos las sigu-
ientes condiciones

(1.11) h(z,0) >0 Vz € Q, j(z,0) =0 Vx €Ty,

y

(BCC2) lim Mz, s) =0 unif. in §, lim i) = 400 unif. on I'y.
s—07t S s—0t S

Bajo las condiciones precedentes probamos lo siguiente:

Teorema 1.8. Supongamos (1.11) y (BCC2),
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a) Si A\ (L,D) > 0 entonces A =0 es un punto de bifurcacion desde cero y es el inico
para soluciones positivas de (1.10). Ademds existe un continuo no acotado Cy de
soluciones positivas de (1.10) emanando desde (0,0).

b) St M(L,D) < 0 entonces no existe bifurcacion de soluciones positivas de (1.10)
emanando desde cero.

En la quinta seccién del capitulo ordenaremos las soluciones obtenidas mediante
métodos de bifurcacion respecto a sus supersoluciones. Para el caso en el que la frontera
es de tipo Dirichlet el problema fue tratado en [49], véase [14] para el caso en el que el
operador es de la forma —div(a(z,u)Vu). Nosotros extendemos el resultado de [49] a
ecuaciones de la forma

Lu= f(\z,u) en
(1.12) u = sobre Iy,
Bu = g(\,z,u) sobreI'y,

o

con f€COMM R x O xR)ygelCtRxT; xR), ac(0,1). En concreto probamos
que:

Teorema 1.9. Sea I C R un intervalo y sea ¥ C I X 612“0 (Q) un conjunto conero de
soluciones de (1.12). Consideremos la aplicacion continua @ : I — C(Q) donde u(\) es
una supersolucion estricta de (1.12) para cada . Si uy, < u(Ao) con (Ao,un,) € X,

entonces uy < u(A) para todo (A, uy) € 2.

Existe también un resultado andlogo para subsoluciones.

La dltima seccion del capitulo 4 la dedicamos al estudio de las estimaciones a priori
de soluciones positivas para ecuaciones de la forma

(1.13) { Lu= f(z,u) en,

Bu = g(x,u) sobre 0%,

con f € C(Q x[0,4+00)) y g € CHT¥(ON x [0,+00)). Este tipo de estimaciones son el
complemento de secciones anteriores, ya que nos ofrecen una informacion mas precisa
de la estructura del continuo de soluciones positivas. La técnica que utilizamos en la
prueba tiene su origen en [56]. A grosso modo lo que se hace es aplicar una técnica de
blow-up y reducir el problema de cotas a priori a resultados globales para problemas
de tipo Liouville. En [56] prueban el resultado para problemas de tipo Dirichlet con la

restriccién
x,t
(1.14) lim / ):h(a?),
t—+oo  tP
uniformemente en x € € con h continua y estrictamente positiva en Q, p € (1, % .

Posteriormente en [18] se prueban cotas a priori para condiciones frontera de tipo Robin
con f(z,t) = a(x)g(t), a € C*(Q) una funcién que cambia de signo. Si denotamos por
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QO ={x: alx) >0}y Q_ = {x: a(x) < 0} se verifica Va(z) #0siz € Q. NQ_ C Q
y g € C}(R) satisface
9(t)

lim == =1>0,
P

t—+o00
para algin 1 < p < 92 ¢/(0) = g(0) = 0, g(t) > 0si t > 1. En [9] mejoran este
resultado imponiendo menos regularidad a a, sélo a € L>®(Q) y a(z) = Cdist(z,004)Y
en un entorno de 92 con v >0y

1 <p<min{d+1+7 d+2}.
d—1 "d—2
Cuando el problema dispone de no linealidades en la frontera, en [46] las cotas se hacen
para sistemas elipticos lineales en las ecuaciones, la no linealidad de la frontera no cambia
de signo, en [107] para una ecuacién eliptica no lineal con no linealidades exclusivamente
en la frontera cambiando de signo y en [50] para una ecuacién no lineal con dos no
linealidades concretas, una en la ecuacion y otra en la frontera que no cambian de signo.
Nuestro resultado engloba al de [50] ya que alli se aborda el problema con no linealidades
concretas u?, uP. De hecho, un teorema tan general con no linealidades en la ecuacién y
en la frontera no lo hemos encontrado en ninguna referencia. Concretamente probamos

que:

Teorema 1.10. Sea u € C%(Q) NCH(Q) una solucién positiva de (1.13). Entonces bajo
las hipotesis (1.14),

lim ? =i(x), wuniformemente en x € 0L2,
t—+oo  t4

donde i € C*T(0Q), a € (0,1) estrictamente positiva, p € <1,%>, q € (1,%) Y
p # 2q — 1, se tiene que
u(w) < C(p,q,), Vo e,

donde C(p,q,) es una constante que depende de p,q, 2.

1.4. Soluciones positivas de un problema eliptico con una ab-
sorcion no lineal y un flujo entrante no lineal

En el capitulo 5 abordamos el estudio de las soluciones positivas del problema

—Au=Au—uP en(,
1.15
( ) @ =u" sobre 0f2,
on
con p,r >0,y A € R denota el parametro de bifurcacion.
En el problema (1.15) hay una competicién entre el término de absorcién —u? de

la ecuaciéon y el flujo positivo de la frontera u”. Por tanto, es interesante ver céomo el
término lineal, \u, afecta a la existencia de soluciones positivas de (1.15).
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En el caso particular p > 1, es posible dar una intrepretacién ecolégica a (1.15),
debido a que la ecuacién es del tipo logistico y modela la difusién de una especie, cuya
densidad viene dada por y y que habita en 2. La condicién de la frontera significa que
la especie abandona el hdbitat una vez alcanzada su frontera 0f2, a una velocidad que
depende de una potencia de u, ver [29,30] para un problema semejante relacionado con
la dindmica de poblaciones en el que la no linealidad de la frontera es diferente.

El caso A = 0 p,r > 1 cambiando Au — u? por —auP con a € R, ha sido tratado
en [31,32,71,87] (ver también las referencias de dichos articulos). Para estos valores
especificos de A, p y r, se prueba que si p < r é p > 2r — 1 hay una solucién positiva de
(1.15) si a > 0. Cuando p = r hay solucién positiva si a > |0€2|/|€|, y no hay solucién
positiva de (1.15) si a < [09Q|/]€2]. Sir < p < 2r — 1 existe ap > 0 tal que existe solucién
positiva si a > ap y no existen soluciones positivas si a < ag. Mds atn, si r < d/(d — 2)
entonces para casi todo a > ag (1.15) tiene al menos dos soluciones positivas. De hecho,
se hace un analisis mas detallado en el caso unidimensional y en el caso en el que
es una bola (ver también [77] para el caso unidimensional). Este estudio muestra que
p = 2r — 1 es critico en muchos aspectos. En particular, las soluciones del problema
evolutivo asociado a (1.15) pueden explotar en tiempo finito si y sélo si p < 2r — 1 (y
a < rsip=2r—1). En [89] se hace un estudio exhaustivo del problema parabdlico
incluso en el caso p,r < 1. Més ain, sip = 2r — 1, a = r y d = 1 entonces existe un
equilibrio singular y todas las soluciones positivas del correspondiente problema evolu-
tivo son globales y tienden a dicha solucién singular cuando ¢ — +oo, ver [47].

Finalmente, el caso r =1, A=0,y p > 1 0o p < 1, con un parametro en la frontera
se tratan en [52,53].

Cuando en vez de un flujo positivo en la frontera, hay un flujo negativo, el problema
ha sido estudiado en [28] con p,r > 1. Ademds si una funcién acotada g(u) aparece en
la frontera en vez de u”, el problema ha sido tratado en [99] y para nolinealidades més
generales en [101], donde se hace un anélisis local de la bifurcacién mediante la reduccién
de Lyapunov-Schmidt.

En este capitulo estudiamos el problema (1.15) cuando p,r > 1, p # 2r — 1. También
consideramos los casos r =1y p>0;p=1yr>00<r<l<pyl<p<l<r.
Obsérvese que si p = r = 1 entonces el problema es lineal, por tanto existe solucién
positiva sélo para un valor de A, el autovalor principal. Nos gustaria recalcar que en la
mayoria de los casos consideramos que 7 es un exponente subcritico, es decir, r < d/(d—2)
si d > 3. Véase los Teoremas 1.11-1.14 donde enunciamos los principales resultados.

Nuestro principal objetivo es determinar el conjunto de A’s para los que existe solucion
positiva y también determinar la estabilidad y unicidad de soluciones positivas depen-
diendo de los valores de p y r. Adicionalmente proporcionamos el comportamiento
asintdtico de las soluciones cuando |A| se hace grande, en los casos en los que las solu-



1.4. Absorcion no lineal y flujo entrante no lineal 13

ciones existan.

Como sélo estamos interesados en soluciones positivas de (1.15), podemos extender
las funciones Au — u? y u” para valores negativos de u. De esta manera, toda solucién de
(1.15) es positiva o nula. Ademds, cuando p > 1 el principio del méximo fuerte asegura
que toda solucién positiva de (1.15) es fuertemente positiva.

Nosotros usamos los autovalores principales para caracterizar la estabilidad de las
soluciones respecto del problema parabdlico asociado. Diremos que una solucién positiva
up de (1.15) es estable (resp. inestable) si el autovalor principal de la linealizacién de
(1.15) en un entorno de ug es positivo (resp. negativo), es decir,

A(—A =) —i—pug_l,./\/ —ruf ) >0 (resp. <0).

También diremos que ug es debilmente estable si el autovalor es positivo 6 nulo, y neu-
tralmente estable si es nulo.

En lo que sigue enunciamos los principales resultados del capitulo. El primer resultado
se refiere al caso en el que sélo una de las nolinealidades esta presente.

Teorema 1.11.  a) Supongamosr =1y p # 1. Eziste una solucion positiva si y sélo

si A > M (—=A,N —1). Ademds,

(a) Si p > 1, la solucion es fuertemente positiva, inica (denotémosla por wuy),
estable y verifica

1.16 U =0, lim |u = +00;
(1.16) oo =0, lim_

lim
ANAL(CAN -1
(b) Sip <1, entonces toda familia de soluciones positivas {uy} satisface

b . =+oo, i = 0.
LIy lealle =400 s

b) Supongamos p =1.

(a) Si 1 < r < d/(d—2), existe solucion positiva si y solo si A < Ai(—A +
1,N). Ademds todas las soluciones positivas son inestables y toda familias de
soluciones positivas {uy} verifica

1.1 o =0, i o = +00.
(1.18) fuallo =0, Tim_[lur o = +00

lim
A/ A (—A+1LN)
(b) Sir <1, existe solucion positiva si y sélo si A < A\ (—A+ 1,N). Ademds, la
solucion es unica (denotémosla por uy ), estable y

(1.19) lualloo = +o0, Jim_flux[loc = 0.

lim
A/ A (—A+1N)
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Teorema 1.12. Supongamos 0 < r < 1 < p. Ewiste solucion positiva para todo X € R.
Ademds, la solucion es unica (denotémosla por uy ), estable y

(1.20) sl s fualloo = oo

Para la prueba del siguiente teorema usaremos métodos variacionales.

Teorema 1.13. Supongamos 0 < p < 1 < d/(d—2). Existe solucion positiva para todo
A € R. Ademds, para toda familia de soluciones positvas {uy} :

1.21 li = li =0.
(1.21) Jim sl = o0, lim sl = 0

Finalmente, enunciamos el 1iltimo teorema del capitulo,

Teorema 1.14. Supongamos p,r > 1.

a) Sip > 2r —1, existe \g < 0 tal que (1.15) tiene soluciones positivas si y solo si
A > No. Ademds, toda familia de soluciones positivas {uy} satisface
1.22 li = .
(122 il = o0

b) Sip<2r—1yr <d/(d—2), eziste Ao > 0 tal que (1.15) tiene solucion pos-
itiva siempre que X < Ag. Ademds, si Ag > 0, existen al menos dos soluciones

positivas para todo A € (0,A¢) y al menos una solucion positiva para A = Ag.
Adicionalmente, para toda familia de soluciones positivas {uy} tenemos

1.23 li = .
(1.23) o = 40

c) Sip<rop=ryl|Q >0, yr <d/(d—2) entonces Ag > 0. Adicionalmente,
para todo \ € (0,Ag) existe una unica solucion positiva estable de (1.15).

La prueba del Teorema 1.14 es mas compleja que la de los anteriores. En particu-
lar empleamos el principio del barrido de Serrin ( [91], pg. 12), la identidad de Picone
( [74, Lemma 4.1]) y algunos resultados del problema parabdlico asociado a (1.15), [13].
En la figura 1.1 hemos representado los diagramas de bifurcacién en todos los casos. Nos
gustaria remarcar que, en los casos b), ¢), f) y h) las soluciones no son necesariamente
Unicas como se han dibujado.

Es importante recalcar que el comportamiento asintético de la soluciones cuando
A/ 400 6 A\, —oo desde (1.16) hasta (1.23) son, de hecho, consecuencia de una
informacién mas precisa obtenida de las soluciones. En particular, probamos que cuando
las soluciones existen para |\| grandes entonces tenemos estimaciones de las forma

Cl\)\\a < maxu < Cg\)\\a

para toda solucién positiva de (1.15), con C; y Cy constantes positivas, y el exponente 6
dependiendo de p y r. Ver seccién 5.3 para la formulacion precisa.
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u u u
A A A
a) ' b) c)
u ; u u
PN A A
d) e) f)
u u u
/ —
A A A
g) h) i)

Figure 1.1: Diagramas de bifurcaciéon de (1.15). a) r =1 < p; b) r =1 > p; ¢)
p=1l<r<d/(d-2);d)p=1>re)0<r<l<pf)0<p<l<r<d/(d—2);g)
pr>1,p<2r—1;h)pr>1,p<2r—1,r<d/(d—2),Ag=0;1) p,r>1,p<2r—1,
r<d/(d—2), Ap > 0.

1.5. Combinando una condicién de contorno sublineal con una
reaccion sublineal o superlineal

A lo largo de sexto capitulo abordamos el problema

—Au+u=a(x)uP enQ,
(1.24) ou

e Aud sobre 052,
n

conp>0,0<q<1, \€R el pardmetro de bifurcacién y a € C(Q) con a € (0,1), un
peso que prodria cambiar de signo.

La caracteristica principal de (1.24) es la presencia del pardmetro en la frontera en-
frente de un término no regular, ya que en la en la mayoria de los casos el pardmetro
actia en todo el dominio €2. Nuestro objetivo es ver como afecta el parametro A en la ex-
istencia de soluciones positivas. También daremos, en algunos casos, el comportamiento
asintético de las soluciones positivas de (6.1) cuando A — +oc.

Cuando 0 < ¢ < 1, 1 < p < p*, con p* el exponente critico y a = 1 el problema
(1.24) fue tratado en [50] mediante métodos variacionales y alli se prueba la existencia
de un A > 0, tal que para todo A > A no existen soluciones positivas, mientras que si
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A € (0,A), entonces existen al menos dos soluciones positivas.

Cuando f y g son funciones que cambian de signoy 0 < ¢ < 1 < p < p*, en la
ecuacién de (1.24) aparece el término \f(z)u? en vez de a(z)uP y el término g(z)uP en
la frontera se prueba la existencia de dos soluciones positivas para A positivo suficiente-
mente pequeno en [105].

En [52] El problema (1.24) se aborda en [52] sin el término +u en la ecuacién y con
g=1,a<0yp>1,yse prueba la existencia de una tinica solucién positiva bifurcando
desde cero en A = 0 para A € (0,01), donde 01 = 00 si 92N Iy = 0 y Qq es el interior
del conjunto de anulacién de a, 6 o1 es el autovalor principal de

—Ap =0 en Qy,

0

% _ ow sobre 92 N 9Ny,
on

=0 sobre 0§y N €2,

en otro caso. También se estudia el comportamiento asintético cuando A — o1, que
depende de la posicién del conjunto de anulacién de a respecto de la frontera.

Cuando en el caso precedente se considera p € (0,1), en vez de p > 1, entonces el
problema es tratado en [53] y se prueba la no existencia de soluciones positivas para
A < 0, asf como una rama de soluciones positivas bifurcando desde infinito en A = 0.
Ademids, se dan més detalles del comportamiento de la solucién en un entorno de A = 0,

i A;l 1 11?
_ 1—
gy AT AT <|8Q| /Qa(x)> '

Mas ain, se prueba que las soluciones son clasicas, Unicas y fuertemente positivas si

en concreto

A < A1y si A > Ay > A las soluciones presentan nicleos muertos (nétese que en este
caso falla el principio del maximo fuerte), es decir, existen conjuntos de medida no nula
en los que la solucion es nula.

Otros articulos en los que aparecen parametros en la condicién de contorno son por
ejemplo [102] aunque para otro tipo de ecuaciones y [54] para sistemas.

A continuacién, resumimos los principales resultados obtenidos para (1.24). Lo hare-
mos segun los valores del pardmetro p. Concretamente, distinguiremos los casos p = 1,
p>lyp<l.

Caso p = 1. En este caso es crucial u1, el tnico cero, si es que existe, de la aplicacién
AM(=A+ (1 —a(z),N = N).

Teorema 1.15. Sea p = 1.
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a) Si p1 > 0 entonces existe solucion positiva de (1.24) si y sdlo si X > 0, es unica,
estable y X
uy = Al-az,

con z la unica solucion positiva de
—Az+(1—a(z))z=0 enQ,

9z = 21 sobre 0€2.
on
b) Si p1 =0 entonces existe solucion positiva de (1.24) si y solo si A = 0.

c) St p1 < 0 entonces existe solucion positiva de (1.24) si y sélo si A < 0. Ademds
todas las soluciones positivas son inestables.

d) Sino existe uy, es decir, si \i(—A+(1—a(x)),D) <0, entonces el problema (1.24)
no tiene soluciones positivas.

En la figura 1.2 dibujamos los posibles diagramas de bifurcacién en funcién del signo
de -

a) b) <)
Figure 1.2: a) pu1 < 0; b) p11 = 0; ¢) 1 > 0.

Caso p > 1. En este caso resulta conveniente definir los siguientes conjuntos depen-
dientes del peso a,

Qp:={reQ: alx) >0}, Q_:={zxeQ: alx) <0}, Qo =0\ (24 NQ).

Sobre dichos conjuntos supondremos béasicamente que las fronteras de 2_ y Q4 son
regulares. A partir de aqui, los resultados dependen de si Q. =0 6 Q # 0.
Caso Q4 = (.

Teorema 1.16. Si Q. = (), entonces existe solucion positiva de (1.24), uy, si y sélo si
A > 0. Ademds dicha solucion es unica, estable y

li = 0.
lim s

También estudiamos el comportamiento asintético de (1.24) cuando A +00. Noso-
tros asumimos, por simplicidad que o bien 9Qy = 9Q 6 9y N I = (). Basicamente las
soluciones tienden a una solucién larga. En este teorema resulta crucial el como a pasa

de negativo a cero por ello se requiere que a € C'() para que ese pasar sea suave.
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Teorema 1.17. Supongamos, adicionalmente, que a € C*(€2).
e SiQyCCQ éQy=0 entonces

lim uy = 2pq,
A/o0

donde zp o € C?T%(Q) es la solucion minima del problema de Dirichlet singular

—Au+u=a(x)uP enQ,
U= 00 sobre 0f2.

e 5iQ_ CC ) entonces

lim uy = 2pgq
X0 A

donde zp o _ € C*T*(Q) denota la solucién minima del problema de Dirichlet

—Au+u=a(x)u’ enQ_,
U = 00 sobre O€)_.

Ademds,

lim wu) = oo,
A/ 400

uniformemente en .

Caso Q4 # ), supondremos ademés que [Q4] > 0. Sea 17 una autofuncién principal
asociada al problema de autovalores

—Ap+p=0 en ),

8—('0 =@ sobre 0f).
on

En este caso probamos lo siguiente:
Teorema 1.18. Supongamos que se cumple una de las siguientes condiciones
e =10,

e ) _CcCcQog
e O, NOYCC y/a(x)w:[[”rl > 0,
Q

ademds, supondremos condiciones que aseguren que las soluciones positivas de (1.24)

estan acotadas si X < +oo (ver, por ejemplo Teorema 6.1). Entonces,

a) existe un continuo de soluciones positivas Cy emanando desde cero en A = 0.

b) Px(Co) = (—o0,A] para algun A > 0, donde Px(Cy) denota la proyeccion de Cy

sobre el eje A.
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¢) Existen al menos dos soluciones positivas de (1.24) para X € (0,A).

d) Eziste una unica solucion positiva de (1.24) que es estable en (0,A). Ademds, dicha
solucion es la minimal en (0, A).

En la figura 1.3 hemos representado los posibles diagramas de bifurcacion en el caso
p > 1 vaticinados por los teoremas anteriores.

a) b)
Figure 1.3: a) Q4 = 0; b) Q4 # 0.

Caso 0 < p < 1. En este caso consideramos sé6lo los casos a =1 o a = —1. En esta

seccién, mediante el método de las sub-supersoluciones, probamos lo siguiente:

Teorema 1.19. Supongamos a = 1, entonces existe al menos una solucion positiva para
todo A € R. Ademds, si p < q entonces dicha solucion es unica. Mads atin, si p > q
entonces para A > 0 la solucion es unica.

Teorema 1.20. Supongamos a = —1, entonces el problema (1.24) no posee soluciones
positivas si X < 0. Si X\ > 0 suficientemente grande entonces el problema (1.24) tiene
una solucion fuertemente positiva. Ademds, tal solucion es unica si ¢ < p.

1.6. Modelo de Angiogénesis con término de quimiotaxis y flujo
no lineal en la frontera

En el capitulo 7 analizamos un sistema de ecuaciones en derivadas parciales que
modela un paso crucial en el crecimiento tumoral, la angiogénesis, es decir, el crecimiento
de vasos sanguineos a partir de los vasos preexistentes. La angiogénesis es un proceso que
se produce frecuentemente en nuestro organismo y es beneficioso para éste, por ejemplo,
en la cura de las heridas. Sin embargo, cuando la angiogénesis esta inducida por un tumor
indica el principio de lo que se conoce como cascada metastatica que es un proceso que
una vez concluido es letal para el que lo padece. La angiogénesis, en el caso tumoral, es
inducida por el tumor mediante la secrecién por éste de sustancias quimicas como, por
ejemplo, el VEGF (vascular endothelial growth factors), que provocan el crecimiento de la
red vascular hacia el tumor. Sugerimos al lector interesado el articulo [80] para conocer
mas acerca de los multiples aspectos de la angiogénesis. Nosotros centramos nuestra
atencion en el comportamiento de dos poblaciones que intervienen en dicho fenémeno:
las células endoteliales (ECs), las cuales denotamos por u, que se mueven y se reproducen
para generar una nueva red vascular atraidas por una sustancia quimica generada por
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el tumor, el TAF, que serd denotado por v. Ambas poblaciones interactian en una
region Q C R%, d > 1, que supondremos acotada, conexa y con frontera regular 0S).
Especificamente, consideramos el caso

0 =T1UTIy,

con 'y NT =0, y I'; cerrados y abiertos en la topologia relativa de 2. Suponemos que
I'5 es la frontera del tumor y I'y la frontera de los vasos sanguineos, ver figura 1.4, donde
hemos representado una situacién particular, en este caso el tumor esta rodeado por los

vasos.

Figure 1.4: Ejemplo particular de dominio €.

Supondremos condiciones de contorno Neumann homogéneas en ambas variables en
I'y, y también para la variable w en I's. Sin embargo, y como una de las principales
novedades del modelo, consideraremos que el tumor genera una cantidad de TAF que
depende de manera no lineal de la cantidad existente. Especificamente, supondremos
que en I'y

v v

— =y
on 1+0’
con 4 un numero real, aunque en la aplicacién real y serd una constante positiva. En

tal caso u representa la velocidad a la que se produce el TAF. Suponemos que el tu-
mor genera TAF con un término de produccién del tipo Michaelis-Menten, por tanto
suponemos un efecto de saturacién en la frontera, en contraste con el modelo en [41]
donde este término es lineal. Por tanto, estudiamos el siguiente problema parabdlico y
su estacionario asociado

ur — Au = —div(V(u)Vv) + dAu —u? en Q x (0,7T),

vy — Av = —v — cuv en Q x (0,7,
ou Ov

(1.25) n on 0 sobre I'y x (0,7,
du ov v

= — = bre I 0, T
on 0 an M1t sobre I’y x (0,7),
u(z,0) = uo(z), o(x,0) = vox)  en®,

donde 0 < T < +oo, ,peR,c>0y
(1.26) V eC'(R), V >0en (0,00) con V(0)=0;
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v ug, vy son dos funciones positivas y no triviales dadas.

Vamos a explicar un poco el modelo. Nosotros asumimos que u posee dos tipos de
movimientos: uno indirecto que viene dado por el usual operador de Laplace y uno di-
recto que viene inducido por la presencia del gradiente de v. Aqui V modela la respuesta
quimiotéctica de las ECs al quimioatractante TAF, y en este caso esta respuesta depende
de la densidad u de una manera no lineal. Este es un modelo de densidad dependiente,
en la terminologia de [62]. También suponemos que las ECs crecen siguiendo una ley
logistica. Ademads, suponemos que el TAF tiene una degradacién tipicamente lineal,
—v, y es afectado por v mediante un término de competicién —cuv, es decir, el TAF es
consumido por las células endoteliales y este consumo no tiene un efecto directo salvo a
través del término de quimiotaxis. En cierto sentido, el tumor atrae a las ECs, de hecho,
se mueven hacia I's donde se produce el mayor gradiente de TAF.

Modelos similares a (1.25) con condiciones de contorno del tipo Neumann o no flujo
han sido estudiados exhaustivamente en los tultimos anos, ver por ejemplo el articulo
recopilatorio [62].

El modelo (1.25) tiene principalmente tres dificultades, debido basicamente a las no
linealidades: los términos de reaccién, la respuesta quimiotéctica y la condicién de con-
torno. El término logistico ha sido ya usado para modelar el crecimiento y la muerte celu-
lar. También, la sensibilidad quimiotactica no lineal ha sido usada en diversos articulos,
ver por ejemplo [63], [85], [104], [64], [23], [34] v las referencias de estos articulos. Nos
gustarfa mencionar que en [63] la funcién V' es acotada y negativa para valores grandes
de u, lo que proporciona cotas de la solucién y por tanto previene la acumulaciéon. En
todos los articulos anteriores no se considera un crecimiento logistico para u. Para este
tipo de crecimiento con V(u) = u nos referimos a los articulos [84], [96] y [103] para los
problemas de tipo parabdlico y [44], [45] para el caso estacionario.

Sin embargo, un término no lineal en la frontera del tumor no ha sido usado practicamente
en la literatura, de hecho sélo conocemos el articulo [68] en el que se combine una
condiciéon de contorno no lineal con un término de quimiotaxis. La presencia de estos
términos implica un modelo més complejo y realista. Creemos que el entendimiento del
comportamiento de las soluciones puede decidir si un sistema como (1.25) puede ser con-
siderado como un modelo apropiado para fendmenos biolégicos complejos. Resumimos
los resultados como sigue: Respecto al problema parabdlico, se construyen soluciones lo-
cales en tiempo mediante los resultados generales de [7] y soluciones globales en tiempo
via cotas uniformes en tiempo en norma L>°(2). Més precisamente, mostramos que:

e Existe una tnica solucién positiva local en tiempo de (1.25).
e Si V estd acotado, existe una tnica solucién global en tiempo de (1.25).

Con respecto al problema estacionario asociado a (1.25), es claro que existen tres tipos
de soluciones: la trivial, las semitriviales (u,0), (0,v) y las soluciones con ambas compo-
nentes positivas, los llamados estados de coexistencia. Béasicamente, la solucién trivial
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siempre existe, y:

e La solucién semitrivial (u,0) existe si y s6lo si A > 0. De hecho, en este caso la
solucién semitrivial es (A, 0).

e Existe un valor p1 > 0 tal que la solucién semitrivial (0, v) existe si y s6lo si u > p;.

Con respecto a la existencia de estados de coexistencia, necesitamos introducir pre-
viamente dos funciones que estaran relacionadas con problemas de autovalores F' :
(0,4+00) = R, A — F(A) y A: (1, +00) — R, p— A(p) tales que:

e SiA<06pu< i, entonces no existe ningin estado de coexistencia.
e Suponiendo que V’(0) > 0, entonces existe al menos un estado de coexistencia si

(1.27) (1 — FO)) (A — A1) > 0.

e Suponiendo que V/(0) = 0, existe al menos un estado de coexistencia si A > 0y

(1.28) w—F(\) > 0.

En la figura 1.5 hemos representado, segin los valores de los pardmetros Ay u, las regiones
de coexistencia definidas por (1.27) y (1.28).

u A u A A=A)

H=F(A) M=F(A)

Y

Case a) Case b)

Figure 1.5: Regiones de coexistencia: Caso a) V/(0) = 0y Caso b) V'(0) > 0.
Con respecto a la estabilidad local de las soluciones semitriviales, probamos que:
e La solucion trivial es estable si A < 0y p < 1, e inestable si A > 06 p > py.
e (u,0) es estable si y < F()), e inestable si u > F'(\).

e (0,v) es estable si A < A(u) (resp. A < 0 si V/(0) = 0), e inestable si A > A(u)
(resp. A > 0si V/(0) =0).

Por tanto, cuando las dos soluciones semitriviales son estables o inestables al mismo
tiempo entonces existe al menos un estado de coexistencia. Por consiguiente, las curvas
p=F(\) y A= A(p) que aperecen en (1.27) y (1.28) son cruciales en el estudio de la
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existencia de soluciones positivas y las vamos a estudiar en detalle en este capitulo.

Para probar estos resultados usaremos principalmente métodos de bifurcacién y de
sub-supersoluciones.

En la pentltima seccién del capitulo estudiaremos la estabilidad global de (A,0) y

mostraremos que:
e (0,0) es globalmente asintéticamente estable si p < p;.

0
e (X, 0) con A > 0 es globalmente asintéticamente exponencialmente estable si p1 < 11
y

(1.29) 0<V(s)<Cs V'(s)| < Cs*t
para todo s € (0,dp), con &y > 0 suficientemente pequeno, y k > 1+ d/2.

La tultima seccion se dedica a dar una interpretacion biolégica de los resultados obtenidos.

1.7. Sobre un modelo relacionado con la formacién de patrones

En el dltimo capitulo de la disertacién abordamos el estudio de un modelo quimiotactico
con condiciones de contorno distintas de las tipicas no-flujo o Neumann. Concretamente,
estudiamos el siguiente sistema

up = Au— xV - (uVo) + pu(l — u) en Q x (0,7,

0=Av—v+ — en 2 x (0,7,
(1.30) ou v o ov (1

%—Xua—n:r(l—u), =" <2—v> sobre 92 x (0,7,

u(x,0) = up(x) en (2,

con 2 C R? un dominio acotado con frontera regular, u, r,7’ y x constantes positivas. El
modelo (1.30) fue planteado en [83] con la ecuacién v también evolutiva. Nosotros con-
sideramos el caso eliptico para v argumentando como en [66] 6 [69], es decir, suponemos
que la difusiéon de v es mucho mayor que la difusion de u. Aqui v denota una densi-
dad celular y v un quimioatractante de u, es decir, una sustancia quimica que induce un
movimiento de u en la direccién del gradiente de v. Este tipo de fenémeno se observa, por
ejemplo, en la fase de agregacién de Dyctiostelium [67]. Aunque en [83] se propone como
un modelo relativo a los patrones observados en la pigmentaciéon de la piel de diversos
tipos de animales como tigres o cebras. Un modelo parecido con condiciones de contorno
no-flujo se ha considerado en [33], donde en vez del término 1 se considera un término
mas general, una funcién g acotada, la difusién de u es no lineal degenerada en el infinito,
concretamente V - (a(u)Vu) y el término Vv estd acompanado por uf(u) y no por u
como en nuestro caso. Allf el autor prueba la existencia de soluciones globales en tiempo
bajo restricciones en el cociente /. Sin embargo, en nuestro conocimiento sistemas
como el de (1.30) no han sido abordados mediante métodos analiticos. Aqui probamos la
existencia y unicidad de solucién global positiva y estudiamos ademaés el comportamiento
asintético de las soluciones cuando el tiempo se hace largo. Concretamente, probamos
lo siguiente:
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Teorema 1.21. Sea p > d y consideramos el dato incial ug € WHP(Q2) con ug > 0.
Entonces, existe 7(||uo|lw1r) > 0 tal que el problema (1.30) tiene una tnica solucion
positiva local en tiempo

(u,0) € (C([0,7]; WHP(Q)) NCH((0,7); €+ (),

y u(x,t),v(z,t) > 0 para (z,t) € Q x [0,7]. Ademds, la solucién depende de manera
continua del dato inicial, es decir, si u(ug) y u(ug) denotan las soluciones de (1.30) con

datos iniciales ug, Uy respectivamente entonces

[u(uo) —u(@o)ll(c(o,r;wrry)2 < Clluo — Uol[ywr.e,

Mads ain, la solucion puede prolongarse indefinidamente hasta alcanzar Tpq, = 400, es
decir, la solucion es global en tiempo.

Respecto al comportamiento asintético tenemos que:

Teorema 1.22. Si minug(z) >0 y
e

donde

Uy := max{maxuo(m),l} , Uy = min{minuo(x),l},
e €l

entonces, la solucion (u,v) de (1.30) satisface

1
(1.32) lu(t) — 1|00 + [|v(t) — 2” < —Cey ' In(eg)e™t t >0,
W2p
cualquiera que seap > 1y o := 0.

Nos gustaria recalcar que el teorema anterior es constructivo, en particular, se com-
para la solucién u con las soluciones de un sistema diferencial ordinario w, @ y se prueba
que u < u(r,t) < para todo (z,t) € Q x (0,4+00). Finalmente, y como consecuencia
del teorema precedente,

a) si u > 2x (término de reaccién fuerte comparado con el de quimiotaxis) entonces,
para cualesquiera datos iniciales ug > 0, ug #Z 0, es decir, datos que tienen sentido
biolégico, se tiene que:

lu(t) = 1lloe < Ce™",

para algunas constantes C, C1,a, 3 > 0 que pueden calcularse explicitamente. O
lo que es lo mismo, la solucién tiende al estado homogéneo estacionario (1, %) de
manera exponencial.



1.8. Problemas abiertos 25

b) Sip > ¥ (término de reaccién més débil comparado con el de quimiotaxis) entonces,
si up estd préximo a 1 en norma L*°(£2) se tiene que:

lu(t) = 1o < Coe™",

para algunas constantes Cs, C'3,y,d > 0 que pueden calcularse explicitamente. Este

resultado implica en particular la estabilidad local de la solucion (1, %)
Probablemente, una de las cuestiones mas interesantes de este capitulo es vaticinar qué
ocurre ante un término de reaccién débil comparado con el de quimiotaxis. La presencia
de estados de coexistencia distintos del homogéneo ayudaria a aclarar tal cuestion.

1.8. Problemas abiertos

a) Una cuestién interesante seria estudiar el problema de autovalores (1.1) cuando m
y r cambian ambas de signo, especialmente, en el caso en el que no se puede utilizar
la caracterizacién variacional.

b) Otra cuestién es la posibilidad de generalizar los resultados de [55] para el caso en
el que no se posee una caracterizacién variacional del autovalor.

c¢) En el capitulo 5 desconocemos lo que ocurre cuando p, 7 < 1. Aqui, falla el principio
del maximo fuerte con lo que existe la posibilidad de existencia de soluciones con
nicleos muertos.

d) En el capitulo 6, Teorema 1.18, la condicién / a,(:c)@bfJrl > (0 parece bastante

Q
artificial y se deberia poder eliminar. Esta condicién se puede interpretar como a
mds grande en la parte positiva que en la parte negativa.

e) En el capitulo 6 si 0 < ¢q,p < 1 s6lo sabemos lo que pasa si hay unicidad de solucién

positiva.

f) En el capitulo 7 se introduce una funcién V(u) acotada. Esta funcién estd rela-
cionada con el concepto de volume filling que se introdujo para el sistema de Keller-
Segel (ver [67]) para evitar la explosién en tiempo finito (ver [66]). Sin embargo,
en nuestro caso, ese mecanismo no parece necesario ya que en la ecuacion de v la
u entra con un signo negativo, al contrario que en el sistema de Keller-Segel.

g) En el capitulo 7 la condicién (1.29) parece bastante artificial. Se deberia poder
probar la convergencia el estado estacionario (A, 0) incluso sin esta restriccién.

h) En el capitulo 8 falta estudiar el sistema estacionario asociado a (1.30).






CHAPTER 2

Linear Elliptic Equations

This Chapter is devoted to collect results for linear elliptic equations with mixed
boundary conditions. Those results will be used through this work. Special attention
will be paid on the properties of the principal eigenvalues i.e. eigenvalues such that the
eigenfunction associated can be chosen strongly positive.

2.1. A version of the Krein-Rutman Theorem

Let X a Banach space and T': D(T) C X — X a closed and linear operator. We
denote by L£(X) the set of linear and continuous operators acting from X with image in
X.

Definition 2.1. The resolvent of T', denoted by o, is defined by
o) :={NeC®: M -T)"'eL(X)}
The complement of o is called the spectrum of T and it is noted as o(T).

Definition 2.2. We say that A € C is an eigenvalue of T if A\I — T is not injective. If
x € X \ {0} satisfies Tx = Az then x is called eigenvector of T'.

Definition 2.3. The spectral radius of T, denoted by r(T) is defined as
r(T) =sup{|A|: A € o(T)}.

Definition 2.4. Let E a vectorial space and < is an order relation, i.e. transitive,
reflexive and antisymmetric relation that satisfies the compatibility conditions

x<y then z+z<y+z VzeL,
<y then Jlx<\y VA >0,

then we say that (E, <) is a ordered vector space.

27
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Examples.

a) It is well-known that in the vectorial space € there is not an order relation < that
additionally satisfies the previous compatibility conditions.

b) The vectorial space C(Q) with the order relation < given by
f<ge= flz)—glx) <0 Vx e Q,
is a ordered vector space.

Definition 2.5. Let E an ordered Banach space, then x < y means x < y, © #* y.
Moreover, the set
[,y ={z€ E: z<z<y},

18 called ordered interval between x and y.

Definition 2.6. Let (E, <) a ordered vector space, the set
Ei:={xeE: x>0},
1s called positive cone of E. Let x € E.

a) We say that x is non-negative if v € E.
b) We say that x is positive if x € E4 \ {0}.
c¢) Suppose that int(Ey) # 0. We say that x is strongly positive if x € int(E,).

Definition 2.7. Let E a Banach space. We say that (E, <) is an ordered Banach space
if it is a ordered vector space and the positive cone E. is closed in norm.

Definition 2.8. Let E, I ordered Banach spaces. Let us assume, for simplicity, that
int(Fy) # 0 and let T : E — F an operator.

a) We say that T is positive and it will be denoted by T' > 0 if Tx > 0 for all x > 0.

b) We say that T is strongly positive and it will be denoted by T > 0 if Tx €
int(Fy.) for all x > 0.

Definition 2.9. Let (E, <) an ordered Banach space. A positive operator is called irre-
ducible if there exists ng > 1 such that T™° is strongly positive.

Now, we state a particular version of the Krein-Rutman Theorem that can be found
in [36, Theorem 12.3].

Theorem 2.10. (Krein-Rutman Theorem) Let (F, <) an ordered Banach space with
int(Ey) £ 0 and T € L(E) a positive, compact and irreducible operator then r(T) is an
etgenvalue with algebraic multiplicity 1 of T and its dual T*. The associated eigenspaces
are generated by a strongly positive eigenfunction and a strongly positive functional.
Moreover, r(T) is the unique eigenvalue of T whose associated eigenfunction can be
chosen positive.
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Let us consider the eigenvalue problem

(2.1) { Lu=Au in §,

Bu=0 on 012,
where Q, L, B are defined as follows

a) Q c RY, d > 1, is a bounded domain with boundary 9 of class C2. Moreover,
0 :=TyuUly,

where I'g and I'; denote two disjoint open and closed sets in the relative topology
of 0Q2.

b) L is an uniformly elliptic differential operator in € of the form

d 62 d P
L:=— ij bzi )
i;l ij 83%(93%‘ + ; 8xi te

with coefficients a;; = aj; € CT(Q), b; € C*(Q) and ¢ € CY(Q), a € (0,1).

c) We define the mixed boundary operator B, by

U on I'y
Bu = ’
b { Bu on Ty,

where B := 0, + b, n € C'(I';,IR?) stands for the outward normal® vector to 95
and b € C1T(Q).

An easy consequence of the Krein-Rutman Theorem is (see [6]) the following:

Theorem 2.11. The eigenvalue problem (2.1) has an eigenvalue, \1(L, B), that satisfies
Re(N) > M(L,B) for all X € C eigenvalues of (2.1). The eigenvalue A\i(L,B) is called
principal eigenvalue of (L, B,Q). Moreover, \(L, B) is the only eigenvalue such that the
etgenfunction associated can be chosen positive in €.

2.2. Existence, Uniqueness and Regularity

During all the work, at least we say something different, we keep the notation of
the previous section. Our first theorem refers to the interior estimates for the equation

Lu=f.

Theorem 2.12. Let Q an open subset of R% and u € Wlif(Q) NLP(Q), 1 <p< 40
satisfying Lu = f in the pointwise sense, with L an uniformly elliptic operator whose

coefficients satisfy for A >0

ai; €C(Q), bi,c€ L®(Q), f e LP(Q);

'We assume the normal vector just for simplicity, most of the results of this chapter still true for more
general vectors. In particular, outward pointing nowhere tangent vector-field to 0S2.
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|lai;l, [bi], |c] < A

for alli,j=1,...,d. Then, for every subdomain ' C Q such that dist(02,Q') >k > 0
we have

[ullwzr@y < Clullp + [1f1lp)

Now, we state some results related to the existence for linear elliptic problems of the
form:

Lu=f in €,
(2.2) u=g(x) on Iy,
Bu=h(xz) onl}j.

The first one refers to the case of WP () solutions and the second one to the classical
solutions.

Theorem 2.13. Assume f € LP(Q), g € W?~Y/PP(Ty), h € W'=1/PP(I'y), \(L,B) > 0
and

Qi € C(Q), bi,c € LOO(Q), fe Lp(Q),

fori,j=1,....d, then the problem (2.2) has a unique solution u € W?P(). Moreover,

u satisfies

lellwae < CUFllp + N9lwe-100w0) + Allwi-1/m0(ry))-

Theorem 2.14. Assume f € C*(Q), g € C***(Ty), h € C*T(T) and M (L,B) > 0,
then the problem (2.2) has a unique solution u € C*+*(Q). Moreover, u satisfies

[ullzte@) < CIfllca) + llglleztemy) + 1Rllcr+ary))-

Theorem 2.15. Assume I'g = 0, f € C(Q), h € W=VPP(Ty), \{(L,B) > 0. Then if
u € C3(Q) is a solution to (2.2) satisfies

[ullwrr < Ul + 1Al Lery))-

2.3. Maximum principle and properties of the principal eigen-
value

Let us begin this section with an example that suggests a connection, via the Krein-
Rutman Theorem, between the strong maximum principle and the principal eigenvalue.

Let C3(Q) = C1(2) N Cy(£2). Consider the operator
T:CH(Q) — Ch(Q)

such that T'(f) = u where u is the unique solution to the linear equation

Lu=f in €,
(2:3) { u=20 on Of).
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Thanks to the elliptic regularity we know that T'(f) € C?T%(Q)NCy(Q) which is compactly
embedded in C& (). Therefore, T is a compact operator. Moreover, we consider the

positive cone

(Co(), ={feC(Q): fl(z)>0Vze},

whose interior is given by
int ((cg(ﬁ))+) —{feCl®@): f(x)>0VeeQ and df(z) <0 Vo € Q).

Assume that (2.3) satisfies the strong maximum principle, i.e. for a given f > 0, T'(f) €
int ((Cé Q) +), so T is an irreducible operator. Therefore, thanks to the Krein-Rutman
Theorem, there exists an eigen-pair (A1, 1), A1 > 0 such that T'(p1) = A\j¢1. Moreover,
p1 €int ((Cé (ﬁ)) +> and is the only eigenvalue with this property. So, we have

L(p1) =1/Mp1  in Q,
w1 =0 on 0f2.

This example shows that, if (2.3) satisfies the strong maximum principle, then the eigen-
value problem associated to (2.3) has a unique positive eigenvalue

1/)\1 = )\1(£,D) > 0,

where D stands for Dirichlet boundary condition. This relationship is, in fact, as we will
see in the next theorem, stronger.

Definition 2.16. Let u,v : Q — R the notation (u,v) > 0 stands for u >0 and v > 0,
moreover (u,v) > 0 denotes (u,v) > 0, (u,v) # 0.

The next definitions are needed in order to give a characterization of the strong
maximum principle for operators £ under mixed boundary conditions B. Such a charac-
terization can be found in [9].

Definition 2.17. Let p > d. We say that w € W*P(Q) is a positive strict supersolution
to (£,B,Q) if u > 0 and (Lu, Bu) > 0.

Definition 2.18. Let p > d. We say that u € W?P(Q) is strongly positive in Q if
u(x) >0 for allz € QUT and Oyu(x) <0 for all x € T.

Definition 2.19. We say that (L,B,Q) satisfies the strong mazimum principle if for
some p > d, u € W?P(Q) and (Lu, Bu) > 0 then u is strongly positive in €.

Theorem 2.20. (Strong Maximum Principle) The following assertions are equiva-
lent:

CL) /\1(£,B) > 0.
b) (L,B,Q) has a strict supersolution.

c) (L,B,Q) satisfies the strong maximum principle.
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The rest of the section is devoted to study the properties of the principal eigenvalues
of (£, B,), the proofs can be found in [27]. These properties are the cornerstone of this
PhD Thesis.

Proposition 2.21. IfT'y # () then A1 (L, B) < A\ (L, D), where D stands for the Dirichlet
boundary condition.

Proposition 2.22. Let ¢, € L>®(Q).

a) If c1 < c2 in a set of positive Lebesgue measure, then

)\1(£+61,B) < )\1(£+CQ,B).
b) If limy, 4o ¢, = c in L°(2) then

lim A\ (L + cn, B) = M (L + ¢, B).

n——+00
c) If there ezists a set of positive Legesque measure D such that infp ey > 0 then

lim A (£ — A, B) = —o0.
A—+00

d) Ifinfqc; > 0 then
lim )\1 (ﬁ — )\0178) = +00.

A——00

Proposition 2.23. If by, by € C(T'1) with by < by then
)\1(,6,3 + bl) < )\1([,, B+ bg),

where

U on Ty
B = ’
(B+2)u { (B+2z)u onTy,

for any z € C(T'y).

Definition 2.24. We denote by o(L>(T), L' (T'1)) the weak-star topology of L>=(I'1).
Given a sequence by, € C(I'1), n > 1 we say that
lim b, =b in o(L>(Ty), LY(T'}))

n—-+o00

im [ b= [ b
n—-4o0o I ry

for each € € L*(Ty).

Theorem 2.25. Let 'y # 0 and b, € C(T'1) a sequence such that

lim b, =b in o(L>®(Ty), LY(T'})).

n—-+00
Let A} = M(L,B+by), A\i = M(L,B+0b) and ¢, and ¢ the associated eigenfunctions
to A} and A\ respectively. Moreover, we choose ¢ and ¢, such that ||¢|l2 = ||¢nll2 = 1.

Then, we have

lim AT = Ay, lim |lon — @|lwiz = 0.
n—-+400 n—-+400
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Theorem 2.26. Let 'y # () and b, € C(T'1) a sequence such that

lim minb,, = +o0.
n—+oo I'y

Let \} = A\ (L, B+by,) and @, the associated eigenfunction to A} such that ||@n |12 = 1.
Let \Y = \1(L£,D) and ¢o the associated eigenfunction to \}. Then,

lim A} = )Y, lim |j¢n — ¢ollwi2 = 0.
n—-400 n—-400

Proposition 2.27. Let Qg a proper subdomain of Q) which satisfies
dist(I'1,0920 N Q) >0

then
M (L, B) < X*(L, Bo,),

where the boundary operator Bq, is defined as

Bowu—d U on 02 N,
DY Buoon 99y N ON.

2.4. An eigenvalue problem

Through this section we consider the following eigenvalue problem

Lo =AIm(z)p in€Q,
(2.4) =0 on I'g,
By =Ar(z)p only,

where m € C%(Q) and r € C1T*(Q). The following result provides us with the existence of
principal eigenvalue to (2.4). The second paragraph is a characterization of the principal
eigenvalue to (2.4) when m = 0, i.e., an eigenvalue problem at the boundary, the classical
Steklov problem.

Theorem 2.28. Assume (m,r) > 0. Then:

a) Under condition
Ju >0 such that (c+ pm,b+ pr) >0,

the eigenvalue problem (2.4) has a unique principal eigenvalue, 1, it is simple and
its associated eigenfunction can be chosen strongly positive in €.

b) If m =0 and r > 0 r(z) > 0 in a set with positive d — 1 dimensional measure,
then, there exists the principal eigenvalue to (2.4), denoted by w1, if and only if

lim A\ (L,B—Ar)=p_0 > 0.

A——00

Moreover, its associated eigenfunction can be chosen strongly positive in ).
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Proof. Proof of the first paragraph. Observe that we can assume (c,b) > 0 otherwise
we consider the following eigenvalue problem that is equivalent to (2.4)

Lu = (L + pm(z))u = (A + p)m(z)u = Am(z)u in €,
u =0 on I'g,
g—z + (b(x) + pr(z))u = % +b(z)u= (A4 p)r(z)u = M(z)u on Ty,

where (¢,b) > 0. We define the spaces of functions

C%O(GQ) = {ueCY99Q): ur, =0},
C%O(ﬁ) = {uel'(Q): up, =0}

The spaces 6%0(8(2) and C%O () are closed subspaces of Banach spaces, therefore there
are Banach spaces. On one hand, we consider the operator

Ki:ch @ — k@
f = Ki(f)=u,

where u is the solution to the problem

Lu=m(x)f inQ,
Bu =0 on 0f2.

Thanks to Theorem 2.14 K is well-defined and compact. On the other hand, we consider
the operator
Ky : Cf (09) — C} (9)
g — Ki(g)=u,

where u is the solution to the problem

Lu=0 in Q,
u=20 on Iy,
Bu=r(z)g onT}.

Arguing as we did for K, Ko is well-defined and compact. Now, we define the trace
operator y(u) = ujp, and observe that

T := K1+ Ka-7:Ch () — Cf, (),

is a compact operator. Moreover, (A1, 1) is an eigen-pair to (2.4) if and only if (1/\1, ¢1)
is and eigen-pair of T'. Let

P:={ue C%O(ﬁ) :u(x) >0, Vo e Q}
a positive cone. The interior of P is given by
int(P) ={ueCr () : u(z) >0, Vo € QNT1 and dyu(z) <0 Va € T}

Since (¢, b) > 0 then A\;(L,B) > 0. Therefore, thanks to the strong maximum principle,
the operator T is strongly positive. Since T' strongly positive, compact and irreducible,
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then the Krein-Rutman Theorem concludes the first paragraph of the Theorem.

We have that p; is the principal eigenvalue to (2.4) if and only if pu(u1) = 0 where
w(A) == A (L,B— Ar)
i.e. for each fixed A the principal eigenvalue to the problem

Lo = pA)p in €,
=0 on Iy,
(B=XMr(z))p=0 onlj.

Assume that we have
lim p(X) <0

A——00
then, since p(\) is decreasing then the principal eigenvalue does not exist. Assume now
that
lim p(A) > 0.

A——00
Thanks to Proposition 2.23, u()) is analytic, decreasing. So, it suffices to prove that

li A) = —o0.

Suppose the contrary, then

li A) =1
i u(d) =1,

for some [ € R. Since pu is decreasing then p/(\) < 0 for all A € R. Taking into account
that p is not constant then we can assume, for simplicity that there exists Ag > 0 such
that 1/(Ag) := a < 0. Next we observe that it is not possible to have p/(y) < p/(Aog) <0
for all y > A, otherwise, by the mean value Theorem we have

p(y) = 1(Xo) = 100y = Ao) < aly — Xo),
for some x € (Mo, y). Therefore, we obtain
I —p(No) — aXg < ay.

However, the previous inequality does not hold if y > 0 large enough. Hence, we infer
that there exists zg > Ag such that

(2.5) i (w0) > 1 ().

On the other hand since p is concave and analytic ( see [8, section 11] ) then p”(X) <0
for all A € R, in particular the function u is non-increasing therefore p'(xo) < p/(Mo)
which is a contradiction with (2.5). ]

Remark 2.29. Observe that during the proof of Theorem 2.28 we have proved

AETOO M (L, B —Ar) = —o0.






CHAPTER 3

Uniqueness for elliptic equations with nonlinear

boundary

In this chapter we present three results of uniqueness of solutions for an elliptic
problem with nonlinear boundary conditions. The results of this chapter have been
published in [82].

3.1. Preliminaries
Consider

Lu= f(x,u) inQ,
(3.1) u=p(zx) on I,
Bu = h(xz,u) onT}y,

where f: QX R— R, h:T1 x R— R and ¢ : I'g — R are regular functions.

We present three results of uniqueness of solution of (3.1). Now, we introduce an
important change of variables. When A1 (£, B) > 0, there exists e > 0 (in fact e(xz) > 0
for all z € Q) the unique solution of (see Section 3.3)

Le=0 1in Q,
(3.2) e=1 onTy,
Be=0 onl}.
We make the change of variable
u = ev,

which transforms (3.1) into

Liv = fi(z,v) inQ,

(3.3) v = p(z) on I,
ov

o hi(z,v) on T}y,

37
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where
d d
0%v ov
3.4 L = — i ()177
(3.4) 1V Z.szlajalﬂia’fj Jr; | o
with
2 & de
bli= b, - = i,
t e Z i 0
7j=1
and
T, ev h(z,ev
(3.5) fi(z,v) = f(e)’ hy(z,v) = (e)'

Moreover, under the same change of variable, the problem

{ Lu= M in Q,

(36) Bu=0 on 02,

transforms into

Liv =X in
(37) { /\flv =0 on 87{2,
where
v on I'g,
N = Ov on I'y,
and so,

/\1(£1,/\/) = )\1(£,B) > 0.

3.2. State and proofs of the main results

Our first result is:

Theorem 3.1. Assume A\i(L,B) > 0. If u — f(x,u),h(x,u) are non-increasing, then
there exists at most a solution of (3.1).

Proof. First observe that if f and h are non-increasing in u, then the functions f; and
hi defined in (3.5) are also non-increasing in v.

Take v # vy two solutions of (3.3) and denote by

D ={reQ:v(z) >v(r)}, and w:=wv —vs.

Then,
Elw < 0 in Ql,

(3.8) w=0 on 9Q; N (QUTYH),
9§ on 00 NTY.
on

It follows by the maximum principle (see for instance [57, Theorem 3.5]) that the max-
imum of w has to be attained on 0€2; NI'; and that in such point dw/0n > 0 (see [57,
Lemma 3.4]), which is a contradiction with dw/0n < 0. "
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Remark 3.2. Theorem 3.1 is not true if \(L,B) < 0. Indeed, consider the logistic
equation

(3.9)

Lu=u—uP in,
Bu=0 on 0,

where p > 1 and A € R. It is well-known (see for instance [25]) that (3.9) possesses
the trivial solution uw =0 for all A € R and for A > M\ (L, B) possesses another positive
solution. Observe that (3.9) can be written as

(L—=XNu=—uP.

In this case f(x,u) = —uP is decreasing and \(L — X\, B) = M(L,B) — A <0 if A >
(L, B).

Next, we have our second result. Observe that we do not require A; (£, B) > 0.

Theorem 3.3. Assume that ¢ > 0 on I'y and
flz,u)  h(z,u)

(3.10) U +— , , are non-increasing in (0,00),
u u

with at least one of them decreasing. Then there exists at most a positive solution to
(3.1).

Proof. First, observe that if u is a positive solution of (3.1) then w is strongly positive.
Indeed, since u < ||u[/o, it follows that

flz,u) [, ||ullo)

u [l

h(z,u) _ h(z,[lullo) .

= —K>.
[l

>

= _K17

Take M > max{0, K1, K2, —A1 (£, B)}. Then, (3.1) is equivalent to
Lu+ Mu= f(z,u)+Mu>0 inQ, Bu+ Mu = h(z,u) + Mu >0 on 0.
Moreover, thanks to the monotonicity properties of the principal eigenvalue we get that
ML+MB+M)>ML+MB)=M+ \(L,B) >0,

and so, the strong maximum principle concludes that w is strongly positive.

Take two positive solutions u; # uz of (3.1) and define
w = up — ug.

Since w1 is a strongly positive solution of (3.1), then

f($,u1)78_ h(m,u1)> > 0.

Uy Ul

(3.11) A (ﬁ —
It is not hard to show that

(3.12) Lw—F(z)w=0 in €, Bw— H(z)w=0 on 09,



40 Chapter 3. Uniqueness for elliptic equations with nonlinear boundary

where
f(.l‘,’lﬂ) — f($7u2) h(iB,U1) - h(iB,UQ)

F(z):= UL — Us w7 Uz, H(z) := UL — Us w7z,
Do f(x,u1) U = ug, Doh(x,uq) Ul = ug.

Hence, from (3.12) it follows that 0 is an eigenvalue of the operator £ — F' under homo-
geneous boundary condition B — H, that is

0=MX\(L—-F,B—H), forsomej>1.

On the other hand, thanks to (3.10), it follows that
h(z,u)

f(@,w) and H(z) < ,

Uy Ui

F(z) <
with at least one of the inequalities strict. Thus,

0=Re(\(L—F,B—H)>M(L—FB—H)> X\ <£—"C(QZ?“),B—M‘Z”“)) >0,
1 1

a contradiction. n

Remark 3.4. If instead of (3.10), we assume that both maps are non-decreasing, we can
conclude that if u1 and uo are ordered, then w1 = us.

Finally we state and prove the last theorem of the section

Theorem 3.5. Assume \(L,B) > 0, ¢ > 0 on I'g and there exists g € C*(0,+00) N
C([0,400)), g(t) > 0 for t > 0 and ¢’ non-increasing, such that

S bz, w)
g(u) 7 glu)

(3.13) are non-increasing in (0, 00).

If:
a)

,
1
(3.14) / dt < oo, for some r > 0,
0 9(t)

then there exists at most a solution u to (3.1) satisfying

(3.15) u(z) > 0 for all x € Q.
b)
s
3.16 lim —— =0,
(310) s=0 g(s)

then there exists at most a strongly positive solution to (3.1).
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Proof. Observe again that if f and g satisfy conditions of Theorem 3.5, then there exists
a function g1 € C1(0,+00) NC([0,4+00)) such that fi, by and g; satisfy also conditions of
Theorem 3.5 (see (3.5)).

a) Assume (3.14) and let v a solution of (3.3) satisfying (3.15). The change of variable

vl
(3.17) w:—/o gl(t)dt

transforms (3.3) into

= fl(:E,k(w)) / < Haw ow

Liw = gl(k(w)) +91(k(w)) Z‘;l ”87551'871’]‘ in Q,
(3.18) W= .

ow  hi(x, k(w))

on W onI'y,

s [T L

where ¢ = /0 0 dt,
(3.19) o= k(w),

and k satisfies, from (3.17), that k'(t) = g1(k(t)).
Assume that there exist two solutions vy # v of (3.3) satisfying (3.15). Denote

M ={zeQ:v(x) >v(r)} and @ :=w; — we,

where v; = k(w;) i = 1,2. Observe that ® > 0 in Q; thanks to the monotony of k.
We have that in €4

(hekn)  file k()
“‘p‘( 0 (hwn)  g1(k(wn) >+

(3.20) d owy O d
, owpowr %%
n gl(k‘(wl))ijz:l L gl(k?(U)Q))i]z: i G Oy |
(3.21) d=0 on 901 N (QUTYH),
and
(322) od . hl(.’lf,k('wl)) _ h1($,]€(WQ)) on 891 NT;.

on— gi(k(w)) g1 (k(w2))

Observe that,

’ d (9’LU1 8’(1)1 ’ d (91112 8w2
91(k(w1)) Z aijaixi% ~ 1(k(w2)) Z Y Dy ox; B
i,j=1 5,j=1
, L () 0O : ~ . dws 0w,
gh (k(wi)) Y o O + g1 (k(wn) = g) (k(w2))] Y s 9r: 0z

i,j=1 1,j=1
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Moreover, thanks to that ¢} is non-increasing and that £ is uniformly elliptic, it
follows that

d
Owg 81112
(g1 (k(w1)) — g1 (k(w2))] ijz_:1 Y B2y Ox, < 0.
Thus, we get from (3.20) — (3.22) that
£2<I> § 0 in Ql,
(3.23) ‘g@: 0 on 901 N (QUTYH),
— <0 onodQNIy,
on
where
o Z K +Zd: 5~ il ))zd:a”a(wl +wo) | 0P
25 5 gl Bcclaa:j 81’183:] — i~ 9 ! = Y Oxy ox;

It suffices to apply again the strong maximum principle.

b) Assume now (3.16) and that there exist two strongly positive solutions v # ve of
(3.3) with v; € int(P), i = 1,2 . Let O = {o € Q : v1(x) > va(x)}. We define

now for z € )y
®(z) /vl(x)l dt
x) = )
va(z) 91(1)

=0 on@Qlﬂ(QUFo).

First, observe that

Indeed, for z € 921 N Q it is clear that ®(xz) = 0. For x € Q; we have that for
some &(x) with va(z) < {(z) < vi(x)
vi(x) — va(z) < Cdist(x)
91€(@))  — q1(&(2))
as dist(x) — 0, where dist(x) = dist(x,0) thanks to (3.16). Hence ® = 0 on
P
o1 NIy anda—go. [ ]
on

O(x) =

— 0,

Remark 3.6. Let us stress the fact that Theorems 3.5 and 3.3 are complementary.
Clearly, Theorem 3.3 is not included in Theorem 3.5. In order to show that Theorem 3.5
s not included in Theorem 3.3, we consider the problem

Lu = a(z)u? in Q,

u =

o

on Iy,
Bu = —uP onI'y,

where 0 < ¢ <1 < p, a € C*(Q) is a sign changing function and \1(L,B) > 0. Observe
that the conditions of Theorem 3.3 are not satisfied. However we can apply Theorem 3.5
for g(s) = s? (see also Chapter 6 for another examples).
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3.3. The linear problem

In this section we give a result of existence and uniqueness of a linear problem. We
could not find such a result in a general monograph of partial differential equations of
elliptic type like [57], so for the sake of completeness we include it here.

Proposition 3.7. Assume that \1(L£,B) > 0, (f,g,h) € C*(Q) x C1T¥(T'y) x C1T(I'y),
such that f,g,h > 0 and some of the inequalities strict. Then, there exists a unique
strongly positive solution to the linear problem

Lu= f(x) inQ,
(3.24) u=g(x)  onTo,
Bu=h(z) onTj.

Proof. Since (2 is smooth, there exists (see [76, Proposition 3.4]) ¢ € C***(Q) and a
constant v > 0 such that

0
(3.25) % >~y>0 onlj.

We make the following change of variable
(3.26) u = eM¥y.
Under this change, (3.24) transforms into

'CMU:fM(l‘) in Q?
(3.27) v = gym(x) on I'y,
Byv = hpy(z) on Iy,

where
fu=fe ™M gy =ge MY hyp = he MY,
ov _Ov
= . b = Byv = —
Larv ]Zlaj&m@mj ; +CM z)v, MU ~ on +bar()e,
and
d
o o
Mo | oy .:
WM = | b, QM;a,] o, | bar : (b( ) + Man)
L9y oy
. _ a2
ey = cfx) + MZb oz; M jz: “ 6:B 83:] M ijz,:l g Ox; amj

On the other hand, (3.6) transforms into

(3.29) { Lyv=Av in £,

Byv=0 on 09,

and so,
M(L,B) = (L, Bar).
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Thanks to (3.25), we can take M > 0 large enough such that
bar > 0.
Now, we focus our attention on solving (3.27). Take a regular function K (x) such that
K(x) > max{cpy(x),0}

and consider the unique positive solution (which exists because by, K > 0, see [57,
Theorem 6.1]) of

(Lo + K(z))w = fu(z) inQ,

(3.29) w = gup(x) on T,
BMw:hM(ac) on Fl,
where
d 8w
Low = — i M
o ;1 Ja a Z

Now, it is evident that a solution v of (3.27) can be written as v = z + w with z solution
of

Lyz= fi(z) = [K(z) —cpm(z)]w>0 in Q,
(3.30) z2=10 on Lo,
Byz=0 on I';.

So, it remains to show that (3.30) possesses a unique positive solution, for that we are
going to use the classical Riesz Theory. Observe that £z = f1(z) is equivalent to

fi(z)

(Eag + R)z — Rz = fi(e) <= 2 — (Lar + B) 2 = o) = (Lag + B) (I

R

) =0,

where R is a positive constant sufficiently large so that A;(Las+ R, Bys) > 0, and so there
exists the inverse of £+ R under homogeneous boundary condition Bjs. Denoting r(T')
the spectral radius of a linear operator T', we get that

1 1

1
=>r((Lw+R)7Y) = MLy + R, By)  M(La,Bu) + R

R

thanks to A\i(Lar, Bar) > 0. It now suffices to apply [5, Theorem 3.2] and the result
concludes. -



CHAPTER 4

Bifurcation techniques in elliptic equations with

nonlinear boundary

The aim of this chapter is to apply bifurcation techniques to second order uniformly
elliptic problems with mixed nonlinear boundary conditions. The general results of this
chapter will be used in the next chapters for particular problems. A preliminary version
of some of the results of this chapter has been published in [81].

Throughout this chapter we consider the following problem

Lu=f(\z,u) inQ,
(4.1) u=20 on Ty,
Bu =g\ z,u) onlTIy,

where, f € C*(R x © x R) and g € C'T¥(R x I'; x R), although additional regularity
may be required.

In order to use the degree theory we should, at a first step, transform the problem
(4.1) into an equivalent fixed point problem. Such a procedure will be done in the
following section.

4.1. A Fixed point formulation

For a fixed A we denote by F) and G to the Netmiskii operators associated to f and
g respectively (see [10]). Throughout this section we assume

(4.2) (¢,b) > 0.
Let us consider the operator

Ki:C*Q) — Cg:o‘(ﬁ)
f = Kl(f>:u7

45
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where u is the solution to the problem

Lu=f inQ,
(4.3) u=0 on Iy,
Bu=0 onlj.

Thanks to the Schauder theory, the operator K7 is well defined. Observe that it is possible
to extend this operator to the set of functions C(Q), such as extended operator, in order
to simplify the notation, will be again denoted as Kj. Moreover, K; : C(Q) — Cr, () is

a compact operator. On the other hand, we consider the operator

Ky : C1*(y) — C%:a(ﬁ)
g — Ka(g)=u,

where u is the solution to the problem

Lu=0 1in§,
(4.4) u =
Bu=g onl}j.

o

on Po,

As previously, the operator K5 is well defined, thanks to the Schauder theory. Moreover,
we can extend Ky to the set of functions C(I'1) with image in WIE(’JP(Q), with p € (1, 00).
Since Wll(’)p (©) is compactly embedded in Cr,(Q2) for p > d then this new operator,
denoted again by Ka : C(I'1) — Cr,(2), is a compact operator. Next, we define the trace
operator:

v:C(Q) — C()

u = y(u) = up,.

Definition 4.1. We say that u is a classical solution to (4.1) if u € C%(Q) NCY(Q) and
Lu= F\(u) in Q, u=0 on Ty and Bu = Gy(u) on I'y.

Obviously, if u is a classical solution to (4.1) then
u = Ki(Fa(u)) + K2(Ga(v(u))) in Cry(9),

in fact, the reverse is also true.

Proposition 4.2. Assume (4.2). If u = Ki(Fx(u)) + K2(Gx(y(u))) in Cr, () then u
is a classical solution to (4.1).

Proof. Thanks to the definition of K; and Ky we have u € Wllép(Q), therefore, y(u) €
W1=1/pP(I')), where 7 stands for the extension of v to WP(Q). The regularity of G
assures Gy (y(u)) € WI=1/PP(I'1). Moreover, Fy(u) € C(Q) C LP(R2), 1 < p < oo then,
the LP theory for elliptic equations entails u € W?2P(Q). Since W2P(Q) is compactly
embedded in C'*9(Q) with ¢ = 1 — d/p then u € C'*9(Q). Therefore, picking 3 =
min{a, o}, we have Fy(u) € C%(Q2) and G(y(u)) € C'*P(T), so, thanks to the Schauder
estimates we have u € C>74(0Q). "
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4.2. Bifurcation from zero

During this section we consider the nonlinear equation

Lu = Im(x)u+ f(z,u) in Q,
(4.5) u=0 on Iy,
Bu = Ar(x)u+ g(x,u) onTy,

where A denotes the bifurcation parameter, f € C*(Q2 x R), g € C**(T'; x R), such that
(4.6) f(z,0) >0 Ve e, g(x,0)>0 Va ey,
(m,r) >0, m € CQ), rcCHeIy).

Since we are only interested in non-negative solutions to (4.5), we rewrite (4.5) as a

problem with only non-negative solutions. For this purpose, let u; = max{u,0}. From
now on we fix K > 0 such that (c+ K,b+ K) > 0.

Lemma 4.3. Let u a solution to

(L+ K)u= (Mm(z)+ K)uy + f(z,uy) inQ,
(4.7) u=0 on I,
(B+ K)u=(M\r(z) + K)uy + g(z,uy)  on Ty,

then u > 0 in Q.

Proof. Suppose that the set ' = {x € Q: u(x) < 0} is non-empty. We have

(L+K)u>0 in Y,
B+ K)u>0 ondQ Now,
u=0 on (0 N Q) UTy.

Then by [6] it holds u = 0 in Q', a contradiction. (]

Through this section we assume that

(BO) im 29 0 it m @, g 458

s—0t S s—0T S

=0 unif. on I'y.

Let us denote by M, R, F and G the Netmiskii operators associated to m(x)u, r(z)u, f
and g respectively. Consider the maps ®y, @ : Cr,(Q) — Cr,(2) defined by

Pr(u) = uw— Ki(AM(uy) + Kuy + F(uy))
—Ko(AR(y(uy)) + Kvy(uy) + G(y(uy))),

4 (u) = u— tKi(AM (uy) + Kuy + F(uy))
—tIo(AR(y(uy)) + Kv(ug) + G(y(uy))),

for t > 0. Thanks to Proposition 4.2 and Lemma 4.3, u is a classical non-negative

solution to (4.7) if and only if ®)(u) =0 in Cr,(12).
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We define the application
(4.8) KN\ == M(L+ K —AM,B+ K — AR).
Since 6% (\) is decreasing there exists at most one v{* such that
0% (y) = 0.

Obviously, by the choice of K that we have done v > 0 exists. Let us denote by (€
a strongly positive eigenfunction associated to {<. In the next two sections we assume

the existence of
W=m, o=

Lemma 4.4. Let A C (—00,v1) a compact interval. Then, there exists 6 > 0 such that
@t (u) # 0 Vu € Cry () with 0 < lulley = llull <6, VA € A and ¥t € [0, 1].

Proof. Suppose that there exist A\,,t, € R and u, € Cr,(Q) such that A\, — X € A,
tn, — t €[0,1], |lup|| — 0 and <I>’;’:L (up) = 0. By Lemma 4.3 u,, > 0 and dividing by ||u,||
we obtain

(4.9)
T (

AnM (un) + Kuy + F(“ﬂ)) Ft, Ky (AnR(V(Un)) + Kvy(un) + G(’Y(“ﬂ)))

[

where v,, = ”ZH. Thanks to (B0) we have that

’ AnM (un) + Kuy + F(un) ‘ <c, ‘ AnR(y(un)) + Ky(un) + G(v(un)) <c,
[ [l ry
where || - ||r, stands for the norm associated to the space C(I'1). Since K; and Kj are

compact operators in Cr,(£2), then the sequence v, is a relatively compact in Cr,(€2).

Therefore, we can suppose that v, — v in C(§2). By (B0), we have

[l

— 01in C(Q), (W — 0 on C(T"y).

Passing to the limit in (4.9) and taking into account that K; and K> are closed operators
we conclude that

v = {{K1(AM(v) + K7) + K2(AR(7(9)) + K~y(9))],

so U is the solution to the eigenvalue problem

(L+ K)o =t(Am(z) + K)v  in Q,
T = on I'g,

(B+K)t=t(A\r(z)+ K)v onT}y.

Since u, > 0, |lv,|| = 1 and by the maximum principle, T is a strongly positive function
in Q. Therefore,

0= (L~ Nim(z) + K(1—7),B+K(1—1) — Aer(z)).



4.2. Bifurcation from zero 49

Let us observe that ¢ # 1, otherwise A = 71 which is not possible by the choice of A. On
one hand, thanks to Proposition 2.23 we have

(4.10) 0> A\ (L—Xtm(z),B— \tr(z)) + K(1 —1).

On the other hand, since M is finite and the function §°()\) (see (4.8)) is analytic then
there exists M > 0 such that

M (L —Xtm(x), B — Atr(z)) > —M

So, picking K > % we arrive at a contradiction with (4.10). [

Remark 4.5. Assume that (\n,uyn) are solutions to (4.5) with (An,u,) — (71,0) in

R x C(£2). Then, arguing as in Lemma 4.4 we have

Un

lim o1 unif. in Q.

n=oo [un||

Definition 4.6. Let F': C(2) — C(Q), R > 0 and Br = {u € C(Q) : lulloq < R}
Then, deg(F, Br,0) stands for the degree of F' on Br with respect to 0, and i(F,ug,0)
denotes the index of an isolated solution ug to the equation F(u) = 0.

Corollary 4.7. If A < 1, then i(®,,0,0) = 1.

Proof. Let us take A = {A}. Thanks to Lemma 4.4, we know that 3§ > 0 such that
Vu € Cr, () with ||lul| € (0,8) we have ® (u) # 0, V¢ € [0, 1]. Therefore, by the homotopy
invariance of the degree, we infer

i(®y,0,0) = deg(®} = @y, Bs,0) = deg(® = I, B;,0) = 1.

Lemma 4.8. Let A > 1. Then, there exists § > 0 such that Vu € Cr,(Q) with ||u]| €
(076); (I)/\(u) # T@f} vr 2 0.

Proof. Let us assume that there exist sequences 7, > 0, u,, € Cr,(2) such that ||u,| — 0
and ®)(u,) = T, Thanks to Proposition 4.2 and similar arguments that we have
employed in Lemma 4.3, we have that wu,, is a strongly positive classical solution to the

problem

(L + K)up = dm(x)uy + f(z,un) + Kuy +yEmm(z)ef  in Q,
Up =0 on I'g,
(B + K)uy, = Ar(z)uy, + Kup + g(z, up) + ’lean(as)gpf onTy.

On one hand, by (B0), we have that for all € > 0 there exists ng(e) such that for all
n > no(e) we get

(L + K)uy, > Am(z)uy, + Kuy, — eup,,  in €,
un = 0 on F07
(B + K)u, > Ar(z)uy, + Kuy —eu,,  on I'y.
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Hence, uy, is a strict supersolution to (£ — Am(z) + ¢, B — Ar(x) + €,2), so
(4.11) de(A) =M (L= 2Im(z) +¢,B—Mr(x)+¢€) >0.

On the other hand, since A > 71 then dp(A) < 0. Moreover, by Propositions 2.22 and
2.23 we infer that there exists ey > 0 such that d.,(\) < 0. So, picking € = eg > 0 there
is a contradiction with (4.11). "

Corollary 4.9. If A > ~; then i(®y,0,0) = 0.

Proof. Let € € (0,5) where § is given in Lemma 4.8. Since ®) is bounded in B,, then by
Lemma 4.8, there exists a > 0 such that ®,(u) # tapl, for all u € B, for all ¢t € [0, 1].
Hence,

i(®x,0,0) = deg(Py, Be,0) = deg(®y — aplS, B.,0) = 0.

Let

C:={(\u) € RxCr,(Q): ®\(u) =0, u # 0}.
Then,

Theorem 4.10. Assume (m,r) > 0, (4.6) and (B0). If v exists then it is a bifurca-
tion point from the trivial solution, and it is the only one for positive solutions. More-
over, there exists an unbounded continuum (closed and connected set) Co C C of positive
solutions of (4.5) emanating from (v1,0). Furthermore, if 1 does not ezist then the
bifurcation from zero does not occur.

Proof. Owing to Corollaries 4.7 and 4.9 there is a change in the index of the solution
zero to @, for A in a neighborhood of ~;, this shows that a new solution around the
zero solution appears. The existence of an unbounded continuum is consequence of the
global bifurcation Theorem of Rabinowitz (see [11, Proposition 3.5]). Now, we prove the
uniqueness of the bifurcation point ~; as well as the last part of the Theorem. Assume
that there exists a pair (Aj,u;), j € IN of positive solutions to (4.5) satisfying

(Aj,ui) — (A,0) in R x C(Q).

. U4 . .
We consider v; = m and we argue as in Lemma 4.4, so we conclude that there exists
J

a subsequence (denoted with the same index) such that v; — ¥ uniformly in Q where
v > 0 is the solution to
L0 = m(z)v in Q,
v=0 on I'y,
Bv = M(x)v  onIj.

Therefore, thanks to the uniqueness of the principal eigenvalue i, A = 1. n
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Corollary 4.11. Assume (m,r) >0, (4.6),

lim f(@5) = ¢y unif. in Q, lim 9(z,s)
s—0t S s—0*t S

= co unif. on 'y,

for some c1, co € R. Let 71, if there exists, the unique zero of
M()\) = )\1([, — C1 — )\M,B — C2 — )\R)

Then 71 is a bifurcation point from the trivial solution, and it is the only one for positive
solutions. Moreover, there exists an unbounded continuum Cy C C of positive solutions
of (4.5) emanating from (71,0). Furthermore, if the application u(-) does not have any
zero then the bifurcation from zero does not occur.

Proof. Consider the problem

Liu = Im(x)u+ fi(x,u) in Q,
u=20 on I'y,
Bou = Ar(z)u + g2(z,u)  onTy,

where £1 = L — ¢y, By = B — ¢o, fi(z,u) = f(z,u) — cqu and go(x,u) = g(x,u) — cou.

Since f1, go satisfy (B0) then the conditions of Theorem 4.10 are satisfied. [

4.3. Bifurcation from infinity

During this section we consider the nonlinear equation (4.5). We assume (4.6). More-
over, we suppose that

(BI) lim f(z,s) =0 unif. in €, lim 9(z,5) =0 unif. on I'y.
s——+00 S s—+o00 S
Lemma 4.12. The condition (BI) implies that
max f(x,t)
0 —
lim €0 -0 unif. inQ,
s—+o0 S
and
max g(x,t)
telo
lim €0 =0 unif. onT;.
Ss——+00 S

Proof. We prove just one of the assertions, the other one follows in the same fashion.

We have that for all e > 0 there exists so(€) > 0 such that

f(z,s)
S

(4.12) <e, Vs>sp, Vz e

e e fat) e £.t)
max f(x, max x,t)| + max x,
t€0,s] < t€[0,s0] t€(so,s]

S S
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On one hand,

max f(0)|  max |f(e 1)
(413) te(0,s0] < te(0,s0]

< €,

S S

for all s > 51 > sg and for all # € Q. On the other hand, taking into account (4.12) we
obtain

max f(z1)|  max |f(z,1)]
t€[so,s] < t€[so,s]

(4.14)

<€,

S S

for all s > s1 and for all z € Q. Finally, thanks to (4.13) and (4.14) we conclude.

Lemma 4.13. Let A C (—00,71) a compact subset then there exists R > 0 such that
®f (u) # 0 for all u € Cry(Q) with |lul| > R, YA € A and Vt € [0,1].

Proof. Assume the contrary, then there exist sequences \,, — A, t,, — t and u,, € Cr,(Q)
with 1imy,— 4 oo ||tn || = +00 such that @g\*; (ur,) = 0. Owing to Lemma 4.3 we have u,, > 0.
Therefore, dividing by ||u,| we get

(4.15)

Un = tnKl <

AnM (un) + Kuy + F(“ﬂ)) tt,Ky <)‘nR(7(un)) + Ky (un) + G(V(“ﬂ))) '

[l [

Thanks to (BI) and the continuity of f and g we have that
’ AnM (un) + Kuy + F(uy) A R(y(un)) + Ky (un) + G(y(un))

<C.
[[n | [[n |
Since K; and Ky are compact operators in Cr,(£2), then the sequence v, is a relatively

Iy

S

compact in Cr,(€2). Therefore, we can suppose that v, — 7 in C(£2). By Lemma 4.12,

o] 0@, S

Therefore, taking into account that K7, Ko are closed operators, we can pass to the limit
in (4.15) and we obtain

we have

— 0 on C(T'y).

v = HEK1(AM (0) + K7) + K2(AR(y(0)) + Kv(0))]-

Since v is a strongly positive function in €2. Now, we can argue exactly as in the end of
Lemma 4.4 to reach a contradiction with the choice of the set A. [

Let z € Cr,(Q) then we define the following operators

29, (25 if
\I/)\(Z) _ { gz” A (HZ||2) 1fZ 7é 87
1T 2 = U.

wi (= | 1P () itz #0,
0 if z=0.
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Corollary 4.14. If A < 1 then i(¥,0,0) = 1.

Proof. We take A = {A}. Thanks to Lemma 4.13, we know that 36 > 0 such that
Vu € Cry(Q) with ||ul| € (0,0), § < R~! we have ¥} (u) # 0, Vt € [0,1]. Therefore, by
the homotopy invariance of the degree, we infer

i(Wy,0,0) = deg(V} = Uy, B;,0) = deg(¥} = I, B;,0) = 1.

Lemma 4.15. If A > v, then there exists R > 0 such that Vu € Cr,(Q) with ||u|| > R
we have ®y(u) # Tl for all T > 0.

Proof. Let us assume that there exist sequences 7, > 0, u,, € Cr,(Q) such that ||u,| —
+o00 and @) (u,) = T, Arguing as in Proposition 4.2 we have that u,, is a strongly
positive classical solution to the problem

(L + K)up = dm(x)uy + f(z,un) + Kuy + yEmm(z)ef  in Q,
Up =0 on I'g,
(B + K)uy = Ar(z)uy, + g(z,un) + Kup + ’leTnT(LB)gO{< onTy.

Next, we divide by ||u,|| and we have

(L + K)v, = dm(z)v, + f|(|fL’:|T|L) + Kv, + HZ—H’yfm(:U)gpf in Q,

(4.16) vy, =0 on Ty,
(B + K)v = Ar(@)vn + 245%) 4 Kv, + 2y r(2)eld o Ty

In what follows we prove that the sequence m is bounded. Let (A}, ¢7) the principal
eigenvalue and a positive eigenfunction associated to the eigenvalue problem

(E—l—K)ap:)up in €,
=0 on F(),
(B+K) —0 onTy,

where (£+ K)* and (B+ K)* denote the formally adjoint operators of £L+ K and B+ K
respectively. Now, we apply the Green’s formula (see [6, pg. 235]) to obtain

(17) (L4 K)o = (0 (€4 K)6D) = = [ pli(B + K)uw = va(B+ K)'i)
1
where (-,-) denotes the scalar product in L?(Q),

p = (na|n)(n|n)

with (+|-) the usual scalar product in R? and n, is the outer conormal vector respect to
L. We observe that, since £ is an uniformly elliptic operator then

d d d
p = (n|n) Z ng)in; = (nin) ZZ a;jnin; > o n\n) >0
=1 i=1 j=1



54 Chapter 4. Bifurcation in elliptic equations with nonlinear boundary

for some o > 0. Let us define the functions

f(a:,un)

h(z, up,vy) == Am(x)v, + + Kuy,
[[n|
J(x, U, vy) = Ar(z)v, + g(’a;, u|r) + Kuy,.
n

Observe that from (4.17) we have

X{/vnso’{ z/h(:c,un,vn)wi”r/ PJ (2, U, Vp ) QT+
Q Q '

([ meetior+ [ | pre)elvn).

Therefore, from the above equality we deduce that the sequence

K Tn
_.I_
T ]

Tn

[[un|

is bounded.

Now, extracting a subsequence we can pass to the limit in (4.16) and we infer that v, — T

in C(§2) where v is a solution to

L0 = dm(z)v + vE7m(z)eX  in Q,
(4.18) =0 on Iy,
BT = Mr(2)v + vE7r ()i on I'y,

where 7 > 0. If 7 = 0 then A = ; therefore 7 > 0 and v is a positive supersolution to
(L —Am,B— \r,Q). Hence, by the strong maximum principle

M (L= AM,B—AR) >0,

which is a contradiction with the choice of A. n

Corollary 4.16. If A > ~; then i(¥,,0,0) = 0.

Proof. Thanks to Lemma 4.15, there exists R > 0 such that ®,(u) # t|u?*¢¥ for all
u € Cry(Q) with ||u|| > R, Vt € [0,1]. Therefore, Wy(z) # tpl for all z € Cr,(Q) with
z € Br-1. Hence, thanks to the homotopy invariance of the degree we have

Z.(\Ij)\u 07 0) = deg(qj)\a B€7 0) = deg(\I/)\ - 90{<7 BE7 O) = 07

where e < R71. n

Theorem 4.17. Assume (m,r) >0, (4.6) and (BI). If y1 exists then it is a bifurcation
point from infinity, and it is the only one for positive solutions. Moreover, there exists

an unbounded continuum Cs C R X C(2) of positive solutions to (4.5). Furthermore, if
dg > 0 is small enough and

J = [v1 = do,m + 8] x {u€C(Q) : |Juljoc > 1},

then either,
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a) Coo \ J is bounded in R x C(Q) and Coo \ J meets the set {(A\,0) : A € R}, or

b) Coo \ J is unbounded in R x C(Q2).
Finally, if v1 does not exist then the bifurcation from infinity does not occur.

Proof. We should argue as in Theorem 4.10 (see also [88]). (]

4.4. Bifurcation in the concave-convex case
Through this section we consider the problems

Lu=Af(x,u) in Q,
(4.19) u=0 on Iy,
Bu = g(x,u) on I'y,

Lu=h(z,u) inQ,
(4.20) u=20 on Iy,
Bu = Aj(z,u) on Iy,

where f,h € C*(Q x R), g,j € C1T¥(T; x (0, +00)). We also assume, during this section
the following conditions

(4.21) f(x,0)=0 Vz € Q, g(z,0) >0 Vz €Ty,
(4.22) h(z,0) >0 Vz € Q, j(xz,0) =0 Vo € I'y,
(BCCQC) lim f(@s) = 400 umif. in , lim 9(z,5) =0 unif. on I'y.
s—07t S s—0t S
b B .
(BCC2) im 2% o it i@, tim 2% © oo unif. on Ty,
s—0+ S s—07F S

Remark 4.18. We would like to point out that by the condition (4.22) (resp. (4.21))
the regularity of j (resp. g) at zero is irrelevant. Since u a positive solution to (4.19)
(resp. (4.20)) never attains the value zero on T'y. Indeed, if u attains the value zero in
xo € I'1 then the minimum of u is attained on I'y and since u(xzg) = 0 then thanks to

(4.22) (resp. (4.21)) we have

%(x(ﬁ > 07

a contradiction with the Hopf Lemma.

We have, by the previous remark, that u is a classical non-negative solution to (4.19)

if and only if ¥ (u) = 0 in Cr,(Q), where ¥y : Cr, () — Cr, () is defined as
Wy () = u— Ky(VF(uy) + Kus) — Ka(G(y(uy)) + Kny(us ).
Also, we consider

() = u — LR (AF (1) + Kuy) — tRa(Gy(us) + Ky(us)).
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Analogously, u is a classical non-negative solution to (4.20) if and only if 8)(u) = 0 in

Cr, (), where ) : Cr, () — Cr,(Q) is defined as
Or(u) = u— Ki(H(uy) + Kuy) = Ko(AJ (7(uy)) + Ky(usy)),

where H and J stands for the Netmiskii operators associated to h and j respectively.
Also, we define 0% (u) = u — tK1(H (uq) + Kuy) — tKo(AJ (y(uy)) + Kvy(uy)).

Lemma 4.19. If A\ < 0 then there exists 6 > 0 such that for all u € Cr,(Q) with
||u||c@) = ||lul| € (0,8) we have V' (u) # 0, for all t € [0,1].

Proof. Suppose the contrary, then there exist sequences t,, € [0,1], u, € Cr,(Q) such
that t, — 7, ||un|| — 0 with ¥} (u,,) = 0. Dividing by ||u,|, we obtain

F(u G(v(u
%ﬁﬂ%m((R)H@O+%&<(ﬂn»+KW%O,
[[un| [l
where v,, = IIZZH' Therefore, v,, is a solution to the problem

(L+ K)v, = tn)\f(x’u") +t,Kv, in (Q,

vy =0 on I'g,
(B+ K)v, = tngﬁ’:ﬁ‘) +t,Kv, onlj.

Taking into account that A < 0 and (BCC) we have that for all € > 0 there exists ng(e)
such that for all n > ng(e),

M) e oma
[l
and
9(w, un) + Kv, < (K 4 €)v, on T'y.
[l
Therefore v, > 0 satisfies that
(L+K)v, <0 in €,
v, =0 on I'g,

(B+ K)v, < tp(K +€)v, onl}y.

Now, picking K > 0 large enough we get \i(L + K,B + K(1 — t,) — t,e) > 0. Hence
vy, = 0 for all n > ng which contradicts the fact that ||v,| = 1. "

Lemma 4.20. If X > 0 then there exists 6 > 0 such that for all u € Cr,(Q) with
|lul| € (0,68) and for all 7 > 0 we have Wy (u) # 7&K where K is a positive eigenfunction
associated to \i (L + K,B+ K) > 0.

Proof. Let us assume that there exist sequences u,, € Cr,(£2) with |Ju,|| — 0 and 7,, > 0,
Uy (uy) = 7&K, Tt is clear, by the strong maximum principle, that wu,, it is a strongly
positive classical solution to the problem

(L + K)up = Mf(2,un) + Kup, + M (L 4+ K, B+ K)m in Q,
unzo on F(),
(B+ K)u, = g(z,upn) + Kuy on I';.
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Take € > 0, and M > \1(L, B+ ¢). Since u, — 0 in C(Q2), we have, taking into account
(BCC), that there exists ng such that for all n > ng

(4.23)
(L + K)up = Mf(z,un) + Kup + M (L + K, B+ K)f > (M + K)u, in Q,
Up, =0 on Fo,
(B+ K)uy, = g(z,upn) + Kuy, > (K — €)uy on I'y.

Therefore, u,, is a positive strict supersolution to (L—M, B+e¢,Q), then A; (L—M, B+e¢) >
0 which implies M < A1(L, B + €), a contradiction. n

Theorem 4.21. Under conditions (4.21) and (BCC), A =0 is a bifurcation point from
the trivial solution and it is the only one for positive solutions of (4.19). Moreover, there
exists an unbounded continuum Cy of positive solutions emanating from (0,0).

Proof. It is possible, thanks to Lemmas 4.19 and 4.20, arguing as Theorem 4.10 to prove
that there exists an unbounded continuum Cp of positive solutions of (4.19). We only
need to prove the uniqueness of the bifurcation point. By Lemma 4.19 we can prove that
the bifurcation from the trivial solution does not occur for points of the form (Ag,0),

Ao < 0. Let us assume that there exist a sequence (Ap,uy,) € R x Cr,(Q2) verifying

(An,uy,) — (X0,0) in R x Cr, () with A9 > 0. Then, for sufficiently large M we have
Luy, = A f(x,uy,) > ApMuy, in Q, Buy, = g(z,uy,) > —euy, onI'y.

At this point we only need to argue as in Lemma 4.20 to obtain a contradiction.

Now, we study the bifurcation from zero of (4.20). In this case we need to assume
that

(4.24) A (L, D) > 0.

Thanks to (4.24) it is possible, by Theorem 2.26, to fix K > 0 satisfying additionally
that

(4.25) AL, B+ K) > 0.

Lemma 4.22. If A < 0 then there exists 6 > 0 such that for all w € Cr,(Q) with
HUHc(ﬁ) = |lull € (0,6) we have 4 (u) # 0, for all t € [0,1].

Proof. Suppose the contrary, then there exist sequences t, € [0,1], u, € Cr,(Q) such
that t, — ¢, |Jup| — 0 with (93” (un) = 0. Picking v, = m we have that vy, is a positive

solution to the problem

(L+ K)v, =ty h@un) | tnKv, inQ,

llunll
vy =0 on I'g,

(B+ K)v, = tn)\j(x’u") +t,Kv, onlj.

l[unl
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Taking into account that A < 0 and (BCC2) we have that for all € > 0 there exists ng(€)
such that for all n > ng(e),

)\j(337un)
[[un|

+ Kv, <0in €

and
h(z,uy,)

[

Therefore v,, > 0 satisfies that

+ Kv, < (K + €)v, on T'y.

(L+ K)v, <tp,(K +e€) in{,
v, =0 on Iy,
(B+K)v, <0 on I';.

Now, since v, is a positive strict subsolution to (£ + (1 — t,)K — t,e, B+ K, Q) then
0>ML+ A —ty)K —the, B+ K) > M (L —¢,B+ K), a contradiction with (4.25).

Lemma 4.23. If A > 0 then there exists 6 > 0 such that for all u € Cr,(Q) with
llul| € (0,0) and for all T > 0 we have 0x(u) # T¢N where ¢ is a positive eigenfunction
associated to pi > 0, the unique zero of

o) =ML+K,B+K —p).

Proof. Let us assume that there exist sequences u,, € Cr,(£2) with ||u,|| — 0 and 7,, > 0,
Ox(un) = Th¢l. Tt is clear, by the strong maximum principle, that wu, it is a strongly
positive classical solution to the problem

(L + K)up = h(z,uyn) + Kuy, in Q,
Up =0 on I'g,
(B + K)u, = Mj(z,un) + Kup, + pf 7,05 on Iy,

Take € > 0, and M such that \j(£,B — M) + € < 0. Since u, — 0 in C(Q), we have,
taking into account (BCC), that there exists ng such that for all n > ng

(L + K)up = Mh(z,up) + Kup, > (K — €)uy, in Q,
(4.26) Up =0 on Iy,
(B + K)up, = A\j(x,up) + Kup, + pf¢% > (M + K)u,, onTj.

Therefore, u, is a positive strict supersolution to (L+e€, B—M,Q), then \;(L+¢€, B—M) >
0, a contradiction by the choice of M. [

Theorem 4.24. Assume (4.22) and (BCC2).

a) If \i(L,D) > 0 then A =0 is a bifurcation point from the trivial solution and it is
the only one for positive solutions. Moreover, there exists an unbounded continuum
Co of positive solutions of (4.20) emanating from (0,0).
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b) If \(L,D) <0 then the bifurcation from zero does not occur.

Proof. It is possible, thanks to Lemmas 4.22 and 4.23, arguing as Theorem 4.10 to
prove that there exists an unbounded continuum Cp of positive solutions of (4.20). Now
we prove the uniqueness of the bifurcation point. By Lemma 4.22 we can prove that
the bifurcation from the trivial solution does not occur for points of the form (Ag,0),
Ao < 0. Let us assume that there exist a sequence (Ap,uy,) € R x Cr,(Q) verifying
(An,un,) — (X,0) in R x Cry(Q) with A\g > 0. Then, for sufficiently large M and n we
have

Luy, = h(z,uy,) > —euy, in Q, Buy, = A\j(z,uy,) > A\Muy, on I'y.

At this point we only need to argue as in Lemma 4.23 to obtain a contradiction. Finally

we show that if
)\1 (Ea D) < 0

then the bifurcation from zero does not occur. Suppose that there exists (A, uy) of

positive solutions to (4.20) such that (A, uy,) — (Ao, 0) in R x Cr,(£2) then for all € > 0
there exists ng such that for all n > ng we have

0=\ <L—W,B—An(‘zw> <M(L—€,D) <0,

which concludes the Theorem. ]

4.5. Behavior of a continuum of solutions respect to a super-
solution

Through this section we study the behavior of a continuum of solutions provided by
bifurcation methods respect to a supersolution. Let us consider the problem

Lu= f(A\z,u) inQ,
(4.27) u=20 on Iy,
Bu = g(\,z,u) onTI4q,

where f € Co"1(R x O x R) and g € C1T*(R x I'; x R).

Lemma 4.25. Let u € C3(Q) a strict supersolution to (4.27) and let u a solution to
(4.27). Then u —u & OP, where P is the positive cone (see Section 2.4).

Proof. Assume the contrary, then v =u — u € 9P, therefore u(z) > u(z) for all z € Q.
Let {1 and Iy the Lipschitz constants associated to f and g in {A} x Q x [ming u, maxg U]
and {\} x I'1 X [minp, v, maxr, @] respectively. Take r > max{ly,l2} large enough such
that A (L +r,B+1r) > 0. We have

(L+r)v =fNzaw) — f(Az,u)+rv >0 inQ,
v =0 >0 on Ty,
(B+r)v =g\ z,u)—g\z,u)+rv >0 only,

Therefore, by the strong maximum principle we infer that v € int(P), a contradiction.
]
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Theorem 4.26. Let I C R an interval, and let ¥ C I X Clzo(ﬁ) a connected set of
solutions of (4.27). Consider the continuous application w : I — C(2), where u(\)
stands for a strict supersolution to (4.27) for each X\. If uy, < u(Ao) for some \g € I
with (Ao, uy,) € X, then uy < () for all (A, uy) € X.

Proof. Consider the continuous application

T:1IxCh(Q) — CHQ)
(Nuy) — T\ uy) =a(A) — uy

Since T is continuous and ¥ is a connected set then T'(X) is a connected set. Therefore,
thanks to Lemma 4.25, T'(X) N 9P = (), then either T'(X) C int(P) or T(X) is outside of
P. Taking into account that T'(\g,uy,) € P then T'(X) C int(P), i.e. uy < u() for all
()\, U)\) €. [ |

The same kind of results are also true for subsolutions. To be more precise, arguing
as in Theorem 4.26, we can prove the following.

Theorem 4.27. Let I C R an interval, and let ¥ C I x CE (Q) a connected set of
solutions of (4.27). Consider the continuous application u : I — Cr,(Q2), where u(\)
stands for a strict subsolution to (4.27) for each \. If u(Xo) < uy, for some Ao € I with
(Ao, un,) € X then, u(X) < uy for all (A, uy) € X.

4.6. A priori Bounds

This section is devoted to the a priori bounds for equations of the form

Lu = f(.T,U) in Q’
(4.28) { Bu = g(z,u) on 09,

where f € C(2 x )), g € CH*(Q x [0,4+00)). Moreover, we suppose that there
exist p € ( g12 ) q € (1,d 2) such that

t _
(4.29) tligl f(fp,) = h(z) unif. in Q,

where h € C(Q) strictly positive in Q and

. ) . .
(4.30) tlg-noo a = i(z) unif. on I'y,

where i € C1T9(99) strictly positive on 0.

Theorem 4.28. Let u € C3(Q) NCY(Q) a positive solution of (4.28), then under the
conditions (4.29), (4.30) with p € (1, %) ,q € (1, ﬁ) and p # 2q — 1 we have

u(z) < C(p,q,Q), VYx e,

where C(p,q, Q) is a constant depending on p, q and €.



4.6. A priori Bounds 61

Proof. Without losing generality we suppose £L = —A, the general case follows the
same spirit as in our proof, see [56]. Assume that there exists a sequence of functions u;
solutions to (4.28) such that

M; = maxu; — +oo when j — +00.
Q

Since M; = u;(x;) with x; € Q we may assume, after extracting a subsequence, that
Tj — T € Q. Now, we distinguish between two cases x¢ € 2 or zg € 9.
Case 1. zg € {2: Let us make the change of variables

33‘—$j

Y= by

The scalars A; are chosen A; > 0 for all j and A\; — 0 when j — +o0, later on we will
give them explicitly. Let us define the blow-up function v; as

(4.31) wyly) = S - M

Since, d(xg,09Q) = k > 0 then for all j > jo we have B.(x;) C 2, ¢ < k where B.(x;)
stands for the open ball centered at z; and radius c. Therefore, the function v; is well
defined in By, (0). Moreover, we have

0<w;(y) <vj(0)=1 Vy € B, (0).

So, for a fixed R > 0 we have that Vj > jg the function v; is well defined in Br(0). From
now on we suppose that j > jr. After some algebra, v; satisfies the following equation
in Br(0)

(432) —A’Uj = )\?Mjilf(/\jy +z;, ijj) in BR(O)
Thanks to (4.29) we have
(4.33) jm INFMF(Agy + 2, Myvg) — NG h(Njy + a5) (Mjv;)P| = 0,

for all y € Bg(0). Therefore, we choose \; such that

Y

2 -1 _
MG =1
1-p
so\j =M j 2 . Taking into account the LP estimates we obtain
|vjllw2r(BR0) < C,
Hence, v; — v in W2P(Bg(0)), this implies

(4.34) —Av; = —Av in LP(Bg(0)).

Since, W2P(Bg(0)) is compactly embedded in C*(Bg(0)) then v; — v in C!(Bg(0)), so

(4.35) M;pf()\jy + 2, Mjv;) — h(xo)v? in LP(Bg(0)).
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From (4.34) and (4.35) we obtain
—Av = h(zo)vP in Bg(0),

for each R > 0. Thanks to a standard argument is possible to prove that v I/Vli’f(]Rd)
and —Av = h(zg)v? in R?. Taking into account that v € C'(IR?) then, thanks to
the elliptic regularity, v € C2(IR%). Making a new change of variables w = v/h(xg) we
have —Aw = w? in R?, w non-negative and w(0) = 1/h(x), this is a contradiction
with [56, Theorem 1.2].

Case 2. zg € 0€): After a new change of variables we may assume that 0 is on the

hyperplane ¢ = 0 (see [9]). We have that v; is well defined for j > jp in
d
do Y
Hpj=Br0)ndyt>—L},
Aj
We know that if y € Hp; then 0 < v;(y) < v;(0) = 1. Now, we distinguish between

three different cases.

e Case 2.1. Assume that the sequence x? /Aj is not bounded from upper. Therefore,
after extracting a subsequence, we have l’;l/)\j — 400, s0, Hg; — Br(0) and we
may argue as in Case 1.

e Case 2.2. Assume that the sequence ac? /A; is not bounded from below. Therefore,
after extracting a subsequence, we have x;l /A;j — 0, thus, the set Hg ; is approxi-
mating to Br(0) N {x € R?:y? >0} = BpN H. Now we distinguish between two
cases:

a) Assume p > 2¢ — 1. Then v; verifies the following equation:
(4.36)
—Av; = /\?Mj_lf()\jy + x5, Mjvj) in HN Bg,

v
8712 + Nb(\jy + zj)vj = )\jMJflg()\jy + x5, Mjv;) on 0H N Bp.

We choose \; = M](l_p)/z. Taking into account (4.33) and |[|vj[lec = 1 we
obtain

(4.37) INSM ! f(Njy + 25, Mivi)llp.Bram < ||hlloo,Brri-

Since, % +q—1<0(p>29—1), we can argue as previously for sufficiently
large j and we infer

(4.38) INZM g(Njy + 25, Mjvg)|lpomnB, < €

Thanks to Theorem 2.15 and taking into account (4.37) and (4.38), we get
HUjHleP(BRﬂH) <C.

Next, by a bootstrap argument, we have

vjllw2p(Brm) < C-
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Now, we can argue as in Case 1 and we prove that there exists v € C?(H)
with v(0) = 1 and v solution to

—Av=0v" in H,
4.39
( ) @ =0 on OH.
on
Applying the reflection principle we have that v € C2(H), v(0) = 1 and v

solution to —Av = v? in R?, a contradiction with [56, Theorem 1.2].

b) Assume p < 2¢ — 1. Then, as we did previously v; satisfies (4.36). We pick

Aj o= Mjl_q then, since 2(1 —¢q) — 1+ p < 0 we can argue as in the case

p > 2q — 1 and we have that there exists v € C2(H) with v(0) = 1 solution to

—Av=0 in H,
4.40
( ) gvzvq on 0H.
n

This is a contradiction with [65, Theorem 1.2].

e Case 2.3. Assume that the sequence a:?/)\j is bounded from upper and below.
Then, after extracting a subsequence, we have :z:? /Aj — s, 8§ > 0. Therefore, Hp, ;
approximate to Br(0) N {x € R%: y? > —s} = BN H_g. If p > 2¢ — 1 then we
can proceed as in Case 2.2 and prove that there exists v € C?(H_g) with v(0) = 1
solution to

—Av=2o" in H_g,

4.41 0
( ) 9 _ 0 on OH_;.
on
Using the reflection principle through {y? = —s} we obtain that v is solution to

—Av =P in R?, a contradiction. If p < 2¢ — 1 then we can argue as Case 2.2 and
infer that there exists v € C2(H _;) with v(0) = 1, solution to

—Av=0 in H_g,
4.42 0
( ) v _ v?  on OH_;.
on
After a linear change of variables we get that there exists a solution w € C2(H)
with w(0) = ¢ > 0, solution to

—Aw=0 inH,
4.43
(4.43) 8—w:wq on OH,
on

a contradiction.

Remark 4.29. Observe that if p < 2¢—1 and we were able to prove that the mazimum of
u solution to (4.28) is attained on x € O then we may assume less on h, for example,
h can be a sign changing function or even a negative function. Indeed, following the
proof of Theorem 4.28 we arrive at Case 2.2 b) and the scaling \j = Mjlfq arrives,
independently of h, in (4.40).
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Remark 4.30. Theorem 4.28 also holds for mixed boundary problems. The proof of this
fact follows the same lines of Theorem 4.28 the only difference is that we have to consider
the case when xg € Iy and we arrive, after applying the scaling argument, to standard
Lioville problems.



CHAPTER 5

Nonnegative solutions to an elliptic problem
with nonlinear absorption and a nonlinear

incoming flux on the boundary

In this chapter we perform an extensive study of the existence, uniqueness (or multi-
plicity) and stability of nonnegative solutions to the semilinear elliptic equation —Au =
Au — uP in Q, with the nonlinear boundary condition du/dn = u" on 0. Here 2
is a smooth bounded domain R? with outward unit normal n, A is a real parame-
ter and p,r > 0. Additionally we present the precise behaviour of solutions for large
|A| in the cases where they exist. In the proofs we use techniques as bifurcation and
sub-supersolutions that were introduced in the previous chapters. Moreover, we apply
variational methods in the particular case 0 < p <1 < r < d/(d—2). The results of this
chapter have been published in [51].

5.1. Preliminaries

Consider a bounded domain Q ¢ R?, d > 1, with regular boundary 9Q. We are
interested in the positive solutions to the problem

—Au=Au—u’ in Q,
5.1 0
(5.1 Y on 0f),
on
where p,r > 0, A € R denotes the bifurcation parameter and n is the outward unit
normal vector field to 2.
Since it will be used in the sequel, we recall the definition of a positive weak solution
to (5.1).
Definition 5.1. A positive weak solution to (5.1) is a positive function u € H(Q) such

65
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that
/ Vu - Vgp—/ u'p = /()\u—up)cp Yo € HY(Q).
Q o9 Q
The next lemma shows that, if 0 < p < 1 <r < d/(d — 2), positive solutions to (5.1)
are in fact classical.

Lemma 5.2. Let u € H'(Q) a positive weak solution to (5.1), where 0 < p <1 <7r <
d/(d—2). Then, u € C***(Q), where a € (0,1).

Proof. We only sketch the main points. First, since 0 < r < d/(d—2), a Moser iteration
as in [42] gives us that u € L*°(Q). Thus, it follows that u is a weak solution to the
following type of problem

—Au+u= f(u) inQ,

% = g(u) on 01},
where f(u) € L>®(2) and g(u) € L>(09). Next, we apply Theorem 2.15 and we argue
exactly like in the section 4.1 (the construction of the extended operators for K; and
K3). So we get u € WhP(Q) for all p > 1, therefore y(u) € WHI=1/P(9Q) and g(u) €
W1=1/P(Q). Thanks to the Theorem 2.13 we infer u € W?P(Q) for all p > 1. So, having
in mind the Sobolev embedding u € C1T%(Q), we infer f(u) € C*(Q), g(u) € C1T¥(00)

and the result follows from Theorem 2.14. n

The following lemma provides a pointwise lower estimate for all solutions to (5.1)
when p > 1 and X\ > 0.

Lemma 5.3. Assume that p > 1 and r > 0. Then, if u is a positive solution to (5.1)
with A > 0, we have

(5.2) u> A/,

Proof. It is clear that if u is a positive solution to (5.1), then it is a strict supersolution
to the problem

—Av =X v—oP inQ,
(5.3) Jv

%:0 on 0f).

Moreover, u = € > 0 is a strict subsolution to (5.3) for small e. Additionally, thanks to
the strong maximum principle, we know that ¢ < u. Thus, the sub and supersolutions
method entails € < v < w. Since for A > 0, A/~ is the unique solution to (5.3), the
result follows. [

We close this section with two results based on bifurcation for (5.1). In the first one
we deal with bifurcation from infinity, the proof is a direct consequence of Theorem 4.17.

Proposition 5.4. Assume r <1 =p (resp. p < 1 =r). There ezists and unbounded

continuum Coo C R x C(QQ) of positive solutions to (5.1) bifurcating from infinity at
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A= M (—A+1,N) (resp. at A = A\ (—A,N—1)). Moreover, this is the unique bifurcation
point from infinity. Furthermore, if 69 > 0 is small enough and J = [A1 — dg, A1 + dp] X
{u€C@Q) : |lulloo > 1} with A1 = M(=A + 1L, N) (resp. A\ = M(—=A,N — 1)), then
either

o Coo \ J is bounded in R x C(Q) and Coo \ J meets the set {(\,0) : A € R}, or

o Coo \ J is unbounded in R x C(Q).

The next result is related to bifurcation from the trivial solution. Previously we give
the precise meaning of bifurcation direction subcritical and supercritical.

Definition 5.5. We say that at the bifurcation point (\1,0) the bifurcation direction
is subcritical (resp. supercritical) if for every sequence {\j,u;} of positive solutions to
(5.1) with A\j — A1 and ||ujllcc — 0 as j — 400, we have \j < A1 (resp. A\j > A1) for
large j.

Proposition 5.6. Assume p > 1 and r > 1. There exists an unbounded continuum
Co C R x C(Q) of positive solutions to (5.1) emanating from the trivial solution at
A= XM(—A+1,N) whenp=1 or at A\ =0 when p > 1. Moreover, this is the unique
bifurcation point from the trivial solution, and with respect to the bifurcation direction:

a) if p=1<r, then the bifurcation direction is subcritical;

b) if 1 < p < r (resp. p > r) then the bifurcation direction is supercritical (resp.
subcritical);

c) if p = r then the bifurcation direction is supercritical (resp. subcritical) for || >

|09 (resp. | <09 ).

Proof. The existence of an unbounded continuum Cy is a consequence of Theorem 4.10.
We now show the bifurcation direction in the second and third paragraphs (the remaining
case can be proved similarly). Take a sequence of solutions (A;,u;) such that A; — 0
and ||uj]lec — 0 as j — +oo. We integrate the Eq. (5.1) and we obtain

—/ ug—&-/u?—/\j/uj.
o2 Q Q
Now, we divide by [|u;||5:

w \" w \7P ws
6 -l [ () s () = alle [ e
M Joo i) ™ o \Twglie) =M1 Tl

and take into account that u;/||ujllcc — 1 in C(£2) (see Remark 4.5). Thus we deduce
that if 1 < p < r, then A\; > 0 for large j, while if p > r, A\; < 0 for large j, which
concludes the second paragraph. When p = r, the left-hand side of (5.4) converges to
—|09Q] + [Q|. Thus sgn(\;) = sgn(|Q| — |09]) for large j and Q] # |0€2|, which proves
the last paragraph. n
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5.2. State and proof of the main results

In the first result of the section we include, for the sake of clarity, all the stability
results.

Lemma 5.7. Let ug a positive solution to (5.1).

a) Ifp>1and r <1 and (p,r) # (1,1), then ug is stable.
b) If p=1 and r > 1, then ug is unstable.

c) If 1 <p<r and X <0, then uy is unstable.

Proof. We have to compute the sign of A\j(—A — X\ + pug_l,/\f — rug_l). For that, it
is well known (see for instance [48, Lemma 2.2]) that this eigenvalue is positive (resp.
negative) if there exists a strict supersolution (resp. subsolution), that is, a positive
function v such that
(—A—A +pu871)v >0 (resp. <0) in Q,
(5.5) ov
on

and at least of the inequalities is strict. Observe that taking v = ug we have

—ruf tv >0 (resp. <0) on 012,

—Aug — Mg +pub = (p—1)uh)  in Q,
5.6 0
(5.6) % —rugp = (1 —r)uyg on 01},
whence we deduce the first and second paragraphs. For the last paragraph, take v = ug,
with 1 < p < ¢ <r. We have that

% = (g g < 0on 90,
and in 2,

(=A = X+ pub v = q(1 — Q)ud Vol + Mg — 1) + uf " (p— q) < 0.
This concludes the proof. m

Now, we deal with the main theorems of this chapter.

Theorem 5.8. a) Assume r =1 and p # 1. There exists a positive solution if, and
only if, A > M\ (—=A,N —1). Moreover,

(a) if p > 1, the solution is strongly positive, unique (denoted by uy ), stable and

verifies

5.7 li oo — 07 li 0o = +00;
(5.7) o [l sl 00

(b) if p < 1, then every family of positive solutions {uy} satisfies

5‘8 1‘ 0o — b 1‘ OOZO-
69 m Il =boes Tl
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b) Assumep=1.

(a) If 1 < r < d/(d — 2), there exists a positive solution if, and only if, A <
A (—=A + 1,N). Moreover, all positive solutions are unstable and for every
family of positive solutions {uy} it holds

(5.9) uallae =0, Jim_ oo = +00.

lim
A/ A (—A+LN
(b) If r < 1, there exists a positive solution if an only if X < M\ (—A + 1,N).
Moreover, the solution is strongly positive, unique (denoted by uy ), stable and

(5.10) [ualloo = +00, A{r_noo [uallso = 0.

lim
A AL(CAFLN)

Proof. We divide the proof in four cases, according to whether r = 1 and p > 1 or
p<l,andp=1,r>1orr<1.

Case r = 1 < p . First, we show that A > A\ (—A,N — 1) is a necessary condition
for the existence of positive solutions. Denote 1 a positive eigenfunction associated to
A (—=A, N —1). Then, on multiplying (5.1) by ¢1 and integrating by parts, we get

(Al(—A,./\/'—l)—)\)/Quapl:—/Qupgal.

Thus A > A (—A, N —1). To show the existence of solutions when A\ > A\ (=A,N — 1),
we use the method of sub and supersolutions. On one hand, the function © = My is a
supersolution to (5.1) for

(A= M (—AN = 1)V/0-D
do ’

(5.11) M =

where 0 < §p = min_ g ¢1(x). On the other hand, u = ep; is a subsolution to (5.1) if
PP <N — A\ (=AN —1) in Q.

Therefore, it is enough to take € > 0, to assure the existence of a positive solution. The
uniqueness follows directly by Theorem 3.3.

Now, thanks to the uniqueness and the way the supersolution was built, see (5.11), we
conclude that

li =0,
ot 2] o

and by Lemma 5.3,

lim  ||uylleo = +00.
/too

The stability follows by the first paragraph of Lemma 5.7.

Case p < 1 = r. Arguing as in the previous case we can prove that the condition \ >
A (—A, N —1) is necessary to have positive solutions. Next, we apply Proposition 5.4, so
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an unbounded continuum Co, of positive solutions to (5.1) bifurcates at A = A\ (—A, N —
1). It suffices to show that this continuum does not meet the set {(A,0) : A € R}.
Assume that there exists a sequence (\;, u;) of solutions to (5.1) such that A\; — Ao >
AM(=A,N —1) and ||ujljoc — 0 as j — co. Take M > \;j — A (—A,N —1). For j large
enough, we have that u? > Mu; and so

—Au; < (A\j—M)u; inQ,
Ou;
on

which implies A\j (—A—\;+M,N'—1), that is, A\; (=A,N—1)—)\j+M < 0, a contradiction.
Finally by Theorem 5.20 we have that

= uj on 0,

li =0
VITOOHUAHOO ;

for every family {u)} of nonnegative solutions.

Case p = 1 < r < d/(d—2). Consider ¢ a positive eigenfunction associated to
A (—A + 1, V). On multiplying (5.1) by ¢1 and integrating we get

—/ urgol = ()\ — )\1(—A + 1,N)/ upq,

o0 Q

and hence A < A\(—A + 1,N). Now, we can apply Proposition 5.6 and deduce the
existence of an unbounded continuum Cy bifurcating subcritically at A = A\ (—A + 1, N).
Thanks to the a priori bounds, Theorem 4.28, we deduce the existence of at least a
positive solution for every A < A\;(—A + 1, ). By the second paragraph of Lemma 5.7,
every solution is unstable. Finally, by Theorem 5.20 we have that

li —
i [urlloo = —+o00,

for every family {uy} of positive solutions.

Case r < 1 = p. Arguing as in the previous case we can show that A < A\;(—A + 1, )
is necessary to have positive solutions. By Proposition 5.4, there exists an unbounded
continuum C of positive solutions bifurcating from infinity at A = A\ (—=A + 1,N).
Assume that there exists a sequence (\;, u;) of solutions to (5.1) such that A\; — Ao <
M(—A +1,N) and |lujlloc — 0 as j — oco. Take M > 0 large enough so that —\; +
AM(—A+ 1, N — M) < 0 which is possible thanks to Remark 2.29. For this value of M
and large j we have that u} > Mu;, and so

(—A—)\j+1)uj =0 in Q,

ou;
a—nj—Muj>O on 0f).

Hence A\j(—A +1—\;, N — M) > 0, a contradiction. This completes the proof of the
existence of solutions. Since, every positive solution is in fact strongly positive then, we
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can apply Theorem 3.3 and get uniqueness of positive solution. The stability follows by
the first paragraph of Lemma 5.7. Moreover, by Theorem 5.22 we have that

lim ||u =0
iy =0,
for the unique positive solution. [

Theorem 5.9. Assume 0 < r < 1 < p. There exists a positive solution for all A € R.
Moreover the solution is unique (denoted by uy ), stable and

Proof. We use the method of sub and supersolutions to prove existence existence of
positive solution. For a fixed A € R, we choose Ky € R such that \{(—A,N — Kj) < A
(this is possible according to Remark 2.29). Define u = epy with € > 0 and ¢1 a positive
eigenfunction associated to A\1(—A, N — Kj). Then, u is subsolution to (5.1) if

P11 <A=M(-AN - Kjy) inQ,
Ko(ep)'™™ <1 on 0N).

Thus it suffices to take € small enough. As supersolution we take & = My > 0 with
M > 0 sufficiently large. Then, @ is a supersolution to (5.1) if

MP=1gh! >A—-M(-AN —-Kj)) inQ,
Ko(Mp1)'=" >1 on 904,

which is true for M large.
The uniqueness is consequence of Theorem 3.3 and the stability follows by Lemma 5.7.
Moreover, thanks to Theorem 5.22 and Lemma 5.3, we have

li =0 li = +o0.
)\\I‘IEI |l ua]] oo , )\/lm l|ua]l o %)
n

Now, we consider the case 0 < p < 1 < r < d/(d — 2), by contrast with the previous
cases, we will use variational arguments to prove the existence of positive solutions.

Theorem 5.10. Assume 0 <p <1 <r <d/(d—2). There exists a positive solution for
all X € R. Moreover, for every family of positive solutions {uy} :

1 li = li =0.
(5.13) Jim o = 00, limlus]lo = 0

Proof. We consider in H'(f2) the functional whose critical points coincide with weak
solutions to (5.1) :

1 A 1 1
P =5 [ 19uP =5 [ sl g [t = = [,
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where uy = max{u,0}. Since, r is subcritical, r < d/(d—2), it is well known that F'is well
defined in H'(Q) and C! in H(Q). By means of the Mountain Pass Theorem (see [12]),
we are showing that there exists at least a nontrivial critical point u € H'(Q) of F', which
will be a nontrivial weak solution to (5.1). According to Lemma 5.2, u € C2*(€2) will be
a classical solution to (5.1). Thus, we have only to prove that the geometric conditions
to apply the Mountain Pass Theorem hold:

Lemma 5.11. Assume 0 <p<1<r<d/(d—2). Then:

a) There exists a constant c such that for p small enough, F(u) > cp? if ull 1) = p-
b) There exists vy with large H'—norm such that F(vg) < 0.

c¢) F verifies the Palais-Smale condition.

Proof. Assume that there exists a sequence u,, such that

F
(5.14) lunll () = pn— 0 and lim sup (?;n) <0.
n—00 Pn

Let vy, = up/pn. Since ||vn||g1(q) = 1 we can extract as subsequence (denoted again with
the same index) such that

vp —vp  weakly in HY(Q),
vp — v strongly in L2(2), LPTL(Q), L™ (00Q).

From (5.14) we obtain

1 /1 A
limsup — | = Vv 2—/ Un )42+
msup (5 [ 190 =5 [

(5.15) —1 r—1
Lo Lot = 2 [ i) <o
Q o0

p+1 r+1

Since p < 1, the weak limit vg satisfies

/ |luo[PT = 0,
Q

so vg = 0 in Q. Going back to (5.15), we get

/ ‘VUTLP - 07
Q

a contradiction with [|vp | g1y = 1.

For the second paragraph we take a function v such that vy % 0 on 92 and observe
that
lim F(tv) = —o0.

t——+o0

Hence it suffices with setting vy = tv for a large t.
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For the last paragraph, let u,, a Palais-Smale sequence, that is a sequence such that
|F'(un)| < C and  F'(u,) — 0.

We have to prove that it contains a strongly convergent subsequence. To this end let us
first check that it is bounded. Assume that this is not the case, that is, there exists a
subsequence such that ||uy||g1(q) — co. Let

Up
Uy = ———.
! Hun”Hl(Q)

Sine v, is bounded in H'(§) there exists a subsequence (as before it is denoted with the
same index) such that

vy —vg  weakly in H(€2),
v, — vo  strongly in L2(Q), LPTL(Q), L™ (0Q).

On the other hand, since F(u,) is bounded and F'(u,) — 0 we get

F(uy) 1, < 1 1) /
M (F (uy), ) = [ —— — = AP [P
Tuallny 20 o = g g ) el J o

1 1 T r+1
- — 0.
+(3- ) Tl [0 —

Hence

(5.16) v =0 in Q.

F'(uy), Uizn — 0.
||Un||H1(Q)
That is,

J R A o e R e O i N CO R
Q Q Q o0

and taking into account (5.16), we get that

/ |V |? — 0,
Q

again a contradiction. Thus {u,} is bounded in H'(2). We may pass to a subsequence

In addition,

which verifies

Up, — U weakly in H(Q),
un, — ug  strongly in L*(Q), LPTL(Q), L™1(99Q).

Since (F'(up),un) — 0, (F'(uy),up) — 0, we have

/ Vun[? — A / ()4 + / P — / ()4 =0
Q Q Q o0
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and
/ Vu, - Vug — )\/ (un)+uo —I—/ \un]p_lunuo —/ |(un)+|r_1unu0 — 0.
Q Q Q o0

And thanks to the weak convergence of u,, we arrive at

which proves that w, converges strongly to ug. This completes the proof. [

In what follows we consider the case p,r > 1. This case, as we will see, is more
involved than the previous ones.

Theorem 5.12. Assume p,r > 1.

a) If p > 2r —1, there exists Ao < 0 such that (5.1) has a positive solution if, and only
if, A > Xo. Moreover, for every family of positive solutions {uy} it holds

5.17 li 0o = F00.
(5.17) Jim sl = o0

b) If p<2r —1 and r < d/(d — 2), there exists A9 > 0 such that (5.1) has positive
solution if A < Ag. Moreover, if Ag > 0, there exist at least two positive solutions
for X € (0,Ag) and at least a positive solution for X\ = Ag. In addition, for every
family of solutions {uy} we have

1 li = .
(5.18) o = o0

c) Ifp<rorp=rand|Q > [0, and r < d/(d —2) then Ay > 0. In addition, for
every A € (0,Ag) there exists a unique positive stable solution to (5.1).

Proof. First, we state the sweeping method of Serrin ([91], pg. 12) which allows to
obtain some a priori bounds for the solutions to (5.1).

Lemma 5.13. Let u be a solution to (5.1). Assume that there exists a family upy €
CH(Q) of strict supersolutions to (5.1) for M € [Mo, My] such that wyy is a continuous
and increasing function in M and u < Uy, in Q. Then, it holds

Now, we state and prove a non-existence result.

Lemma 5.14. Assume p,r > 1. Then:

a) If p=r and | < |09, problem (5.1) does not have positive solutions for A > 0.

b) Assume that p < 2r — 1. Then, there exists Ay > 0 such that problem (5.1) does
not have positive solutions for X\ > Aj.
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c) Assume that p > 2r — 1. Then, there exists Ao < 0 such that problem (5.1) does
not have positive solutions for A < As.

Proof. Let u be a positive solution to (5.1) with p = r. Then, multiplying (5.1) by 1/u"
and integrating by parts, we get

—r/ W Va2 — 00 + | :)\/ .
Q Q
The first paragraph follows.

Assume that there exists a sequence A, /* oo with corresponding solutions u, of (5.1).
Consider the parabolic problem

wy — Aw = —wP in Q x (0,7),
(5.19) — =" on 99 x (0,7),

w(z,0) = wp in Q.

We know by [13, Theorem 2.3], that if p < 2r — 1 then all positive solutions to (5.19)
blow-up in a finite time T' > 0 provided infgwy is large enough. If we prove that u, is a
supersolution of (5.19) for large n, then u,(z) > w(x,t) for all ¢ € (0,7) which is clearly
a contradiction. Observe that u, is supersolution of (5.19) if u,, > Wo. By Lemma 5.3,

711/(10—1)

we have u, > A . Thus for large enough n, we may set wg = A2~1, which concludes

the proof of the second paragraph.

Assume now that p > 2r — 1. We want to show that for A negative enough, there are no

positive solutions to (5.1). First, we claim that there exists a positive function U € C(2)
such that

(5.20) uy <U

for all family of positive solutions to (5.1) with A < 0. Assume (5.20). Consider the
problem

ve—Av=XMv—vP inQx(0,7),
(5.21) 9 _ V" on 082 x (0,7,

on

v(z,0) =vp(x) >0 in Q,

and denote v(t;vp) its positive solution. It is clear that
uy =v(t;ur) <ot U),

and so it suffices to prove ||v(¢t,U)||cc — 0 as t — oo for negative enough A. To this
aim, it suffices to construct a global supersolution of (5.21) which goes to zero at infinity.
Since p > 2r — 1, for every initial datum wy € L*(Q2), (5.19) has a positive solution w,
which is globally bounded (cf. [13]). Consider v := e~ *w for some fixed p > 0. It is not
hard to show that v is a supersolution of (5.21) provided that

wP e P 1y > X inQx (0,7),
etr=bt > on 09 x (0,7).
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Since w is bounded, there exists A\g < 0 such that for A < Ay the two inequalities hold.
Thus, it remains to prove (5.20). For that, we are going to use Lemma 5.13 and so we
need to construct now a family of strict supersolutions to (5.1). For the particular case
A = 0 a different supersolution was used in [71] and [106]. Take

Uy = M(¢p+ M)
where §=2/(p—1), ¢ > 0 is such that

—Ap =M\ in Q,
¢p=0 on 0},

and M, o > 0 are to be chosen. It is clear that s is a continuous and increasing function
in M. After some calculations, we have that ;s is strict supersolution to (5.1) provided
that
MP™L = B+ BV — B(d+ M Wi — Ao +M )2 >0 inQ,
and
—ﬁaﬁ > Mr-imelBU=n+ e on 90,
on

Taking into account that —0¢/dn > ¢; > 0 on 02, it is not hard to show that there
exists My > 0 (independent of \) such that for M > My and A < 0 both inequalities are

satisfied, provided that (recall p > 2r — 1)
r—1—-o[f(1l—r)+1<0
that is
(=1 -1
p—2r+1

On the other hand, given a positive solution uy to (5.1) with A < 0, there exists M (\) >
My sufficiently large such that uy < ups(). So, we can apply Lemma 5.13 and conclude

g >

that uy < wpy, := U. This proves (5.20) and completes the proof of Lemma 5.14.
|

We are now ready to come to the proof of Theorem 5.12.

Case p > 2r — 1. From Proposition 5.6 it follows that there exists an unbounded
continuum Cy of positive solutions bifurcating at A = 0 subcritically (observe that p > r
in this case).

Take I = [Ag, K|, with K > Ay arbitrary where Ag is given by Lemma 5.14. We have
a continuous map u : I — C(Q), A — w()\) where %()\) is the strict supersolution of
(5.1) which has been constructed above. Moreover, we have a connected set Cy such that
for A\p small enough wuy, < u(Ao) for (Ao, uy,) € Co. Then by Theorem 4.25 we obtain
that uy < @w(A) for all (A\,uy) € Cyp and A € I. This implies that the projection on the
real axis of the continuum Cy is [Aa, +00) for some Ay < 0.

To complete the proof, set

Ao = inf{\ € R : (5.1) has a positive solution}.
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Thanks to Lemma 5.14 we know that —oo < Ay < 0. Now, we want to show that there
exists a solution for all A > A\g. Indeed, for A > Ao, we can take \; € (A\g, \) such that the
corresponding solution uy, (which exists thanks to the definition of Xg) is subsolution of
(5.1) for this A. Again, as supersolution we can take (). Thus there exists a solution
for every A > Ag.

Finally, we show that there exists a solution for A = Ag. Take (\;,u;) a sequence
of solutions such that 0 > A\; > A\ and A\; — Ag. Since we have an a priori bound
for all solutions, namely u; < U (see (5.20)), it is standard to pass to the limit to ob-
tain that u; — ug with up a solution to (5.1) for A = Ag. Since A9 < 0, it cannot be
a bifurcation point from the trivial solution, and hence ug # 0. This completes the proof.

Case p < 2r — 1. Thanks to Proposition 5.6, there exists an unbounded continuum Cy
of positive solutions to (5.1) which emanates from zero at A = 0, and by Theorem 4.28
the solutions are bounded for bounded A. Thus, since there are no positive solutions for
large A, we conclude the existence of Ag > 0 such that there exists at least a positive
solution to (5.1) for A < Ag. Moreover, (5.18) follows by Theorem 5.22.

Now define
Ap :=sup{A € R: (5.1) has a positive solution}.

We already know that 0 < Ay < 400, and clearly there are no solutions for A > Ag.
It remains to show that when Ag > 0 there exist at least two positive solutions for all
A € (0,Ap) and one positive solution for A = Ay.

We first show that a minimal positive solution exists if A € (0,A¢). Fix such a .
We have that there exists A € (X, Ag) such a positive solution uy of (5.1) exists. It is
clear that us is a supersolution to (5.1) for all A < A. On the other hand, u = ¢ is
a subsolution for small € > 0. Thus there exists at least a positive solution for every
A€ (0, Ao)

Moreover, we have that any positive solution uy verifies uy > A/®=1 thanks to
Lemma 5.3. Hence, the existence of a minimal solution to (5.1) follows. It will be

denoted by w).

We now show the existence of a second solution when A € (0, Ag). We are proving for
this aim that our problem is in the general setting of [5] (we refer there for the definitions
to be used in the sequel). Let P be the cone of positive functions of C(Q). With the
ordering induced by P, C(€) is an ordered Banach space with a normal cone which has
nonempty interior, see Example 1.10 in [5]. Consider the interval I = [—1,Ag + 1] and
let

B3 > sup [[u(N) ] oo,
Ael

being u(A) any solution to (5.1). This is possible since we have a priori bounds for the
solutions when A runs in finite intervals (cf. Theorem 4.28). Take K > 0 a constant to
be chosen later, we have that (5.1) can be rewritten as

(—-A+KJu=A+Kju—u’ inQ,

ou ,
o U on 0f).
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We want to show that solving our problem is equivalent to find fixed points of a nonlinear
operator. For that, let K1 : C*(Q) — C?*T%(Q), a € (0,1), be the operator such that
f— u=K1f where u is the unique solution to

(—-A+K)ju=f in Q,
ou

%:O Onﬁﬁ.

This operator can be extended to a linear, compact and strongly positive map, denoted
again by K1, K1 : C(Q) — CY(Q), see [5, Theorem 4.2]. Consider now the operator
Ko : CHFY(00) — C?T(Q), g — u = Kag, where u is the unique solution to

(-A+K)u=0 inQ,

g—z =g on Of).
Now, by [4], K2 can be extended to a linear compact map from C(99) to C(Q). It is not
difficult to prove that u is solution to (5.1) if, and only if,

u=F(u,\) = Ki((A+ K)u —uP) + Ka(y(u")),

where v : C(2) — C(0R) is the trace operator.

Moreover, F : C(Q) x R — C(Q) is a differentiable operator, which is compact on
bounded sets, and it is strongly increasing for fixed A if K is large enough and w is
restricted to bounded sets. In addition, the partial derivatives,

DuF (10, 20) = K1 (A + K) — puf )& + Ka(ry(ug™))v(€)

and
O\F (uo, o) = pCyuo,

are strongly positive if K is selected large enough. Indeed, observe that since A € I, then
supyer [|u(A)||oo < B for any positive solution u(A) of (5.1), and so K can be taken large
to make the partial derivatives strongly positive. Hence, F' satisfies hypothesis (H) of [5]
p. 680, and so we can apply [5, Theorem 20.9] (see the arguments after Proposition 20.8
and [9, Theorem 7.4]) and conclude the existence of at least two positive solutions for
A € (0,Ap) and at least a positive solution for A = Ag.

We quote for its use in the next section that, denoting by p = r(ug, Ag) the spectral
radius of 0, F(ug, \g), then p satisfies

(5.22) A=A+ a0l N+ D = k(S -,

p p P
Case p < r or p=r and [ > |092|. First of all, notice that p < 2r — 1 in this case.
Thus there exists a solution for every A < Ag, for a certain Ag > 0. Since a supercritical
bifurcation takes place at A = 0 (Proposition 5.1) we have Ag > 0. Thus only the
uniqueness of the stable solution for A € (0, Ag) remains to be proved. We adapt the
argument used in [58].

The following result provides us with a complete picture of the structure of the set
of positive solutions near a stable or neutrally stable solution.
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Lemma 5.15. Let (Ao, ug) be a positive solution to (5.1) with A = Ag.

a) If
(5.23) A (=A =X+ pull N —rul ™) >0,

then, there exists € > 0 and a differentiable mapping u: I = (Mg — e, o + &) — P
such that u(Ao) = ug and (A, u(N)) is a positive solution to (5.1) for each X € I.
Moreover, the mapping X\ — u(\) is increasing and there exists a neighborhood V of
(Ao, up) in Rx P such that if (A, u) € V is a solution to (5.1), then (A\,u) = (A, u(N))
for some X € I.

b) If
(5.24) AM(—A =X —i—pug_l,N — rug_l) =0,
let g be the principal eigenfunction associated with )\1(—A—>\0—|—pu871,N—ru671).
Then, there exists e > 0 and a twice continuously differentiable mapping (A, u) : J =
(—e,e) — R x P such that (M\0),u(0)) = (Mo, ug) and for each s € J, (A(s),u(s))

is a positive solution to (5.1). Moreover, N'(0) = 0, u(s) = ug + s(Po+v(s)) where
v € CH((—¢,¢),C(Q)) satisfies v(0) = 0, and finally

/Q p(p — 1)l 205 /8 (= 1y}

/ ugPo
Q

for s ~ 0. In addition, there exists a neighborhood W of (Ao, ug) in R x P such
that if (A\,u) € W is a solution to (5.1), then (\,u) = (\(s),u(s)) for some s € J.
Also,

(5.25) N(0) =

(5.26) sgn N (s) = sgn A1 (—A — \(s) +pu(s)p_1,/\/' — ru(s)r_l).

Proof. By (5.22), if (5.23) holds, 1 is not an eigenvalue of 9, F(ug, A\o), and so Id —
OuF (ug, Ao) is a topological isomorphism. Hence we can apply [5, Proposition 20.6] and
conclude the first paragraph.

Again by (5.22), if (5.24) holds, 1 is an eigenvalue with positive eigenfunction of
OuF (ug, No), so we can apply [5, Propositions 20.7 and 20.8].

Finally, to prove (5.26), observe that from [5, Proposition 20.8] it follows that
sgn X' (s) = sgn(1 — r(u(s), A(s))).
Taking into account (5.22) it is not hard to show that
sgn(1 — r(u(s),A(s))) = sgnAi(—=A — X(s) + pu(s)P"L, N — ru(s)"1).

This completes the proof. [
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We now analyze the behavior of the branch of solutions near a point (Ao, ug) such
that (5.24) holds. The fact that A'(0) = 0 shows that this is actually a turning point of
the branch of positive solutions (cf. Corollary 5.18 below). We are elucidating in what
follows the direction of the turning. The essential ingredient is a Picone’s type identity
(see [19, Section 4] and [74, Lemma 4.1], for instance).

Lemma 5.16. (Picone’s Identity) Let u,v € C?(2) NCY(Q) be such that v/u € C(2),
Y : [0,00) — R an arbitrary C' function and L and uniformly elliptic and selfadjoint
operator of second order. Then

(5.27) /QT(Z)(U,Cu—uﬁv)——/QT’(Z)UQ‘V(Z)r—/BQT(u)[van—uan].

Then we have the following important result.

Proposition 5.17. Assume p < r. Let (\o,ug) be a positive solution to (5.1) with
A = Ao, such that (5.24) holds. Then A"(0) < 0, where \"(0) is defined in (5.25).

Proof. To determine the sign of \(0), we use the Picone’s identity (5.27) with Y(t) = t2,
v=®g,u =wup and L = —A, to obtain

(5.28) (p— 1)/ b0 < (r — 1)/ up 23,
Q o0

From (5.28) and as p < r we can infer that \”(0) < 0. This concludes the proof.
n

As an easy consequence of Lemma 5.15 (in particular relations (5.25) and (5.26)) and
Proposition 5.17, we obtain:

Corollary 5.18. Let (Ao, uo) be a positive solution to (5.1) with A = Ao > 0, such that
AM(—A — X + pugfl,/\/ — rugfl) = 0. Then, there exists € > 0 such that for each
A€ (N —¢,N\), (5.1) has two positive solutions, one of them stable and the other one
unstable. Moreover, there exists a neighborhood N of (Ao, uo) in R X P such that (5.1)
does not have a positive solution in N for X > \g.

We are finally ready to prove the uniqueness of the stable solution.

Theorem 5.19. Assume that p < r. Then, the minimal solution is the unique positive
stable solution to (5.1) for all X € (0, Ag).

Proof. We first show that the minimal solution wy is stable for all A € (0, Ag). It is well
known (see [5, Proposition 20.4]) that the minimal solution is weakly stable, i.e.,

(5.29) M(—A =N+ puld N —rui ) >0 for all X € (0, Ag).

On the other hand, in a neighborhood N of (A, u) = (0,0), there exists a unique positive
solution for fixed . Since the minimal solution exists for all A\ € (0,Aq), the unique
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solution coincides with the minimal, so by Corollary 5.18 there exists A such that for all
0 < A < A we have that

A=A = X+ puy N =il > 0.

Now, we can produce this branch to the right to reach a value A\g < Ag such that
A=A =X+ pud N —ruf) > 0 for all A < Ag and

(5.30) AL(—A = Ao+ pul LN —rulst) =0,

If Ay = Ag we have proved that the minimal solution is stable for all A < Ag. So assume
that A\g < Ag. Thanks to (5.29) and Corollary 5.18, there exists a value A\; € (Ao, Ag)
such that

A(—A = A+ puf N = rulh) >0,

and by Lemma 5.15, first paragraph, we can continue the branch to the left of A\;. Denote
L={(\u(N): A<}

Now two possibilities may arise:

a) There exists Ay < A1 such that A\;(—A — Xg + pu(X2)P~ LN —ru(Xg)" 1) = 0.

b) The branch I' can be continued for all A < A\; with Aj(—A — X + pu(A\)P~L N —
ru(A) 1) > 0.

If the first possibility holds, then Corollary 5.18 is contradicted. In the second possibility,
I" does not reach negative values of A by Lemma 5.7. So, again two situations are possible:

a) The branch I' meets the real axis {(),0)}.

b) The branch I' reaches the minimal solution at some point (A3, uy,).

If I' meets the axis {(A, 0)}, since we know that the unique bifurcation point from the triv-
ial solution is A = 0, then I' reaches at (0,0). But, as remarked before, in a neighborhood
N of (A\,u) = (0,0) there exists a unique solution, in fact the minimal solution. So, the
second possibility occurs. If A3 is such that uy, satisfies (5.30), Corollary 5.18 leads to a
contradiction. However, if A3 is such that uy, satisfies A\;(—A—X\3 +pu§;1,/\/ —ruf\;l) > 0,
we know that in a neighborhood M of (A3, u),) there exists a unique solution, a contra-
diction. This contradiction shows that the minimal solution wu) is stable for all A € (0, A)
and neutrally stable for A = A.

Now, assume that for some \g € (0, Ag) there exists a second stable solution vy > uy,.
We argue as in the first part of the proof. By Lemma 5.15, first paragraph, there exists
a branch, say I", of stable solutions of the form (A(s),v(s)), s € I, with A(0) = Ao,
v(0) = vy. Moreover, we can continue this branch to the left until there exists a value A*
in which it is noncontinuable. Since, by Lemma 5.7, third paragraph, all solutions are
unstable for A < 0, it follows that A* > 0.
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If \* > 0, we would have thanks to Lemma 5.15, first paragraph, that A\j(—A — \* +
pvi*_l,/\/' — rvz*_l) = 0, and we arrive at a contradiction with Corollary 5.18. Hence
A* = 0. Moreover, the branch T” has to degenerate at (0,0), otherwise we could continue
it thanks to Lemma 5.15, first paragraph. However, this contradicts the uniqueness of
solutions for A ~ 0, and the uniqueness of the stable solution is proved. [

5.3. Behavior of solutions for large |\|

This section is devoted to present the behavior of all positive solutions to (5.1) when
A oo or AN, —oo. All the proofs are based on the well-known blow-up argument
of Gidas and Spruck, [56]. An essential role in them is played by a nonexistence result
for problems with nonlinear boundary conditions in a half-space obtained in [65]. The
proofs of the Theorems in this section can be found in [51, section 5.

We begin by considering the behavior of the positive solutions for A — +oo in the
case p < 1 < r, assuming that r is subcritical.

Theorem 5.20. Assume that 0 < p < 1 < r < d/(d —2). For every A\g > 0, there
exist positive constants Cy, Co such that, for every nonnegative solution u to (5.1) with
A > Ay, we have

(5.31) Cl)\_flp < mgxu < Cg)\_ﬁ.

The next theorem refers to the case p > 1 in the cases where positive solutions exist
for large A, that is » <1 orr > 1 and p > 2r — 1 (we recall that no solutions exist for
large A if p =1).

Theorem 5.21. Assume thatp > 1 andr <1 orl<r<d/(d—2) andp > 2r—1. For
every Ao > 0, there exists a positive constant C' such that, for every nonnegative solution
u to (5.1) with X > Ao, we have

1 1

(5.32) AT < maxu < CA T-p.

We now turn to consider the cases where positive solutions exist for large negative A,
namely r <1, p>1land 1 <r <d/(d—2), p < 2r—1. We collect them both in a single
statement.

Theorem 5.22. Assume that 0 < r <1 <porl <r <d/(d—2) andp < 2r —1.
For every Ao < 0, there exist positive constants C, Cy such that, for every nonnegative
solution u to (5.1) with X < Ao, we have

1

(5.33) Cr(=\)Z-D < maxu < (12(_)\)72@11)_



CHAPTER 0

Combining a sublinear boundary condition with

a sublinear or superlinear reaction

During this chapter we study the existence, uniqueness (or multiplicity) and stability
of positive solutions to the semilinear elliptic equation —Au +u = a(z)uP in €2, with the
nonlinear boundary condition du/dn = Auf? on 0f2. Here Q2 is a smooth bounded domain
of R¢ with outward unit normal vector n, \ is a real parameter, g € (0,1), p > 0 and a
may be a sign changing function.

6.1. Preliminaries

Consider a bounded domain Q C RY, d > 1, with regular boundary 9. We are
interested in the positive solutions to the problem

—Au+u=a(x)uP in Q,

6.1
(6.1) Ou = ! on 0f2,

where p > 0, 0 < ¢ < 1, A € R denotes the bifurcation parameter, n is the outward unit

normal vector field to 992 and a € C*(Q) with a € (0, 1).
We define the sets

Qp:={zreQ: a(x) >0}, Q_:={zeQ: a(x) <0}, Qo =0\ (Q4NQ).
During this chapter we will assume the following hypotheses about the previous sets.
e O, and Q_ are open sets and with regular boundary, for instance C2.

o If K C Q4 is a compact set then there exists d > 0 such that a(z) > 6. Analogously,
if K C Q_ is a compact set then there exists ¢ < 0 such that a(z) < 4.

The following Theorem establishes a priori bounds for (6.1) for p subcritical and it will
useful when we apply bifurcation techniques.

83
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Theorem 6.1. Suppose that one of the following assertions is true.

d+2
Q_UQ=10,1 _—
° UQo =0, <p<d_2

e There exists a function o : Q. — R which is continuous and bounded away from
zero and a constant v > 0 such that

a(z) = a(z) (dist(x,004))" in Qq,

1 < p < min d+1+~v d+2
P d—1 'd—2J

Then for each compact interval A C R there exists a positive constant such that
[ualloe < C,

for every solution (X, uy) with A € A.

d—+2
Proof. The case Q_UQy =0,1<p< d+2
Theorem 4.28 but some remarks are needed. Observe that the boundary condition is

is very close to what we have done in

not regular at zero. However solutions to (6.1) are separated from zero at least on the
boundary. To see this claim, let u a positive solution to (6.1). If there exists xg € 9
such that u(xzp) = 0 then the minimum of u is attained on the boundary, therefore by

the Hopf Lemma

ou B q

%(mo) < 0= Au(zo)?,
a contradiction. Also, we would like to point out that although the condition (4.30) is not
satisfied it is not important since we never arrive at a Lioville problem on the boundary
because p > 2¢q — 1. With this observations in mind it is possible to repeat the proof of

Theorem 4.28 and conclude the result.
The proof in the second case is more involved. We separate the proof in two steps.

Step 1. A priori bounds in Q.. For this step we can repeat with minor changes the

proof of [9, Lemma 4.2, Theorem 4.3].

Step 2. A priori bounds in 2. Let

R :=sup sup u(x) < 4o0.
AeA zen,

We consider Q = Q\ Q. and the problem

—Az+z=a(x)zl inQ,
(6.2) z=R on 0Q N,

9z = Az on 0Q N oN.
on
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We claim that there exists a unique bounded solution to (6.2). Then, since the solutions
to (6.2) are supersolutions to (6.1) and by the uniqueness of (6.2) we have

[ualloo < [l2Aloo-

It remains to prove the existence and uniqueness of (6.2) to this aim we use the method of
sub-supersolutions together with Theorem 3.5. Observe that z = 0 is a strict subsolution
to (6.1). On the other hand, let e the unique bounded solution to the problem

—Ae+e=1 inQ,

e=1 on 0Q N,
Oe
— =1 on Q) N N,
on

then Z = Me is a strict supersolution where
M = max { (Mllello) ™7, R}
The uniqueness for (6.2) follows taking g(s) = s? in Theorem 3.5. ]

Lemma 6.2. Letp=1,

a) If A > 0 then the positive solutions to (6.1) are stable.

b) If A < 0 then the positive solutions to (6.1) are unstable.
Letp > 1,

a) If Q. =0 then for every X\ > 0 the positive solutions to (6.1) are stable.

b) If Qi # O then for every A < 0 the positive solutions to (6.1) are unstable.

Proof. Let p = 1 and u) a positive solution to (6.1) for A > 0. We have to compute the
sign of \j{(—A+1— pa(:v)uz)’\_l,./\/' — )\qug\_l). IfA>0

0 = M(-A+1—a(x),N - il
<M(=A+1—a(x),N = Aqui™),

concluding the first paragraph. The next one follows in the same fashion. Let p > 1 For
the first paragraph we observe that

0 =X(-A+1—a(@)d N =i
<M(-A+1- a(x)pug_l,/\/' — )\qug\_l),
concluding the paragraph. For the last one it is enough to prove that the problem
(—A+1— a(x)pulj\_l,/\/ — )\qug\_l, Q)
admits a positive strict subsolution. To this end we take u = v with r > 1 to be
determined, where u) is a solution to (6.1), then

ptr—1

(-A+1- a(x)puﬁfl)uf\ = ra(x)uf\ﬂq*l — pa(z)puy r(r — Dul 2| Vuy 2
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Therefore, if we pick r = p then (—A +1 — a(x)puz))\*l)y < 0 in Q. On the other hand,
we have

<(’§n — /\qug\_l) uf = p)\up+q ! q/\u{’\Jrq_l < 0 on 09.

This concludes the result. n

6.2. Case0<qg<1l=p

We begin with a non-existence result.
Lemma 6.3. Let uy the unique zero, if exists, of the application
o(A) = M(=A+b(z),N = \),
where b(x) = 1 — a(x). Then:
a) If p1 > 0 then the problem (6.1) has not a positive solution for A < 0.
b) If u1 < 0 then the problem (6.1) has not a positive solution for A > 0.
c¢) If uy = 0 then the problem (6.1) has not a positive solution for \ # 0.

d) If \i(—A+b,D) <0, i.e. no existence of uy, then the problem (6.1) does not have
a positive solution.

Proof. Let ¢ a positive eigenfunction associated to pp. Taking ¢ as a test function in
the problem (6.1) we get

—/ T)up) = /Agplu—/Vu Vi — a(;plu,
Q 90 odn

ou
—/ T)up = /Awm /Vu V1 — e
an on

Therefore, subtracting the above equalities we have

/\/ ulipy :Ml/ up1,
09 o9

and from the previous equality we deduce the first, second and third paragraphs. For the
last one, suppose that there exists a positive solution. We take /1 as a test function in
(6.1) with v a positive eigenfunction associated to A\;(—A +b(z), D) < 0 and we obtain

ou
OZ/QVU'V% - anT!}lﬂL/Qb(x)U%

9
:Al(—Aer(x),D)/Quwl—i— . aﬁl

By the Hopf lemma the above equality leads to a contradiction. [
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Remark 6.4. In the previous Theorem a more computable condition than the sign of 1
is the sign of A\ (—=A +b,N), i.e.

sgn(u1) = sgn(A1(=A +b,N)).

Theorem 6.5. Assume that p; > 0 then the problem (6.1) has a positive solution, uy,
if and only if A > 0. Moreover this solution is unique, stable and we have
1
uy = Al-az,

where z is the unique positive solution to

—Az+(1—a(z))z=0 1inQ,

0z

— =21 on 0f).

on
Proof. The uniqueness follows from Theorem 3.3 and by Theorem 4.24 there exists an
unbounded continuum of positive solutions to (6.1) emanating from zero at A = 0. Let
1 a strongly positive eigenfunction associated to py then w = M is, for sufficiently
large M, a strict supersolution to (6.1). Therefore, by Theorem 4.26, the continuum
of solutions is bounded on finite A-intervals which leads to the existence of solution for
every A > 0. For the computation of u) we observe

1 1
—A ()\1—0 z) + (1 —a(x)A\T=az =0,
and
0 ()\ﬁz) L L N\g
N/ 1 g
on A A </\ qZ) ’
this concludes the Theorem. m

Theorem 6.6. Suppose that p; = 0 then the problem (6.1) has a positive solution if and
only if A =0.

Proof. The Theorem is a consequence of Theorem 4.24 together with Lemma 6.3.
[

Theorem 6.7. Suppose that uy < 0 then the problem (6.1) has a positive solution if and
only if A < 0. Moreover, every positive solution to (6.1) is unstable and

lim ||ux|/eo = 0.
A—0~

Proof. By Theorem 4.24 there exists an unbounded continuum Cy of positive solutions
to (6.1) emanating from zero at A = 0. Thanks to Theorem 6.3 the branch emanates
subcritically and does not cross the A-axis at A = (0. Therefore we just need to prove that
the problem does not have a bifurcation point from infinity. Assume the contrary, then
there exists a sequence (A, uy) such that A\, — Ao < 0 and lim,—, ;o ||tn||oc = +00. Let

us define the function
Un

Un = 7 —7 >
[|tn lloo
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Arguing as in Lemma 4.13 we obtain that v, — v in C()), where v is a solution to

—Av+ (1 —a(z))v=0 in €,
6.3 0
(6.3) v 0 on 0f2.
on
but, taking ¢ as a test function in (6.3), a positive eigenfunction associated to A;(—A+
(1 —a(x)),N) ,we deduce, after integrating twice by parts, that v = 0, a contradiction.

6.3. CaselO<g<l<yp

Through this section we deal with the case 0 < ¢ < 1 < p. We separate the state-
ments depending on the non-trivial weight function a, non-positive, non-negative and
sign changing.

6.3.1. Case Q, =10

Theorem 6.8. Assume Q4 = (). There exists a positive solution to (6.1) if and only if
A > 0. Moreover, the solution is strongly positive, unique (denoted by uy ), stable and

lim ||u =0.

Jim
Proof. First we show \ > 0 is necessary for the existence of non-trivial and non-negative
solutions. Assume that A < 0 then —Au+ u < 0 in Q and du/9n < 0 on I therefore,
by the maximum principle, u < 0 in €. To show the existence of positive solutions when
A > 0 we use the method of sub-supersolutions. First, thanks to Remark 2.29 we can
take A > 0 such that

p(N) =AM (A +1,N =) <0.

Let 1 a positive eigenfunction associated to p(\) such that ||¢1]|ec = 1. The function
u = €p; is a subsolution to (6.1) if

n) < a(@)e

1
A\ 1-¢
Eé = .
<)\>

Picking e > 0 sufficiently small both conditions are satisfied simultaneously. Let u; such
that A\ (—A + 1,V — p1) = 0 and o1 a positive eigenfunction associated to pu; with
ll1lloc = 1. The function u := M is a supersolution to (6.1) provided that

0> a(x)Mpgojlo,

1

1\ 1=
M> )\ch ! q’
M1

with 0 < ¢, = min, g ¢1(z). Therefore taking

1
—1 1—
)\Cq q
M = max ( L ,ecz1 ,

M1
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we have that @ is a supersolution and also u < w. Taking into account that, by the strong
maximum principle, positive solutions are strongly positive then the uniqueness follows
from Theorem 3.3. Finally, by the choice of M (observe that limy_ o+ M(\) = 0), we
conclude that

li = 0.
lim lluxloo

Remark 6.9. Let uy the solution to (6.1) with a = a_. As a consequence of the previous
Theorem we know that for A > 0 sufficiently small

A\ T
()\) ©1 < uy,

where @1 is an eigenfunction associated to () such that ||¢1||ec-

In the next Theorem we will study the asymptotic behavior of u) when A goes to
infinity. The results depend on the position of 25. We assume, for simplicity, that either
Qo CcCcor Q_cc

Theorem 6.10. Let us suppose in addition that a € C(Q).

o IfQy CC Q orQy=0 then

lim uy = 2pq,
A /o0

where 2p o € C2TY(Q) is the minimum solution to the singular Dirichlet problem

{ —Au+u=a(x)uP inQ,

U = 00 on 0fN).

o [fQ_ CC then

lim uy =z2p0n_,
Yge)

where 2p o € C?T%(Q) denotes the minimum solution to the Dirichlet problem

—Au+u=a(x)uP inQ_,
U = 00 on 0N)_.

Moreover,

lim wuy = oo,
A/ oo

uniformly in Q.

Proof. The proof is rather similar to Theorem 3 and Theorem 4 of [52] and therefore
we omit it. -

In what follows we consider the case Q. # 0.
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6.3.2. Case Q, #10)

Theorem 6.11. Assume Q. # (). There exists an unbounded continuum Cy C R x C(Q)
of positive solution to (6.1) emanating from the trivial solution at A = 0. Moreover,
this is the only bifurcation point from the trivial solution and the bifurcation direction is
supercritical.

Proof. Except the bifurcation direction the rest follows from Theorem 4.21. Let us
prove that the bifurcation direction is supercritical. Assume that there exists a sequence
An < 0 such that

(An,uy,) — (0,0) € R x C(Q).

Therefore, for n > ng(e) we have

—Auy, +uy, = a(z)uy < llafoceuy, in Q,

% < 0 on 992.
on

Picking € = ¢y such that €p|/a|lcc < 1 we obtain, from the maximum principle that
M(—A 41— ellal|oo, N) <0,

a contradiction. n

Lemma 6.12. Assume |Q24| > 0. Moreover, we assume that one of the following condi-
tions holds:

e O =10,

e ) CCor

e LUNyCC and/ a(a:)i/);f_‘_1 > 0, where ¥y stands for a principal eigenfunction

Q
associated to the Steklov problem

Then there exists \* > 0 such that for A > \* the problem (6.1) does not have positive
solutions.

Proof. Case Q_ = (). Let us assume the contrary. Let v; the unique solution to the
problem

—Au+u=0 in{,

6.4
(6.4) % =l on 0f2.
on
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For A > 1 the function uxA~!, where uy stands for a positive solution to (6.1), is a
supersolution to the problem (6.4). Therefore Av; < uy. On the other hand, by Propo-
sitions 2.23 and 2.22, we know that

(65 0=XM(-A+1—a(@)uy N =2l ) < M(=A+1 - La(z)l " N).
Since a is positive in a set with positive measure then

lim Ap(—A+1— NP "a(2)o? 1 N) = —o0,

A—-+oo

which is a contradiction with (6.5).

Case 2_ CC Q. Assume that for all A > 0 there exists a positive solution to (6.1).
Let v; the unique positive solution to the problem

—Au+u=0 in QpUQ,

(6.6) 13: 0 on 9(Q1 UQ) NQ,
8717; = u? on 0€2.

For A > 1 the function uyA~!, where u, denotes a positive solution to (6.1), is a super-
solution to (6.6) in Q4 U Q. Therefore Av; < uy in Q4 U Qg for all A > 1. We observe
that
(6.7)
0= M(—A _ p—1 3,91 Q4+UQ B p—1 g1
=M(A+1—a(@)u} N =) <X (—A+1—a(x)ud ", DN —Aui )
< )\Q““UQO( A+1- N la(z)l ", D,N).

On the other hand, since [Q24| > 0 then

/\hm AP (A 1 = W lg(z)eb T DN = —
——+00

which is a contradiction with (6.7).

Case 24 UQy CC Q. Let us suppose that there exists a solution uy to (6.1) that

exists for all A > 0. We use, as in the previous chapter, the Picone identity (see for
instance (5.27)).

( )p AUA+UA)_UA( Atpr + 1))

() vi\P [, Ouy 0Py
= (% ) (m) o) [ - w]
Therefore,
p+1 _ ﬂ ot 2 (¢1>2
Lotttaw = [o(2) v (2
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with p1 the eigenvalue associated to ¢1. We know that uy > upy ,_) where upy ,_| is the
unique positive solution to

—Au+u=a_(x)uP in

6.8
(6.8) Ou = u? on 0f2.
on
Since, by Theorem 6.10, we have
li =
Jm wpa ) = 20

then, for all e > 0 there exists A\g > 0 such that uf\fp(az) < e for all z € 02 and A > Ag.
Hence, for A > \g we obtain

[ a@ut* <
Q
a contradiction. n

Let
A :=sup{\ € R : (6.1) has a positive solution}.

From now on, we assume that we are under the hypotheses of Lemma 6.12. Therefore,
A < +o0.

Lemma 6.13. Assume that we are under the hypotheses of Lemma 6.12 then for all
A € (0,A) problem (6.1)x has a solution.

Proof. Let p € (A, A) and u, a solution associated to (6.1),. Clearly © = u, is a
supersolution to (6.1)x. As a subsolution we can take u = u[y ,_]. By the uniqueness of
solution to (6.8) we have u , | < u,. Hence, we conclude that there exists a solution
u) to (6.1))\. [

Lemma 6.14. Under the hypotheses of Lemma 6.12 the problem (6.1) has a minimal
solution uy . for all X € (0,A).

Proof. From the previous lemma we know that (u,u) = (u[y4_],u,) is a pair of sub-
supersolutions then there exists a minimal solution uy  in [uy q_], uy]. Moreover if u is
a solution to (6.1)y then uy > upy ,_) therefore uy . is the minimal solution to (6.1).

n

Lemma 6.15. Assume the hypotheses of Lemma 6.12 then for all A € (0, A) the minimal
solution wy . is weakly stable i.e.

o1 =M(-A+1- pa(a:)ug;l,./\/' - )\qu?\;l) > 0.

Proof. Suppose that o1 < 0. Let & a positive eigenfunction associated to 1. We
claim that uy . — & is a strict supersolution to (6.1)) for some a > 0 sufficiently small.
Indeed,

—Auy — ) + (un s — 1) — a(x)(uy — adr)P

= a(z) (W, — apuf &1 — (ur .« — af1)?) — ao1&1 = a(2)(0(ag1)) — aoi&y > 0.
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On the other hand, since s — s? is concave then
-1
(urs — a€1)? < uf, —aqui &

and hence a( &)
OlUnx — Qs1) _ q
an )\(u)‘y* Oéfl)

-1
= )\ug\y* — a&)\qug“* — Mur« —a1)?>0
We have that uy . — a&; is a strict supersolution to (6.1)). Moreover it is possible to
pick a > 0 such that uy. — a1 > upy 4 ). Therefore, (U, u) = (ur« — a1, up ,_)) are a
pair of sub-supersolutions to (6.1),. Hence, there exists a solution wuy to (6.1)y such that
uy < u) 4, a contradiction. m

In order to eliminate the possibility that the branch comes back to zero i.e. the
possibility of a loop (note that u? is not a differentiable in zero, so the local bifurca-
tion Theorem of Crandall-Rabinowitz can not be applied here) the following lemma is
required.

Lemma 6.16. Assume that we are under the hypothesis of Lemma 6.12 then there exists
a constant 6 > 0 such that for all A € (0,A) there exists at most a positive solution to
(6.1) which also satisfies ||uloo < 9.

Proof. Suppose that there exists a second solution w then
W= U) T U,

for some v > 0 and ||w||c < 6. We claim that for every A € [0, A] there exists § > 0 such
that

(6.9) M(=A+1 = pa_uf s N —ghufy ;) > 6.

Indeed, we define the function
1
9,\ = )\ﬁu[)\7a_}7

Having in mind that 6y is a solution to the problem

—AOy + 0y = Ava_(2)0 in Q,

% =01 on 01,
we get that
6.10 lim 6y = u in C?(9,
(6.10) Jim, 05 = u in C(

where u is the unique positive solution to

—Au+4+u=0 inQ,

ou
— =9
n u on 0f).
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Now, we observe that there exists £ > 0
0= )\1(_A + 17'/\/_ UQ*l) < 2§ < A1(_A + 17-/\/ - qUQ71)7

By (6.10) and the continuity of the eigenvalue respect to perturbations we have that
there exists \,, > 0 such that

M(—A+1— pa_u’[’):i_},./\/ — q/\u‘[]):i_}) > &> 0,

for all A € [0, A;,]. On the other hand, since Ur,q_] 18 stable and the application
oA = M(-A+1- pa,uﬁ\ji],N - unfl/\ji,])

is analytic on (0, +00) then

sup o(A) >y >0,
AE[Am,A]

this proves the claim. We take § > 0 sufficiently small, in particular such that

aypdP~t < 3.
Then, by (6.9) we have
(6.11) AM(—A+1— pa,uf)\_i_} —aypdP LN — )\quﬁ\_i_]) > 0.

We claim that v is a positive strict subsolution to

(—A+1-— pa,uj[a;ii] —appdP LN — Aqu‘[];;i}, )

which is a contraction with (6.11). Indeed, by the mean value Theorem, there exists
z € (up, ux« + v) such that

a(z)((ur« +v)P — ug,*) = a(z)pzP~ v,
and therefore, taking into account that u[y,_) < ux«, we have
(—A+1-— pa_ul[:;i] —aypsP~Hu
= a(z)((ur« +v)P — uf\*) + (—aypsP~t — pa_uz[’):i_})v
= <a+(pzp_1 —péP~H) + a_(pzP! —puj[o/\jali])> v <0in Q.
By the concavity of s +— s9
(urs + )7 <uf, + quiglv,
and hence
ﬁ_)\ q-—1 -\ a_ x4 — g—1
(571 qu[)\’a_]> v (urx +v) Auy )\qu[/\’a_]v
< )\qui;lv - )\qu?):i_]v < 0 on 992.
]

In what follows we state, for the reader’s convenience, the adaptation of Lemma 5.15
to our case
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Lemma 6.17. Let (Ao, ug) be a positive solution to (6.1) with A = Ag.

a) If
(6.12) A (=A+ 1 —pa(z)ul ™ N — groud™") >0,

then, there exists € > 0 and a differentiable mapping u : I = (Mg — €, o +¢€) — P
such that u(Ao) = ug and (A\,u(N)) is a positive solution to (5.1) for each X € I.
Moreover, the mapping X\ — u(\) is increasing and there exists a neighborhood V of
(Ao, uo) in R P such that if (A\,u) € V is a solution to (6.1), then (A, u) = (A, u(N))
for some A € I.

b) If
(6.13) M (=A+1—pa(z)ul ™ N — groud™") =0,
let ®g be the principal eigenfunction associated with Aj(—A — pa(a:)ug_l,./\f —
q)\ougfl). Then, there exists € > 0 and a twice continuously differentiable map-
ping (A, u) : J = (—¢,e) — R x P such that (A(0),u(0)) = (Xo,uo) and for

each s € J, (A\(s),u(s)) is a positive solution to (6.1). Moreover, N (0) = 0,
u(s) = ug + s(Po +v(s)) where v € C1((—¢,¢),C(Q)) satisfies v(0) = 0, and finally

p(1 —p)a(x)ug_z@% + /BQ Aoq(1l — q)ug_zég

Y
/ u%@o
o0N

for s ~ 0. In addition, there exists a neighborhood W of (Ao, ug) in R x P such
that if (A\,u) € W is a solution to (6.1), then (A\,u) = (A(s),u(s)) for some s € J.
Also,

(6.14) N'(0) = /ﬂ

(6.15) sgn N (s) = sgn A (—A — pa(z)u(s)P LN — gA(s)u(s)?1).

As a consequence of the Picone identity we have

Proposition 6.18. Let (\o,ug) be a positive solution to (6.1) with A = o, such that
(6.13) holds. Then \'(0) < 0, where \'(0) is defined in (6.14).

Proof. The Picone’s identity (5.27) with Y(¢) = t2, v = ®g,u = ug and L = —A + I,
entails

(6.16) [ =na@ua} < - [ 20— a0}

From (6.16) and as p > 1 > ¢ we deduce that A\”(0) < 0. This concludes the proof.
=

Theorem 6.19. Suppose that we are under the hypothesis of Lemma 6.12. Additionally
we assume that one of the following conditions is satisfied:
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d+2
d—2

e 0 UN=0,1<p< or

o There emists a function o : Qy — R which is continuous and bounded away from
zero and a constant v > 0 such that

a(z) = a(x) (dist(x,004))7 , in Qg

and

d+1 d+2
1<p<min{ tihy et }

d—1 "d—2

Then,
e Py\(Co) = (—o0, A], where PA(Co) stands for the projection over the A-azis of Cy.
o There exist at least two positive solutions to (6.1) in (0,A).

o There exists a unique positive solution to (6.1) which is stable in (0, A).

Proof. The proof is exactly as in Theorem 5.12. [

6.4. CaseO0<p,qg<1

Theorem 6.20. Assume a = 1. Then, there exists at least a positive solution to (6.1)
for all X € R. Moreover, if p < q then the solution is unique. Furthermore, if p > q then
the solution is unique for A > 0.

Proof. First we prove the existence of positive solutions to (6.1) by the method of sub-
supersolutions. Let (1 a positive eigenfunction associated to A;(—A + 1,D) such that
llp1llco = 1. The function u := €p; is a subsolution to (6.1) if

1 01
< M(=A+1,D) 1- - <0.
e < Ai( +1,D) 1-», ean_O

Observe that the second inequality holds by the Hoph Lemma. On the other hand, the
function @ := Mz, where z is the unique positive solution to the problem

—Az+2=1 inQ,

0z
— = 09,
o on
is a supersolution to (6.1) provided that
= 1
M= |zlle”, M= (MzllL)

It is possible to pick M satisfying u < @ and also the previous inequalities. Now, we deal
with the uniqueness. Suppose that p < ¢ then it is enough to apply the Theorem 3.5
with g(s) = s?. Let us assume now that A\ > 0 and p > ¢, in this case we can apply
Theorem 3.5 with g(s) = sP. "
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Theorem 6.21. Assume a = —1. The problem (6.1) does not have a positive solution
if A < 0. For X large enough the problem (6.1) have a positive solution. Moreover, such
a solution is unique if ¢ < p.

Proof. If A <0 then, by the maximum principle, every solution to (6.1) satisfies u < 0.
For the existence of positive solutions we use the method of sub-supersolutions. We know
that there exists A > 0 such that

p(A) == M (-A+1,N - X) <0.

Let ¢ a positive eigenfunction associated to p(A) with ||¢1|lcc = 1. The function u := epy
is a subsolution to (6.1) provided that

- _ A\ T4
p(eer) P <1, e< (A) ,
where 0 < ¢z, = min_ g 1. Therefore, if A large enough, it is possible to pick € such
that the previous inequalities are satisfied simultaneously. On the other, the function
u = My, where o) stands for a positive eigenfunction associated to p(p1) = 0 such that
|o1]lcc = 1 is a supersolution to (6.1) if

A 1=
0> —(Mp)P™t,  M>c! () "
M1
Moreover, picking M large enough it is also satisfied that v < w. For the uniqueness if

q < p then it is enough to apply Theorem 3.5 with g(s) = sP. n






CHAPTER 7

An angiogenesis model with nonlinear
chemotactic response and flux at the tumor
boundary

In this chapter we consider a parabolic problem as well as its stationary counterpart
of a model arising in angiogenesis. The problem includes a chemotaxis type term and
a nonlinear boundary condition at the tumor boundary. We show that the parabolic
problem admits a unique global in time solution. Moreover, under some restrictions,
we show the convergence to the steady-states even with explicit rate of convergence.
Furthermore, by bifurcation methods, we show the existence of coexistence states and
also we study the local stability of the semi-trivial states. The results of this chapter,
except the part of convergence to steady-states, have been submitted for publication
in [37].

7.1. Introduction

In this chapter we analyze a system modelling a crucial step in the tumor growth
process: the angiogenesis. We only focus our attention on the behavior of two populations
involved in such process: the endothelial cells (ECs), denoted by u, which move and
reproduce to generate a new vascular net attracted by a chemical substance generated
by the tumor (TAF), denoted by v. They interact in a region Q C RY, d > 1, that is
assumed to be bounded and connected and with a regular boundary 0f2. Specifically, we
consider the case

0 =T1UTl9,

with T'y N Ty = (), being T'; closed and open in the relative topology of 9Q. We assume
that I'y is the tumor boundary and I'; is the blood vessel boundary. Hence, we study

99
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the following parabolic problem and its stationary counterpart

uy — Au = —div(V(u) Vo) + M —u? in Q x (0,7),
v — Av = —v — cuv in Q% (0,7),
ou Ov

(71) % - % =0 on Fl X (OvT)v
ou ov v
%—0, 87’[1_”1{—2} ODFQX(O,T),
U(.CL', 0) = U0($), ’U(I’,O) = Uo(.ﬁlf) in 2,

where 0 < T < 400, A\,u € R, ¢ > 0 and
(7.2) V eCY(R), V >0in (0,00) with V(0) = 0;

and ug and vy are non-negative and non-trivial given functions.

The structure of this chapter is as follows. In Section 2, we introduce some results
of functional analysis. In Section 3, we prove the existence of local solution in time and
then the global existence in time. The next section is devoted to the stationary problem
and also to the local stability of the semi-trivial solutions. In the fifth section we study
the global stability of the solution (A,0). Finally, in the last section, we briefly discuss
some biological implications of our results.

7.2. Some results of Functional Analysis

We remind some facts about Sobolev spaces, the interpolation theory and the func-
tional setting which is used in this chapter for reader’s convenience. This frame is a
particular case of [7].

1) For Sobolev spaces with non-integer index, the so-called the Slobodeckii spaces, it
holds

Theorem 7.1. Let Q C R? be a bounded C%-domain.
a) (7], pg. 25) If sg, s1 € RT\ N, s1 < sq, then
WE0P(Q) — WP (Q) Vp € [1, 00].

d d
b) ([1]. Th. 7.58) Let so >0, 1 <p<q<o0 and sy =sy9——+ —. If s1 >0, then
p g

WE0P(Q) s WI(Q),

2) With respect to the interpolation theory, we remind that if Ey and E; are two
normed spaces continuously embedded into a topological space £, we can defined the real
interpolation for 0 < # < 1 and 1 < p < oo, which we denote (Ey, E1)g, (see [95], Def.
22.1). It is true that

a) (E(), El)g,p C Eg+ Eq.

b) EoNE — (EO,El)Qp.
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c) ([95] Lemma 22.2) If 0 < # < 1 and 1 < p < ¢ < o0, then

(Eo, E1)gp — (Eo, E1)g.q-

Finally, due to (Eo, E1)p,1 C (Eo, Ev)ep C Eo + Ei, it follows from [95], Lemma 25.2 ii)
that if (Eo, E1)g, is a Banach space, then

(7.3) 3C > 0, such that |al| (g, ), < C’HaH%EEG ||a||9E1 Va € Ey N Ey.

3) Consider now a parabolic problem in the form

2+ Az =F(z) inQx(0,7),
(7.4) Bz = G(z) on 90 x (0,7),
z(z,0) = zo(z) in £,

Az = — Z 0j(ajrOkz + ajz) + bj0jz + apz
jk=1
is a general second order lineal operator in divergence form with £(IR")-valued coefficients
which we suppose continuous on 2, and

d
Bz = Z n;y(a;p0kz + a;z) + cy(2)
Jk=1
is a boundary operator where « denotes the trace operator and ¢ is continuous on 0.
Here Q C R? is a bounded regular domain and 7 is the number of equations of (7.4).

We know that (A, B) is normally elliptic (see the definition of this concept in [7], pg. 18)
since there exists a € C(2, L(R")) such that

ajr, = ad; (the Kronecker symbol), 1< jk <d,
the spectrum of a verifies
Re[o(a(2))] >0 VzeQ,

and the boundary condition is a Neumann boundary condition of each component of 0f2
(see [7] pg. 21).

The interpolation theory will be used in this chapter for r = 1, that is, only for one
equation. We write the results in this case. If we denote

{zeW*(Q): Bz=0} if 1+1<s5<2
(7.5) W57 =< W(Q) if —1+1/y<s<1+1/y
(W=7 (Q)) if —24+1/y<s<—1+4+1/y

then it holds

Theorem 7.2. ( [7], Th. 5.2; Th. 7.2) Suppose that (A,B) is a normally elliptic
Neumann problem on € with C'-coefficients, 1 < p < oo and 0 < 6 < 1. Then
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a)
(LP, WEPYg, = WP, 20 € (0,2)\ {1,1+1/p}.

b) If 2+ 1/p < sp<s1 <1+1/p, and sp:= (1 —0)so+ 0s1 ¢ N, then,

S0,P S1,D _ S0,
(WB ’WB )H,p—WB :

When (A, B) is a normally elliptic problem on € with C'-coefficients, it is possible
to construct an interpolation-extrapolation scale of spaces; we put £y = LP, ] = Wé’p ,
and E_; a completion of Ey (see [7], pg. 29), we define

(7.6) By = (Eo, B)g, = W2% for 20€(0,2)\{1,1+1/p},

and we can extend the definition inductively for Fji9. Then, there exists a family of
operators, Ag € L(F149, Fy), being Ay the negative infinitesimal generator of an analytic
semigroup on Fy. The semigroup e *4¢ is defined e %4 : By — Ej (see [7], pg. 28-30).

7.3. The parabolic problem

7.3.1. Local existence

We are interested in the positive solutions of the system of PDEs (7.1), where c is a
positive constant and A, 1 € R.
First, we will get the existence and uniqueness of a local positive solution. This will be
proved by using the abstract theory of quasilinear parabolic problems done in [7]. After
that, in the next section, we will study the global existence.

Theorem 7.3. Let p > d and suppose (7.2), that the initial data (ug,vg) € (WHP(Q))?
and ug > 0, vg > 0 a.e. in Q. Then, problem (7.1) has a unique non-negative local in
time classical solution

(u,v) € (C([0, Tinaz); WHP(2)) N C*H(S2 x (0, Tinax)))?,

where Timq. denotes the mazimal existence time. Moreover, if there exists a function
w : (0,400) — (0,400) such that, for each T > 0,

(7.7) |(u(t),v(t))]|oo < w(T), 0 <t <min{T, Tz},
then Trae = +00.

Proof. We will prove that problem (7.1) is included in the frame of [7]. Let d9 > 0 be
and denote Dy := (—dp, +00) X (—dp,+00) which is an open set containing the range
of the solutions u and v. For r = 2 (number of equations) we define 7 functions
aji € C*(Dg; L(R?)) for 1 < j,k < r in the following way. For each (n1,72) € Dy,

m 0 0 o m 1 0 e
; = f k; ; = fj==Fk
ajk(ﬂz) (0 0) iti# ajk(ﬁz) <—V(7l2) 1) o
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then, we put

A( Z ) ( ) ];18 (aﬂ“ ( > ( g',iz )) T ( div(vdiv—(vv%vu) ) ‘

For the boundary conditions, we denote (c;;) 1 < 4,5 < 2 the following function
matrix:
mo\ 0 on I'y m\ _ J 0 only
C11 = M T C12 =
72 1+ on L2 72 0 onTI%

m 0 on I'y m 0 onlIy
ca21 =49 uV(n) C22 =
12 on I'y 72 0 onlIy
1+

Then, we write

s(0) () (S (o () (o)) (o 2) ()] -

on  1+v
v Ou N wV(u)v

—V(u)

on  On 1+

This couple (A, B) is a linear boundary value problem normally elliptic.

For the reaction term, we define the function f € C?(Dg;R?) by

f moy _ [ T2
2 X — 13
Then, (7.1) can be written as the following quasilinear parabolic boundary value problem
v .
u
0
o )( ) (0> .
v(z,0) vo(z) on Q.
. U(.Z‘, 0) Uug (.%')
Then, Theorems 14.4 and 14.6 of [7] are applicable. The first one says that there
exists a unique maximal weak W1P-solution which is a W14-solution for each ¢ € (1,00)

( [7], Coroll. 14.5). The second one asserts that the solution is a classical solution and
the equation is verified point-wise because the boundary operator is equal to 0.

e <
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The non-negativity of the solution follows from [7], Theorem 15.1. In fact, the hy-
pothesis (15.3) is verified for » = 2 because V(0) = 0 and, so, the non-negativity of u
holds. But, if © > 0, then the maximum principle applied to the problem

ve—Av=—v—cuv inQx (0,7,
SU—O on 'y x (0,7,
(7.9) D .
o = M onI's x (0,7,
| v(,0) = vo() in Q,

implies that v > 0.

To reach the result about the global solution, we can invoke [7], Theorem 15.5 which
is applicable because (A, B) is a lower triangular system. For these systems and if a;,
is a diagonal matrix, f is independent of the gradient and if there exists a function
w : R4 — IRy such that

1(u(t), v(t))llse < w(T), 0 <t <T <00, t < Taz,

then T4, = 00, supposed that the solution is bounded away from 92 for each T > 0.
L]

7.3.2. Global existence

In this subsection we are going to prove that the local positive solution (u,v) of the
system (7.1) exists for every ¢t > 0, i.e., it is a global solution. For that, in the following
lemmas our purpose is to prove the criterium (7.7). Since we are prolonging the local
solutions obtained in the previous section, during this section we assume that

(uo, v0) € (WHP())?,

for some p > d. In order to get uniform bounds in time, that will also exclude the
possibility of blow-up at infinity, we need to assume

(7.10) Ve L™(R).

The proof of the uniform bounds in time is carried out by a recursive procedure (see for
instance [64], where a similar argument is used.)

From now, C' will denote a constant that may vary from line to line and does not
depend on time.

The following lemma states that v is uniformly bounded in time via the well-known
method of sub and supersolutions (see for example [86]).

Lemma 7.4. There exists a constant C' > 0 such that the v-solutions of (7.1) satisfy

||U(t)||0(ﬁ) S C, vVt € [OaTmax)-
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Proof. Observe that the v-solutions of the problem (7.1) are subsolutions of

,

wy —Aw=—w in € x (07Tmam)7
ow

% =0 on I'; x (O,Tma:c)y
(7.11) Ow
% = |/J,| on Iy x (O,Tma:c)y

v(z,0) =vo(x) in .

Now, let ¢ be the solution of the stationary problem

It is well known that ¢ > 0 in Q. Taking K > 0 big enough, K¢ is a supersolution of
(7.11). Therefore, v < w < K¢ and the conclusion easily follows. [

Lemma 7.5. The solution of the u-equation of (7.1) satisfies
[u(®)]l2 < C, Vt € [0, Tinas),
where C' a positive constant.

Proof. Multiplying the v-equation by v and integrating in 2, we obtain

d 2 / 2 / 2 / #UQ / 2
— Ve + e+ Vol* = — cuv”.
2dt 0 Q Q | | Ty 1 +v 0

C
Adding the term —78 / v? on both sides of the equality, taking into account Lemma, 7.4
Q

and multiplying the before equality by e

i <e(2—05)t/v2> +2e(2—Ca)t/ |Vv|2§2|u|(3’|1“2|e(2_06)t,
dt Q Q

(2-Ce)t e have

where |I's| denotes the d — 1 dimensional Lebesgue measure of I'y. Therefore, integrating
in (0,t) and multiplying by e~ (=9t we get

t
/UQ(t)+€—(2—Cs)t2/ (6(2—(]5)5/ ’Vv|2)d3§
(7.12) Q . 0 0
(shicion) [ c-comgs)e-o-con . [ ge-a-con
0 Q

In particular, from (7.12) we obtain

t
(7.13) e—(2-Co)t /0 (e(2-C2)s /Q Vol2)ds < C(lvolla)-

Next, we multiply the u-equation by u and we integrate in the space variable

4 u2:—2/|Vu|2—i—2/V(u)Vu-Vv—2/ V(u) v +/2>\u2—2/u3.
dt Jo Q Q Ty I+v  Jg Q
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Adding 2 / u“ on both sides of the equality we have

— u2—|—2/u2 = —2/ yvu\2+2/ V(u)Vu-Vv—2/ V(u) Y +2/((A+1)u2—u3).
Q Q Q Q rs I+wv Q

Owing to |V (s)| < C for almost every s € R and the inequality (A\41)s?—s3 < C = C(\)
for all s > 0, we deduce

(7.14) /u+2/u< 2/\Vu]2+0/

The boundary term is bounded by the following expressions

uv
Clul/ o uge/ @+ C(e),
r, L+ Iy Iy

using that for every € > 0 there exists C(g) > 0 such that s < es?+C(¢) for every s € R.

Moreover,
5/ u2§0<€/u2+€/|Vu\2>.
Ts Q Q

Taking account the previous estimates in (7.14) we get

1+

d
| —|—(2—C€)/u < (Ce—2) /|vu|2+c/2|vuy|w|+0()
Q

Then,

jt u+(2—05)/9u < ((C+1)e—2 /yvu|2+c /]Vv|2+C()

(2—Ce)t

Multiplying this inequality by e we have

d < (2—Ce)t /u2) SC(8)6(2_C€)t/ |V’U|2+C€(2_06)t,
dt Q Q

and integrating in (0,¢) we obtain

¢ ¢
6(2_05)':/ ug—/u% < C(E)/ (6(2_05)8/ ]Vv]Q)ds—i—C/ e2=Ce)s s,
Q Q 0 Q 0

At this point, thanks to (7.13),
[ < luolfge @0 4 (o) + €
Q
and the Lemma is easily concluded. [

Lemma 7.6. Lety € (1,00), and t € [to, Tinaz) forto > 0 small enough. If [u(t)|, < C,
then
v lwrpea < C,

where

d
d)=y——— VYe>0.
p(v,d) Yi 1y E7
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Proof. System (7.8) has a local classical solution (u(t),v(t)) defined in (0, Tinaz). So,
we pose the nonhomogeneous linear problem

ve—Av 4o = f(t) := —cu(t)v(t) in Q x (0,Tax)
P _y on Tt x (0, Tinas),
(7.15) on
' A on Ts X (0, Thae)
an_g ‘_/‘I’l_i_v(t) 2 9 max )y
U(x70) = UO(m)a n 0,

which we simply denote

vy —Agv = f(t) in QX (0, Thaz)
(7.16) Bov = g(t) on I' x (0, Tinaz),
v(x,0) =vo(x), in £,

(Ao, By) generates an analytical semigroup whose generator is Ay € L(L7(f2)) with
dom Ay = ker By. The operator Boy|rera, : Ker Ay — W1*1/7’7(6Q) is an homeo-
morphism and we denote B its inverse operator. The generalized variation-of-constants
formula gives, for 2a € (1/7,1+ 1/7),

t
(7.17) v(t) = e a1y 4+ / e~ (- Aa (f(1) + Aa—1BGsg(T)) dr,
0

and (7.17) is well defined for (f,g) € C((0, Trmaz), ,3%32 x OW2*) ([7], pg. 63). Note
that it follows from (7.8) of [7] and (7.5) that for —2 < s <0,

(7.18) L7(Q) — W

We choose 3 :=1+ % —e<2a<1+ % Owing to Theorem 7.2, there exists some
0 < 6 < 1 such that
20—2, 2a, ; ;
(WB;] v WB? 7)077 _ Wgo'v — WhB.

So, by (7.3), it holds that

- W

Vo € Wt W = Wit el < C llwl e el
0 0

If we remind (7.6), Wa" = Eo, Wgo > = Eq_1, Aac1 @ Ea — Ea_y and the
semigroup e o1 : E,_ | — E,_;. So, for f € Wég‘flﬂ’ =Fo_1,

—(t— —(t— —(t— 1-0
&0l < Clle DA Ff 0 =D f100,

0 By

Since A,_1 is the generator of an analytic semigroup then it holds that ( [7], Re-
mark 8.6.c))
w20y < CllAa—1w][ 2024 Yw € E,,
Bo By

due to [0, +00) C p(—Ap) (p is the the resolvent set); this claim holds following Theorem
8.5 and (3.1) of [7]. So

e~ Flliyny < CllAqmre™ A0 f a0 g e DA fLL
0 Bo
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Finally, thanks to [59], Theor 1.3.4,

[Aa—1e™C At f 0 oy <C (8= 7) e F17 202s,
Bg Bg

C(t—TVA. 1—6 —5(t—7)(1-0 1-6
||6 (t T) « 1fHWég—2,'y S Ce (t T)( )HfHW;C‘_21'Y7

0

and it results
(7.19) le™ DAt flysn < O (- 1)~ 1 lyyzo-20
for each ¢ € (0,1). Taking norm || - ||;7s.» on both sides of (7.17) and using (7.19), we get
t
(Ol < € nllygano + [ =)0 g2+
HlAa-1B59(7) [y 20-21)-
0

Taking into account Lemma 2.2, (7.18) and the Sobolev embedding W37 (Q) < WhPd)(Q),
we deduce the Lemma. ]

Lemma 7.7. Let o € [1,400). There exists C > 0 such that u(t) € L*(Q2) and
|lu(t)]|oa < C VYt € [to, Tinaz)-

Proof. Fix o > 2. Multiplying the u-equation by cu®~! and integrating in €2, we obtain

4 u® = _4(0_1)/ IV (u?)]? + oo — 1)/ V(u)u® Vv - Vu—
dt Q « QO Q

v
—a | V(uwp ua_1+)\a/uaa/u°‘+1.
/1;2 () 1+wv Q Q

We add / u® on both sides of the equality. Besides, we estimate the boundary term as

(7.20)

follows
ua—l < C ua—l.

v
—a Viu)p
/F2 () 1+’U Ty

At this point, we use the following inequality. Given € > 0, there exists C'(¢) > 0 such
that s®~! < es*+ C(e) Vs € R. Then,

/ ue! Se/ u® 4 C(e)|y
FQ F2
<c (5/(u°‘/2)2+€/ \V(uaﬂ)\?) +C.
Q Q

Using the Sobolev trace embedding and taking account the above estimate, in (7.20), we

have

& s [urs 2O [ wenpsaa-1) [ Vigu9e vus
dt Jq Q «a Q Q

—i—/((a)\—i-l)uo‘—auaﬂ)—i—Cs/ uo‘+C’€/ V)R 4 C.
Q Q Q
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By the estimate (aX + 1)s® — as®t! < C = C(\, ) for every s > 0 we get,

d
— *+(1-C “ <
L v ( z-:)/u

—4
< <((Z)+Cs>/|v (u?)]? + a(« /V w2V - Vu + C.

An easy computation gives
ala — 1)/ V(u)u* " Vv - Vu = 2(a — 1)/ w2 "W (u)Vo - V(u®?)
Q Q

and replacing it in the previous inequality, we obtain
4 uo‘+(1—€)/uo‘<

—4(a—1 o
(7.21) < <(‘2) + a) / IV (u®/?)|? 4 2(a — 1)/ w2 W (u)Vu - V(u?) 4 C.
Q Q
Now, we deal with the second term in the right hand side,

lud V@) Vo V@)l < Cllud gy Vol )7 (@),

7.22 ot o
(7.22) < CE) Ui 13 902 + £V (/)

where

2
0(p) = _]92, p>2.

Replacing (7.22) into (7.21), and considering & small enough, we obtain
d a_

(7.23) @Hua/z\\% + (1= Ce)l[u”|I3 < C(e)[lu? Ml I Voll; + C.

Now, we begin a recursive algorithm. Taking

Y =2,

by Lemma 7.5 u(t) € L*(2), |[u(t)|l2 < C. By Lemma 7.6, v(t) € W'2004)(Q), so, ||Vv\|]2,

is finite. Choosing a < 2—}—% we assure that u2 ' € LI(Q). So, for2 < a < 2+W
we have J
P @3 + (1 =)l (®)]3 < C.

Therefore,
[u®2(@)]13 < [[ulto)*”?|I5 + C.

We have just proved that ||u(t)|o < C for2 < a <2+ g(p?%‘) 77"

Now, we define
270

0(p(70,d))”
Owing to the previous reasoning, we have that u(t) € L (). So, by Lemma 7.6 v(t) €

Whrind)(Q). If we choose o < 2 + m we will assure that u®/2=1(t) € L(Q), and

v =24+
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by (7.23) we obtain that for 2 < a <2+ m, u(t) € L*(Q) and ||u(t)]|o < C.
By a recursive algorithm we get that u(t) € L*(2) and ||u(t)||o < C, for every a with
2<a<24 2 _ and

0(p(vn,d)) 5
Yn—1
Vo =24
0(p(yn-1,d))
Using that
d

n-1,d) = Wm-17————",
p(Yn-1,d) =7 L g

we have that
_ 1 2e n 2
Yn = Yn—1 d d’

The limit of ~, is %, so for € > 0 as small as we want, we have that u(t) € L%(Q2) and
|u(t)]|o < C for all a € [1,400). "

Remark 7.8. Consequently, by Lemmas 7.6 and 7.7, we have obtained that u(t) €
LP(Q), Vv € LP(Q)N, for every p € [1,+00).

In the following result we obtain a better bound of w, a L*°-bound. Let p > 1 and
define
B:=-A+1,

with domain
D(B) == {u e W??(Q) : du/On =0 on 90} .

For each 3 > 0, define the sectorial operator B? (see [59]) and
X5 := D(B®) with the norm ullx, = | BPul,.
Lemma 7.9. Let 203 < 1, then for t € [to, Tinaz) we have
[u(®)]lx, <C
Proof. We have that
u(t) = e Bug + /0 t e BV . (V(u)V) + (A + Du — u?)dr,

and so

lu(®)llx, < lle™Puollx, + /Ot le™ DBV - (V(@) Vo) + (A + Du — u?)dr | x,.
First, by [59, Theorem 1.4.3]

le™Pugllx, < CtPe™|ug|l,,

and
le” DB+ Du— u?)|x, < (8 —7)Pe (N + D)lullp + |u?]lp)

where § € (0,1).
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Moreover, by [64, Lemma 2.1] we obtain

le= DB (V- (V(w)Vo)llx, < Clle” A=V - (V(w) V)| x,
< O(e)(t =) 2 Pmee 2DV () Vol

where € > 0 such that —1/2 —  — e > —1. Then,

t
[u()llxs < Ct‘ﬁe‘“llwllﬁc/ (¢ =) e DV () Vo |+

(7.24) A
H(t = 7) P2+ D ullp + [[w?]p)dr

Now, observe that
IV (u)Voll, < ClIVollp.

Finally, thanks to Lemmas 7.6 and 7.7 we easily conclude the result from (7.24).

Theorem 7.10. We have that
|u(t)]|oo < C  for allt € [0, Thaz),
and consequently we have proved the global existence.
Proof. Let p > N, 23 € (%, 1). Since 203 > d/p we have by [59, Theorem 1.6.1] that
X5 — C(Q).

Thanks to Lemma 7.9 we have that ||u(t)||ec < C for t > to > 0. Moreover, the local
existence Theorem yields ||u(t)||c < C for t < ty. Therefore, ||u(t)||cc < C for all ¢ > 0.
Then, this result and Lemma 7.4 prove the global existence criterium (see (7.7)).

"
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Consider now the stationary problem

(

—Au = —div(V (u)Vv) + Au —u? in Q,
—Av = —v — cuv in €,
ou  Ov
(7.25 ou _ov _
) on an on Fl,
@ = @ = Y on I’
L an~ 7 oan Mo 2

First, we need to introduce some notations. For a € (0,1) we denote
X; = {w e Q) : dw/On =0 0on 00}, Xo:={w e C?* Q) :0w/0n=0onT1}

and finally
X = X1 X XQ.



112 Chapter 7. Nonlinear chemotactic response and nonlinear boundary

Moreover, given a function ¢ € C(2) we denote by

ey = maxc(x), cr :=minc(x).
Q Q

We are interested in solutions (u,v) € X of (7.25) with both components non-negative
and non-trivial. Observe that thanks to the strong maximum principle, any component,

u or v, of a non-negative and non-trivial solution is in fact positive in the whole domain

Q.
Consider functions m € C%(Q), g € C'T%(T'y) and the eigenvalue problem

—A¢p+m¢op =Ap in €,

9¢

(726) % =0 on Fl,
aﬁ +g9p=0 on I's.
on

We are only interested in the principal eigenvalue of (7.26), i.e., the eigenvalues which
have an associated positive eigenfunction. In the following result we remind its main
properties, see also Chapter 2, [4] and [27].

Lemma 7.11. Problem (7.26) admits a unique principal eigenvalue, which will be de-
noted by A\ (—A + m; N, N + g). Moreover, this eigenvalue is simple, and any positive
eigenfunction, ¢, verifies ¢ € C>T(Q). In addition, A (—A +m; N, N + g) is separately
increasing in m and g; if m = Ko with ¢ > 0 in Q then

(7.27) A A=A+ Ko NN+ g) = +oo.

Moreover, we are going to consider the following Steklov eigenvalue problem with
eigenvalue on the boundary

—Ap+mep=0 in Q,

o¢

(7.28) an 0 on I,
d
99 +9¢ =pp onTh.
on

It is well-known that there exists a principal eigenvalue of (7.28), we denote it by
p(=A+m; NN + g).
It is clear that p is a principal eigenvalue of (7.28) if, and only if,
0= (=2 +m NN +g— p),
and that thanks to Lemma 7.11
(7.29) 0> M(-A+m;N,N+g—p) <= pn>m(—A+m;N,N+g),
and analogously,
0<M(—A+m;NN+g—p) <= p<m(—A+m;N,N +g).

Finally, we need to introduce the next notation: for a solution Uy of a nonlinear equation,
we say that it is stable if the first eigenvalue of the linearization around Uy is positive,
and unstable if it is negative.
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7.4.1. Semi-trivial solutions

Apart from the trivial solution (u,v) = (0,0) of (7.25), there exist the semi-trivial
solutions. It is clear that if v = 0, then u verifies

—Au= X u—u?® inQ, @:O on 012,
on

that is w = . Hence, (), 0) is a semi-trivial solution of (7.25).

On the other hand, when u = 0 then v satisfies the equation

—Av+v=0 in{,

ov

(7.30) o =0 on I'y,
ov v
@ Ty,
on Ml + v on k2

This equation was analyzed in [98] with T';y = @; we include a proof for reader’s
convenience and some useful estimates.

Proposition 7.12. There exists a positive solution of (7.30) if, and only if,
p> = (=A+ LN,N).

Moreover, if the solution exists, it is the unique positive solution, and we denote it by 0,,.
Furthermore, 0,, is stable for p > pq , i.e. ,

(7.31) M (=A+ LN, N = u(1/(1+6,))%) > 0.
Finally,

1 Iz > 1 (u ) :
7.32 ——1 <40, < — -1 , in €,
e e e sas g (1) e

where @1 is a positive eigenfunction associated to .

Proof. Observe that if v is a positive solution of (7.30) we get

1
= —_ 1' —_
0 /\1( A+ 7N,N M1+v)a

and so p > 0. Moreover,

OZ)\l <—A+1;N,N—,u1iv) > )\1(—A+1;N,N—M)

and then by (7.29), u > 1.

To prove the existence of solution, we apply the sub-supersolution method. Take ¢
a positive eigenfunction associated to pi. Then (v,v) = (g1, Mp1) is sub-supersolution

of (7.30) if
@ p

e =M and K > )
1 lloo (e1)r
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The uniqueness follows by an standard argument. Indeed, observe that the map s —
us/s(1+s) = u/(1+ s) is decreasing.

To prove the stability, linearizing (7.30) around 6,,, we need to prove that
M(=A+ LN, N = pu(1/(1+6,))%) > 0.

For that, observe that v = 6, is a strict-supersolution of the following problem

—Av+v= in Q,

gl: onfl,
n

v 1 2

— - = Is.

on M<1+9u> v=0 only

The next result provides us with a priori bounds of the solutions of (7.25) and bounds
in the space X.

Lemma 7.13. Let (u,v) a coexistence state of (7.25). Then,
(7.33) u< A and v<0,

Moreover, consider that (\,p) € K C IR? compact. Then, there exists a constant C
(independent of X and p) such that for any solution (u,v) of (7.25) we have

I, )l x < C.

Proof. That v < 6, is clear. On the other hand, observe that the first equation of (7.25)
can be written as

—Au=—V'(u)Vu-Vv—V(w)Av+Iu—u? = —V'(u)Vu-Vo—V(u)(v+cuv) + Iu —u.
If we denote by T € Q such that u(Z) = maxgu, we have that (see Lemma 2.1 in [78])

V(u(@))

8|

(7.34) w(™) < A — v(Z)[1 + cu(T)],

u(T

~—

whence we can conclude that v < A. This completes the proof of (7.33).

Suppose (A, 1) € K C R? compact and let (u,v) be a solution of (7.25). Then, we
have that v and v are bounded in L*>(Q2) for some constant C' not depending on A or f.
Now, going back to the v-equation and using the WP (2)-estimates, (see Theorem 2.15)
we get

[ollwrr < O = v = cuvlly + [|pv/ (1 +v)[lp00) < C.

On the other hand, since W1P(Q) < W=1/PP(9Q) we have that

v/ (X +0)l[wr-1mra0) < Cllwv/ (1 +v)llwre < C,
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where we have used that the map G(s) = s/(1 + s) is differentiable, G(0) =0, |G'| < C
and the chain rule in Sobolev space. Hence, for p large

[ollery < Cllvllwzr < C(] — v = cuvllp + lpv/ (1 + 0)[wr-1/pp00)) < C-
But, the u-equation in (7.25) can be written as follows
—Au+ V'(u)Vu - Vo = — u® = V(u)(v + cuv)

and thus, u is bounded in W2P(Q) for all p > 1, and so in C'(Q2). Now, again using the
v-equation and the Schauder Theory in Holder spaces (see [57]), v is bounded in X3, and
finally v in X; with constants independent of A and u. =

As an easy consequence of the above result, we have

Corollary 7.14. If A <0 or u < py then (7.25) does not possess positive solution.

The following result will be crucial in the existence result:

Proposition 7.15.  a) Assume that V'(0) > 0 and fiz X > 0. Then, there exists po(\)
such that (7.25) does not possess coezistence states for > po(X).

b) Fiz p > p1. Then, there exists Ao(p) such that (7.25) does not possess coexistence
states for A > Ao(u).

Proof. 1. Fix A > 0 and assume that there exist a sequence p, — co and coexistence
states (up,vy) of (7.25). Denote by x, € Q such that u,(z,) = ||un| - Then, by (7.34)
we have

V([[unloo)

7.35 U +

Un(@n) (14 ¢f|unfloc) < A

Moreover, we know that u, < A, and so
—Avp, + (1 4+ cAN)v, >0,

and so, by a similar argument to the proof of Proposition 7.12, we get that
Hn
vp(x) > < —1- c)\> o1(z),
H1
and so by (7.35), we have
V([[unll)

U +

(1+ ¢|lun| ) <Z" —1- c/\> ©1(zn) < M.
1

Since 1 > 6 > 0in Q and 1 + c||unlleo > 1, we obtain that V(||unlleo)/|[tnllcc — 0,
which is impossible due to V'(0) > 0.

2. Denote by u,, = mingcq u(x). With a similar argument to the used one to prove
(7.34) we get (see again Lemma 2.1 in [78])

V (um)

Um

A< upy+ v(Tm) (1 + cty).
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Since v < 60, if A — oo then u,; — oco. On the other hand, since v is solution of the
second equation of (7.25) we have

0=\ <—A+1+cu;/\/,/\/—liv> > M(—A+ 1+ cup; Ny N — ).

But observe that A\j(—A + 1 + cup; N, N — pu) — 0o as A — 00, a contradiction.
|

Finally, another eigenvalue problem is analyzed

—A¢ +div(V'(0)VO,0) = XA¢ in Q,
(7.36) 0¢

— =0 on I'1 UTs.

on
Fix p > p1, we denote the principal eigenvalue as A(u) and extend A(p) = 0 for p < .

Observe that A(u) = 0 when V/(0) = 0. In the following result we show some properties
of A(u).

Proposition 7.16. Assume that V'(0) > 0. Then

lim A(u) = co.

p—00

Proof. Under a change of variable ® = e (see [41] for references about this change

of variable), we get

V/(O)Q
4

V'(0) V') 6

Ap) =X (-A 2 ; ).
() /\1< + Vo,|” + 5 0, NN + 5 M1+9u
And so, using (7.32) and (7.27) we obtain that

V'(0) 4y — 1
2 [lerlloo

Alp) >N\ (—A—i— <p1;N,N> — 00

as [ — 00. L]
Now, finally we denote by
F) == m(—A+1+c\N,N).

It is clear that F'(0) = p1, and that A — F()) is increasing and limy_, o F'(\) = +oo.

The main result is:

Theorem 7.17.  a) Assume that V'(0) > 0. Then there exists at least a coexistence
state if

(7.37) (A= A(w))(n = F (X)) > 0.

b) Assume that V'(0) = 0. Then there exists at least a coexistence state if X > 0 and

(7.38) 1> F(A).
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(@S] .0 [[@s]] .0
A . A +

00, 0.0,

AW A

>V
>V

Case a) Case b)

Figure 7.1: Bifurcation diagrams: Case a) V'(0) = 0 and Case b) V/(0) > 0.

Proof. We fix y > p1 and consider A as bifurcation parameter, see Figure 7.1 where we
have drawn the two bifurcation diagrams.
First, we apply the Crandall-Rabinowitz theorem [35] in order to find the bifurcation

point from the semi-trivial solution (0,6,). Consider the map F : R x X7 x Xy
CY(Q) x C¥(Q) x C*(T'3) defined by

F(\u,v) = (—Au + div(V (u) Vo) — Mu + u?, —Av + v + cuw, g:; — AT —T—v> )

It is clear that F is regular, that F(\,0,60,) = 0 and

—A& + div(V'(ug)EVog + V(ug)Vn) — A + 2up€

D (u,0)F (Ao, w0, o) ( f; ) = —AaTIn-F n+ culoT] + cvpé
0 2

Hence, for (ug,vo) = (0,6,) and Ao = A(p) and we get that
Ker[D(y ) F (Mo, 0,0,)] = span{(®1, P2)}

where @, is an eigenfunction associated to A(u) and @9 is the unique solution of

(—A + 1)(132 = —60#@1 in €,
0P

87712 =0 on I'y,
0P,

T (1/(146,))°®3 =0 on Is.

Observe that @7 is well-defined by (7.31). Hence, dim(Ker[D(, ,)F(Xo,0,0,)]) = 1.
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On the other hand, observe that

§ _5
Dx(u,w)F (Ao, uo; vo) ( ) =| 0
1 0

We can show that Dy, ,)F (Xo,0,0,)(P1, P2)" ¢ R(D(y ) F(Xo,0,6,)). Indeed, suppose
that there exists (&, 1) € X such that D, ) F(Xo,0,0,)(&,n)" = (—1,0,0), and so
—AE+ V'(0)div(EVE,) — Mof = —B1 in Q, 9E/In =0 on I

Under the change of variable £ = eV (D%, the above equation is transformed into

—div(eV 0% v¢) — MgV D¢ = —d; in Q,

(7.39) o =0 on I'q,
s , 0,

= Is.

o +V (0)u1 gﬂg 0 on I'y

In a similar way, since ®; is an eigenfunction associated to A(u) we can make the change
of variable ®; = e®%1);, and (7.36) transforms into

—div(e®uVip) = Age®Prepy  in Q,

oy
Wl ! 9#

= Ts.
n +V(0)M1+0Mw1 0 onTy

Now, multiplying (7.39) by ¥ and (7.40) by ¢, and subtracting we get

Oz/q)lwb
Q
an absurdum.

It can be showed that R(D,.)F (Ao, 0,0,)) has co-dimension 1.

Hence, the point (A, u,v) = (A(n),0,6,) is a bifurcation point from the semi-trivial
solution (0,6,).

Now, we can apply Theorem 4.1 of [72] and conclude the existence of a continuum
CT C R x X7 X X5 of positive solutions of (7.25) emanating from the point (\,u,v) =
(A(p),0,6,) such that:

i) CT is unbounded in R x X7 x Xo; or
ii) there exists Ao € IR such that (Aso, Ao, 0) € cl(CT); or
iii) there exists A € R such that (},0,0) € cl(CT).

Alternative iii) is not possible. Indeed, if a sequence of positive solutions (A, up,vy,) €
cl(C*) such that A, — X and (uy,v,) — (0,0) uniformly, then denoting by
vn

)
|Vl

Vo =
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and using the elliptic regularity, we have that V;, — V > 0 and non-trivial in C?(Q) with

ov ov
—AV+V =0 inQ, — =0 onl'y, — =uV only,
on on
and so u = p1, a contradiction.

Fixed p > p1, we know by Corollary 7.14 and Proposition 7.15 that (7.25) does not
possess positive solution if A < 0 or A is large. Moreover, by Proposition 7.13 it follows
that CT is bounded in X uniformly on compact subintervals of A\. Hence, alternative
i) does not occur. Therefore, alternative ii) holds. When this alternative occurs, there
exists a sequence (A, un, vy) of solutions of (7.25) such that (An, un, vn) — (Aso; Aco, 0).

Denoting by
Un

bl
||vnHoo

V, =
we obtain that V,, — V in C%(Q) with
(FA+14cAe)V=0 inQ, 9V/On=0 onTly, 9V/On=uV onTy,
that is, 4 = F(Ax). So, we can conclude the existence of a coexistence state for
A € (min{A (), Ao b, max{A (1), Aoo}).

Observe that if V/(0) = 0 then A(x) = 0. This completes the proof of the theorem.

In Figure 7.2 we have drawn the coexistence regions, denoted by A, defined by (7.37)
and (7.38) in Theorem 7.17 in both cases: Case a) V/(0) =0 and Case b) V'(0) > 0.

u A u A A=AGW)

u=F(A) u=F(A)

p1 p1

Y

Y

Case a) Case b)

Figure 7.2: Coexistence regions: Case a) V/(0) = 0 and Case b) V’(0) > 0.

7.4.2. Local stability
We study the local stability of the trivial and semi-trivial solutions.

Proposition 7.18.  a) The trivial solution of (7.25) is stable if A < 0 and p <
and unstable if A >0 or > .
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b) Assume that A > 0. The semi-trivial solution (\,0) is stable if u < F(\) and
unstable if p > F(N).

c) Assume that g > p1. The semi-trivial solution (0,0,) is stable if X < A(p) and
unstable if X > A(p).

Proof. We only prove the third paragraph in the result, the other ones are similarly
followed. Observe that the stability of (0,6,) is given by the real parts of the eigenvalues
for which the following problem admits a solution (£,7) € X \ {(0,0)}

—AL+ div(V'(0)VuE) — A =0f in O,

(7.41) (A +1+cb)n=o0n in Q,
' 0 1 \?
I

Assume that & = 0, then for some j > 1 and we have

1 2
o =\ _A+1+69“’N’N_“<1+9M> )

1 2
> A\ —A+1;/\/,/\/—u<1+0 > ) > 0.
I

Now suppose that & # 0, then from the first equation of (7.41) we get that A + o is a
real eigenvalue associated to (7.36). Since A < A(u) it follows that o > 0.

Assume that A > A(p). Then,
o1 := M (—A+div(V'(0)VE,) — 3N, N) < 0.
Denote by £ a positive eigenfunction associated to o1, that is
—AE+div(V/(0)V,E) — A =016 inQ, 9/ =0 on .

Since o1 < 0, then

1 2
M <A+1+00u01;/\f,/\/',u(1+9 > ) >0,
"

and so there exists 7 solution of

. on 1 2
(A +1+cly)n=o01n inQ, (‘)n:'u<1+9u> n on I's.

Then, o1 < 0 is an eigenvalue of (7.41) with the eigenfunction associated (&,7), so (0,6,,)
is unstable. L]
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7.5. Convergence to the semi-trivial solution (\,0)

Now, we deal with the convergence to the semitrivial steady-state (A,0). Through
this section we assume the condition (7.10).

Lemma 7.19. Let v € (1,400), € (1,1 +1/v), p € [0,p1) and 0 < § < p < ap)
where a(u) € (0,1] is the application

alp) = M(—A+ LN, N —p).
Then, there exists C > 0 such that, for t > 0, the v-solution to (7.1) satisfies

lv@lly < Ce vl
lv®)llwsr < CA+t%)e|volly,

where § = 6(5) € (0,1).

Proof. The solutions to the problem

wy —Aw+w=20 inQX(O,Tma:v)a
ow
—_—_ =0 on Fl X (O,Tmaz)a
(7.42) gn
: ow
% = uw on I'y x (O,Tmax),
w(m70) = ’Uo(.’]}‘) in Q,

are supersolutions to the v-equation of (7.1), therefore v < w. Now, we define the
sectorial operator
Ap=—-A+1.

Therefore,

w(x,t) = e ey,

Picking D(A,) = Wé’(i), where

ou
B(p)u = {(9” on I'y, 5, ~ Huon Fg}

and thanks to [59, Theorem 1.3.4] we have the first assertion. For the second assertion
we take into account (7.18) and we argue as in Lemma 7.6 to infer

t
(743)  [lo(®)]lwsa < e fvoll, + Ce&/o (=) Uy + g(m)l5)dr
where f and g are as in Lemma 7.6. Observe that we have

(7.44) LF ()l < Cllvlly < Ce™Tlvolly,

(7.45) lg(m)lly < llolly < Ce™Tlvolly
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Putting the estimates (7.44) and (7.45) in (7.43) we obtain

t
lo(®)llws. < Ce™t?luoll + Ce&\lvoHv/ OOt — 1) dr.
0

Now, by the choice of  and p we have / @7 (t — 7)7%dr = C' < +00 and the Lemma
0

easily follows. ]

Our purpose is to show the convergence to the steady states for w. To this end we
distinguish separately the cases A =0, A > 0.

7.5.1. Case \ =0.
Lemma 7.20. Let 7,k > 0 and y € C(7,+00) N LY (7, +00), v € L*(7,+0c0). If

t+k
lim (Iy(s)| + I/ (s)])ds = 0

t——+o0 ¢

then lim |y(t)| = 0.

t——+o00

Proof. Let us assume that . liin ly(t)| # 0, then there exists a sequence {t, }nen, tn —
— T 00
400, such that
ly(tn)| > C >0, ¥n>n.

We pick 6 € (0, k], then for all n > ng we have

tn+0 tn+k
y(tn + 0)] — [y(E)]] < ly(tn +0) — y(t)] < / W/ (s)]ds < / 1 ()l ds.

Therefore |y(s)| > C/2 for all s € [t,,t, + k]|, n > ng. The last assertion contradicts the

fact that
tntk

lim ly(s)|ds = 0.
n—-+0o00 tn
Theorem 7.21. Assume that 0 < p < p1 and A =0, then

lim_[Ju(t)l s =0,

t——+o0

for anym <1 and p > 2.

Proof. After integrating in the space variable the u-equation of (7.1) we get

b= o) < ¢

/Vuv /2
u”.
r, 1L+v Q
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So, integrating the last expression in the time variable between (7,t) we obtain

N T

In particular from (7.46) we have

(7.47) / /QuQ < fu(@)| V> 7

On the other hand, multiplying the u-equation of (7.1) by uw and integrating in the space
variable we obtain

2dt/ / (= VUl + V(u)Vo - Vu — u?) — / Vl(vfzv

< e—1)/ IVl + Cle )/ Vo2 /F Vl(i)zv—/gu?

d
2dt

(7.48)

Therefore, we infer

24 (10 / Vul? < C@) ol s,
Q

and after integrating in time, thanks to Lemma 7.19 we obtain

/Q u(t)? — /Q u(r)2+(1—¢) / t /Q [Vul? < C(e) / t(1+s‘9)2e‘258HvoH§

In particular we deduce
t
/ /ywﬁgc vt > T
T JQ

Now, using the fact that ||u(t)HC(§) < C for all t > 0, we have

d
/u2 c/ |Vu2—|—C’(e)HUH%V1,2+Cu/ V(“)”+c/u2

r, L+v
Thanks to (7.46), we get
d
2dt /Q

(7.49) / t

Finally, estimates (7.47) and (7.49) together with Lemma 7.20 entail

<C Vt>r.

(7.50) Jim flut)]2 = 0.

Also thanks to Hu(t)||c(§) < C for all t > 0 we obtain

(7.51) Jim ut)], =0, Vp>2.

We observe that Lemma 7.9 together with the embedding Xz — WkP (see for instance
[59, Theorem 1.6.1]) assures that

(7.52) lu(®)||pyre <C VE <1, p>2.
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Next, the Gagliardo-Nirenberg inequality entails
[u(@)lwms < Cllul)|[Fyrsllu@)]; ™,
for m < k6, 6 € (0,1). Therefore, we have

(7.53) i [u(®)lwes < C lim ()i =0

Remark 7.22. Let us point out that if we pick m such that m —d/p > 0 then W™P(Q)

is embedded C(£2).

7.5.2. Case )\ > 0.

In order to do that we impose the following condition. Assume that there exists tg
such that

(H) u(t) > 09 > 0, Vt > to > 0.

Next, we show the long time behavior for u under the hypothesis (H) and after we will
give sufficient conditions on V' (u) that imply (H).

Theorem 7.23. Let 0 < pu < p1 and assume the the hypothesis (H) is satisfied, then
there exists 60 > 0 such that

(7.54) |w(t) — N|yme < Ce?,
forallt >ty and any m <1, p > 2.

Proof. On multiplying the u-equation by u — A we have

d
— [ (u—=N?= —/ |Vu]2+/V(u)Vv‘Vu—
[ V=N - [ -y
r, 1L +wv 0
(7.55) 1 vV 2
1 2, VIS 2
< |Vul® + |Vou|“+
2 Ja 2 Ja
2

[V () (= ) l2.r, < /F 2 <1+>>/ - /Q u(u — \)?.

Having in mind that (14 v)? > 1, the hypothesis (H) and the Sobolev trace embedding
W2(Q) — L*(69)
we get

(7.56) (u— N)? + 26 / (1= N)? < Cllo3n + uCllvflwr
Q

dt Jo

Easily, from Lemma 7.19 we can deduce

lu(t) = I3 < Ce™®
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for 0 < 01 < min{2dp, }. At this point we can argue exactly as in the end of Theo-
rem 7.21 to conclude. u

In the rest of the chapter we give conditions on V' that imply (H). Such conditions on
V involve only the behavior of V' around zero. Roughly speaking we require a superlinear
grow of V around zero. From now on we assume that there exist C, 09 > 0, k > 1+ d/2,
j > d/2 such that

(H1) 0<V(s)<Cst, |V'(s)| < Cs’
for all s € (0,0dp).

Remark 7.24. The condition (H1) is satisfied, for example, for functions

with a > 1+ d/2.

Lemma 7.25. Assume that 0 < p < py and that (H1) is satisfied then (H) is verified.

Proof. Let § > 0 a constant to be fixed. Given a function f, we define the negative
part of f as follows f_ := min{f,0}. Our purpose is to show that ||(u — )—(t)||ecc < /2
for every t > ty which implies this claim. In order to obtain the previous estimate we
multiply the u-equation by (u — 0)_ and we integrate in the space variable to obtain

d
o0 Q(u—é)%: —/Q(Vua— V(u)Vva)‘V(u—é)_—i-
+/ (%—V( )8n> (u—5)+/Qu(A—u)(u—5)
_ / |V(u6)|2+/ V() Vo V(u— ) —
/FV u—5)—|—/gu()\—u)(u—5)
_ /;|v /95 V) Vo - V(- 6) —
uf T <u><u—5>_+Au<A—u><u—6>_,
where
Qs ={xeQ: ulx)<d}, Ts:={zels: ulzr) <d}.
Next, we get
o [0 < =) [ WP +oe Qév%u)mﬁ—
_“/n; HUV(U)(u—a)_+/u(A—u
— u — _2 su 2 U2
< (e [ [Vu=d)-F+c( s Vs /rw

—u/m SV =0+ [ u—wu=0)-
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Let
f(8) := sup VZ3(s).
s€(0,9)
We obtain
d 2 2 2 ?
o Q(u—é)_g (e—1) /\Vu— _|*+C(e /|VU| +M€/F2(1+U)+
+,uC(E)/ V(u)Q(u—5)2_+/u()\—u)(u—5).
T's Q

Thanks to the Sobolev trace embedding W12(Q) — L?(9€) and having in mind that
(v+1)? > 1, we have

/F2V(u)2(u— 5)? <c</v2

+ [ o2 vy +2v2<u>>rv<u—a>_12),

Q

2

~ v

MG/F A+o? < Cpelv|[fye.
2

Therefore, we obtain

% (=02 < (e—1) /yvU— 5)_2 + C(e) /\W\2+0“1|v\w12+
~)/v2 +c~)/ = 02V (u)? + 2V (u)) |V (u — 5)_[2+
/ —u)(u—0)_.
Q
Let

g(6) == sup (2(s —6)2V'(s)® + 2V3(s)).
s€(0,9)
Hence, taking into account that —d < (u — d)_, we get

d

5)
2 (=82 < (+C@0) =) [ [Vlu=8)-F + (COFE) + idlolfyra+

1
+/Q w(u —8)_ <)\ —u—C@) Vif“) 5)

Observe that if

(7.57) C(e)g(d) <1—e
and
(7.58) C(E)VZS(S)(S <A=9 Vs e (0,0)

then, thanks to the strong maximum principle for the u-equation we have u(7) > dg >
for arbitrary 7 > 0 small enough. Thereofore, applying Lemma 7.19 we obtain after
integrating in the time variable that

1w = 8)- ()13 < (2C(€) f(6) + 21u€)C (),
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for t > 7 > 0. We try to prove that
I(u—0)-()]3 < 6%,

for some o > 1. To this end, we impose the following conditions

2
(7.59) 20(76)C(3) < %
and
(52a
(7.60) 2uEC(B) < =5

We have to check that there exist €, €, > 0 such that conditions (7.57)-(7.60) are satisfied
simultaneously. Let us observe that the inequality (7.60) is satisfied for

6204

= 2u00B)

S0,
C(&) = C(B. m)d—>.
Then, we pick € = 1/2, thus C(e) = 1/2. Thanks to (H1), we have

f(6)C(B) = sup. V2(s)C(B) < C&* ().

Hence, for a < k and ¢ sufficiently small the inequality (7.59) is satisfied . Now, owing
to (H1), we observe that

2 2
VE6) s < o) sup s < oo,
S s€(0,6) S

C(e)

So, condition (7.58) can be assured for a < k and ¢ small enough. Now, it is straight-
forward to see that condition (7.57) it is also satisfied for 1 < o < min{k, 1+ j}. Next
we use interpolation between LP spaces to obtain

[ = 0)-llzpo, < Il(w = 8)-[15*](u — &) |13
< gefigl=0 = gi+e-1f

Next, we apply [7, Theorem 7.2] for so = 0 and s; = 1. So, we infer
1w = 8)—llywo.zrer < Cll(w = 8)-lIr,270, I (w = 6)-[l34 4

In order to have W%2/%1(Q) < L>(Q) we pick #; such that

(7.61) 0 — %01 >0

Thus, 6 > %. It should be satisfied also that

(7.62) (1—0)(1+ (a—1)61) > 1.
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So,

1< (1_d§1> (14 (a— 1)01).

After some algebra, it is possible to find 6,6, € (0,1) satisfying (7.61) and (7.62) if and
only if @ > 1+ 4. Therefore using the uniform bound in time in W1P(Q) (that is a
consequence of [7, Theorem 15.5]) and the Sobolev embedding we obtain

0
= 8-l < 5.

for t > 7 > 0. The last estimate concludes easily the Lemma. [

7.6. Interpretation

In this chapter we have analyzed a problem modelling the angiogenesis. For that, we
have included a nonlinear chemotactic sensitivity, a logistic term to model the growth
rate of the ECs and a nonlinear term at the boundary of the tumor. We have shown
the validity of the model proving the existence and the uniqueness of the global positive
solution of the model.

Let us interpret some of our results. Fix the growth rate of ECs, that is, fix A > 0;
then F'(A) is also fixed. Hence, we can define pq () and p2(A) as

pr(A) s=min{p: A=A}, pe(A) ==max{p: A= A(u)}.

It is clear that p;(\) = ua(A) = o0 if V/(0) = 0. On the other hand, remember that
in the case V'(0) > 0 for u > po(A\) there does not exist any coexistence state, see
Proposition 7.15. Our results of local stability, Proposition 7.18, show that when p is
large enough, A(p) > A, then the semi-trivial solution (0,6,,) is linearly asymptotically
stable, and so, this solution indicates the long time behavior of the parabolic problem.

Taking V'(0) > 0 but small, we get that F(\) < ui(A).
With this notation, we know that:

a) In both cases (V/(0) = 0 and V’(0) > 0) for x small, that is u < F()), the TAF
disappears, i.e., if the TAF generated by the tumor is consumed by the ECs.

b) If V/(0) = 0 and p > F()), then both populations, TAF and ECs, coexist and so
the angiogenesis occurs.

c) If V/(0) > 0 and p € (F(X), u1(N)), then both populations again coexist and so
the angiogenesis occurs. However, when p is much larger, p > max{ua(A), no(A)},
then the ECs tends to the extinction, and so the angiogenesis does not occur.

Hence, for p large there is a drastic change of behavior between the cases V/(0) = 0
and V'(0) > 0. Indeed, when V'(0) > 0 and p is large, the ECs are sensible to the
TAF, they move towards the tumor and there, as p is large, the TAF is also large, the
two populations compete and they come into contact and the ECs die. However, when
V’(0) = 0, the ECs are nearly insensible to the TAF call, and so they do not move quickly
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towards the tumor and so they do not come into contact with TAF. In summary, in this
model a case of little sensitivity response and a tumor generating a lot of TAF drives

the system to the extinction of ECs in the domain, due to the competition between the
TAF and the ECs.






CHAPTER 8

On a model related to pattern formation

This chapter deals with a nonlinear system of parabolic-elliptic type with a logistic
source term related to pattern formation. We prove the existence of a unique positive
global in time classical solution. Moreover it is proved, under the assumption of suffi-
ciently strong logistic dumping, that there is only one nonzero equilibrium, and all the
solutions to the non-stationary tend to this steady-state for large times.

8.1. Preliminaries

During this work we consider the following system of equations

up = Au— xV - (uVv) + pu(l — u) in Qx (0,7),
0=Av—v+ 4 in Qx (0,7),

(8.1) ou ov b ov (1 Q
%—XU%—T(l—u), 6n—r<2—v> on 082 x (0,7,
u(z,0) = up(z) in Q,

where Q € R? is a bounded domain with regular boundary, j, , 7’ and y denote positive
constants. Since we are interested only in non-negative solutions we assume that ug(x) >
0 in Q. First we observe that

XV-(UVU):X(Vu-Vv+uAv)zx<Vu-Vv—|—u<v— 1—tu>>

So, we may rewrite the system (8.1) as follows

ut:Au—xvu-Vlw—Xu(lj_u—U)+uu(1—u) in Q x (0,7),
(8.2) %:Av—v+11+u , 1 in Q x (0,7),

A _ R

5, = Xur (2 v) +r(l—u), o =" <2 v> on 09 x (0,7),

u(z,0) = up(z) in Q.
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u
Next, in order to avoid the singularity of we consider the penalized function
u

and we consider the system

ut:Au—XVu-Vv+Xu<h(u)—v+M(l—u)) in Q x (0,7),

X

33 0=Av—v+h(u) in Qx (0,7),

(8.3) Ou o (P era—wy, o (20) enoax 1)
on X 2 " on 2 T
u(z,0) = up(x) in Q.

Observe that we may consider the equation for u as a linear equation

U — AU = —xVUa(z,t) + xUb(z,t) in Q,

(89% = xUr'c(x,t) +r(1 = U) on 09.
where
a(z,t) = Vu,
b(z,t) = h(u) — v+ %(1 — ),

Thus, if b(z,t) € L*>(Q2x(0, Tinae)) then, by the maximum principle, U(z,t) = u(z,t) >0
in Q x [0,7") and a solution to (8.3) is a solution (8.2) and viceversa. Now, having in
mind that for positive solutions the systems (8.2) and (8.3) are equivalent if u,v €
L>*(Q x (0, Tmaz)) we will show the local existence theorem for (8.3). Previously we
prove the following result

Lemma 8.1. Let1 < 3 < 2a < 1—|—% and (Wga_2’p, Aq—1) the interpolation-extrapolation
scales generated by Ag := —A + I and the real interpolation functor then

le™ e ullyap < Ce™t " ullyy20-20,
with 0(3) € (0,1) and v € (0,1).

Proof. By Theorem 7.2 we have (W3 W ")y, = Wg’p, therefore, using (7.3)
there exists § € (0,1) such that

—0

“Hetuf| ey < He*tA‘*‘IUHﬁV;a,pHe*tA"‘IUH@Q_Q,p-

e

Next, we apply [7, Theorem 8.5] together with [7, (3.1)] and we get

—tAa— —tAa— 0 —tAa— —0
le™* 1“”ng? < (I + Ag-1)e™ 1“"{/{/;”‘727?”@ oty ‘1/[/;&7247.
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Taking into account that I+ A,_1 and A,_1 are sectorial operators with Reo(I4+A,-1) =
1 + Reo(Aa—1) = 2 then we invoke [59, Theorem 1.3.4]. Thus, there exists v € (0,1),
a € (0,2) such that

L [ A e e A

B
- _ —tAp_1,,|1-6
= P+ Aqer)em Al o™ ot ul o,

< e(@(l—a)—V(l—a))tt_e HUHWQQ—Q,ZJ .
B

Finally, we pick 1 — a = —v and use the fact that Wg P = WP to conclude the proof.
[

Lemma 8.2. Let 1 < < 2a <1+ % then there exists 0 < 1 such that Xg — WPP,
where Xg := D((I + Aq—1)%)

Proof. Arguing in the same manner as we did in the previous lemma we have that there
exists 6 < 1 such that

lullwes < CII + Aam1)ulfyza-sspllullyyza s,

Finally the lemma can be concluded with the use of [59, pg. 28, Exer. 11]. u

8.2. Global existence in time

Theorem 8.3. Let p > d and consider the initial data ug € WHP(Q) with ug > 0. Then
there exists T(||ug||y1.0) such that the system (8.3) has a unique positive local in time

solution

(u,0) € (C([0, 7]; WHP(Q)) N CH((0,7); €+ (),

and u(x,t),v(z,t) > 0 for (x,t) € Qx[0,7]. Moreover, the solution depends continuously
on the initial data, i.e. if u(ug) and u(ug) denote the solutions to (8.3) with inial data
ug and Uy respectively then

[u(uo) —u(@o)ll(c(o,m;wrry2 < Cllug — ol
Proof. The proof of the Theorem it is based on a standard fixed point argument. Let
Xr = C([0,T]; WHP()).
For each f € Xp we consider the operator

S:Xr — C([0,T);W?P(Q))
fo= S8(f)=v,

where v is the unique solution to
—Av+v=nh(f) inQx(0,T),

ov (1
8n—r<2—v> on 00 x (0,T).
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Moreover for each t € [0,7], thanks to Theorem 2.13, the following estimate is satisfied

(8.4) lo@)lw2r < C(#) (Hh(f)llp + ||1/27"'||W1—1/p,p(ag)) :

Next, we consider the operator

HZXT — XT
fo= H(f)=u,

where u is the unique solution to the linear parabolic problem
up — Au=—xVf-Vo+xf(h(f) —v)+pf(1—f) inQx(0,7T),

(8.5) % — <; _ U> +7(1—f) on 90 x (0,T).

Let 2a € (1, 1+ %) Thanks to the generalized variations of constants formula we can

rewrite (8.5) in the following manner
t
(8.6) u(t) = "o tug + / e (DA (G(f,0) + Aao1Byg(f,0))dr,
0

where v : WP(Q) — WI=1/PP(9Q) denotes the trace operator and

0(f,v) =—xVf-Vo+xf(h(f)—v)+puf(l-f),
g(fv) =xfr'(3—v)+r(1—f).

Let us point out that, since A,_18¢ € L(W2~1=1/PP(9Q), Wz *P) together with the
embedding W=1/PP(9Q) — W2—1=1/PP(9Q) then we can assert that A, ;B%y is well
defined for g(f,v) € WP(Q). Next, we define the closed set

Bg = {f €C(0,TEW'(Q)) : |Iflx, < R}.

Now, we have to verify that the conditions of the Banach fixed point Theorem are
satisfied for H.
Step 1. For a given f € BY there exist R,T > 0 such that H(f) C BEL.
From (8.6), thanks to the embedding W5?(Q) — W1P(Q) we get

t
[u(®)llwr» < Clluollwre + C/ e Dt = 1) 0 (I0(F, 0)llyyz0-20+
0
| Aa—1Bvg(f,v) HW;"‘—Q»P)dT‘
Taking into account the embedding W'=1/P?(9Q) — W2=1=1/PP(9Q) we have

[Aa—1Bvg(f,v)llw2a-2000) < Cllvg(fv)lw2a-1-1/p(00)
< Cllvg(f, 0)llwi-1/e0(00)
< Cllg(f,v)lwre

also, having in mind [7, (7.5),(7.8)], we have LP := WP < W3*~"". Thus, we infer

t
B.7) [lu@®lwrr < Clluollwre +C/O e = 1) 0 (I6(F, V)l + 1lg(fv) llwro)dr.
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On one hand we have

8:8)  0(f,0) e < XUIVF - Vollp + IFAp + 1 follp) + nlfllp + 1F2]lp)-

Now, we estimate each term of (8.8) separately

V-Vl <[[VolllV £l
< Clollwree | fllwre
< Clllwerll fllwre
< C([MH))lp + CENNFllwre
< O([MHlloo +CENNf lwrp
< O([[fllwre + COENNS lwr-

The remaining terms of (8.8) can be estimated in a similar way to obtain

(8.9) 100, 0)1lp < COG 7", [ fllw),

with C(x, p, 7', || fllw1.») an increasing function on its arguments. On the other hand we
have

/
X'l"
(8.10) lg(f,v)llwrr < THfHWLP + x| follwre + [I7llwee + 7 fllwre.

The term || fv|[yy1.» is estimated as follows

[follwre < Cllfllwrellvllwre
< Cllflwra (Rl + C())
< Cllfllwre (Lf lwre + C ().

So, we obtain

(8.11) lg(f. )llwre < COGT " [ f lwe),

where C(x, 7,7, || f|lwi.») is an increasing function on its arguments. Now, we plug (8.9)
and (8.11) in (8.7) to obtain

t
[u@®)llwrr < Clluollwry + C(R)/ Ce (¢ —7) " dr

0
< Clluollwro + C(R)T'.

Thus, choosing R > Cllug|lw1» and 79 = T(R) sufficiently small then [julx, < R.
Moreover, ||ul|x, < R for all T' < 75. Now, we fix R > C||lug||yy1.» and T' < 79 is free to
our disposal.

Step 2. H is contractive.

Let f1, fo € BE then, uy = H(f1) € B: and uy = H(f2) € B, and

ul(t)—uz(t)Z/O e UM A1 (9 f1,v1) — 0(f2,v2)) + Aac1BY(g(f1,v1) — g(f2, v2)))dT.

So, we obtain

t
(8.12) [ur (t) — w2 (t)lyre < /0 et —7)70(||0(f1,v1) — O(f2, v2)|lp+
+lg(f1,v1) — g(f2,v2)||lwrp)dT.
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On one hand we have
(8.13)
10(f1,v1) = O0(fa,v2)llp < xIVf2- Vva = V1 - Vuill, + xll f1h(f1) — fah(f2)llp+
+ll fr = follp + pll £5 = flp-

Now, we estimate each term of (8.13) separately

<|[V(fe = f1) - Vallp + [[Vf1 - V(va —v1)p
< C(lJvallw2rllf1 = fallwre + Rllvr — vallyw2.r)
< C(CR)||fr = fellwre + RIIA(f1) = h(f2)llp)-

Taking into account that [[A(f1) = ~(f2)llp < [[(f1)+ = (f2)+lleo < [If1 = folloo we get

IV f2: Vg =V f1- Vo, < C(R)||f1 — follwre-

|V f2- Vo =V f1-Vuillp

For the rest of the terms of (8.13) we can argue in a similar way to obtain
(8.14) 10(f1,01) = 0(f2, v2)llp < C(R)[Ifr = fallwre-
On the other hand we have
lg(fiv) = 9o vo)llwrs < (5 +7) Ifi = Fallwro + x0/llfave = fronllwro.
We deduce

|| fave = fivillwie < llva(fe — fi)llwie + || f1(v2 — v1) 1w
< lv2llwrsellf1 = fellwre + [ f1llwrellva — v1 e
< C(R)|fi = fallwiw-

Thus, we get

(8.15) lg(f1;01) = g(f2, v2)llwre < C(R)|[ 1 = Fallwrr-

Finally, we put the estimates (8.14) and (8.15) in (8.12) to obtain
lur — w2l x, < CRT | f1 = follx, -

Hence, taking T sufficiently small we prove that H is contractive.

Now we deal with the regularity of the solution. Let us fix any ¢t € (0,7) then the

equation for v has the abstract representation

% + (I+ Aa—l)u = f([E,t), U(O) = Uop-

Thus, thanks to [59, Theorem 3.5.2] Cc%(t) € Xp with § < 1. In particular, we have
du(t) € WHP for some 8 > 1, p > d. So, we obtain u € C'((0,7); WLP(Q2)) and since
the v-equation preserves the regularity in time then v € C'((0,7); W'P(£Q)). We observe

that
—Auv(t) +v(t)

ov ,
%(t) + r'v(t)

h,(u)(t) in Q,

% on 0f).
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Taking into account that h(u)(t) € C%(Q) then the elliptic regularity assures v(t) €
C?T(Q)). So, we have proved that v € C'((0,7);C*T*(Q)). Now we rewrite the u-
equation as follows

where
f(t) = (uh(u) — v + pu(l — u) — w)(t).

(u
Since f(t) € C*(Q), r — xr' (3 —v) (t) € C'T*(9Q) and Vu(t) € C*(Q) then elliptic
regularity entails u(t) € C2T(Q).

Next we observe that the positivity of (u,v) is consequence of the maximum principle
for parabolic equations.

At the end we show the continuity respect to the initial data, for this purpose we
argue in the following manner. Let R > C(||luo|lw1.» + |[T@ollyw1.r). We have

(o) (1 ==<f¢Aa1uo+-J/te‘“‘T*“*1<9<u<uoxzwuo»«+x4a18079<u<uox1muo»>df
= e ta-1q 4 f.(f)(u(uo)) — e Ham1yy,
Hence, we infer
) = () 1) v < 2l 421 g — o) s + 1 (o) — H (o))l
Taking supremum on time, thanks to the contractivity of H, we obtain
[u(uo) — u(@o)||x7 < Clluo —ollwre + kllu(uo) — u(@o)|lxr,

with k£ < 1. Also we have

(.16) [(v(uo) — v(@o))(B)llwzr < C@E)[|A(uluo))(t) — h(to(uo))(t)
' < C(t)[u(u0) — u(@0) -
From (8.16) the proof of the continuity can be easily concluded. m

Now we deal with the issue of global in time solutions. To this end we have just to
show that ||u(t)|ly1., < C(t) for all t < Tyae where Thq, stands for the maximal interval
of existence. We observe that

_AU_|_U:1U inQX(O,Tmax)a
) /
% 4oy = % on 9 x (0, Taz)-

Since H (D) H < 1 then [[v(t)||y2r < C for all t € [0, Tynaz)- Next we put the formula

of generalized variations of constants to obtain

t
u(t) = e Matyg + / e~ (" A1 (9 (u,v) + Aq_1Bg(u, v))dr.
0
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So,

t
[u@)llwrr < Clluollwre + C/O e (=) 7010w, ) o + g, 0) )
t

< Clluallws +C [ 07t = 1) u(r) o
0
Finally the proof of global existence concludes with use of Gronwall’s Lemma.

8.3. Asymptotic behavior

Theorem 8.4. If minug(xz) > 0 and
z€Q

2
(8.17) Yo = 7X2—,u<0

@R

where

up = max{maxuo(w),l} , Uy = min{minuo(az),l},
e e

then the solution (u,v) to (8.1) fulfills

1
(8.18) |lu(t) — 1o + ||v(t) — H < —Ceyt In(eg)e™t, >0,
2 W2.p
for any p > 1 and ¢y := %—8
Proof. Let
Fi(u,v) S ) (1 - w)
U, V) = XU — u(l —u
1 ) X 1 +u 1 + o 1%
v u
F = — 1—
2 (1,0) :w<1+v 1+u)+mm v)

and (w,u) = (u(t),u(t)) the solution to the following system of differential equations
up = Iy (ﬂa @)7
(8.19)

with initial data (w(0), w(0)) = (@, ug). Let us decompose the proof of the Theorem into
several steps.

Step 1. We first claim that
(8.20) O<u<mu in (0, Trnaz)-

where T),4. > 0 denotes the maximal existence time. Having in mind that F} and Fb
are regular functions then, at least locally the system (8.19) has a unique solution in
(0, Tynaz)- Since F1(0,u) = 0 and wp > 0 then u(t) > 0 for all t € (0, T)qz). Arguing in
the same manner we can prove that u(t) > 0 for all ¢ € (0, Tjpq.). Finally, it remains to
prove u < u. Suppose that uy = w, then trivially we have u(t) = u(t) = 1 for all ¢ > 0.
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Suppose that Ty > . If w £ @ then there would exist top > 0 such that @(tg) = wu(to).
But then by the uniqueness u(t) = u(t) = v(t) for all ¢ > 0 where v solves vy = pv(1—v),
v(to) = u(to), this means uwy = v, a contradiction.

Step 2. We have

(8.21) w<1<u  in (0, Tpaz)-

Since ;77 is an increasing function, by (8.19) and Step 1, u satisfies u; > pau(1 — ).

Since w(0) > 1, by comparison we get @ > 1. In the same fashion we prove u < 1.

Step 3.  We next show that under assumption (8.17) we have

(8.22) () —u(t) < —ep ' In(eg)e0%0".

On multiplying the first equation in (8.19) by % and the second one by %, we obtain

ﬂt_ u U o\

z X <1+u 1+u> Full =E) 0 (0, Tnaa)
and _

Uy u u .

=t _ — 1— 0,7,

u X<1+u 1+u>+,u( Q) 1n( ) maﬂc)a

for ¢t > 0, respectively. Subtracting the previous equations we get

(8.23) i(an):2x(1_1:u—1iu)—,u(u—u).

Next, we observe that the mean value theorem entails

(5.24) o (e ) =

where £(t) € (u(t),u(t)). Let

Therefore

(8.25) 4 (m “) — (6T — ).

Next, we claim that u(t) > €. Suppose the contrary then the set
A:={t €[0,Thau) : ult) <e}

in not empty and bounded from below because 0 € A. Therefore, there exists tg := inf A.
It is not difficult to infer that ¢y > 0. Thanks to (8.17) there exists k > 0 such that

2x

—=—— 1 <0.
(1—1-60—/{3)2 H
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By the continuity of w and the definition of ¢y we have that there exists dy(k) > 0 such
that u(to + ) > e — k for all 6 < dg. More generally, we have u(t) > ¢y — k for all
t € [0,tp + dg]. Since &(t) > u(t) > €p — k for all t € [0,ty + do] then v(t) < 0 for all
t € [0,to + dp]. Hence, from (8.25) we get

0 _
O

Therefore, taking into account that w(t) > 1, the previous inequality asserts

t
t

E
2

< vVt € [0, o + do).

=
=

(8.26) e < Q(t) Vit € [O,t() + 50]

From (8.26) we infer inf A > ¢y + do, a contradiction. As a consequence of the previous
proof we have that v(t) <~y < 0. Now, we observe that the mean value theorem entails

(8.27) T—u=e""— et = MO (Ing —Inw) = a(t) In (“) ,
u

where 4(t) € (u(t),u(t)). Substituting the term (8.27) in (8.25) we deduce

% <ln (Z)) = A(t)a(t) In (Z) < ~oco In <Z> :

Upon integration this yields

In (ZEQ) < —1In(eg)e0%0",

The above inequality prove that Tinax = +00. Moreover substituting the estimate (8.27)
in the previous inequality we get

a(t) —u(t) < —ey ' In(eg)e".
Step 4.  'We now establish a connection between (8.19) and (8.17) by showing that
(8.28) u(t) <wulz,t) <u(t)  V(z,t) € Qx(0,00).

We consider U = u — @ and U = u — u which satisfy:

__ — u U U
AT = — Vo) =y __u a4 1) — wii(1—a
U,—AU xV (U - Vo) xu<1+u u+1>+XU<1+u U>+,uu( u)—pu(1—7)

since

- u Uu T u - U u n U
—Xu - u —v | = XU - -0,
M ira  ur1) T T rw M\T5e 1+a  u+1

and
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where & (x,t) € (min{u,u}, max{u,u}). Then U satisfies

_ _ o B 1w L
Uy~ AU = —xV - (UVv) +XU((1+£1)2U+ui1 —v) Fu(l—T— )T
i.e.
@2%ZH_AU:_XV(UWO+U<Gf2P+Mﬂ—u—w>+M&éil—0.

Notice that

/Q (“AT + XV - (TV0) Ty =

_ — oU —_0v\ —
_ 2 _ . _ _
/QVU+ X/QUW VU, /6Q <8n XUan> U,

:/ VU+2—>2</VU'VU2+— r(l—u)+xu?)>U+
QO 0 n

oN
— — OV —2 ov\ —
= [ |vO Q—X/ Y 7 G\ it —/ 1- | T
/ﬂ + 9 Q<1+u vIVe =5 J e N r( U)+Xuan +

e L0 Ll (%) ()

In what follows we try to prove that the boundary term in the above equality is non-
positive. To this end, it is enough if v > 1 and v > 1/2 whenever U, # 0. Since U, # 0
whenever u > @ then by step 2, u > uw > 1. On the other hand, let z,;,(t) the point

of the boundary where v attains the minimum. If the minimum of v if attained on the
boundary then, by the Hopf Lemma, we have

ov 1

5y, (Zmin(t),t) = r’ <2 — 0(Tmin(t), t)) <.

Hence, v(Zmin(t),t) > 1/2 and the boundary term in non-positive. If z,;,(t) € Q then

0 < ~80(amin(®)t) = T 1o s — (i),

Therefore,

U(Tmin (1), 1)

(8.30) 1+ u(@min(t), 1)

< v(Tmin(t), t).

Taking into account that U # 0 then u(zmi,) > U > 1. Hence, from (8.30) we deduce

< v(Tmin(t),t)

N

and, as a consequence, the boundary term is non-positive. We take U as test function
in (8.29) to obtain

d —2 - 2 =2 _ = o u
. —_— < _ _
(8.31) th/ﬂU++/Q|VU+| _/SzU+g(u,v,u)+x/S2U+u(1+u v>,
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with

g(u,v, ) ::>2<<1—lifu —U) +(1j_<7721)2—|—,u(1—ﬂ—u).

We try to estimate the last term in the right hand side of (8.31). We observe
— u u
Uiu| —— — < Uiu -
X/Q +“<1+u ”) X/ +“<1+ ”)
2
< U’
w' ([T [ (1))

where in the last inequality we used that fi = —(—f)_. We note that

(8.32)

U 1
—A - =U
vy L+u  —(14&)?2

for some & (x,t) € (min{u, u}, max{u,u}). After multiplying the previous expression by

(v — 195)— we get
2 / 1 u / u \2
— r{=-—v]|v— + v — =
o0 \2 L+u/_ Ja I+u/_

Taking into account that the boundary term is non-positive then, from the above in-
equality we deduce

(8.33) ;/ﬂ(v 1+u> /U2

Plugging the estimate (8.33) into (8.32) we obtain

o () s (e )

The previous inequality provides with the following bound in (8.31)

d . o —_
/UiS/Uig(u,v,u)—l-xeal /Ui—i—/Uz_ .
2dt Q Q Q Q

Since g(u,v,u) < C then

d —2 2 2
2di /QU+ =¢ (/Q Vs +/QU‘)

In the same fashion we have

d 2 772 2
sii Jy L <€ </Q U**/QU>
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Adding the above inequalities and taking into account that (Ug)y+ = (Uy)— = 0, we may
invoke Gronwall’s Lemma to achieve

(8.34) U;=U_=0

which proves the step.

Step 5. Since u <u <wand u <1 < 7w then

(8.35) [u(t) = 1loo <T—u < —¢5 ' In(eg)e™ Wt > 0.

Next we observe that § = % is the unique solution to the problem

NG+ 0=

a0 (1
%_r(—e) on 9 x (0,400).

in 2 x (0, +00),

N

2

Therefore z := v — 0 satisfies

1
—Az+4z= H_Lu—i in Q x (0, +00),
(8.36)

g%_,_r’zz() on 09 x (0, +00),

and elliptic regularity asserts

1

JaOlns < € 50| <l - 1

(t))Hoo

concluding the result. ]

Corollary 8.5. If u > 2x then the solution (u,v) to (8.1) is globally exponentially
asymptotically stable and converges to the homogeneous steady-state (1, %) Moreover, if
w > 2y, then the previous homogeneous steady-state is the only positive solution to the
the steady-state problem associated to (8.1).

Proof. Assume min ug = 0 then, by the strong maximum principle, min u(7) > 0 for
arbitrary 7 > 0 small as desired. Next, we observe that 7y < 2x — ¢ < 0 and thanks to
Theorem 8.4 we conclude the first part. The second part is a direct consequence of the
global stability. n

Another consequence of Theorem 8.4 is the next Corollary

Corollary 8.6. If > X then the solution (1, %) to (8.1) is locally exponentially asymp-
totically stable.
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