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autonomous stochastic 3D globally modified Navier-Stokes equations driven by non-
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1 Introduction

In this paper, we investigate the dynamical behaviors of the following stochastic 3D globally modified
Navier-Stokes equations:

du — vAudt + Fn(||lu||) [(w - V)u] dt + Vpdt = f(t)dt + \@Z Gr(u(t))dWi(t) in O x (1,00),
k=1

divu=0in O x (1,00),

u=0onT x (7,00),

(u(z,7) = ug(x), v €O,
(1.1)
where v,e > 0, u denotes the velocity field, © C R? is an open bounded set with regular boundary
N
T, Fn(¢) : (0,00) — (0,1] is defined as F(r) = min {1, } where 7, N > 0, p denotes the pressure,
r

fe LZZOC(R; H) is an external force field, Gy is a nonlinear function which will be specified later,
and {Wg(t)}ren is a sequence of independent one-dimensional standard Brownian motions on some
complete filtration probability space (2, F,{F: }ter, P).

Navier-Stokes equations have been studied by many experts because of their wide applications
in fluids and combustion dynamics, manufacturing processes, etc. The existence, uniqueness and
asymptotic behaviors of solutions of deterministic 2D Navier-Stokes equations have been studied in the
literature (see, e.g., [42, 44] and the references therein). For stochastic 2D Navier-Stokes equations, the
well-posedness, random attractors and invariant measures have been reported in [5, 7, 20, 35, 43, 58].
However, the uniqueness of weak solutions of 3D Navier-Stokes equations is still an open problem
due to the nonlinear convection term. In order to overcome the difficulties caused by the nonlinear
convection term, a class of 3D globally modified Navier-Stokes equations (GMNSE) was introduced
in [10], and the existence and uniqueness of weak and strong solutions were proved. After that,
the asymptotic behaviors of solutions of 3D GMNSE have also been investigated in [31, 36, 56] for
deterministic cases and in [1, 23] for stochastic cases. In addition, we would like to mention another
significant modification on the 3D Navier-Stokes equations called tamed 3D Navier-Stokes equations
proposed by M. Réckner and X. Zhang in [39], where they investigated the existence and uniqueness of
solutions. For stochastic tamed 3D Navier-Stokes equations, the existence of invariant measures and
large deviations have been studied in [3, 40] and [24, 41], respectively. Inspired by the aforementioned
works, this paper is devoted to the asymptotic dynamics of stochastic 3D globally modified Navier-
Stokes equations.

The first aim of this paper is to study the existence and uniqueness of weak pullback mean random
attractors for system (1.1). Recently, the well-posedness of stochastic 3D globally modified Navier-
Stokes equations has been investigated in [1] where the nonlinear term G may not depend on the
gradient. However, those results in [1] cannot be directly applied to such model when the nonlinear
term Gy may depend on the gradient. To do that, based on Lemma 2.1 and a local monotonicity
idea, we can investigate the existence and uniqueness of strong solutions (in the probabilistic sense)
of (1.1), where the initial value ug belongs to L2(Q,.7-"T;H ). It is worth mentioning that those are



different from [23] where the existence and uniqueness of strong solutions (in the sense of PDE) for
stochastic globally modified Navier-Stokes equations were investigated under stronger conditions on g
and Gj. According to the well-posedness of (1.1), we can define a mean random dynamical system in
the Bochner space C([1,T], H) associated with (1.1). Then, by the uniform estimates of the solutions
of (1.1) (see Lemma 3.1) and the theory of mean random dynamical systems in [47], the existence and
uniqueness of weak pullback mean random attractors can be obtained (see Theorem 3.1). In addition,
we would like to mention some studies about the pathwise random attractors [9, 26, 45, 55] and the
weak mean random attractors [48, 49, 53, 54].

Another motivation of this paper is to investigate the invariant measures of non-autonomous
stochastic 3D globally modified Navier-Stokes equations (1.1), which can provide some important in-
formation about long-term dynamics and be used to identify statistical equilibrium. In [20, 35], the
existence of periodic invariant measures has been discussed for 2D stochastic Navier-Stokes equations
with linear noise. But notice that the noise in (1.1) is nonlinear, which leads to those proofs in
[20, 35] may not be applicable directly to (1.1). In order to obtain the existence of (periodic) in-
variant measures of non-autonomous stochastic system (1.1) with nonlinear noise, we need to show
the weak compactness of distributions of a family of solutions. However in this case, the transition
operator associated with (1.1) is inhomogeneous in time, which leads to the uniform estimates in space
L*(Q,C([r,T],H)) N L*(Q, L*(r,T;V)) are not enough to obtain such compactness of solutions. Be-
cause of this, we first establish the uniform estimates of solutions in a more regular space LQ(Q, F;V)
when uy € L*(Q, F; V) (see Lemma 4.1). And then by the compactness method and the Prokhorov
theorem, we obtain the existence of invariant measures (see Theorem 4.2). In addition, if f is periodic
in ¢, we further show such an invariant measure is also periodic, which is different from [15, 18, 29, 32]
where the periodic measures do not have invariant property. For the existence of invariant measures of
autonomous systems, we refer the reader to [13, 46] for stochastic lattice systems and [6, 14, 30, 37, 52]
for stochastic partial differential equations.

It is natural to wonder about the relationship of invariant measures between stochastic globally
modified Navier-Stokes equations and the corresponding deterministic equations. And hence, we
consider the limiting behaviors of periodic invariant measures of non-autonomous stochastic system
(1.1) as the noise intensity ¢ — 0, which also implies the zero-noise limit is observable as noise is
non-negligible in real world. For the autonomous stochastic systems, the limits of invariant measures
of time homogeneous transition semigroup have been investigated in [17, 33] for stochastic lattice
systems and in [12, 16] for stochastic partial differential equations. However, for the non-autonomous
case, the transition semigroup is no longer time homogeneous, and hence we need to establish the
uniform estimates of solutions of (1.1) in L*(Q, F; V) when ug € L*(Q2, Fr; H) (see Lemma 4.2), which
is crucial to construct a compact set to prove the tightness of the collection of all periodic invariant
measures of (1.1) on space H as € varies on a bounded interval. Then, based on the convergence
of solutions of (1.1) with respect to noise intensity (see Lemma 4.5), we prove that every limit of a
sequence of periodic invariant measures of (1.1) as ¢ — 0 must be a periodic invariant measure of
the corresponding deterministic equations (see Theorem 4.3). Moreover, we also show that limits of
a family of periodic invariant measures are periodic invariant measures of the limiting equations as
N — Ny € (0,00) (see Theorem 4.4), which will contribute to understanding the dynamical behaviors
of stochastic 3D Navier-Stokes equations. In addition, under weaker conditions on the nonlinear term
of Gi, we also study the existence of invariant measures of the autonomous version of (1.1) (see
Theorem 4.5) as well as their limiting behaviors with respect to noise intensity ¢ (see Theorem 4.6)
and modification parameter N (see Theorem 4.7).

The last goal of this paper is to establish the Wentzell-Freidlin large deviation principle (LDP) for



stochastic 3D globally modified Navier-Stokes equations (1.1), which is useful to study the asymptotic
behaviors of small probability on an exponential scale. Until now, the LDP has been extensively
studied by many experts (see, e.g., [2] for stochastic ordinary differential equations, [50] for stochastic
lattice systems, and [4, 11, 19, 25, 27, 28, 34, 38] for stochastic partial differential equations). Due to
the nonlinear terms of different types of equations, the LDP for stochastic partial differential equations
need to be dealt separately. To establish the LDP for stochastic 3D globally modified Navier-Stokes
equations (1.1), we adopt the weak convergence method introduced in [8]. More precisely, we first need
to obtain the compactness of Kj; given in (5.11). The main difficulty lies in proving the convergence
of solutions of the deterministic controlled equation (5.2) by using the weak convergence of h,. Such
convergence can be obtained by dealing with localized integral estimates of time increments as in
[19, 25]. However, this method requires more assumptions on the nonlinear term G} which may be
independent of the gradient. In order to make those results be applied to the case that the nonlinear
term Gy depends on the gradient, inspired by [34], we will use some truncation and approximation
techniques to show the convergence of corresponding solutions (see Lemma 5.2 for more details).
On the other hand, we also need to prove some convergence of solutions between the stochastic
and deterministic controlled equations. To do that, we first establish the convergence of solutions
of the above controlled equations with the same control (see Lemma 5.5). Then together with the
convergence of solutions of deterministic controlled equation (Lemma 5.2) and the Skorokhod theorem,
we can obtain that the solution of the stochastic controlled equation (5.30) converges to the solution
of the deterministic controlled equation (5.2) in C([0, 7], H)NL?*(0,T;V) in distribution (see Theorem
5.2), which is different from the corresponding proof in [34] since the truncation technique is not used
herein.

The paper is organized as follows. In Section 2, we discuss the existence and uniqueness of solutions
of (1.1). Section 3 is concerned with the existence and uniqueness of weak mean random attractors.
In Section 4, we investigate the existence of (periodic) invariant measures and the limiting behaviors
of periodic invariant measures. In addition, we also study the existence of invariant measures as well
as their limiting behaviors when the external term is independent of time. In the last section, we first
recall some basic concepts and useful theory related to large deviation principle and Laplace principle,
and then establish the large deviation principle of (1.1) by the weak convergence method.

2 Existence and uniqueness of solutions

In this section, we will show the well-posedness of system (1.1). We first introduce some abstract
spaces which will be frequently used in the sequel.

V={¢e(C0)’:V-¢=0},

H = closure of V in (L*(©))? with inner product (-,-) and associate norm | - |,

V = closure of V in (H}(0))? with inner product ((-,-)) and associate norm | - ||,

H' = dual space of H, V' = dual space of V with norm || - ||y,

(-,-) denotes the dual pairing between V and V.

It is clear that V C H = H' C V', where the injections are dense and compact.

Next, consider the operator A : V + V' defined by (Au,v) = ((u,v)). And denote D(A) =
(H*(0))> N V. Then for any u € D(A), Au = —P/Au is the Stokes operator, where P is the ortho-
projector from (L*(0))® onto H. It follows from the classical spectral theorems that there exist a
sequence {A;} with 0 < Ay < A2 < --- < Aj = o0 and a family of elements e; of D(A) which is
orthonormal in H such that Ae; = Aje; for any j = 1,2,--- . In this context, the Poincaré inequality



reads
Mlul? < JJull?, YueV. (2.1)

Then define a trilinear form b(-, -, ) as follows,

3
v
b(u,v,w) = Z /Qui(;;wjd:n, YV u,v,w €V,

,j=1

and set
(B(u,v),w) = b(u,v,w).

For simplicity, define B(u,u) = B(u) for any u € V. Recall that the operator b satisfies
b(u,v,v) =0, Vu,veV, (2.2)
and there exists a constant C' > 0 depending only on O such that

< Cllulollfwl?w]?, Vu,v,weV, (2.3)

[b(u, v, w)
b(u, v, w)| < Cllul|z|Aulz ||v]| ], Vu e D(A),veV,we H. (2.4)

[b( )

For any u,v € V and each M, N > 0,

[En(([ull) = Fn(llvD] < %FN(HUH)FN(HUH)HU -], (2.5)

[Fa(lull) = En(fJul)] < (2.6)

Furthermore, assume G (-), k > 1, is a sequence of mappings from V into H satisfying the following
hypotheses:

D 1GKW)P < on(1+ [uf’) + azflul)?, Vu eV, (2.7)
k=1

> 1Gr(u) = Gr(v)* < Bilu—v* + Bollu —v]|, Vw0 € V. (2.8)
k=1

Remark 2.1. [t is worth mentioning that such assumptions on the diffusion coefficient Gy are weaker
than [1, (H3)] where the nonlinear term Gj may not depend on the gradient. Under the assumptions of
(2.7) and (2.8), we can derive the uniform estimates of solutions with some complexity of calculation
(see Theorem 2.1 for more details).

o0

For convenience, let (> = {h = (hg)hey Z \hi]? < oo}. For every k € N, let & = (ex;j)j21 with
k=1

erj = 1 for j = k, and ey ; = 0 otherwise. Then {&};2; is an orthonormal basis of 2. Let I be

the identity operator on ¢? and W be the cylindrical Wiener process in ¢? with covariance operator
oo
I given by W (t) = Z Wi (t)E for any t > 7, which is convergent in L*(Q, F; C([r,T],U)) for every
k=1
T > 7, where U is a separable Hilbert space such that the embedding ¢? < U is a Hilbert-Schmidt
operator.
Given u € V, define G(u) : £* — H by

Gu)(h) = Ge(whg, ¥ h=(h)i2 € L7, (2.9)
k=1
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It then follows from (2.7) that the series in (2.9) is convergent in H, Furthermore, the operator
G(u) : * — H is Hilbert-Schmidt, and

HG(U)H%W,H) 1G(u HLQ(ZQH) Z’Gk ? < o0,

where L(£?, H) denotes the space of bounded linear operators from ¢ to H with norm || - || L2, H), and
Lo (£*, H) denotes the space of Hilbert-Schmidt operators from ¢* to H with norm || - || Lo(¢2,H)-
With the above notation, problem (1.1) can be put into the form

{du + (vAu+ Fx([ul)B(w) — f(t) dt = VEG(u)dW (1),

(2.10)
u(z, 7) = up(x).
A solution of problem (2.10) will be considered in the following sense.

Definition 2.1. Suppose T € R, f € L} (R; H) and ug € L*(Q, Fr; H). Then, an H-valued {F;}icr-
adapted stochastic process {u(t)}ie[r,) 18 called a strong solution (in the probabilistic sense) of (2.10)
on [r,00) if, for any T > 7, u € C([r,T], H) N L*(7,T;V) P-a.s. and it holds

(u(t), v) + v / ((u(s), v))ds + / Fnv([[u(s))b(u(s), u(s), v)ds
:(UQ,U)+/ (f(s),v ds+\// v, G(u(s))dW(s)), (2.11)

P-almost everywhere, for anyt > 1 and v € V.

Lemma 2.1. Let 0 < e < % Then, for any u,v € V the following estimates hold
2

2( —vAu +vAv — Fy(|[ul) B(u) + Fn (0]} B(v),u —v) +€[|G(u) = G(0) |7, ,m)

< —vlju—v|? + (C’ N* + 2?1> lu — v|% (2.12)

Proof. 1t follows from (2.5), (2.8) and Young’s inequality that
2( — vAu +vAv — Fy(|[ull) B(u) + Fn (Jo]) B(v),u —v) +€[|G(u) = G(0) |7, 2,m)

—2v)lu —v|* + Ex([Jull)|b(u — v,u,u — v)| + |[(Fx ([[ull) = Ex([vl]) b(v, u, u — v)|
+efi|u — v[Q + efa||lu — vH2

< —vlu—v|? + <C N* 4 221) lu — v|?. (2.13)

The proof is complete. O

Theorem 2.1. Assume (2.7) and (2.8) hold. Let 9 = min L, Z Then, for every T € R,
370&2 252

N >0,0<e<eo and ug € L*(Q, Fr; H), there exists a unique solution u of (2.10) in the sense of
Definition 2.1. In addition, for every T > T, the solution u satisfies for all 0 < e < &g,

LiggT <Iu |2+2y/ lu(s)] d‘gﬂ < <1+E[|uo|2]+/TT|f(s)]2ds), (2.14)

where C' = C(eg, v, a2, f2) is a positive constant independent of ¢ and N.



Proof. Based on Lemma 2.1, by slightly modifying the proof of [1, Theorem 3.1], one can obtain that
for any 0 < ¢ < gg, system (2.10) has a unique solution u in the sense of Definition 2.1.
Next, we derive the uniform estimates of solutions. Applying It6’s formula to (2.10), we have

dlu()]® + 2v|u(t)|*dt = 2(f (1), u(t))dt + & || Gu() 1T, 2 pr) dE + 2vE (w(t), Gu(t)dW (1)) (2.15)
For every T' > 7 and each constant R > 0, define a stopping time
TR = inf {t =T HUHC([T,t},H) + HUHL2(T,t;V) = R} NT. (2.16)

As usual, the infimum of the empty set is taken to be +o00. Then from (2.7) and Young’s inequality,
it follows that for any ¢ € [r, T},

E[ sup <|u(7’)|2+2v/ ||u(s)||2ds>]
Tr<tNTR T

<Efuof?] + [ 1ro)Pas + /E[ sup [ulr)] ds +<E [/TWRHG(u(s))H%mH)ds

T Tr<SATR

+ 2\/cE { sup

Tr<tATR

[ o clatname)|. (217

For the last term of (2.17), by the Young inequality and the Burkholder-Davies-Gundy (BDG) in-
equality, we have

e s | [ (wlo) Glatsnaw o)

( / DI, |u<s>|2ds) 5]

<1E[ sup yu(r)|2]+3651a [ /TWR HG(u(s))Hi(Zz’H)d‘S], (2.18)

4 Tr<E¢ATR

< 6v/EE

which, together with (2.17), shows that for any ¢ € [r,T],

E[ sup (|u(r)\2+2u/ ]u(s)||2ds>]
Tr<IATR T

<2l + (5] s wop|+ [erass [B] s ]

Tr<ENTR Tr<SATR
tATR 9

For the last term of (2.19), by (2.7), we have

tATR tATR

(L+E [|u(s)]?]) ds + 375a2/ E [||lu(s)||?] ds.

T

tATR
37:F [ / IGNIE, o.m, ds] < 37ean /

Then by (2.19), we obtain for any ¢t € [7,T] and ¢ € <0, 3;],
a2

E[ sup (|u(7’)]2+2y/ Hu(s)||2ds)]
Tr<INTR T

T
<EfJuf] + {2 _swp [uoP|+ [ 17k

T<’f‘<t/\7’R

7



+(1+375a1)/:E[ sup \u(r)|2] ds

Tr<sATR

—|—l// TRE [[[u(s)]|*] ds + 3Tean (T — 7), (2.20)

which implies that

tATR T
V/ E [Hu(s)Hﬂ ds <E Uuo]2] + iIE [ sup |u(r)]2} +/ |f(s)|%ds

Tr<tATR

+ (1 + 376041) /

T

tIE [ sup |u(r)]2} ds + 37can (T — 7). (2.21)

TTr<SATR

Therefore, by (2.20) and (2.21), we find

E[ sup <|u(’r)]2+2u/ Hu(s)szs)]
Tr<ENTR T

T
<28 [lwP) + 55 | swp uP|+2 [ iro)as

TSr<EATR

+2(1+ 37ea) /tE [ sup ‘“(7“)‘2] ds + T4eay (T — 7). (2.22)

Tr<SATR

From (2.22), it follows that
T

E[ up ru<r>|2] <AB [lw] + 4 [ 1f()Pds

Tr<ENTR

+4(1 4 37ea) / sup ]u(r)\Q] ds + 148ea (T — 1),

t
e
T T<T‘<S/\TR
which, along with Gronwall’s inequality, implies
T
E [ sup |u(7”)]2} <4 <E [|uo[?] + 37ear (T — 1) +/ ]f(s)\2ds> 1 +37ean)t, (2.23)

Tr<ENATR T

By (2.22) and (2.23), we can deduce that for any ¢ € [0, g¢],

sup <\u(r)|2 +ow / ||u(s)|]2ds>

7<r<TATR

E <C <1 +E [|uo|*] + /TT |f(s)|2ds> , (2.24)

where C' > 0 is independent of €, R, ug and f.
Note that lim 7z = T, a.s., since u € C ([7,T], H)NL?(r,T; V) P-a.s.. Then by (2.24) and Fatou’s

R—o0
lemma, we can obtain (2.14), and thus completes the proof. ]

Remark 2.2. Although the solutions of (2.10) depend on the parameter ¢ and N, we omit this
dependence in this section since they are fixed from the beginning. Hence, we use u instead of using
the notation uN. Similarly, we will use the notations ® and p instead of ®5V and p=" when no
confusion may arise.

3 Weak pullback mean random attractors

In this section, we first define a mean dynamical system for (2.10) based on Theorem 2.1. We then
construct a weak pullback absorbing set and show the existence and uniqueness of weak pullback mean
random attractors of (2.10).



Now, for any t > 0 and 7 € R, let ®(¢,7) be a map from L?(Q, F,; H) to L*(Q, Fry4; H) given by
O(t, 7)ug = u(t + 7,7, up),

where u is the solution of (2.10) with initial value ug € L*(Q, Fy; H).

Based on the existence and uniqueness of solutions of (2.10), we can find ® is a mean random
dynamical system on L*(Q, F; H) over (Q, F, {F; }ier, P).
Let B = {B(r) C L*(Q, Fy; H) : 7 € R} be a family of nonempty bounded sets such that

lim M7\ B(7)l|720.7, .0 = 0 (3.1)

T——00

where [|B(7)|[ 2.7, = Sl};l() : lull 20,7, ;m)- Denote by
ue (T

D= {B={B(r) C L*(Q,Fr; H) : B(r) # 0 bounded, 7 € R} : B satisfies (3.1)}.

In order to investigate the existence and uniqueness of weak D-pullback mean random attractors of
®, we assume that the deterministic forcing term f satisfies

-
/ e8| f(s)|?ds < o0, V T € R. (3.2)
—00

Next, we first derive uniform estimates on the solutions of (2.10).

Lemma 3.1. Suppose (2.7), (2.8) and (3.2) hold. Let gy = mm{:ii 3722 2;2}. Then, for every

7 € R and B = {B(t)}4ter € D, there exists T = T(1,B) > 0 such that for all t > T, and all
0 < e < g9, the corresponding solution u of (2.10) satisfies

T

2
E [Ju(r,7 = t,u0)[*] < 14 e / [F(s)[Pe"™2ds,
VA1

-0
where ug € B(T —t).
Proof. By It6’s formula, we obtain from (2.10) that

DB u(t)?] +20E [lu(d)IY] = 2B [(£(2), w(t))] +E |Gl y0,)] - (33)

For the last two terms of (3.3), by (2.7) and Young’s inequality, we have
28 (£ (), u(t))] + <E [IG (), o)
< = 2
0P+ 5
By (2.1), (3.3) and (3.4), we derive that for any 0 < & < €,

E [[u(t)]?] + eonE [(1 + [u(®)[?)] + 02 [J[u()]|?] . (3.4)

d 2 I/)\l
E 2 ¢ = 2, VA1
FE @] +vME [[u(®)] < 110 + 52,
which, together with the Gronwall inequality, shows that
2 T 1
E [ju(r, 7 — t,u0)|?] < B [Jugl] ™M 4 A7 / £ (5) e Mo + o (3.5)
1 T—t

Noting that ug € B(7 —t) and B € D,
E UUOP} 671/)\11‘/ :efu)\lfeu)\l(‘rft)E UU0|2]
<e TN B(r — 2207, oy = 0, ast — oo,

1
Therefore, there exists T' = T'(7, B) > 0 such that for all t > T, E [|ug|*] e it ¢ 5 which along with
3.5), concludes the proof. O
(



We are now in a position to show the existence of weak D-pullback mean random attractors for ®.

A
Theorem 3.1. Suppose (2.7), (2.8) and (3.2) hold. Let eg = min{zai,?);az,é}. Then, for
every 0 < & < €9, the mean random dynamical system ® for (2.10) has a unique weak D-pullback

mean random attractor A= {A(t) : 7 € R} € D in L*(Q, F; H) over (Q, F,{Fi}ter, P).
Proof. Given 7 € R, denote by

K(r) = {ue L*(Q.Fr; H) : E[Ju]’] < R(7)},

2 T
where R(7) =1+ Te_l’)‘” / |£(s)|2e"*%ds. Since K(7) is a bounded closed convex subset of the
VA1 )

reflexive Banach space L?(Q, F,; H) and hence is weakly compact in L?(Q, F,; H). By (3.2) we obtain

. VAT 2 _ : VAT _
EIPme 1 HK(T)HLQ(QJT;H) = Tll}IElooe "R(T) =0,
which means K = {K(7):7 € R} € D.
By Lemma 3.1, we derive that for any 7 € R and B = {B(t) }4er € D, there exists T =T(7,B) > 0
such that for any t > T,
O(t, 7 —t,B(t —t)) C K(7).

Therefore, K is a weakly compact D-pullback absorbing set of ®. It then follows from [46, Theorem
2.13] that ® has a unique weak D-pullback mean random attractor A € D. ]

4 Invariant measures for stochastic GMNSE

In this section, we will investigate the existence of invariant measures of (2.10) as well as their limiting
behaviors. To that end, we first introduce the transition operator.

If ¢ : H — R is a bounded Borel function, then for s < ¢ and ug € H, define a transition operator
Pyt by (Ps¢)(uo) = E [p(u(t, s,up))], where u(t, 7, ug) is the solution of (2.10) with initial condition
ug € H. Denote by P.(H) and B(H) the sets of all probability measures and the Borel o-algebra
on H, respectively. And if B € B(H), s < t and ug € H, we write p(s,up;t,B) = (Ps+1p)(ug) =
P(w € Qu(t, s,ug) € B), where 1p is the characteristic function of B. We shall denote the adjoint

operator P, of Py by Pgu(B) = / p(s,uo;t, B)p(dug) for any p € Pr(H).
H

Recall that a mapping ¢t € R — p; € P,(H) satisfying / (Ps 1) (uo) ps(dug) = / Y (ug) e (dug)
H H

for every s < t and bounded Borel function 1, is called an invariant measure for P, and {u}ier
is also called an evolution system of measures (see [22] for more details). Given T > 0, yu; is called
T-periodic if py = pya7 for any t € R. And, py is called a T-periodic invariant measure if it is invariant
and T-periodic.

When considering autonomous stochastic systems, we often write the operator Fy; as P; for any
t > 0. A probability measure u € P,(H) is called invariant with respect to the transition semigroup

{P;}=0 if / (Pp) (uo) p(dug) = / Y (up)p(dug) for every ¢ > 0 and bounded Borel function 1.
H H

4.1 Invariant measures as the external term f depends on ¢

In this subsection, we will discuss the existence and limiting behaviors of invariant measures of time
inhomogeneous transition semigroup for the non-autonomous stochastic globally modified Navier-
Stokes equations (2.10). To do that, we further assume: G(-), k > 1, is a sequence of mappings from

10



V into V satisfying that there exists ag > 0 such that
Z 1GR()]* < az(L+ [|ull®), Y ue V. (4.1)

In order to investigate the invariant measures of (2.10), in this subsection, we will use (4.1) instead
of (2.7).

4.1.1 Existence of (periodic) invariant measures

The following result is concerned with the existence and uniqueness of strong solutions (in the sense
of PDE) of (2.10), which can be proved by a similar technique to that one in [23, Theorem 3.2]. We
therefore omit the details.

Theorem 4.1. Suppose (2.8) and (4.1) hold. Then there exists 0 < g9 < 1 such that for every T € R,
0 <e<egandug € LA(Q, Fr; V), system (2.10) possesses a unique solution u € L? (Q,C ([r,T],V))N
L? (Q, L*(1,T; D(A))).

Next, we provide some uniform estimates of the solutions to (2.10) in L*(Q, V), which will be
helpful to prove the existence of invariant measures of non-autonomous system (2.10).

Lemma 4.1. Suppose (2.8) and (4.1) hold. Then there exists 0 < g9 < 1 such that for every 7 € R,
0 <e<eg and ug € L*(Q, Fr; V), the solution of (2.10) satisfies

. t
E [[lut, 7,u0)[*] < C (1+ N*) (He‘“l“—”E [lluoll?] + et / e“lﬂf<s>|2ds), (4.2)

where C > 0 is independent of ug, 7, t, € and N.

Proof. By 1to’s formula and Young’s inequality, we obtain that

d(e u(t)|?) + 2ve |[u(t)|*dt
= oe |u(t)|*dt + 2e7 (), u(t)) dt + 2v/2e™ (u(t), G(u(t))dW (1)) + ee™ |G (w(t)1Z, 2 mydt, (4.3)

VA
where o > 0 will be chosen later. Letting 0 < £ < min{1, 1 } and taking expectation, it follows from
o3

(4.3) that for all t > 7
t
'R Uu(t)|2] + 2V/ e”’E [Hu(s)H?] ds
oT 2 V)‘l ! gs 2 4 ! os 2 v ! os
< e7E [|uol’] + — to e E[[u(s)\]ds—&—ﬁ e”|f(s)] ds+1 e’ ds,
T 1Jr T

which shows that
u [t
'R [|u(t)|2] + 2/ e’ [||u(s)H2] ds
t
< e7E [|ugl*] + (—vA + a)/ e”E [|u(s)|?] ds + / e8| f(s)|*ds + — / e’?ds. (4.4)
Then taking o = vA;, we deduce that

E [Ju(t)|?] +g / M EDE [[|lu(s)|?] ds

11



< MO [Jupf2] + 2 / M| f(s)[ds + (4.5)
<e i v e s)|“ds o )

By using It6’s formula again, we obtain

e |u(t)||? + 2vet| Au(t)|2dt + 2e7 Fx (|u(t)|)b(u(t), u(t), Au(t))dt
= oe!|u(t)]|dt + 2¢7 (f(£), Au(t)) dt + 2v/2e (Au(t), G(u(t)dW (t)) + e | G(u()|?, (2. dt-

It then follows from (4.1) that for any t > T,

e"tHu(t)H2 + 2V/ e"ﬂAu(s)Pds + 2/ e Fn(|lu(s)])b(u(s), u(s), Au(s))ds

t t 2 t
<eB Jull] + (0 +as) [ e fu)Pas+ G [ elauPas+ 2 [ elro)Pas

T

+a3/ e”sds+2\/§/ e (Au(s), G(u(s))dW (s)). (4.6)

For the third term on the left-hand side of (4.6), by (2.4) and Young’s inequality, we have

t t
2 <C, N / e u(s)]ds + 2 / 7| Au(s)2ds,  (4.7)

T

/ e g ([[u(s))b(u(s), u(s), Au(s))ds

which, together with (4.6) for o = vA;, implies that

e"ME [[lu(®)]?] + V/ "MK [|Au(s)|?] ds (4.8)

T

t 9 t
<ENE [Juoll] + (A1 +as + CNY [ B [ul)]ds+ > [ eelpo)s + St
1

T T

Therefore, by (4.5) and (4.8),

E [JJu(t)]|?] +y/ e MEOE [|Au(s)|?] ds

T

_ _ 2(vA1 + a3 + C,,N4) B B fo—vhit rt 1
< p—vA(t—T) 2 VA1 (t—7) 2 / VvA1s 2
<e E [|luol?] + u e E [[uol] + o "3 f(s)|ds + o

a3

2 —vAt /t VA1S 2
z ds 4+ —2
+Ve ) e’ M3 f(s)] S+V)\1

. t
<O (1+NY) <1 + e MEDE [l 2] + e”’\lt/ e”’\ls|f(3)|2ds> :

-
where C > 0 is independent of ug, 7, t, € and N. The proof is finished. ]

Theorem 4.2. Suppose (2.8), (3.2) and (4.1) hold. Then there exists 0 < g9 < 1 such that for every
teR,0<e<eyand N > 0, system (2.10) has an invariant measure py on H. In addition, if f(t)
is a T -periodic function in t, then the invariant measure py is T -periodic.

Proof. By a standard procedure, we can prove the Feller property of Ps;, and the Markov property
of the solutions of (2.10).
It follows from (4.2) and Chebyshev’s inequality that for any L > 0 and k& > —n,

Lot 11k ) M;
il P(lu(k, 70| > L)dT < 75— WE [luk, 7, 0)[*] dr < 3. (4.9)

12



_ k
where M3 = C (1 + N4) (1 +e”)‘1k/

—00

is compact, (4.9) shows {n, i }x>—n is tight on H for each fixed k, where

e”)‘ls\f(s)lzds> < o0o. Noting that the embedding V' — H

1 k
= — 0; k,-)dr.
Tin,k n+k _np(Ta 3 ) T

Then by Prokhorov’s theorem, we can deduce that there exists a probability measure 7, on H such
that, up to a subsequence,

Mk — Mk, Weakly as n — oo.

Letting ¢t € R, we choose k € N such that ¢ > —k, and define p; := Py ;mg. By [22, Theorem 3.1], one
can verify that this definition is independent of the choice of k. Meanwhile, we can obtain that p; is
an invariant measure on H for non-autonomous system (2.10).

Next, we will prove invariant measure u; is periodic. It is sufficient to show that for any ¢ € R and
real-valued continuous and bounded functional v on H,

/ W (u)n () = / ()7 (d). (4.10)
H H

Note that u; and pyp7 are invariant measures, then by the definition of invariant measure, we have
that for any s < ¢,

/ (e (du) = / Posth(u)as(du), (4.11)
H H
and

/ Y(u) ey (du) = / Pyt (u)pstr (du). (4.12)
H H

In addition, by a similar technique to the one in [20], we can deduce that the transition operator P,
is T-periodic, that is,

P, = Psi7 47, for any s <t. (4.13)

Then, (4.10) follows from (4.11)-(4.13). The proof is complete. O

4.1.2 Zero-noise limit of periodic invariant measures

In this subsection, we are going to investigate the limiting behaviors of periodic invariant measures
of time inhomogeneous transition semigroup for non-autonomous system (2.10) as the noise intensity
e — 0. To that end, we first consider the regularity of solutions with initial data in L*(Q, Fy; H).
Hereafter, for any fixed N > 0, we write the solution of (2.10) as u® (¢, 7, ug) with initial value ug at
initial time 7 to highlight the dependence of solutions on the noise intensity e.

Lemma 4.2. Suppose (2.8), (3.2) and (4.1) hold. Then, there exists 0 < g < 1 such that, for every
T€R,§>0,0<e<e andug € L*(Q, Fr; H), the solution of (2.10) satisfies, for all t > 7+ 1,

E [Jlu®(t, 7, u0)|?]

t
<C(1+NY (wh(t—m@ [ugf2] + it /

—00

t
e”’\18|f(s)\2ds +/

t—1

|£(s))?ds + 1) : (4.14)

where C' > 0 is independent of ug, 7, t, € and N.
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Proof. Taking 0 =0 and 7 =¢ — 1 in (4.4), we have

t 4 t
E [[u(8)?] + ”/ E [[[u(s)|2] ds < E [Ju(t — 1)?] + / £ (s)2ds + 2. (4.15)
2 t—1 7/)\1 _ 4
which, together with (4.5), implies that
€ 2 v ! € 2
Bl P+ [ E[lwG)I)ds

de— VM (t—1)
VA1

t

y f(s)|Pds + =N + —. (4.16)

< —V)\l(t—l—T)E 2
e [|’LLO| ] + 5y

t—1
[ erlrepast
T 1

From (4.6) and (4.7), it follows that for any r € [t — 1,¢],

t t
B I (O] <B [l ()I)+ (o + CNY) [ B} ds+ 2 [ 1) Pds +oa (@7

Then by (4.16) and (4.17), we have

t t
E [u*(#)II”] <C1 (1+N*Y) (e‘“l“‘”l@ [luol*] + e / M2 f(s)2ds + / £(5)[?ds + 1)
—00 t—1
€ 2 2 ! 2
E [l (mI*] + - ) £ (s)|°ds + as, (4.18)
t_

where C7 > 0 is independent of ug, 7, ¢, € and N. Integrating in r over (¢t — 1,¢), and using again
(4.16), we can obtain the inequality (4.14), as desired. O

The next lemma is concerned with the convergence of solutions of (2.10) about noise intensity.

Lemma 4.3. Suppose (2.8) and (4.1) hold. Then for every bounded subset E C H, T € R, T > 0 and
L >0, we have

lim sup P <{w €Q: sup |u(t,T,up) — u’(t, T, u0)| = L}) =0.
e—=040cE T<t<r+T
Proof. It follows from It6’s formula that
dluf () — u®()]* + 2v||us(t) — u°(t)|%dt
= —2Fn(J|lu ()b (u" (t), u (t), w(t) — u’(t )dt+2FN(HUO(t)H) (wO(t), u"(t), u" () — (1)) dt
+e| G ONT, g2,y dt + 2/ (u () — u(1), G (1)) AW (1)) . (4.19)
For the first and second terms on the right-hand side of (4.19), by (2.5), we deduce that

|—2E N ([[u=(0)[Db (u (), u (1), u" (1) — u’ () + 2Fn ([u’(@)])b (u” (1), u’ (1), u" () — u° (1)) |
< %Hua(t) = (@) + Culu(t) — u’(B)P,

which, together with (2.1), (4.1) and (4.19), implies for any t € [r,7 + T,

E | sup |u(r,7,up) — ul(r,T, UO)P} g;/ E [||u€(s) — uo(s)HQ] ds + CV/ E [|u€(s) — uo(s)ﬂ ds

T<r<t
t
50 [ QHE [ ()I)) ds

T
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+ 2V/€eE [ sup

Tr<t

For the last term of (4.20), by (4.1) and BDG’s inequality, we have

2v/eE [ sup

T<r<t

[ e o, e naw )|
< 3 s ) 0] + 25 [ 1 ) as

Therefore, by (4.4), (4.20) and (4.21), we find that, for any ¢ € [r,7 + T,
E |: sup ’ué:(,r’ T, UO) - uo(rv T, u0)|2:|
TIr<t

1
<=E [ sup |uf(r, T, up) — u’(r, T, UO)F]

4 Tr<t

t t
5 Bl ~ @) ) s+, [ Bu(s) ~ (o)) ds
T+T 2
37easT  Tdeas o A[TTUf(s)Pds T
+ )\1 + l/)\l <|’LL0| + V)\l + 4 '

Similarly, by (4.19), we have

! 1
v [ (5) a6 <5 | sup oo, 7o) = 0 )
T

r<r<t

v

A1 VA1 2281 4

which, together with (4.22), shows that

E[sup e (1, 7, 0) — w0, 7, o) ]m/ [ (s) — u®(s)2ds

Tr<t

< %E [ sup |u®(r, T, up) —uO(T,T,uo)\ ] —i—V/T [Hu (s) — UO(S)H2] ds

TIr<t

+5 [ BlIws) = @] ds+ C, [ B[l(s) —u(s)] ds

37casT T4 4 [T £(s)2ds vT
i £Q3 + £Q3 <‘u0’2+ fT |f( )’ +L

T+T
TdeasT  148eas (!uo\2+ 4 [T f(s)ds

t
€ _ .0 2
+20V/T E [|u®(s) — u’(s)[*] ds + N + Y

Therefore, we find

V)\l

1
iE |: sup ‘UE(Tv T, UO) - uo(r7 T, ’LL())|2:|

Tr<t

T+T
TdeasT  148cas <u0|2+4fr+ |£(s)|?ds

t
< € _,,0 2
\zcy/T E [Ju(s) — u(s)*] ds + =+ =

Then, by Gronwall’s inequality, we can obtain that for any t € [r, 7 + T,

VA

E |: sup ’us(t7 T, UO) - uo(ta T, ’U,Q)’2:|
Tr<t

15

/TT (u"(s) = u’(s), G (s))dW (s)) H . (4.20)

(4.21)

(4.22)



148

< Ot (4.23)
A1

%2ey- 4 [T #(s)|2ds T
v v\ 4

By Chebyshev’s inequality, we have

sup P ({w eQ: sup |us(t,T,up) — ul(t, T, up)| = L})

upeE T<t<r+T

1
< w5 sup E [ sup  |us(t, T, up) — u(t, T, u0)|2] ,
L up€EFE T<t<r+T

which, together with (4.23), shows the desired result. O

Given € € [0,e0] and ¢t € R, let S} be the set of periodic invariant measures of non-autonomous
system (2.10) on H corresponding to the parameter ¢. It follows from Theorem 4.2 that the set Sy is
nonempty for every € € [0, ep]. The next theorem is concerned with the limiting behaviors of periodic
invariant measures of non-autonomous system (2.10) with respect to noise intensity.

Theorem 4.3. Suppose (2.8), (3.2) and (4.1) hold, and let f(t) is a T-periodic function in t. If
en — 0 as n — oo, and ;™ € S;", then there exist a subsequence {e,,} and a periodic invariant
measure j1) € S such that ,ui""' — 1Y weakly as k — oo.

Proof. For any L > 0, let By, = {u € V : ||u|| < L}, then By, is a Borel subset of H. For any t € R
and € € (0,ep], and given u; € S;, by the definition of periodic invariant measure, we have for any
7<tand m €N,

1E(Br) = / P (4 (t, 7 — m T, u0) € Br) jE_ iy (dug) = / P (uS(t, 7 — m T, uo) € Br) i (duo).
H H

Then, by Chebyshev’s inequality, we can deduce that for any 7 < ¢, m € Nand L > 0,

i (BL) =lim inf / B(lu (¢, 7 — mT uo)|| < L)us (duo)
m o H

m—r0o0

=1—lim inf/ P(||u®(t, 7 — mT,uo)|| > L)ps(duo)
H
]- . . 15 2 13
>1— 12 /Hl%lo%fE [Nl (t, 7 — mT,uo)||*] w5 (duo). (4.24)
In addition, by (4.14), we can find that for every 7 < ¢ —1 and m € N,
E [||lu(t, 7 — mT,uo)|?]

t
<C (1 + N4) (e—w\l(t—i-mT—T)E UUO‘Q] + e—u/\lt/

— 00

t

e”)‘ls\f(s)Ist + /

t—1

|f(s)|?ds + 1) . (4.25)

which, together with (3.2), implies that for any initial value ug € H, there exists a positive constant
My = Moy(7,t,up), which is independent of € € (0, g}, such that the solution u° of (2.10) satisfies that,
for any m > My,

~ t
E [[lu(t,7 —mT, uo)|*] <C (1 + N*) (1 + et /

—0o0

.
P+ [ 15(s)Pas)

0
—.C(t,T, f,N) < oo, (4.26)

where C,C(t, T, f,N) > 0 are independent of ug and e. From (4.24) and (4.26), it follows that

(B > 1 g [ COT £ N, (4.27)
H
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which, along with the fact that the set By is compact in H, implies that for each ¢ € R, the union
Uee(0,c0]H¢ 18 tight in the sense that for every e > 0, there exists a compact subset K in H such that

pi(K) >1—¢ ¥V pg € S§.

Therefore, we can obtain that {u;"}0>, is tight. Consequently, there exist a probability measure
1§ and a subsequence {e,,} of {e,} such that " — Y weakly as k — oo, where the choice of
subsequence depends on t. It then follows from Lemma 4.3 and [51, Theorem 1.3] that u is an
invariant measure of non-autonomous system (2.10) with ¢ = 0.

In order to show such invariant measure u? is periodic, it is sufficient to prove that for any t € R
and real-valued continuous and bounded functional ¢ on H,

[ wtndtan) = [ wlaudr (). (4.28)
H H

Indeed, by the definition of invariant measure, we have that for any k£ € N,

[ vt @) = [ vt (aw. (1.29)
H H

Thanks to the weak convergence we obtain that there exists a subsequence of {e,, } 7=, (not relabeled)
such that

fim [ ™ () = | vlondlan), (4.30)

k—o0

and a further subsequence of {e,, }72; (not relabeled) such that

im [ wn ) = [ s, (4:31)

k—o0

where the choices of subsequence depend on t and 7. Then, (4.28) follows from (4.29)-(4.31). The
proof is complete. 0
4.1.3 Limiting behaviors of periodic invariant measures with respect to IV

In this subsection, the limiting behaviors of periodic invariant measures of (2.10) as N — Ny € (0, 00)
will be discussed. From now on, for any fixed e € (0, gg], we write the solution of (2.10) as u™ (, 7, uo)
with initial value ug at initial time 7 to highlight the dependence of solutions on the parameter N. In
what follows, we will show the convergence of solutions of (2.10) about V.

Lemma 4.4. Suppose (2.8) and (4.1) hold. Then, for every bounded subset K C H, T € R, T > 0,
Ny € (0,00) and L > 0, we have

lim sup P ({w eQ: sup |ulV(t,7,up) — u™O(t, T, up)| = L}) =0. (4.32)

N—=No yyc K T<t<T+T

Proof. Let u™(t) = u™(t,7,u0), u™°(t) = u™No(t,7,u0) and w(t) = u™(t) — «™°(t). Then, by Itd’s
formula, we have

()] + 20 / ()]s
=2 [ (B @)D (0 (5w () () = Fa(la™ (9] (0 (), ¥ s)w(s)) s (433
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+2\/5/T (w(S),(G(uN(S))G(UNO(S)))dW(S))+6/T IG(W™(5)) = G(u™ (5))I1Z, 2,11 ds.

Using (2.3)-(2.6), we deduce that

| En ([l ()b (™ (), 1™ (), w(s)) = Fag ([ (s)])b (u™ (5), u™o (s), w(s)) |
< Nw(s)l|2[w(s)]2 + [(Fn ([ (5)]]) = Fx, (1 (5)1))b (w0 (5), uM (), w(s)) |
+ [ (Exg (™ (9)1) = Fay (a0 (8)1))b (1™ (5), u™ (), 0(s))
< Nlw(s) | 2lw(s)[2 + [N = Nolu™ (s)[[lw(s)]|2 [w(s)| 2 + Nollw(s) |2 w(s)|2
< Zllw)]? + CoN + No) w(s)]? + Cufuw(s)? + Cu(N = No)? [u™o (s) . (4.34)

Noting ¢ € (0, g¢], it follows from (2.8), (4.33) and (4.34) that, for any ¢ € [r,7 + T,

t
@ﬂw/W@Ws

t t
<(C+ CV(N+N0)4)/ [w(s)[*ds + Cu (N — No)Z/ [l (s) |2 ds

t t
+ 2%/ (w(s), (G(u™(5)) — G(u™(s)))dW (s)) + 6/)’1/ [u™ (s) — w0 (s) *ds, (4.35)

which implies that, for any t € [r, 7 + T1,

E { sup |w(r)]2} < (Cy +ep1+ Cy(N + N0)4) / E Uw(s)]z] ds + Cy,(N — NO)Q/ E [HuNO(s)HQ} ds

TIr<t

+ 2\/eE [ sup /r (w(s), (G(uN(s)) — G(uNO(s)))dW(S))

T<r<t |Jr

<ﬁ%wm@ﬂ+wmlmwwwﬂgl[qu (4.37)

TSt

] . (4.36)
For the last term of (4.36), by (2.8) and BDG’s inequality, we have

2\/eE [ sup /r (w(s), (G(uN(s)) — G(u(s)))dW (s))

r<r<t | Jr

which, together with (4.36), means that

E [ sup |w(7“)|2] < (Cy +37ep1 + Cu (N + N0)4) / E [|w(8)|2] ds + g/ [Jw(s)]| ]

Tr<t
! 1
+Cy(N — NO)Q/ E [||u™o(s)[|?] ds + ZE { sup \w(s)ﬂ . (4.38)
- T<s<t

From (4.35) and (4.37), it follows

! 1
+Cy(N — NO)Q/ E [||lu™o(s)||?] ds + EE [ sup |w(s)*] . (4.39)
Therefore, by (4.38) and (4.39),

E[sup w(r)|2] <4(C, + 3761 + Cy (N + No)b) /tE[Iw(s)P] ds

Tr<t
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+4C, (N — Ny)? /t E [[[u™(s)|]?] ds. (4.40)

T

In addition, by (4.4), there exists My > 0 such that, for any ¢ € [r,7 + T1,

t
4C, (N — N0)2/ E [||lu™o(s)[|*] ds < Ma(N — No)?, (4.41)
T
which, along with (4.40) and Gronwall’s inequality, implies that
E |: sup |w(7“)|2] <M4(N _ No)264(Cu+37€’81+cu(N+NO)4)T. (442)
T<r<r+T
Then, (4.32) follows from Chebyshev’s inequality and (4.42) immediately. O

Given N € (0,00), let S be the set of periodic invariant measures of (2.10) on H corresponding
to the parameter N. Tt follows from Theorem 4.2 that the set S} is nonempty for every N € (0, c0).
Then we can obtain the following limit results for (2.10).

Theorem 4.4. Suppose (2.8), (3.2) and (4.1) hold, and let f(t) be a T -periodic function in t. For any
Ny € (0,00), let Ny € (0, Ng] for all k € N satisfying that Ny, — Ny as k — oo. If uiv’“ € StN’“, then
there exists a subsequence { Ny, }i2, and a periodic invariant measure p;'° € SN such that p, ' — pi°
weakly as | — oo.

Proof. For any L > 0, let B, = {u € V : ||lu|| < L}, then By, is a Borel subset of H. For any t € R
and Ni € (0,00), and given ,uiv ke StN * by the definition of periodic invariant measure, we have for
any 7 < t and m € N,
(% (Br) = / P (u™(t, 7 — mT,ug) € B) ,uivfmT(duo) = / P (u™e(t, 7 — mT,ug) € Br) p* (duy).
H H
Similar to (4.24), by Chebyshev’s inequality, we have that for any 7 < ¢, m € N and L > 0,
1
pNe(Br) =1 — Lz/ liminf E [||[u™e (7 — mT, uo)||?] 1k (duo). (4.43)
H

m—ro0

And, by (4.14), we obtain that for every 7 <t —1 and m € N,
E [HuN’“ (t, 7 —mT, u0)||2]

t
< C (1 + Ng‘) (e—ukl(t-i-mT—T)E UUO‘Q] + e—l/)qt/

—00

t

e”)‘ls\f(s)]2ds +/

t—1

|f(s)|?ds + 1) . (4.44)

which, together with (3.2), implies that for any initial value uy € H, there exists a positive constant
My = My(7,t,up), which is independent of Ny, such that the solution ur of (2.10) satisfies that for
any m > My,

~ t
E [H'LLNk(t,T —mT, UO)HZ] < C(l 4 Nél) <1 + eu)\lt/
t

,— 00

gPas+ [ 1rokas)
=:C(t,T, f,No), (4.45)
where C,C(t, T, f, No) > 0 are independent of ug and Nj. From (4.43) and (4.45), it follows that
p(B1) 21 75 [ COT. £ N (duo),

Therefore, we can deduce that {u'¥}%° | is tight.
Then, similar to the proof of Theorem 4.3, by Lemma 4.4, we can ob;uvain that there exist a periodic
invariant measure p;° and a subsequence {Nj,} of {N;} such that pu, “© — pl® weakly as [ — oo,

where the choice of subsequence depends on ¢ and 7. The proof is complete. ]
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4.2 Invariant measures as the external term f is independent of ¢

In this subsection, we will consider the case that the external term f is independent of ¢. In this case,
the results in Sections 2 and 3 still hold, and the transition operator {Ps;}s<; becomes homogeneous
in time. Next, we will study the existence and limiting behaviors of invariant measures of autonomous
stochastic system (2.10) under conditions weaker than (2.8) and (4.1) in Subsection 4.1. Such invariant
measure may also be regarded as a periodic invariant measure with any period.

4.2.1 Existence of invariant measures

The existence of invariant measures of time homogeneous transition semigroup for autonomous system
(2.10) is proved as below.

Theorem 4.5. Suppose (2.7) and (2.8) hold. Then, there exists eg > 0 such that, for every 0 < e < gg
and N > 0, system (2.10) has an invariant measure p on H.

Proof. Similarly, the Feller property of { P+ }o<s<t, and the Markov property of the solutions to (2.10)
can be obtained.
In addition, it follows from (3.3) and (3.4) that for any 0 < e <ep, N >0and t > 0,

2| f|? A
2/F +V1>t.

t
E 2 E 2 < 2
[u(t, 0,u0)|?] +z//0 [[lu(s, 0,u0)||?] ds < |uo|® + < St

Then, by Chebyshev’s inequality, we obtain that for any L > 0 and ¢ > 0,

1/t 11 5 1 [|uwl®>  2/f> M
t/O P(Hu(sao7u0)u > L)dS < Lgt/o E [HU(S,O,UO)H ]dS < ﬁ ( t + Vz)\l + 4) : (446)
. . |up? »
We can find that there exists a positive constant k € N such that, for any ¢ > k, —— < 1. In addition,

note that the embedding V' < H is compact, thus (4.46) shows {u,}5 ;. is tight, where

n
Hn = / p(O,UO, S, )dS
nJo

Then, by Prokhorov’s theorem, there exists a probability measure p on H such that, up to a subse-
quence, [, — [, as n — 0o. By the argument of [48, Theorem 8.3|, one can further verify that p is
an invariant measure of (2.10) on H. The proof is complete. O

4.2.2 Zero-noise limit of invariant measures

In this subsection, we investigate the limiting behaviors of invariant measures of (2.10) as the noise
intensity ¢ — 0. Hereafter, we denote by u°(¢,0,up) the solution of (2.10) with initial value wugy at
initial time 0 with respect to the noise intensity €. Next, we will show the convergence of solutions of
(2.10) with respect to noise intensity.

Lemma 4.5. Suppose (2.7) and (2.8) hold. Then, for every bounded subset E C H,T >0 and L > 0,
we have

lim sup P ({w € Q: sup |u(t,0,up) —u’(t,0,ug)| = L}) =0.

e=0yocE 0<t<T

Proof. The proof is similar to Lemma 4.3 and thus is omitted here. O
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Given ¢ € [0,g¢], let S° be the set of invariant measures of (2.10) on H corresponding to the
parameter . From Theorem 4.5, it follows that the set S is nonempty for every e € [0, £¢]. The next
theorem is concerned with the limiting behaviors of invariant measures of (2.10) with respect to noise
intensity.

Theorem 4.6. Suppose (2.7) and (2.8) hold. If e, — 0 as n — oo, and u™ € S, then there exists
a subsequence {ey, } and an invariant measure 10 € SO such that pre — p° weakly as k — oo.

Proof. For any ¢ € (0,g0], given u° € S°, by the definition of invariant measure, we can deduce that
for any s > 0 and L > 0,

p(lluoll = L) = /HP(HUE(&O,UO)H 2 L)y (dug).

Then by Fubini’s theorem, Fatou’s lemma and (4.46), we have
1/t 1 [t
i (ol > ) = Jim 7 [ (ol > Dyas <timsup 3 [ [ (5,0, > D (duo)as
t—oo t Jo tsoo U Jo JH
1 M
< [ rmsup } [ B0 (5,0,u0)) > Dy dug) < 3.
H t Jo L2

t—o00

which, along with the fact that {u® € V : [|[u®|| < L} is compact in H, shows that the set U.c(g o1

is tight. Therefore, we can obtain that {u*} 2 is tight. Consequently, there exist a probability
measure ;° and a subsequence {e,, } of {&,} such that u — u® weakly as k — oo. It then follows
from Lemma 4.5 and [33, Theorem 6.1] that p° is an invariant measure of (2.10) for & = 0. O

4.2.3 Limiting behaviors of invariant measures with respect to IV

In this subsection, the limiting behaviors of invariant measures of (2.10) as N — Ny € (0,00) will
be discussed. From now on, for any fixed € € (0,eo], denote by u™ (,0,ug) the solution of (2.10)
with initial value ug at initial time 0 with respect to parameter N. In what follows, we will show the
convergence of solutions of (2.10) with respect to N.

Lemma 4.6. Suppose (2.7) and (2.8) hold. Then, for every bounded subset K C H, T > 0, Ny €
(0,00) and L > 0, we have

lim sup P ({w € Q: sup |[u(t,0,up) — ulNo(t,0,ug)| > L}) =
N—=No yyecK 0<t<T

Proof. The proof is similar to Lemma 4.4 and thus is omitted here. O

Given N € (0,00), let SV be the set of invariant measures of (2.10) on H corresponding to the
parameter N. It follows from Theorem 4.5 that the set S is nonempty for every N € (0,00). Then
we can obtain the following limit results for (2.10).

Theorem 4.7. Suppose (2.7) and (2.8) hold. Let Ny, Ny € (0,00) for all k € N satisfying that
N — Ny as k — oo. If u™ € SNk, then there exists a subsequence {Ny,}5°, and an invariant
measure pN0 € SN such that N — N weakly as | — co.

Proof. For any Ny € (0,00), choosing u™* € SNk, it follows from the definition of invariant measure,
Fubini’s theorem, Fatou’s lemma and (4.46) that for any L > 0,

.1t
V(o] > I) = Jim /0 (ol > L)ds < limsup 7 / [ P (5.0.w)] > D (duo)ds
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M3

1 t
< [ timsupy [ B(Ju(5,0,u0)] > Ly (duo) < 2
H t Jo L

t—o00

Similar to the proof of Theorem 4.3, we can obtain that {u™*}2, is tight. Therefore, there exist a
probability measure ;Y0 and a subsequence {Ny,} of {N;} such that Ve = N0 weakly as | — oo.
It then follows from Lemma 4.6 and [33, Theorem 6.1] that p™° is an invariant measure of (2.10) for
N = Nj. U

5 Large deviation principle of stochastic GMNSE

In this section, we will investigate the large deviation principle of (2.10) as € — 0 by using the weak
convergence method.
5.1 Preliminaries of large deviation principle

In this subsection, we will first recall some definitions and results from large deviation theory.
Given M > 0, denote by

T
Sy = {h € L*0,T;0%) : / | (t)|2dt < M} .
0

Then Sy is a polish space endowed with the weak topology. Throughout this paper, we always assume
Sy is equipped with the weak topology, unless otherwise stated.
Let A be the space of all £2-valued stochastic processes h which are progressively measurable with

T
respect to {Fi}epo,r] and / |h(t)|2:dt < oo P-almost surely. Denote by Ay = {h € A : h(w) €
0

Sy for almost all w € Q}.
Let S be a polish space. For any ¢ > 0, let G° : C([0,7],U) — S be a measurable map. Denote by

ut =G5 (W), Ye>N0. (5.1)

Definition 5.1 (Rate function). A function I : S — [0,00] is called a rate function on S if it is
lower semicontinuous in S. A rate function I on S is said to be a good rate function on S if for every
0 < C < oo, the level set {x € S: I(x) < C} is a compact subset of S.

Definition 5.2 (Large deviation principle). The family {u°} is said to satisfy the large deviation
principle in S with a rate function I : S — [0, 00|, if for every Borel subset A of S,

— inf I(z) <liminfelogP(u® € A) < limsupelogP(u® € A) < — inf I(z),
TEA® e—0 e—0 €A

where A° and A are the interior and the closure of A in'S, respectively.

Since S is a polish space, the Laplace principle and the large deviation principle are equivalent (see
[8, Section 4]). Next, we recall the concept of Laplace principle.

Definition 5.3 (Laplace principle). The family {u°} is said to satisfy the Laplace principle in S with
a rate function I :S — [0, 00] if for all bounded and continuous ¢ : S — R,

' —2o(u)| — _j
il_I)I{l)EIOgE [e } iléfé {p(x) +I(x)}.
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In order to prove the large deviation principle of u°, we will assume that the family {G°} fulfills
the following conditions: there exists a measurable map G° : C([0,T],U) — S such that

(H1) For every M > 0, the set {go (/ h(t)dt) the SM} is a compact subset of S.
0
(H2) If M > 0 and {h°} C Ajs such that {h°} converges in distribution to h as Sys-valued random
variables, then G° (W tez / hs(t)dt) converges in distribution to G° </ h(t)dt).
0 0

We recall the following theorem proved by Budhiraja and Dupuis [8], which will be used to establish
the large deviation of (2.10).

Theorem 5.1 ([8], Theorem 4.4). Under (H1)-(H2), the family {u°}, given by (5.1), satisfies the
Laplace principle in S with rate function I defined for every x € S by,

e '
I(z) = inf{2/ |h(t)||2dt : h € L*(0,T;¢*) such that G° </ h(t)dt) = x},
0 0
where the infimum over an empty set is taken to be co.

5.2 The large deviations result

In this subsection, we will establish the Laplace principle for (2.10) in C([0,T], H) N L*(0,T; V).
Denote by u°(t) the solution of (2.10) with initial value ug € H at initial time 0 with respect to the
noise intensity . To that end, we first show G° satisfies (H1).

Given a control h € L?(0,T; (%), the controlled equation is as follows:

dup,(t) + vAup(t)dt + Fn(||up||) B(ug)dt = f(t)dt + G(un(t))h(t)dt (5.2)
with initial condition
up(0) =up € H. (5.3)
In what follows, we show the well-posedness of (5.2)-(5.3).

Lemma 5.1. Suppose (2.7) and (2.8) hold. Then, for every h € L?(0,T;(?), problem (5.2)-(5.3) has
a unique solution uy, € C([0,T), H) N L*(0,T; V).

Moreover, for any |uo| V ||hl|L2(0,r2) < R, with R > 0, the solution wy, satisfies that, for any
t 0,7,

(D] + /0 lun(s)|%ds < 1. (5.4)

where ¢ > 0 depends on R and T.

Proof. To verify the existence and uniqueness of the solution of (5.2), we first assume h € L>(0, T’ £?).
Then, by (2.7), (2.8) and Young’s inequality, we have for any u,v € C([0,T], H) N L*(0,T;V),

(=vAu = Fn([lul)B(u) + f(t) + G(u)h(t), u)

R 77BN rop Qo 2 2 1 2
Jull + (14 522 + SO ) P + 51502 +

rag
4

<
= 4042 ’

and

(—vAu+ vAv — Fy(||u])B(u) + Ex(Jol)B(v) + G(u)h(t) — G@)h(t),u - v)
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v p
< —glhu =l + (Gt VANl + Zh)E ) 1u = o

Note h € L>®(0,T; %), and by using a similar technique to the one in [10, Theorem 7], we deduce that
(5.2)-(5.3) possesses a unique solution uy, € C([0,T], H) N L*(0,T;V).
For general h € L?(0,T;¢?), we can find a sequence h,, € L*°(0,T;¢?) such that

hn, — h strongly in L2 (O,T;€2) .
Let u, be the unique solution of (5.2)-(5.3) when we replace h by h,. Next, we will show {u,} is a
Cauchy sequence in C([0,T), H) N L*(0,T;V). By (2.7), (2.8) and (5.2), we have
ln(t) = (1)
= 2 (=vAun(t) + vAum(t) = Fx([[un(t)]]) B(un(t)) + Fn ([lum @) B(wm(t)), un(t) — um(t))
+2((Gun(t) = Glum () hn(t), un(t) = um(t)) + 2 (G(um () (hn(t) = b (1)), un(t) — um(t))

< Hun(®) = wn®IP + (4 2Bl + 2 a0 ) 1n(0) = (0P
+ (@1 um()) + [t (12) fin (8) = i (8) + o) = o (D), (55)

which, together with Gronwall’s inequality, implies that, for any ¢ € [0, T,

T T
\un(t) . um(t)|2 < efo M, <1+||hn(s)||e2+hn(S)?2+Um(5)|2+||um(5)||2>ds/0 th(s) _ hm(3)||32d5, (5.6)

4
where M, = max {C’l, + a1,2+/ 51, 52,042}. Similar to (5.5), we have
v

i|un(t)’2 =2 (—vAu,(t) + f(t), un(t)) + 2 (G (un(t)) hn(t), un(t))

dt
<= vun@IP + un(@)F + [FOF + - (14 unOF) + @l un@F. - (57)

From (5.7) and Gronwall’s inequality, it follows that, for any t € [0, T,

T va ag 2 T vaq | ag 2 T
lun(8)[2 < Jug|2e™ (14522452 |l ()12, ) ds 4 olo (142224 Vzhn(s>52)ds/0 (1/:;1 . ‘f(s),z> ds. (5.8)

By (5.7), (5.8), the boundedness of h,, in L?(0,T;¢?) and the fact that f € L} .(R; H), we find that
there exists My > 0, independent of n, such that

T
sup |un(t)[? —l—/ l|un(s)||?ds < My < oo,
0

o<t<T

which, together with (5.5) and (5.6), implies that {u,} is a Cauchy sequence in C([0,7],H) N
L%*(0,T;V), and we denote the limit by wuy,.

Then by using the standard monotonicity argument (e.g. [57, Theorem 30.A]), one can show that
up, is the solution of (5.2)-(5.3) corresponding to h.

In addition, similar to (5.7) and (5.8), (5.4) can be obtained. The proof is complete. O

Define G° : C([0,T],U) — C([0,T], H) by, for every ¢ € C([0,T],U),
Go(¢) = up, if ( = /0~ h(t)dt for some h € L?(0,T; %),

0, otherwise,
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where wy, is the solution of (5.2)-(5.3). It follows from Lemma 5.1 that the mapping G° is well-defined.

Next, we will show GO satisfies (H1).

Lemma 5.2. Suppose (2.7) and (2.8) hold. Then, for every M > 0, the set

Ky = {go (/0 h(t)dt) the SM} (5.10)

is a compact subset of C([0,T], H) N L*(0,T;V).

Proof. Form (5.9) and (5.10), it follows that

T
Ky = {uh ‘he LQ(O,T;€2),/ [h(t)]|Zdt < M} , (5.11)
0

where uy, is the solution of (5.2)-(5.3). In order to prove the compactness of K, we need to show that
for any sequence {up, }oo; C Ky, there exists a convergent subsequence of {uy, }o> ;. Indeed, given

{un, }°2; C Ky, by (5.11), we find that h,, € L*(0,T;¢?) and / (| hn (t)]|Z2dt < M, which imply that

0
there exist h € Sy and a subsequence of {h,,}, still denote as {hy}, which converges weakly to a limit
hin L?(0,T;¢?). Next, we will show that u,, — uy, strongly in C([0,T], H) N L*(0,T;V) as n — oo.

T
Since / [hn ()| 22dt < M, by Lemma 5.1, there exists cp = co(T, M) > 0 such that for any n € N,
0

T T
sup |up, (t)|* + sup ]uh(t)2+/ Huhn(t)Hth—i—/ l|up (2)[|2dt < co. (5.12)
0 0

0<t<T 0<t<T

Similar to (5.5), by (2.8) and (5.2), we have
t
fun, (8) — un (D) + v / lan, (5) — un(s)|%ds
0

t
< [ (o 2v/Bilmlie + 216 ) fun, () - wo)Pds

+ 2/0 (G(up(s))(hn(s) — h(s)), un, (s) — un(s)) ds. (5.13)

For any fixed m > 1, define

S(t) = / PonGlun(s)) (hnls) — h(s)) ds,

where P, is the orthogonal projection onto the subspace of H spanned by {ej, ez, -+ ,en}, and e;
is the orthonormal eigenfunctions of the operator A (see Section 2 for more details). Then, we can
deduce the compactness of H,, — V embedding. In addition, it follows from (2.7) and (5.12) that

T 3/ T 3
sup @l < ([ (@ anlun)P + axlunP) as) ([ 1alo) =l ds) 519
0<t<T 0 0
which, together with the boundedness of {h,} in L*(0,T;¢?), implies ¢ € C([0,T], H,,).
Next, we will show @™ — 0 in C([0,T], H)NL*(0,T;V) as n — co. From (5.14) and the bounded-
ness of {h,} in L*(0,T;¢?), it follows that {p™}°° | is equicontinuous on [0, T]. In addition, thanks to
the compactness of H,,, — V embedding, we can deduce that there exists a subsequence of {¢) }o2,
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still denote as {¢)' }o2 1, such that ¢ — 0in C([0,T], V) by the Arzela-Ascoli theorem, which implies

that for any m € N,
©™ = 0in C([0,T), H) N L*(0,T;V) as n — oo. (5.15)

As in Lemma 5.1, we first assume h,, h € L>(0,T;¢?). It then follows from (2.7) and (5.12) that

2
V* dt

T T
|15 @-de < [ 1P an() ) - HO)

T
<c/ (14 [un(8)? + lun()]?) dt < oo,
0

d
which shows %cp?(t) is an element in L*(0,T; V™).
From [57, Proposition 23.23], it follows that

(una(®) = un(0).2(0) = | o (s una o) - uh<s>>,soms>>vds
+ /Ot - <i<p¢;(s), un, (s) — uh(5)>v ds. (5.16)

Therefore, by (5.2) and (5.16),

[ PG 0n(5) = ), ()~ wn(5)) s

= (0 = un070) [ v+ (G un, ) = (o). 200} s

= () = 0.2 0) + [ v (A, (5) = Aun(). 2 () s
[ v 61 Bun, (5) = vl () D Blun(s). 6Dy d

—/O (G(un, (5))hn(s) = G(un(s))h(s), ' (s)) ds
=1L+ Iy + I3 + 1. (5.17)

By (2.5), (2.8), (5.12), Young’s inequality and Hoélder’s inequality, we deduce for any ¢ € [0, 71,

oo ([ 1A, )~ Aunts ) (/ AT ||2ds)
<¢§u</0t<uuhn<s>u2+uuh ) ([ 1z ds>
<va ([ Ilsonm(S)\\QdS) ,

<N ([, ) - o) ds> ([ e ||2ds) < vaaon ( [[laperas)”

Iy </0 |G (un, (8))hn(s) = G(un(s))h(s)| ey’ ()] ds

< s ) ([ (0 b, ) + s, (s ) (1t \pds)
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- sup [ [ (a1 + unls)) + asfun(s) ) ([ s \@ds) )

0<s<t

It follows from (5.13), (5.17) and (5.18) that there exists a constant ¢z > 0 such that for any ¢ € [0, 77,
1 2 ! 2
2 [una (t) = un()|” + v HUhn(S) — un(s)[|"ds
402
< /0 ( +2v/B1lln($) ez + == lhn(8)2 ) [, () = wn(s)[*ds

+e <Os<li1<)t|90n </ i (s |!2d8>>
/ 1T = Pr)Glun() I gy ds + / oa(s) = h(s) 2 un, () — un(s) Pds.— (5.19)

Then, by Gronwall’s inequality, we deduce that for any ¢ € [0,T7],

1
T 1
0

0<s<T

T
4+ 2t Jo (H1n(o)lga Hlm Dl () ) / 1T = o) G ()L g2,y s (5:20)
0 2 ’

Noting that G(-) is a Hilbert-Schmidt operator, by the dominated convergence theorem, we have
g 2
/0 I(I = Pr)G(un(s)I7, 02, mryds — 0, as m — oo,

which, together with (5.15), (5.19), (5.20) and the boundedness of {h,} in L(0,T;¢?), implies up,, —
uy, in C([0,T], H) N L*(0,T; V) as n — oc.

Then, similar to the proof of Lemma 5.1, we can deduce such convergence also holds for the case
hn, h € L?(0,T;¢?). Hence the proof is complete. O

v v
37a2 ’ 252
from the well-posedness of (2.10) that there exists a Borel-measurable mapping G° : C([0,T],U) —
C([0,T), H) N L*(0,T;V) such that

In order to prove condition (H2), suppose 0 < & < min{ } =: g9. It then follows

u® = G°(W), P-almost surely.

In the sequel, we will establish some property of G, which will be useful to verify (H2). To do
that, the following version of Gronwall’s inequality in [19] is needed.

Lemma 5.3 ([19], Lemma A.1). Let X,Y, I and ¢ be non-negative processes and Z be a non-negative
integrable random variable. Assume that I is non-decreasing and there exist non-negative constants
C,a, B,v,6 with the following properties

T
/ p(s)ds < C a.s., 28e <1, 26eC < a, (5.21)
0

and such that, for 0 <t < T,
t
X(t)+aY(t) < Z —I—/ o(r) X (r)dr+ I1(t), a.s.,
0
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t
E[I(t)] < BE[X(t)] + 7/ E[X(s)]ds + OE[Y (t)] + C",
0
where C' > 0 is a constant. If X € L*=([0,T] x Q), then we have for any t € [0,T),
E[X(t) + aY (t)] < 2 exp (C + 2t7e”) (E[Z] + ).

Lemma 5.4. Suppose that (2.7) and (2.8) hold, and h € Ay with M > 0. Then, uj = G°(W

s_é/ h(t)dt) is the unique solution of
0

dus, + vAwdt + Fy (|6 |) B(us)dt = (£(£) + G(uS)h) dt + vEG(us)dW (L), (5.22)

with initial value uj (0) = ug € H.
Moreover, for any fized M > 0, there exists a positive constant €y := £o(M) < €g such that for any
h € Ay and ug € H with |ug] < R (R > 0), the solution uj, satisfies, for any 0 < € < €p,

T
B | s [P+ [ o] <o (5.23)
0

0<I<T
where C1 > 0 depends on M, R and T.

Proof. From the Girsanov theorem ([21, Appendix A.1l.}), it follows that (5.22), with initial value
u5 (0) = ug € H, has a unique solution u5, € C ([0,7], H) N L?(0,T; V) P-almost surely.
By (5.22) and It6’s formula, we have that, for any ¢ € [0, 7], P-almost surely,

(D)2 + 20 /0 ||uz<s>||2dst |
<ol + [ 1@ Pds+ [ i) s +2 [ (Gui(s)A(s). i (s) ds
2% [ (0 (5), G ()W (5)) + ¢ / NG NI, e . (5.24)
For the fourth term on the right-hand side of (5.24), by (2.7), we find
t t
2 [ (GUAE) 60 ds < 2 [ 1G]y 115 el o)
<2/ (o (1 [ (5)P) + aalluf (5)12) ()l (5) s

t
1405} dao
/ o o) s+ 5 [ (1 o)) ds+ 202 / Ih(s)[Blus(s)Pds. (5.25)

For the last term of (5.24), by (2.7), we derive for any ¢ € <0 4>7
a2

rog t

/ |G (uy,(s ||L2 ) ds < T 1oy

Then by (5.24)-(5.26), we deduce for any ¢ € [0, T], P-almost surely,

t t t voip  4oo
G OF +v [P <P + [ 1rePas+ [ (1450 4 22l ) 1 (o)Pas

" V;Of * 2\/5/0 (uf,(5), G (w7, ()W (5)) - (5.27)

€ 2 v ! 5 2
; (1 + Juj()[")ds + 4/0 [[ug,(s)]|"ds. (5.26)
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For a fixed constant L > 0, define a stopping time 77 = inf {0 <t < T |lujllcqo,0,m) + 1uh )l L2004 = L}-
From (5.27), it follows that, for any ¢ € [0, T], P-almost surely,

i
sup <|uz<r>|2+u / uuz<s>u2ds>
Oérét/\’ri 0

4C¥2

t t voy
<tuoP + [ 15(s)Pds+ [ (1+2 +Hh<s>||22) i (s)Pds
0 0 a2 v

va T

+2ye sup

2000 0<r<tATs

_|_

)

/0 (i (5), Glu (5))dW (s)

which shows that

INTE
sup [ (F v [ ui(s) s
0<r<tATs 0
2 ! 2 ! vag | 4ag 2 € ()2
<2l +2 [ If)Pds+2 [ (14 50+ 2 bR ) sup Ju(r)Pds
0 0 20 v 0<r<sATE
va T " R
+4y/e  sup (uf (s), G(uj(s))dW (s))], (5.28)
as o<r<tnrs [Jo
Similar to (2.18), by (2.7), we have for any ¢ € [0, T,
T
wee| s | [ (GGl e)
O<sr<ints |J0
t
<VEE | sup  |ug(r)? —|—36ﬁa1/ E| sup |uf(r)]?|ds
Oérét/\Ti 0 0<T<s/\7’f
tATE
+ 36y/Zas / E [, (5) 2] ds + 36v/Ean T. (5.29)
0

Thus we can apply Lemma 5.3 to (5.28) and (5.29) for

X(t)= sup |uj(r)%, Y(t)Z/O B luf,(s)|[*ds, 1(t) =4vE sup

/0 (), G () AW (5))]

0<r<INTE O<r<tnTy
a =V, B:\/ga 7:36\/50417 5:36\/5012, ZZQ‘U0| +2/ ’f(8)| ds + an
0 2
ron 80&2

o(s) =2+ — + —||h(s)||, C'=36yeaqT.
(6] 14

Therefore, we have

T T
8 T  8asM
/ o(s)ds = / (2 + Xy az”h(s)”%) ds < or+ XM 4 202 C, a.s.
0 0 a9 1%

(%)) v

By choosing ¢ small enough, we obtain 28e% = 2¢/ze® < 1 and 26e¢ = 72/ce® < 1. Consequently,
by Lemma 5.3, there exists €9 > 0, such that, for any 0 < ¢ < &g,

TATE
B| s [ui@F+ [ )] <o
0<t<TATE 0
where C] is independent of L.
In addition, since lim 7; = T', by Fatou’s lemma, we can obtain (5.23), as desired. ]

L—oo
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The following lemma is devoted to the convergence of G°, which is necessary to prove (H2).

Lemma 5.5. Suppose (2.7) and (2.8) hold, and {h°} C Ap; with M > 0. Then,
lim (gf <W te2 / hs(t)dt) —gY ( / hE(t)dt>> = 0 in probability in C([0,T], H) N L*(0,T; V).
0 0
Proof. Let uj. = G° <W e 2 / he(t )dt). It follows from Lemma 5.4 that uj. is the solution of
0
duje (t) + vAus- (£)dt + Fy(||ufe ||)B(ufe )dt = (f(t) + G(uje (¢))h (1)) dt + eG (uje (¢))dW,  (5.30)

with initial condition u5. (0) = ug € H. Let upe = G° < / hs(t)dt>, then upe is the unique solution of
0

%Uhf () + vAups (t) + Fn ([luns (0)[) B(uns () = f(t) + G (upe (8))2° (1), (5.31)

with initial value upe (0) = up € H. Therefore, we only need to show uj. —upe converges in probability
to zero in C ([0, T], H) N L*(0,T;V) as e — 0. By (5.30) and (5.31), we have

d (upe (8) = une () + v A (upe () — upe (1)) dt + (Fn ([uje () ) B(uge (8)) = Fn ([une (8)[) B(uns (t))) dt
= (G (uje ()h=(t) — G(ups ()RF (1)) dt + VEG (uj (1)) AW (2),

with initial condition u5.(0) — upe(0) = 0. Then, thanks to It6’s formula, we obtain
|uSe (£) — upe (8)]* + 2v /Ot G- (s) — upe ()] ds
=2 /Ot (En (e ()N B (wie (5)) — Fiv([[uns () DB (une (5)), uje (s) — une (s))ds
+2 /0 t (G5 (5))h (5) — G (upe (5))he(s), wse () — upe (s)) ds
+2z /0 t (U5 (5) — upe (5), G(uge (s))dW (5)) + /0 t 1G5 ()12, 2 g1 - (5.32)

For a fixed constant L > 0, define a stopping time

7o = inf {0 <t < T : [[uelleqo.m + [uhe L2040y = L} - (5.33)

It follows from (5.32) and (5.33) that, for any ¢ € [0, T,

TN\Te
sup <|uzg(r ATe) — ups(r A 7'6)\2 + 21// |uge (s) — uhs(s)H2 ds)
0

o<r<t

s? /0 (e () DB (5)) — F e (5)[) B e () e (5) — e (5)) | ds
2 [ (Gl (9 (5) = Glune (9D 5), e 5) = e 4)

tAT:

w28 s | 77 (06006) = ure 00, Gk D () |+ [ 16RO, o s (53

o<r<t

In addition, by Lemma 5.1, there exists Cy = Co(M,T) > 0 such that, P-almost surely,

T
sup <||uhs|rcqoyﬂ,m+ /0 ||uhs<s>||2ds) <Gy (5.35)

e€[0,e0]
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For the first term on the right-hand side of (5.34), by (2.5), we can deduce that

2/0 - | (Fn (e () 1) B(uie (5)) = Fnv(|lune ()1 B (une (), ufe () — wne (s))| ds

1%

tATe tATe
<5 [ s~ w9 + o [ e 9) = unes) P
0 0

(5.36)

As for the second term on the right-hand side of (5.34), by (2.8) and Young’s inequality, we derive

2 /0 N (Gt (5))h%(5) — Gups (8))h% (), we () — upe(s)) | ds

(5.37)

tATe 2 tATe
< [ (VAo + 2RI ) (o) = e )P [ () = e o) .
0 0

v
From (5.34), (5.36) and (5.37), it follows that, for any ¢ € [0, 7], P-almost surely,

tATe
sup |ufe(r A 7e) — upe (1 A 7'E)|2 + 1// luhe (s) — wne (s)||2 ds
0

o<g<r<t
! € 262 e 2 5 2
< [ (a+2vmlEEle + 220 O ) sw i Am) - welr ) Pds
0 TS
AT tAT:
+avE s | [ e (o) — e (o), G(uze<s>>dw<s>)] + 2 [ G (DIE y ms

which, together with Gronwall’s inequality, shows that for any ¢t € [0, T], P-almost surely,

sup |uje(r A 7e) — upe(r A TE)\2
0<r<t

28y M

<4\/geCVT+2\/,81MT+ 22 qup
o<r<T

TAT:
| OB [T e e g
0 he Lo(£2,H) S

[ ) - w9 Gl )

For the last term of (5.39), by (2.7) and (5.33), we have

TAT,

. o, T+ 22 :
lig 260V T+ 2VFINIT+ 23 /0 |G (e (5)) 12, o.pry s

e—0

TNT,
289 M €
< lim 2eeCrT+2VAIMT+225 /0 (o1 (1 + [u5e (5)]?) + aalluse(s)]?] ds
=0, P-almost surely.

For the first term on the right-hand side of (5.39), by (5.33), (5.35) and (5.40), we deduce
2]

T NATe
<otime [ [ i)~ e PN 5]

sup
o<r<T

2y VEE | sup | [ (1 (5) = wne(5), Gl ()W ()

T
< 16(L + Cy)? gi_I}(I)a‘E [/o ‘|G(u25(3))|’%2(£27H)d8:| =0.
It then follows from (5.39)-(5.41) that

lim sup |uf-(r A7) —upe(r A7:)]* =0 in probability.
e—0 0<r<T
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Similarly, by (5.38) and (5.40)-(5.42), we can also deduce that

T
lim U5 (r A72) — ups(r A72)||>dr = 0 in probability. (5.43)

e—0 0

By (5.23) and (5.33), we have for any 0 < £ < &y,
P (1. < T) =P (|[uielcqory,m + ke l20,7,v) > L)

L L
<P ("U26‘|C([O,T],H) > 2> +P (H’LLZEHLZ(O’T;\/') > 2)

<os® [ s ] + [ [ 1] < (549
S4r2 he 4127 )y " S o2 '

o<r<T
where £y, Cy > 0 are given in Lemma 5.4. From (5.44), it follows that for any € > 0,
P (HUZE = el oqo,ry,my + 1the — unsll 20y > 5)
<P (i = wn ooz + 65 — wiellaoizyy > €7 = T)

+P <”Uis = el eqo,rymy + [Uhe — unsll 20y > €7 < T>

Ch
<P (Huie - uhEHC([O,T],H) + [Jupe — uhEHL2(0,T;V) > €T = T) + 272 (5.45)

First taking the limit as ¢ — 0, and then as M — oo, it follows from (5.42), (5.43) and (5.45) that

lim (u5e —upe) =0 in C([0,T], H) N L*(0,T; V) in probability. (5.46)
e—0
The proof is complete. ]

The main result of this paper is given below.

Theorem 5.2. Suppose (2.7) and (2.8) hold, and u® is the solution of (2.10). Then the family {u},
as € — 0, satisfies the large deviation principle in C([0,T), H)NL*(0,T; V) with the good rate function
given by

1 T
o) =int {5 [ I@ades e 20T, un = o}, (5.47)
0

where ¢ € C([0,T), H) N L*(0,T;V), uy, is the solution of (5.2)-(5.3), and the infimum of the empty
set is taken to be oco.

Proof. Tt follows from Lemma 5.2 that (H1) holds. It remains to prove that G° and G° satisfy (H2).
Let {h°} be a sequence in Ap; (M > 0), which converges in distribution to h as Sys-valued random
variables. In addition, by Skorokhod’s theorem, there exist a probability space (Q }" IP’) and Sjr-valued
random variables h¢ and h on (Q .7-" IP’) such that k¢ — h in S, almost surely, which is equipped
with the weak topology, where he and h have the same distribution laws as h° and h respectively.

Let up = G° (/ h(t)dt), then wy, is the solution to (5.2)-(5.3). From Lemma 5.2, it follows that u;~
converges to u;LOin distribution in C([0,T], H) N L*(0,T; V). Therefore, we have

upe — up, in C([0,T], H) N L?(0,T;V) in distribution,
which, together with (5.46), implies that

use — up, in C([0,T],H) N L*(0,T;V) in distribution,

then (H2) holds. Therefore, by Theorem 5.1, the result is completely proved. O
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