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Abstract. This paper is mainly concerned with the long-term random dynamics
for the non-autonomous 3D globally modified Navier-Stokes equations with nonlin-
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random attractors of the underlying system. Random Liouville type theorem is also
derived for such invariant measures. Moreover, we further investigate the limiting
relationship of invariant measures between the above equations and the correspond-
ing limiting equations when the noise intensity approaches to zero. In addition,
we show the invariant measures of such equations with additive white noise can be
approximated by those of the corresponding equations with additive colored noise

as the correlation time of the colored noise goes to zero.
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1 Introduction

In this paper, we investigate the pullback random attractors and invariant measures of the following
non-autonomous 3D globally modified Navier-Stokes equations (GMNSE) with nonlinear colored

noise:

((992: —vAu+ Fn(||lu||) [(u(t) - V)u] + Vp = f(t) + eG(u)Gs(6iw) in O x (1, 00),

divu=01in O x (1,00), (1.1)

u=0onTI x (7,00),

u(z, 7) =ur(z), x €O,

where € € (0,1], O C R? is an open bounded set with regular boundary T', v > 0 is the viscosity
N

coefficient, u denotes the velocity field, Fy(-) : (0,00) — (0,1] is defined as Fy(r) = min {1, }
r

where r, N > 0, p denotes the pressure, f € LIQOC(R; H) is an external force field, G is a nonlinear
diffusion term, Gy is a colored noise with correlation time ¢ € (0, 1], which will be specified later.
Navier-Stokes equations can be used to describe the time evolution of an incompressible fluid,
which are important in fluid and mechanics and turbulence. The well-posedness, regularity and
asymptotic behaviors of solutions of 2D Navier-Stokes equations have been studied in the literature,
see, e.g., [30, 32] and references therein. However, as we all know, the uniqueness of weak solutions
and the existence of strong solutions of 3D Navier-Stokes equations are still open problems due to
the nonlinear convection term. It is worth mentioning that in order to overcome the difficulties
caused by the nonlinear convection term, T. Caraballo and his collaborators processed a class

of 3D globally modified Navier-Stokes equations in [3], and proved the existence and uniqueness



of solutions as well as the existence of V-attractors. After that, the existence and asymptotic
behaviors of solutions of 3D GMNSE have been investigated in [16, 22, 28, 45]. And the invariant
measures as well as the Liouville type theorem of 3D GMNSE have been examined in [45, 49] and
the references therein.

Since noise is ubiquitous in many physical systems due to the lack of knowledge of certain
physical parameters as well as measurement errors arising in experiments or modeling, it is of great
significance to consider noise influences on Navier-Stokes equations. For stochastic 2D Navier-
Stokes equations, the existence of solutions, random attractors and invariant measures have been
reported in [1, 13, 14, 31]. But there are a few results on the 3D GMNSE with stochastic pertur-
bations. Recently, reference [15] investigated the well-posedness and the convergence of solutions
for 3D GMNSE with white noise. In addition, it is also significant to study the pathwise dynamics
of such system, for which we need to define a pathwise random dynamical system via the solution
operators. However, the existence of such a random dynamical system is unknown for nonlinear
white noise until now, which results in the pathwise random attractors theory cannot be applied
to this case. Therefore, systems driven by colored noise have drawn considerable attention in the
literature, see, e.g. [10, 19, 38, 39, 42] and the references therein. In fact, many physical systems
can be simulated by colored noise rather than white noise [29]. The colored noise is a kind of auto-
correlated noise, and can be used to approximate the Wiener process [33]. From the perspective of
theoretical and practical value, we aim to study the non-autonomous 3D GMNSE with nonlinear
colored noise (1.1), which can be considered as an approximation of the corresponding system with
white noise in some sense. We also would like to mention some research on the approximation of
stochastic differential equations driven by white noise [18, 20, 43].

In this paper, we will first investigate the existence and uniqueness of pullback random attractors
of (1.1). Recently, the pullback random attractors for 2D Navier-Stokes equations with colored noise
have been reported in [19]. However, the argument therein cannot be directly applied to 3D Navier-
Stokes equations with colored noise due to differences regarding Sobolev embedding inequalities for
nonlinear convection term. Thanks to the modifying factor F(-) in (1.1), we are able to establish
the existence of pullback random attractors for 3D GMNS with colored noise. More precisely, by
the Galerkin method and the property of the modifying factor Fiv(-), the well-posedness of (1.1)
can be shown, which leads to the existence of a random dynamical system. Then, based on the
uniform estimates of solutions in spaces H and V as well as the compactness of injection of V' into
H, we examine the pullback asymptotic compactness of solutions of (1.1), which together with
[36, Theorem 2.23] induces the existence of random attractors. For the long-term behaviors of
stochastic partial differential equation, the reader is referred to [2, 39, 42, 44] and the reference
therein.

Another major goal of this paper is to study the invariant measures of non-autonomous 3D



GMNSE with nonlinear colored noise (1.1), which can provide important information about long-
term dynamics and be used to identify statistical equilibrium. Based on the existence of random
attractors of (1.1), we will first prove the existence of invariant measures supported on such at-
tractors. In the deterministic case, the existence of invariant measures has been studied by many
experts, see, e.g., [4, 23] for autonomous systems and [17, 27] for non-autonomous systems. It is
worth mentioning that [13, 48] investigated the existence of invariant measures for autonomous
random dynamical systems. However, these results in above papers cannot be applied to non-
autonomous system with colored noise (1.1). Recently, by virtue of the theory of non-autonomous
random dynamical system in [36] together with the generalized Banach limit in [17], reference [9]
constructed a family of invariant measures for general non-autonomous random dynamical systems.
In order to apply such abstract theory to system (1.1), we need to verify the system (1.1) is jointly
continuous in initial time and initial value (see Lemma 3.1), by which we can obtain the existence
of invariant measures supported on the random attractors (see Theorem 3.2). In addition, if the
non-autonomous term f(¢) is periodic in ¢, we further show such invariant measure is also peri-
odic. We also refer the readers to [1, 7, 11, 14, 21, 24, 26, 37, 41] for the existence of invariant
measures and periodic measures of Markov semigroups generated by infinite-dimensional stochastic
differential equations.

Then we also derives that the invariant measures constructed in above satisfy a random Liouville
type equation. For deterministic differential systems, it has been shown that the time average
invariant measures satisfy a Liouville type equation in [12, 17, 27, 46, 47]. Hereafter, reference
[48] established that invariant measures of autonomous 2D Navier-Stokes equations with additive
white noise also satisfy a random Liouville type equation. Despite some advances in this direction,
there is no relevant result for non-autonomous GMNSE with nonlinear colored noise. Indeed, it
is difficult to verify the continuity of the mapping u — <F(t, Orw, u(t)), \I”(u)> in H for given test
function ¥ in order to use the invariant property of invariant measures, where F' is given in (4.2).
To overcome this issue, what we first do is to approximate W(u) by using the Galerkin projection
technique. Then together with the form of the construction of invariant measures and the cocycle
property of the non-autonomous random dynamical system, and taking the limit, we will show that
the invariant measures supported on the pullback random attractors satisfy a random Liouville type
equation (see Theorem 4.1).

In order to show the limiting relationship of invariant measures between GMNSE with colored
noise and the corresponding deterministic equations, we further study the limiting behaviors of
invariant measures of (1.1) as the noise intensity parameter ¢ goes to zero, which also means
the zero-noise limit is observable as noise is non-negligible in real world. Note that the limiting
behaviors of invariant measures have been investigated in [34, 35] for deterministic equations, in

[5, 6, 8, 25] for autonomous stochastic systems, and in [40] for non-autonomous stochastic systems.



Different from [40] where discussed the convergence of invariant measures of time inhomogeneous
transition operators, we will study the convergence of invariant measures of the non-autonomous
cocycle associated with (1.1). For that purpose, we will first prove the set of all random attractors
of (1.1) for € € (0,1] is precompact (see Lemma 5.1). And then, together with [9, Theorem 4.1]
and the convergence of solutions with respect to noise intensity (see Lemma 5.2), we can obtain
that any limit of invariant measures of (1.1) must be an invariant measure of the corresponding
deterministic equations as ¢ — 0.

On the other hand, we also interested in the approximation of invariant measures of GMNSE
with additive white noise by those of GMNSE with additive colored noise. Therefore, we consider
the limiting behaviors of invariant measures of GMNSE with additive colored noise as the correlation
time & of the colored noise tends to zero. More precisely, we will consider the following GMNSE

with additive white noise:

g;‘ — vAu+ Fy(|ul)) [(u(t) - V)u] + Vp = f(t) + 5% in O x (7,00),

divu=0in O x (1,00), (1.2)

u=0onT x (1,00),

’LL(QS‘,T) = UT(x)v r €O,

where 5 € D(A) which will be specified later in Section 2. We prove the equation (1.2) has a family
of invariant measures supported on the pullback random attractors (see Theorem 5.2), which can
be considered as the limit of the invariant measures of the following random equations with colored

noise as § — 0:

(245 g + By () [(us(1) - ¥ us] + V= F(0) + 5G5(0) in O x (7,0%),

div us = 0in O x (7, 00),

us =0on I x (7,00),

| us(@,7) =ur(z), z €0,

which is a particular case of (1.1). Indeed, we show that any limit of a sequence of invariant
measures of the random equations (1.3) must be an invariant measure of the stochastic equations
(1.2) as § — 0.

This paper is organized as follows. In the next section, we show the existence of pullback random
attractors for GMNSE with nonlinear colored noise (1.1). In Section 3, we prove the existence of
invariant measures of (1.1). In Section 4, we derive that such invariant measures satisfy a random
Liouville type equation. Section 5 is devoted to the limiting behaviors of invariant measures with

respect to noise intensity € and correlation time 6.



2 Existence of random attractors

In this section, we will investigate the existence of pullback random attractors of GMNSE with
nonlinear colored noise (1.1). For this purpose, let us first recall some results from the theory of
random dynamical system, see [36] for more details.

Let (2, F,P) be a standard probability space, where Q = {w € C(R,R) : w(0) = 0}, F is its
Borel o-algebra, and P is the Wiener measure on (€2, ). There exists a classical group {6;}:cr
acting on (€, F,P) is given by 6iw(-) = w(t + ) — w(t) for any t € R and w € Q.

Let (X, d) be a complete separable metric space with Borel o-algebra B(X). Let D = {D(7,w) :

7 € R,w € Q) be a family of nonempty subsets of X satisfying lim e sup d(z,0) =0
t——o0 u€D(T+t,0:w)
for every ¢ > 0. Such D is said to be tempered in X. And denote by D the class of all tempered

families of nonempty subsets of X.

Definition 2.1 ([36]). A mapping ® : RT x R x Q x X — X is called a continuous cocycle on X
over (Q, F,P,{0;}scr) if for all T € R, w € Q and t,s € R,
(i) @(, 7, ) :RT x Q@ x X — X is (B(RT) x F x B(X), B(X))-measurable;
(ii) ®(0,7,w,-) is the identity on X;
(iii) ®(t + s, 7, w, ) = P(t, 7 + 8,05w, ) o P(s, T,w,-);
(iv) ®(t, 7yw,-) : X — X is continuous.

If, in addition, there exists T > 0 such that for everyt € R, 7 € R and w € ,
o(t, 7+ T,w, ) =0t 7,w,-),
then ® is called a periodic cocycle on X with period T .

Definition 2.2 ([36]). A family K = {K(7,w) : 7 € R,w € Q} € D is called a D-pullback absorbing
set for @ if for all T € R, w € Q and for every D € D, there exists Ty = To(D, T,w) > 0 such that

O(t, 7 —t,0_4w,D(T —t,0_w)) C K(r,w), Vt=Tp.

If, in addition, for all T € R and w € Q, K(7,w) is a closed nonempty subset of X and K is

measurable in w with respect to F, then we say K is a closed measurable D-pullback absorbing set

for .

Definition 2.3 ([36]). A family A = {A(T,w) : 7 € R,w € Q} € D is called a D-pullback random
attractor for ® if for every T € R and w € ,
(i) A is measurable in w with respect to F, and A(T,w) is compact in X ;
(i) A is invariant, that is, for allt > 0, ®(t,7,w, A(T,w)) = A(T + t,0w);
(iii) A attracts all sets in D, that is, for all D € D,
lim dx(®(t,7 —t,0_w, D(T —t,0_w)), A(T,w)) =0,

t—+00



where dx is the Hausdorff semi-metric given by dx(A, B) = 21612 gél]g d(a,b) for any A C X and
B C X.

If, in addition, there exists T > 0 such that for any T € R and w € Q, A(T + T,w) = A(T,w),
then we say A is periodic with period T.

Next, the colored noise will be introduced. Given d > 0, consider the one-dimensional stochastic

equation

1 1

where W is a two-sided real-valued Wiener process defined on (2, F,P). Let G5 : 2 — R be a

random variable given by

1[0 .
g(;(w):d/ esdW, Y w e Q.

—0o0
Then, one can check that Gs(6,w) is the unique stationary solution of (2.1). The process Gs(0;w)
is called a real-valued colored noise which is a stationary Gaussian process with mean zero and
1
variance —. And there exists a {0; };cr-invariant subset (still denoted by) € of full measure, such

20
that for any w € (,

0
lim W — 0, for any 0 < 8 < 1, (2.2)

t—+too
1 t
lim — [ Gs(Osw)ds = E[Gs] = 0, uniformly for 0 < § < 1. (2.3)

Now, let us recall some abstract spaces which will be frequently used in the sequel.
V={¢e(CF(0)*:V-¢=0},
H = closure of V in (L*(©))? with inner product (-,-) and associate norm | - |,
V = closure of V in (H}(0))? with inner product ((-,-)) and associate norm | - ||,
H' = dual space of H, V' = dual space of V with norm || - ||y,
(-,+) denotes the dual pairing between V and V'.
It is clear that V € H = H' C V', where the injections are dense and compact.

Next, consider the operator A : V' — V' defined by (Au,v) = ((u,v)). And denote D(A) =
(H*(0))> N V. Then for any u € D(A), Au = —P/Au is the Stokes operator, where P is the
ortho-projector from (L?(0))? onto H. We denote by 0 < A\; < A\p < --- the eigenvalues of A. In

this context, the Poincaré inequality reads
Ml < lul?, VueV. (2.4)

Then define a trilinear form b(-, -, ) as follows,

3
v
b(u,v,w) = Z /(Qui(ﬁwjdx, YV u,v,w €V,
ij=1 v



and set
<BN(U7 ’U), w> = bN(“a v, w) = FN(H’UH)I)(U, v, w)

Recall that there exists a constant C' > 0 depending only on O such that

)| < Cllullllollw]? [lw]2, Vu,v,weV, (2.5)

|b(w, v, w)]
U, v, w)| gCHuHHvH%\AUI%\wL VueV,ve D(A),we H. (2.6)

b
|b(

For any p,r, N > 0, one can obtain that

Fiv(p) — Fx(r)] < - Fy(p)F(r)lp — 7] (2.7
Fx(p) — Fw(r) < 271, (2.9
Futp) - P < AL (2.9

Moreover, we assume the nonlinear diffusion term G(u) = au + h(u) + f with a > 0, § € H and
h : H — H satisfying that
(G1) there exists Ly > 0 such that for all u,v € H,

[h(u) = h(v)| < Lp|u — vl
(G2) there exist 1,82 > 0 and k € [0,1) such that for all u € H,
|(h(w),w)| < Balul"™*" + Ba.

In order to obtain some energy estimates, we need an additional assumption.
t

(F1) Let v € (0,vA1) be a fixed number and / V| f(s)[2ds < 400 for all t € R.

—00
Sometimes, the following tempered condition is also needed.
0

(F2) For every ¢ > 0, tl}r_noo eCt/ V| f(s +t)2ds = 0.

—0o0
A solution of equation (1.1) will be considered in the following sense.

Definition 2.4. Suppose u; € H. A function u(-) is called a weak solution of (1.1) if u €
LY(r,T;V)NC([r,T],H) for any T > 7, such that for allv € V and t > T,

(u(t),v)—l—u/ <Au(s),v>ds+/ Fn(|lu(s)|)b(u(s), u(s),v)ds
:(uT,v)—i—/ (f(s),v)d5+€/ Gs(0sw) (G(u(s)),v) ds,

in the sense of distribution on [T, +00).



2.1 Cocycle for GMNSE with colored noise

In this subsection, we will investigate the well-posedness of (1.1) and define a non-autonomous
cocycle based on the solution operators. To that end, we first show the existence and uniqueness
of solutions to (1.1). In fact, given w € €, (1.1) can be viewed as a deterministic problem. Thus,
by the Galerkin method as in [3], one can verify that for any w € Q, 7 € R and u, € H, if (G1)
and (G2) hold, problem (1.1) has a unique solution u(-, 7,w, u,) in the sense of of Definition 2.4.
And this solution is continuous with respect to initial data in H and is (F, B(H))-measurable in

w € . Moreover, the solution u satisfies the energy equality
u(t)? +2v /t lu(r)lPdr = Ju(s)[* + 2 /t(f(r),U(T))dr
2 / s (0,0)(Glu(r)), u(r))dr, ¥ 7 < 5 < 1. (2.10)
Now, given t € RT, 7 € R, w € Q and u, € H, we define a mapping U by
Ut,T,w,ur) =u(t+7,7,0_rw,ur), (2.11)

where we recall that u(-, 7,0_,w, u,) is the solution of (1.1) corresponding to 7, 0_,w and u,. This
mapping U is a continuous non-autonomous cocycle in H.

Denote by D the class of all families of nonempty subsets D = {D(t,w) : t € R,w € Q} C P(H)
such that for any ¢ > 0, 7 € R and w € 2,

lim [e? sup €] =0,
t——00 £€D(T4t,00w)

where P(H) denotes the family of all nonempty subsets of H.

2.2 Construction of pullback random absorbing sets

In this subsection, we will find a D-pullback random absorbing set for the cocycle U associated

with (1.1). We start with the uniform estimates on the solutions of (1.1) in H.

Lemma 2.1. Suppose (G1), (G2) and (F1) hold. Then for every ,0 € (0,1], 7 € R, w € Q and
D ={D(t,w) : t € R,w € Q} € D, there exists T1 = T1(r,w, D) > 0 such that, for all t > T and
ke [-1,0],

lu(T + k7 —t,0_rw,ur )2
k
<1+M / i (A =220Gs0rNdr (| (s 4 7)[2 o+ |Gy(B,0)] + G (Bs0) 77 + |Ga(6,)]? ) ds
=Ry (1,w,e,d,k), (2.12)

where ur—y € D(T —t,0_yw) and M > 1 is independent of T, w, D and €,0 € (0,1].



Proof. 1t follows from the energy equality (2.10) that
%MQ +20ful® = 2(f (), u) + 26G5(6iw)(G(u), u). (2.13)
For the last term of (2.13), by (G2) and Young’s inequality, we obtain
2eG5(0yw) (G (u), u)
< 220G5(0)uf + 3 ul? + 26:105(01)| + CulG5(00)| 7% + —1Gs(0) P 5P
which, together with (2.4) and (2.13), shows that

d v
alu|2 + (A1 — 2eaGs(Ow)) |u\2 + §||u||2

4 2 8
< ——|F 1 + 282165 (010)| + Cu| G5 (0rw) | 7% + ——1Gs(0:0) [*| BI*. (2.14)
VA 281
By Gronwall’s inequality to (2.14), integrating on (7 — t,7 + k) with k € [-1,0] and ¢t > —k, after

replacing w by 6_,w, we obtain

Ttk
’U(T + k7 T—1, 9_7—(&)7 UT—t)P + g / efr+k(V)‘likagé(e?“_Tw))dTHu(sa T—1, H—Tw7 uT—t)Hst
—1

k
< efk—t(z/)\lfkag(;(erw))dr‘uT_t’2 + V4)\1 / ef,:(u)qusag(g(Brw))dr|f(8 + T)|2d8
—00

k
+C / ek (A1 =220Gs (Br))dr <\Q§(05w)| +1G5(85) | 77 + |95(95w)]2> ds

=11+ Ir + I3, (215)

85

where C!, = max < 23, C,,,
V/\1

}. We now estimate all terms on the right-hand side of (2.15). By
(2.3), we obtain

lim 1/08 (A1 — 2eaGs(0,w)) dr = vA1 — 2eaE[Gs] = v A1 > 7,
which shows that there exists sg = so(w) < 0 such that for any s < s,
/OS (A1 — 2eaG;(60yw)) dr < 7s. (2.16)
It follows from (2.16) that
/ "l A 2eaGs 0 (o 4 1) 25 < / % (s + 1) Pds,
which, together with (F1), implies

I < +oo0. (2.17)

10



By (2.2) and (2.16), we can deduce that
I3 < +o0. (2.18)
In addition, noting u,—; € D(T —t,0_4w) and D € D, by using (2.16) again, we obtain
I = efkit(”’\l_%o‘g‘s(gr”))dr\uT_tIQ — 0, ast— +oo,
which yields that there exists 77 = T1(7,w, D) > 0 such that for all t > T7 and k € [-1,0],
L <1,
which, together with (2.17) and (2.18), concludes the proof. O

As a consequence of Lemma 2.1, U possesses a D-pullback random absorbing set.

Lemma 2.2. Suppose (G1), (G2), (F1) and (F2) hold. Then the continuous cocycle U associated
with problem (1.1) possesses a closed measurable D-pullback absorbing set K = {K(t,w) : 7 €
R,w € Q} € D given by

K(r,w) = {u € H: |u?> < Ry(r,w,e, 0, O)}, (2.19)
where Ry (T,w,e,6,0) > 0 is defined in Lemma 2.1 with k being replaced by 0.

Proof. 1t follows from Lemma 2.1 that, for every 7 € R, w € Q and D € D, there exists T} =
Ty (T,w, D) > 0 such that, for any ¢ > 77,

U(t,7 —t,0_ww,D(T —t,0_w)) C K(1,w). (2.20)
And one can find that for any ¢ >0, 7 € R, w € Q and ¢, € (0, 1],

0
lim ectRH(T +t, 0w, ¢, 9, 0) —M lim ect/ eV s~ OS‘H Qsaga(Orw)dr+fOt 2eaGs (Orw)dr (|f(8 47+ t)|2
—00

t——o0 t——o0

+ 105 (Os10)| + (G504 % + G5 (B10) 2 ) s,

which, together with (2.3), shows that there exists € > 0 satisfying ¢ < min{vA; —~, z} such that

0
lim e“Ry(T +t,0u0,¢,6,0) <M lim e(c_ge)t/ e(y)\l_e)s(’f(s + 7+ 1)
—0o0

t——o00 t——o00

1G58 11)| + 19500 4) [T +1G5(0urw) ) ds. (2:21)

It then follows from (F2) and (2.2) that

lim e“Ry(T +t,0sw,¢,6,0) = 0. (2.22)

t——o0
Therefore, by (2.20) and (2.22), K € D is a closed measurable D-pullback absorbing set for U, as
desired. O

11



2.3 Existence of random attractors

In this subsection, we will prove the existence of pullback random attractors of (1.1). The uniform
estimates on the solutions of (1.1) in V' will be first derived, which will be useful to prove the

pullback asymptotic compactness of solutions to (1.1).

Lemma 2.3. Suppose (G1), (G2) and (F1) hold. Then for every e,0 € (0,1], 7 € R, w € Q and
D ={D(t,w) : t € R,w € Q} € D, there exists Ty = T1(7,w, D) > 0 such that for all t > T},

lu(T, 7 —t,0_rw, uT_,g)H2

4(a? + B Ry (1,w,¢,6,0)
v

T 2 2 0
+ 8/ |f(s)|2ds + 4(|B|+Bl)/ ]gg(Gsw)Fds = Ry (1,w,¢,0), (2.23)
7—1

v v -1

< (1+ )Ly (r,w,2,06) + / Gy (0.)|2ds
1

where u;—y € D(1 —t,0_w), Ly(T,w,€,8) >0, and C= C~'(V, N) > 0 may vary from line to line.

Proof. Let us denote u(s) = u(s, 7 —t,0_rw,ur_), for any s > 7 — t. It follows from (2.14) that
lu(r, 7 —1,0_rw,u(r — 1)) + % /Tl |u(s)||*ds
<hutr= 1P+ [ A~ 200Gu(0uc i) )P + 5 [ 156
L / ; (1G5(6—re0)| + 1G5 (Bs—r0)| 7% + |g5<es_7w>12) ds. (2.24)
Note that

0
max RH(T w, e, 6, k <1+ M max ef,?(l/)\l—250495(9rw))dr€f05(1//\1—2&ag5(9rw))dr
—1<k<0 ’ oo —1<k<0

% (15 + 1) +1G5(00) | + G5(05)| ™% + [G5(0.0)|? ) ds

0
<1 +M€f01VA1—2£agg(9rw)|dr/ efos(y/\l—2aozg(;(9rw))dr

—0o0

2
< (1G5 + )P+ 1G3(0:)] + 1G5(0) % +1G5(0ut0) ) s,
which, together with (2.16) and (F1), implies that

_max Ry (T,w,e,d,k) < +00. (2.25)

It follows from (2.12), (2.24) and (2.25) that there exists 71 = T1(7,w, D) > 0 such that, for any
t > Tlv

T 2 0 T
/71 u(s)|*ds <; (l + /1 A1 — 2eaGs(0sw)| ds) max Ry (1,w,e,0,k) + V28)\1 /T1 1£(s)|?ds

12



_l’_

< [ 01 (193(0:)] +1G5(0.) 7% +1G5(6)]? ) ds
=Ly (T,w,&,0). (2.26)
In addition, we can obtain that
%Hu”2 + 20| Aul? + 2F N (||ul))b(u, u, Au) = 2(f(t), Au) + 2eG5(0,w0) (G (u), Au). (2.27)
For the third term on the left-hand side of (2.27), by (2.6), we have

vV ~
2[En ([lul)b(u, u, Au)| < g\x‘lul2 + Cllul?, (2.28)

where C' = 5(V, N) > 0 is independent of ¢ and 0. For the first term on the right-hand side of
(2.27), by Young’s inequality, we obtain

v 8
2(f(t), Au) < glAuf* + ~|F (O, (2.29)
For the second term on the right-hand side of (2.27), by (G1) and Young’s inequality, we deduce

2eG5(0iw) (G(u), Au) = 2eGs5(0iw) (au + h(u) + 8, Au)

8 4|81*

3v 40 8L7
< ¥ + 1650 + ShiGi 0 Pl + S @) + L2 5002
14 14 14 v
which, together with (2.27)-(2.29), shows that
Ll + vl Auf?
~ 4(a* 4 2L3 8 4182
< Ol + {2 G g + S0sme + moP) + Phigewe. 2a0)

It then follows from (2.12), (2.26) and (2.30) that for any r € [7 — 1, 7],
w (7,7, 0w, u(r))]|* + 1// | Au(s)|*ds

~ [T 4 2 2L2 T
<)+ € [ utoPas+ 2T 16,00, 0P juts) Pas

418/*
v

+ i/_l (I£ ()2 + |h(0)[?) ds + /_1 1G5 (Bs—rw) [P ds

_ 4(a? + 2L%) max Ry(t,w,e,0,k) .o
< ()| + CLy(r,w,e,6) + “lshs / G (00 [2ds
1

v
418/*
v

o [ AP+ IhOP) ds +

0
/ 1Gs(0sw)|?ds. (2.31)
-1
Integrating in r, and using again (2.26), we obtain that
u(r, T — t,0_rw, ur—y) |
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4(a® +2L%) max Rpy(r,w,e,0,k)

~ B 0
< (14 C) Ly (r,w,6,0) + — | 19s(6.2as
—1
8 T 2 2 4’/8‘2 0 2
+- 1 (I£(s)]” + [h(0)[%) ds + - | |Gs(0sw)|ds. (2.32)
The proof is complete. ]

Now, let us present the existence of D-pullback random attractors for (1.1).

Theorem 2.1. Suppose (G1), (G2), (F1) and (F2) hold. Then the continuous non-autonomous
cocycle U has a unique D-pullback random attractor in H.

If, in addition, there exists T > 0 such that f is T-periodic in t, then the attractor A is also
T-periodic.

Proof. 1t follows from Lemma 2.2 that U has a closed measurable D-pullback absorbing set in H.
On the other hand, by Lemma 2.3 and the compactness of injection of V into H, we can obtain
that U is D-pullback asymptotically compact in H. Thanks to [36, Theorem 2.23], the existence
and unique of D-pullback random attractor of U can be obtained.

In addition, if f : R — H is T-periodic, then we infer that the cocycle U is T-periodic. And by
(2.12), we see that the D-pullback absorbing set K of U given by (2.19) is also T-periodic. Therefore,
the periodicity of D-pullback attractor of U follows from [36, Theorem 2.24] immediately. O

3 Existence of invariant measures

In this section, we will investigate the existence of invariant probability measures of (1.1). Moreover,
the existence of periodic invariant probability measures will also be shown when the nonlinear
function f is periodic with respect to t. In order to do that, we first recall some useful definitions

and theorems.

Definition 3.1 ([17], The generalized Banach limit). A generalized Banach limit is any linear
functional, which can be denoted by LIM; i~, defined on the space of all bounded real-valued
functions on [0,400) that satisfies
(1) tLIJlr\/I f(t) = 0 for nonnegative functions f.
—+00
(2) thMO ft) = t£+moo f(t) if the usual limit tginoof(t) exists.

Definition 3.2 ([9]). A mapping (t,w) € R X Q — ., € Pp(X), is called an invariant measure

for random dynamical system @ if for any real-valued continuous functional p on X,

/ (V) it (dv) = / (Pt — 7,7, 0w, 0)) pbrp, w(dv), Vt=T, (3.1)
X X

where P, (X) is the space of all probability measures on Banach space X .

14



Gwen T > 0, g is called T-periodic if
Htw = Hi+Tw, V1ER andP-a.5. w e (3.2)
Hitw 15 called a T-periodic invariant measure if it is invariant and T'-periodic.

Theorem 3.1 ([9]). Assume that a non-autonomous random dynamical system ® satisfies that
O(—t,7 4 t,0w,v) is continuous in (t,v) € (—o00,0] x X and has a unique D-pullback attractor
A={A(r,w) : 7 € Ryw € Q}. Fizx a generalized Banach limit LIM;_,_~ and let v(-) : R — X
be a continuous mapping such that {v(r)},cr € D. Then, there exists a family of Borel probability
measures {firw}rerweq Such that pr,, is an invariant measure for random dynamical system @
and is supported on A(T,w), and for any real-valued continuous functional Y on X, 7 € R and

P-a.s. w € €,

1 0
LIM / YT (P(—s,7+ s,0sw,0(T +5)))ds
t

t——o0 —¢
— [ Tt = [ T

0
= LIM 1/ [/ T (P(—s, 7+ s,0sw,uw)) fris0.0(du)| ds. (3.3)
t A(T+s,05w)

t——oo —t1

If, in addition, ® is a T-periodic random dynamical system, and v(-) : R — X is T-periodic and

continuous, then the invariant measure pr, is T-periodic.

Next, we will show the continuity of U associated with (1.1), which will be useful for constructing

invariant measures.

Lemma 3.1. Suppose (G1) and (G2) hold. Then, for every T € R and w € €, the mapping

U(t,7 —t,0_w,ug) is continuous in (t,up) € [0,+00) x H.

Proof. Let 7 € R and (t*,vg) € [0,+00) x H be fixed. In order to prove such continuity, we need to
show for any € > 0, there exists 0 < ¢ < 1 such that for any (¢,ug) € [0,4+00) x H with |t —t*| < ¢

and |up — ug| < ¢,
\U(t, 7 —t,0_yw,ug) — U(t*, 7 —t*,0_pw,ul)|? < e
By (2.11), we see that

|U(t, 7 —t,0_w,up) — U(t*, 7 —t7, Q,t*w,u(’;ﬂg
= |u(r, 7 — t,0_rw,up) —u(r, 7 —t*,0_;w, u(’5)|2
<2lu(r, ™ —t,0_rw,ug) —u(r, T —t,0_rw, ul)|?

4+ 2\u(r, T — t,0_rw,ud) —u(r, T — t*,0_rw, ud)|?. (3.4)
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We now estimate the first term on the right-hand side of (3.4). For short, u(s, 7 —t,0_,w, up) and
u(s, 7 —t,0_rw,uy) are denoted by u(s) and u(s), respectively. By (1.1), we have

T

2fu(r) — a(r)[? + dv /t u(s) — a(s)|2ds

T

= 2ug — uf|?® + 4e /; Gs(0sw) (G(u(s)) — G(a(s)), u(s) — a(s))ds (3.5)
+ 4/; (En(lla(s)Db@(s), ils), u(s) — i(s)) — Fn(lluls))b(u(s), u(s), u(s) —i(s)))ds.

For the second term on the right-hand side of (3.5), by (G1) and Hoélder’s inequality, we obtain

4e ' Gs(0sw) (G(u(s)) — G(a(s)), u(s) — a(s))ds

T

T—t
< 4o /T Gs(Osw)|u(s) — a(s)|*ds + 4Lh/
T—t

T—

t 1G5 (0sw)||u(s) — ﬁ(s)\2ds. (3.6)

For the third term on the right-hand side of (3.5), it follows from (2.5), (2.7) and Young’s inequality
that

which, together with (3.5) and (3.6), shows that

2fulr) = alr)f +20 [ fuls) = i) ds

<2\u0—u3]2—|—2/

T—1

[2 (o + L) |Gs(Bsw)| + 6} lu(s) — a(s)|2ds.
Then by Gronwall’s inequality, we have,
2lu(r) — a(r)[2 < 2Jug — upfPelr 2ot GOl Cl,
which implies that for any ¢t > 0 with |t —¢*] < 1,
2u(r) — i(r)|? < 2fug — w2l 2Ot In)IG Co) |+ Clds.

Therefore, there exists 0 < ;3 < 1 such that for any (¢,ug) € [0,4+00) x H with |t — ¢*| < {; and

lug — ug| < (1,

20u(r) — a(r)? < g (3.7)

16



Next, the last term of (3.4) will be estimated. Without loss of generality, we assume t* < t.
Since w is the solution of (1.1), we have
2u(r, T —t,0_rw,ul) — u(t, T —t*,0_w, ud)|?

= 2u(r, T — t*,0_rw,u(rT — t*, 7 — t,0_rw,ul)) —u(r, T —t*,0_rw, ul)|?. (3.8)

Similarly to (3.5), by (3.8), we find that
2u(r, T —t,0_rw,ul) —u(r, ™ —t*,0_rw, uf)|?

< 2u(r — t, 7 — t,0_rw,u) — ug|2el v [2(et-La) IG5 (6:00) 1 +Clds

Note that

wr — 5,7 —t,0_;w,ul) —ul? = |lu(t — t*, 7 — £, 0_rw,ul)|? — |ug)?
0 0 0 0

—2(u(r —t*, 7 — £, 0_rw, ug) — ug, ug)- (3.9)
For the first and second terms on the right-hand side of (3.9), by (2.14), we have

w(r — 5,7 — t,0_rw,ud)|? — |ub|?
0 0

* *

T—t 4 T—t
< / (2eaGs(0s_rw) — A1) |ul(s, T — t,0_rw,ul)>ds + y)\/ |£(s)|?ds
T—t 1Jr

—t

—t" 2 8
+ / (282|Gs(sw)| + Co|Gs(Bsw)| 77 + E\g(s(eswﬂ?\m?)ds, (3.10)

—t
which, together with Gronwall’s inequality and the continuity of Gs(6iw) in ¢, implies that there
exists Mi(7,t", w,ug) > 0 such that for any ¢t > 0 with |t —¢*| < 1,

sup lu(s, 7 —t,0_;w)| + |ug| < My(7,t", w, ugp). (3.11)

T—t—1<s<T—t*

It then follows from (3.10) and (3.11) that there exists 0 < (2 < (7 such that for any ¢ > 0 with
|t —t*| < (o,

€

’U(T — t*77— — t, Q_TW,US)F - |’U/[>§|2 < W’

(3.12)
where My (7,t*,w) = el7—ex [2(a+Li)|Gs (Bse)|+Cds.

For the last term of (3.9), by the density of V' in H, we deduce that there exists an element
€

64M (T, 1%, w, u) Ma(T,t*,w)

1’1% € V such that \Eg— ug| <

|t =7 < G,

. Therefore, we have for any ¢ > 0 with

}(U(T —t* 7 —1,0_w,uy) — ua,ué)‘

< )(U(T —t* T —t,0_rw,ugy) — ué,ﬂé)

+ ‘(U(T —t*, 7 —t,0_rw,uy) — up, uy — Eg)
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1
*

— T—1 d . 2 .
< HUSH (/ ‘|£U(S,T—t, 9—7w7u0)‘|%/*d$> (t_t )

€
32M2(7', t*,w) ’

[N

+ (3.13)

By (2.5), (3.11), (G1) and the fact that Gs(fw) is continuous in ¢, we can deduce that

*

T—t d
/ |]£u(s,7' —t,0_rw,up)]|

—t

2ds < 400,

which, along with (3.13), implies that there exists 0 < (3 < (2 such that, for any ¢ > 0 with
It —t*| < (3,

€

|(’U,(T - t*yT - t, 9—Twa US) - uav U‘a)‘ < m

(3.14)

Therefore, from (3.4), (3.7), (3.9), (3.12) and (3.14), it follows that there exists ( = (3 € (0, 1) such
that, for any (¢,up) € [0,400) x H with |t — t*| < ¢ and |ug — uj| < ¢,

\U(t, 7 —t,0_4w,ug) —U(t", 7 —t", O_t*w,ué)P <€,
as desired. ]

Now, we are going to present the main result of this section.

Theorem 3.2. Suppose (G1), (G2), (F1) and (F2) hold. Fizx a generalized Banach limit LIM;_, _
and let £(+) : R — H be a continuous mapping such that {{(t)}ier € D. Then, for any N > 0
and €,0 € (0,1], there exists a family of probability measures { it Herweq of process U such that
Pt is an invariant measure for U and is supported on A(t,w), and for any real-valued continuous

functional o on H, 7 € R and P-a.s. w € €},

t——o0 —t

1 0
LIM / o (U(=s, 7+ s,05w,&(T + 5)))ds
t

= /H o(w) porw (du) = /A o (u)firw(du)

t——oo —1

1 0
= LIM / / o (U(=s, T+ 5,05w,u)) firisp,0(du)| ds.
t A(T+s,05w)

If, in addition, f(t) is a T-periodic function int and &(-) : R — H is a T-periodic continuous map

in t, then the invariant measure [i; ., is T-periodic.

Proof. It follows from Theorem 2.1 that the non-autonomous random dynamical system U associ-
ated with (1.1) has a D-pullback random attractor A in H. Then, by Lemma 3.1 and Theorem 3.1,
the existence of invariant measures can be obtained. In addition, if f(¢,-) is a T-periodic function in
t, then we can deduce that the system U and the random attractor A are also periodic with 7. By

using Theorem 3.1 again, the periodicity of such invariant measures can be derived successfully. [
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Proposition 3.1. Let pir,, be an invariant probability measure for ®(—t, 7 +t,6,w,v) on X, and
let K(1,w) be a closed set that is absorbing for ®(—t, 7 + t,6w,v). Then, iy, (X \ K(1,w)) = 0.

Proof. For every r > 0, let B,(t,w) = {u(t,w) € X : |Ju(t,w)||x <r}. Thanks to the fact that
K (7,w) is a closed absorbing set, there is a time ¢, > 0 such that ®(—t, 7+, w, -) B (7 +1t, 0iw) C
K (7,w) for all t > t,, which implies that B,(7 + t,0;w) C ®(—t,7 +t, 0w, ) ' K(7,w). Therefore,
fr it o (B(—t, 7 + 1,610, ) T K (T,w)) 2 prgt0,0 (Br(T +t,0w)). Noting that pirir0,0(®(—t,7 +
t, 0w, ) K (1,w)) = pr o (K(T,w)), hence

1> IU”T',W(K(T7 W)) = fr+t,0:w (CP(—t7 T +t, 0w, ')71K(7—7 w)) > /~LT+t,9tw(Br(T +t, etw))-

In addition, X = U B, (7,w) with B, (T,w) C By, (T,w) if r1 < rg, then pir (B (T, w)) = frw(X)
r>0

as r — +o00. Therefore, pr (K (7,w)) =1 which implies the desired result. O
Remark 3.1. From Lemma 2.3, it follows that U has a closed pullback absorbing set K = {k(T, w) :
TeRweQinV, where K(r,w) = {u € V : ||[ul> < Ry(r,w,e,0)}, and Ry (r,w,e,0) is a
constant given in Lemma 2.53. Then together with Proposition 3.1, we have that ut,w(H\f((t, w))=0
for anyt € R and w € Q. Let us denote ||[v]| = o0 if v € H\ V. Then note that K(r,w) C V,
therefore, one can deduce that for anyt € R and w € 2,

/ 2o () = / ]2 () < +o0.
H K(tw)

4 Random Liouville type theorem

In this section, we will investigate that the family of measures { i }tcr weq constructed in Section
3 satisfies a random Liouville equation. To that end, let 7 denote the class of real-valued functionals
¥ on H, which are bounded on bounded subsets of H and satisfy:

(1) for any u € V, the first-order Fréchet derivative W' (u) exists,

(2) ¥'(u) € V for all u € V, and u — ¥’(u) is continuous and bounded as a functional from V to
v,

(3) for every global solution u(t) := u(t, tg,w, ugp) of (1.1), there holds for any w € €,

S w(u(t)) = (P (1,00, u(0), W (u1)) (4.1)

where
F(t,0iw,u) = —vAu — By(u,u) + f(t) + eG(u)Gs(Orw). (4.2)

Remark 4.1. The above set T is not empty by referring [17] to construct some cylindrical test
functionals. Indeed, for given i € C’é((’)), geV, i=1,2,---,m, let

\I/(U) = ¢((Ua91)a (u792)) to 7(“79771))7 VueH.
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Then by the chain rule of Fréchet derivative, we have
' u) = Zaiw((u,gl),(U,QQ)f” ,(U7gm))gi, (43)
i=1

where 0; is the derivative of ¢ with respect to the i-th variable. Obuviously, it is continuous and
bounded from V to V. In addition, if u(t) is the solution of (1.1), it follows from (4.3) and the
differential chain rule that (4.1) holds.

In order to use the invariance property of ji ., we need to verify that for any test function
¥ e T, the mapping u <F(t, Orw, u), \Il’(u)> is continuous in H. But such mapping may not be
continuous in H. Thus, what we first do is to approximate ¥ (u) by ¥,,(u) = ¥(P,,u) for any test
function ¥ € 7. And then letting m — +o00, the desired result can be obtained. We first state an

auxiliary lemma.

Lemma 4.1. Let V,,(u) = V(Pu), then for anyt € R and w € Q,

/ (W' (), F(t, biw, w) ) it oo (du) lim / (W7, (w), F(t, w, w) ) e o (du). (4.4)
H

m—>+oo

Also, we can obtain that the mapping
w— (U, (v), F(t, Qw,u)) (4.5)
is continuous on H.

Proof. Step 1. We will first claim that for any u € V,

lim (F(t, 0w, u), ¥, (u) = (F(t, w,u), ¥'(u)) . (4.6)

m—-+00

It is sufficient to prove that given u € V and e > 0, there is Ny > 0 such that for any m > Np,
|<F(t,0tw,u),\1’ )) — (F(t, 6w, u), ¥, >|<e
Indeed, for any v € V', we have

(F(t, 0w, u), V' (u)) — (F t, 0w, ), U, (u))
= v (V' (u) - \I!’(P ,—Au) + v (V' (Pyu), APpu — Au)
+ {(=By(u,u), ¥ (u)> + (BN (Pmu, Pnu), ¥'(Ppu))
(u) = ' (Pu), f(t) + G (u)Gs(Ow))
"(Pmu), f(t) = Pnf(t) + € (G(u) — G(Pru)) G5(0w)) - (4.7)
For the first and second terms on the right-hand side of (4.7), we obtain that

v (V' (u) — V' (Ppu), —Au) + v (V' (Ppnu), APyu — Au)
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v || W (u) = V(Pou) || fJul + ngg 19 (W) || | P — ]|,

which, together with the fact that lirle |u — Ppul®> = 0, and the continuity of ¥ in V, implies
m—r—+00
that there exists N1 > 0 such that, for any m > Ny,

v |<\Ifl(u) — V' (Pyu), —Au)| + v ’<\I'/(Pmu)7 APpu — Au)| < i (4.8)
For the third and fourth terms on the right-hand side of (4.7), by (2.5) and (2.7), we obtain that

(=Bn(u,u), ¥'(u)) + (BN (Pnu, Prpu), ¥'(Ppu))
= —Fn([ul)b (u — Pru,u, ¥'(w)) + (Fn ([ Prull) = En(l|ul)) b (Prnu, u, ¥'(u))
+ Fx (|| o) (b (Poutts Pty W' () — b (Pt u, ¥ (1) )

+ Ex (1 Ptl]) (b (Pt Pt W' (Pryt) = b (Prntt, Povtt, W'()) )

< 3CN |lu — Ppul|sup ||V (u)|| + CN ||ul| | ¥ (Ppu) — ' (uw)]| (4.9)
ueV

which, along with the fact that lirJrrl |u — Ppul* = 0, and the continuity of ¥’ in V, shows that
m—r—+00
there exists No > Nj such that, for any m > No,

(=B (u,u), ¥ (w))] + |( Bx (Pt Prw), ¥ (Pu))| < i. (4.10)
For the fifth term on the right-hand side of (4.7), we obtain that
(U (u) = O (Pru), f(t) + G (u)Gs (0w))

1 ' ' a+ Ly
< e I - v 170+ (S

Jull + 11(0)] + !ﬂ) \%(M@ ,

which, together with the fact that hril |lu — Pnul* = 0, and the continuity of ¥’ in V, implies
m——+00
that there exists N3 > Ny such that, for any m > N3,

(W' () — U (Pr), £(£) + £G(u)G5(0w))| < i (4.11)

For the last term of (4.7), by the fact that hrﬂ |lu — Ppul|?> = 0, and the boundedness of ¥’ in
m——+00
V', we deduce that there exists Ny > N3 such that, for all m > Ny,

(W (Pre), £(2) = Praf(8) + £ (Glw) — G(P) Gs(04) | < . (4.12)

Therefore, by (4.7)-(4.12), the desired result can be obtained.
Step 2. We will first claim that for any v € V,

ml—lg-loo (F(t,0iw,u), ¥, (u) piru(dv) = / (F(t, 0w, u), V' (u)) pw(dv). (4.13)
H H
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For any m € N and v € V, we have

[(F(t, 0w, ), 7, (w)]
a+ Ly
Va1

< (v N sup [0 ] + [( Jull + |5|) G60)| + 10| sup ')

= g(t, O, u).
It then follows from Remark 3.1 that

/ g(t79twau)ﬂt,w(du) = /V g(ta etwa u)iut,w(du) < +OO,
H K(tw)

which, together with (4.6) and the Lebesgue dominated convergence theorem, shows (4.13) holds.
Step 3. The mapping u — <F(t, Orw,u), \I/;n(u)> is continuous in H.
In order to do that, we need to prove that given u” € H and € > 0, then there exists ¢ € (0,1]
such that for any v € H with |u — u°| < ¢,

‘<F(t, O, u), \Il/m(u)> - <F(t, Gtw,uo), \Ilin(uo)ﬂ < e
Noting that ¥/ (u) = ¥'(P,u)¥,,, we have

(—vAu — Bn(u,u) + f(t) + eG(u)Gs(hw), V7, (u))
— (—vAu® — By (u®,u°) + f(t) + eG(u")Gs(b1w), W, (u0))
= (—vAPyu, V' (Pyu)) — (—vAPu°, V' (Ppu®)) + (P f (1), ¥/ (Pru) — V' (Ppu’))
+ (=Bn(Pu, Ppu), ¥'(Pru)) — (=B (Ppu’, Ppul), ¥/ (Ppu’))
+ (eG(Pru)Gs(01w), V' (Pru) ) — (eG(Ppu®)Gs(0w), V' (Prul)) . (4.14)

For the first and second terms on the right-hand side of (4.14), we obtain that

(—VAP,u, V' (Ppu)) — (—vAPu°, V' (Ppu))
= v (V(Ppu’) — V' (Ppu), APyu) + v (V' (Ppu’), AP, u® — APyu)
V>‘m(|u0‘+1) / / 0 / V)‘m 0
< e |V (Pru) — V(P O () || 222y — 0],
T Y Eoe) = W ()| sup [ w) | 7 — o

which, together with the fact that ||Ppul® < Am|u|?, and the continuity of ¥’ in V', implies that
there exists ¢; € (0,1] such that for any v € H with |u — u°| < (1,
(=vAPyu, W (Pyu)) — (—v AP0, U (Pu®)) < 2 (4.15)

For the third term on the right-hand side of (4.14), it follows from the fact that || Pul/? < Ap|ul?,
and the continuity of ¥ in V, that there exists (5 € (0, (1] such that, for all u € H with |u—u’| < (s,

(P f(t), V' (Ppu) — ¥ (Ppu?)) < (4.16)

e
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For the fourth and fifth terms on the right-hand side of (4.14), similar to (4.9), by (2.5) and (2.7),

we obtain that

(=BN(Ppu, Pu), V' (Ppu)) — (= By (Ppu®, Ppu®), ¥ (Ppu’))
< 3CNA/ Ay, ‘u — uo‘ sup H\Il’(u)H +CNV M\ ‘uo‘ H\IJ’(PmuO) — \I/’(Pmu)H ,
ueV

which, together with the fact that || Ppul|? < Am|um|?, and the continuity of ¥’ in V, implies that
there exists (3 € (0, (2] such that, for any v € H with [u —u°| < (3,

(=BN(Pnu, Pru), ¥ (Ppu)) — (=B (Pru’, Ppu), ¥/ (Ppu’)) < (4.17)

€
T
For the last two terms of (4.14), we have

(eG(Ppu)Gs(0w), ¥'(Pru)) — <5G(Pmu0)gg(9tw), \II’(PmuO)>

< |G(Pu) — G(Pu®)] 1G5 (0w)| [V (Pru) | 4+ |G(Pru®) | 1G5 (0w)] [V (Pru®) — W' (Pryu)|

1G5 (Biw)] /
|g6(9tw)| / /
+ VT ((a+ Lp)|u’ + 18] + [(0)]) || ¥/ (Pru®) — V' (Pru)||,

which, together with the fact that || Ppul|? < Apm|um|?, the continuity of ¥ in V, and the continuity
of G in H, shows that there exists ¢4 € (0, (3] such that for any u € H with |u — u°| < (4,

(eG(Pru)Gs(w), ¥ (Pru)) — (eG(Pnu’)Gs (Oiw), ¥ (Ppu®)) < i. (4.18)
Therefore, by (4.14)-(4.18), the continuity of the mapping u +— <F(t,9tw,u), \I/;n(u)> in H can be
obtained. ]

Next, we will show the random Liouville type theorem for the non-autonomous random dynam-

ical system U associated with (1.1).

Theorem 4.1. Suppose (G1), (G2), (F1) and (F2) hold. Then for any W € T, the family of

measures {[it . }erwen constructed in Section 3 satisfies the random Liouville equation:

/A( \I/(’U)MT,w<dU> _/ \Ij(v)ua,t‘),(f,g)w(dv)

A0,0_ (7))

W)
- (F 1,0y rt0,0), W' (0) Vi, o) dn,
o JA(n0_(r—nw)
forall T > o and w € Q.

Proof. For any 7 > o, s <0 and ¥ € T, by (4.1), we have
v (U(T; o+s,0_rw, U)) -V (U(O’; o+s,0_rw, 7}))
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= / (F(1,0p—rw,u(n;o + s,0_rw,v)), ¥ (u(n;o + 5,0_rw,v))) dn. (4.19)

Since T > o, it follows from (2.11), (4.4), (4.19) and the definition of invariant measure that

/A(Tw \II( )MTw(dv) /(09 (r— a)w) \II(U)MU’ai(PU)W(dv)

tgﬂ\go —t/ / (T—0—38,0+5,0_(_s_gWw, v)) MU+S70_(T_”_S)w(dU) ds
_ tgﬂ\é[o _/ / —5,0 + 8, 0,(T,U,S)w,v)) IU/0-+S79_(7__O__S)W(d'U> ds

tgﬂ\é[o_t///<F77,777wu77,0+397wv))

( (7770-+S 9 To‘) /U))>d77 /’I’U—"-Se (T o— s)w(dv) d
tgll\go—t/ / m1—1>r—r}—1()o F(n79n—7w7u(77;0+ 879—7'(*)71)))7
U (u(n;o+ s,0_rw, U))>ua+s,9_“_0_s)w(dv)] dn ds. (4.20)
From (2.11) and the cocycle property of U, it follows that

u(n;o+5,0_rw,v) =U(N—0 —5,0+8,0_(r_g_gw,v)
:U("?—Ua o,0_ (r—o)W ) OU( S,U—FS,@_(T_J_S)w,v). (421)

In addition, by (4.5) and Lemma 3.1, we can deduce that the mapping
v = <F (777 917_7—(4), U(U - 0,0, 9—(T—0)w7 U)) ) \Ij;n (U(n - 0,0, 9—(7‘—0‘)w7 ’U))> (422>

is continuous. Then, by (4.20)-(4.22), and Definition 3.2 about invariant measures, we obtain

[ i - [ U()ton._ wldv)
A(r,w) A(U,G,(T,U)w)
[ L [ 8V 0,0:0 i)
‘I’;@(U(ﬁ - 0,0, 67(7'70')(")7 v))>ﬂo,9_(7_a)w(dv)} dn
T ] ,
[ [t [ (F00y 000 W0 yal)] (4.23)

Then, by using (4.5) again, it follows from (4.23) that

/. i) - /. o VW)
/ / (naen TW, v) ‘IJ( )>M77,9,<T,n)w(dv) d’?-
A0 (r—pw)

The proof is complete. O

24



5 Limiting behaviors of invariant measures

In this section, we are devoted to the limiting behaviors of invariant measures with respect to noise

intensity € and correlation time 4, respectively.

5.1 Limiting behaviors of invariant measures as ¢ — 0

In this subsection, we will discuss the limiting relationship of invariant measures between the
GMNSE with colored noise and the corresponding deterministic GMNSE as parameter € — 0.
To indicate the dependence of solutions on e, we will write the solution of (1.1) as u®, and the
corresponding cocycle as U®. As proved in the previous section, U® has a D-pullback attractor
A® € D in H and a closed measurable D-pullback absorbing set K° given by, for any 7 € R and
w € Q,

Ke(r,w)={u€ H : |u]* < Rp(r,w,,6,0)}, (5.1)

where Ry (7,w,¢,6,0) is as in Lemma 2.2. In addition, by (2.16), we can deduce that for any

e € (0,1],
Rir(7,w,2,6,0)
<1tM /_ OO & (I (s + T + 1G5 (05)] + 1G5(0,0) |77 + 1G5 (00)|? ) ds
M / el 2000 |15 4 1)+ (Gy(0,)| -+ G5 6.0} TF + (GO ) ds
= RH(T,L,a, 0), (5.2)

where sq is as in (2.16), and 0 < Rpy(7,w,d,0) < 400 is independent of ¢ € (0, 1]. It then follows
from (5.1) and (5.2) that

U A (T,w) C U K®(r,w) C B(T,w), (5.3)

0<ex<l 0<e<1

where B(1,w), for every 7 € R and w € €, is given by
B(t,w) ={u€ H: |u? < Ry(r,w,5,0)}.

If £ = 0, then system (1.1) reduces to the following deterministic system:

%yt Fx(ul) (u(t)- V)l + ¥p = £(0)in O x (7. ),
divu=01in O x (1,00), (5.4)

u=0onTI x (r,00),

u(z,7) = ur(z), €.
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Let v and U° be the solution of (5.4) and the corresponding cocycle, respectively, and define a

collection of families of deterministic nonempty subsets of H by
Dy = {D: {D(7) :TGR}:tlim e |D(T+1t)| =0, Ye>0 andTER},
——00

where |D(T +1t)] = sup |u|. Observe that all estimates and results in the preceding sections
ueD(T+t)

are valid for ¢ = 0. Therefore, U° has a unique Dy-pullback attractor A° = {A%(7) : 7 € R} in H,
and there exists a family of probability measures { ug}teR of process U such that ug is an invariant
measure for U° and is supported on A%(t).

In what follows, we will show any limit of a sequence of invariant measures of (1.1) must be an
invariant measure of the limiting system (5.4). To that end, we first prove the compactness of the

set of all attractors of (1.1) for all € € (0, 1].

Lemma 5.1. Suppose (G1), (G2), (F1) and (F2) hold. Then for every 7 € R and w € , the

union U A®(T,w) is precompact in H.
0<e<l1

o0

Proof. Let {uk} - U A®(T,w). Then, for each k, there is e, € (0,1] such that u* € A% (7, w).
k=1 0<e<l1

Let {tx},° be a sequence of numbers with ¢; — -+o0o. By the invariance of A%, there exists

% € A%* (1 — ty,0_y,w) such that
ub = Uk (ty, 7 — t, 0_t,w, k).

It follows from (5.3) that ik e B(1 — ty,0,—y,w). In addition, by (2.16), we can deduce that
there exists Ry (7,w,d) > 0 independent of ¢ € (0, 1] such that for any ¢ € (0, 1], Ry (7,w,¢,0) <
Ry (1,w,d). Then, by the same technique as in Lemma 2.3, we can deduce that u¥ is uniformly
bounded in V', which together with the compactness of embedding V' < H shows that the sequence

u¥ is precompact in H. The proof is complete. O
The following lemma is concerned with convergence of solutions of (1.1) with respect to e.

Lemma 5.2. Suppose (G1), (G2), (F1) and (F2) hold. Then, for any w € Q, g9 € [0,1], Tp > 0
and bounded subset K C H, we have for any 0 <t < Ty,

lim sup |US(¢t, 7 —t,0_yw,v) — U (t, 7 — t,0_w,v)| = 0.
E—EQ veK

Proof. Tt follows from (2.11) that

|US(t, 7 —t,0_4w,v) — U (t, 7 — t,0_w,v)| = |u (1,7 — t,0_rw,v) — (1,7 — t,0_rw,v)|. (5.5)
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For short, let u(s) = u®(s,7 —t,0_rw,v), u®(s) = u°(s,7 —t,0_rw,v) and z(7) = u°(7) — u™ (7).

It follows from (1.1), (2.5), (2.7) and (G1) that

o (r) = () 2 [ (s) ()P

< 1// |2(s)||%ds + (1 —l—C’,,—i—Qa-i-QLh)/ |2(s)|?ds
T—t T—t

+16(e 50)2/_T (02 4+ L2) [ (s)? + [h(0) 2 + |I?] ds. (5.6)

By (2.15), we can deduce that there exists M1 = Mj(w, T, Ty, €0, K) > 0 such that for all ¢ € [0, Tp],

[ 1@+ ) o) + ) + |3P] ds < 2

which, together with (5.6) and Gronwall’s inequality, implies that, for any ¢ € [0, Tp],
[uf (£) — u (£)|? <16M (e — gq)2e(IHCvF2a+2Ln)To, (5.7)
Therefore, by (5.5) and (5.7), the desire result can be obtained. O

Given ¢ € (0,1], let ZM. (respectively, PZM.) be the set of all invariant (respectively, T-
periodic invariant) probability measures of (1.1) with parameter e satisfying that the support of
such measure is contained in the pullback attractor. Through the above analysis, we find that ZM,

(respectively, PZM.) is nonempty. Then the main results of this section are given below.

Theorem 5.1. Suppose (G1), (G2), (F1) and (F2) hold. Let €, € (0,1] for all n € N satisfying
that e, — 0 as n — +oo. If ,ui’zu € IM,, foreveryt € R and w € (1, then there exist a subsequence
{en, 1425 of {en}tS depending on t and w, and an invariant measure p of U® such that u?;k
converges weakly to ,ug as k — +o0.

If, in addition, f(t) is a T-periodic function in t and uf’i, € PIMe, for everyt € R and
w € Q, then there exist a subsequence {ep, };;"{ of {en :{g depending on t and w, and a T-periodic

invariant measure 1 of U° such that ,ui:f converges weakly to 1Y as k — +o0.

Proof. Taking ¢y = 0 in Lemma 5.2, one can obtain that for any bounded subset K C H and
0<t< Ty (Th > 0),

lim sup |U*(t,7 — t,0_w,v) — U'(t,7 — t,v)| = 0,
E%OUEK

which, together with Lemma 5.1 and [9, Theorems 4.1 and 4.2], shows the desired results. O
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5.2 Limiting behaviors of invariant measures as § — 0

In this subsection, we will investigate the limiting relationships of invariant measures between the
GMNSE with colored noise and GMNSE with white noise. More precisely, in that case, we consider
the following GMNSE with additive colored noise:

85? — vAus + Fx(lus|) [(us(t) - V)us] + Vp = f(t) + BGs(6,) in O x (7, 00),

div us =0 in O x (1,00), (5.8)

us =0onI' x (1,00),

us(z,7) = ur(z), x € O,

where 8 € D(A). Then we will show that as § — 0, the limit (periodic) invariant measures of (5.8)

converges to (periodic) invariant measures of the following GMNSE driven by additive white noise:

% — vAu+ Fy([lu]) [(u(t) - V)u] + Vp = f(2) +5% n O x {7, 00)

divu=01in O x (1,00),

u=0onTI x(1,00),

u(z,7) =ur(z), z€O.

5.2.1 Existence of invariant measures for GMNSE with additive white noise

Next, we will show the existence of invariant probability measures of (5.9). To do that, we first

transform the stochastic system (5.9) into a pathwise deterministic one by
v(t, T,w,v) = ult, T,w,u;) — Bz(Oiw), (5.10)

where z(0;w) is the stationary solution of the one-dimensional Ornstein-Uhlenbeck equation dz(0w) =
—2(fw)dt + dW. And there exists a f;-invariant set  C Q with P(Q) = 1 such that for every

w € Q, 2(Buw) is continuous in ¢ and

1 t
=0and lim / 2(Bsw)ds = 0. (5.11)
+oo t Jy

From now on, we only consider the space Q) rather than Q, and write Q as Q for convenience. By
(5.9) and (5.10), we have

dv

7 +vAv + Fy(|lv+ Bz|) [((v+ Bz) - V) (v + B2)] = f + Bz — vzAB, (5.12)

with initial condition v; = u; — 5z(0;w).
Given w € , (5.12) is a deterministic system. Therefore, for any w € Q, 7 € R and v, € H,

(5.12) has a unique solution v(-, 7,w, v;) in the sense of Definition 2.4. Moreover, the solution v is
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(F,B(H))-measurable in w € €2, and depends continuously on v, in H. Based on this, a continuous

non-autonomous cocycle Uy : RT x R x Q x H — H for (5.9) can be defined by
Up(t, T,w,ur) =v(t+7,7,0_rw,v.) + Bz(0w) = u(t + 7,7, 0_rw,u;), (5.13)

where v; = u; — fz(w).

Next, the existence of D-pullback absorbing set of Uy will be given.

Lemma 5.3. Suppose (F1) and (F2) hold. Then Uy has a closed measurable D-pullback absorbing
set Ko ={Ko(m,w): 7 € R,w € Q} € D as given by

Ky(r,w) = {u € H: |u!2 < RO,H(T,UJ,O)},

where Ro g (T,w,0) = 1+ 2|Bz(w)|* + 2C /0 evAs (If(s+ )2+ 182(0sw)|? + ]|ﬁz(05w)]|2) ds
Proof. From (5.12), it follows that
%MQ +2v||v||* 4+ 2Fn(|Jv + Bz|)b (v + Bz, v + Bz,v) = 2(f,v) + 2(Bz — vzAB,v). (5.14)
For the third term on the left-hand side of (5.14), by (2.5) and Young’s inequality, we have
2y (o + B2l) b (0 + Bz, + B2,v)| < 2082l ol < T8z + o]
which, together with (5.14), implies that
d 2

— v
t

1% ~
+ 5 oll® < —vhafol* + COF + 1821+ [182])- (5.15)

Then by applying Gronwall’s inequality to (5.15), integrating on (7 — ¢t,7 + k) with ¢ > 1 and
k € [-1,0], after replacing w by 6_,w, we find that

(T + k7 —t,0_w,v, )|
e My, P 4+ C/ e M) (| f(s + 1)+ |82(0,w)* + [|B2(0sw)|*) ds.  (5.16)
By (F1) and (5.11), the last term of (5.16) is well-defined. Thanks to (5.10), we have
u(t+k,7—t0_rw,0.y) =v(T+k, 7T —t,0_rw,v,4) + Bz(Okw), (5.17)
where v,y = u;—y — Bz(0_w). Tt follows from (5.16) and (5.17) that

(T + k7 — t,0_rw, ur )| < 200(T + kT — 0w, v,—4)|? + 2|B2(0rw)|?

< 4e MR 2 4 4em MR B2(0_4w))? + 2|B2(0)w)]?

. 0
+2C / e M=) (1 £(s +7)* + B2(0sw)* + [|B2(0w) %) ds
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which, together with (5.11), and the fact that u._; € D(7 —t,0_w) and D € D, implies that there
exists 11 = T1(1,w, D) > 0 such that for all ¢t > T,

lu(T + k7 —t,0_rw, ur )|
< 1+ 2[B2(0hw)]* + 20 / D et (1/(s + 7)* + [B2(0:w) 2 + [ B2(0:w)1?) ds
=Ry p(r,w, k), (5.18)
which implies that for any t > T,
w(r, 7 —t,0_rw,D(T — t,0_,w)) C Ko(1,w). (5.19)

In addition, by (F2) and (5.11), we can obtain that K is tempered in H, which together with
(5.19) completes the proof. O

The uniform estimate of (5.9) in V' will be established, which is crucial to prove the pullback

asymptotic compactness of Uy in H.

Lemma 5.4. Suppose (F1) and (F2) hold. Then for every 7 € R, w € Q and D = {D(t,w) : t €
R,w € Q} € D, there exists Ty = To(T,w, D) > 0 such that for all t = Ty,

Ju(r.7 — £.0_seo, |2 <2 (14 ) Loy (r.w) + 2] B2(u )\2+2C/ 5)[2ds
+2c7/1 (182(0,0) 2 + 1|B2(0s0)| + v]2(0,0) ABP) ds
=Rov(7,w),
where u;—y € D(1T —t,0_4w) and 0 < Loy (1,w) < +00.

Proof. Let us denote v(s) = v(s,7 — t,0_,w,v,_), for any s > 7 —¢. It follows from (5.15) and
(5.18) that there exists 71 = T1(7,w, D) > 0 such that, for any ¢ > T},

orr =10 wo(r =)+ 5 [ o) IPds

< Rop(r,w,—1) +C/ 2ds+C/ (1B2(0sw)|* + || B2(0sw)|1?) ds
= Loy (T,w), (5.20)
where Ry i (7,w,—1) > 0 given by (5.18) with k being replaced by —1. In addition, we can obtain
%”’UHZ + 2u|Av|* + 2N (|lv + B2|)b(v + Bz, v + Bz, Av)

= 2(f, Av) + 2(Bz — vzApB, Av). (5.21)
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For the third term on the left-hand side of (5.21), by (2.6), we have

2[Fn([lv + Bz[)b(v + Bz, v + B2, Av)| < Z|Av|2 +Cllv® + O8I,
which, together with (5.21) and Young’s inequality, shows that

Dol + A AvP < FJoll> + & (1F(@)P + 182 + 1821 + v|=A8P)

It then follows from (5.20) that, for any r € [t — 1, 7] and t > T,

lo (7,7, 00, ()| <o ()P + CLoy (7,w) +5/T |f(s)[?ds

T—1

+ 6/_01 (|Bz(«9sw)|2 + [|Bz(0.w)||* + V\z(st)Aﬂ\Q) ds.
Integrating in r, and using again (5.20), we obtain for any ¢ > T,
o7 = t.0-sor0e- ) < (14 €) Loylr) + € [ [5(o)Pas
+ 6/_01 (]Bz(ﬁsw)IQ + |B2(0sw)||* + u\z(&sw)Amz) ds,
which, together with (5.17), yields that
lu(r, ™ = £, 0w, ur—)|* < 2[[0(7, 7 = t, 0, vr—)[|* + 2[| Bz(w)||?
<2(140) Lay(rw) + 205 +20 [ 17(5)ds
+2C /_ 01 (182(0:w)* + [|B2(0a0) I + v|2(0:w) ABI?) ds.
The proof is complete. O

Similar to the proof of Theorem 2.1, by Lemmas 5.3 and 5.4, we can show that Uy has a unique
D-pullback attractor Ag in H. If, in addition, there exists T' > 0 such that f is T-periodic in ¢,
then the attractor Ay is also T-periodic. Next, we will show the continuity of Uy, which is useful

to prove the existence of invariant measures.

Lemma 5.5. For every 7 € R, w € Q, the mapping Uy(t, T — t,0_1w, ug) is continuous in (t,ug) €
[0, 4+00) x H.

Proof. Let 7 € R, (t*,u5) € [0,4+00) x H be fixed. In order to show such continuity, we need to
prove for any € > 0, there exists 0 < ¢ < 1 such that for all |t — ¢*| < ¢ and |uy — uj| < ¢,

’UO(t,T —t, e—twv'UJO) - UO(t*vT - t*ae—t*wau?))ﬁ <€
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By (5.13), we see that

|Uo(t, T —t,0_4w,ug) — Ug(t*, 7 — t*,0_pw, ul)|?
= |u(r, 7 — t,0_rw,ug) — u(r, T —t*,0_rw, uf)|?

L 2(r, T —t,0_w,v0) — (T, T — t,0_rw,v5)|?

2

)

+2v(r, 7 —t,0_rw,v5) —v(T, T —t*,0_rw,vf)]

(5.22)
where vg = up — fz(0—ww) and vj = uj — Bz(0_w). We now estimate the first term on the
right-hand side of (5.22). By (5.12), we have

lv

Sl

(m) = o(r)* + 2vlu(t) — o (1) |*

2(Fn(||o+ Bz|)b(6 + Bz, + Bz,v — ) — Fn(|lv + Bz])b(v + Bz),v + Bz,v — D)).

(5.23)
For the last term of (5.23), similar to (4.9), by (2.5), (2.7) and the Young inequality, we see that

‘FN(H@ + Bz|)b(v + Bz, 0+ Bz,v — 1) — Fx(||v + Bz]|)b(v + Bz, v + Bz,v — f))}
< Clv — o2 4 v|jv — 9|,

which, along with (5.23) and Gronwall’s inequality, shows that for any ¢ > 0 with |t — t*| < 1,

2|v(r, 7 —t,0_rw,v0) — v(T,T — t,0_rw,v3)[?

<4 (\uo — u(’§|2 +|8z(0_w) — ﬂz(ﬂ_t*w)P) ec(t*ﬂ),

which, together with the continuity of z(6,w) in ¢, shows that there exists 0 < ¢; < 1 such that for
any |t —t*| < (1 and |ug — ug| < (i,

2|o(r, 7 —t,0_rw,v) — v(T, 7 — t,0_rw,v3)|* < g (5.24)
Next, the last term of (5.22) will be estimated. Without loss of generality, we assume t* < t. Since
v is the solution of (5.12), we have

2v(r, 7 —t,0_rw,v5) —v(T, T — t*,0_;w, vS)]Q

2

I

=2lv(r, 7 —t*, 0_rw,v(T — t*, T — t,0_rw,v)) — (T, T — ¥, 0_rw,vp)|

which, together with (5.23) and Gronwall’s inequality, shows that

2v(r, 7 —t,0_rw,v5) —v(T, T —t*,0_rw, US)|2

<2u(r — 15,7 — t,0_rw,vf) — v [2eCt

=2(jo(r —t*, 7 —t, 0_rw,v5)® = |vg)? — 2(v(r = t*, 7 — t,0_rw, v5),v5)) et
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Then, by a similar technique to the one used in Lemma 3.1, we can derive that there exists

0 < {2 < (1 such that, for any |t — t*| < (o,
o(r, T — t,0_rw, ) — (T, T — 1, 0w, vl) 2 < %
which, along with (5.22) and (5.24), shows the desired result. O

Now, we present the existence of invariant measures and periodic invariant measures of (5.9).

Theorem 5.2. Suppose (F1) and (F2) hold. Fix a generalized Banach limit LIM;_,_~ and let
& : R — H be a continuous mapping such that {&}er € D. Then for any N > 0, there exists a
family of probability measures {ugw}teRweQ of process Uy such that M?,w 18 an itnvariant measure
for Uy and is supported on Ay(t,w).

If, in addition, f(t) is a T-periodic function int and & : R — H is a T-periodic continuous map

in t, then the invariant measure ugw is T-periodic.

5.2.2 Convergence of invariant measures from colored noise to white noise

Next, the limiting behaviors of invariant measures of (5.8) will be investigated. Noting that system
(5.8) is a particular case of (1.1), it follows from Theorem 3.2 that there exists an invariant measure
,ugw supported on the attractor As(t,w) for any t € R and w € Q. In order to investigate the limiting
behaviors of invariant measures, we need to introduce a new transformation, which is useful to show

the convergence of solutions of (5.8) as § — 0. Let
U&(tava) = U(g(t,T,W) - Byﬁ(etw)> (525>

where y; is the solution of the following random equation driven by colored noise dys = —ysdt +
Gs(0w)dt. By [19, Lemma 3.2], we have

%iII(l) ys(Orw) = z(Orw), uniformly on [r,7 4+ T'] with 7 € R and T > 0; (5.26)
—
lim lys(e0)] = 0, uniformly for 0 < § < 1; (5.27)
t—+oo ’t’ 2
li L Osw)ds = 0, uniformly f 0<(5<1' 5.28
Jim 1 [ us0.0)ds = 0, wiformiy or 0 < 6 < (5.28)
lim Efjys(w)[] = E[l2(w)l]- (5.29)
—0
By (5.8) and (5.25), we have
dv
=0 4 v Avs + Fn(|Jvs + Bysll) [((vs + Bys) - V) (vs + Bys)| = f + Bus — vys AB, (5.30)

dt

with initial value vs, = u; — Bys(6,w).
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Given w € Q, (5.30) is a deterministic equation. Therefore, under the same conditions as before,
(5.30) has a unique solution v; in the sense of Definition 2.4. Moreover, the solution vs is (F, B(H))-
measurable in w € €2, and depends continuously on vs in H. Based on this, a continuous cocycle
Us: Rt xR x Q x H— H for (5.8) can be defined by

Us(t, T,w,ur) = v5(t + 7,7, 07w, 05 7) + Bys(Ow) = us(t + 7, 7,0_rw,u,), (5.31)

where v5 ; = ur — Bys(w).

Next, the uniform estimates on the solutions of (5.8) will be established.

1
Lemma 5.6. Suppose (F1) and (F2) hold. Then, for every § € (0, 5], Us has a closed measurable
D-pullback absorbing set K5 = {Ks(T,w) : 7 € R,w € Q} € D as given by

Ks(r,w) = {u € H:|u?< R57H(T,w,0)},

. 0
where Rs g (1,w,0) = 1+2lﬁya(w)l2+20/ e (| f(s+ 1) + |Bys(Bsw) |* + || Bys (0sw) [|?) ds,

and C is a positive constant independent of T, w and J.

Proof. Similar to the proof of Lemma 5.3, we can derive that

vs(7, 7 — t,0_7w, v5+ )|

< e Mg, 42+ 5/0 e (| f(s + 1)> + [Bys(0sw)* + || Bys(0sw) ||*) ds. (5.32)
By (F1) and (5.27), the last term of (5.32) is well-defined. It follows from (5.25) and (5.32) that

|’LL§(T, T — t) 9—7’“7 u(;,T—t) ’2

< e M ug | ? + dem M Bys (0-w) |* + 2|Bys(w)|?
0
+ 20/ e (| f(s 4+ 1)+ |Bys(0sw) | + [|Bys(Bsw) ||?) ds,

which, together with (5.11) and the fact that us ., € D(7 —t,0_;w) and D € D, implies that there
exists Ty = To(1,w, D) > 0 such that, for all ¢t > Ty,

Jus (7,7 —t,0_rw, us 1) [*
< 1+2/Bys(w) [ +20 /(; e (1 (s + 1) + [Bys (0w) | + | Bys (0s0) *) ds,
which implies that, for any t > 15,
us(T, 7 —t,0_rw,D(T —t,0_,w)) C Ks(1,w). (5.33)

In addition, by (F2) and (5.27), we can obtain that Kj is tempered in H, which, along with (5.33),
completes the proof. O
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1
Lemma 5.7. Suppose (F1) and (F2) hold. Then for every § € (0, 5], TeER, weQand D =
{D(t,w) : t € R,w € Q} € D, we have that, for all t > Ts,

Jus(rym = 8.0, <2 (14 C) Loy (ri) + 2@ +20 [ 17(5)Pas
_ r0
+ 2(]/1 (18Ys5(05w) | + || Bys (0sw)||? + v|ys(Bsw) ABI?) ds
=Ry (T,w), 5

[T 10
where Ls v (T,w) = Rs p (7, w, =1)+C |f(8)|2d8+0/ (18ys(0sw)” + 1| Bys (0sw)|1?) ds, s €
-1

T—1

D(r —t,0_w), and C > 0 independent of T, w, & and D.
Proof. The proof is similar to Lemma 5.4 and the details are omitted. O
The following lemma is concerned with the convergence of solutions of (5.8) as § — 0.

Lemma 5.8. For every Ty > 0, w € 0, and bounded subset K C H, we have for any 0 <t < Ty,

lim sup |Us(t, 7 —t,0_w,up) — Up(t, T — t,0_w,up)| = 0.
6—0 UOGK

Proof. It follows from (5.13) and (5.31) that

|Us(t, 7 —t,0_4w,ug) — Up(t, 7 — t,0_4w, up)]
(1,7 —t,0_rw,up) —uo(T, 7 — t,0_rw, ug)|
b

< |U(5(T T —1, Hfva ’0570) - UO(Ta T—t, 977(“)7 U0)| + ’BZ(CU) - ﬁyé(w”’ (535)

where v50 = ug — fys(0—w) and vy = ug — fz(0_w). By (5.12) and (5.30), we have

a
dt
= —2Fn(||vs + Bys|)b(vs + Bys, vs + Bys, A) + 2Fn(||vo + Bz||)b(vo + Bz, vo + Bz, A)

+2(Bys — Bz, A) — 2v((ys — 2)AB, A), (5.36)

[vs — vf* + 2vjvs — v||?

where A = vs —vg. For the first and second terms on the right-hand side of (5.36), similar to (4.9),
by (2.5), (2.7) and Young’s inequality, we find

| = 2Fn(|lvs + Bysl)b(vs + Bys, vs + Bys, A) + 2Fn([lvo + Bz[)b(vo + Bz, vo + Bz, A)|
]/ ~ ~
< S IIAIP + CIAP + ClIBI ys — 21 (5.:37)

For the last two terms of (5.36), we have
12(Bys — B2, A) — 2v((ys — 2)AB, A)| <28l lys — 2| |Al + 20| 8] | All lys — =]
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<SIAI? + CIAP +C (181 + 1812 lys - =I*-
which, together with (5.36), (5.37) and Gronwall’s inequality, implies that, for any ¢ € [0, Tp],
vs(T, T — t,0_rw,v50) — vo(T, T — t,0_rw, o)
< loso w0+ GQS 41817 [ lus0) o s, (539)
~To
Therefore, by (5.35) and (5.38), we obtain that for any ¢ € [0, Tp],

Us(t, 7 — t,0_yw, ug) — Up(t, T — t, 0_w, ug)|?

< 21B2(0_1w) — Bys(0_1w)|? eCT0 + 2|B2(w) — Bys(w)|?
_ _ 0
208 + 18)2)eC™ / 15 (8s) — 2(B,0)|2 ds,
—Tp

which, together with (5.26), shows the desired result. O
We also need the following compactness result.

Lemma 5.9. Suppose (F1) and (F2) hold. Then, for every 7 € R and w € (, there exists

0<dp < 3 such that the union U As(T,w) is precompact in H.
0<6<do

Proof. Note that

0
/_ e (1Bys(Bsw)[* + [ Bys(Bsw)||?) ds

0
= (18 + 161%) / N9 ys (B.0) 2ds + (18] + [16]2) / N5 ys (B,0) 2ds, (5.39)

—o0 S1

where s; < 0 will be determined later. By (5.27), we see that there exists s; < 0 such that, for any
1
s < sp and 0 € (0, 5], lys(Osw)| < |s|. Therefore, one can obtain

S1

81+ 1817 | e lus(6u0)ds < s, (5.40)
—0o0
1
where M; > 0 is independent of §. It follows from (5.26) that there exists dg € (0, 5] such that, for
any 0 < § < dp,

0 0
81+ 1817 | e lu0u) s < (181 + 1817) [ e ™[s(0)ds. (.41

S1 S1

Therefore, by (5.26) and (5.39)-(5.41), we have for any 0 < 0 < dp,

_ 0
Rs g (7,w,0) <1+ 2CM; + 2|z(w) > + 20/ e VM| f(s 4+ 7)|?ds

— 00
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0 ~
+(\B!+Hﬁ\2)/ e VM8 2(0,w)|?ds := Ry (T,w). (5.42)

S1
By using (5.26) again, we can deduce that there exists My = Ms(7,w) > 0, independent of §, such
that

R57v(7‘,w) < MQ. (5.43)

o
Let {Uk}k—1 - U As(7,w). Then for each k, there is 8}, € (0,d] such that u* € Az, (7,w).
B 0<d<do
Let {tr},—, be a sequence of numbers with ¢, — +o0o. By the invariance of As,, there exists

a* € As, (T — ty,0_4,w) such that
ub = Us, (tg, T — tg, 0y w, dk)

It follows from (5.41) and Lemma 5.6 that 4* € Bo(1—ty, 0, _¢,w), where Bo(7,w) = {u € H : |u|> <
Ry (m,w)}. Then by (5.43) and Lemma 5.7, we find that «* is uniformly bounded in V', which,
together with the compactness of embedding V — H, shows that the sequence u¥ is precompact
in H. The proof is complete. O
1
2
periodic invariant) probability measures of (5.8) with parameter § satisfying that the support of

Given ¢ € (0, =], let ZM; (respectively, PZMy;) be the set of all invariant (respectively, T-

such measure is contained in the pullback attractor. Through the above analysis, we find that
I M (respectively, PZM;) is nonempty. The next result is concerned with the limiting behaviors

of invariant measures of (5.8) with respect to .

Theorem 5.3. Suppose (F1) and (F2) hold. Let 6,, € (0, %] for all n € N satisfying that 6, — 0
as n — +oo. If ,uf”fd € IMs, for everyt € R and w € 1, then there exist a subsequence {6, ,j;’?
of {%}Ii‘j depending on t and w, and an invariant measure ,ugw of Uy such that ufﬁ converges
weakly to ugw as k — +o00.

If, in addition, f(t) is a T-periodic function in t and ,uszd € PIMs, for everyt € R and
w € Q, then there exist a subsequence {5,%}:;’({ of {6, }125 depending on t and w, and a T-periodic

"k

. . d
tnvariant measure Mg,w of Uy such that p, ; converges weakly to ugw as k — +oo0.

Proof. The proof follows from Lemmas 5.8 and 5.9. The details are similar to Theorem 5.1 and
hence omitted. O
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