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Introduccion

Esta memoria trata sobre la resolucién numérica de diversos problemas
en derivadas parciales no lineales. Se compone de varios trabajos que se
agrupan en dos partes.

En la Parte I, se recoge parcialmente un trabajo llevado a cabo con el
soporte econémico de la Agencia Espacial Europea y el Consejo de Europa,
en el marco de un Proyecto de Investigacién puesto en marcha con motivo
del Plan Espacial Europeo (Contrato de Investigaciéon HERMES RDANE
23/87 entre la Universidad de Sevilla y Avions Marcel Dassault-Bréguet
Aviation: Modelado Matemdtico de la Turbulencia: Validacion Numérica
de la Turbulencia mediante Técnicas Asintdticas. Andlisis Bidimensional
de la Transferencia de Calor en la Zona de Recirculacién del Avion Espa-
cial HERMES). El Responsable Cientifico de este contrato fue el Profesor
E. Fernandez Cara, que también es el Director de esta Tesis. En el desa-
rrollo del trabajo, intervinieron, ademas del Profesor Fernandez Cara v la
autora, los Profesores T. Chacdn, J. Couce, J.D. Martin y F. Ortegén.

Los objetivos del mencionado trabajo son:

(a) La deduccién de modelos asintéticos de tipo M.P.P. para flujos com-
presibles isentrdpicos y para flujos completamente compresibles en
presencia de capas limites turbulentas,

(b) La validacién numérica de estos modelos mediante técnicas de ele-
mentos finitos sobre determinados casos test,

(c) La deduccién de modelos del tipo anterior para capas limites turbu-
lentas.
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Entre otras cosas, se presentan aqui los resultados obtenidos en relacién
con los apartados (a) y (b), que son aquéllos en los que la autora de esta
memoria ha intervenido directamente.

Los cuatro capitulos de que consta esta primera parte se presentan en
su forma original, tal como aparecen en los sucesivos Informes del Proyecto.
La numeracién de las paginas no es, pues, correlativa. En cada capitulo,
las referencias bibliograficas se encuentran al final.

La segunda parte de la memoria, versa sobre la resolucién numérica de
varios problemas elipticos semilineales con no linealidades discontinuas. Se
proponen algoritmos que usan técnicas propias de la dualidad no convexa,
en combinacién con la regularizacion exacta.

Los problemas abordados tienen su origen en diversos campos de la
Ciencia (fisica, quimica, biologia,. .. ) y plantean varios tipos de dificultades:
restricciones que pueden escribirse como pertenencia la frontera de un con-
vexo, ausencia de formulacién variacional, el hecho de que algunos de los
problemas planteados sean no escalares, posible no unicidad de solucién.. ..

Los resultados presentados en esta segunda parte son de varios tipos. En
primer lugar, mencionemos que se recuerdan alginos, de caricter tedrico,
esencialmente debidos a los Profesores M. Delgado, E. Fernandez Cara y
C. Moreno. Por otro lado, se describen y se ponen en practica métodos
numéricos (que utilizan técnicas de elementos finitos). El comportamiento
de cada uno de los algoritmos propuestos es, ademas, ilustrado sobre ejem-
plos significativos.

Los tres capitulos en los que se divide la segunda parte corresponden
a otros tantos articulos ya publicados, o de proxima aparicién y han sido
presentados en su forma original.

A continuacién, describimos de forma mas detallada los contenidos de
esta memoria. Las referencias bibliograficas se encuentran al final de la
Introduccién.



Introduccion a la Parte 1

Hoy dia. se admite que las ecuaciones de Navier-Stokes gobiernan las va-
riables que describen el comportamiento de un flujo compresible (un gas)
practicamente en cualquier circunstancia. Una vez adimensionalizadas. se
escriben en la forma:

atP+V'(pJ)=O

" o 1 -
GQ(p) +V - (puQU)+ Vp= §\— -(pD(u))

o1
dipe) + V- {(e+p)i) = 7=V (@ - D(@) + Eve)

1-—»0 - ; N
e=p(0+3lal"), p=(v-1)p0
donde se ha usado la notacién

D(il) = Vi + Vit - Z(V-a)ld.

w2

Se supone que estas ecuaciones han de verificarse en Q2 x (0,7'), donde
Q) C RV es el abierto ocupado por el fluido v (0.7) es el intervalo de
observacién temporal (N = 2 6 3). Las funciones @(z.t), p(z,t) v p(z,1)
son, respectivamente, el campo de velocidades, la densidad y la presién
y e(z,t) v 8(z,t) son, respectivamente, la energia total v la temperatura.
v es una constante propia del fluido (se trata de la razon de los calores
especificos). Pr v Re son constantes adimensionales que caracterizan el
tipo de flujo. Mas precisamente, Pr es el nimero de Prandtl v Re es el
numero de Reynolds del problema, que viene definido por

i

v

Re



donde L es una longitud caracteristica de 2, U es una velocidad caracteris-
tica v v es la viscosidad cinemdtica. Naturalmente. es preciso completar
estas ecuaciones con condiciones de contorno e iniciales.

El ntimero de Revnolds, Re. determina en cierto modo “clases de equi-
valencia” para distintos problemas de Navier-Stokes. Por ejemplo. si los
flujos de un mismo fluido en dos situaciones geométricas distintas pero
“similares” conducen al mismo numero de Reynolds, las correspondientes
soluciones son “semejantes”. i.e. pueden ser obtenidas cada una a partir de
la otra mediante cambios de unidades v traslaciones. Esto hace posible la
simulacién experimental, a escala reducida. de fenémenos de gran tamailo.
por ejemplo en tineles de viento. Otra ventaja de este hecho es que permite
comparar facilmente resultados numéricos.

El principal interés en disponer de modelos y cédigos informaticos bien
adaptados para la resolucidn efectiva del problema de Navier-Stokes radica
en el hecho de que determinadas condiciones reales son imposibles de simu-
lar en un tunel de viento. Esto ocurre, por ejemplo. con las que se darian
en ciertas fases de la reentrada en la atmdsfera de un avion espacial.

Para numeros de Reynolds por debajo de determinados valores criticos.
el flujo se encuentra en régimen laminar, sin grandes fluctuaciones de ve-
locidad, presién, etc. En este caso, tanto la simulacién experimental como
la numérica pueden efectuarse directamente a partir de las ecuaciones de
Navier-Stokes.

Sin embargo, para numeros de Reynolds mas elevados. el flujo se com-
porta de forma mucho m4s irregular y se dice que estd en régimen turbu-
lento. La principal caracteristica del régimen turbulento es la superposicién
de escalas, i.e. el hecho de que aparezcan “remolinos™ de talla grande (com-
parable a la longitud caracteristica L) junto con remolinos de talla ex-
tremadamente pequefia. En estas circunstancias. la resolucién numérica
directa de las ecuaciones de Navier-Stokes es inviable, debido al enorme
numero de incdgnitas que deberian tener los problemas discretizados para
poder reflejar el comportamiento de los pequenios remolinos'. De aqui.
la necesidad de utilizar modelos matematicos de turbulencia, distintos de
las ecuaciones de Navier-Stokes. que describan el flujo de forma aproxi-
mada. Digamos en términos generales que estos modelos renuncian a una
descripcién exacta del comportamiento del fluido y. en cambio. propor-

1Y en la practica. esto es cierto sea cual sea el método numérico elegido.



cionan una descripcién macroscopica basada en el conocimiento de canti-
dades “promediadas”.

Los modelos M.P.P. de turbulencia utilizan técnicas de desarrollos asin-
téticos propias de la teoria de Homogeneizacién periddica. La novedad
principal de estos modelos frente a los modelos clasicos de turbulencia ra-
dica en su deduccién absolutamente formal, carente de hipétesis fisicas. En
la deduccién de un modelo M.P.P., se supone que los fenéomenos produci-
dos por el movimiento a gran escala (variables promediadas) se encuentran
netamente separados de los producidos por las pequenas estructuras (los
pequenios remolinos). En este sentido, se introduce un pequeno parametro,
€, que debe interpretarse como la razon entre las longitudes caracteristicas
de las pequenas v grandes estructuras. Se descompone el campo de ve-
locidades (v todas las demas incdgnitas) en la suma de un campo medio y
un campo fluctuante y se imponen desarrollos asintéticos de las incognitas.
en potencias de €. Tras calculos formales (sustitucion e identificacion de
coeficientes en los desarrollos), truncando éstos en el orden adecuado. la
compatibilidad de las igualdades resultantes conduce a un sistema de EDP
para las variables promediadas donde también aparecen nuevas variables:
la energia cinética turbulenta media k, la helicidad media h v la coordenada
Lagrangiana inversa @ (cf. el capitulo 2).

En estas EDP aparecen, ademas. dos tensores v dos funciones escalares
(los términos de cierre) que, a su vez, dependen de Va, k v & a través de
la solucién del denominado problema candnico en microestructura. Dada
la naturaleza de éste, la Unica estrategia posible consiste en “tabular” los
términos de cierre, resolviendo sucesivamente problemas en microestructura
para un conjunto adecuado de posibles valores de V. & v 4.

Este modelo fue inicialmente desarrollado por D. McLaughlin, G. Pa-
panicolaou y O. Pironneau [21] para fluidos ideales incompresibles, i.e. en
el caso mas sencillo de la ecuacién de Euler. Posteriormente, fue adaptado
por C. Begue, T. Chacén. F. Ortegén y O. Pironneau a situaciones mas
complicadas: flujos incompresibles débilmente viscosos v flujos incompre-
sibles donde los efectos térmicos no son despreciables (cf. [2]. [6]. [7]. [9].
[24], [25]). En [7] v en el marco del proyvecto Hermes-Sevilla {cf. [8]). se
desarrollaron modelos para flujos compresibles isentrdpicos v para flujos
completamente compresibles en presencia de capas limites.



La primera parte de esta memoria comprende:

(a) La deduccidn de este tipo de modelos, teniendo en cuenta la presencia
de capas limites turbulentas.

(b) Una descripcion de las técnicas numéricas utilizadas para resolver los
sistemas de EDP resultantes.

(¢) Los resultados obtenidos en dos casos test propuestos por la direccion
cientifica del Proyecto Hermes. Estos tests estan disenados para vali-
dar la simulacién numérica de la turbulencia por métodos asintoticos.

La primera parte de esta memoria se compone de cuatro capitulos. Pre-
sentaremos a continuacion una breve descripcion de los mismos.

En el capitulo 1 describimos. a modo de preliminares. diversos méto-
dos de discretizacién en tiempo de las ecuaciones de Navier-Stokes para
flujos compresibles isentrépicos, asi como ciertos métodos de resolucion de
los problemas elipticos, lineales v no lineales. a los que dichos esquemas
conducen. Estos métodos estdn basados en los que fueron introducidos por
\L.O. Bristeau v J. Périaux [4]. R. Glowinski [14] v R. Glowinski y O. Pi-
ronneau [15]. Se exponen asimismo varias ideas sobre el modelado de capas
limites turbulentas.

En el capitulo 2. presentamos la deduccién de un modelo asintético de
tipo M.P.P. para flujos compresibles isentropicos. sin tener en cuenta en
principio la presencia de capas limites. Al final del capitulo. se describen
ciertas condiciones de contorno alternativas, basadas en el uso de leves
experimentales de pared.

Senalemos que uno de los objetivos del proyecto en el que esta enmar-
cada la primera parte de esta memoria fue, precisamente, la deduccién de
modelos asintdticos de tipo M.P.P. para capas limites turbulentas. Los
resultados obtenidos pueden encontrarse en el Informe 4 del mencionado
provecto (cf. [8]). No han sido incluidos en esta memoria. ya que la autora
no particip6 activamente en esta parte del trabajo.

El capitulo 3 estd dedicado a exponer en detalle el método numeérico
utilizado para resolver el modelo M.P.P. compresible isentrépico bidimen-
sional. Es en este capitulo y en el siguiente donde se encuentran los princi-
pales resultados de la primera parte de la memoria. Las ecuaciones son las



siguientes:

1 1 L1
Byl + (- V)T + =V - (pkRY(Va)) — ;_41\7 (pVhD(I) + ;Vp =0
' P

dip+ V- (pd) =0
1
Ok + T -VEk+[RYYVE) : VT + pob (Va) b — .42;\‘ (pVEVE) =0

Por simplicidad. completamos este sistema con las siguientes condiciones

de contorno e iniciales:

— —

u=1u

P = Px -
b= ko sobre I'Z
ad=7 — tly

u=20 v

k= kg sobre I'g

[~pId. — pkRN(V&) + A1pVED(T)] - 7 = 0
% _
on

sobre I'T,

¢

0

i(x,0) = wo(x)
p(z.0) = po(r)
k(2,0) = ko(z)

d(z,0) ==z

Aqui. se supone que I'Z es la parte de la frontera de 2 por donde “entra”
el flujo. 'Y, es la parte de la frontera por donde “sale” y I'g es la frontera
del 6 de los posibles obstaculos (& paredes solidas). Observamos que no
aparece ecuacion para la helicidad A, va que el problema es bidimensional.
RYVd) y v}(V3@) son los términos de cierrre que. admitida la invarianza de

 las EDP respecto de cambios de sistemas de referencia. pueden depender
sélo de los invariantes de V- Va't (cf. [24]. [25]).



El problema es en primer lugar reformulado introduciendo una nueva
variable, la densidad logaritmica, ¢ = logp. La discretizaciéon en tiempo
del sistema resultante se lleva a cabo utilizando un esquema implicito de
dos pasos (Gear) para las ecuaciones en @, 0 y k v un esquema explicito
(Lax-Wendroff) para la ecuacién de transporte para @. Un esquema com-
pletamente implicito conduciria obviamente a sistemas de resolucion muy
dificil (por no decir imposible). Para la primera etapa en tiempo se utiliza
un esquema de Euler retrégado. con paso 2—?—3. va que asi el sistema resul-
tante posee la misma matriz que los sistemas posteriores. provenientes de
la discretizacidén mediante el esquema de Gear.

De esta manera. en la etapa (n + 1)-ésima. las EDP resultantes son de

la forma:

ail — uAG + Vo — ®lo, 7. k. V@) = fo
ac+V-d+u-No=h,
ak — \Ak — (0. @, k, V&) = gn

a=",(%)
donde ®, II v ¥, son funciones adecuadas.
Para resolver este sistema, se utilizan tres variantes de un algoritmo de
relajacién por bloques que desacopla las ecuaciones para @, k v (o, ). Asi.
en cada iteracion del algoritmo de relajacion, hay que resolver:

e Una ecuacién explicita para la coordenada Lagrangiana inversa a.

e Un problema de contorno para una EDP no lineal para la energia
cinética turbulenta &,

e Un problema de contorno para un sistema no lineal de EDP para la
velocidad y la densidad logaritmica, @ y o .

Se recurre a las formulaciones débiles de los problemas no lineales prece-
dentes. Posteriormente, éstos son escritos como problemas de minimos
cuadrados. Estos problemas son resueltos mediante un algoritmo de gra-
diente conjugado de tipo Buckley-LeNir (cf. [3]). Al aplicar este algoritmo.
la mayor dificultad consiste en el calculo de los gradientes de los funcionales
respectivos, que esta detallado en este capitulo.

En el caso del sistema acoplado para @ v o, el célculo del gradiente se
basa parcialmente en la resolucién de un problema adjunto adecuado. Esto



obliga a resolver problemas de Stokes generalizados. Mas precisamente,
uno se encuentra en repetidas ocasiones con sistemas lineales tales como

ac+Nu="n
al - pAt+ Vo = f
=1l 0 =0y sobrel'.

=0 sobrelg

ot ‘
Qe . +
pu—=— — Jorn =g sobre I'T

on

(donde f_’ h v g son conocidas). En este contexto. hemos recurrido a una
generalizacién de un algoritmo, debido a R. Glowinski v O. Pironneau [13].
descrito en el capitulo 1 de la memoria. Desde el punto de vista computa-
cional. el algoritmo utilizado se reduce a una “cascada” de problemas de
Poisson. mds un problema lineal en la incdgnita Iy

La discretizacion en espacio de los problemas se lleva a cabo mediante
elementos finitos P;-Lagrange. Los problemas discretos son obtenidos tras
aproximaciones estandar de los espacios funcionales involucrados y de las
correspondientes formulaciones débiles.

Finalmente, en el capitulo 4 de la memoria, se presenta un modelo
asintético de turbulencia (de nuevo de tipo M.P.P.) para flujos compresibles
bidimensionales. donde se incluye una ecuacién para la temperatura 6. Se
expone brevemente el método de resolucién numérica (esencialmente éste
recurre a técnicas similares a las que acabamos de recordar). Para terminar.
se exponen con detalle las caracteristicas de algunos ejemplos test asi como
diversos resultados numeéricos, para cuya preparaciéon y visualizacion se
ha recurrido a la biblioteca MODULEF (cf. [3]). Como se ha dicho antes.
estas experiencias numéricas pueden usarse para validar diversos modelos
de turbulencia.

A modo de resumen, indiquemos cuales son las aportaciones originales
correspondientes a la primera parte de la memoria:

e La deduccidén y el analisis de modelos asintéticos de turbulencia para
fluidos compresibles. incluyendo situaciones en las que la hipétesis de
isentropicidad no es adecuada. Los modelos introducidos obedecen a
la estructura general diseflada en [21] (modelos de tipo M.P.P.).
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e La resolucién numérica de estos modelos en el caso de flujos bidimen-
sionales. Como se ha dicho. se usan esquemas de diverso tipo para
la discretizacién en tiempo (explicitos en @ e implicitos en el resto de
las variables). elementos finitos para la discretizacién en espacio. re-
formulacién minimos cuadrados y algoritmos de gradiente conjugado
de tipo Buckley-LeNir para la resolucién de los problemas no linea-
les v generalizaciones del algoritmo de Glowinski-Pironneau para la
resolucién de los problemas lineales (de tipo Stokes) resultantes.

o Los resultados numéricos sobre ejemplos test significativos (cf. las
experiencias numéricas presentadas en el capitulo 4). Mencionaremos
que, cuando fueron obtenidas {1988-89). eran todavia contadas las
ocasiones en las que uno podia encontrar resultados numéricos para
flujos turbulentos compresibles en la literatura.

Las principales dificultades encontradas en relacién con estos logros son
las que se detallan a continuacion:

e La complejidad de los problemas originales considerados (sistemas de
EDP de evolucién no lineales donde el numero de incognitas es > 6.
fuertes variaciones de la solucién, complicada situaciéon geométrica,
etc...). En este sentido. merece la pena destacar la ausencia casi
total de resultados tedricos significativos®.

¢ La complejidad de los modelos de turbulencia que se deducen. Au-
menta el numero de incognitas con la introduccién de la energia
cinética turbulenta k y de la coordenada Lagrangiana inversa a. Por
otra parte, los llamados términos de cierre dependen de Vad - Va' de
manera “dificil de controlar”. Hay posibilidad de capas limites. etc. ..

o El hecho de que sea necesario concatenar un gran numero de técnicas
distintas para poder resolver numéricamente estos modelos. En la
aplicacion de cada una de ellas aparecen dificultades especificas, cuyo
tratamiento dificulta y encarece la tarea.

2Tan sélo cabe mencionar un resultado de existencia y unicidad de solucidn (cf. {20}).
Con posterioridad a la elaboracién del trabajo. ha habido aportaciones interesantes. prin-
cipalmente de D. Hoff {16], A.V. Kazhikhov [17] y P.L. Lions {18]. {19].
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¢ A nivel de programacion. la resolucidén numérica es muy compleja v
precisa una “cascada’ de rutinas. Tanto el orden légico en que deben
ser realizadas las distintas etapas. como el formato de entrada/salida
para datos/resultados intermedios, el post-tratamiento ¢ visualizacién
de las soluciones numéricas, etc... contribuyven a que las dificultades
sean alin mayores.



Introduccion a la Parte 11

En esta segunda parte, se considera la resolucién numeérica de diversos pro-
blemas elipticos semilineales con una caracteristica comun: la presencia de
no linealidades discontinuas. Los problemas considerados se exponen a con-
tinuacién. En todos ellos. H es el operador maximal mondtono dependiente
de un parametro a € R. asociado a la funcion de Heaviside, siguiente:

0 st s<0
H(s)=1¢ [0,a] st s=0
a st >0

En primer lugar, se considera el siguiente problema, de origen puramente
académico:

Hallar v € H*(Q) tal que
(1) — Au(z) € H{u(z) + a(z)) c.p.d. en
u =10 sobre 09

Aqui. a:Q — R es una funcién dada que posee discontinuidades.

A continuacién, se consideran tres problemas del mismo tipo. pero con
mayor numero de incégnitas y con una condicidén adicional que, en todos
los casos, puede ser escrita como la pertenencia a la frontera de un convexo
apropiado:

13
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Hallar v € H*(Q) v 3 € R tales que
0 10
) —Lu= —agl(-lrjg—lrﬁ) — 5;(7—53) €rH{u) cp.d enQ
- u =3 sobre 00
10u -
~Joramdr=1

Hallar v € H*(Q) v TV € R tales que
_ — Au(x) € Hu(x)=Wry) cpd en
(3) u=0 sobre 00

\ /;2 IVul*de =y

Hallar u € H*(Q) v Z € R tales que
— Au(x) € H(u(x) —Wa,—2Z) cpd en®
(4) u=0 sobre 0f2

/ IVul*de =7

El problema (2) modela el equilibrio de un plasma confinado en una
cavidad axisimétrica (mdquina Tokamak; cf. [26]. {27]). El dominio Q es la
seccién transversal del dominio tridimensional ocupado por el plasma (se
supone que Q C {(r,z) € R%; r > Ry} para algin Ry > 0). El pardmetro
I es dado y representa la corriente total que atraviesa el plasma (I > 0).
La incognita u es la funcién de flujo magnético.

Los problemas (3) y (4) tienen su origen en la teoria de vértices esta-
cionarios. Aparecen cuando se intenta describir el equilibrio de un par de
vértices planos en un fluido ideal (cf. [13], [23]). El parametro positivo
n es dado y representa la energia cinética de movimiento del vértice. TV
es la velocidad constante del fluido en el infinito. v Z mide la cantidad de
fluido entre el vortice v el eje de simetria. Para el problema (4) no existe
formulacién variacional conocida.
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Por ltimo. se consideran dos problemas relativos a un sistema eliptico
semilineal (de nuevo con no linealidades discontinuas):

(

~v{x

u=v=0 sobredf}

~ Au(z) € —p*H(u(z) + 1)exp (:{%—3—1)
c.p.d. en Q

— Av(a) € v*H(u(z) + 1) exp (l—(A;—)(—l_*—_)—l)

=0 onl,

(6)

du

on

O
v=0 onl}. 51—
\ n

u=0 onl;UTls,

=0 onfgufg

Estas ecuaciones modelan el estado de equilibrio en una reaccién qui-
mica simple, irreversible y no isotérmica de orden cero (cf. [1}. [11}). Aqui. u
v v son. respectivamente. la concentracién v la temperatura del reactante.
¥ v, v v p? son pardmetros que identifican la reaccion. Las condiciones
de contorno impuestas en (3) poseen interpretacién fisica. mientras que en
el problema (6) han sido elegidas con vistas a ilustrar la adaptacién del
algoritmo propuesto y su comportamiento (cf. el capitulo 3).

Para resolver estos problemas, se utilizan ciertas técnicas, originalmente
introducidas en [12] para problemas escalares v posteriormente extendidas
al caso de un sistema de dos ecuaciones en [10]. En esencia. se trata de
métodos propios de la dualidad no convexa en combinacién con la regula-
rizacion exacta que seran brevemente recordados a continuacion.

En primer lugar, consideremos un problema no convexo del tipo siguien-
te:

(7 { Minimizar J(v) = f(v) — g(Bv)

sujetoa v € V
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Aqui, V y H son espacios de Hilbert, B : 1" — H es un operador lineal
acotadoy f:V — (—o0,+oc] v ¢: H — (—oc.+oc0] son funciones
convexas, semicontinuas inferiormente v propias.

La razén principal por la que tiene interés considerar estas cuestiones
es que una buena cantidad de problemas con discontinuidades pueden ser
escritos en la forma (7) para determinadas elecciones de V. H. f. g v B.
Tal es el caso, por ejemplo del sistema (1).

Al problema (7) se le puede asociar el problema dual

—
o0

\Minimizar J*(v) = g™(¢q) — f*(B~q)
sujetoa g€ H

donde f* v ¢~ son las funciones convexas conjugadas de f ¥ g respecti-
vamente y B~ es el operador adjunto de B. Los puntos criticos, « ¥ p
respectivamente de (7) v (8), satisfacen la siguiente condicion de optimali-
dad. formulada en términos de las subdiferenciales de f v g¢:

(9) u € df(B"p). p€ dg(Bu).

En tales circunstancias, se hace uso de la siguiente propiedad. de carac-
ter fundamental:

p € 9g(Bu) <= p = g\(Bu+ Ap)

donde A es cualquier nimero real positivo v ¢!\ es la regularizada Yosida del
operador maximal mondtono Jg. es decir:

g, = %(Id —(Id+ \0g)™)

Es bien conocido que ¢} es univaluada v Lipschitz-continua. Utilizando

‘la equivalencia que precede para evitar la ambigtedad en la segunda relacion

de (9), en {12] se propone el siguiente esquema semi-implicito para calcular
una solucién de (8) v. consecuentemente, de (7):
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Algoritmo A
(a) Fijar A >0y po € H.
(b) Después, dados k > 0 v py € H, calcular gy € V v pryq € H tales
que
(10) af(’ll'k.H\) 3 B™p:.. Pr+1 = g/'\(Bu;\.H + ,\pﬂ.

En el caso particular del problema (1). el algoritmo A precedente se
reduce a lo siguiente:

Algoritmo A’
(a) Fijar A >0y po € L*(Q).
(b) Después, dados k > 0 v pr € L*(Q),

—Au = pren
u = 0 sobre 90

(b.2) Tomar pr1(z) = H\(wepr(z) + a(x) + Api(x)) c.p.d. en Q.

(b.1) Calcular wy; € H(Q), solucién de {

A continuacién, consideremos un segundo problema de caracter general.
esta vez un problema con restricciones. Se trata de

11) Minimizar J*(v) = g~(¢q) — f~(B~q)
( sujeto a ¢ € OK

donde f, g v B son como antes y Iy es un subconjunto convexo cerrado de
H, de frontera 0K no vacia. Para elecciones adecuadas de V. H. f, g. B v
I, los problemas (2) v (3) pueden escribirse en la forma {11). Por analogia
con lo que precede, tiene sentido recurrir al siguiente esquema. propuesto

por primera vez en {12]:
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Algoritmo B
(a) Fijar A >0y pp € H.
(b) Después, dados k¥ > 0 v pp € H. caleular ugyy € V v prgy € H tales

que

Urey € 3f"(BxP:\ + B_l-\vﬂl\—(pk)‘

Pi+1 = gA(Bugsr + Ap). pryr € OL

Aqui. Nap(p) es el subcono normal a I en p. v las iteraciones en
(12) deben ser interpretadas en el sentido siguiente: La eleccion de la “com-
ponente” de wugy; en BTINjp(pr) debe ser tal que se tenga pryq € ON.

Por ejemplo, en el caso del problema (2), ha de tomarse

K ={qeL}9) /qu.r <I)

de donde Nai(p) =R Vp € ON. En esta situacién particular, el algoritmo
B se reduce a:

Algoritmo B’
(a) Fijar A >0 v po € L¥(Q)
(b) Después. dados k > 0 v p, € L3 Q),

—Lu=p; en

! 10Q). solucid
(b.1) Calcular ugyy € H3(Q). solucién de { v =0 sobre 0

(b.2) Calcular J,; € R resolviendo la ecuacién escalar
Fi.(3) = /Q(rH},\(ukH +3+A\p)de =1

(b.3) Tomar pryq(@) = (rH)\(uks1(@) + 351 + Ape(2)) cp.d. en Q.
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En lo que respecta a los problemas (3) v (6). se utilizan técnicas que
reposan sobre las mismas ideas y que han sido adaptadas al caso de sistemas
elipticos de dos ecuaciones. Por simplicidad de exposicién. admitamos que
las EDP de (5) pueden ser re-escritas en la forma

c.p.d. en Q

(13) { — Au(r) + alu(@)) f(e(x)) 2 0

— Av(a) + 3(u(x))g(v(2)) 3 0

para adecuadas funciones f.¢g € CY(R) v adecuados operadores maximales
mondtonos « v 3.

Los argumentos de [12] no tienen aplicacidn en este caso. va que es inutil
buscar funciones convexas F v @ tales que cualquier solucién de la inclusion

OF(M) —8Q<u) 50
v v

resuelva (13). Debido a ello. razonando como en [10]. se introduce el si-
guiente problema, de cardcter general:

Hallar | ] € Vi x V3 tal que
LY

(14) T T
OF (T) — (K30 0G) (0 (T)) 50

Aqui, V1. V5, X} v X, son espacios de Hilbert tales que V; — X; con
inyeccién compacta y demsa para : = 1.2 v para los que se hacen las
identificaciones habituales

Vies X=X 1/

Se supone también que F : V] x ¥, — R es una funcién convexa v C*.
G:X;{xX; — R es una funcidén convexa, semicontinua inferiormente
y propia. ¢ € L(V] x Vo: Xy x Xy) v L, € L{1] x ¥2: Xy x Xy) para
cada w € V3. Los problemas (3) vy (6) son casos particulares de (14) para
determinadas elecciones de Vi, X;, F, G. o v los Iv,,.

En las aplicaciones a problemas elipticos semilineales con términos dis-
continuos, F corresponde a la “parte eliptica” de las EDP. mientras que G
vendra determinada por los términos no lineales.



El algoritmo propuesto en [10] para resolver (14) es el siguiente:
Algoritmo C

(a) Fijar A > 0. <p0> eX;x Xy vrg€e T
do0

(b) Después. dados & > 0. (p&) € Xy x X, v vy €V, caleular

\{%

U . R : . .
< Hl) elixih ¥ (p}'ﬂ) € X; x X, tales que
Vk+1 Gk+1

oF (zzm) S K <Pk>
Vk+1 qk
(Pk+1) _ Gf\ <U<Uk+1> 4 A(Pk))
Qk+1 Uk+1 9k

Por ejemplo. en la situacién particular que corresponde al problema (3).
el algoritmo C es como sigue:

(15)

Algoritimo C’

(a) Fijar A > 0. (ZO> € L} () x L}Q) v vo € HYQ).
0

(b) Después, dados k > 0, (‘Zk) € L} (Q)x LY Q) v vy € HAQ). calcular
k
urp1 € HE(Q), solucién de

UL

) en

-~y =— 2L x|
{ u ” Dk e\p(_vk+1

u =0 sobre J0

v vk € HYQ), solucién de

YUk

{ ~Av = vpPq; exp(— !A en {2

l’k‘rl)

v =0 sobre 902



Tomar
Pes1 = Ha(wgsr + 1+ Ape)
Qe+ = Hy(wpsr + 1+ Agr)

En la segunda parte de esta memoria, presentamos

(a) Diversas consideraciones de cardcter tedrico sobre los problemas elip-
ticos (1) a (6). las formulaciones generales (7). (8). (11) ¥ (14) v los
algoritmos A, B v C que preceden. Junto con éstos. se formulan
otros que dan lugar a iteraciones mejor condicionadas desde el punto
de vista numeérico.

(b) Un analisis detallado de las versiones “discretas” de estos algoritmos
(aproximaciones en el sentido de los elementos finitos).

(c) Resultados numéricos sobre diversos problemas test. En la obtencién
de estos resultados. se ha usado la biblioteca MODULEF (cf. [3]).

La segunda parte de esta memoria consta de tres capitulos. A conti-
nuacién, haremos una breve descripcién de los mismos.

En el capitulo 1. se describe y se lleva a cabo la resolucién numeérica de
los problemas (1) v (2). En el estudio tedrico previo, se usan (con ligeras
variantes) los argumentos de [12] para la demostracion de un resultado de
convergencia. Las experiencias numéricas son diversas. En el caso mas
interesante del problema (2). han sido comparadas satisfactoriamente con
otras previas.

En el capitulo 2, se resuelven desde el punto de vista numérico los
problemas (3) v (4). En el caso del problema (3). se usa la version co-
rrespondiente del algoritmo B y un nuevo algoritmo. cuyo comportamiento
numeérico parace ser mas adecuado (cf. el algoritmo 2 en este capitulo). En
el contexto del problema (4). al no ser posible una reformulacién tal como
(11), la situacién es mas complicada. Con todo, se consigue formular un
nuevo esquema (cf. el algoritmo 3), basado en ideas analogas. El capitulo
también contiene consideraciones de cardcter tedrico v los resultados de
varias experiencias numericas.
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Finalmente, el capitulo 3 esta dedicado a la resolucién numeérica de los
problemas (3) vy (6). Como hemos dicho, se han usado ideas que tienen
su origen en [10]. Se recuerdan algunos resultados de convergencia y. de
nuevo, se ilustra el comportamiento de los algoritmos propuestos con al-
gunos resultados numéricos.

Las aportaciones originales correspondientes a la segunda parte de esta
memoria son las siguientes:

e La formulacion de nuevos algoritmos de regularizacién exacta (v su
validacién numérica), en el caso de “problemas no variacionales™.

e El andlisis numeérico de este tipo de algoritmos. que han sido discreti-
zados por el método de los elementos finitos (versién P;-Lagrange) .
también, los resultados numéricos obtenidos sobre una gran variedad
de ejemplos test significativos.

Las principales dificultades encontradas fueron las siguientes:

o El hecho de que los problemas considerados posean no linealidades
- discontinuas, que “obliga” a cambiar la formulacién de partida.

e En algunos casos, la ausencia de formulacién variacional, que dificulta
la formulacion v el analisis de los algoritmos correspondientes.

e La posible no unicidad de solucién y su incidencia en la convergencia
de los algoritmos propuestos.
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PARTE 1

A continuacion se presentan los capitulos 1 a 4 de la primera parte,
que corresponden, respectivamente a los capitulos 1. 3 v 4 del Informe No. 2
v al capitulo 2 del Informe No. 4 del Contrato de Investigacién
HERAIES RDANE 23/87

(Universidad de Sevilla—Avions Marcel Dassault-Bréguet Aviation)



Capitulo 1

Esstudio preliminar



(1)

(2)

(3)

(4)

(6)

(7)

1. PRELIMINARY STUDY

1.1 The compressible 2D Navier-Stokes problem

The nonconservative and conservative formulations:
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All quantities have been made dimensionless by means of reference

density, velocity, lenzth and specific heat parameters, resp.
—
PV ) \(LJ ’ ﬂf MA CV *

In terms of ‘), I and 9 , (1)-(6) take the following non-

conservative form:

(8) ﬂ 3 PVu My Vf
© ?:Et' s @D+ T(p8) - év.gy(vw&zﬁ_ggm’) T
(10) P—}% + f'\:.Vf)‘ +(‘T-!)f9 Vi = e“e (%Ae + ¥(YQ')>
with
LRI EDRENS
P (Y- (k)
SRR R CRER)

We are primarily concerned with isentropic flows, for which
= K PA(
(11} =
T |

The energy equation (10) disappears and (5),(6),(8),(9) give:

(12) % + (’V? 4 .L—()Vf) =0
W, BT K o W - lv.w(v;),v;’iaw.;’)u.)}
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Introducing (R Qoa € , one has:
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1.2  Boundary conditions for: - Channel flow

~ Flow around and past an obstacle
A) The fluid flows in a channel (Fig. 1)

- e d
Variables : Y and W

(14) T= Ty oM Y; ( Goo a constant, possibly 0!}
- - r’— . . . c1 a3

(15) W= U gh lg (possibly Poiseuille profile!
- "

(16) w0 0 r&
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(17) -1 ~ Re™v v
f
o T'ao (the natural condition)
B) The fluid flows around and past an obstacle (Fig. 2)
(18) q = G;Q 74 V% ( ¢, a constant, possibly O)
v — -
f - = r’ = } \r
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o
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(19) W= U om o0 { Wpg a constant unit vector)
—
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g o0 (the natural condition)

(22) K= —



1.3 The numerical solution of the problem

A) Time discretization for the nonconservative formulation (14)-(15)

(A.1) Euler's backward scheme { X = ‘/At)
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(A.2) Gear's scheme ( &= 3/2 AT)
- 4} w¥} w M-y
(30) ALt VAT N (4o-0 )
g™ o W)
O(‘JM'H.*‘(-‘::M*" V)TZM*‘ + K T e( VQ-

nt|
wt _,"\\ - n-i

: - {
(a1) —%;V(QG D ™)) = & (b w )

P —~o

— R
The boundary conditions for ¢™!, ™' are (25)-(27). 6% ana
are given as in (28)-(29) by the initial conditions. ol and u!

are computed as follows:



- One solves twice (23)-(27) with n=0,1 but with &= 6/2At

One thus obtains
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(A.3) A Peaceman-Rachford's scheme ( &= /A*{_)

We first reformulate (14)-(15):
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We compute S™!, uW™  from o, U" in two steps:



First step
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Again, &2, u° are given by the initial conditios, as in (28)-
(29). Anranalysis of this scheme shows that it is probably not too good

for the computation of stationary or quasi-stationary solutions.



(a. 4) A §- scheme
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- ~ ~ Re ~
(55)

(T e VR YA e T



Third step

-9 +\-9 ("*‘)'v
(s6) N VA TS -.'[Z("ﬂ) . VQ*(M )
9 w+1)-09
M+ —Jq&l 1(+) 6’“) "“
AU O&LA f-" b(
|-9 _‘(“‘H)'e
(57) s LFAVQH) PR
[ = wt = -
(58) ot o, WM Uy o Ve
LEa
(59) = o ow VB
, M| » W e
CET Id o+ 0¥Vu )""
o ()-8 mt)- i a@ﬂ}b -
-9 (“(\)(r - — Plu %"ﬂ
(60) %((NQ”‘ + KT )IJ t Q‘LVU - ,V( )
on [0
Once again, 69 E; are given by (28)-(29). A detailed
analysis yields:
z~
. 1-2b L. & 9= 1- 2
(61) &= < ) - ’ 2
1 -0 g

as the optimal parameters. One sees indeed that

i) 9:!-%% leads to a second order scheme

ii) a=(l-‘29)/(l-ﬁ3 and b= 9/(1—9) implies
\—2_3 1
3 - - r—— X Icl' L A
a1 - aph ” ( t )

{consequently, one is always concerned with the same second

order elliptic operator in problems (47),(52) and (57)).

All these time discretization schemes lead to the same kind of

elliptic {linear or nonlinear) problems:



Linear problems:

>
(62) 0T+ Vu = K
— - _ z
(63) oloU = "10 Ay + (5070* = F
(84) g = 000 ) _\::: _(}:q om rco
(65) =0 e YvB
] V7.7 - )
. = T.mMm oM -~
(66) (.@OIN, 4 FO Nu ) " x
where
ol >0 H ¥ 9) &4 N
o ) VO>O; ($O>Oj 3 ) g/ Q) o~

!
b

are given. This is a quasi-Stokes (or generalized Stokes) problem.

Nonlinear problems:
~

= 2 YJq + H
(67) T + &V'\L =~V ~
N —_ N -
(68) wd - }lolﬁ 4 (’%V(T = Y(quw) ¢ v
- - -
(69) <= T, W = Ug o lag
-y
(70) w=90 - V&
- ; K Q{T—ncf -
7 \em = (- T3 — +o,
Fpo T Ve 1065 -
(71) — 1
+ va’_ _‘. _D(a)),/_yt + T oK r:o
v o~ g N { v

where

are given. These will be solved by introducing a least squares refor-

mulation and performing conjugate gradient methods.
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B) The numerical solution of the nonlinear problems (67)-(71)

For simplicity, consider problem (67)-(71) with

A, 0L fom i fomp

(72) ag+ VT = - W-Vo + H
(73) o(TL’— AT + pVa = 5(“”/7{) +¥
(74) T=0s, v= -Joq ™ T’oo.
(75) L= o o Vb
Cpod + ij e %(,(5(“ gd‘f-lw)g
(76) - — — poig n [
PpWE- g D) b 2T "

Least squares reformulation of problem (72)-(76)

Moawize J (W)= & j\@')\zéx LA HO(\ \+tx - w)]f.
] 2 2
st L
(77)
Su\f)eA b ('1’;;) € Saox Nw
Here, A is a given positive constant and
i -
(78) S - Sq]*}éH(m,v]—G“o, o Ty |
(79) W,° W[‘J eH‘(Sl)z, W= _’,o ow ]: , W=0 ou ‘B}

) 1l f v -
are linear manifolds in ﬂ(SD and H(SD resp. In (77), (Cw)=
(6(’23) E((]';)\ is given by the solution of the state equation:

¥ l .




(80)

(81)

(82)

(83)

(84)

11
oT+ VT = - W- V»)J,
—p

oW - rLACC+ (&VG‘ = O V)w>+
T = Q‘w‘u’=&:o o \—;‘
(«’L’:O ay V&
A
Cpr T p )W - fp +*§_T_g_< 1l
;
V- ’QE(W)T“ML T ew e

The solution of (77) can be achieved by performing a conjugate
gradient algorithm. It is thus neceéessary to Know how to compute the

gradient

T
< §?§ ( J—‘> ,I‘g VA X [ (T f? { ;:6 P - (P‘> dx
an ;
| {1
' RS ATk |
+ A [ %eﬂ(x—w) (?‘;} U) + R V:\u W e /ID.;I ‘\P\}ax

1

ol f (V]—Cr>(9 ix + A
2

) b

..f

R
Paan

i

-—

~
—~
< )‘ <)
q

-5

v _ L
One i . . . ( e z ;.J )
e introduces the adjoint state (ZI ,%\ ‘6(7,'“)’ (n‘ W)
given by:

o



(85)

(86)

(87)

(88)

(89)
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o - (Ng = «(3-9)

o<§;— t\A%'-V§ = A %a[fﬁﬁ))—FAlf-V)}
'C,=o) g:o oW \';,’

E;:o S

<CEoy o & [l | 57 54+
l iy

Analogously, one obtains
\

BTy = A jgo((r-n).qm,&vg—m.z;\,&
Q

el o+ < 2
v

-

(m) , 57

‘61

oW

Hence, the task is reduced to solve a certain number of quasi-
Stokes problems (80)-(84) and (85)-(89).

C) The numerical solution of the quasi-Stokes problems (62)-(66),

(80)-(84) and (85)-(89)

The general form of these problems ( 0= X /Ao-'-)kl {595 (’3 ™
(62)-(66) ): |




© (90)

(91)
(92)
(93)

(94)

(95)
(96)

(97)

(98)

(99)
(100)

(101)

(102)

13

-—»’ - '\-’-
g = G;O b} ‘L:uoo v od
r=o o g

Remark: (85)-(89) takes the form (90)-(94) with

\ -
: -=- T lk'?.
T (:,c7
Assume {generalized Glowinski & Pircrneau's method) :

—
1

\ A ? Ooge (¢ uQ@(
<, n e T g 3

:5 = (Tl S %ﬂohyﬂ
g
¢ il
= 0 ow |
M e
Then
- -
AT - (pop) AT = h- p bh = VT
> -

q = (\J—Q A im

T=X o g

(' +

From & , we compute ]z by solving:
- —

— —

au—’kﬁu = WC‘(%V¢

- -

—
u = U oq m TZ%
—_



(103)

(104)

(105)

(1086)

(107)

(108)

(109)

(110)
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This suggests the following method:

a) For )\6\—\.{2 , set
a(M : Ahe sd. of (95-99)
Ty : e o o (A02) with Teold)

yoy o A

and set

Y- (propy AY = o -
Y - oo ov r;;
. A
W e T
with o <Tm; 7= u(2)-
b) Also, set
_1,2, Y
_ oty e J (o) xH ()
A = (22 \FB\’F: , .\y(mg) ’
and solve the equation
AGP} = (O)DB.
Space discretization: We introduce a triangulation f}\_ of 7 Q
_ =0
<, - (9]0 @), Gy € B T, b o
-W—h: gl\x g\\
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: GmLéco(ﬁ) , G—M,L‘T € EI(T) ¥YTe ZL , U"",‘L‘r-: T,
(111) 3 ' -
s lp” °
— o - — - _G ,
3\40%6 C(ﬂ)") u*’,\\\Te fl(ﬂ VT(ZL ) “%Ur;; w0
(112) .
um,\n'r: o
B

. M= 42 D@y, Mye B VTely o
Mays o der Al veetices o ¢ VgJ A

» -
Here, & - is a fixed vertex on _TN .

e ey, wa - e

For A€ Vux we set 5& as the unique soluticn of N

| %oCG.;P + (GMF)VG‘,\.VHD } I =0 Yo, g\h ; (}‘Ae>+ S‘,\

(114)
—y
Then, we set () as the unique soluticn of
(115) { §°<u)"\f + }LVIXVM'U \t cl)( = @X Q‘)(V.v) le V‘VGWL\7({A€ 'JL\
" i

Finally, we set .VA as the unique solution of
(116) jlo(%\,}:(“ ((5+otp\7\\/x.VLp } & = S (o(<r>‘+Vu))(9 dx
f M0 S, Y€ S

We also set 65|u,, as the solutions of the following

0
problems:
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(117) f -{°(20‘°-(P+ ((5+«P)VG;'VQ°} c\x = <o(L—PA\\—V-EJCP>
* NeeS, , g€t 5
T P o AL O SRR A5 P
"L tf'\}'ewk . —\A_:,e uo%+ -W'\\ §2
(119)

S {dz’\s((;(?-} ((540(}&)\7\}’0-7(?} dx = J(O(Q‘O+V‘&,0—L\)(P4x
St Ve g, Ve S

We. compute )\*g M\\ such that:

[<Bory oo gjﬁ“i‘ﬁ;“(@*“wwx;vﬂ“*

1Y

| ‘ -2

)} - W ( I\O‘OL): V’“), r i dx
(120) I S -go('lwﬁ(c-v. + (ptop) V“\:,- Vy. % I
\ (’040(% Q
! —
prep I (D(GBJ{vuo-L‘)FAx

k )d ‘L € MOL ) >*€ HL\

Once x*is found, one easily obtains approximations for ¢ and E
(121)

— hnd —
X

¥
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Remarks. In practice, one constructs the matrix

i} g L
Bep = 1bept > it b s <P ”""U’>

( )\ is the ith standard basis function in Vurb)
It can be checked that ®G2 is symmetric and positive definite.
This method gives an approximation to the solution (G‘u.)
of {90)-(94) and also an approximation to G/‘T’ .
Once (BS'P is known, to solve (90)-(84) ogne has to find the
solution of 4+3 (=7) discrete Poisson problems ((117)-(11¢) and
(114)-(115) with  N=X,) and cne has to solve a linear system of

smaller size (with matrix ®G?)'

D} The final form of the nonlinear problems (72)-{(78)

After space discretization, the problem to solve is:

M'W,wal?.e. JL(V),U> 9_‘ J ‘q'v‘ldx + é (%W\Q N* T],( V(E‘ )i ':-d)(
. 2 57_ N

2 q

(122) YA
—_— = 17
Sibieet 4o “iég;,’ﬁg‘n , We W v Wy

Now, the state functions ¢ and T are given by (121 where

Ty s “5(\1% }94 (nF) wilk, h = —W.VV)+H :3) o+ F

%o (g

e (20y with Y, by fu sl ot (1)

The behavior of the gradient:
o f [ ,— o@
e <Ry e o [ [T S (0T

S o

‘{<)
(-~

<?°h Ty = A Hu(u—u)-w }LV@’-E’)-V\?} ox
(124) on \A a'§ -
- f(\?VV))?(\X+<—D‘“S'V)§>
YA
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. — .
Here, the adjoint state functions % and % are given resp. by

-—LG and \, with (G.E) being given by (121), where

g, o Phe sd. ofF (1) wil b= oxfo-1), {- A (s -7y g AEH))

W v o~ o« (18) |
Now o (120) with Yo LQXM% He sd. f (1D

Of course, if a second or third order derivative of a piecewise
linear function is needed, it must be replaced by a piecewise linear
approximation. In practice, it is interesting:

1) To introduce mass-lumping for all "mass" integrals
2)  To work with new (canonical) variables, for wich JL behaves
quasi-quadratically.

3) To solve (122) using Buckley® LeNir's conjugate gradient methods

1.4 Turbulent compressible flows

Turbulence is a phenomenon whose most relevant features are:
- irregular motion of the fluid
- Random behavior of density, velocity, etc...

- A wide range of wavelengths

The flow of a fluid around and past an obstacle can be:

- Laminar, if these are not respected {for small Re)

- Transitional, if these rise periodically or almost periodically
in time and/or space (for moderately high Re)

- Turbulent, if these hold true (for high Re)

For this kind. of flow, one finds several distinctions between
laminar and turbulent regime:

- Direct observation (Hagen, 1839) of the flow

- Measurement of tangential forces on the body

- Measurement of the boundary layer thickness.

It is not possible to find a numerical approximation of (say) (1)-(6)
by directly solving the Navier-Stokes equations if the flow is known
to be turbulent. It is necessary (for the moment being) to strict

oneself to the computation of mean gquantities.
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The usual (standard) method for computing isentropic compressible
turbulent flows:

1. The starting point is Navier-Stokes equations:

(125) %i—V-(ﬁa):o
(126) 3—%+(‘G.V)E+—%~U?= %V.(}; :\3(?&§> } /LA_: ﬂ)?

(127) P= X é‘

wl

@\

together with appropriate initial and boundary conditions

2. Cne makes the following assumptions:
AJ T e

~— . o
(izs)  p= Prf” T+l e W

with ? Til being averaged quantities (in a sense to be determined
- s \
city field:

5 ~
by the nature of the flow) and with W being the mass-averaged velo-
.

~ = /=
W o= f‘*/f
; “\ZZO

3. One introduces (128) in {125)-(127) and assumes that (P

i
This leads to the Reynolds equations?

(129) %—%«»V.(‘f(& =0

4, To close (129)-(131), one makes a clcsure assumption which relates

%:‘(’G@ﬁ to F and u .

In many models, one first uses Boussinesq's hypothesis:
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(132) %-‘— }\;Q‘t B(Q>

- N °
where ‘Qt: ;k(?l\&s is given either analytically or through the solu-
tion of other new pde's.

For example, turbulent kinetic energy models work with
~
- N
(132') Ve = k- 2l P )

- A — ~Yy
Here,Q(r,u) is a given algebraic expressicn of f and W while
e

Ko g fRE /7

is the solution of a certain transport-diffusion pde.

1.5 Turbulent boundary layers for compressible flows

A) The boundary layer concept

For the flow around and past an obstacle, one finds two regions
in which the fluid behaves quite differently:
- Near the body and ih the wake behind it, viscous effects are
important

-~ Outside this region, the fluid is practically inviscid

There is a thermical analogy in connection with the transport
of vorticity for 2D flows. This situation arises when Re is large
enough. "Grosso modo" , the boundéry layer is the region where vorti
city is considerably different from zero.

Through the boundary layer, the tangential velocity has a large
transverse gradient and viscous terms become important. In laminar

flow, there are estimates on the thickness of the boundary layer:
V2.
(133) g/{ “ 5/1?9&

for a streamlined body of lengh 4&.
In practice, g is taken as the distance from the body at which

the tangential velocity reaches 99% of the outer (inviscid) tangential



(134)

(135)

(136)

(137)
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velocity.

Other  thickness parameter:

- By L2k

(the displacement thickness; U¢ and QQ* are resp. the '"boundary la-

yer'" and the "outer inviscid" tangential velocities, ¢ and »~ are

resp. the tangential and normal coordinates).

B)

The physical argumen®t leading to the toundary layer equations

For simplicity, we consider the flow around a flat wall. The mean

flow\direction is Q= 0703.

Basic hypothesis: Inside a thin layer, with thickness b~ &K3, viscous

terms are of the same order of magnitude than convective terms. Cutsi-

de this region, those are not important.

Suplementary hypothesis: Sudden accelerations do not occur, i.e.

bett D
-— [av} [V Sy
2t X

Dimensional analysis leads to the following system of pde's for u,

v, f and ? for isentropic compressible flow in the boundary layer:

f

bl 3 2 =

ot * 'ax(f“) 4 aw‘f“) ©

31 Qj '\r.}l( _‘_ (b = L 2 ilijﬁ\l
'S},+uax+ 3&1+Pg_>fc' ()ee. 9“‘\‘3‘(“

T:Kfﬂf

Now, continuity requirements for P lead to the facts that P and

are determined by the inviscid solution. Thus,

-~ The number of unknowns is now two (W and Vv )

- The solution is '"parabolic in x'", i.e. the task is here reduced
to study the evolution along the x-axis of W.

These considerations hold as well for the flow around curved walls



22

provided curvature does not change rapidly.

C) Aéymptotic theory (I) : A mathematical Friedrich's illustration

Consider the model problem (where €>0 is small):
el &
(138) 4‘( A‘i
W =0 | = 4
\1:0 1-‘ o0

The standard asymptotic argument to find an approximation of the

-3
= - % (1—3&) e 1 5 (16 (0,t)

solution of (say) the third order is:

(C.1) To introduce an ocuter expansion:

p no { 2 p?
(139) W= T(\p%) ~ %(1) v e f (xt) + e .{3(\1)
where -po, -?1, ‘pz have to be determined from formal calculus (139)
means that, for some norm i+ “i on a space of functlons defined on
Lafe), Qo) (aley>o, ale)»0y one must have: .
) 2 - 3
(140) \Ql\\,%)— (4?"[@«» a¥(\1)+&¥(v)\\€ = Ofe?)
Formal calculus (identification of the powers of € ) leads to:
I ® (roo) =
(141) 3—1—" ‘2?-1 : fPlreoy= 1
1
! 32?" L
(142) £='r2+-e\1 $(+°0)=O
S
T 2
(143) T T fr) =
1Y

Hence, one necessarily has:

we= ey v (4 3Ty + B0+ RO
(144)
= 1+ 1
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(C.2) To introduce an inner expansion:

(145) u=F(Vey~ F(Y)+ - F'(Y) 4 €2-FiY), Y’M‘f’-'
where ‘f'o) Fi, ‘Fz and g(¢) have to be found. ‘Fo; Fi and FZ

will be determined again from formal calculus and Cali) has to be such

that %(E)—)O . The meaning of (148) is
o 3
(146) IFe) = (F) e B+ ¥ )1 = o)

€
where \\'“ is a norm on a space of functions defined on [O/ L(é)]
(\9(€§>O, HE)-") O) . The choice of Ca(s_) is crucial: it must lead to a

maximum of richness in the ode!

One sees that (¢ey=¢ is adequate. Then,
2c0
F ° °
(147) %—2 + ar 0 F{o)=0
&yr
It gE! 3 N =
CILARON.L A 1 Flo)= ©
JF L g N
o 2 = 2/A+Y T [0)=0
(149) 7y s(A+Y)  F[)
This gives (with Ao ) Ai and AZ three indetermined constants):
wn A=) e (A 2y
(150) -1

1 “Yee P
+ E(AZU%’.)T#\/), 4 ‘1“-
(C.3) To perform "matching'between (144) and (150).
Matching will prescribe the values of A\) Ai and A<Z .
We use Van Dyke's rule:
o i v L2
The three-terms inner expansion of #( )+£'${1) +e £ )
=9 vl 212
and the three-terms outer expansion of r{y§+e:F(Y)+9 {Y)
must coincide.

In other words, one pust nave:

ct
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: ey
Flery v e (eyy s N’(ﬁ\/) = 5T

2
~ 1 £ (i 3£Y+ Ez 2)

,_3_,‘ 2, 1y2
= 5- & 3) +¢ 4

(from Taylor's formula) and y
FT%) + s FM!) 4+ & q:z(i) = Ao(i‘e—'s_)
e -ey- 2y e D)
v ARy ) e Ao,

- E
(from the behavior of Q‘ with fixed Y and €-—>0 ).

Rewritting these expansions in the same variable (®r example\/ h
one obtains:

i_& —y+£2 q\/'l - A°+ &‘(AI‘E\/)'*'EZ‘ (AZ+%72)

whence
- 3 - =
A= A=0 A-=o0
Consequently, (150) becomes:
] - 3 Zq 2 _Y
ason  w=Fhey s Fe) o —(Ie) Sy eerdyr, el
Now, (144) and (150') give a complete picture of the solution up to

the second order in the whole of [b/+«0

. For a composite expansion,
we put:

L -3 3,7 .
T i+2._o,‘f +5.(‘Q)-l“‘

- -z
200, £ Z—>0 é( ¢ )
3
(151) + E-0 - €. ___Z
( >l> Z_voa EZ >0 (2 >
+ Lo ( \/1) £2, (%ZZ)

Z—)Oo) £Z—o



(152)

(153)

(154)

(155)

(156)

(157)

(158)
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That is to say:

-3 -y .
U v i+ée 1o ey~ E-%Y +&7‘-2>’2, Y:Y/&

[NFNIY

There is a theoretical basis for matching, developped by Kerkovian,
Cole, Eckhaus,etc... It relies upon the introduction of an intermedia

te variable
A
-1 ! -1
F i
which determines the region of validity of both outer and inner ex-
pansions. The theoretical rule for matching is to identify the various

terms of the inner and the outer expansions when they are written in
la)

the intermediate variable Y .

D). Asymptotic *theory (Il} : The boundary layer equations for

isentropic compressible flow

™~
We next apply the standard asymptotic method to the problem of
an isentropic compressible flow around an obstacle) For simplicity,
we use a one-term approach.
The outer expansion gives the so-called outer inviscid {(first

order} problem:

T TR =0

o2t

X 4 (W-V)T + LV, =0
£+ )ue+f]e be
‘Ye-Kfe

fe = fDO J ?;Q = U:v on r;;
— -

The inner expansion leads to Prandtl's equations (here S and M
are resp. the tangential and normal coordinates; N = N»/ 8(€¢>a

~lj2 -1/2
S(Qe) = Q¢/ ; notice that Ke is the small parameter!)



(159)

- (160)
(161)
(182)

(163)

(164)

(165)

(166)

{167)

(168)

(169)

(170)

(171)
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R T f{a%m“
-O

Kf:r
=0 at =0

Finally, matching gives:

u"N:oq

fﬁ \N=‘0 = fk l FE

Plnew = Telr

Hence,

the final result is:

1. Outer (one-term) expansion:

—
Y

—_ ' bl ,
W (Xt 5 Re) v ko(xt)

P p (Es@) ~ op )
p = r (x,t5 Re) ~ Te bet)

-—
with Ug 1?@)?€ solving (154):&158) together with appropriate

initial conditions for fe and Ug .

2. Inner {one-term) expansion:

In A(glm) variables, the velocity field is

v =

H

A (smts Re) = ﬁ(s,N,{; Re) v (u,8v) 3
B (Nt Re) v ri(slt)



(172)

(173)

(174)

(175)

(176)

(177)

(178)
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f; Q,(S,th)'&) N
= 4\/’8 P 8 = Qé?/f
T‘: (S/f) = ?C(X(S,O)/'t) { ox rg !)
fEE) = fe Kiso)t) T

and with (u,v)

fi (5,{7)

with N

satisfying:

L ) wooo
5% T U T fen ©
®n 2N X L u
— W= V= + = L = ZZ
ot os ON P s N
u(S/O/"t) = \Y(S/O/)C> = 0

-2 -
w(soE) = U2y (xiso),t)

together with an appropriate initial condition for u.
If it is desired, the expansions can be further continued,

Geénerally speaking, one solves the ith outer problem, uses the values
of the preassure, the density and the tangential velocity on ig to

\ . s
solve the ith inner problem and Uses the values of the normal velocity
e
at infinity to solve the (i+l)“h outer problem.

E) Asymptotic theory (III) : The turbulent boundary layer equazions

for isentropic compressibie flow

We argue as before, but starting frcm Reynolds equaticns (128)-

(131) for isentropic compressible flow. An averaging procedure has

been introduced to define the mean quantities

-_— N —_—
|
-
and the turbulent fluctuation @
Standard application of asymptotic methods {C.1)-(C.3; (see

above) yields the following:

1. Outer (one-term) expansion :



(179)

(180)

(181)

(182) ‘

(183)

(184)

(185)

(186)

(187)
(188)
(189)

(190)

(191)

(192)
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~N ~
L= Xt 5 Re) v yu, ()

ot

e 1 = L

3—\: + (U V) Ve T —e VFQ F'e

- - ‘
e = K (fa) (i.e fe

E = roo ) T& ‘Tw m PB >

— ~
together with initial conditions for fL and U, .

2.

Inner (one-term) expansion :

We use again the variables (s,m) .

e WL (smb;R) = U (Nt k) ~v (¥, 87)

"

"

7
P
$

FL(S/{: )
FL (‘/’t)

]

"

k3 (S.,N)t‘j L) ~ i{ (s,t)
2 (Nt %) ~ B (sh)
R N5 &) ~ R (N )

?e {(x (S/o)) ‘l:}

P (x59),8)



(193)

(194)

(195)

(196)

(197)

(198)
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and (u,v) satisfying:

%% T azsﬁca‘)JrFi Y

_ ~ ~ ~ 2y 3
LT RE L L L g6

(
St 2 N p. 2s SN p: \gs

5 U
R N ()

'\\Ll (S) o)‘\:)
(50,1)

W

Y0) = o0

\

[

—_—
(e Ty (x(69),)
together with an appropriate initial condition for «

One usually introduces the term

t
5 2 (R,

into the preassure derivative (see below for a more deatailed analysis).

F) The composite nature of turbulent boundary layers

According to experimental data and further dimensional analysis,

a turbulent boundary layer consists of:

1. An outer region [ ¥ 80 - 90 % of the complete layer;
Here, turbulent Reynolds stresses ( 7% } are much greater
than viscous terms { 11 ).
2. An inner region ( ¥ 10 - 20 % )
Here, T and' 1&7 are of the same order of magnitude.
It is further composed by
a) The viscous sublayer ( vs ), where 'F2>>T£.
b) The transitional region ( trr ), where '?2 diminishes
and T grows
¢). The fully turbulent region { ftir ), where ’?l<< T

Through the inner region, lepT% is practically constant.

An appropriate fom for the Prandtl-Reynolds' equations for isen

tropic compressible flow {(for simplicity, we consider stationnary
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flow; we use the notation described above)

20+ 2 (1Y =

0
W % L e o L 2N 3 W)=’(
w ;-); +v‘B_NL t Pé éts— ?.4 tam(v'fb:“ F&

- - -l

(k= pvs V= ke )

With small preassure gradient, basic assumptions (confirmed by

experience) lead to ‘
+ .

(199) u(s,m*) = m' v +&¢ vs

(m+< S’ Qr?rox.)
i
(200)

"

o e F
; &%M~+CM+ (X&ﬂo)ch+§5) W"$t r
+

m
24
(201) = f ')

(A*av 2 the ter
l+(|+ll(m))1 (- exp - ) AT )l/l

These equalities give the so-called law of the wall

(w">50 anrox.)

(202) \L+(S,’Y\+) = \PM (v*y i He c,,‘wt recaigm
On the other hand, from Cole's work one obtains the defect law
(203) (Q';'\I)/ut = -?Q)d_ (m/s} iw the odec reqion ,
with '

e (3) = - M)+ 12 - WD)
(204) T(s)

S fumction (miﬂ'f‘% a comsh. 0.55)

Nizy= 2 Sin” (%{_g)

Generalized Milikan's argument supports the idea that (199)-(204)
are asymptotically correct

The behavior of the fluid in a turbulent boundary layer is also

%)
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governed by:
a) Wall roughness
This usually produces a shift-in the velocity profile. The
law of the wall (202) is now slightly modified:

Fre nty = (o o ot
(202') W(sm) = (Pm)r (MY, et Tup )V

\

where ¥ 1is a roughness parameter.

b) The location of transition (from laminar to turbulent) points
This can be modelled by inserting a factor er in the

expression for vy, (see (132')).

G) Some classical models for turbulent boundary layers

The basic equations are:

9, 2 _
(205) pslfew) + s lhev) = 0
(206) T R B e O ’v'>5_‘(TQ+TJC)
S o f)e 2% fg%kf ™ f’e .'je .

together with appropriate initial and boundary conditions {after time
discretization, the instationary problem can be modelled aralogously).
All quantities in (205)-(206) are macroscopic (they are averaged quan

tities!).
(G.1) Simple ( integral ) methods

They do not need, generally speaking, the use of a computer.
They provide some formulae which can be used for a better understanding of the
phenomena (mainly due to Von Karman, Schoenherr, Spence, Truckenbrodt,
Thwaites, ets...)
The integral methods solve the integrated equations
Jug —_—

' : + . U, -_— = v
(207) I ( Pelte 9) Pe 1, & T "

=)
a-
n
|
Z
fi

MG

4 . ® due e
ds+ (H+2) i

(208) o
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where Si and % are resp. the displacement and momentum thickness,
H= &/9 is the shape factor and Cp is the coefficient of skin
friction.

Together with (207)-(208), one uses some expressions for - C; y by
and 9 (confirmed by experiences by Dhawan, Smith & Walker, Winter %

Gaudet, etc...)
(G.2) Differential ( zero-equations ) methods

Due to the relatively poor results one can obtain with integral
methods, it is necessary to solve (205)-(206) and not simply (207)-
(208). In zero-equation models, one uses Boussinesq's or Prandtl's

hypotheses, i.e.

(209) S o= oy g—:ﬁ or ~dv = A \%‘t ;‘i
together with an empirical law for \?t or L to close the problem.
-‘Ehe\most important zero-equations methods are due to Cebeci® Smith, Mellord
Herring, Patankar & Spalding and Crawford % Kays.
Tﬁey all use the facts that:
- In the outer region, Vi behaves practically as a constant,
up to a transitional factor X(’.!;

- In the inner region, Vt and L depend. almost linearly on M .

{(G.3) Differential ( one-equation ) methods

Zero-equation methods are robust and do not need too storage. To
be more accurate, one introduces one-equation models. Essentially,
one uses Boussinesq's hypothesis, (132') an additional pde for ‘E
(or f, ) and an algebraic expression for £ (or 1'7: ). o

For instance, one Ar'las the_following equatiop for -ﬁ. :

Pq,( %,% + u«-_;% + v :—E ) R
NS R DR Sl -
W w

A AR RN ATE RSt -D
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The task is thus reduced to model the various terms in the right hand

side and to fix the dependence of L witn respect to f) , and v .
Some one-equation methods are due to Glushko, Beckw:.th&Bushnell

Mellor & Herring, Ng& Spalding, Bradshaw et al., Jones & Launder,

Norris & Reynolds, etc..

(G.4) Differential methods with two or more equations

They use additional variables (two or more) to close (205)-(206}.
It seems that the most appropriate choices are % and the rate of
viscous dissipation (or’ez and (say) helicityl.A particular example of a
two-equations model is MPP's model. Other two-equations models are
due to Tucker & Reynolds, Maréchal, Champagne, Harris % Corrsin, Rose,

Jones & Launder, Handjalic & Launder, etc..

(G.5) Other methods

~
-Reynolds stress transport methods use {206)-(207) and an equation

for -uv' (Handjalicx Launder, Lumley, Reynolds, etc...)

~-Large scale simulation methods introduce a filtering procedure
which drops small scale turbulent effects ( Kwak, Reynolds &%

Ferziger, Comte-Bellot & Corrsin, etc... )
1.6 The M.P.P. model of turbulence for isentropic compressible flow

Formulation of the problem for isentropic compressible 2D flow

(The reduced version, with constant helicity)

of -
3% +V-(fu.

£y UG ATERS F.'vr - %v.(\f%Ri— Aeplz D)

y =0

2t

PoKp
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(213) ')_% + VR = tl)_.V- (AZF_"P?@ VR)- QSL:ZJ‘ - Vo%\l’?
(214) RL = RL(\—/&’) 9 '\‘\’q’ ='\§/? (ZZ)

(215) + QTL’-V)E’\ = 0

UL,

together with appropriate initial and boundary conditions.

f,z,? and '?1 are mean distributions for the density, velocity
field, pressure  and turbulent kinetic energy resp.

’@L and ’\Yi are '"known'" functions of Yéj , with-&giving the Lagran-
gian coordinates (they are obtained by solving a certain micro-
structure problem).

AL 3 Az, K,'r and Y, are positive constants while ¢ { >0 ) is
a small parameter (it gives the ratioc of large and small scales of
length). The flui‘d is assumed to be viscous, with viscosity very small
( Re = 1/l(°g7' ). Finally,

[

DIdy = Wt 3w L

N

Il b
Initial conditions hold for f, w, Q. and @ . The boundary conditionas

are typically as follows:

(216) p= P ,Tzit_&q , =8, o T,

(217) U=0 ,%= QB oM Vg‘

(218.a) §-g rfm ’IVA - ﬁS‘ +Ai&ﬁ g(&’)}-?{ =0 o L
(218.b) %—% =0 o o

(219) Q@ = x-iT e Ty

An alternative boundary conditionon ré is
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- R
(217') W=o0, &

If one desires to solve this problem accurately, it is necessary

to account for the presence of a boundary layer near rg
This can be achieved by changing (217') into a more complicate

(and nonlinear) boundary condition on the normal stress
1 =
(—Q«% + ALE«FQ g(u»w\ .

Adequate forms of this boundary condition will be described below, in

Chapters 2 and 3.

To end this Chapter, we give a list of several references that
héve been used in this preliminary study. We refer to the papers and
books quoted in Chapter O.

- For ,the‘ general description of the least-square methods for

nonlinear pde's, see ref. 4 and the bibliography therein.

- For time discretization schemes, Glowinski & Pironneau's

Stokes solvers and the numerical solution of the compressible

Navier-Stokes problem, see ref. 3 and the bibliography therein.

-~ For the descriptien of the Buckley X LeNir's conjugate gradient

methods, see ref. 6,7.

- For the descripticn of turbulent flows, see ref. 15, 16.

- For the description and properties of a turbulent bouhdary
layer, see ref. 8, 14,

- For general results on asymptotic theory, see ref. 11-13.

—~ For applications of asymptotic theory to fluid mechanics and
turbulence, see ref. 13, 26 and 27.

- For turbulence models, see ref. 14, 16-19, and the biblio-
graphy in 14, 18.

- For the M.P.P. model, see ref. 1, 2, 20-22.
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Notations

0 the fluid domain ( a regular boundéd connected open set in R2 or 123)
F =2

L = ﬁ(X,t) the fluid density

w2 ou(x,b) " " velocity field

e = e(x,t) " " total energy

€ = E(x,t) " " specific internal energy

F = 7 (%, 1) " " pressure

b = 9 (xt) " " temperature

Re " " Reynolds number

Pe " " Prandtl's number

T (=414 " " ratio of specific heats

o= moo :  the unit outwards normal vector
Mo : the fluid Mach number at infinity

At : time discretization parameter

H;(Q) = {"J/Vc L5y, Zx—‘-’ € Lz(.Q)) ;:1.,2.}

HiG) = fie, / vent @)

H (rf) : the dual space of Hz([;)

PL(T) : the space of polinomial functions on T (a triangle) of degreeg 1
ae E : the second order tensor with components

mt Wug /v U m Tw Telyeo

wh W/ ur
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FIGURES
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Figure 1:

Channel flow (from left to right)
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Figure 2:

Flow around and past an obstacle
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Capitulo 2

El modelo M.P.P. de Turbulencia para

flujos compresibles isentrépicos



3. The M.P.P. model of
Turbulence for isentropic

compressible flows

As mentioned in the previous Chapters, the M.P.P. model of Turbulence can
be extended to isentropic compressible flows under an additional hypothesis
of incompressibility for the turbulent fluctuating field.

The first attempt in this direction is due to Chacén [2], who introduced
asymptotics for the compressible Euler equations. With the same kind of
arguments used in Chapter 2, he derived a model which describes turbulence
in the absence of solid walls.

Here, we briefly present the derivation of an asymptotic model of M.P.P.
kind for Newtonian slightly viscous and isentropic compressible flow. At a
first stage, boundary effects will be ignored. This will lead to a closed model
which is further used for numerical simulation. At the end of this Chapter,
however, it will be shown how the presence of a boundary layer can be taken

into account.



3.1 Description of the model

As in Chapter 2, we assume that the mean flow and the turbulent fluctuation
vary spatially in two well separated scales. Denoting by L and [ the corre-
sponding length scales and taking € = -é—, we are interested in the solution
of
0+ (. V)u) + Vp* = peed(But + 2V(Va)
(3.1) P54 V.(puf) =0
F=K@EE), (r>1)

in x]0, T[, together with initial conditions of the form

u®(z,0) = uo(z) + 61/3wo(-z-, z)
(3.2) _

p"(2,0) = po(2) + €¥%0(=, 7)
Here, up and py are the mean initial velocity field and density and wg and
0o are the corresponding initial fluctuations. One assumes that they are
all regular functions, that wy = wo(y,z),00 = 0o(y,z) are periodic in the
variable y € Y (with again ¥ =] —=, n[?) and also that wo and o have mean

zero: )
<wg >= m/ywo(y,z)dy =0, Vze

1 o
<09 >= m/yao(y,x)dy =0, Yzeﬂ

The orders of magnitude of the viscosity coefficient in (3.1) and the tur-
bulent fluctuations in (3.2) are motivated by the analogy with Kolmogorov’s
Analysis. The state equation (3.1) can be used to eliminate p® as an un-
known of the problem. Indeed, if we set u® = p°v (with » > 0 being a
positive constant), then (3.1) can be re-written as follows:

1
ub + (ut.V)u® + Vpt = ve?(Au® + §V(V.u‘))
3.1) pi+ V.(pu) =0

3 K’Y eyy~1



As for incompressible flows, we introduce asymptotic expansions for u*

and p°®:
u(z,t) ~ u(z,t)+ePuwly,miz,t) + e Pul(y, riz,t) +
(3.3) + eu(z)(y, T;Z,t) + - - ’

p°(z,t) ~ p(z,t) +ePaly, 1 z,t) + PNy, m52,1) +
(3.4) +epP(y, 7y 2,8) + - --
where

_a=zt) b
’ 22/3

and with the components of a(z,t) being again the Lagrangian coordinates

associated to the mean flow:
(3.5) as+ (uv.V)a=0, a(z,0)==z
This leads to a formal asymptotic expansion for p¢ which takes the form:
pi(z,t) ~ pu(z,t) + Py, Tz, t) + EPpW (y, T2, t) +
(3.6) e (y, 7z, 8) + o

Let us take IIp = K pj 200 and assume that the initial perturbations wg

and IIp are related each other through
(3.7) (wo.Vy)wo + V,Ilg =0, V,we=0, in

Then, formal calculus, i.e. identification of the coefficients of the various

powers of €'/® in (3.1)', leads to:

( 1
Ut (WV)ut Vo + PoV(pR))
1
) ; + e;(A; + {u.V)A% + A7 . Vu)
+ 54/3_1_ (V.(pRl +R 4+ (y- l)pf"?)/("'l)B”)
p ~ ~
= o(e*?)

(3.8)



(3.9) pt+ V.(pu) +eV.A% = o(¢)
(3.10) po= gt
¥-1
-_where one has used the notation
( R=<wQu >, A°=<ow>
(3.11) < El =<w@u® + @ @uw >, E" =< owQuw >

{ B°=V<o?>
The turbulent fluctuations w and o are given by a solution of

-T -2
( w=Va o, o= 2

By + (B.V,)6+CVyr =0, V,B=0 inY
(w,I) Y — periodic
<w>=0, <7v>=0

II

(3.12) <

\

w1thr-—Va T, r_(VaVy)xw C = Va Va
Here, k = e*3¢ and h = 62/3H are respectn)ely, the turbulent kinetic -

energy and helicity at the lowest order. They are given by the solutions of:

(3.13) ki+uVk+e*R: Vu+ vy, + 54/3%v.(pV) = o(e'?)

(3.14) hy+uVh+e3S : Vu+ vy +e¥°V.(D + E) = o(c*?)
with

=< (VaVy)w (VaVy)w > ¢p=2< (Vavy)w (VaVy)r >

V= <( S|w]? + Mw > —<( |w|2+H)r>

S = <w®r'—tr®w> E= <w,VXw>
(3.15) |

A linearized variant of (3.12) holds for the definition of u® (similar

arguments can be found in [2]).



3.2 The final form of the model

After some manipulation, it is possible to describe the model as follows

1 1
us+ (u.V)u + %Vp + ;V.(pkﬁl) + ;dﬁ =0

pt+V.(pu) =0
p=Kp"

(3:16)

In (3.16), Bl is the reduced Reynolds tensor. It is given by

(3.17) | R' =< v'@u’ >

with w’ being, together with 7/, a solution of the canonical micro-structure
problem:

w' = V\Ja_Tu"J’ ,

W, + (0.Vy)i' + CVII' = 0, Vy'=0 inY

(@',1I') Y — periodic

(318) | <@ >=0, < >=0

T T
with ¥ = Va r', r' = (VaV,) x v', C = Va Va
We recall that k and h are respectively the turbulent kinetic energy and
the helicity associated to w and Va. Of course, a satisfies (3.5); on the other

hand, it is formally deduced that k and h solve the transport equations

1
(3.19) ks +uVk+k[R': Vu+vpl] + ;d; =0

1
(3.20) he+uVh+h[S': Vu+ vy} + ;d; =0
where El is given by (3.17),

(3.21) S'=2«< w'@r’ >



(3.22) P, =< (VaV v’ : (VaV,)w' >
(3.23) P =< (VaV,)u': (YaV,)r' >

Finally, let us indicate that a coherent analysis suggests the following
modelization for the diffusion terms d,, d, and dj (see [2]); here A4,, A; and

Ajs are positive constants):
e £ . & T 2
d;, = —V.D%, with D° = A1pe\/kD(w), D(u)=Yu+Vu —3(V.u)d

(3.24)
(3.25) d; = —V.V;, with Ve= AzP€4/3\/7c-Vk
di = —V.Vg, with V§ = A3P64/3\/ZVh

A more compact formulation of the system reads:
1 1 1
wet (wV)ut Vp+ ;v.(pkg) — ;alev.(p\/ig(u)) =0
pvt+v(pu) 20, p“:Kp’y
Bo+ uVk+ KR : Vu + vipy] %A254/3V.(p\/l;Vk) ~0

¢

(3.26) <

he+uVh+h[S" : Vu+vih] - %A3e4/3v.(p\/i;Vh) =0
N @

\

Due to the results in Chapter 2, one knows that the closure terms
51, gl, 15 and v}, are functions of C = VNaTYZJa, h and k through (3.17),(3.21)-
(3.23) and the microstructure problem (3.18). We recall that a satisfies

(3.27) ¢+ (u.V)a=0
As usual, (3.26)-(3.27) has to be completed with initial and boundary

conditions. These take the form

- -

- u - UO(:L')
po(z)
P e2/3 )
(3.28) k = 5 < [wol® > (z)
h 52/3
- < wo.(Vy X wp) > (z)
- a < t=0 - T




u Uoo
P Poo
(3.29) k = koo , at the inflow boundary I'_
h hoo
a T — tuy,
L J =0 L J
(—pId + Alps\/zg(u) — pk@l).n =0
8k  Oh at the outflow boundary T’}
—_— ==
on On
(3.30)

(3.31)u=0, k=kp, h=hgon the boundary I'g of a rigid body

Here, oy Poos koo and he, are prescribed constants. The boundary data
kp and hp must be carefully chosen (see e.g [1]). It is clear that the Mach
number at infinity, M., determines the choice of the constant K in (3.26):

1
TMS,
An alternative form of (3.31) relies on the use of the experimental laws

of the wall. More precisely, we can imagine we are solving the problem not

in the whole domain 2, but exclusively up to a positive and small distance
ne from the rigid body. If this is sufficiently small, it is accurate to impose

a non-homogenous natural condition of the kind
(3.32) (Alps\/l-c-g(u) - pkﬁl).n = pp(u.s,nc,<).s at distance n¢

where ¢ is a known function.

Two appropiate choices for ¢ are (see e.g. [4]):

1. The potential law.

According to experimental results, this seems to be valid for moderate

My and R = |ue|Lrv~e™? = 10°. 1t is given implicitly by

(3.33‘5 = C(q) (Rncw)?, = [(Al pey/ED(u) - kgl) .n] s

Here, ¢ ~ 7 and C(q) has been found experimentally.



2. The logarithmic law.

It is more accurate for higher values of R. Using the same notation for

u, as before, ¢ is now easily found from the equality

. . 1

(3.34) 22— Zlog(Rnc.us) + Co

U, K

where (= .40) and C, are also determined by experience.

Clearly, a condition such as (3.32) can be easily incorporated to the
variational formulation of the averaged momentum equation as non-
linear boundary integral on I'g. This provides a first step in the com-

putation of boundary layer effects.

Concerning k and h, it is also adequate to relate them to the friction
velocity u,. As suggested by experimental results, one can replace, for
instance, the Dirichlet condition k in (3.31) by

(3.35) k = ~,u? at distance n¢

where <, is a positive constant (again obtained from experimental re-

sults). For further details, see e.g. [3].
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Capitulo 3

Métodos numéricos para la resolucién del
modelo M.P.P. de Turbulencia
bidimensional para un flujo compresible
1sentropico



4, NUMERICAL METHODS

“or simplicity, in this Chapter we 1limit ourselves to the
description. of the numerical methods for isentropic compressible 2D
flows. We recall that our unknowns are the mean density, velocity
field and pressure (F ,\¢ and ? ),the turbulent kinetic energy and
the Lagrangian coordinates (k,and a). Since the problem 1is two-
dimensional, helicity is ignored. Thus, the closure termsfgland Qéare
(for the moment being) written as known functions of V&.

We consider the following formulation of the problem:

(1) %‘; (mm«v;u -(ﬁ\%g(vdﬁ\—%&sv.(g(ﬁQ(Eb:o

(2) aﬁa»ﬂ-(e%) 0

(3) fat TuVks {g( )VW)A \T’erv*)]k A€ .{gv.(fﬁv%\:o
(4) ’%gg X (K:.Vf)Zi =0

(5) f?== K ég

with the following boundary and initial conditions:

W= u'bo _
f- %
_a,‘,: ?-‘t‘aw

"
(7) k::\lg 5

3+ TN -Ae e (@
(8) FD% % ] m“b—r-r g

= O
Y



SE(Y,O}:EO(X) -

(9) pOxey=$o ()
h(xl‘)); ‘Qo()()
ZT(X,6> < .2)

We introduce the new variable

c‘:—Qm‘:

Then, problem (1)-(9) can be written

(10) %L; (W)W« XKE/ 7e + V- (\QQ, Va >+ lz? (vo') va
‘AAW‘(QP(—‘:D— A £k D(E). v = 0
(11) ?ﬁwu»«u Us = 0
(12) ?)b +WIR+ [Q (vd)s wa \)gr(vg)}h |
—A2£/3v.((\ivla)— Aze%ﬂzv}z,w: o
(13) %:g* (W)a =
5 TR,
(14) \E: S:: i"(\)m ey
T Yotiw
(15) {Efz en 11



S
Ly e\kD(u
(16) [25/\ 3,3 (VM belkd \} ° '
ot

Trb(lo): _\Io (%)
SheoY: G0 = W QO(X)
7 k(x0) = kel
l E(Xp) :"x}’

4.1 Time discretization

Let us define

= -
L= (G,u,b\)
(10)-(12) is of the general form
~P
(18) _%Q + 61 d 6= 0

Let At be a time step discretization parameter. We have used an
implicit two-stepped scheme (Gear) for II in equation (18), and an
explicit scheme (Lax-Wendroff) for & in equation (13). For h>o,
with E?‘ and ;L;‘ approximating LJ YlA{) and 0. VlAt) UM'

—
and g™ are obtained from:

SUM™- Luh. Ut G(EM, o) = fa W2l

b
L M[(@q.‘qu*%(uﬂ@‘”\v\((ﬁ“‘ﬂaﬂ ﬁ& n e
1/2 ¢ ?é_L



[ie - . A
and a are obtained from the initial data (17). [ is

obtained by using two steps of an implicit backward Euler scheme,

with time step §§§ to keep the same matrices, and then performing

standard interpolation.

Hence, at step (n+l) the system to be solved is:

a9 ows(EV)Tryx 3"”v@+v-(vzg'(v§))+ k R(vz)- U

- #,e7.({eD(@))- 4,6 Tk D)6 = 2,
(20) «E+NTL+0 Vs = A,
(21) \uIZ.VLL{g‘(v@):@u/uotga(@')]k

- A€ (e TR)- A" (e VheVo = 4,
o L= A s ]@NE Cae [@ (Ev)d)]

with the boundary conditions (14),(15) and (16), where:

O(‘—i
AL
hred - n-}
w*PvF el
24%
n n-j
[ Lar
2 AT
g, - LR
" OMt

~ Remark: For the initial ZRuler's scheme, we use the same equations (19),

{20}, (21) with:



Y: NEO ; ’»\O: O(G—O

Ao = xR,

!

— 1,5 '1/5
= = o

Equations (19)-(21) can be rewritten:

7=

(23) 0(&,’~}~AE+/5V6—@(0}U|\Q,V§‘>:
(24) AC+Vel + (UG = &/\n

(25)  «k-Adk - X(GU R VT = %N

where:

M= ALE ikm
kCW\/ is a characteristic value for the kinetic energy le s

<,
f>= Xké con

G—CW\, is a characteristic value for the logarithmic density & = log i),

S
™ rd (¥6" ’ I, U
(26) @(S.u,k,%\:((‘o-we )VG-V-(\QE(V/Q.)}- k R(72) Ve
- N e V| Tk D), T [+ 4, ¢ (ke D(7)-Ts
e (ST RTE)= A2 (- ) TR ]+ A" (e 7.V

- Wk - | ¢ vov\vM)A %Wﬂk



4,2 Block relaxation

To solve system (23)-(25),(22) we use the following block relaxation
algorithms:

Algorithm 1

a) Take _L_)CC = LTJ‘, G, = ™
b) Find & , from:
oy - ar- st [(LV)a |+ vedt (@ 0 (@ vya)]

—>

—
c) Take Qo =Q
d) Find [k, the solution of

[ «k-N0R =X, U, k, V) = I

e %4

} h: RN UY\_-T,‘;
(29)
\‘\ lQ:. hb O'Y\_PB
|
Uk _ +
me Tk

e) Take fQC = k:
f) Find (W) , the solution of

i/ D(LZ*)‘ A_\Z“'[\JVG’ g(guar \Qc, 176'53‘—’— E:t
KT+ VU4 Lo VS = A
(30) IC:TIOQ , Sz 6-90 on ’T'D:

U=o0 onTTy
ke e RE) 4R BT =0 on T

— v
g) Test. If it is not satisfied, take U,=W, €=C and go back to



A variant of this algorithm is:

Algorithm 2

Replace step g) by:

g') Test. If it is not satisfied, take IIC:II, qi= G and turn
back to d).

The simplest version:
Algorithm 3

Perform only once steps a)-f).

4.3 Variational formulations
We consider the following functional spaces:
-le/eew (), =0 cm‘r;,%
= {N/Ne%{i(ﬂ), =0 on-PBut;%
R= xS
We UV
Tee Y/ ke¥ @, kel on T, k= kg on Ty
Qe =19/ce (@), = Sp Tk
W, AU/ Tew®?, T=Wa on T, T=0 o Tyl
Up= {610, G T, 520 onTe}
omd | fm A e SICA
\Yx { [Sed' (), T=0 on T , T= A om Te

i

*;:
——y



I. The equation for the Lagrangian coordinates

An equivalent variational formulation of (28) is:

QA 9 f
(31) =5 eed (@Y - O+ (@)@ TER)
AN

II. The equation for the turbulent kinetic energy

A least-squares formulation of (29) is:

B Min (0= 5| k1|2 2| 7(kT)12
' 3 R

(32)

) Tﬂﬂ%
with kﬁ=k(1), being the solution of

vk-Adk = x(q;,n'o,t,va’cwgn
k: koq UY\_Tl:
(33) 1 k-— kg UY\_T‘

“\ %k _ H\ 9t -+
B (/\ A(C, aYL on |



IIT. The coupled equations for the logarithmic density and velocity

A least-squares formulation of system (30) is:

j Min J(n3)= £ (i %[aim—mﬂﬂ\V(w)ﬂ

3t S

1 () e Sg x W,

(34)

with AyOand &= G(Y]:TB\ , 'CC:G{W.C)\), the solution of:

’ O(TL"‘}/\ A?L+/‘3VG =§(Q'a| Re) 7565“;5“

0(G'+Vaﬂ.:—--\7\)‘Vrz+/Q¢m
Wl , S99, on T

(35) } W=0 en Ty
3T - X\ A 1.
ﬁ“FS“:X'(B'l+Kf\K% QJ“
|k R0 )~ AT, D(3)-Te, )T o T

4.4 Conjugate gradient algorithms

To solve problems (34) and (32), we have used Buckley & Lenir's conju-
gate gradient algorithm.
In both cases, the main dificulty consists of the computation of gra-

dients, wich will be detailed below.

1) The linear (state) equation (33) associated to a (control) ,

can be equivalently formulated as the following variational equality:
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Y =
J %7 V@Lf

i

- - a e (-G (o, )T 7 + A

(7004 - [B12) T oyl g
+3@an
I\S’U{E\y \quf

Sl

j kU(+ V&ZVL\) QU RAZAN Py +

For the functional 06 in (32), we have:

j A9 » )[40 04-) M) 7(40p )
)

= o(& T- \QWHXS (T~ )V

(37) Q )

| w&(k' O-Y)(T¥) - XEV( QD) )7 (T-k)
L%Le’\i\e ,&J\Yeﬁ]

P- E(‘C)\{) verifie

Mm vﬁwg < (6T, T 72 ) Y ‘f>——§ e VW{’

~Af 3 ((E-VWW)-V%M J(V”—WV@A(}D

&[ AR AL AT
H\;{eﬂ )d\k)e\f Yred,

\
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Hence:

(B, gy = = | TRy x\wt-@.vw
A}

3N
(39)

B < %%(chﬁc,t ,@c}\.}) , T "Q>

where k,is the state associated to T, i.e. the solution of Poisson's
problem (36).

2) For the functional ;j in (34), we have:

(40) < qm 9 = S(q@ 969 9}%[ & (& e)fvmw( ﬂ
N \%
(RO LR NE )
) ) t N
Ml EH(E-6).) szvm\”m(%‘i'éﬂ
(a1) <§—§(V{fﬁ),—(\?\> . o(X(Q’«»D(%ﬁHAo/&C\fG)(%—E, E-T\Sx
f2 Jt
+ A)LSV(*’\BW(%E F-1)
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% Wz :
From (35), we obtain that | \ ( 9) and (-—: ") = ) verify:
'L oW (?

Zo A2 93\72 ,ﬂ (¥.9). 7 ’<%’i(7*”'kf'7~5'0)‘9'3>
N4

% CRIE IR

40¢ ¢ %ze'\/\l Wég

{\ N (B 3)93 plIEDE (& 47 k) 6,2
) . 2
e 4 “l(%g E)Lf* W@%'ﬂ‘f =*\((\?Vrpcg
AL

18, 9FeW Weg

-
We introduce now the couple (%:‘Z) (the adjoint state) as the solution

of the following linear (adjoint) system:

M\%’iy\ﬂgﬁ* g%(V-i:): 9[%8’(E—G>§+}\V(zﬁ)vﬂ
2 B 5

B A

—

s A alnyplg oy <oy
Sl 2 2
2 12eW &iu{eé , (%,E;\e Sy

System (44) can be reformulated -in the following way:
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(45)
Y =0 on —’\1&
_ ?E; - (Q(ELN) “T7+
)L‘Dn —‘%Y\ - ka 9”- >
36 = QU
Now, taking = 22.9 2=z — B in (44)  and
_) bi 971 ! U
Ui: % / 2‘% in (42), we obtain:

ugz(a-»p(%.gw[ gw)@u ngm-a)v(%%ews

d 2
< g@(qw “‘c Vaa —§> S(EV@)%

N

w
S

=

5

B

[\

a

Also, taking (_f

:9:’31“’

H_% | Té:_"g in (43) one has:
ol B3y (B )y el £9) |-
- <%§‘(Wfbﬂ§c\vw,’i>—X(“"W

W e

Finally, we have the following expressions for the partial derivatives

ofJ:
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|\
—_— 3

(AT)R Xv(asqz)vﬂ- |Gz
s

b))

/\
WVl
Zk‘c,{
s

=\
~—”
24
AV
(1
Ry
/\ c—}
=

DO

Sjl\eﬂ )
s
‘S
&
<
(o]
0
——
2,
o
J

< %%(Vz»w/bc'v@c} eI—i> =
= < [((; XK g"‘mve-X(&f\)K(é‘-l)YL@vz.L%E‘.Ve+ 4, £\ DI 'VG] ,§> z

) - - —
= 8((5»7%% VL)V%Z— zs(zmkg 4 3YZ(VT‘%W
5 9

ke (83070 ¢ aef la (23)%) 70

i Y
C AR AR
- <[— (RS - (V) + Ag V(@C 9(5)*%@}* Aﬁﬂ}C E((G)Vﬂ ,g> =
= (3 Y - A (R (o, ) T g e (p6)79F
3

Y’ S
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4.5 The solution of (Quasi-Stokes) problems (35) and (44)

To solve problems (35) and (44) we have used the generalized Glowinski
4 Pironneau's method described in 1.3 - C) of Chapter 1.
Briefly speaking, this reduces the task to the achievement of the

following steps:

- .
1) To obtain the state function (Gﬂk\ associated to a control (QJA)
(problem (35)):

. o{‘()cou; . ((H Q(/mé%ov% - «5 (-G.vvl +h) 4- %(v.;gm)t?

52 ) \Yi

| SICE (RN SRR NN TR

: 5

\ eV, c,eVs

J a&&'o,&)*&vaow: X@(v5)+ﬁ$+ @(V,ﬁ,bc,vg;),m)
Sz A\ § 5

I FeW uoeTAXM

Aot - fuos by

d0eV, Yo e

(\f> Operators with X are understood as approximations in some generalized

sense.
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B k- - (WL N W)

9$fﬁn

here %61 is the linear component of operator -Ag:f ,
(see Chapter 1 )

|6\ 0+ (prup) \UG VY = O
QW[”NE}A\’(

b et e

g (¢ 7 B0 -y WEE g '

S

[ {
MZ

e
2

L eV a, A\

BE’ &r \W 75 =- KGO(V.T\)'] . aui(a-a Yd *Q)AXV(V'EW’“?
S

1\\&6\)3 T, e W
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2

& <x \\)O\W(M}AM V- 3(046 (\)V Ko d(- vp\kf
l*f&ge’\y ) Yo N\
%%GYX - (29%\1\3@— ) Yo \T‘;\

[y

Ne " (7))

%RG\S ) 6-)\6\;\

aQ A
diel  Uye W

u\mw [9i\v3 < - & (7. )
S

%o@i@\% ((s* oz)A &VGOV\;( =0
S
2

4.6 .Space discretization

The space discretization is achieved using finite element techniques.

Let ‘élu be a triangulation of*ﬂ, wich we assume, for simplicity, to
2

be a polygonal bounded domain of K.

We introduce the following discrete space

b= 1 e @), g | e ¥rel

21_ is the space of those polynomials of degree < 1.

The spaces S’XY gg -\Sk, %ch are approximated by the subspaces of
'HM defined by the boundary conditions satisfied by the functions
belonging to é A gq -
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One obtains immediately the discrete problems by means of a standard
approximation of the corresponding spaces and variational formulations
above.

We have used mass-lumped numerical approximation for all integrals,

except for those stemming from transport terms.

4.7 Preconditionning and working variables

In practice, we change variables T, (Yl,-k:)') into working varia-
bles 'E , (Q,%) and then apply Buckley & Lenir's algorithm to the
corresponding new least-squares problems.

We detail this change for turbulent kinetic energy T . The pro-

cedure for (Vl,ﬁ) is analogous.

Let Ab be the matrix associated to the solution of the discrete

Poisson problem:
«R-\ QR = % .
+ Dida Ul condtiony on TDRi T

3 ok
i. e. ﬁa': (atjz‘i'é:'ésy‘- ' M= &X\W’H/h
ag--: & \WiW + A VW W (‘K)
' 4 4
e 1

with {‘«Jig ‘_é{émn being the canonical basis of ‘H*‘L and with the
superscript ('MQ) denoting mass-lumped integration.

Then, the approximation of problem (32) is

Mie (0)= L (ba(kD)le-D)r € (¥ *)
e

(we have ommited subscripts ’2\, in T and 1@ ; we have also identi-

fied ‘Dé/\ikbwith ,{-c({)g'yeﬂ e j"N / g:,{(\wbﬁnm 6§O€Ab

Qﬁ') In practice, matrix rfflg is partially modified in order to impose
Dirichlet conditions.

G" *\ C is a constant due to the previous observation concerning A5 .
~/
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; 4
Let Abng-Lg be Cholesky's factorization for -3 .
Fa%d ~ -/ .

Then
t -~ It
A0 (5D, Blev)
We introduce the change of variable
- LT
and the functional 2
N ” ’1-/\ ‘
B(T)-8(5T)= 4 LTl
We apply Buckley’&Lenlr's algortihﬁ to the problem

Min o<%t)
J]t \J.C?Dt ‘te\f\,\\@

For the gradlent of the worklng functional, we have:

L%y Gl D)= 3¢t e, w%ézg

Hence, for each computation of the gradient 0@ fc)we have to

compute:

0 Tl T

b) the state l, associated to T
= { (B 0), W 1 g

SACAV AR



Capitulo 4

Simulacién numérica de la Turbulencia
mediante técnicas asintoticas
para algunos flujos compresibles:
Flujo sobre una rampa 2D
y flujo en torno a una doble elipse



Chapter 2

Numerical simulation of
Turbulence by asymptotic
techniques for some
compressible flows: Flow over a
2D ramp and flow around a

double ellipse.

In this Chapter, our work concerning the numerical simulation of Turbulence
for compressible isentropic and fully compressible fluids will be described. We
intend to simulate Turbulence by means of asymptotic techniques. On the other
hand, the generation of Turbulence near solid walls is modelled, essentially. by
the use of “wall laws”. We first introduce our model problerﬁs. Next, we shall
give a brief description of the solution techniques and. finally, we shall present

our numerical results for two Test cases.



2.1 The model problems.

2.1.1 The model equations.
Consider 2-D Navier-Stokes equations for compressible isentropic flows with
R=0(%),0<e << L
€ | e Ty e 1 ¢ #052 e
uf, + (uS. V' + =Vp* = —V - (p°D{u)),
pf p

9
(2.1) p5+ V.(pTut) = 0.
P =Koy > 1)

in 2x]0.T[. together with initial conditions in two well separated scales:

u (2,0) = up(x) + ;‘1/3116(‘;, x),
(2.2)
. . x
p*(2.0) = po() + 22 pp( = 2).
In (2.1)
v)
(2.3) Diu) = Vu+Vul ~ éV- ul
is the stress tensor and
I 1
V= )
vA2

Also, in (2.2), up and po are the mean initial velocity field and density and uj
and py are the corresponding initial fluctuations. One assumes that they are all
smooth functions, that uy = uy(y, ), py = ph(y.z) are periodic in the variable

y €Y (with ¥ =] — 7. #[®) and also that u/, and p} have mean zero:

1 :
<up >= F_[/) ugly.x)dy = 0 Ve Q.

/ 1 R
< py >= -‘},—_I/y’po(y,tz:)dy =0 Yre

In the M.P.P. model. this flow is governed (in mean) by a system of par-

tial differential equations for the mean velocity u(x,t), density p{z,t), pressure

36



p(z,t), kinetic turbulent energy k(z,?) and the inverse of the Lagrangian coor-

dinates a(z,t), given by:

| 1 1 .
uy+ (u.Viu + ;Vp + ;V -(pkR) = Ep—\— . (p\/zD(u,)),
p:+ V.(pu) =0, p=Kp",

(2.4) , .
ko + uVE+ k(R : Vi + 100) = V. (p/kVE),
p
a;+ (u.V)a =0,
with the initial conditions
] i upl( ) ]
po(T)
(2.5) P =] -2/ )
k 5 < luol” > (2)
- a -ltZD T J

In (2.4) ¢, and ¢, are numerical constants; the other closure terms are func-

tigns of Va. Indeed

(2.6) R=VaR(C)Wal. ¢ =¢(C). with C=Ya Va
and
(2.7) RCOY=<d2u>,  v(C)=<]|V,x(C&)]>.

where w verifies the so-called canonical microstructure problem:

W, + (@Y )i +CV,yr =0, V,e=0 inY,
(2.8) (w,7) Y — periodic,

1 ~

5<uCle>=1, <@ >=0, W odd,
This is a simplified model which does not include turbulent helicity ([10}).

We also consider another model problem for ideal fluid that includes an

equation for the temperature. In this model, the state equation is
(2.9) p=(v—-1)pf

37



and the temperature 6 is governed by the equation
€y — 2 .
(210) 64+ uVO+ (7 —1)0V -u= 2V . (p/kV) + ups? F(Vur),
P

where ¢y = ¢,7/Pr, with Pr being the Prandtl number of the fluid. In (2.10).
F(Vu) is a quadratic function, defined as follows:

4 9 ” B 9 R
F(Vu) = §(ui1 + “5.2 +(u3, +uiy) — upta2).

The equation for the temperature has been adapted from the usual energy
equation for the M.P.P. model. Indeed, (2.10) has been derived by including a
turbulent diffusion for  similar to that appearing in (2.4) for the velocity u.
On the other hand, the diffusion terms for § and for u are assumed to be related

-

. . . . . Ca ] .
as in the original Navier-Stokes equations: — = —. Of course, at this stage.

¢, Pr

this must be considered a temptative.

Thus the corresponding model PDE’s are:

[t (T4 2T+ 2T (phR) = 45 (KD
pe+V.ipu)=0.  p=LKp.
(2.11) { ke+uVk+k(R: \—u+#o# :—\* (0 JkVE),
6, +uVh+ (v —1)8V - ( JEY8) + 102 F(V).
L a:+ (u.V)a=0.

2.1.2 The boundary conditions.

We consider standard boundary conditions on velocity, density and temperature
([3,7]). Also, we assume Dirichlet inflow constant valued boundary conditions
for the turbulent kinetic energy. This means that the flow coming inside the
computational domain bears a certain level of Turbulence. Moreover. we model

the generation of Turbulence on solid walls by introducing “laws of the wall”

([12]).
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The outflow boundary conditions are all of Neumann type, in order to avoid
reflections on the outflow boundary. ;

We shall assume that the boundary T' of our computational domain Q2 is
divided into two pieces. The first of them is I'p, which corresponds to a solid
wall; the second one is an artificial piece “at infinity” and is itself composed by

the inflow (I',)) and outflow (I'}) parts. Thus,
I', ={z eT/u(z).n(z) <0}.

where n(x) is the outward unitary normal vector to I' (cf. Fig. A).
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1. Inflow:

COS &
u ]F; = Uy = _
S &«
(2.12) Ples =1,
k lr; = kcar = 52/3’
1
fl— = =0
= = S =

All variables are made dimensionless with the free stream values (uniform
flow at infinity).

2. Solid walls:

~

Since the M.P.P. model does not take into account the existence of tur-
bulent boundary lavers. we have introduced specific nonlinear boundary
conditions on I'g. These are related to certain experimental “laws of the

wall”.

40



Let P € Q be a point inside the boundary layer and let n and s be the

normal and tangent unit vectors to ['p at the projection @ on I'g. Let y
be the distance from P to Q (see Fig. B). Then, a “law of the wall” can

be stated as follows:

u.s

Uy
=g(y*), y*= ( _2> ~
Tp Hos

Here, u~ is the friction velocity at the point . In Turbulence modelling,

=

u

this velocity is usually given by

Ut = \/L/(T(Q).n.b).S,

where v is the viscosity of the fluid and 7 is the total (laminar plus tur-

bulent) stress tensor. The corresponding definition in our case is then

ut = \/(CM\I/ZD(U).H).S.

The specific form of g is given by Reichard’s law (this was already de-
scribed in a former report [7]). In particular, it includes the so-called
logarithmic law of the wall, where
+ 1 +
9(y™) = Flogy + Cint>
\
in the fully turbulent sublayer (y* > 50: see Chapter 1) of the inner part

of the boundary layer.

The law allows to obtain u” in terms of u.s ([11]). This yields
(2.13) cu\/;D(u).n = G(u.s).s on Tp.

i.e. nonlinear boundary conditions of the Neumann kind for u.

The boundary conditions for ik are imposed by analogy with the b — ¢
model:
(214) k= Ck‘u‘I? on FB.

41



These are nonlinear boundary conditions of the Dirichlet kind.

Finally, the boundary conditions for 8 on I'g correspond to the well known

free stream behaviour:

on Ip

2.15 =0y =06,
( 10) 0 B 9&-{-’;’&[%

X3

(linear Dirichlet boundary conditions).

3. Outflow
As announced. one sets Neumann boundary conditions on I'T. for all va-
riables:
(cu/kD(u) ~ kR — (5 = 1)8log pI).n = 0.
ok
: — =0,
(2.16) an , N
06
= 0. .

2.1.3 The closure terms.
Due to frame invariance. it is proved that ({6.10])
R(Va) = ao(DI + a,(i)C. C =VaVal.

¥(Va) = (i),

where i is the only non-trivial invariant of C: i =tr(C). Then

(2.17)

V- (kpR) =V - (kpa;VaVaT) + Vp',
R:Vu=aV u+aVaVal : Vu.

The closure functions ag, a; and ¥ have already been evaluated by the numerical

solution of the canonical microstructure problem ([10]).



2.2 The numerical solution.

‘In this Section, we briefly describe the solution techniques which have been
used for our second model (2.11). These techniques rely upon least squares re-
formulation and are adapted from those used to solve the other model problem
(2.4). A detailed description of the latter was presented in a previous report
({7

We shall replace the system (2.11) by an equivalent one written in terms of

the logarithmic density, o = log p, instead of p. This is the following:

[ we+ ()t (7 = 1)(0V0 + V6) + V- (kR) + kRV o
= e[V - (y/kD(1) +/kD()Va.
o +uVo+V-u=0, p=Kkp",
(2.18) ki +uVE+R(R: Vu+ pov) = cf[v , (\/EVAV) n \/Z\—'k . Vol.
B+ uVl+(v—1)V-u
= co[V - (,\/;VH) + \/EVW \Vol + 1oz F(Vu),
a:+ (u.V)a=0.

The boundary conditions for ¢ are obtained from (2.12) (only inflow boundary
conditions are imposed).

Let us also remark that the outflow boundary conditions for velocity, defined
by (2.16), remain unchanged.

We shall write system (2.18), after time discretization, as a fixed point equa-

tion with linear “active” operator for the variables (o, u, k. 8).

2.2.1 Semi-discretization in time.

Time derivative is discretized by second order Gear’s scheme:

El»it N3fn+l_4fn+fn+l
dt 2A¢ '

t=tn+1

Time stepping consists of 3 blocks:
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1.

o

(a™,u™, 0™ k™, 0") —  (u"tl, o™, 6"*1) the solution of

- au — pAu+ (v —1)8gVao — ¢(o,u.0) = f7,
ac+uVo +V -u=g"

(2.19) 4
af — 60 — \(o.u.0) = h",
+ Boundary conditions,
with
— 3
i =cuy\/kecar, 6= Cevkcar and a = TRVE
Here
L 4o - o1 . dut = utlt
(2.20) 7T TeAr /"= 2A¢
.U, . 46" — 9n—1
AN
olo.u,8) = —(u.Vu
+c, V- ,\/T‘D(u - \/A‘car\—'lt)
(2.21) ' —(~ =1V +(~ - 11 —-O)Vo
\/—_D(U)VJ
NV (k"R") - k'R"V o,
x(o,u,0) = —uVo—(7 - 1)V u
(2.22) +6;V Tk = fhear) VO]

Cg\/k-"VQ Vo — 1o’ F(Vu).

(a™,u™*!) —  a"*': Lax-Wendroff scheme

a™t! = a® — A (e
(223) _)r_d(Af:\"Zun-i—lv((un+1.“7‘}un+l).

n+1 —_—
u IF; =T — Uslnyr,

with0 < d < 1.
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3. (a1t ™t ot ko gnty o kL the solution of
b b Y b b ]

[ ak — EARA(R) = p7,

N __LAn + kn—l -
(2240) | ST OV PT= G
A(k) = —u™IVE — (R Vurt! 4 pountl)

+er/EVE - Vort! 4+ 6,V - [(y/k =y Jkear) V],

The inflow and outflow boundary conditions for ™! are the same al-

ready defined in (2.12) and (2.16). The nonlinear Dirichlet boundary

condition (2.14) has been linearized:

(2.24b) Er, = o %u'"“{‘ .

2.2.2 The solution of the nonlinear problems.

All nonlinear problems are solved through least squares formulation. This leads
to optimal con\trol problems solved by algorithms of the conjugate gradient kind.

In particular the problem verified by (u**1, "1, §7*1) can be formulated as
follows:

Consider the spaces S, 11" and V, given by
Soc :{UEHl‘\Q)/ ail"; :O-'x}-,

Weo = {u € (HYQ))/ ulpz = us}.
Vo={6¢€ HI(Q)/ HIF; =6.. Olr, =068}

Then, (u™*!, o™+ 8"*1) is a solution of
Minimize J(n,w,7) over S, x W, x V.
with J given by
« 2
(225) '](777 w, T) = ')_/ |77 - O'!d dr
2 Ja
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+-§/ alw — uf? + p|V(w — u)[* dz
2 Ja
8 , .
+-/ alr = 6] + 6|5 (r — )2 da
2Ja
and (o,u,0) € So x W x V., being the solution of a linear problem in 2. More
precisely, o, v and 8 are required to satisfy:

au — puAu+ 8Vo =o(n,w.7)+ f7,
(2.26) aco+ V- u=g"—w-Vn.
af — A0 = \(n.w,7) + A",

with the following boundary conditions:

Velocity:
(2.27) V(e —u)=3c—mI+ (-1l
2.21

+k"R" — cu\/;c—"D(u*)].n =0 on IZ,

(2.28) [V (w —u) — cu\/ﬁD(w‘)].n = G(w.s).s on Tp.

Temperature:

‘ 06 or

29 S e = (§ = o /) —— +
(2.29) éan (6 + ct,\/l\—)an on I'T.

Of course, due to the fact that (o,u.6) isin S.. x W x V... one has for

(0, u,8) the same inflow conditions which hold for (7, w. 7). For instance,
(2.30) c=0 on I_.

Let us remark that (2.27) and (2.28) are two different Neumann conditions
imposed on two different parts of the boundary of Q. These can be introduced
in a rather standard way in the weak formulation of the velocity equation in
(2.26). Nevertheless, the special structure of the function 6(n.w.7) makes it
convenient to give a particular formulation for each of these conditions. The
main interest of this particular formulation is to avoid unnecesary computations

that arise in the case of the standard formulation.
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In order to illustrate how the boundary conditions for u are included in the

variational formulation of problem (2.26), let us consider the following model

problem:
—Au=Vfi +Vf, in Q,
Ou '
(2.31) n +(fi+ fa)n=g on T,
g,% + fin=g; on I',.

Introducing the linear spaces

I
—
&

W = {ue (H(Q)/ulr, = 0}. }
problem (2.31) can be formulated as follows:

(2.32) /Q‘C”u :Vede = —/ [V -vdr
Q

*/'fzv""d~l'7/ givdy, Yo € 115,
Q I,

+
/ Vf-vde -:—/ gav dry. Ye e Uy
Q s

A standard weak formulation (2.31) is the following

(2.33) /QVLL:Vvd.l‘:/OV(fl«I—fg)'vdx

J o= fit Rynydl + [ (g2 = fumydl, Vo€ HY(Q)”
After discretization, the boundary integrals in (2.33) would require a larger
amount of computation than those in (2.32), while the amount of computation
required by the integrals on Q would be very close in both cases.
Let us also remark that both formulations (2.32) and (2.33) are equivalent
if the boundary of  is sufficiently smooth.
Finally, to formulate problem (2.24) (which is satisfied by A"*') as an opti-

mal control problem, let us introduce the linear manifold
E.={ke H(Q)/ klp= = kcar, klrp =k},
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. The function k™! is a solution of

2
u*n+1|

where kg = ¢

: _a 2l S 2
min FOO, FO) =3 [ D=kP+2 [ ¥ -0,

where k is the solution of the linear Poisson problem

_ ke E.,
(2.34) ak — AR = A(A) +p7,
ok o\
el e T,
> In 6372’ o Do

These least squares formulation are solved via a Bucklev-Lenir conjugate
gradient algorithm ([4]). This needs the computation of the gradient, which is
obtained through the solution of an adjoint problem. The calculation of the
gradient was already presented in a former report ([7]). Here, it will only be
mentionned that the actual use of quasi-Newton-like conjugate gradient algo-
rithms leads to an improvement of about 30% on computation time face to

standard (Fletcher-Reeves) conjugate gradient algorithms.

2.2.3 The solution of linear problems.

Finally, we need to solve the following linear problems:

Poisson problems for the unknowns (u,o). These are needed to obtain the

temperature § in (2.26) and the kinetic energy & in (2.34).

Quasi-Stokes problems for the unknowns (u,o). They are solved using a
variant of Glowinski-Pironneau’s method. which reduces essentially to a
“cascade” of Poisson problems and a linear system with a relatively small
and fixed matrix. The solution of the Quasi-Stokes problems was also

described in detail in [7].
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2.2.4 Discretization in space.

All variables are discretized using a continous piecewise linear finite element
approximation. ‘

In practice, the computation of integrals involving closure terms does not
set any particular problem, as the closure terms are interpolated by piecewise
constant approximations.

All details concerning the practical implementation of the method can be

found in [7].

2.3 Numerical experiments.

We have tested our codes in two different cases. The first one corresponds to a
boundary layer on a ramp of angle 3 = 15°. The second one corresponds to the
flow around a double ellipse. In both cases. the geometrical data were fixed by

[8].

The values of the parameters defining the boundary conditions are the fol-

lowing;:
| 1
Ujp= = .
rs 0
Test 1: M, =5, R = 10000,
kcar = 52/3, = 0.01, /,[0 =1,
| v=14
COs (&
1‘11“:7:( ) ) a=0 a=10° a=15.
: sin &
Test 2: M, =2, R = 250,
kear = 23, £ =0.02, to =1,
vy=14
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The convergence of the numerical codes has been verified by running Test 1
at low Mach numbers with two different grids. The agreement between the
results seems to be satisfactory. We have simulated the flow of Test 1 with both
models (2.4) and (2.11) (isentropic and fully compressible fluid. respectively).
This allows to compare the results in two different cases. On the other hand.
the flow of Test 2 has been simulated only for fully compressible fluid. (model
(2.11)).

Let us remark that our models are meaningful only when applied to transient
turbulent flows. Indeed. in the stationary case. the closure terms vanish. and

A

problems (2.4) and (2.11) are reduced to a system of conservation laws (see [2}).

2.3.1 Conclusions.

The numerical results seem to indicate that these models. as well as the nu-

merical methods which have been used toi solve them, are adequate to give
N

qualitative prediction of compressible flows at moderate Mach number. The

performance is limited by the following features:

1. An increasing instability (oscillations of all variables in the normal direc-
tion to the ramp, inside the boundary layer) appears as the Mach number

increases in Test 1.
2. The shocks in Test 2 are not properly captured.

3. The temperature distribution in test 2 does not seem to be sufficiently

accurate.

The first problem seems to be a consequence of the high Mach number.
The same discretization, when applied to the laminar Navier-Stokes equations.

begins to be unstable for M, near 3.



The second one seems to be a consequence of the large numerical Reynolds
numbers, and also of the inadaptation of the mesh. This can be avoided with
the use of adaptive grid generation. This work is now in progress.

The third problem seems to be a consequence of the model equation that
has been taken in (2.11). Our efforts are now being centered towards the im-

provement of this.

2.3.2 Captions of the Figures.

Figures 1 to 11 correspond to Test 1; Figures 2 to 6 correspond to an isentropic

compressible fluid; Figures 7 to 11 corréspond to a fully compressible fluid.

Figure 1: Triangulation. The density of the grid points in the direction normal
to the wall increases exponentially in order to reach a reasonable resolution

in the boundary layer.

Figure 2: Isolines for density, at ¢t = 1. A boundary layer appears near the
wall, downstream the corner of the ramp. A large increase of the values

of the density is observed. ranging from 0.58 to 2.9.

Figures 3, 4: Density at ¢+ = 2. A situation similar to the one at time t = 1
occurs. Here, some instabilities near the boundary layer downstream the
corner are observed. Also, there is a layer of low density near the wall,
upstream the corner. Actually, at time ¢ = 3, the fluid particles have

already traversed the whole domain.

Figure 5: Density at ¢t = 3. A zone of high density appears inside the boundary
layer downstream just around the corner. This seems to be related to the

formation of a zone of recirculation after the corner.

Figure 6: Kinetic turbulent energy, at ¢ = 3. The kinetic energy is almost con-

stant in all the computational domain, excepting on a boundary layer near

o1



the ramp, downstream and upstream the corner. A large peak of energy
appears downstream the corner. This peak seems to correspond to the
physics of the problem, as it is located just after the zone of recirculation.

more precisely at the reattachment point.

Figures 7, 8: Density at t = 2 and ¢ = 3. respectively. A situation similar to
that corresponding to isentropic fluid at ¢ = 2 occurs (Figures 3-3). Here.
the boundary layer downstream the corner is thicker than in the isentropic
case. Also, there is a layer of low density beside the wall upstream the
corner. The range of values reached by the density is here somewhar

smaller than in the isentropic case.

Figures 9, 10: Temperature at ¢t = 2 and ¢ = 3 respectively. A thin bound-
ary layer along the ramp occurs at ¢t = \2 with almost linear variation
of temperature 8 in the normal direction to the wall. At later times.
the thickness of this layer increases and some instabilities in the normal

variation of § appear.

Figure 11: Kinetic turbulent energy at ¢ = 3. A situation similar to that of
the isentropic case occurs (Figure 6). Here, the zone of high level of energy

is located downstream the one in Figure 6.

Figures 12 to 20 correspond to Test 2 (fully compressible fluid). The values

of a, the angle of incidence, are:
o o =0° Figures 13, 14 and 13;
e o = 10% Figures 16, 17 and 18;

e o = 15° Figures 19 and 20.

Figure 12: Triangulation. This triangulation was constructed in order to ob-

tain a high density of triangles at the expected location of boundary layers

32



and shocks. However, the actual location of boundary layer and shocks in

our experiments is somewhat different.

Figures 13, 14: Density at ¢t = 1. The maximum value of the isolines describes
roughly the position of a shock in front and around the body. Nevertheless.
the low numerical Reynolds number of the problem (in particular, in a
small region in front of the “nose” of the body) produces a high numerical
diffusion, so that there is not a true shock. There is also a strip of high
density just upstream the point of junction between the upper and lower
ellipses. This corresponds to another physical shock, roughly located at

that position.

Figure 15: Velocity field at ¢t = 1. The density of arrows describes roughly the
positions of the shock. This Figure indicates that a further improvement
~
of the triangulation is needed in order to represent more accurately th

shock in larger regions. N

Figure 16: Density at ¢ = 1. The same comments as in the case a = 0°
can be made. Here. the strip around the front shock is somewhat turned
counterclokwise, as corresponds to the incidence angle. Also. the small

upper shock 1s only very slightly captured by our numerical solution.
Figure 17: Velocity field at t = 1. Same comments as in Figure 15.

Figure 18: Temperature at ¢ = 1. A very thick layer of high temperature
occurs around the body, followed by a thinner layer of transition to a
lower value. This is only a first approach to the solution of the problem

and the lack of precision has still to be confirmed by further results.
Figure 19: Density at ¢t = 1. Same comments as in Figure 16.

Figure 20: Velocity field at ¢t = 1. Same comments as in Figure 15.
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PARTE 11

A continuacién se presentan los capitulos 1, 2 y 3 de la segunda parte,
que se corresponden, respectivamente con los trabajos sigientes:

e The numerical solution of some elliptic problems with nonlinear discontinuities
using ezact reqularization, Computers & Mathematics with Applications, Vol. 29,
No. 12, pp. 57-66.

o On the computation of steady vortez pairs, aceptado para publicacién en Comp.
& Math. with Appl.

o The numerical solution of some elliptic nonscalar problems with nonlinear discon-
tinuities, enviado a Comp. & Math. with Appl.



Capitulo 1

Resolucion numérica de algunos
problemas elipticos con no linealidades
discontinuas mediante regularizacion
exacta



The numerical solution of some elliptic problems with
nonlinear discontinuities using exact regularization.

Rosa ECHEVARRIA™

Abstract
We illustrate with numerical experiments the behavior of certain algorithms based on
exact regularization. First, we consider an elliptic PDE with a nonlinear discontinuity.
Then, we deal with a semilinear elliptic problem which can be used to model the equilibrium
of a confined plasma. ’

Keywords and phrases: Exact regularization, elliptic partial differential equations with nonlinear
discontinuities, finite element methods.

1 Introduction

The goal of this paper is to illustrate with numerical experiments the behavior of certain al-
gorithms of a particular kind involving exact regularization when they are used to solve two
particular problems: A boundary value problem for a nonlinear elliptic PDE and a semilinear
elliptic system which serves to model the equilibrium of a confined plasma.

In both cases, the main difficulty is due to the presence of a discontinuous nonlinearity. This
implies that fixed point like algorithms are not feasible, because the iterates are not well defined.
In the second case, an additional dificulty is the presence of a constraint.

The algorithms used in this paper have been introduced in [1] (see also [2]). They use:

1. Variational reformulation, so that each problem is expressed as the search of critical points
of a functional that is the difference of two convex continuous functions.

2. Exact regularization. This permits to replace the original problems by other equivalent
regular problems. Then, critical points are characterized as the solution of new equivaient
(dual) problems for which fixed point algorithms are well defined.

Furthermore, for the numerical solution of the examples considered in this paper. we have used
3. Finite element approximation techniques.

For the computations in this paper and also for the presentation of the numerical results, we
have used the MODULEF finite element library (see [3]).

In a forthcoming paper, we will apply similar techniques to other related (but different)
problems (some of them, possibly, have no variational formulation, others involve a system of
PDE’s, ...).

*Dpto. Ecuaciones Diferenciales y Andlisis Numérico, University of Sevilla, C/ Tarfia s/n, 41012 SEVILLA,
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2 A first problem: An elliptic PDE with a nonlinear disconti-
nuity

Our problem is the following:

Find u € HQ(Q) such that

(1) —Au(z) € H(u(z) + a(z)) ae. in
u=0 ondQ
Here, Q is an open bounded set in R? with smooth boundary 89, the function a : Q ~— R is

given and H is the following maximal monotone operator (depending on a parameter a € R),
associated to Heavyside’s function:

0 for s<0
H(s)=1{ [0,a] for s=0
a for s>0

In the general context introduced in [1], a variational formulation can be obtained by taking
H=L*Q), V=H)}Q), B:thecompactembedding H}(Q) — L*(Q)
1 2
fiHN®) —R, flo)=3 [ [Vefds, Voe HY@)
Q

g: [3(Q) — R, g(q):/ﬂ(;(z,q)dx, Vg € L¥(Q)

with G(z,s) = a(s + a(z))+ V(z,s) € 2 x R (so that 0,G(z,s) = H(s + a(z)) ). Then,
problem (1) can be rewritten as

(2) - Find u € Hy(Q) such that 8f(u) — B~0g(Bu) 3 0.

Algorithm and Convergence

In this case, Algorithm 1 in {1} reads as follows:
(a) Fix A > 0 and choose pg € L(Q).
(b) Then, for any given k£ > 0 and px € L%(Q),

~Au=p;, InQ
u=0o0n 80

(b.2) Set pryi(z) = Ha(ugs1(z) + a(z) + Ape(z)) ae. in Q.

(b.1) Compute ury; € HI(Q), by solving {

In (b.2), H, is the Yosida approximation to the maximal monotone operator H , i.e.
1
Hy=5(Id=-(Id+ AH)™

It can be proved (see [1]) that any sequence {ux} generated by this algorithm possesses subse-
quences which converge weakly in H3(£2). The limit of any such subsequence is a solution to
problem (2). '



Finite Element Discretization

For simplicity, it will be assumed that the domain Q is a polygon. Let T3 be a triangulation of
Q. We use P;-Lagrange (piecewise linear) finite element approximation.
Consider the finite dimensional space

V= {onion €C(Q), wlr € VT €T}

and its subspace
Ve = {vhi vy € Vi va =0o0n 0Q}

Of course, V3 and V0 must be viewed as approximations to HY(Q) and HJ(Q), respectively. Let
{a;}%., be the set of nodal points of 7, belonging to Q. Then it is well known that a function
vy € V,? is uniquely determined by the values vg(ag), & =1,2,....n. It is thus customary to
introduce the canonical basis {1....,¢n} of V2. where

i € Vho and @i(aj)=¢6; Vi j=12,....n
Observe that .
v = th(a,‘)pg Vo, € V;?

=1 ~
Accordingly, we introduce the following approximations to the Dirichlet problems arising in step
(b.1) (see above): N

Find uy € Vho such that
/Vuth.a,‘dx:/ph‘kc;id.r Vor € 172
Q Q

In order to solve this problem. we identify any function v € HJ with the corresponding
vector 7 € R*, & = (v;)L,. v = vp(a;). It is readily seen that our task is to solve the
n—dimensional linear system At = b, where A and b, are given as follows:

A = (aij)?,jzls a;; = /{2V¢,‘V¢jd.l‘
b = (5L, b = /Qph,ksﬁidl‘

The matrix A, which is common to all the iterates, is symmetric and definite positive. It
is also a sparse matrix and, if an appropriate numerotation of the nodal points is chosen. it
has nonvanishing components only near the diagonal line. Consequently. it can be written in
the form A = LL® using Cholesky's method. The triangular matrix L can be computed at the
beginning of the iterations.

Essentially, at each step of the algorithm. the computations to carry out are the following:

a) Compute the second member by (using a numerical integration formula).
b) Solve the linear triangular systems Ly = b; and Liu=y.
c¢) Compute ppi41 , 1.e. the vector pryy € R™ given by |

Pt = Hy(uft +a(a) + Mpf), i=12....n



Numerical experiences

Some numerical tests have been made taking = (0,1)x (-1, 1) and using a regular triangulation
with 800 points and 1482 triangles (accordingly, A ~ 0.05). ‘
Our data have been a = 1,

a(m‘) | 0063 ifzeM

“ 1 0 otherwise

with Q; =[0.3,0.7] x [-0.5,0.5]. The domain and the triangulation are shown in Figures 1 and
2. '

The algorithm has been initialized with po(z) = 1 in all the cases, and the convergence
criterium has been ||pry1 — pil| < € = 1073, The algorithm has been tested for different values
of A. In Figure 3, the relationship between the values of A and the corresponding needed
iterations is displayed. ’

In Figures 4 and 3, we present several views of the computed solution. This solution implicitly
determines a free boundary: the curve u(z)+a(z) = 0. Figures 6 to 9 are concerned with u+a.
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Figure 1. The domain 2 where the problem
is solved, with the subdomain Q; arising in
the definition of the function a.

Figure 2. The triangulation of Q. Number
of triangles: 1482. Number of nodes: 800.
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Figure 6. Isolines of the function u+ .
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3 A second problem: The equlhbrlum of a plasma in a toroidal
cav1ty

We consider a problem which serves to model the equilibrium of a plasma confined in a Tokamak.
We will suppose that the confinement domain is axially symmetric. Consequently, we introduce
cylindrical coordinates (r, 8, z), we assume that the z-axis coincides with the center line of the
toroid and we denote by 2 the cross section in the halfplane

M= {(r8.:);(r6:ecR. 6=0 r>0}

In the sequel, we assume that the boundary dQ is smooth and. also, that Q C {(r.2): (r.2) €
R2, r>0}.

In this section, our problem is the following:

Find u € H*(Q) and 8 € R such that
d 10u d lau _
o) —Lu= —5;(-;0—,) 5:0 6-)6 rH(u) ae. inQ. z=(r:)
u=/3 on dQ
10u
—/L}Q -’-:5;; do=1

Here, H is as in Section 2. The parameter [ is given and represents the total current crossing
the plasma; and u is the flux function for the magnetic field (for more details on the physical
meaning of the previous quantities. see [4,5]).

A solution (u, 3) to (3) for which 3 > 0 defines a free boundary. the boundary of the region

occupied by the plasma:
Qy={r;z€Q, ulz) <0}

Problem (3) admits a weak formulation:
Find v € H}(Q) ® R such that

1 - _ , . 1
(4) Q;Vuvvdx—/ﬂ"ff(u)tdx, Vv € Ho(Q)

/rH(u)d:c: I
2

In order to reformulate (4) as the search of a critical point, following [1], we introduce
H=1L*Q), V=HN{QSR, B:thecompact embedding V «— H,
K={q;q€H, /quSI},

f:V—R, f(v 2/—[VL[ dr +al, Yv=0+a€el,

g:H—R glg)= [ Gla,g(e))ds. VoeH

N



where G(z,s) = arsy, (so that 3;G(z,s) = rH(s)). Now, our purpose is to solve the following
(dual) problem:

(5) { Min J*(q) = g"(g) — f*(B"9)
subject to ¢ €|/OK

The set K is a closed semispace of L%(Q) and 8K = {q; ¢ € H, / gdr = I }. Therefore, the
Q

usual associated normal cone at ¢ € 0K is Nsg(¢) =R, for all ¢.

Algorithm and Convergence

Algorithm 2, proposed in [1] for constrained problems of this kind reads in this case as follows:
(a) Fix A > 0 and choose pg € L%(Q2)
(b) Then, for any given k > 0 and px € L%(),

—Lu=pr InQ
u=0 on 9N

(b.2) Compute fr4+1 € R by solving the scalar equation

(b.1) Compute ks € HE(Q). by solving {

E(3) = /Q (rH)\(fker + B+ dpe) dz = 1

(b.3) Set pryi(z) = (rH)A(Bks+1(x) + Pr+1 + Api(z)) ae. in Q.

This algorithm can be compared with the one proposed in [6] by M. Sermange. which involves
approximate regularization only. To be well defined, it is necessary that, for each pr € 9K and
Ugy1 € HE(Q), there exists at least one solution Bry; € R to the corresponding equation in
(b.2). This fact is proved in [1]; actually, it is shown there that the sequence {3;} is uniformly
bounded in a more general case.

In order to establish the convergence of the previous algorithm, we will prove the following
result: '

Theorem 1 Assume po € OK and po >0 a.e. in Q. Then the sequence {(ux,Bk)} possesses
subsequences which converge in HY(Q) x R. If (&,7) is the limit of such a subsequence, then

(@ + B,8) is a solution to (4).

ProOF: By construction {px} is uniformly bounded in L?(Q2). As a consequence, {(pg.3x)}
is bounded in L%(Q) x R; therefore, it possesses weakly convergent subsequences and, also. {i}
is bounded in H2(Q). Extracting new subsequences if necessary, one has

pu — p weakly in Lz(Q), By — 8
i, — 4 weakly in H2(Q) and strongly in H}(Q)

It can be proved that klim lPk+1 — prl|22 = 0 by using the inequality
o~ 00

I (Pres1) < T (o) — %HPkﬂ - pill32

8



and the fact that J* is bounded from below. Then, from relations p, € 0K and p, €
rH(B(@y + Bu) + M(pu—1 — pu)), one sees that

p€OR and perH(B(i+ 7))
Finally, if we denote by S the inverse of the operator —£ with homogeneus Dirichlet conditions
on 99, we can write 4,41 = SB”p, Vu. Hence, 4 = 5SB™p, ie.
—~Lu=p 1
2=0 on 0Q.

Consequently, (24 3,08) solves (4). |

In a similar way, an iterative algorithm can be introduced and a convergence result can be
established for a more general problem

—Lu{z) € 0G(r,u{z)) ae. inQ, z={(rz:)

u=J3 on dQ
16u
—/E;Q;’a—ndG—I

where G must satisfy appropriate assumptions.

Finite Element Discretization

We use the same Pj-Lagrange finite element approximation introduced in Section 2. Then. each
problem

~Lu=p; 1InQ
u=1{0 on 9N

can be written as a linear system Ai = b, where

P . 1
A = (ag)l=1 a;; = /{;;V;,'V,:jd.r

b = (B, b = /Qph,k‘f;idl'

By means of a Cholesky factorization 4 = LL!, we see that, at each step, our task in (b.1) is
reduced to

a) The computation of the second member b € R™.

b) The numerical solution of two linear triangular systems.

The scalar equation in (b.2) now converts into

(6) Fri(8) = /Qph,k(ﬁ) dz =1
where pp x(3) is determined by
pri(8) € Vi, (Pai(d)(ai) = (mH)a(uftt + 8+ XpF), Vi=1.2,...n

(here, a; = (r;, z;) is the i-th nodal point). The function F} ;. in nondecreasing, so that equation
(6) is easily solvable. ’



Numerical experiences

For the numerical tests, we have chosen as Q the open ball centered at (1,0) with radius 0.2.
We have taken a =5. and I =0.5.

These choices correspond to the Tokamak
of Fontenay-Aux-Roses (cf. [6]). We have
used a triangulation of Q with 894 points
and 1726 triangles which can be seen, to-
gether with a three-dimensional represen-
tation of a part of the toroidal domain, in
Figures 11 and 12.

T

_/

We have used the initialization pg(z) =1 and the convergence test ||piy1 — pil] <z = 1071,
In Figures 13 and 14, the solution and the free boundary (the region occupied by the plasma)
are visualized. Figures 15 to 18 show the free boundaries found for other values of the total
current parameter /. The results are in practice identical to those in [6].

Figure 12. Triangulation of the domain
2. Number of triangles: 1776. Number of
nodes: 890.

Figure 11. Three-dimensional representa-
tion of a portion of the toroid. ’
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Figure 14. The free boundary defined
by the solution. Region occupied by the
plasma. ~

Figure 13. Isolines of the computed solu-
tion.

Figure 15. The free boundary for I =

> Figure 16. The free boundary for I = 0.1.
0.55.

11



(l;"iog:u'e 17. The free boundary for I = ' Figure 18.The free boundary for 7 = 0.01.
.05.
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Capitulo 2

Resolucion numeérica de algunos
problemas de la teoria de voértices
estacionarios



On the numerical c»omputation of steady vortex pairs.

Rosa ECHEVARRIA®

Abstract

We present several algorithms for the computation of the solution to some semilinear
elliptic problems with discontinuous nonlinearities. These are related to the equilibrium of
steady vortex pairs. We illustrate with numerical experiments. First. we consider a problem
which possesses an equivalent variational formulation. Then, by analogy. we propose an
algorithm in the context of a nonvariational problem.

1 Introduction

~
In this paper we are concerned with the numerical solution of some problems related to the
equilibrium of steady vortex pairs in an ideal fluid. To this purpose. we will use some iterative
algorithms which are very close to those in [1] (see also [2]). and rely on exact regularization.
QOur problems are written as semilinear elliptic systems. for which the main difficulty is the
presence of a discontinuous nonlinearity.

For the solution of a first problem considered in this paper {see {2) below), the underlying
idea is to introduce a variational reformulation. This reduces the task to the search of the
critical points of a functional that is the difference of two convex functions. Then. using exact
regularization, the original problems are replaced by other equivalent regular problems for which
fixed point iterates are well defined.

In the case of a second problem (see (15)), unfortunately, there is no known variational
equivalent formulation. However, we also present an iterative algorithm, where the specific
iterates are defined by analogy with the variational case.

For the numerical solution, we use finite element approximation techniques. For the compu-
tatlons, as well as for the visualization of the numerical results, we have used the MODULEF
finite element code (see [3]).

The plan is as follows. In Section 2, we recall a general problem modelling the equilibrium
of vortex pairs in an ideal fluid. Section 3 deals with the variational case; we present several
algorithms, we justify some theoretical aspects and, also, we present numerical results. Finally,
in Section 4, we consider the nonvariational case.

*Dpto. Ecuaciones Diferenciales v Analisis Numérico. University of Sevilla, C/ Tarfia s/n, 41012 SEVILLA,
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2 The general problem

The general problem we consider is the following (see, e.g. [4]):

—Au(z) € H(u(z) = W1 — Z) ae in Q. z=(ry22),
u € Hé(Q), (1)
/ IVul>de = 9.
a0

Here, € is the following bounded open set
Q={reR% r=(21,22), 0< 21 <a, =b<r<b}:

H is the maximal monotone operator (depending on a parameter a € R ). associated to Heavy-

side’s function:
0 for s<0,

H(sy=< [0.a] for s=0.
o for s>0;

the parameter IV represents the constant velocity of the fluid at infinity in the direction Oz,
and 7 is the (prescribed) kinetie energy of the vortex motion. For the meaning of Z . see below.

The equations are required to be satisfied in a subset of the half-plane [ = {& = (&;. 2.2 €
R2, 4 > 0} because the fluid motion is supposed to be symmetric about r; = 0. In the study
of steady vortex pairs, parameters @ and b are devoted to tend to + . in order to recover the
original problem in the whole half-plane.

If we denote by v the Stokes stream function. then v is u = v + Wry + Z and represents
the perturbation of ¥ due to the vortex motion. The previous system can be viewed as a free

boundary problem. The region
A={r e r=(r.29). ()= ule)=Wr; -7 >0},

which is half the vortex pair, is “a priori” unknown (the amount of fluid flowing between the
vortex boundary 04 and the axis z; = 0 is given by 7).

Besides the case of a vortex pair, (1) serves to model equilibrium in various related phe-
nomena, arising in other contexts (see. e.g. [5] and the bibliography therein). In particular. the
similar situation corresponding to the equilibrium of an axisymmetric vortex ring can be found
in [6].

In this paper, we are interested in solving two specific problems based on the general formu-
lation (1). They are the following:

A) Free vorter velocity, with vanishing fluz parameter

Given n > 0and Z =0, find u and W > 0 satisfving (1).
B) Free fluz parameter

Given >0 and W >0, find u and Z > 0 satisfying (1).

Apparently, problem B) does not posses an equivalent variational formulation, i.e.. we cannot
identify the solutions to problem B) with the critical point of a functional (see [7]).



3 The variational case: free vortex velocity, with vanishing
flux parameter

As we have pointed out in Section 1, our problem is the following:

Find u € H}(Q) and 1V € R such that
—Au(z) € H(u(z) — Wry) ae inQ. xr=(r1r2),

£

(=
/ [Vul>de =1
Q .
As noticed in [1], it would be interesting to rewrite (2) as a problem of the kind
Min Jx(q):gx(Q) ““f’((B‘(I) ‘3)
subject to q € K. )

for adequate f, g, B and K. Here. g~ and f~ are the conjugate of the convex, proper and
ls.c. functions g and f, B~ is the adjoint of the bounded linear operator B, and dK is the
boundary of the closed convex set A

Thus, we take!
~

H=1L[*Q), V=H}Q), B:thecompactembedding H3 Q) — L7{Q).
K={gelQ: [(BSB"0) qdr<n}
Q

1
f HYQ) —R, f(v)= Sfﬂgvvg-dx Ve € Hy(Q).

7@ —R gl = [ Gle.pds ¥pe Q).
where S stands for the inverse of —A with homogeneous Dirichlet conditions and G{zr.s)
a(s —z1)+ V(z,s5) € QxR (so that 9;G(z,s) = H(s —z1) ). The set K is a closed convex
subset of L?(Q) whose boundary is given as follows:

0K = {q € L}(%); /(BSB"q) qdz=n).
Q
Hence, for each ¢ € 9K, the corresponding normal cone is the set

Nar(q) = {pBSB q: peR}.

In this context, we know that if p € L?(Q) is a solution to (3), there exists a constant \ €}
such that

ABSB*p € d¢7(p) — 8(f* o B*)(p) = 0g™(p) — BAf™(Bp) (4)

(A is a Lagrange multiplier associated to p). Let us set u = SB™p (so that —Au= B"p) and
B = A+ 1. Then, (4) can be written in the form

p € H(3Bu — r1). {3)

'In [1], Section 6, one can find another choice of the functionals and spaces that leads to the same iterates.



1
If >0, taking W = —[}, one finds that
p € H(Bu—Wz). (6)

Finally, since p € O/, one also has:
/(BSB*q) cgdx = / Bu-pde = / u-Bpdr = / IVul*de =n
Q Q Q Q

and, consequently, (u, V) is a solution of (2).

In the sequel, we make the assumption that
n < / IVu, > de = F.
Q

where u, is the unique solution to

—Au=a 1nQ
u=0 on 90.

Obviously. this is a necesary condition for the existence of a solution to (2).

The algorithms

In [1]. the following algorithm is proposed to solve constrained problems of the kind (3
(a) Fix A > 0 and choose py € H.
(b) Then, for any given k > 0 and py € H, compute uzy; and pyyy by solving

{ uper € Af (B ps) + B™ N ok (pr).

~ . (V)
Pk+1 = 9\(Bugsr + Apr),  pry1 € OK. u

Here, g\ is the Yosida approximation to the maximal monotone operator Jg, i.e.

1
g\ = X(Id —(Id+\og)™h)

T

Let us briefly explain the meaning of (7) : The component of wu;y; in B7l N5 (ps) must be
choosen so that ppy; verifies pryq € K.
In the context of (2). this algorithm reads as follows:

ALGORITHM 1
(a) Fix A > 0 and choose py € L2(Q).
Compute ug € H} () by solving

—Au=py 1nQ,
u=10 on d0.



(b) Then, for any given k > 0, px € L*(Q), and uz € Hg(Q),

(b.1) Compute fx+1 € R by solving the equation
Fu(@) = /Q Cep(3)de =, (8)
where v(3) is (by definition) the solution to

—Av = H\(Jux — 2y + Apg) in 9)
v=0 ondQ.

(b.2) Then, set
Pr+1 = Ha(Jezrux — 21+ Api).
upyr = ve(Jps1)-

A variant of Algorithm 1 is given by the following iterates:

™~

ALGORITHM 2

N\ — .
(a) Fix X > 0 and choose Py € L3(Q).
Compute T € H{(Q) by solving

(b) Then. for any given k > 0, p; € L3(Q), and T, € H}(R),
(b.1) Compute Wyy; € R by solving the equation

Fo(WV) = / T (1) de = 1. (10)
Q
where T (1Y) is the solution to

—AT = Hy(@: — Wy +Ap,) in Q, (11)
7=0 on 0.

(b.2) Then, set
1 = Hj{\'(ik - Wiz + ’\.ﬁk)
k1 = Uk "I";;.H).

= 3



Let us prove that the iterates of Algorithm 2 are well defined, i.e. that for each k there exists
at least one solution Wiyq € R to equation (10). The function F'j is continuous, nonincreasing
and bounded; indeed :

0K Fe(WY< F, = /Q [Vug|? de
For ¢ > 0, we denote by €, the set
Qo= {o=(v1,22) 2 € Qe < 1)
We have
(V) _/ H(T + Xp, — Wr) (V) de < C(Q / | H(T + 3P, — W) de

where C(Q) is a constant depending only on Q. For any given p > 0. let € > 0 be such that

p
C(Q2)a*

meas(§2 — §2,) <

Then, if W > W>*(e) = (meag; ua(z) + Aa) one has

H (T + Ap, —Wz1) =0 in Q,
and, consequently,

F(i) < C(Q)/ [He(ta + da = Wr))Pder < C(Q)ameasiQ - Q) < p.
Q-0 ’

lLe. hm Fi (W) =0.
Wt
—Aa

On the other hand, for 1V < I¥.(¢) = . one has

€
Hi(ﬁk -+ Xﬁk —Wril=a inf,

Let us denote by z,. the solution to

~AzZ = Xae In§,
z=0 on 8Q,

where Yo is a times the characteristic function of Q,. Then, for all 11" < 1¥.(¢). one has

(W) > 24, In Q and

Fr(ww) > / azqcdr = Fy — (/ au, dr -—/ QZae d.z') :
Qe Q ‘ Q{

Now, for given p > 0 we can choose ¢ > 0 so that / alsdr — / @z, dz < p. Therefore.

Q
hm Fr(W) =

Voo

It is now clear that, if 0 < n < Fa, there exists at least one solution Wy € R to the
equation (10) (this argument also shows that {I¥%41} is uniformly bounded).

Let us mention that, concerning Algorithm 1, it can be proved that for each k& there exists
A such that (8) possesses a solution.



Finite Element Approximation

The main difficulty in the algorithms above is the computation of the solutions to equations (8)

and (10). Indeed, this requires the numerical solution of possibly many Dirichlet problems of
. the kinds (9) or (11). This can be made easily using finite element techniques. We shall use

a P—Lagrange (piecewise linear) finite element approximation. Let 7, be a triangulation of Q

and let {a;}7., be the set of the corresponding nodal points. For the shake of simplicity in

the exposition, we shall suppose that they have been numbered in such a way that the first ng

points belong to  (this is not essential for the following).

Consider the finite dimensional space

Vi = {va vp € CO(—Q). vRiT € P VI € 7.}

and its subspace
VP = {uvp; vp € Vi vp =0 o0n 8Q}

Of course. 1} and V}? must be viewed as approximations to HY(Q) and H(Q). respectively.
Then., it is well known that a function v € V}, (resp. wy € V) is uniquely determined by the
values wvp(ax) for & =1,2,....n. (resp. the values wp(ax) for k=1.2...., ng. ). It is thus

i€ Vi and ey =6, Vij=1,2..... n.

Accordingly. the canonical basis of V2 is {&1,.... 7ny}. Observe that
n g
vy = Z vplai)yr Vep €V, and wpy = Z wplai)e: Yuyp € I?
1=1 =1

For practical purposes, we shall identify any function vy € Vj (resp. wp € V,?\, with the
corresponding vector ¥ € R", 7 = (v)),, v = vp(a;) (resp. T € R™, @ = (uy)2;,
w; = wila;) ).

Let us now explain how a numerical approximation to the solution to the scalar equations
(8) and (10) can be found. To fix ideas, we will only speak of equation (10). Let us denote by
Pr(W) the second member in the Dirichlet problem (11). i.e. Px(W) = Hy(ur — Wy +25).
The scalar equation (10) now converts into

Fra(W) = /Q Pra(W) Tl W) de = 1, (12)

where Ty 1 (IV) verifies:

TRk (W) € ‘,?
_ . = A (13)
/Q\'/'vh,k(w W dz :/ Pre(W)pide Vi=1....,n9
Q
and Pjp (1) is
Pri(W) € Vh, Pux(W)(a;) = Hx(@ - W1 +Ap}), Vi=12...n (14)

-1



(here, (xi1,zi,2) stand for the coordinates of the i~th nodal point).

The function Fj (W) is nonincreasing, so that equation (12) is easily solvable by an
iterative method. Of course, this needs, at each step, the computation of the solution to (13) for
a given value of WW. It is readily seen that this is just to solve the ng—dimensional linear system
AT (W) = bp (), where A and b (IV) are given as follows:

A = (a;)if aj = /QV;sVs:jdl‘
bi(1V) = (bF (W), bEIV) = /F}L;\.(H');id.r
Q

The matrix A4, which is common to all the iterates. is symmetric and definite positive. It is
also a sparse matrix and, if an appropriate renumerotation of the nodal points is performed. all
nonvanishing components will be near the diagonal line. Consequently. it will be easy 10 solve
all the previous linear systems via Cholesky’s method. Of course. the triangular matrix L which
provides the factorization 4 = LL' must be computed at the beginning of the program.
In short, at each iteration of the algorithm for solving the scalar equation (12). for a given
value of 11", the computations to carry out are:
_ . ; ~
a) Compute P (W) given by (14).
b) Compute the second memb\g bi.(1V). \

¢) Solve the linear triangular systems Ly = bx(W) and L't (W) = y.

d) Compute the value of F: .(11°). i.e. the integral / P 00T (VY de
‘ Q

Numerical experiences with Algorithm 2

For the numerical tests we have taken Q = (0,10) x (—10,10) and n = 3. We have used a mesh
with 1375 points and 2608 triangles, which are smaller in the region occupied by the vortex
(see Figure 1). We have made several computations which correspond to different values of the
parameter «.

We have initialized the iterates with the constant function pg(xr) = 1 in all cases. The
convergence criterium has been

IPker — pell < e = 1077,

We present in Figures 2-5 different views of the stream function, v = u — [Vz; in the case
a = 1, obtained with A = 107°. Figures 6-11 show the results in the cases @ = 1.5, a = 2 and
a = 4, obtained with A = 10~7.
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Comparison of the algorithms

In accordance with our tests, the behaviour of Algorithm 2 is much more stable. It converges
always if the value of X is small enough (A < 0.001). Furthermore, the number of iterates needed
for convergence in the case of Algorithm 1 is too sensible to the initial value V. Furthermore,
Algorithm 1 also needs for convergence to be more accurate in the solution of scalar equations.
This is not surprising, because the right hand sides in the Dirichlet problems in Algorithm 1 are
much more nonlinear than those in Algorithm 2. In the cases where both algorithms converge,

the results are similar.

Algorithm 1 Algorithm 2

A N. Iter. o N. Iter. 11

10-3 — — — —
10~ — — 13 0.43225139
1073 9 0.42134008 9 0.42134380
10-° — — 9 0.42623562
1077 — — 9 0.42623562

Table 1: Dependence of the Algorithms on the value of A, for an initialization 1y = 0.3 .

Algorithm 1 Algorithm 2
Wo | N ter. I N. Iter. 1%
0.1 9 0.4213427¢ 9 042133773
0.2 9 0.42134270 9 0.42139536
0.25 — — 9 0.42136300
0.3 — — 9 0.42623562
0.32 9 0.42134058 9 0.42134523
0.4 9 0.42134362 3 0.42134398
0.5 — — 8 0.42135161
0.57 9 0.42134041 9 0.42134762
0.6 — - 15 0.41447192
0.62 9 0.42134339 9 0.42627427
0.7 9 0.42134204 9 0.42134363

Table 2: Dependence of Algorithms on the initialization of 1y for A = 10~".
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4 The nonvariational case: free flux parameter

In this section, the problem under consideration is the following: N

Find u € H}(Q) and Z € R such that
—Au(z) € Hu(z) = Wr1 = 2Z) ae. inQ, x=(r;22). (15)

/Q |Vul>dz = n

As we have already said in Section 2, we cannot find a variational formulation for (15). Never-
theless. based on the iterates proposed and tested for problem (1) in Section 3. we propose here
the following, analogous to Algorithm 2, for problem (15):

ALGORITHM 3

(a) Fix A > 0 and choose pg € L*(Q).
Compute up € HJ(£2) by solving

—Au=py in €,
u=0 on 9.

(b) Then, for any given k > 0. pi € L3(Q). and u; € HJ (D).

(b.1) Compute Zry4; € R by solving the equation
GilZ) = / ST Z) 2 de = 1. ' (16)
Q

where 7;(Z) 1s the solution of

{ SAD= Hy(u ~ Wer = Z+py) in Q, (17)
71; = 0 on 69
(b.2) Then, set
Pt = Halug = Way = Zipy + Apr)
Ukt = 8k(Zk-H)
n

To prove that this algorithm is well defined. we will show that. for fixed I¥" and with uy
and p; being given by the algorithm, there exists at least one solution to equation {16). The
function G(Z) in (16) can be also be written in the form

G(Z) = [ Ha(u = W2y = Z+ Apo)T(Z) do.

Then, it is clear that G¢(Z) is continuous, nonincreasing and bounded. because

0< Gi(Z)< Fa. Y>>0, VZER.

13



We have the inequalities

-Wa <up — Wzy + Apr < maxuy + Aa.
€

Consequeﬁtly, there exist 7~ = meaé( Uy +Aa and Z. = —Wa — Aa such that, for Z > Z7,
r .

Gr(Z2) =0, and for Z < Z., Gi(Z) = Fa,.
Therefore, as 0 < 5 < F,, equation (16) has always solution. Indeed. the sequence {Z;} is

uniformly bounded.
(??7)

4.1 Numerical experiences

For the numerical experiences, we have used the same triangulation that in Section 3 (see
Figure 1). We visualize here the results for the data a« =1, n = 3, IV = 0.32. In Figure 12, the
relationship between the value of A used and the number of iterations needed is shown. Figures
13-15 are concerned with the stream function ¥ = u— Wz, — Z, and in Figure 16 is represented
the velocity field 7 = (—@- —~2Y) Finally, in Figure 17 we show the graph of the computed

dzry' 9
function Z = Z (V).
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Capitulo 3

Resolucién numeérica de algunos
problemas no escalares con no
linealidades dicontinuas



The numerical solution of some elliptic nonscalar problems
with nonlinear discontinuities

Rosa ECHEVARRIA™

Abstract

This paper is devoted to the numerical solution of some semilinear elliptic systems with
nonlinear discontinuities. The motivation is the modelling of single, irreversible, nonisother-
mic stationary reactions of zero order. The numerical solution is achieved through an iterative
procedure. This uses exact regularization. We justify the convergence of tlie algorithm and.
also, we present some numerical results. '

1 Introductign

"The aim of this work is to test numerically an algorithm which has been proposed in 3] to
solve semilinear elliptic systems of partial differential equations. As a model problem we have
chosen a system of two equations with nonlinear discontinuities. This arises in the mathematical
modelling of chemical reactions and in combustion theory, with two different sets.of boundary
conditions. e also justify the convergence of the algorithm from a theoretical viewpoint.

In a previous work (see [7]), we were concerned with another algorithm, proposed in [8], to
solve scalar elliptic semilinear problems with discontinuities. The present algorithm relies on
the same ideas, but in a more complicate framework. Indeed, the arguments in [8] cannot be
transferred to the nonscalar case as well.

The plan is as follows. In Section 2, we present the model problem. In Section 3, we recall
the formulation of a general problem and the algorithm from [5]. Then, we explain how this
can be applied in our context: in particular, we present and justify some convergence results.
Finally, Section 4 deals with the numerical approximation. In order to illustrate the behaviour
of the algorithm. we present some numerical results.

MODULEF finite element code (see [2]) has been used for part of the computations and also
for the visualization of the numerical results.

*Dpto. Ecuaciones Diferenciales y Analisis Numérico. University of Sevilla, C/ Tarfia s/n, 41012 SEVILLA,
SPAIN



2 Formulation of the problems

We will be concerned with the numerical solution of the semilinear elliptic system

—Au(r) € —p?H(u(z) + l)e\p(—(%_)—l)
a.e. in €2, (D
—Av(x) € vpu? (lt(.n)—i-l)e\p( B |)1>

together with apropriate boundary conditions that we indicate below. Here, Q C RY is a
bounded open set and H is the maximal monotone operator associated to Heavyside's function:

0 for s <0,
H(s)=< [0.1] for s=0,
‘ 1 for s> 0

Such a system serves to describe a single, irreversible, nonisothermic stationary reaction of
zero order (see [1]). The unknowns u and v are nonnegative and represent, respectively. the
concentration and the temperature of the reactant, yu® is the Thiele modulus. v is the Prater
temperature and ~ is the Arrhenius number. >

We will consider two different sets of boundary conditions. The first set consists of homoge-
neous Dirichlet boundary conditions:

u=v=0 onQ (2)

These can be viewed as a limit for those usually considered in practice (see e.g. [1], [6]. [9}). In
the second case. we impose the (not necessarilly realistic) boundary conditions:

du

u=70 onlyUls, — =0 onl:.

3o 3)
v=0 onT}y, — =0 onTl,UT;.

on

where I'y, T'; and I's are disjoint parts of JQ such that [y UT, U3 = Q.

Existence results for problem (1),(2) can be found in [6]. In what concerns problem (1;.(3)
let us indicate that existence follows from the results in section 3.3 under certain assumptions
on he parameters v, v and p®. For other cases, we also refer to [6].

3 Algorithms and convergence

3.1 A general problem

Following [5], we consider the more general problem

—Au € —a(u)f(v) .
—-Av e Blu)gle) in . (4)
(Boundary Conditions) on 012,



where f and g are C! functions and « and 8 are maximal monotone set-valued functions. It will
be seen below that this system can also be written in the following form for appropriate data:

Find (“) € V; x V, such that
v

SF(Z) — (K20 dG) (cr (i‘)) 50,

In (5), V1, V2, X1, X are real Hilbert spaces and 1; — .\;, with dense and compact embeddings
for i = 1,2. We make the usual identifications

(3)

Vi X;= X1 17,

for i = 1.2. F :V; xV, — R is a convex C*! function. G : X; x Xa R is a proper.
lower semicontinuous and convex function, ¢ is a linear operator. o € £(17 x V2:.X; x .\2) and
{Kyw;w € 13} is a family of linear operators K, € £(V7 x 15:.X1 x X3).

Notice that (5) also reads

{ ) 1
Find (L> €17 x 15 and (‘D) € X1 x X, such that
v q

KT (‘q’) eE)F(Z) ‘ | (6)
() eoe(-(2))

The algorithm proposed in [3] is the following:

Algorithm (AG)

(a) Fix A> 0 and choose (so) € X1 x X7 and vg € V5.
0

(b) Then, for any given k > 0, (Z‘) € Xi x X; and v € V,, compute (ukH) € 11 x V5. the
k Ukt 1
OF (uk+1> - I\-;k (pk)
Vk4+1 dk
qk+1 Vk+1 qk

solution to

and set



Here, G is the Yosida approximation of the maximal monotone operator G. We recall that
" 1s single-valued and Lipschitz continuous and is given as follows:

Gl = %(Id _(Id+20G)™Y)
The main result in [3] is the following theorem, where the convergence of (AG) is established
under certain hypotheses.

Theorem 1 Assume the following is satisfied:
Hyp.1  R(OG) is bounded in X1 x X,
Hyp.2  D(OF*)C R(N}). Vva €V, and OF o K7 is single-valued for all v € 15,
Hyp.3  For every bounded set B C X1 x X
U (9F~ e A])(B)
vEV2

1s bounded in V7 x 1%,
Hyp.4 & s compact and the mapping

~

[P
(‘v‘p?q) - ‘[\u
\ q
1s completely continvous,

HYP.5  For every bounded set 1V C V3 there exists v = v(I1V). with 0 < v < 1. such

I
|
i
i
|
1
i
i

PyoF™ ([\'; (p)) - PoF" (1\'; (p)) S vile = uwiy,

forallv,w € W and for any (‘:) € R(0G).

Let (po) € X1 x X3 and vo € V5 be given. If the sequence generated by (AG) satisfies

qo
Phrr) _ Pk converges to 0 in X x X, (0
Tk+1 Ik

then, it possesses weakly convergent subsequences and the limit of any such subsequence is a
solution to (6). ]

We will briefly recall the main ideas in the proof of this theorem. First, using HYP.3. one
proves there exist subsequences that converge weakly. More precisely, one can find subsequences,

indexed with p, such that
(pp> | (e) and (u"'H) <u>
1 q Vp+1 v

4



| wl

). From Hypr.4 and

g

. ;

resp. in X7 x X3 and V; x V2 and ( ° ) also converges weakly to, say, (
Yp

(7), one has

K= {P?) — Kz(®) strongly in V/ x V3
P\ gy q

a’(uﬁ-l) + A [(Pp-n) - (pp)} — 0( ) strongly in .¥; x Xb.
Vot1 Qp+1 qp
Consequently,

u A P ) u

| €0F" | AL and cdGlal_]].

] q T

Finally, writting the index p in the form p = k{n). n = 1.2.... and using HYP.5. one sees that

and

[>T |

]

< Bpo1+v H Vk(n=1)+1 — 'l’k(n—l)ll Vn 2 1.

“‘L‘k(n)ﬂ - 'Uk(n){
0 < v < 1 and with B, — 0. Then, Lemma 2 below implies that
”vk(n)+1 - Uk(@)l = {ltprr — vl — 0

i.e. W=7, which ends the proof.
N

Lemma 2 Assume {a,} and {B,} are bounded sequences of nonnegative numbers with B, — 0
satisfying
an < Bnoy +van—y Vn > 1,

where 0 < v < 1. Then a, — 0. |

A detailed analysis reveals that, in the proof of theorem 1, HYP.3-HYP.3 can in fact be replaced

by the following weaker assumptions, which must hold for every po) € Xi x X2 and every
qo

vg € Vo
Hyp.3" (0F °K;k)(§k) s uniformly bounded tn V7 x Vo,
k

Hyp.4> o is compact; furthermore, if (v,, p,.q,) converges weakly i 15 x X x Xo.

then
K;‘p ((pp)) converges strongly in V{ x 13
dp

Hyr.5" There exists a number v with 0 < v < 1. such that

PyF" (K;k“ (’Z ’“)) ~ P0F" (K,’jk (’q”‘))
k k

k < VHUk+1 —vkllv, VE>0.

Vs




~

3.2 A first application: Dirichlet boundary conditions

We consider here problem (1),(2) that obviously agrees with (4) for:

Fo) = pexp(L0). g(e) = v exp( ),

a(u) = 3(u) = H(u+1).

In order to rewrite (1),(2) in the context of (3), we set
V1=V = HIQ), Xi=2X;=L%Q),

L [ — o
Fl*) == / iVu}'dI-{—i/ Vel der VYu.v € Hy(Q).
v 2 Ja 2 Ja’
G(? :/Go PN o where Gol ") = (- 1)s = (5= 1)s.
q o \¢lz) 5 ’
—flw
U(u) _ (u) and K, (u) _ ( ,(u)u)
v u v glw)v

Then (AG) becomes

v Algorithm (A1)

Po

(a) Fix A > 0. Choose (
70

) € L3(Q) x L¥(Q) and vo € HH(Q).

. 'Pl:
(b) For any given k > 0, (q’

) € L*(Q) x L}(Q). and v € H}(Q). compute ugpsy € HHQ).

the solution to

) “ U )

—Au = —yu~prex — Q,

u ,up;ve\p(vk_{»l) in €2,
u=0 on 90

and vi4y € HI(R), the solution to

Tl

v + 1

{ —Av = v exp( ) Q.

r=0 ond9Q.

Then set ;
Pr+1 = Haluper + 1+ Apy).
k41 = Ha(upeg + 1+ Agp).
u

The following theorem establishes the convergence of (AG) when it is applied to the solution
of (4) with homogeneous Dirichlet boundary conditions: '



Theorem 3 Assume «, 3, f and g are bounded, with

la(r)| < M(a), [3(r)] < M(3) VreR, (8)
If()N < M(F), lg(s)l < M(g) VseR o
Let po € L*(Q), qo € L*(Q) and vo € HY(Q) be given and assume that
M(3) Sup ¢’ () < A1, (9)
teR

with Ay = A1(Q) being the first eigenvalue for the Laplace operator in Q with Dirichlet boundary
conditions on OQ. Then the sequence generated by (A1) possesses weakly convergent subse-
quences whose limits solve (4).(2). |

We are now going to recall the main ideas in the proof of theorem 3. For a detailed proof.
see [5]

What we need to prove is that all assumptions in theorem 1 are satisfied. Hyp.1 to Hyp.4
are easily verified. On the other hand, it is easy to see that HYP.5 means in this case the
following:

lolv,9) = 6w, Dllgs < v =l

for any v.w € H}(Q) and for all g € L*(Q). Here. o(v,q) stands for the unique solution to

—~Ar =g(v)g in Q.
t=0 ondQ.

But one can prove that

lo(v.2) = 6(w, )l < A7 * l(a(e) = glw)a]

2 SATIM(3) Sup ' (O Nlo = wll g

and, thus, (9) implies Hyp.5.
Finally, it remains to check (7). For simplicity, let us just check that priq — pr converges to
0 in X;. This can be done by using the following two lemmas:

Lemma 4 Let the sequences {p;} and {ar} be given, with pp € C°%Q) and a € L>(Q) for
all k. Assume ay, is uniformly bounded in L>(Q). Then a subsequence {pyn)} and a junction
a € L*(Q) exist such that '

/Q(ﬁk(n)ﬂ = Dk(n)) - Qr(n) dx < /O(ﬁ.::(n)ﬂ = Prny) -ade Vo> 1.

Lemma 5 Under the assumptions of theorem 2, there exist functions zq, z3,... which are uni-
formly bounded in L°(2) and satisfy

AP+t — pillze £ /Q(U,'«-H — g1 ) (Pry1 — pr) dx.

-1



Lemma 4 is proved in [5]. Lemma 5 stems easily from the fact that o is a maximal monotone
operator. Using these two lemmas, one can write

. . M
Mlpe+1 — prll32 € /Q(Ukﬂ — k1) (Prg1 — Pr) dz + 55 Yk

where the sequence {z;} is uniformly bounded in L>(), M is a constant (the same for all k),

and p,, € CO(Q) is such that
. 1
e = Peller < 5 VA2 0.

.
*IN

As a consequence, from lemma 4 we know there exists a subsequence. indexed with k{n). satis-
fying
M

2 Pl g 1
MIPegy+1 = Pemylizz < /Qa (Drn)+1 — Prin)) T + 2%(n)

Hence,

o0
Ay Z Hpk(n)-i-l —Pk(n)Hiz < 400
n=1 ’

and, in particular, |[py(n)+1 = Pi(n)llz2 converges to 0. The same argument, repeated for an
arbitrary subsequence of {px} (and {gx}) leads to (7).

It is clear that problem (4).(2) is not exactly in the conditions of theorem 3 but. as observed
in the end of paragraph 3.1, HyP.3'-HYP.5" can be used. Choosing the initial function rg in
H}(Q), with vg > 0, all the v; generated by the algorithm are nonnegative. Since both f and
g are bounded in RT, we can easily check that HyP.3" and HYP.4" are satisfied. Furthermore,
HyP.53" is satisfied if we change (9) by ’

M(3) Suplg'(D)] < M. (10)
£>0

Thus, convergence for (A1) is ensured whenever parameters +, v, and p? are such that (10)
holds, 1.e. whenever

vty < Ay ify <2,
{ ' (11)

qrpdyTlexp(v = 2) < Ay if v > 2

3.3 A second application: mixed Dirichlet-Neumann boundary conditions

In this section. we consider problem (1),(3). In order to rewrite this system in the form (3). at
present we set

Vi={ue HY(Q); u=0on [ UT3},

Vo={ve HY(Q); v =0 on I'1},

X1 =X2=L%Q)



: ‘ 1 2
Fl%) = l/ |Vul|?dz + —/ |Ve|* dz, Vu,v € V) x V5,
v 2 Ja 2 Ja

Py _ p(z) r, where r =(r . s+
G(q) _/()Go(q(x)) dr, wh GO<S)_( +1)s + (s + Dy

uy _fu) g o [#) —flw)u
()= 6) = )= (3)

that 9Q is regular enough. The corresponding problem (6) reads as follows:

Qu

It will be assume

Find (u) e W1 x Wy and <p> € X1 x Xy such that
v q

; ~Au=pf(v) mQ,
p afu)

. . d
<q> - <3<u>> { *_yoonr,
on

{ —Av =gqg(v) inQ,

-‘0120 on FQUF3.
dn

In this context, the particularization of (AG) is as follows:

Algorithm (A2)

(a) Fix A > 0. Choose (};O> € L*(Q) x L*(Q) and g € V5.
0

(b) For any given & > 0, (pk> € Lz(Q) X LQ(Q) and v € 15, compute u;., € V7, the solution

k
to —rs
~Au = —p’pr exp( —— in Q,
u=0 onIjUTl;. 2==0 onl,
on
and vky1 € V3, the solution to
—Av = vuqp exp( %y inQ,
l';;a—%— 1’
¢=0 onl;. =-=0 onTlUT;
on

Then set
Pr+1 = Hx(urg1 + 14+ Apy),

Qg1 = Ha(ugsr + 14+ Ag).

That this algorithm converges under certain conditions is implied by the following result:



Theorem 6 Assume «, 3, f and g are as in theorem 3. Let po € L%(R), g0 € L*(Q) and
vo € V2 be given and assume also that

M(B) Suplg'(t)] < AL,
teR

with Ay = ;\1(9) being the first etgenvalue for Laplace’s operator in Q with homogeneous Dirichlet
conditions on I'y and homogeneous Neumann conditions on [oUT'3. Then, the sequence gencrated
by (A2) possesses weakly convergent subsequences whose limits solve (4),(3). '

Proof.  As in the case of theorem 3, the hypotheses of theorem 1 will be checked. First. we
notice that Hyp.1, HyP.3 and HyP.4 are satisfied. Secondly. HYP.2 is a consequence of the
well known existence and uniqueness result for the problem

—-Au=p m.
0 onl, %20 onoo\r
u=0 onl, —= aQ
" on
(with meas(I') > 0), where p € L*(Q).
For each v and w in V5, let us denote by w(r.q) the unique solution to the problem

{ —Av=g(v)g InQ N

. @L'
=0 onlyuUTls.

an

w=0 only,

Then, it is clear that

o[-

lee.q) = wlw )l <A77 (l(glv) — g(w)gllzz < ALTM(3) ?g'g fg' (O] - lle = wilge

for all v, w € V5 and for all ¢ € L*(Q). If v and w satisfy homogeneous Neumann conditions on
I'; UT3, we also have

llo = wllzz < A2 v = wilw,.
Consequently. Hyp.5’ is satisfied provided our assumptions hold. Finally, to check (7)1t suffices

to argue as in the proof of theorem 3. |

It 1s easy to see that the weaker assumption HYP.5 is satisfied by simply umposing

M(8) Sup {g'(t)] < Ar.
t>0

Consequently, convergence for (A2) is ensured (in the sense of theorem 6) whenever one has
the following for the constants in (1):

{ vuty < A if v <2 (12)

dvp?~lexp(y — 2) < A if v > 2. '

10



4 Numerical approximations and results

In this section, we explain how problems (4),(2) and (4),(3) can be solved numerically using
respectively algorithms (A1) and (A2). In the case of algorithm (A1). we will have to solve
at each step two Dirichlet problems with homogeneous boundary conditions and, then. we will
have to perform two projections on R at each nodal point. For algorithm (A2), it will be seen
we must solve mixed Dirichlet-Neumann problems with different boundary conditions and. then,
project again exactly in the same way. '

In both cases, the boundary problems to solve are of the following kind

w=0 onl, —=0 ondQ\Tl.

—~Aw=F mQQ.
ow ‘ (13)
on

with T =09Q, ie. 9Q\T =0 for (Al). Let us recall the usual variational weak formulation
of the previous problem:

Find w € WP such that
, 1 . .0 (14)
/ Yw-Vodz :/ Fode Yoe V-
Q Q
where W0 = {w € HY(Q); w =0 on T}. N
For the numerical approxumation, a Pj-Lagrange (piecewise linear) finite element approxi-
mation can be used. This can be done as follows. For simplicity, assume that the domain Qis a

polygon. Let 7, be a triangulation of Q and let us denote by {a;}7, the set of the corresponding
nodal points. Consider the finite-dimensional space

Wiy = {wn: wy ECO(Q), wplr € Py VT € Tp}

and 1ts subspace
WR = {wn; wy € Wa, wp=0o0nT}.

These spaces are finite-dimensional approximations of, respectively, H(Q) and W% Let us
introduce the usual canonical basis {¢1,...,¢.} of Wi. The functions =; are given as follows

pi€Vy and ¢ia;)=6; Vi,j=12.....n
Hence, one can write ]
wp = th(ai)s,:g Yup € Wy
i=1
Problem (14) is now approximated by the following:
Find wy € I"V,? such that
{ /vahw dz = /Q Fodr VYo e Wp. (15)

11



Thus, it is readily seen that our task reduces to solve a ng-dimensional linear system Aw = b,
where ng is the number of nodal points belonging to Q\ I'. The coefficients of the matrix 4 and
the second member b are given by

A = (@)%, aij = /QV;L'\-»—‘_;dL‘,

/F;;d.r.
Q

Consequently, A is symmetric, definite positive, sparse and independent on the function F. If
an appropriate numbering of the nodal points is chosen, 4 has nonvanishing components only
near the diagonal line. It is appropriate, thus. to solve the system AT = b using Cholesky’s
factorization method. For more details on the finite element approximation. see e.g. [4].

b= (bi)2. bi

4.1 Numerical results for problem (1),(2)

For the numerical computations. we have taken as Q the square (0,10) x (0. 10). We have used
a triangulation with 2500 points and 4802 triangles (see Figure 1). Accordingly, h ~ 0.2.

We have tested different values for the parametes ~. v and z°. We obtained convergence for
(A1) in all cases satisfying (11) (in this case, A} ~ 0.197392). In general. for small values of
p?, we obtained convergence for the whole sequence. whereas for larger 4* we found convergent
subsequences only. 4 :

For problems of this kind, the set where the reactant vanishes. 1.e. u = 0 (called the dcad
core), plays an important role in applications. See e.g. [6] and the bibliography therein for some
theoretical results on the existence of such a dead core.

In Figures 2-5 we have displayed the computed functions «+ 1 and v+ 1 for the values of
the parameters: v = 1., v = 0.6, u* = 0.12 and p® = 0.2. For x* = 0.2 a dead core is found.

12
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Three-dimensional represen-
tation of the computed function u + 1.

Figure 2.

T

Values for the parameters: L.,
v = 0.6, > = 0.12. Minimum value
of u: 0.1132

Figure 1. Triangulation of the domain Q = (0,10} x (0. 10).
Number of triangles: 4802. Number of nodal points: 2500.
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Figure 3. Three-dimensional represen-
tation of the computed function v + 1.
Values for the parameters: v = 1.
v = 0.6, ¢° = 0.12. Maximum value
of v: 1.532
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Figure 4. Three-dimensional represen- Figure 5. Three-dimensional represen-
tation of the computed function u + 1. tation of the computed function v + 1.
Values for the parameters: ~ = 1., Values for the parameters: ~ = 1.
v =06, g* = 0.2. Minimum value of v = 0.6. p? = 0.2. Maximum value
u: 0.0153 of v: 1.591

4.2 Numerical results for problem (1),(3)

In this cas‘:’e, we have taken the same domain €, with boundaries ;. T'> and '3 as in Figure 5.
We have used the same triangulation (see Figure 1). We found convergence of (A2) in all cases
satisfying (12) (here, A\; ~ 0.12337).

Figures 7-14 show the Lomputed functions u+ 1 and v+ 1 for the following values of the
parameters: v = 1., v = 0.6, z* = 0.01 and p? = 0.15. '

%)

Figure 6. The domain = (0, 10) x (0, 10) and the bound-
aries I'y, I'y and I's.

14



Figure 7. Isolines of the computed func-
tion u + 1. Values for the parameters:
= 1., v =06, p* = 0.01. Minimum
value of u: 0.8522

Figure 9. Isolines of the computed func-
tion v + 1. Values for the parameters:
v =1,v =06, g = 0.01. Maximum
value of v: 1.388

8 704 1 902
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~4.208 0. 109

7% s et

Figure 8. Three-dimensional represen-
tation of the computed function u + 1.
Values .for the parameters: 5 = 1.,
v=06.p°=02

1.9} 7. 08

4. 08

750 1g et

Figure 10. Three-dimensional represen-
tation of the computed function v + 1.
Values: for the parameters: 7 = 1,
v =206, u> =0.01.



Figure 11. Isolines of the computed Figure 12. Three-dimensional represen-

function u + 1. Values for the parame- tation of the computed function %+ 1.
ters: ¥ = 1., v = 0.6, > = 0.15. Mini- Values for the parameters: 7 = 1.,
mum value of u: —0.021 v =086, xg° =0.15. N

/

{ i

7.%8 1(“‘
Figure 13. - Isolines of the computed Figure 14. Three-dimensional represen-
function v + 1. Values for the parame- tation of the computed function v + 1.
ters: ¥ = 1., v = 0.6, u*> = 0.15. Maxi- Values for the parameters: 5 = 1.,

mum value of v: 6.608 v=06, g° =0.15.
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